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ON THE CONTROLLABILITY OF THE LINEARIZED
BENJAMIN-BONA-MAHONY EQUATION*

SORIN MICUT

Abstract. We study the boundary controllability properties of the linearized Benjamin-Bona~—
Mahony equation

Ut — Uzt + Uz = 0, z € (0,1),t>0,
u(t,0) =0, u(l,t) = f(t), t>0.

We show that the equation is approximately controllable but not spectrally controllable (no
finite linear combination of eigenfunctions, other than zero, is controllable). Next, we prove a finite
controllability result and we estimate the norms of the controls needed in this case.
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1. Introduction. The Benjamin—-Bona—Mahony (BBM) equation
(1.1) Up + Ug + Uy — Uggt = 0,
like the Korteweg-de Vries (KdV) equation
(1.2) Ut + Uy + Uy + Uz =0,

was originally derived as approximation for surface water waves in a uniform channel
(see, for instance, [3], [4], and [5]).

Both (1.1) and (1.2) also cover cases of the following type: surface waves of long
wavelength in liquids, acoustic-gravity waves in compressible fluids, hydromagnetic
waves in cold plasma, acoustic waves in anharmonic crystals, etc. The wide applica-
bility of these equations is the main reason why, during the last decades, they have
attracted so much attention from mathematicians.

The main mathematical difference between KdV and BBM models can be most
readily appreciated by comparing the dispersion relation for the respective linearized
equations. It can be easily seen that these relations are comparable only for small
wave numbers (i.e., long waves) and they generate drastically different responses to
short waves (which are irrelevant to its role as a physical model). This is one of the
reasons why, whereas existence and regularity theory for the KdV equation is difficult,
the theory of the BBM equation is comparatively simple. The computing is also much
easier for (1.1) than for (1.2).

The existence, uniqueness, and regularity of the BBM equation have been studied,
for instance, in [7] and [18]. The large time behavior of the solutions of (1.1) was also
intensively analyzed in the last decade (see, for instance, [1], [2], and [3]).
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Although it is generally considered that the BBM equation is easier to deal with
than the KdV equation, it seems that, from the controllability point of view, (1.2)
offers greater possibilities than (1.1). While important progress has been made in
the last years for the KdV (see, for instance, [20], [24], and [21]), very little is known
about the BBM. Some interior unique continuation properties for (1.1) and related
problems (the linear case included) were studied in [9]. It is well known that, for
the linear equation, by using the Hilbert uniqueness method due to J.-L. Lions (see
[15]), the unique continuation property implies approximate controllability. Therefore,
from [9], some approximate interior controllability results can be obtained for the
linearized BBM equation. Nevertheless, the approximate controllability results for the
nonlinear case do not seen to be entirely reducible to a unique continuation property
and some estimates are needed on the dependence of the control function with respect
to the perturbation introduced by the nonlinear term. In [23], (1.1) posed in R with
boundary control is studied. It is proved that approximate controllability holds for
the corresponding linear equation.

As far as we know there are no results for the controllability of the nonlinear
BBM equation.

The present paper is concerned with the boundary controllability properties of
the linearized BBM equation in finite domain. More precisely, given 7" > 0 and
up € H71(0,1) can we find a control function f € L?(0,T) such that the solution u
of

Up — Uggy + Uz = 0, t>0, IE(051)7
(13) u(tvo) =0, u(t» 1) = f(t)a t>0,

u(0,x) = ug(x), x € (0,1),
satisfies
(1.4) w(T,z) =0, ze€(0,1)?

We shall first show that (1.3) is not spectrally controllable. This means that no
finite linear nontrivial combination of eigenvectors can be driven to zero in finite time
by using a control f € L?(0,T).

Nevertheless, (1.3) is approximately controllable, i.e., the set of reachable states

R(T,uo) = {u(T, ) | f € L*(0,T)}

is dense in L2(0,1) for any ug € H~1(0,1) and T > 0. Hence, given T > 0, ug €
H=1(0,1), vo € H~1(0,1), and € > 0, there exists a control function f € L*(0,T)
such that the solution u of (1.3) satisfies ||u(T") — vol|r2(0,1) < €.

These two results can be found at the beginning of the last section (Theorems 4.2
and 4.3).

We refer to [19] for similar negative results in the context of the exact controlla-
bility of the linear heat equation in a half-line.

Another interesting problem, with practical relevance, is the following finite con-
trollability property: given T > 0, N > 0, and uo € H~1(0,1), is there a control
fn € L*(0,T) such that the projection of the solution of (1.3) over the finite dimen-
sional space generated by the first 2NV eigenvectors is equal to zero at t = T7

We give a positive answer to this question in Theorem 4.6. Moreover, by using
some estimates for the corresponding biorthogonal sequences, we analyze how the
norms of the controls change with V. We find an upper bound for the norms of the
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controls and we prove that this is, in some sense, sharp. More precisely, we prove that
for any initial data ug € H~1(0,1) there exists a control fy such that

(1.5) I £ 22, < cre™ N ug [l g-100.1),

where ¢; and 7; do not depend on N. Moreover, there are initial data ug € Hg(0,1)
for which any corresponding control fy satisfies

(1.6) c2€N N g (| 0.y <UL F 2201y

where co and v do not depend on N.

