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The fact that the heat equation is controllable to zero in any bounded domain of the Euclidean space,
any time T > 0 and from any open subset of the boundary is well known. On the other hand, numerical
experiments show the ill-posedness of the problem. In this paper we develop a rigorous analysis of the
1-d problem which provides a sharp description of this ill-posedness.

To be more precise, each initial data y° € L?(0, 1) of the 1-d linear heat equation has a boundary
control of the minimal L (0, T)-norm which drives the state to zero in time T > 0. This control is given by
a solution of the homogeneous adjoint equation with some initial data ¢°, minimizing a suitable quadratic

Keywords:
He);t equation cost. Our aim is to study the relationship between the regularity of y° and that of $°. We show that there
Null-control are regular data y° for which the corresponding @° are highly irregular, not belonging to any negative

exponent Sobolev space. Moreover, the class of such initial data y° is dense in L?(0, 1). This explains
the severe ill-posedness of the numerical algorithms developed for the approximation of the minimal
L2(0, T)-norm control of y° based on the computation of $°. The lack of polynomial convergence rates for
Tychonoff regularization processes is a consequence of this phenomenon too.

© 2011 Elsevier B.V. All rights reserved.
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1. Introduction family of exponential functions A = (e~*1%),~;, where A, are the
eigenvalues of the Dirichlet Laplace operator in (0, 1), entering in
the Fourier expansion of solutions.

When a system is controllable, controls are not unique. Often
the control is chosen according to some optimality criterion.
Normally, this is accompanied by a systematic method of
constructing a uniquely defined control. We thus analyze in this
paper the most common control, the one of the minimal L?(0, T)-
norm. These controls not only are optimal from the viewpoint
of their [2(0, T)-norm, but they can also be characterized and
constructed easily through the adjoint system and a minimization
argument. In order to fix some notation, let us briefly describe how
these controls are obtained.

Given T > 0and ¢° € I%(0, 1) we consider the adjoint heat

Given T > 0 arbitrary, y° € I%(0,1) and v € L%(0,T), we
consider the following non-homogeneous 1-d heat equation

xe(0,1),te(0,T1)
t€(0,T) (1)
x e (0,1).

Ve(t,x) — yu(t,x) =0
Y0 =0, y(t, 1) =v()
y(0,%) =y’ (%)

In (1) y = y(t,x) is the state and v = w(t) is the control
function which acts on the extreme x = 1. We aim at changing the
dynamics of the system by acting on the boundary of the domain
(0, 1). More precisely, we say that (1) is boundary null-controllable
(or controllable to zero)in time T if for each y° € 1?(0, 1) there exists
v € [%(0, T) such that the corresponding solution of (1) verifies

equation
YT, =0 Vxe(©.1). @ (e +gu=0 xe (0.1, te.1)
There is an extensive literature on this subject. The reader is @, 0 =9, 1)=0 te(0,T) (3)
referred to [1-3] and to the more recent survey article [4]. P(T, %) = ¢°(x) x€(0,1).

In the present article we address this control problem in the
frame developed in [1,2] where it is reduced to a moment problem
which is solved by constructing a biorthogonal sequence to the

In view of the regularizing properties of the heat equation, the map

T
¢’ — / (p0)2(t, 1dt (4)
0
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which is well defined and continuous in some Sobolev space (for
instance H(} (0, 1)), by unique continuation, is a norm in L?(0, 1)
(see, for instance, [5] and the references therein).
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Furthermore, it is by now well known that the following so-
called observability inequality holds for all T > 0: There exists
a constant C(T) > 0 such that every solution of (3) satisfies:

T
9 0 g ) < CCT) / (@0, et (5)
' 0

We define the Hilbert space # as the completion of L?(0, 1)
with respect to the norm (4). Now, we introduce the functional
g : # — Rgiven by

0 _1 ! 2 _ ! 0
I(p") = 5 lox|=(t, 1)dt ¥ (0)e(0, x)dx, (6)
0 0

where ¢ is the solution of (3) with initial data ¢°.

