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UNIFORM BOUNDARY CONTROLLABILITY OF A SEMIDISCRETE
1-D WAVE EQUATION WITH VANISHING VISCOSITY*

SORIN MICUT

Abstract. This article deals with the approximation of the boundary control of the linear one-
dimensional wave equation. It is known that the high frequency spurious oscillations that the classical
methods of finite difference and finite element introduce lead to nonuniform controllability properties
(see [J. A. Infante and E. Zuazua, M2AN Math. Model. Numer. Anal., 33 (1999), pp. 407-438]. A
space-discrete scheme with an added numerical vanishing viscous term is introduced and analyzed.
The extra numerical damping filters out the high numerical frequencies and ensures the convergence
of the sequence of discrete controls to a control of the continuous conservative wave equation when
the mesh size tends to zero.
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1. Introduction. The following boundary exact controllability property for the
one-dimensional (1-D) linear wave equation is known to hold: given 7' > 2 and
(u® u') € L?(0,1) x H=1(0,1) there exists a control function v € L?(0,T) such that
the solution of the wave equation

u — Uy =0 for x € (0,1), ¢t >0,
(1.1) u(t,0) =0, u(t,1)=v(t) for t > 0,

uw(0,7) = u’(x), u'(0,2)=u'(z) forz € (0,1)
satisfies
(1.2) w(T,-) =4 (T,-) =0.

By ’ we denote the time derivative.

For the study of this controllability problem the moments theory has been suc-
cessfully used (see, for instance, [1, 25]). Also, the Hilbert uniqueness method (HUM)
(see [16]) has provided a different and general way to study this and similar multidi-
mensional problems.

In past years there was an increasing interest in the numerical approximations of
the controls. For instance, HUM was used in [8, 10, 11] to deduce numerical algorithms
with finite differences in the context of the two dimensional (2-D) wave equation. In
these references a bad behavior of the approximate controls was observed. Let us
briefly explain this phenomenon.

Generally speaking, the control’s approximation strategy consists in discretizing
the continuous problem (1.1), finding a control for each discrete problem, and finally
making the mesh size h tend to zero. What one normally expects is to get a control
of (1.1). However, as mentioned before, this is not necessarily true. Indeed, negative
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numerical results may be obtained as a consequence of the spurious high frequency
oscillations that do not exist at the continuous level but that are generated by any
semidiscrete dynamics. Precisely the controls of the highest modes may have large
norms which are not uniformly bounded in h. Moreover, a dispersion phenomenon
appears, and the velocity of propagation of these high frequency numerical waves may
converge to zero when the mesh size h tends to zero. Hence, neither is the control
time uniformly bounded. All of these phenomena occur in the semidiscrete models
obtained by finite differences or by the classical finite element method (see [13, 30]
for a detailed analysis of the 1-D case and [29] for the 2-D case, in the context of the
dual observability problem). In any of these models, the controllability property is
not uniform as the discretization parameter h goes to zero. As a consequence there
are initial data of the wave equation (even regular ones) for which the corresponding
sequence of discrete controls will diverge in the L2?-norm.

Note that the spurious oscillations correspond to the high frequencies of the dis-
crete model, and therefore they weakly converge to zero. Consequently, their existence
is compatible with the convergence of the numerical scheme. However, when we are
dealing with the exact controllability problem, the role of the high frequencies becomes
much more important.

Since the main problem is the existence of the spurious high frequencies gener-
ated by the discretization process, the idea of eliminating or reducing them in one
way or another arises naturally. All of the numerical experiments using a Tychonoff
regularization technique [10, 11], a bigrid algorithm [8, 11] or a mixed finite element
approximation [9] are based on this idea. How to do that in an optimal and general
way and how to show mathematically the uniform controllability results are less clear.
Nevertheless, in past years many theoretical results were obtained. In [18] the high
frequency modes of the discrete initial data are filtered out in an appropriate manner
to ensure the existence of a uniformly bounded sequence of discrete controls. In [2] a
mixed finite element method is analyzed and an explicit sequence of discrete controls
which tends to the HUM control of the limit wave equation (1.1) is constructed. The
analysis of a bigrid method is presented in [21], where uniform results are also proved.

This paper considers a different method to achieve the uniform controllability.
The idea is to introduce in the discrete equation a numerical viscous term which van-
ishes when the mesh size h tends to zero. The dissipation has the role to damp out
the bad spurious high frequencies responsible for the large norm controls, eventually
ensuring the uniform controllability of the system. The method has the advantage
of being simple, general, and quite natural. Note that the amount of dissipation
introduced in the discrete system is very important. If the dissipation is uniformly
bounded in A (i.e., all of the eigenvalues belong to a vertical strip), it cannot compen-
sate for the effect of the controls’ growth, and the uniform result does not hold. On
the other hand, the damping term should vanish in the limit and therefore cannot be
enforced too much. We have treated a particular case in which we were able to prove
the uniform controllability result. However, to give the optimal amount of dissipation
capable of ensuring the best convergence rate and at the same time the uniformity
needs further investigation (see Remark 1).

The proof of the uniform controllability result is based on the moments theory.
More precisely, we construct a biorthogonal sequence in L2(—%7 %) to the family
of complex exponentials A = (e~ (M) where \,(h) are the eigenvalues of the
corresponding discrete operator. This is done via the Fourier transform of some
entire functions of exponential type. A careful analysis of the behavior of these entire
functions on the real axis gives estimates for the norm of the biorthogonal sequence.
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These will allow us to show the uniform boundedness on h of the corresponding
sequence of discrete controls for a large class of initial data.

Estimates for biorthogonal sequences to families of exponential functions may be
found, for instance, in [6, 7] for the case of the heat equation, [5] for the case of a
multidimensional wave equation, or [12] for the case of a dissipative beam equation.
However, our family of exponentials has several different characteristics which make
the study more difficult, such as the dependence on the discretization step h and the
complexity of the exponents, which are contained neither in a sector of the real axis
nor on a vertical strip of the imaginary axis as in the previous works. The Fourier
transform of the biorthogonal elements has two qualitatively different behaviors on
the real axis, depending on if the value of |z| is smaller than + or not. This gives
interesting and new type estimates reflecting the behavior of the real parts of our
exponents, which are of order h for the low frequencies but become of order % for the
highest ones.

In [28] the controllability of a hyperbolic-parabolic coupled system is studied.
The corresponding spectrum is a union of two families {\l};>1 U {\}'}r>1. The first
one is purely real and behaves like —I?72, and the second one is complex and looks
like —ﬁ + kmi. Taken separately, each family has good controllability properties,
and the main problem is to join them. Although there are similarities with our case
(the spectrum is contained neither in a sector of the real axis nor on a vertical strip
of the imaginary axis), we cannot use the technique from [28] since the high part of
our spectrum is far away from any known controllable family of eigenfunctions.