We remark that the norms of the controls fy may increase very rapidly as N
goes to infinity. Hence, the cost needed to drive to zero the first 2N eigenmodes can
be very high when NV is large.

The controllability of the KdV equation has been studied in [20], [21], and [24]. Tt
has been proved that exact controllability holds for the linearized equation with dif-
ferent boundary conditions and number of controls. Hence, a Sobolev space of initial
data can be controlled from the boundary. This implies that the linearized KdV equa-
tion is not only spectrally controllable but also N-partially controllable with uniformly
bounded controls. Therefore the boundary controllability properties of the linearized
KdV are much “nicer” than the corresponding ones for the linearized BBM (which is
not spectrally controllable and not uniformly N-partially controllable). We also re-
mark that, based on the linear case, local or global controllability results (depending
on the number of controls) can be obtained for the nonlinear KdV equation.

The paper is organized in the following way. In the second section we study the
differential operator A corresponding to (1.3). We prove that A has a sequence of
purely imaginary eigenvalues (iA,)nez~ such that lim),| . An = 0.

In the third section we analyze the biorthogonal sequences to the exponentials
family {e?*#}, ¢z~ or to a subset of it. First, we prove that there is no full biorthogonal
sequence. Next we concentrate our attention on the finite families {e'*»*}  y. In

n#£0

this case various biorthogonal sequences can be constructed. We give an example and
we analyze the behavior of the norms of the biorthogonals as N goes to infinity. The
techniques used in this section combine classical elements from the theory of analytic
functions with constructions specific to our problem.

Finally, in the last section, we use the previous results to solve the controllability
problems mentioned above.

2. Linearized BBM equation: Elementary properties. Let us consider the
following equation

Up — Upgt + Uy =0, x€(0,1), t>0,
(2.1) u(t,0) =u(t,1) =0, t>0,

u(0, z) = uo(x), z € (0,1),
representing the linearized BBM equation.

In order to put (2.1) in an abstract Cauchy form, we apply the operator (Z—9%)~L.
The following equivalent equation is obtained:

(2.2) u+Au=0, z¢€(0,1), t>0,
’ u(0) = wo, z € (0,1),
where A : H}(0,1) — HZ(0,1) is given by

(2.3) Au = (T — 0%)"'0,u.
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Here 02 denote the Laplace operator
02 H*(0,1) N HY(0,1) — L*(0,1), 0%u = Upy.

The main properties of the operator A are given in the following proposition.

PROPOSITION 2.1. A is a compact, skew-adjoint operator in H(0,1).

Proof. Due to the regularizing effect of the operator (Z — 82)~! it follows imme-
diately that A takes values in H?(0,1) N H}(0,1) which is compactly embedded in
H}(0,1). Hence A is compact.

Let us consider in H{(0,1) the inner product given by

1 1
(2.4) (u,v) =/ axu(?wv—i—/ uv.
0 0

For any u,v € H2(0,1) N H(0, 1), we obtain

(Au,0) = (T~ 02) " O, v) = /01 0, (T~ 02) " D Bmv+/01 [(z-02) " o] v
1 . 1 . 1
= /0 (Z—02) " (0%u) Dpv — /O (702" u] a0 = 7/0 u(0,0)

= (= [Com@-a) )+ [ o[z -a) ]

0

= _/01 0, ud, {(I— 85)*1 axv] _ /Olu {(I_ 83),1 84 _ (u (z- 85)716”)

= —(u, Av).

By density we obtain that (Au,v) = —(u, Av) Vu,v € H(0,1) and therefore A
is skew-adjoint in H}(0,1). O

Since A is compact, (2.2) can be treated like an ordinary differential equation in
the Hilbert space H:(0,1). By using Cauchy—Lipschitz—Picard theorem the following
properties concerning the solutions of (2.2) are immediate.

PROPOSITION 2.2. Equation (2.2) has a unique solution u € C* ([0,00); Hj(0,1))
which satisfies

1 1 1 1
(2.5) / | Opu(z,t) |2 +/ | u(x,t) |2:/ | Opug |2 +/ | ug |? .
0 0 0 0

Proof. Since A is a bounded linear operator the existence and uniqueness of
solutions follow from Cauchy-Lipschitz—Picard theorem (see [8, p. 104]).
On the other hand, since A is skew-adjoint, we have

1d
Sdt | w ||§15= Re(u,u;) = Re(u, —Au) = 0.