It is easy to see that, for all y° € [?(0, 1), ¢, in view of (5), is
coercive in # and it has a unique minimizer ° € #. Moreover,
the solution @ of (3) with initial data @° gives the control of the
minimal L2(0, T)-norm of (1), as the following well known result
guarantees (see, for instance [6,5]).

Proposition 1.1. Let T > 0. For each y° € 1?(0, 1) there exists a
unique control of the minimal L>-norm for Eq. (1), u € 1?(0, T). Itis
given by

u(t) = ax(tv ]) te (0» T)v (7)

where @ is the solution of the adjoint Problem (3) with initial data
@° € H, the minimizer of (6). Moreover, themap § : 1>(0, 1) — #,
defined by

50°) =9, (8)
is linear and continuous.

The operator § from Proposition 1.1 is usually called the HUM
(Hilbert Uniqueness Method) operator and the control u is referred
to as the HUM control. The important property of the minimal
12(0, T)-norm makes the HUM control very desirable. However,
as reported in [7,8], the minimization of (6) is severely ill-posed.
This comes from the fact that the space # is very large. In fact,
due to the regularizing effect of the heat equation, one can see
that any distribution in a negative order Sobolev space H~*(0, 1),
with support away from x = 1, belongs to #, whatever s > 0 is.
Therefore, for a given y° € 1%(0, 1), the minimizer of g may have
very low regularity and it may be difficult to capture it numerically
with accuracy and robustness.

The aim of this article is to investigate the regularity of the
minimizer §(3°) = @° € # when y° € [2(0, 1). We show that,
even for a regular initial data y°, the corresponding minimizer
6(y°) of ¢ may not belong to any Sobolev space of negative
exponent. For instance, we prove that, when the initial datum
y° to be controlled is a sinusoidal function (y°(x) = sin(nxwx)),
the Fourier coefficients of the corresponding control, (sin(nwx)),
grow exponentially for high frequencies. Moreover, we show that
the set of initial data y° e L%(0, 1) with such property is dense
in 12(0, 1). These results are based on precise estimates for the
Fourier coefficients of (y°), obtained by using the minimal norm
biorthogonal family to the sequence of exponential functions A =
(e~*n%),~; in L2(0, T), entering in the Fourier expansion of the
solutions of the state and adjoint systems.

These low regularity properties explain why, in practice, the
problem of minimizing (6) is ill-posed and why it is difficult to
compute numerically with efficiency the control of the minimal
[?(0, T)-norm for (1).

One of the most frequent cures for ill-posed problems is the
Tychonoff regularization technique which guarantees convergence
towards the minimizer and gives polynomial convergence rates,
with respect to the regularization parameter, under appropriate

regularity hypotheses on the minimizer (see, for instance, [9,10]).
This can also be done in our context, showing that the minimizer
of a Tychonoff regularized functional converges towards the
minimizer of § with a polynomial rate provided the last one
has some Sobolev regularity. But, since we have proved that our
minimizer may have a very low regularity, no convergence rate can
be established and then, eventually, the Tychonoff regularization
technique will be inefficient to compute the control.

We point out that this phenomenon of ill-posedness occurs at
the level of the continuous heat equation. It is compatible with the
fact that observability properties of semi-discrete or fully-discrete
approximation schemes of the heat equation are uniform with re-
spect to the discretization parameters (see, for instance, [11,12,5])
but makes an impact on the effective computation of controls, thus
making it very difficult in practice.

In[13]itis proved that, in the context of time-reversible infinite
dimensional systems, the controls of the minimal L?-norm inherit
the regularity of the initial data to be controlled. Our results show
that this important property is not true for the heat equation (1).

Therest of the paper is organized as follows. Section 2 is devoted
to characterize the HUM controls of (1) and the Fourier coefficients
of the minimizer §(y°) of (6) by means of a biorthogonal sequence
to the family A. In Section 3 we estimate the elements of the
inverse of the Gramm matrix corresponding to A, by analyzing
three different cases. Finally, in the last section, we discuss the
main consequences of the estimates mentioned above in the
context of control of (1).