The numerical viscosity technique was used in many different contexts (see, for
instance, [4, 17] in the case of hyperbolic conservation laws or [22, 23, 26, 27] in the case
of the semidiscrete dissipative plate or wave equation). In [22, 26, 27] an additional
vanishing viscosity term is introduced in the interior of the domain to make the
initially dissipative system uniformly stable. Consequently, the uniform controllability
property holds if a vanishing control is added in the interior of the domain. However,
our aim is more ambitious and consists of showing that no additional control is needed
to ensure the convergence of this scheme. From the numerical point of view this is
an advantage since the extra storage and computation for an additional control are
avoided.

In [3] a singular limit problem from a parabolic to a hyperbolic equation is studied
from the controllability point of view. Although the context and the approach are
different, there exists at least one similarity to our case: the parabolic character
vanishes in the limit when a controlled hyperbolic system is obtained.

It is known that a structural damping of the form —eu;,, makes the continuous
wave equation not even spectrally controllable (see [24]). This is due to the accumu-
lation of the spectrum on —e. In our semidiscrete case the viscosity parameter € and
the mesh size h are related and tend to zero simultaneously. The resulting system
is consistent with the conservative wave equation, and therefore, unlike in [24], the
uniform controllability property does hold.

The article is organized in the following way. The discrete control problem is
presented in section 2, and an analysis of the energy decay rate is given in section 3.
The control problem is transformed into an equivalent problem of moments in sec-
tion 4. The main result is contained in section 5, where a biorthogonal sequence is
constructed and evaluated. The technical but fundamental proof of the estimate on
the real axis of the entire functions whose Fourier transforms give the biorthogonal
sequence is given in the appendix at the end of the paper. In section 6 the existence
of a bounded sequence of discrete controls is proved, and it is shown that any weak
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limit is a control of the continuous wave equation. Section 7 presents some numerical
experiments to support the theoretical results obtained in the paper.

2. The discrete problem. In this paper we study a finite-difference space dis-
cretization of (1.1). In order to do this, let us consider N € N* a step h = ﬁ, and
an equidistant mesh of the interval (0,1),0 =2z < z1 < -+ < zny < zy41 = 1, with
z; = jh, 0 < 7 < N 4 1. The central finite-difference approximation of the space

derivatives leads to the following semidiscretization of (1.1):

W (t) — O W26 — o for 1 << N, t>0,

(2.1) uo(t) =0, un41(t) = vn(?) for t > 0,
u;(0) = uf(x), uf=uj(x) for 1 <j < N.

System (2.1) consists of N linear differential equations with N unknowns w1, u,
...,un. Roughly speaking, u;(t) approximates u(t, z;), the solution of (1.1), provided
that (u),u])o<j<ny1 is an approximation for the initial datum in (1.1). In fact, we
shall choose
(2.2) uf =u(jh), uj=u'(jh), O0<j<N+L

Our aim is to study the following controllability property for (2.1): given T > 2
and (ujo-, ujl-)lngN € C*N, there exists a control function vy, € H'(0,T) such that the
corresponding solution (uj,u})1<j<n of (2.1) satisfies
(2.3) uj(T):u;-(T)zo, 1<j<N.

If this holds for any (u},u})1<j<n € C*N, we say that (2.1) is ezactly controllable in
time T

It is not difficult to see that the controllability problem we have just addressed
has a positive answer and a sequence of discrete controls (v )p>o may be easily found.
Considerably more difficult is to show that the sequence (vp)n>0 converges in some
sense to a control v of the continuous wave equation (1.1), corresponding to the initial
datum (u",u'), which verifies (2.2). In fact, due to the spurious high frequencies
introduced by the discretization, the numerical scheme (2.1) gives an unbounded
sequence of controls (v;,)n>0 even when very regular initial data (u®, u') are considered
(see [13, 18]).

In order to deal with the spurious high frequencies, we add a dissipative term,
vanishing when the mesh size tends to zero. More precisely, we consider instead of
(2.1) the following scheme:

u;/(t) . "j+1(t)+uj}:21(t)—2uj(t) _ E“j+1(t)+“j}:21(t)_2“j(t) =0, t>0,

(24) {uo(t) =0, unii(t) =val(t), t>0,
u;(0) = u?(x), uly = ujl(x), 1<j<N,

and we address the same controllability problem as before.

The parameter &, which multiplies the viscous term —2 “(t)+ujh’gl (8)~2u; () , depends

on the step size h and tends to zero as h — 0:

(2.5) %ii%s(h) =0.
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Hence, in (2.4), the term su;+1(t)+u;h‘21(t)72u;(t) represents a vanishing numerical
viscosity that will eventually ensure the boundedness of the sequence (vy)n>0.

Remark 1. A similar damping term, with e = h?, is used in [27] in order to
ensure an exponentially uniform decay rate of the discrete energy, when a dissipative
term is already present on the boundary. In this case, the extra damping constitutes
a bounded perturbation sufficient to restore the uniform decay rate. The spectrum
of the corresponding operator is shifted to the left, but it remains in a vertical strip.
However, this is not sufficient to ensure the uniform boundary controllability property.
Therefore, we shall reinforce the damping by considering € = h. This selection verifies
(2.5) and, at the same time, ensures the amount of dissipation needed for the uniform
control of the high frequencies. Let us finally mention that we do not know the opti-
mal choice for £(h), ensuring both the uniformity in & and the best convergence rate.
For instance, any €(h) = h%, with o € (1, 2), could still produce uniform controllabil-
ity results with a better convergence rate. The numerical experiments confirm this,
but the theoretical study is more difficult and needs further investigation. In [23]
such dissipative terms were used to achieve uniform stability of the approximating
models.

Let us first write (2.4) in a vectorial form, which is easier to deal with. We define
the following matrix from My xn(R):

2 -1 0 0 0 0

-1 2 -1 0 0 0

1 o -1 2 -1 0 0

An =15
0 0 0 o ... 2 -1

0 0 0 o ... =1 2

If we denote the unknown of (2.4) by Up(t) = (u1(t),u2(t),...,un(t))?, system
(2.4) may be written in the following equivalent vectorial form:

(2 6) U,g(t)-i—AhUh(t)-f—EAhU;I(t) ZFh(t), for t > 0,
' Un(0) = Uy, U, (0) = Uy,

U = (u?)lngN and U} = (u})lngN being the initial data of (2.4). The vector F},
is given by

Fu(t) = :
0
ACIOREEAG)
In (2.6) we have taken into account that un41(t) = vip(t) and ug(t) = 0 for all
t>0.

Before studying the decay properties of the solutions of (2.6), let us define in C¥
the canonical inner product

N
(2.7) (f,9) =hY_ fxGs
k=1

where f = (fi)i1<k<n and g = (gx)1<k<n belong to CV.
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Also, we consider in C?V the inner product defined by

= I feg g, 1 2
1 B — — —
(28) (fioh =h|d> Tt (AT + fNGn) | +h Y Sl
k=1 k=N+1

where f = (fi)i<k<en and g = (gx)i<k<2n are two vectors from C2N. The corre-
sponding norm will be denoted by || - ||1.