Hence, the H} norm of the solution is conserved. O
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REMARK 2.1. In fact much more can be said about the reqularity of solutions
of (2.2). Since (2.2) is linear and A is a bounded operator we can easily deduce that
u € C¥([0,00); H(0,1)), where C ([0, 00); H}(0,1)) represents the class of analytic
functions defined in [0,00) with values in HZ(0,1). Indeed, for tq € [0,00),

o0 o0

. t—to)" t—tol™ || (.
Sl >(t0)( n'o) SZI nlol Hu( )(tO)HHl
n=0 ' n=0 ' 0

Hy

o~ [t tol”
— o
SZO A o)l gy < oo
n=

Hence the series Y o o ul™ (to)(t_n#?)n is (absolutely) convergent and

u(t) = exp (= Al — o) ulto) = S (-1 EIT g gg) = 5 LI gy,
n=0 : n=0 :

Our next objective is to express the solution u of (2.2) in Fourier series. To do so
we need the spectral decomposition of the operator A.
PROPOSITION 2.3. A has a sequence of purely imaginary eigenvalues (fin)nez~,

)
n = sgn(n) ——————,
K n( )2\/1+n27r2

Moreover, to each eigenvalue ., corresponds an unique eigenfunction U,,

(2.6) neZr.

(2.7) A p———— T

. *
o sin(nrzx), ne€Z",

such that || Uy ||g2= 1. The family (Un)nez~ forms an orthonormal basis in H0,1).

Proof. We are looking for u € C and 7 € H}(0,1) such that A7 = ur, which is
equivalent to

UT — UTpg — To = 0,
(28) { 7(0) = 7(1) = 0.
—1-+/1+442 —1+V1+4,2
Hence, 7(x) = 1”2 +ege T 2 )
From the boundary conditions we obtain, from one hand, that ¢; = —co and from

the other hand, that the eigenvalues of the operator are given by the equation

JiTn?
(2.9) e =1

It results that the eigenvalues of the operator A are

.

— I *
o = sgn(n) e nE L
To each u,, corresponds an eigenfunction
1 . :
Up(z) = —ee— e " SBRIVIFN® ™2 iy (1)

n?mw? 41
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with ||Un||H(} =1. |
REMARK 2.2. Let us remark that, for eachn € Z*,

(U) (1): (71)71”,” 6775Sgn('n)\/lJrn?'ﬂ'2 7&0
o n?m? 41

and |(Up)z(1)] ~ 1 as |n|] — oo.

REMARK 2.3.  We have obtained that limp,|oc A\ = 0. This is due to the
compactness of the operator A and will have some very important consequences for
the controllability properties of the BBM equation.

If we consider an initial data, ug € Hg(0,1), ug = > nez- @nUn, the solution of
(2.2) corresponding to this initial data can be written as

u= Z anUne"’\”t7
nez*
where \,, = % and p,, = i\, are the eigenvalues of the operator A found in
Proposition 2.3.

3. Biorthogonal sequences. Let A\,i, n € Z*, be the eigenvalues of the opera-
tor A. In this section we study the sequences biorthogonal to the family of exponentials
{eAnt}, cz+ or to some subset of it. All the results of this section will be used to study
the boundary controllability properties of the BBM equation in the last section.

Let us first recall the following definition.

DEFINITION 3.1. Let (fn)n>1 be a sequence of vectors from a Hilbert space H.
The sequence (gn)n>1 C H is biorthogonal to (fn)n>1 if and only if (fn,gm) = Onm
Vn,m > 1.

We begin with the following negative result.

THEOREM 3.2. Let T > 0 and m € Z*. There is no function ©,, € L*(—=T,T)
such that

(3.1) /T O (t)errtdt = { 0 Wnel’ nzm,
-7

1 ifn=m.

Proof. Let us suppose that there exists a function ©,, € L?(—T,T) such that
(3.1) is satisfied.
We define F' : C — C by

T
(3.2) F() = [ Ot

From the Paley-Wiener theorem, F' is an entire function. Moreover, from (3.2)
and (3.1) we obtain that

(3.3) F(\n) = 6um  ¥n € Z.

Since lim,, .o, A, = 0, it follows that F' is zero on a set with a finite accumulation
point. Therefore F' = 0 which contradicts the fact that F(\,,) = 1.

Hence, there is no function ©,, € L?(—T,T) such that (3.1) is satisfied and the
proof ends. ]
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REMARK 3.1. From Theorem 3.2 the following result of nonobservability can be
obtained: there is no sequence (pn)nez+ of positive constants such that the following
inequality

(34) Z Pn | 27 |2S/

nez* -

g an e

nez*

is true for any sequence (ap)nez+ with a finite number of nonzero terms.

This is a direct consequence of Theorem 3.2 and the following result in moments
theory (see [22, p. 151]).

THEOREM A. Let H be a Hilbert space, (fn)n a vector family from H, and (cp)n
a sequence of scalars. In order for a vector f € H to exist such that || f ||< M and
(f, fn) = cn Vn, it is necessary and sufficient that

(3.5) en| < M

for any finite number of scalars ay,as, .. ..
Let us suppose now that (3.4) is true. Then, for each m € Z*,

<[] e

nez*
for any sequence (an)nez+ with a finite number of nonzero terms.

From Theorem A it follows that there emists ©,, € L?*(=T,T) such that
f_TT O, (t)erntdt = 8, which contradicts Theorem 3.2.

REMARK 3.2. Theorem 3.2 proves that there is no sequence biorthogonal to
{e* '} nez- in L*(—=T,T). This is related to the fact that limy,| o Ay = 0 which
affects the linear independency of the exponential family {e* '}, cz- in L2(=T,T).