2. The moment problem and the HUM control

The following characterization of the boundary null-
controllability property of (1) is well known (see, for instance,
[2,6]).

Proposition 2.1. Eq. (1) is null-controllable in time T > 0ifand only
if, for any y° € 1?(0, 1) with Fourier expansion

Yy (x) = Z a, sin(wnx), 9)

n>1

there exists a function w € L*(0, T) such that,

T
a
/w(t)e’"znztdt=(—l)“ ne T e N (10)
0

—e
2nm

If w € I%(0, T) verifies (10), the function v(t) = w(T — t) is
a boundary control for (1). Problem (10) is usually referred to as
a moment problem since we are looking for a function w whose

moments with respect to the exponentials e*”Z”ZI, n € N* are
given by the right hand side data in (10).

Let us introduce some notation. The eigenvalues of the 1-d
Dirichlet Laplace operator are A, = n’m? and the corresponding
eigenfunctions ®" = sin(nx), for every n € N*, A = (e™nt),5
denotes the family of the corresponding real exponential functions.

Forany T > 0, let E(A,T) and E(m, A, T) be the closure in
[?(0, T) of the spaces Span(A) and Span(An,) respectively, where
Apm = (€711 51 . Also, we introduce the notationp} : [0, T] — R,

n#m

pi(t) = e *n'. We recall that.

Definition 2.1. (6;")n>1 is a biorthogonal sequence to A in
12(0, T) if

T
/ pr )67 (t)dt = 8y Vn,m € N*.
0
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The existence of a biorthogonal sequence to the family A is a
consequence of the following Theorem (see, for instance, [ 14]).

Theorem 2.1 (Miintz). Let 0 < Ay < Ay < --- < Ay < ---bea
sequence of real numbers and T € (0, 0o). The family of exponential
functions (e~*n%),51 is complete in [?(0, T) if and only if

Z%:oo. (11)

n>1

Since in our case A, = 72n? and (11) is not verified, it follows
from Miintz’s Theorem, that E(A, T) and E(m, A, T) are proper
subspaces of L%(0, T). Consequently, E(A, T) is minimal (each
element of A lies outside the closed subspace spanned by the
others). Thus, for each m > 1, pf & E(m, A, T) (see [14], p. 23).
Let rf" be the orthogonal projection of pf over the space E(m, A, T)
and define

1
s PO — 1 (). (12)

or'(t) =
”p¥1 - r'}'ﬂn“LZ(O’T)

The following result may be found in [1,2].

Theorem 2.2. For any T > 0, the sequence (6f")m>1 given by (12) is
the unique biorthogonal to the family A in L?(0, T) such that

(0 m=1 C E(A, T). (13)

Moreover, this biorthogonal sequence has the minimal L (0, T)-norm:
any other biorthogonal (¢n)m=1 to the family A in [?(0, T) verifies

107" 12¢0,m) < ISmll20ry Ym = 1. (14)

The following proposition establishes the relation between
the HUM control (7) and the biorthogonal with minimal
norm (0/)m>1 C E(A,T) to the family A in [*(0, T) given by
Theorem 2.2.

Proposition 2.2. Let y° € [2(0, 1) be given by (9) and suppose that
the following series is convergent in L2(0, T)

u(t) = ;(—1)“2‘;—”}1e*”2”2T@;’(T —0), (15)

where (0] )m=1 C E(A, T) is the minimal norm biorthogonal to the
family A in 12(0, T) given by Theorem 2.2. Then u € L?(0, T) is the
HUM control (7) corresponding to initial data y° of Eq. (1).

Proof. By using the biorthogonal properties, it is easy to see that
w(t) = u(T — t) verifies (10). Hence, u is a control for (1).

In order to prove that u is the HUM control it is sufficient to
show that it has the minimal L?(0, T)-norm. This is true if the
Fourier coefficients of y° are all zero, except an, which is not zero.
Indeed, in this case

an 227 n
U= (=1)"%__"0_g=no 7 TgMo
( ) 2Tl07T T
and the minimality of its norm follows from that of the
biorthogonal (6f")m>1. This fact together with linearity of the map
which assigns to each initial data y° its HUM control completes the
proof. O

We recall that, in [1,2], it is proved that (15) absolutely
converges in L?(0, T) for any (a,)n>1 such that ) .-, lagle~*" <
oo, with § a positive number depending only on T.