Remark 2. The following equivalent form of the inner product (2.8) justifies its
definition and its usefulness for our problem:

(2.9) (f,91=(Anf' 9" + (2. 9%)

where f! = (fe)i<k<n, f? = (fr)n+i<k<en, 95 = (gr)1<k<n, 9% = (gk)N+1<k<on
and f = (f1, f2), 9 = (91, 92).

The following discrete duality product will be needed in the study of the control
problem:

(210) <(flaf2) ; (glag2)>D = - (flag2) + (f2 +€Ahflagl) )
where f = (f!, f?) and g = (g%, g%) are two vectors from C?V as in Remark 2.

3. Energy estimates. In this section we briefly study system (2.4) in the un-
controlled case, i.e., when v, = 0, and show its dissipative character. Here (2.4) is a
homogeneous linear system of IV differential equations of order two and has a unique
solution U € C¥ ([0, 00), RY) (the set of analytic functions defined in [0, 00) and with
values in RY). The energy of (2.4) is defined by

N 2
_h depy2 o |t () —uy(t)

(3.1) En(t) = 5 Z [|uj(t)| + B —

7=0
and represents a discretization of the continuous energy corresponding to (1.1)

1 /L
(32) O =5 [ [W@F + (0] da.
0
Remark 3. The energy may be expressed in terms of the inner product (2.7):
1

(3.3) En(t) = 5 [(U(1), Up () + (Un (1), AnUn(1))] -

It is easy to show that system (2.4) is dissipative. More precisely, we have the
following proposition.
PROPOSITION 3.1. Ifvp, =0 in (2.4) and Ep(t) is the energy function (3.1), then

wj () — uj(?)

dE), 2

(3.4) o

N
(t) = —e(AnUL (1), UL(t) = —h
j=0

Proof. Equality (3.4) follows easily, multiplying (2.6) by U} . Indeed,
0= (U;/l/ + ApUy + EAhU;l, U,/L)

1

5 (U Up) + (ApUn, Un)]' + e(AnUy, Up)
d

=~ (1) + (AU}, U},

and the proof finishes. 0

=
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Proposition 3.1 indicates that the energy of (2.4) decreases with ¢. In the next
theorem we shall give an estimate for the decay rate of the energy. Let us first consider
the Fourier decomposition of the solutions of (2.4) by using the eigenvectors of the
self-adjoint operator Aj,. It is well known (see, for instance, [15]) that the eigenvalues
of A;, are (ujz)lngN, where

2 imh
(3.5) vj = = sin <%) 1<j<N,

and the corresponding eigenvectors are given by
(3.6) tpj = ﬁ(sin(jﬂ'hk))lgkgj\/ € RN, 1<j53<N.

The following property holds.

LEMMA 3.2. The set of vectors (¢?)i1<j<n forms an orthonormal basis in CV
with respect to the inner product defined by (2.7).

Proof. We have

N N
(¢ ¢7) = Zthm jmwhk)sin(lwhk) hz cos((I — j)whk) — cos((l + j)whk)) .
k=1 k=0
But, for ¢ € Z,

N+1 ifq=0,
Zcos gqrhk) = { =D —

It follows that (¢!, p?) = &;;, and the proof finishes. O
Let us expand the initial datum (Up,U}) of (2.6) as follows:

N N
(3.7) U) = Zagh@j and U} = Za}h@j.

Jj=1 Jj=1

The corresponding solution Uy, (t) is given by

N
(3.8) Un(t) = Z a;n(t)p

where the coefficients a; (t) can be computed explicitly. Indeed, we have the following
lemma.

LEMMA 3.3. If the initial datum (U, UL) of system (2.6) are given by (3.7), then
the corresponding solution of (2.6), with vy, = 0, is given by (3.8), where

a /\ a® + )\ a®
3.9 () = Jh Jh N Jh et
(3.9) nlt) = S5 S

and
1
+ 2 4 2 —
(3.10) A —5(—syj:|:,/62uj—41/j), j=1,2,...,N.

Proof. The proof is elementary, and we omit it. O
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Remark 4. The values (/\i)1< j<n from (3.10) are the eigenvalues of the operator

0 -1
A_ < Ah EAh >
corresponding to (2.6). Note that they are complex numbers with a negative real
part. We shall write

1
X=3 (—ayj? +sgu(j)y /v - 4yj2) . 1<|j| <N.

Let us remark that, in the case ¢ = h, A; has the simpler form

2 (T (o (7Y s (3
(3.11) )\J—Zhbln( 5 ><cos< 5 )+zs1n( 5 ))

We pass now to evaluate the decay rate of the energy corresponding to (2.6).

From now on we shall suppose that € = h. This is the case we shall analyze from
the controllability point of view later on in the paper.

THEOREM 3.4. Let e = h and vy, =0 in (2.4). There exist two positive constants
C and w, not depending on h, such that

(3.12) En(t) < %e

Proof. From (3.3) and Lemmas 3.2 and 3.3 we have that

—whtp, (0) Vt > 0.

N
B0 = 3 [0(0,U(0) + (AU 0.V = 3 | (0P + #lagn()P)
j=1

N)Ir—l

From (3.9) we obtain that, for 1 < j < N,

2 |/\;_|2 + I/j2

| (D] + vflan(t)] < 8™ [lajal? + IAf *laGs]?]

PHEHE
= 16670/7%1/7]2_ lai,|” +v3al %] -
|>\j EPEP j 1%
Hence,
N 2
(3.13) Ent) <8 [m (Il + 12 ]a2s )
j=1 J J

It follows that

V2 N 1
E < J —wht 1 2 2 O 2 < —whtE
n(t) <8 max { FESEE D llasnl” + v31agul”] < gz En(0),

i=1
with
4 9 Th 1
<4< — M .
O<w<4< % sin 5 hlg}lgN{ey }

The proof is finished. O
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Remark 5. Note that the decay rate of the energy is not uniform when h tends
to zero. Nevertheless, from (3.13), it follows that

2

jmh
COSs (—2 )

N
—hy?
(3.14) Eu(t) <) et (lajy [ + v71ag,|?) -
=1

Since hujz increases with j, it follows that the high frequencies are sensibly more
dissipated that the lower ones. This is precisely the mechanism we shall take advan-
tage of in the control problem.

4. The problem of moments. We return now to the controllability prob-
lem for (2.6). Let us recall that (2.6) is exactly controllable in time T if, for any
(UP,U}) € C?N| there exists a control function v, € H'(0,7) such that the corre-
sponding solution (U, U}) of (2.6) satisfies U, (T") = U, (T) = 0.

First, we deduce a variational characterization of the controllability property. Let
(¢n, ¢),) be the solution of the following backward homogeneous system:

{¢§{(t) + Apdn(t) —eApd) (t) =0 fort € (0,T),
on(T) = ¢y, ¢, (T) = ¢y,

where (¢°, ¢') € C?V are given.
Multiplying (4.1) by the solution Uy, of (2.6) and integrating in time, we obtain

(4.1)

T
02/ (Uh,d);:—FAh(bh —EAh(b%)dt
0
7 T
= [—(U}, + €AnUn, é1) + (Un, #3)]lo +/ (U} + ApUn + € ApUy, op) dt
0

T
— (= (U, + AnUn, 6n) + Uns 61" + /0 (Fh, én)dt.