We shall use this result in the last section to prove that no eigenfunction of equa-
tion (1.3) can be driven to zero by using a control function in L*(0,T) (see Theorem
42).

Let N € N*. We shall pass now to prove the existence of a biorthogonal to the
finite family of exponentials {e**"*},, .

2

n#0
THEOREM 3.3. LetT > 0 and N € N*. There exists a biorthogonal sequence
{W,.}ni<n to the family of exponentials {e*t}, <n in L*(=T,T) .
n#0 n#0

Proof. Let us first prove that there is a constant C;(N) > 0 such that, for any

scalars (ap)n<n,
n#£0

(3.6) N Y Janf2< / 3 et

[n I<N |n |<N
We consider the space generated by {e**"t} <y,
n#0

X = Span {EM }W<N
L%2(-T,T)



1684 SORIN MICU

X is a finite-dimensional space of dimension 2N. Moreover, the application

Z ane?t e X — Z | an |2

In|<N [n|<N
n#£0 n#£0

is anorm in X. Since X is finite dimensional this new norm and the one induced from
L3(T,T) are equivalent. It follows that there is a constant C;(N) such that (3.6) is
satisfied for any scalars (a,).

Now, for each m, | m |< N, m # 0, we can apply Theorem A from Remark 3.1
by taking ¢, = 6pm, fn = !, and H = L?(—T,T). It follows that there exists a
function ¥,, € L?(~T,T) such that f_TT U, (Hertdt = 6 Y0, | |< N, n #0.

Hence we get a biorthogonal sequence {U,,},.<y C L?(=T,T) to the family of

. m£0
exponentials {e**»*} . -y and the proof finishes. O
n#£0
REMARK 3.3. The following inequality is also true:

2

T
(3.7) / > ane ] dt <ANT Y |an 7.
-T

In|<N In|<N
n#0 n#0

Indeed, from the Cauchy inequality

2
T T
/ > anet dtg/ SThan P D] e P ldt=4aNT Y |an [
T ni<w T\ jnzn In <N In] <N
n#0 n#0 n#0 n#0

and (3.7) is proved.
REMARK 3.4. The proof of Theorem 3.3 shows that there exists at least a biorthog-
onal sequence to any finite family of exponentials.
REMARK 3.5. From Theorem A (Remark 3.1) we also obtain that the norm of
the biorthogonal sequence {V,} . 1<~ is bounded by C1(N). Since Theorem 3.2 proves
m£0

that there is no biorthogonal sequence to {€*nt},cz- we deduce again from Theorem
A that C1(N) degenerates when N goes to infinity. We shall analyze how this constant
changes when N increases.

THEOREM 3.4. Let T > 0 and N € N*. There exists a biorthogonal sequence
{O} 1<~ to the family of exponentials {e '}, v in L?(=T,T) such that

n#£0 n#£0

(3.8) 1 O (122 gy < Cre™ 0,

where C1 and « are two constants which do not depend on N.
Proof. Let us first define, for each m such that | m |[< N and m # 0,

Z2—An sin 7T(z2_]\?"") 2
s 2

Each function &, has the following properties:
e £, is an entire function,



CONTROLLABILITY OF THE BBM EQUATION 1685

1 gm(An) = Onm,

o &) € L2(—00,00),

e &, is of the exponential type at most T, i.e., there exists a constant A > 0
such that Ve > 0, we have

1Em(2)] < AeTHOIZL vz e C.

Let us now define

(3.10) Om(t) = \/%? /_ " e (w)e s,

and we shall show that {@m}‘nK ~ is the biorthogonal sequence we are looking for.

From the properties of §m, by using Paley—Wiener theorem, it follows that ©,,
has compact support in [—T,T], it belongs to L?*(—T,T), and

T
/ O (D) dt = E(An) = Suim.
-T

It follows that (O, )|m|<N is a biorthogonal sequence to {e"~'},, N

Our next objective is to estlmate the norm of ©,, and to see that 1t satisfies (3.8).
From Plancherel’s theorem we have that

(3.11) | Om 2=,y = Em [122(=00,00).

Let us now estimate || &, ||22(—c0,00)-
2

o N ain L@=2m) \ 2Y
| &m 12 = T == 2N
m |1 L2(~00,00) A\ T(x—Am)
2N

— 00 m )\n
In|<N
n#0,m
2N 2
00 s T(x—Am)
_ 1 Sl TN
In|<N In|<N 2N
n#0,m n#0,m
Let us first evaluate the constant
1
no= =
In|<N
n#0,m
We have
1 B 1 B 21 + n272y/1 + m2n2
[Am — Anl \/Sgn(;l)2 _ Sgn(m)2 |sgn(n) V14 m2n2 —sgn(m)v1+ n2ﬂ'2|
14+n2m 14+m2m

21 + n272/1 + m2n2 B 2v/1 + n272y/1 4+ m2n2 (\/1 Fm2r2 + 1+ n2772)

T VI+mn? — V1+n2n?| |m? — n?| w2

2\/(1 + n272)(1 + m27?) (%2771 + %Qn)

i — 2| < V(I F n272)(1 + m?x?) < (27N)2.