Since u given by Proposition 2.2 is the HUM control correspond-
ing to y°, then u = @,( -, 1), where @ is the solution of (3) with ini-
tial data 3° = g.(y°) given by Proposition 1.1. Qur aim is to study

the regularity of ¢°. A possibility to do this consists in expanding

@° in the Fourier series

§0°) =3°(X) = ) _ by sin(rmx) (16)
m>1

and analyzing the behavior of the Fourier coefficients by. The

following characterization of b,,, holds.

Theorem 2.3. Let y° e 1%(0, 1) be defined as in (9). The Fourier
coefficients by, of §(y°) from (16) are given by

—1m
p — D
mim

> a 2.2

D' e (o], o . 17
Z( ) Y. (0r, 0 ) 201 (17)
n=1
Moreover, the infinite matrix ({07, 61") 20,1y )n,m=1 verifies

D OF 0z (€ e ) 2o =6 Ym.on=1.  (18)
k>1

Proof. If ¢ is the solution of (1) with initial data ¢° given by (16)
and u(t) = @y(t, 1), the following relation is obtained from (15)

0
m —Am n a —n2n2 n
E (=D)"mmbye Amt = 1?:1(_1) ﬁe Ter(t). (19)

m>1

From (19) and the orthogonality properties of " we deduce that
(17) holds.

For the second part, note that 6", being the biorthogonal
of the minimal norm, belongs to E(A, T). Therefore, for eachm €
N*, there exists a scalar sequence (dj')i=1 such that (see [15],
Theorem 8.2)

oF(t) = dpe . (20)
k>1
From (20) we deduce that
(OF (©), 05 () 2 0,7) = dif (21)
and
Smn = (OF(0). e ) 2oy = Y dpfe ™ e M) o ).
k>1

This represents exactly (18) and completes the proof of the
theorem. 0O

Remark 2.1. The “infinite Gramm matrix” G(T) = ({(p},
p?)LZ(O,T))H,mzl is an one-to-one linear operator in £ but it is not
invertible in £2. O

In order to evaluate the Fourier coefficients by, of §.(y°) we need
to estimate the quantities d}, given by (21). In order to do that, we
use a strategy similar to [1,2], where the norms |07 [|;2 1) = \/@
are evaluated. It consists in truncating the matrix G by considering
only a finite number N of exponentials and extending the time
interval to (0, 00).

Before explaining how the estimates for dj are obtained, let us
introduce some notation. Forany T € (0, co]andN € N* Ex(A, T)
and Ey(m, A, T) denote the subspaces generated in [*(0, T) by
the finite families (e %), <<y and (e ~*") ke respectively. Note

that Ey(A, T) and Ey(m, A, T) are finite dimensional subspaces
and

E(A,T) = JEn(A, T),

N>1
E(m, A, T) = UEN(m, A,T).
N>1

As before, p} denotes the exponential function e~*n* defined on the
interval [0, T]if T < oo or [0, 00) if T = o0.
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As in Theorem 2.2, there exists a unique biorthogonal
(9}’?,\,)15,“5,\, C En(A,T) to the finite family of exponentials
(e™*") 1=y given by

1
Oy = 7 PF — 17 (22)
”pT - rT’N ||L2(0,T)

where " is the orthogonal projection of pT' over Ey (m, A, T). For
each m e N¥, there exist some unique scalars (d;! (T, N))1<k<n
such that

N
oy =Y dy(T, N)pk. (23)
k=1

Let Gy (T) denote the Gramm matrix of the family (e*)\kt)lngN,
i.e. the matrix of elements

T
(T, N) = / PP ©Ode, 1<k [<N. (24)
0

As in the final part of Theorem 2.3, we have the following
characterization of the coefficients dj' (T, N).