Hence,

1 -

T
(42 (OuOTHO). a0 hOo] | = [ 7 0nl0)+erh0) TviEie

For any f, € L(0,T), let v, € H*(0,T) be a solution of
(4.3) evy, +up = fn, te€(0,7).

From (4.2) we obtain the following variational characterization of the controlla-
bility property.

LEMMA 4.1. Given T > 0, system (2.4) is exactly controllable in time T if

and only if, for any (UP,U}) € C?*N, there exists f, € L*(0,T) such that, for any
(69, ¢1) € C*F,

S
(1.4 [ 025 =~ (@01 600006400,

(¢n, @},) being the corresponding solution of (4.1). A controlvy, for (2.4) is any solution
of (4.3).
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In order to write (4.4) as an equivalent problem of moments, we use the Fourier
expansion of the solutions of (4.1) as we have done for (2.6). Let us decompose the
initial datum (¢°, ¢1) of (4.1) as

N N
(4.5) ¢ = ¢ and @), = > bl,¢.

j=1 j=1

The corresponding solution ¢y of (4.1) has the form

N
(4.6) On(t) =D bin(t)e
j=1

where the coefficients bj;;, (t) are given by

1 =10
(4.7 bin(t) = weu;’(tfﬂ + M Hy (t=T)

o=y By o=y
and Hji =1 (asz/j2 +,/e%v] — 41/?) are the roots of the characteristic equation
(4.8) p—evip+vi=0, 1<j<N.

In the sequel we shall write
fn =75 (5”” +sgn(n)vetv; - 4””) “\pZ, ifn<o,

and these are the eigenvalues of the adjoint problem (4.1). We have the following new
characterization of the controllability property in terms of a problem of moments.
THEOREM 4.2. Let T > 0. System (2.6) is exactly controllable in time T if and
only if, for any (U, U}) € C?N of form (3.7), there exists fy, € L*(0,T) such that
2

1\)"h y
Yerntdt = _ (=Dth ( n n ) Ll < N,
/ fu(t)e V3 sin(nlah) i+ A <|n| <

Proof. The proof is a direct consequence of Lemma 4.1. Indeed, it is sufficient
to verify (4.4) for (¢9,¢5) = (o™, une™), 1 < |n| < N. By taking into account
(4.6)-(4.7), we deduce that in this case ¢ = e~ THn Il and

o (t) = (~1)™1VZsin(|n|rh) et=T)rn
On the other hand,

(U UR) . (0n(0),64(0) , = ((UR,UL) e (G o))

e—ﬁnT < - ﬁn Z a‘gzh ((pm’ Sp‘nl)

1<m<N

+ Z (a}nh + Eanaquh) (@mv @In‘> )

1<m<N

- T _
=e Fn (a?n‘h (_Mn + 5V,21) + a‘ln“t)

T 1/2

— p K

=e " (l}, an|h—|—an|h)
n
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From Lemma 4.1 it follows immediately that (4.9) holds. O
Remark 6. According to Theorem 4.2 a control U for (2.6) is obtained by solving

the following problem of moments: find g5 € L?(—Z ok 2) such that
z
(4.10) / gn(t)e!tdt = Bune P, 1< [n| < N,
T
-z

b d _ (=p™h w2
where gh(S - _) fh( ) an ﬂnh - \/ism(\nh'rh) (Nn a’|n‘h + a‘n|h)

5. Biorthogonal sequences. Let us consider the sequence (Mn)\n\«v of the
eigenvalues of the matrix operator

. (0 T
A_(Ah —EAh)

corresponding to the adjoint problem (4.1). Recall that we have considered € = h and
consequently

61 e () (s () s (120))

To solve the problem of moments (4.10), we construct an explicit biorthogonal
sequence (©,, )‘m‘<N to the family of complex exponentials (e#n? )w<N in L2(-Z, L)
and we estimate the norm of the elements of this biorthogonal sequence

We recall that (©,,),,..<x is a biorthogonal sequence to (e#»*),, . in L*(—Z, L)

n#0

if (see [1] and [31]) mre

vl

(5.2) O (t)ertdt = 6y Ymym = £1, 42, ..., £N.

z
2

Remark 7. If (©:,)1<|m|<n is a biorthogonal sequence in L*(—Z, Z) to the family
(e"")1<|nj<n then

(5.3) an(t)= > Bure =0,

[n|<N
n#0

is a solution of the problem of moments (4.10). Note that in (5.3) we have a finite
sum, but the number of terms tends to infinity as h goes to zero. We also have

(5.4) llgnllz < D7 [Banle™ 0510412,

Inl<N

nZ0
and an estimate for the norm of g; is obtained from the estimate of the norm of
the biorthogonal sequence. From (5.4) we see that the L?-norm of g, may be uni-
formly bounded in h even if ||©, ||z is large, provided that the negative exponentials
e Rlun) g (due to the dissipation term we have introduced) are small enough. Our
aim is to show that, for T’ sufficiently large, ||O,|| 2e~R¥n) % is sufficiently small to
ensure the uniform boundedness of the sum.

Since (e#?),, <x is a finite family of exponential functions, it follows immediately
that it has inﬁnilt#ely many biorthogonal families in LZ(—% %) However, we are
interested not only in the existence but also on the dependence of these biorthogonal
families on N. Our aim is to construct an explicit biorthogonal and to evaluate the
norm of its elements. We shall do that in several steps:
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1. We construct an entire function of exponential type, the product T,,, with
the property that Y, (—ign) = dmpn (Lemma 5.1).

2. We evaluate T, on the real axis (Lemma 5.2).

3. We construct an entire function, the multiplier G, of exponential type such
that Y,,,G is bounded on the real axis (Lemma 5.3). ) ‘

4. The Fourier transform of the entire function Tm(z)G(z)(Wy gives
the element ©,, of a biorthogonal sequence. Moreover, from the Plancherel
theorem, an estimate for the norm of ©,, is obtained too (Theorem 5.4).

This method was used in several controllability problems for the heat [6] or the
wave equations [5]. However, here we deal with two parameters h and m and complex
exponents p,,. The most difficult part consists in the estimate at step 2. This estimate
will have different forms, according to the relation existing between x and h.

5.1. The product. Let us first define, for each m such that 1 <| m |< N, the
following product function:

14+ &
(5.5 tu) = I (i—_ﬂj

1<|n|<N Hn
n#m

I e <_M>

2
1<|n|<N fn

LEMMA 5.1. The function Y, has the following properties:

(i) To(—ipn) = Onm, 1< |n|<N;

(ii) There exists a constant By independent of h and m such that Y, is an entire
function of exponential type at most By; i.e., there exists a constant 0 <
A,, <1 such that

(5.6) [T, (2)| < A exp(Bilz|) Vz e C.