<
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It follows that

1
12 N) = N < (27 N)3N—4
(3.12) Y1 (V) ||‘<IN‘/\m_)\n|2—(7T )
n;é(Im,

Let us now evaluate the integral

2

o0 sin 7T(w;\,)‘"'L) 2N
~a(N) = / | (CE [ (s sy g
2N

[n|<N
n#0,m
We have
2
sin 7T(z2_]\f‘m) W
72(N) = ) (= An) (@A) dz
‘1|§§ n|<N N
n#0,m
2
sin T(xx‘”L) w
+/ ) H (x — ) T(x_%\m) dx
2125 | <n 3
n#0,m
2 2
IN 4N
g/ (2 — An) dx—i—/ II =2 () dz.
lz|<3 In|<N lz|>3 In|<N T(l‘—)\m)
n#0,m n#0,m

. 1
However, since |\,| < 3,

1 if 2] < 3,
II @=2) 5{ @@ )2V i [z ]> L

In|<N
n#£0,m

It follows that

Hence,

4N
(3.13) Yo (N) < 14212V (N> .

From (3.12) and (3.13) it follows that, for NV large enough,

(3.14) Il &m ||L2(—oo,oo)§ ClNaN,
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where C7 > 0 and a > 3 are two constants which do not depend on N.
From (3.11) it follows that

| Om llz2(-rm< CLNN

and (3.8) is obtained. 0
REMARK 3.6. In Theorem 3.4 we construct an explicit biorthogonal sequence
which norm increases as exp(aNIn(N)) as N — oo. Nevertheless, many other
biorthogonals can be found. What can be said about the norms of these biorthogonals?
We shall prove in the next theorem that the norm of any biorthogonal to {e*n'},, <x
n£0

is bounded from below by a constant of the type exp(BN In(N)). In this sense, (58)
s sharp.
THEOREM 3.5. Let () <n be biorthogonal to {e*t} . in L>(=T,T). Then
n#£0 n#£0

there exist two positive constants Cy and w, not depending on N, such that
(3.15) | Y || L2(-7,1)> Coe®N 1)

VYm # 0 such that | m |< N.

Proof. In order to prove the theorem some arguments from [11] will be used. We
shall give the proof in several steps.

Step 1. Let us define the following sequence of functions:

T .
(3.16) (z) = /_T Um(D)eidt, | m|< N, m£0.

From the Paley—Wiener theorem it follows that 7, is an entire function of expo-
nential type at most 7. Moreover,

(3.17) | T () [< V2T || Y, HLQ(fT,T) Vr € R.

Since 7, is a function of exponential type it follows from Hadamard’s factorization
theorem that

(3.18) Tm(2) = azPeb? H (1 - Z> e/ %

z
zr€FE k

where FE is the set of the zeros zj, of 7., with z; # 0, E = {2, € C | 7n(2) =0, 2 #
0}.

From the definition of the function 7, it follows that 7,,(A,) = 6y n. Therefore
{Min|<N,n#0,n#m} CE. Let ' ={\, :|n|<N,n#0,n# +tm} and
define the polynomial function

Ap — 2
.1 P,(z)= _
(3.19) (2) I<[N Y

(3.20) Pm(2) =

The function ¢,, has the following properties:



1688 SORIN MICU

e it is an entire function of exponential type at most T,
L4 (bm(/\m) = ]-7
L 7—m('z) = Pm(z)¢m(z)
Step 2. In this step we shall give some estimates for | P, (2) |-

-1

An —
| Pr(2) |= H ﬁ = H | An — 2| H | A — A |

In|<N In|<N In|<N
n#0,+m n#0,+m n#0,+m

By taking z € C such that | z |> 2 we obtain that

(3.21) I 1a—z=(z]-1)*2

[n|<N
n#0,£m

On the other hand

1 1 1
(3.22) H [ An = Am [< H 2(\/1+n27r2+\/1+m27r2>§1

In|<N In|<N
n#£0,+£m n#£0,+£m

From (3.21) and (3.22) we deduce that
(3.23) | Pn(2) |> (| 2] —1)?N"2 vzeC, |z|>2

Step 3. From (3.17) and (3.23) we obtain that

V2T eIz ||y | Loy
(J=] — 1)2N=2

L)
| Prn(2) |

It follows that

(3.24) | dm(2) | < VzeC, |z| > 2.

1

(3:25) | ¢m(@) [< V2T || Yo |lL2(-.1) (z[—12v 2

Ve eR, |z|>2.

We shall show that (3.25) is not possible unless || 9, || grows rapidly with N.

Let us first recall the following result (see [14, p. 21] and [6, p. 52]).