Proposition 2.3. Let T € (0, oo]. The matrix (d'(T, N))1<k, m<n
given by (23) is the inverse of the Gramm matrix Gy (T). Consequently,
from Cramer’s rule,

_ Gu(D)]
G (D))

where |Gy (T)| is the determinant of matrix Gy(T) and |G (T)| is
the determinant of the matrix G (T) obtained by replacing the m-
th column of Gy(T) with the k-th vector of the canonical basis.

w(T,N) (25)

Now, let us briefly explain how the estimates for d;} may be
obtained. If T = oo, the determinants |Gy(c0)| and |Gk (00)],
and consequently the coefficients dj' (co, N) from Proposition 2.3,
may be explicitly computed. Next, a perturbation argument and
an extension theorem allow us to address the case T < oo and
to deduce estimates for djj'(T, N). Finally, by letting N — oo, we
obtain the desired estimates for d;'. This is the strategy used in the
following section.

3. Estimates for d;’

As we have said before, we study successively dj'(co, N),
dy (T, N) and finally dj'.

3.1. Analysis of the case T = co and N < oo

In this section we evaluate the quantities dj(oco, N) from
(25), Proposition 2.3. To compute the determinants |Gy (oc0)| and
|Gmk (00)| we use the following lemma.

Lemma 3.1. If C = (cy)1<i, j<n is a matrix of coefficients c; = ﬁ
then

[ (ai—a)bi—by
1<j<i<N

[T (a+b)

1<i, j<N

ICl = (26)

Moreover, if Cyi denotes the matrix obtained by replacing the m-
th column of C by the k-th vector of the canonical basis, then

[1" (a—a)(bi— Dby
m+k 1<j<i<N

[T’ (ai+b)

1<i, j=N

|Conie| = (=1) ; (27)

where ' means that the terms containing a, and b,,, have been skipped
in the product.

Proof. For the first part, see [16]. For the second part, note that
|Conk| = blim lim a|C|. (28)

m—> 00 Ag—> 00
We have that

[T @—api—b) I (@—a)bi—by

|C| . 1<j<i<n _ 1<j<i<N
[T (a+b) IT" (@+b)
1<i, j<N 1<i, j<N
[T (@c—a) [ (@—a) [] (bm—b) [ (bi —bm)
1<j<k k<i<N 1<j<m m<i<N
(ak + bm) I—[ (ak + b]) l_[ (ai + bm)
1<j<N, j#m 1<i<N, i#k
It follows that
1" (@ —apb;—by
| = 1<j<i<N
[T (@i + by
1<i, j<N
(=™ TT (@—a) 1 (bm—by)
% 1<p=N, p#k 1<p=N, p#m
(ax+bm) [I (a+b) [l (a+bm
1<j<N, jAm 1<i<N, i#k
and consequently
|Cnk] = lim  lim a;|C|

bm— 00 ag—>00

[1" (ai—a)(bi — by
ok 1Si<i=N
[T’ (ai+ b))

1<i, j<N

(=1

The proof of the lemma is finished. O

Now, we can pass to estimate the numbers dj' (oo, N).

Proposition 3.1. If (d]} (00, N))1<k, m<n is the matrix in Proposi-
tion 2.3, then

4n2k2m2 N ](2+p2 N m2+p2

d" (0o, N) = . (29)
k2 +m? 03 k*—p? g m2 — p?
p#k p#m

Moreover, foreach k, m > 1, the sequence (|d}' (00, N)|)n>maxik,m}
is increasing and

km
. m _ m+k Tk —mk
im0, ) = 1 e
x (™M —e™™M), (30)
Proof. We have that
|Gk (00)|
d’'(0o,N) = ———— (31)
¢ |G (c0)|

where |Gy(00)| denotes the determinant of matrix Gy(oo) and
|Gmk(00)| the determinant of the matrix G (oc0), obtained by
replacing the m-th column of Gy(co) by the k-th vector of the
canonical basis. In order to evaluate |Gy(o0)| and |Gk (00)| we
remark that the elements g;(co) of the matrix Gy(oo) are given
by
R . .
” — ! — <i i<
g(c) /0 PLOPA O = Gy 10 SN,
Hence, we can use Lemma 3.1 to evaluate |Gy(oo)| and
|Gk (00)|. We deduce from (31) that
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dl'(co, N) = (K + m*)r?