Proof. The first property is evident. Let us pass directly to show (5.6). Since
th—n = i, we have that, for any z € C,

H exp(f)zexp z Z Hi =exp | 2z Z 2TZ(M|;) =exp (Nhz)

1<|n|<N 1<|n|<N 1<n<N

and therefore

(5.7) exp<—i> I1 exp(—“—m> Sexp(—Nh?R(um))exp<|—;|>.

7: m n
H 1<|n|<N

On the other hand, for any z # —iu,,

I (145 )ew(- )| —ew| X m

n

z z
(o) ()]
iftn ifin

1<|n|<N 1<|n|<N
n#m n#m
z z z z
= exp E In 1+W_n — E %(J) + E In <1+W_n) exp <—W—n>‘

1<|n|<[|z]] 1<|n|<[|z]] " [Iz[]+1<In|<N
n#m n#m nZm
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Since |un| = %sin(‘”lTﬂh) > 2|n| and || < 2 if [[2]] +1 <[ n |, we deduce that

> <2 Zln(1+||)<2/ (1+%>ds

1<|n|<[|2]] 1<n<[|=]]
n#m

14+
Tfbn

=|z](3ln 3 —21In 2) < 2|z,

S > e »
- 4n?

7N
—
+
E
S
'
o
>
o
//T‘\
~.
t‘z\a
S
N~~~
A

7
(z41<|n|<N fei+1<imi<n | HP [zl1+1<[n|<N
n#m n#m
z z
oo ¥ (2
2 Ufin

1<|n| <[|=]]
nEm

oo (12 5 20 )| o ()

1< mI< (2] |tin ||

IA

< exp (Nh|z| + %) :
It follows that

(5.8) I1 (1+ i) exp <—win) < exp (4)2]).

n
1<|n|<N
n#m

Finally, we evaluate

2 2 (nwh
I1 Hn _ sin (5%
_ - 2 n—m)mh
1<|n|<N Hm 1<|nj<N S (( 2) )
n#m nAm
N |m| wh
B [Tk=n—jmj41 8in * (%5") _ Alg=pC0s * (4 — cos? mrh
o N+|m] xh T orqlml=1 o (kxhy 2 :
k=N+1 510 ( ) heo  cos? (%5t )
Hence,
mrh
(5.9) H Hin ‘ = cos <—)
1<in)zn | T Hm

n#tm

From (5.7), (5.8), and (5.9) we obtain that
002 < cos (757 ) exp (-NBR () exo 512

and (5.6) follows if B; > 2 and A,, = cos (ZZ2) exp (—NA R (1tm)). O
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5.2. Estimate of the product on the real axis. A key point in the construc-
tion and evaluation of the biorthogonal sequence is the following result concerning
the behavior of Y,,, on the real axis.

LEMMA 5.2. The following estimate holds for the function Y., on the real axis:

mmh x
Ci cos <T) exp <w1 %) ;2= 5,
mmh 9 1
Cy cos | —— exp (wihlz|?),  |z| <4,

where wy and Cy are two positive constants independent of h.

Proof. The proof is technical, and it will be given in the appendix. d

Remark 8. An estimate of the product function on the real axis is always im-
portant in these type of problems. For instance, in [6], where the heat equation is
considered and consequently only real exponents are used, the product has a behavior
like exp(w+/7). On the other hand, if purely imaginary exponents are considered, as
in the wave equation, it is easy to see that the corresponding product is bounded.
Estimate (5.10) combines these two behaviors. Our product is like the wave equation
if hz is small and like the heat equation if hz is sufficiently large.

T — Ufbm,
Lfbm

(5.10)  [Ton(z)] <

T — iflm
b,

5.3. The multiplier. The aim of this section is to construct an entire function
with a sufficient decay on the real axis to compensate for the growth of the product
T, evaluated in Lemma 5.2. We adapt an idea of Ingham [14], used several times in
the study of completeness problems for exponential functions.

LEMMA 5.3. Lete > 0 and ¢ : R — R be the function defined by

ex?, ol <4,
5.].]. €Tr) =

€
There exists an entire function G. of exponential type such that
(5.12) |G ()| < Corexp(—p(x)) VaeR,
(5.13) |Ge(—ipm)| = exp (—w2R(m)), 1< |m| <N,

where Cy and we are two positive constants, independent of N and €.
Proof. Let (pn)n>1 be the nonincreasing sequence defined by

ee, n<i
5.14 =
(5:14) = e /2, n>l.

Note that p, = e% and

n>1

[2] o
1
D pm=e) cte [Z]: Ve
n=1 n=[1|+1

<e+/[;\/gds:e+\2/—eg\/%
2e
1=

= < oo.

<e+

)
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Now, we define the function

H(z) = H sin(pnz).

PnZ

Since

sin(pnz) |2k

Pz

< eXp(p”|z|)7

|pn
B Z(_l) (2k+1 Z:

k>0

we have that

sin(pnz)
PnZ

1H(=) =[]

n>1

<exp | |21 pn

n>1

and H is an entire function of exponential type less than [.
We pass to evaluate H(x) by considering the following two cases:

o || > L. We consider v = [{/2] > [1], and we have that

|H(x)|§ﬁM§ﬁLg (L)V

el |pn| el Pnlz] pvlz|

v
/3
:( €V> <e”<eexp<— m)
elz| 3

o |z| < 1. We consider v = [1], and we have that

) < [T Bt = (B

o} lpnl

Since ee|z| < e and sin(t) <t — Sig@t?’ for all t € [0, ¢], it follows that

() < (1- 75 (%'x')Z)V —exp (v (1= 2 e )
= oxp (‘”Sh;ie) <€€|“f|>2) < exp <s%”) exp <—§“2§) (es|x|)2>

i 1
< eexp <—&2(e)a|x|2> < eexp <—65|x|2> .

It follows that the function G.(z) = (H(z))® verifies (5.12), with Cy = €5.
We prove that (5.13) holds too. We have that

o0 . . . .
- sin(i papim) | sin(i ppfim) sin(i ppfim)
=in) = I1 = i Prfim ‘ = 11 i Prubim 11 iputim |
n=1 pnlpm| <1 pnlpm|>1
If pn'ﬂm' <1,
(pn|ﬂm|)3

| sin(i prpim)| > sin(pnlpml) = polpm| — 6
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and consequently

SORIN MICU

H sin(i pp ftm) ' — exp Z In sin(i pp fim ) ‘
i Prfim i Ppfim
Ponlm|<1 onlm|<1
2
> exp Z In (1 — %)
inm‘gl
2
> e L2l 3 2
n>1
Since
S e Y el o 7B e
n n3 1 §3 ’
w1 e[l n>[2] [£]
it follows that
sin(% pp o ) 2¢?
5.15 —| >e ——R(m) | -
(5.15) [T [l > o (-2R00)

pnlpm|<1

> L and

— e€

If prlpm| > 1, we have that g, | > pi

| =

R(pnpim) = prR(pm) = pn5|ﬂm|2 > €lpm] >

It follows that

H sin(i pp fim ) } _ H ePrhm — g=Pnhm
P lHm|>1 b Pubbm Pl |>1 2Pntm
S H epn%(ﬂ«m) _ e*Pn%(NM) H 2an(llm)
Pnlpm|>1 P lpim|>1
= H elpim| > H -
Pl pm|>1 Pl pm|>1

|t

zexp<—Hn21:an

Since |pm| > L we have that

1 5/e?
anlwmzmjﬂzlwgmmﬂsémmﬁzém%»

and therefore

sin(i pnpim)

5.16 ‘
(5.16) 7 ot

[I

prlpm|>1

‘Zenw—é%wm».