THEOREM B. Let f(z) be holomorphic in the circle | z |< 2eR (R > 0) with
f(0) =1 and let n € (0,38). Then inside the circle | z |< R, but outside of a family
of excluded circles the sum of whose radii is not greater than 4nR, we have

(3.26) (] f(z)]) > — (2 +ln (;’f})) In(M;(2¢R)),

where My(2eR) = ‘ I‘IiaéXR | f(2) |

We apply this result to our case. Let us define ¢,,, : C — C,  ©,,,(2) = (A —
Evidently, ¢, is an entire function such that ¢,,(0) = 1. Hence, ¢, satisfies the
hypothesis of Theorem B. It follows that, VR > 0 and 7 € (0, %),

(3.27) (] om(2) ) > —2¢ (2 +ln (;‘;)) In(M,, (2¢R)) VzeC, |z|<R,
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outside of a set of circles the sum of whose radii is not greater than 4nR.
Let us denote § = 2e(2 + ln(g’—f])) > 1. Also, remark that, from (3.24),

My, (2¢R) < @46RT||1/)m||L2(—T,T)

if 2eR > 2.
Hence, VR > 0 and 7 € (0, %) such that 2eR > 2,

(328) (| @m(2) [) > 6l (" |l z2-rm) Vz€C, |2 |<R,

outside of a set of circles the sum of whose radii is not greater than 4nR.
Let us consider R > 6 and 1 € (0, §).
It follows that there exists xg € [%, R] such that

(3.29) (] @m(20) ) > =810 (e |[¢mllr2-1.1)) -
On the other hand, from (3.25),

1

(330) \QOm(CCoN = |¢m()\m - $0)| <v2T H djm ||L2(—T,T) (| A — T0 | _1)2N—2'

From (3.30) and (3.29) the following estimate is obtained:

1 e
In (V 2T H Ym ||L2(—T,T) (o — 0 | _1)2N2> > —0ln (@4 RT||¢m||L2(—T,T))~

Hence
(3.31) (1+ &) In (||¢m]|2(—11)) > —4eSTR —In(V2T) + (2N — 2) In(|zo — A | — 1).

Let us now analyze the expression

G(N,z9,R) = (2N — 2)In(] A\p, — 20 | —1) — 4e6TR.
Remark that, for R = N > 6,
G(N,zo,R) > (2N = 2)In(| zo | — | Am, | —=1) — 4e6TN
> (2N —2)In (J;[ - 2) — 4eéTN

N -1 <N

=2N | ——In(—=——-2) —2eT

It follows that there exists w > 0, not depending on NN, such that
(3.32) G(N,z9,R) > wN In(N)

for any N sufficiently large.
From (3.31) it follows that

In ([[¢ml|r2(—71) > —————= +wN In(N)

In(v/27)
146

and the proof finishes. ]
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4. Controllability results. In this section we study some boundary control-
lability properties of the BBM equation. We begin with the following exact con-
trollability problem: given 7' < 0 and an initial data ug € H~1(0,1) find a control
f € L?(0,T) such that the solution u of

Up — Ugzt + Uy = 0, z€(0,1), t>0,
(4'1) u(tv 0) = O,U(t, 1) = f(t)v t>0,

U(O,l') = UQ(SC), LS (07 1);
satisfies
(4.2) uw(T,z) =0, xz€(0,1).

REMARK 4.1. Equation (4.1) has to be understood in a weak sense. For instance,
the solution of (4.1) can be defined by transpositions (see [16], [17]). Let us briefly
recall how can this be done.

Consider g € L*(0,T,L?(0,1)) and v the solution of the adjoint equation

V¢ — Uggt + V2 = G, ZL’E(O,].), t>0,
(4.3) (t,0) = v(t,1) = 0, &> 0,
o(T,z) =0, z € (0,1).

By multiplying (formally) (4.1) by v and integrating by parts we obtain

T .1 1 T
0= / / (ug — Uggt + ug)v = / (wo]§ — ugav|]) + / (U — uvg +uv) [}
o Jo 0
T A1 1
- / / w(Vf — Vigy + V) = / [—uov(0) + (ug)zzv(0 / fvee — / / ug.
0o Jo 0

Therefore we can say that u is the solution of (4.1) if and only if

T 1
(4.4) / / ug + {uo,v(0)) - Lgl = / f(®)vez (8, 1)d
o Jo

Vg € LY(0,T;L?(0,1)) and v the solution of (4.3). (-, -) represents the duality product
between H} and H=1. As in [16], [17] it can be proved that (4.4) has a unique solution
uw € C([0,T); L3(0,1)). On the other hand we have just seen that a classical solution
of (4.1) is the solution of (4.4).

Concerning the controllability of (4.1) let us begin with the following result which
transforms the control problem into a moments problem.

LEmMA 4.1.

(i) The initial data ug € H~1(0,1) is controllable to zero in time T > 0 with a

control f € L*(0,T) if and only if

(4.5) (w0, v(0)) -1, 1 = / f(@)vea(t, 1)d
for any solution v of the equation
UVt — Vtgq T Vg = 07

(4.6) v(t,0) = v(t, 1) =0,
v(T,z) =vT(z) € H}.
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(ii) The initial data ug € H™1(0,1), ug(x) = 3, ez anUn(x), is controllable to
zero in time T > 0 if and only if there exists f € L?(0,T) such that

r —iAnt i *
(4.7 /0 f)e " ntdt = Wan Vn € Z*.