[T +p>» I m+p?
1<p=<N, p#m 1<p=<N, p#k
[I ®&-=p» [ @m—p?
1<p<N, p#£k 1<p=N, p#m
from which (29) follows immediately.
Fork > 1and N > k, let us denote
N 2 2 N 2 N
k* +p k p
ssw =] =—= = (1 + 7) ) (32)
!} k2 — p2| g p? p:’lt[“] p+k
p#k

It follows that

SN+1 (k) N kz kz
Swk) (H (N+1)2> (1 T 1)2—k2> =1

and the sequence (|d}}' (00, N)|)n=max{k,m} is increasing.
On the other hand, from Euler’s formula,

o k? sin(i k)
lim Sy(k) = 1+—=)=—.
NLrl;lo w(k) H( +p2> ikm

Therefore (30) holds and the proof of Proposition 3.1 is
completed. O

3.2. Analysis of the case T < oo and finite dimension N

Let T < oo be given. In this section we give estimates for dj'
(T, N). Firstly, we recall the following result (see [1,14]).

Theorem 3.1. Let T € (0, 00) and A be the family of exponential
functions (e=*n%),~1, where A, = n’m? are the eigenvalues of the
Dirichlet Laplace operator in (0, 1). The restriction operator

Rr 1 E(A, 00) — E(A,T), Rr(v) = v p (33)
is invertible and there exists Cr > 0, depending only on T, such that

IR;'Il < Cr. (34)

Also, let us define the restriction
Rrn : En(A, 00) = En(A,T), Rr n(V) = vy, (35)

and note that, if p and p”, denote the function e ** defined in
[0, T] and [0, o0) respectively, then

Rr(pS,) =Rrn(Py) =pr, 1=<n<N. (36)
Evidently, Ry y is invertible. Moreover, since
Smn = (02 5 Pa)i2(0,00) = (O v+ RiN P)i2(0,00)

= ((R{}v)* O%.ns PT) 20,1
and (R \)*602 y € En(A, T), we deduce that
(Ry )"0 = 0. (37)
The following proposition gives a first estimate for the elements

dy (T, N) in Proposition 2.3.

Proposition 3.2. If (d]'(T, N))1<x, m<n is the inverse of the Gramm
matrix Gy (T), then there exists a positive constant C = C(T) > 0,
independent of N but depending on T, such that

k? + m?

km

ldg(T.N)] < C |dg'(c0,N)| 1<k, m=<N. (38)

Proof. From (37) and (29) it follows that
|di (T, N)| = |(0]y. 05 5) | = Ry )08 . Ry \)*0% n)]

< Ry P I0Z I 165 w

= IRy ) II?V/di (00, N) \/di (00, N)

N 2,2 N 12, .2
_ m*+p k*+p
= IRy )| 2% mk
o B Im? —p2| |3 [k? — p?|
p#m p#k
k? + m?
= |R=1)*|? d™(co, N)|.
Ry D7 Tkm |dy ( )

On the other hand, by using Theorem 3.1, we deduce that
||(R1T,}V)*||£(EN(A,OO),EN(A,T)) = ||R;}V||£(EN(A,T),EN(A,00))
< IR e .Ea0e) < Cr
and the proof ends by taking C = 3C7. O

The main estimate for dj'(T,N) is given in the following
proposition.