From (5.15) and (5.16) it follows that inequality (5.13) holds with we = 10e?, and
the proof ends. O
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5.4. Biorthogonal function estimates. We are now ready to prove the desired
result on the biorthogonal sequence.
THEOREM 5.4. For any T > 0 sufficiently large but independent of h, there exists
T T

a sequence (O )mi<n, biorthogonal in L*(—%, %) to the family (e*?), <n, such that
m#0 n#0

(517 1Ol g2z 2y < Mcos <mT7Th) exp (wR(pm)), 1< |m| <N,

where M and w are positive constants, independent of m and N.

Remark 9. Theorem 5.4 provides a biorthogonal set for any 7" > 0. However, for
estimate (5.17) we need a time T sufficiently large (but independent of the discretized
problem). The value T' = 2(B; + T4r%e + 2), for any By > 3, is obtained in the
proof. We may improve it by finer estimates, but we are still far from 7" = 2, which
is probably the optimal value.

Proof. We define

e " (el

where T, is given by (5.5) and G}, is the function constructed in Lemma 5.3, with
€ = h. We have that
o S (—iln) =0nm, 1< |n|, Im| < N;
e =,, is an entire function of exponential type B = By 4 6lw; + 2, independent
of N;
e by using the properties of G}, from Lemma 5.3 and the estimates of T, from
Lemma 5.2, we obtain that

(5.18) En(z) = Thn(z) [

/OOIE ()?dz < CPC3* cos® (51) /°° & — iftm, ‘2 Sin(x+ium)rda:
oo B |G(—ipum) > oo | ipm T+ i
20205 cos? (1) (20 [ |ftt iR St
|G (=ipm ) [ lum|? S| T+ iR(pm)
fe%e) . . 4
+4/ s1n(t—|—.z§R(,um)) it
—o0 t+ iR (pm)
2w mn S 2
8C1C, 1.C052(Th)62(1+ﬂ)9e(#m)/ Sln(t)‘ i
|G (—ipim) > —o
< 877012022“)1 cos? <—mﬂ-h) (2427 +201w2) R(pim)
- 2

We introduce now the Fourier transform of =,

(5.19) O (2) ! /OO En(r)e” " ida,

:% .

and we note that {©,}..,<~ is the biorthogonal sequence we are looking for.
Indeed, from the proﬁé?ties of Z,,, by using the Paley—Wiener theorem, it follows
that ©,,(t) has compact support in [—B, B], it belongs to L?(—B, B), and

B
/ Om(D)e tdt = S (—iftn) = Swmy 1< |n| < N.
_B
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It follows that (©,,)m<x is a biorthogonal sequence to {e#nt}, <y in L?(—B, B).
1 #£0 n#0

Moreover, from Plangherel’s theorem we have
h
o | O ||L2(—B7B):|| =, ||L2(7007OO)§ Cvlcéul1 /87 cos (%) e(l+w+w1wz)9€(#m),

and the proof is finished. O

6. Convergence results. The aim of this section is to show that a control for
the continuous system (1.1) may be obtained as a limit of controls of the correspond-
ing semidiscrete problems (2.6). The control time T will be considered sufficiently
large (but independent of the discretized problem) such that estimate (5.17) from
Theorem 5.4 holds.

Let (u®,u') € L?(0,1) x H~1(0, 1) be the initial datum of (1.1). We consider that
(u®,u') has a Fourier decomposition

(6.1) (u,u") = Z (ay, ay) V2sin(nrz).

n>1
Since v/2sin(n7x) is orthonormal in L2(0, 1), it follows that (u°,u') € L%(0,1) x
H~1(0,1) if and only if

1
(6:2) > (la2|2 o |a;|2) < 0.

n>1

Now, let (U2,U})n>0 be a sequence of discretizations of (u”,u') given by (3.7).
Assume that (a,, al} )nez-, the Fourier coefficients of the discrete initial data, verify

0 N 0 alﬂ N ﬂ 1 1
(6.3) (anh)n (an)n , 3 i when h — 0 in £°.

Remark 10. The usual discretization by points

(6.4) U2.08) = (LG, (6 G) 2y

leads to a convergence property of the Fourier coefficients sequence that depends on
the regularity of (u°,u!). Indeed, it is not difficult to prove the following:
(i) If u® and u! are piecewise continuous functions in [0, 1], then

0 N 0 alﬂ N ﬁ 1 1
(6.5) (anh)n (an)n, 3 when h — 0 in £°.

nmt

(i) If u® and u' are one-time derivable with a continuous derivative in [0, 1], then
al al
(6.6)  (ann), — (an), (/\L:)n — <n_7:z)n when h — 0 in ¢1.

We prove now the existence of a bounded sequence of controls for the semidiscrete
problem.
THEOREM 6.1. Let us suppose that the initial data of (1.1) are such that

(6.7 > (181 + -ledl) < .

n>1
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There exists a control vy, of the semidiscrete problem (2.4), with € = h, such that the
sequence (vp)p>o is bounded in L2(0,T).
Proof. Let (©,)m<x be the biorthogonal sequence in L*(—Z, L) to {e"*»},, SN

constructed in Theorerﬁ 5.4. From Remarks 6 and 7, we obtain that
n+1h 1/2 T T
6.8)  fut)= > ( “af —|—an|h) % Q, <t— —)
e \/—sm |n|7h) 2

is a solution of (4.10). Moreover,

hexp (—R(un) %
(6.9) [IfnllL20,1) < z) nllafun] + lajunl) 1©nll 2 (—z ).
\/_|s1n Tlﬂ'h)| (-%.3)

1<|n|<N

From the estimates for the norm of ©,, given by Theorem 5.4, it follows that for
any T > 2w,

1
I fnllzzomy <M Y <a‘n|h+| |a|nh)

1<|n|<N

It follows that any sequence of controls (vp)nps>o given by (4.3) is uniformly
bounded in L2(0,T), and the proof ends. 0O

Remark 11. Theorem 6.1 shows that the initial data which verify (6.7) can be
uniformly controlled with the scheme (2.4). The method we have used does not allow
us to prove the optimal result for the initial data in L? x H~! which verifies (6.2).
This is a general limitation of the biorthogonal technique already mentioned in [6].

Since the sequence of controls (vy,);, given by Theorem 6.1 is bounded in L2(0,T),
there exists a subsequence, denoted in the same way, and v € L?(0,7T) such that
vy, — v in L2(0,T) when h — 0. In the next theorem we show that v is a control for
the corresponding continuous problem.