Proof. (i) Let u be the solution of (4.1) and v the solution of (4.6). It follows that

T 1 T 1
0= / / (U — Uggt + Uz )V = —/ / w(vy — Vige + Vz)
o Jo o Jo
1

+ /Ol(uv — UggV) ' 1 = —/ (uov(0) + (ug)zvz)

0 0

1 T
+/0 (u(T)v(T)Jrum(T)vm(T))f/o F@)vze(t, 1)dt.

T
+ / (UgVy — UV + uv)
0

0

We obtain that
T
/ FE)van(t 1)t + (10, 0(0)) 1 gz = (u(T), 0™ s g
0

vl € H}
0
Hence, ug is controllable to zero in time 7' > 0 if and only if (4.5) is satisfied.
(ii) For the second part let us put v7 = > nz0bnUn and use (4.5). It follows that

1 , T ,
> b = - / £ S e T=00, (U,), (1)t
0

n#0 " n#0

which is equivalent to

T
_ . 1
> bpen " [ / f@)irpe™ AU, (1)dt + | =0
n#0 0 "

for any (bp)nzo € 2.
It follows that the control problem is equivalent to finding f € L?(0,7) such that

T .
—iAnt g _ ¢ *
/0 ft)e dt (An)Q(Un)z(l)an Yn e Z". O

By using Lemma 4.1 and Theorem 3.3 from section 3 the following negative result
can be easily proved.

THEOREM 4.2. No eigenfunction of the operator A can be driven to zero in finite
time.

Proof. The controllability of an eigenfunction U, is equivalent, by Lemma 4.1,
to finding f € L?(0,T) such that

[ { 0 wez aom
0 Am)? () (1)

llfm)x(l)’ n=m.

Let us suppose that there exists f € L?(0,T) with these properties. We define
iAm T

g€ L*(—%,T) such that g(t) = f(L —t)e= "5 almost everywhere in (—Z, Z). Then

©lN

0 Vn €Z*, n#*m,

T
. 1T :
g(t)ertdt = e'= An=rm) / f(t)e=ntdt = { i Zm
0 o 2 U2 (D) n=m.

T
2
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However, in Theorem 3.2, we have proved that this is not possible and the proof
finishes. O

REMARK 4.2. From Theorem 4.2 it follows that (4.1) is not spectrally controllable.
This means that no finite linear nontrivial combination of eigenvectors can be driven
to zero in finite time by using a control f € L?(0,T).

Let us now study the approximate controllability of (4.1). We recall that (4.1) is
approximate controllable in time T' > 0 if the set of reachable states

(4.8) R(uo, T) = {u(T,x) | f € L*(0,T)}

is dense in L?(0,1) for any ug € H=1(0,1).
In other words, given T > 0, ug € H=1(0,1), vg € L?(0,1), and ¢ > 0 there exists
a control function f € L2?(0,7T) such that the solution u of (4.1) satisfies ||u(T) —

vollL2(0,1) < €.

THEOREM 4.3. FEquation (4.1) is approzimate controllable in any time T > 0
with controls in L?(0,T).

Proof. From the linearity of (4.1) it follows that it is sufficient to prove that the
set R(0,T) is dense in HZ(0,1) for any T' > 0. Therefore we shall consider only the
case up = 0. Let u € C([0,7T], Hi(0,1)) be the corresponding solution of (4.1).

Let also v be the solution of the adjoint equation

Ut_vtw$+vxzoa .’I,‘E(O,l), t<Ta
(4.9) W(t,0) = v(t,1) = 0, t<T,
o(T,x) = vl (z) € H}(Q).

It follows that
T
(4.10) / F@vae(t, 1)t = (u(T,2), 0 (@) 1
0

Suppose that R(0,T) is not dense in H}(0,1). Hence, there exists v € H}(0,1),
vT #£ 0, such that

(u(T, x),v" (z)) =0 Vfe L*0,T).

From (4.10) it follows that

/T f)vee(t,1) =0 Yf e L*0,T).
0

Therefore v,4(t,1) =0 ¥Vt € (0,T). We show now that this contradicts the fact
that v7 # 0. Hence, the problem is reduced to a unique continuation property.
Let us consider the Fourier decomposition of v

I E anUp,

neL*

where (a,)nez+ € €2 and the series converges in H{ (0, 1).
It follows that the corresponding solution of (4.9) is

v(t,x) = Z ane* Ty, (z), te(0,T).
nez*



CONTROLLABILITY OF THE BBM EQUATION 1693

From the equation v verifies it follows that v € C* ([0, 00); Hg(0,1)) (see Remark
2.1).

Hence, from the fact that vy (t,1) =0 Vt € (0,T), we obtain that vy (t,1) =
0 VteR, ie.,

> an e T, ), (1)(—idg) =0 VEER.
nez*

For each m € Z*,

S
0= gJm %/s [Z e T (U), (1) (=idn) | et

nez*
= A (Un)a (1) (—iApm)e*T.