Proposition 3.3. If (d]'(T, N))1<k, m<n is the inverse of the Gramm

matrix Gy (T), there exists a positive integer ny > 0, independent of
N but depending of T, such that

1
|dg (T, N)| > 5|d;';"(OO,N)| vm, k = no. (39)

Proof. For each n € {1,2,..., N}, we have that (Rr_,}v)*Pgo €
En(A, T) and there exist scalars (q;)1<k<y C R such that

N
(Rr3)"Pho = D 4P} (40)
k=1
Moreover, the coefficients g}, verify
G = <(R'F,}\l)*pgo’ 9#.N>L2(O,T) = (Poos R'F,}\IQ#,N>L2(O,OO)
T
= /0 PR (O)6F v (Dt + /T ” Ph (DR; \OF  (D)dt

o0
= S + / e MRy NOF y (Ddt
. NOT,

and therefore

o0
q — e = / e MR\ OF (D). (41)
T
From (23), we deduce that
N ' N '
it =tk (Do) =3,
j=1 j=1
which, together with (41), gives

N, di(T,N)

n _
qQp — 511]( - ; (1’12 —|—j2)7'[2

e WHAT < k<N, (42)

On the other hand, we have that
di(T,N) = (0'y. 05 W) izoum)

N
= <<R;}N * (Z d" (oo, N)p’oo> ,9%‘,N>
12(0,T)

i=1
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N
= Z (00, N){((R; ')*pls, TN>L2(0T)
i=1

d" (o0, N)q,

[
M=

=1

and consequently

N .
= Z d" (0o, N)(q, — 8i)

i=1
1<k, m<N. (43)

d'(T, N) — d"(c0, N)

Now, using (43) and (42), we deduce that
N =2 @+HAT

(12 2) 2

|di (T, N)

d“(T, N) d" (oo, N)|. (44)
i,j=1

From (44), estimate (38) and formulas (29), it follows that
|dy' (T, N)

12”

— dy' (00, N)|
e T EHAT 2 4 2

(i +j)m?  jk

<

Idf(OO,N)I |d{" (00, N)|

ij=1

= 8C2n zlﬁ[ K +p’ ﬁ m’ +p?

B k2 —p2| 21 |m2 — p?|
p#k

p#m

202 2\ . . §
N e~ T EHIT ]2+k2 k2]2 m2 i2

= i2 +]2 ]k k2 +]2 mZ + l’2
8 lﬁ[ l'Z +p2 ﬁ j2 +p2
p=1 |12 _p2| p=1 |j2 - p2| '
p#i p#i
Hence,
2m2 2
| (T, N) — d}' (00, N)| < 2CTW |d} (00, N)|
—n2<z +)T N 2 2
Jrm “+p +p
X - - - . (45
Z 12+] m2+12g|12_P2|gU2_P2| )
pi p#i

By using (29)-(30), we deduce that

N o2 @+HAT ji2m? 1_[ 2 4 p? ﬁjz+P2
m2 + 2 2 — p2| 11 12 — p?|
i
N 2 a-n2@+HHT N 2 2 2 2
SZ]l e i2 +p J+p

2+ S IR —p? o 1P — P
p#i p#

i2
=1 ! + 2

ij=1

N —712(1 +2)T

Z |d}(c0, N)|

N . 22
en(1+])T

2
i L 1 N 22
< = emlH) < e~ Tie i )

i=1

Thus, there exists a constant C; > 0, depending only on T, such
that
N a—m?@+2)T 2, .2 N 2., 2
e iZm? i“ + +
o H PT1555 <. e
242 m+i2 iz — p?| 1 2 — p?|

ij=1
p#i

By denoting C = ZCTZC;, it follows from (45) and (46) that

2

k2 +m
— (oo, N)| < ST
km2

1<k, m<N. (47)

|di (T, N) |di' (00, N)|

2 2
Now, remark that C 1% <
km —2C

if
ified for any k > 2C 4+ 1 and m* > (2C + 1)%k. From the sym-
metry of the matrices (d}! (T, N))1<k, m<n and (d}]' (00, N))1<k, m<n,
we deduce that inequality (39) holds for any m > 2C + 1 and
k? > (2C + 1)?>m, too. The proof of the proposition ends by tak-
ingny =[2C+ 1?1 +1. O

208 — m2 Thus (39) is ver-

1
2
2

3.3. Analysis of the case T < oo and N = 0o

Now we have all the ingredients needed to estimate the
coefficients d given by (21).