THEOREM 6.2. If v € L?(0,T) is a weak limit of the bounded sequence (vp)p
given by Theorem 6.1, then v is a control for the continuous problem (1.1).

Proof. Like in the case of the semidiscrete problem, it is easy to prove that
v € L%0,T) is a control for (1.1) if and only if the equality

T 1
(6.10) / o657, (1)t = (0, B(0)) s s — / 0% (0)

holds for any (%, ¢!) € H}(0,1) x L?(0,1) and for ¢ the solution of the adjoint
equation

@" = P2z =0 for z € (0,1), t >0,
(6.11) ©(t,0) = p(t,1) =0 for ¢ > 0,
o(T,r) = ¢°(x), ¢'(T,2) = (x) forx e (0,1).

Now, the Fourier decomposition allows us to show that v is a control for (1.1) if
and only if

n 1
(6.12) /OTv(t)e_m”dt = % < ‘n| i+ ﬂ) Vn # 0.

Note that this is the moment problem for the continuous system (1.1), similar to
(4.9) from Theorem 4.2. Let v be a weak limit in L?(0,7') of the sequence (vp)p. It
follows that v is a weak limit of the sequence (f3)n too.
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Note that, for each n € Z*,
ehnt — eminTt iy L2(07 T)

and

h V2 al

n 0 1 0, n

- | —a +a —a,1+ —
sm(|n|71 h) Hn, Inlh In|h " nT

when h tends to zero.

By passing to the limit in (4.9), it follows that v satisfies (6.12). Hence, the limit
v is a control for the problem (1.1), and the proof finishes. d

Remark 12. The weak convergence of the controlled discrete solutions to the
controlled continuous solution of (1.1) may be proved too. Moreover, if the discrete
initial data converge stronger to the continuous ones, the sequence of discrete HUM
controls converges strongly to the continuous HUM control. Both proofs are rather
technical and very similar to Theorems 3.2 and 3.3 from [2], and we omit them.

7. Numerical results. In this section we present a numerical experiment based
on the scheme with an added viscosity term. More precisely, we approximate the HUM
control for (1.1) (the control of minimal L?-norm) denoted by ¥ by using (2.4) as the
discretization of (1.1).

The algorithm we have used to compute the approximate controls is inspired by
the one proposed by Glowinski, Li, and Lions [10] (see also [8, 11]), and it is based on
a conjugate gradient implementation of the HUM method. To this end, we use the
approximations (UY,U}l) of the initial data by taking the values of u® and u' at the
nodes. Then, we minimize the following functional

T / 2
(71 T (e6h) = %/0 (M) dt + (U2, U2) , (6n(0), 6,(0)))
over all (¢%, ¢t) € C?V, ¢ being the last component of ¢, the solution of the adjoint
system (4.1).

The minimizer (Az, qAS,ll) of J provides the control ¥y, of the discrete system (2.4)
with minimal L?-norm. Since in Theorem 6.1 we have proved the existence of a
bounded sequence of discrete controls, it follows that (Ux)n>0 is bounded too. Its
(unique) weak limit is the HUM control of (1.1) denoted by .

In the algorithm several wave equations have to be solved. To do that, we also
need a time discretization. Except for these numerical experiments, our article does
not deal with the fully discrete problem, and the convergence remains to be done.
However, the uniform results we have obtained for the semidiscrete case suggest that
this is a good scheme to be discretized in time. The full discrete problem is analyzed,
for instance, in [19, 20].

Let At be the time step and | = % be the Courant number. We recall that the
classical central difference scheme for the constant coefficients 1-D wave equation, with
Courant number [ equal to one, provides the exact solution at the nodes. Therefore,
in this very particular situation, the 1-D version of the conjugate gradient algorithm
described in [8, 11] gives a very accurate approximation of the control for any h > 0.
We use this special situation to compute “exact” controls that allow us to compare
the results obtained with our method. However, this scheme fails to converge if
I # 1. Note that, in view of the possible generalizations to other types of equations
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Initial position Initial velocity

uo
ul

FIG. 1. Initial data (u®,ul) to be controlled.

Controlled position with h=1/50 Controlled velocity with h=1/50

FiG. 2. The controlled position and velocity with h = %.

or multidimensional domains, it is of utmost importance to find robust algorithms
which are not sensitive on the various discretization parameters. As the numerical
results illustrate, the convergence of our method does not depend on the election of
the Courant number | = At/h, which is related to the theoretical uniform result we
have obtained.

Numerical example. In this example we consider a singular situation with
discontinuous initial data (u%, u'). We take

~ [20z if z € (0,1/2),
u’(z) = {0 if € (1/2,1), ul(z)=0.

In Figure 1 we present a picture of these data. Note that v® € L2(0,1)\ H(0,1).

Since we are not looking for the optimal control time, we take T = 4. This is an
arbitrary choice. The value of T for which we have proved the convergence is much
larger, and it is given in Remark 9. It may be improved by finer estimates, but, in
this case, our option was for simplicity.

The algorithm based on the finite difference scheme (2.1) gives, when [ := At/h <
1, unsatisfactory approximations of the HUM control corresponding to (u”, u'). In the
following experiments we have taken [ = 7/8 and we have used (2.4). Figure 2 shows
the controlled solution (position and velocity) when h = 1/50. Figure 3 illustrates
the convergence of the discrete controls (dashed line) as h is decreased. The results
are compared with those obtained by the finite difference scheme, with At = h (solid
line). We may conclude that, even in this singular situation, the viscosity method
(2.4) provides satisfactory approximations of the HUM control.

The first line of results in Table 7.1 shows that the error in the L2-norm decreases
with h but at a slow rate when € = h. It seems that this may be improved by choosing
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Exact and approximate values of the control with h=1/100 Exact and approximate values of the control with h=1/500

Exact 25 Exact
pproximate Approximate

v(t)
v(t)

Exact
= = - Approximate

Exact
= = - Approximate

v(t)
v(t)

Fic. 3. Approzimations of the control with h = ﬁ, ﬁ, ﬁ, and ﬁ
TABLE 7.1
Numerical results for ||vg||z2 obtained with At = 7/8h and different values of the parameters
€ and h. The exact result is ||v|| ;2 = 2.0106.

h 17100 1/500 171000
TonllLz with e = A 1.4656 1.8013  1.8750

llon|lp2 with e =h15 | 1.8495 1.9877  2.0101
lonllp2 with e =AM7 | 1.9117  2.0100  2.0242
llon|l 2 with e =h!9 | 1.9540 2.0225 2.0316

e = h®, with o € (1,2) in (2.4). Numerical simulations with different values of the
parameter ¢ are presented in Figure 4 and Table 7.1. We note better convergence
rates with larger values of o, with an optimum close to 1.7. However, the theoretical
analysis of this problem should be based on the error estimates for the control, which,
to our knowledge, have not been yet obtained, regardless of the convergent discrete
scheme.