From Remark 2.2 (U,,),(1) # 0. This implies that a,, = 0 V¥m € Z* and
therefore vT' = 0, which represents a contradiction. Hence, R(0,T) is dense in H{ (0, 1)
and the proof finishes. ]

As we have seen in Theorem 4.2 no finite linear combination of eigenfunctions can
be driven to zero. In this case the following question arises naturally: can we control
to zero at least a part of the solution u of (4.1)? And if we can do this, what is the
cost we have to pay?

Therefore we shall now investigate the following special type of controllability.

DEFINITION 4.4. Equation (4.1) is N-partially controllable to zero in time T > 0
if, for any ug € H=1(0,1), there exists a control f € L?(0,T) such that the projection
of the corresponding solution u of (4.1) over the space generated by the eigenvectors
(Un)inj<n is zero at time t =T.

n#0
Let X = Span{U, :| n |< N, n # 0} and let

My : H10,1) - Xy, Iy EanUn :§ anUn,
n#0 In|<N
n#0

be the projection operator.
Evidently, u is N-partially controllable to zero if and only if

(4.11) Iy (u(T)) = 0.

By using the same argument as in Lemma 4.1, the following result can be obtained
immediately.

LEMMA 4.5. The initial data ug = Eméo a,Uy is N-partially controlled to zero
in time T > 0 if and only if there exists f € L?(0,T) such that

T .
iAnt gy _ !
(4.12) /0 f(t)etdt = )\%(Un)x(l)an V|n|<N,n#Q0.

Now, the following theorem can be proved.
THEOREM 4.6. Any initial data ug € H=1(0,1) can be N-partially controlled to
zero in time T > 0 by using a control fx € L*(0,T) such that

(4.13) I v 20,y < e Il o - e M1,
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where ¢1 and oy are two constants which do not depend on N.
Moreover, there exists initial data ug € H(0,1) such that any control fy satisfies

(4.14) 1 v 720y e Il uo 17y eV,

where ¢y and wy are two constants which do not depend on N.

Proof. Let us consider the initial data ug = >_,_,anU, from H71(0,1). We
prove that there exists a function fy € L?(0,T) such that (4.12) is satisfied. This
will be the control we are looking for.

Let (©,,).<~ be the biorthogonal sequence to (e*»!), o in L?(—Z, T) constructed

n#0

# n#0
in Theorem 3.4.
Then we can define

INUED'S %@n (Z—t) e E

Evidently, fy € L?(0,T) and fOT fn(t)ePntdt = W Vin|<N,n#0.
From Lemma 4.5 it follows that fy is the control we are looking for.
By using inequality (3.8) from Theorem 3.4 it follows that

an
3 Proms Y ek 3 e

n ? (U,

[n |<N |In \<N

<y . | an |? ST et NI < gy g [y et N )
2 PO P 2,
n#0 n#0

for any a3 > a.

On the other hand let us consider ug = Uy, | m |< N, m # 0. From Lemma 4.5
ug is N-partially controllable to zero in time 7' > 0 if and only if there exists a control
7 e L*(0,T) such that

T
; 0
| maea={ b7
0 eI ROMEE
We deﬁne g € L2(—L, L) such that gi(t) = fo (% — t)e_M'z”T almost every-
where in (=Z, 7). Then

Sl

0 Vn € Z*, ,
/ g ()Mt dt = ¢F On=Am / FI (e Pntdt = { ¢ n i n#m
z )2 Um)= (D) v=m.

Now, by using Theorem 3.5, it follows that

1SR 1220,y =ll 8 172z 29> O3 [ A [*] (U)o (1) |2 €2,

It follows that (4.14) is true for any w; < 2w and c; = C3 and the proof
finishes. a

REMARK 4.3. Theorem 4.6 proves that the cost (the norm of the control functions)
needed to drive to zero the projection of the solutions of (4.1) over the space generated
by the first 2N eigenfunctions may increase very rapidly when N goes to infinity.
Theorem 4.6 gives an upper bound for these norms (essentially, eo‘Nln(N)) and shows
that there exists a lower bound of the same order.
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5. Comments. As we have mentioned in the introduction, based on the linear
case, local or global controllability results (depending on the number of controls) have
been obtained for the nonlinear KdV equation in [20], [21], and [24].

The same cannot be said for the nonlinear equation (1.1). In fact, to our knowl-
edge, no result for the controllability of the BBM equation is available. The con-
trollability properties of the nonlinear systems are usually studied by linearizing the
problem at an equilibrium state, by proving exact controllability results for this lin-
ear problem and by applying next the implicit function theorem. This method was
first used in [13] for the ordinary differential equations and next generalized for the
nonlinear wave equation (see, for instance, [12]). In [10] and [25] exact and local con-
trollability results were given by using Schauder’s fixed point theorem instead of the
implicit function theorem. All approaches use the exact controllability result for the
linearized equation. Taking into account the negative results (like nonspectral con-
trollability) obtained in this paper for the linearized BBM equation it is not possible
to study the controllability properties of (1.1) by using one of the classical techniques
mentioned above. Probably, the controllability results for (1.1) are not better than
the ones for the corresponding linear case but this is still to be proved.
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