8. Appendix. Proof of Lemma 5.2. We have that

b= (10 ) Tt I (e ) T e 2.
Wem /o ew Pm = B oy W/ | aien tHn

n#£m n#£|m|
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Approximate value of the control with e=h Approximate value of the control with e=h*®
4
Exact Exact
= = = Approximation - e Approxlmatmn 2
3 3
2
- - 1
g £
> >
l
-1
-2
0 05 1 15 2 25 3 35 4 0
t t
Approximate value of the control with e=h®? Approximate value of the control with e=h®
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Fic. 4. Approzimations of the control with different values of the parameter € when h = Wlo'

The first product in T,, is evaluated in (5.9), and we have that

n h
H _Hn :cos(mTw> <1.
1<z Hm T B

n#m

For the third product in T, we have that

H exp(—ix—”um) = H exp(i_x)
" Hn /1 Gilen

i
1<|n|<N 1<|n|<N
=exp (—NhR(um)) < 1.

o)

We pass to evaluate the second product in Y,,. We denote

= ? 2 _ 4 o2 (nmh 1 h

P X (x = SN (—)) ( )

(CL‘) I I 1+—| = | | ) 5 + r |
IEQ\E\N . lngg\fnj\v }17‘2 si (%h)

and we consider the cases |z| < 7, |z > 5, and 7 < |z] < 5.
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Case 1 (Jz| < 7). In this case we have that

Py T (s () 2 (25

16 .:..4 (nmwh
1<n<N pa S ( 2 )
nt|m|
2 2 2\ 2
< ] 1+ : +m2h? ) < ] (1+7T>+2h2
— o ™ —s ™
— 4 2 (nmh — 2
1<n<N 7z S ( 2 ) 1<n<N 4n
n#|m| n#|m|

et m| n#|m|

(8.1) P(z) <exp (2m+7%) V|z| <.
Case 2 (|z| > o). We have that

2
2 ® sin (”gh) < H xlﬁ—l——zt;gg
(%5*)

4 16
x —|——sm +1
P I SR
nmh ) sin
1<n<N 1<n<nN h%
n#|m| nZ#|m|

2t (1+ 256 + 64) 2567 5 4z
S I I 16 4 (7L7Th) = I I TL4 = exp 4 In ( >
2

+7 sin
1<n<N h 1<n<N 1<n<N
ne|m n|m| ne|ml

N
< exp <4/ In (M> ds) = exp (4N1n( ]|\g]c|> +4N> < exp (8]\7 4}'\?'),
0 S

where we have used that % > 2 and In(t) + 1 < 2V/t for any ¢t > 1. It follows that

(8.2) P(z) <exp (16\/@) . Y|z > 21h

Case 3 (1 < |z| < o). The analysis of this case is much more difficult. First of
all let us note that, in view of the particular form of P(z), it is sufficient to consider
x > 0. Moreover, there exists a unique z;, € (1, N) such that

2 h
(8.3) T = Esin (xh;- ) ,
and let p* € [1, N]N'N be the nearest integer to xj;. We have that
(8.4) 2zp < @ < Ty,

1 1
8.5 < < pf i Z
(8.5) pPo5Sthsp Tt

1 1 xz+1 1 1

8.6 —xp <p* < =< < —+=
(8.6) PR R A
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We write P(z) = Py(x)P(x)P3(x), where

Pyz)= ] 162 gint (nzh)
. 2 5
s (@ gsn® (451)
(2102 — 7z sin? ”’27’1))2
pe= 11
3(55) AR }11_? sin® (ﬂzh)
n#p*,|m|

We shall evaluate Py, P,, and Ps successively. First of all note that

4 nrh\\> 16 (xp, —n)wh\ . (xn +n)mh
2 gip? (== _ 19 o2 Nbh T )T 2 (\Tp T )TN
(x e sin < 5 >) 7 Sin ( 5 sin 5

2,2
and since (z5, +n)h < % and sin? ((I"’LG)ﬂh) > 2(“2") h” e obtain that

9 2
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2 2 2\ 2
(8.7) 32(zn + n)"(zn = 1) §<x2 - % sin? (n—ﬂ-h) ) <t (xp +n)?(xn —n)2.

We have that

7T4Iwh—p*lilih +p*|? Fath? < T
16(p*) 16(p*)

Pi(x) <

from where we deduce that

(8.8) Pi(z) < + 2?h?.

~ 1622

Now, we evaluate Ps:

|y — p*|* + 2?h?

1}65 Sln4 (ngh) 97T4332h2'fl4
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where r = 272222 We have that

32
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Moreover,
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It follows that

4 4 4
(8.9) Py(z) <exp (%hxz + ghx2 + 9%

hx2) < exp (37r4hx2) .

Finally, we evaluate Ps. First, note that if m # p*,

2
% sin? (T’Th) < Imint 9mim? < 9rta?
7 Ao (2) ) = B men P < Fan—mP S5
Therefore,
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1<n<N 2
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We have that xp = p* + o, with a € [—%, %], and we evaluate

2

s (230)

sin2 ((p* +oz7n)7rh) sin2 ((p* Jra;rn)ﬂh)
E(r) =

1<n<N
n#p*

.92 k—+a)mh N—p* . 2 k—a)mh N+p* 2 k+a)mh
[istsan -1 sin (( 3 ) k=1 S (( 5 )Hk:Qp*Jrlsul (( 5 )

k#p*
[To<ien sin® (%57)
sin* (%)

k#p*
sin? (<2p +2a>7rh) sin? ((p +2a)7rh)
N sin? <7(k+g)”h) sin? (L_g)ﬂh)

s (5E)

JE=y
2

(kfa)ﬂh)
2

X

2
k=1 k=N-—p*4+1 Sl (

By taking into account that sin(a)sin(b) < sin® (%F%) and 2p* +1 < &, we
deduce that

sin? (p—;h) N sin? (7(“"’ ;a)”h)

2 [ (p*+a)mh .2 ((k—a)wh
sin (f k=N_p+41 sin® (===

E(r) <

Since 0 < p*%wh < m and the function h(z) = #2£ is decreasing on [0, 7], it
follows that

sin

(k+p*+a)mwh
( 2 ) < k+p"+«

sin ((k*g)ﬂh) B k—a
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and thus
N N
k+p"+a p* 4+ 2a
k=N—p*+1 k=N—p*+1
N N
2a d
<2 p<2/ 1+p + >ds < 2exp 2(p*+2a)/ 5
. s—a Nepr S —Q
= 2( 2a0) 1 <2 2 2
p(p+ozn(N_p*_a)>_ exp((p+oz)N p*—a)
. 1
<2 4(p <2 16(p*)?
Hence,
9 4,.2
(8.10) Ps(z) < T exp (16ha”) .

Finally from (8.8), (8.9), and (8.10) we obtain that

P(z) < om o’ +2?h? ) exp (37r4hx2 + 16hx2) < e exp (47r4hx2)
- 4 1622 - 32 '
The proof is complete, with C; = 8170 and wy = 4rt, d
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