Theorem 3.2. Let (6")n>1 be the biorthogonal of the minimal norm
to the family A inL%(0, T) and (d)m,k>1 be given by (21). There exist
a positive integer ng and a positive constant C > 0, independent of k
and m, but depending of T, such that

|dP| < ce™ ™™ vk, m > 1 (48)
A > — KM entem vy > o, (49)
~ 32(k2 + m?) T
Proof. From (22)
N
Oy = Y _di(T,N)e™ !
k=1
1 m m
= —————(pr —17'y) (50)

m m
||PT - TT N”,_z(o T)

where 17"y is the orthogonal projection of py' over Ey(m, A, T).
On the other hand, from (12),

1
o) =) die™ = ——————@f — 1) (51)
k=1 Ip? —rf" ”L2(0 T)

where " is the projection of pT' over the space E(m, A, T).
Now, remark that

rry — 17 asN — ooin 12(0, T). (52)
Indeed, since (rf"

—rfy,e7") = 0forany 1 < j < N, we have
that

2
lrr' — T}TTN”Lz(O.T) = (' — r;TTN, T — r$N>L2(O,T)
= (7 =1 1T )20,

N
_ m __ .m m __ —Ant
= <rT TN TT E ape > .
12(0,T)

n=1, n#m
Now, since rf' € E(m, A, T) = UN>] En(m, A, T), we deduce that
(52) holds. From formulas (50) and (51) we deduce that 07"y — 6"

as N — oo in L?(0, T) and, consequently,
di(T,N) = (0. 0f ) — dif asN — oo, (53)

By taking into account estimates (38) and (39) from Proposi-
tions 3.2 and 3.3 respectively, we obtain from (53) the conclusion
of the theorem. O

4. Control theoretical consequences

In this section we deduce some consequences of the estimates
in Theorem 3.2 for the controllability of (1).
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4.1. Control for one mode

Let us consider the case in which the initial data y° of (1)
to be controlled is the n-th eigenfunction @". It follows from
Proposition 2.2 that the corresponding HUM control is given by

_‘1 n
u(t) = %e*“”eg(r )
(—1)"2 (24K 2T K2 72
— dze (n*+k*)m Te e t' (54)
2nmw =

Moreover, the Fourier coefficients (b?,;”)mzl of the initial data
6(y°) = %" which gives the HUM control corresponding to y°,
may be computed by using (17):

(_])n+m
T 2nmn?
From (55) and estimates (48)-(49) from Theorem 3.2, we

immediately obtain the following properties of the Fourier
coefficients (b%™) 1.

0,n
m

e T m > 1. (55)

Corollary 4.1. Let (bﬁ{”)m21 be the Fourier coefficients of §(®").
Then

B%"] < O UV (56)
nm

Moreover, if n > ng, then
1

> — 55—

~ 6472 (n? + m?)

The constants C > 0 and nqg are those given by Theorem 3.2, are
independent of n and m but depend on T.

|b?r;n e—nzTn2+7r(m+n) Vm > 1o. (57)

Remark 4.1. Estimates (57) from Corollary 4.1 show that, for any
n > ny, the initial data g(®") of (3), which gives the HUM control
for the n-th eigenfunction @", has a very low regularity. Indeed,
for any m > 27T n?, we obtain that [b%"| > eZ™ and therefore
G(®") does not belong to any Sobolev space of negative order.
Also, note that the first Fourier coefficients b?,;”, corresponding to

m < anT n?, witha < 1, are exponentially small forn — co. O

4.2. Controls for initial data in L*(0, 1)

Let us now study the regularity of the HUM controls for initial
datain L?(0, 1). We have the following result.

Corollary 4.2. For any y° € [?(0, 1) and ¢ > O there exists y° €

L(0, 1) and a positive constant C, depending only on T and &, such
that

lly° —YS”LZ(O,U <é€ (58)
C
1D | = — e" M Wk > 1, (59)

k

where (b2 . )m>1 are the Fourier coefficients of §(y°) and (my)i=1 is
an increasing sequence of positive integers.

Proof. Let §(°) = Y oo, b2 sin(mmx) and ny be the positive
integer from Theorem 3.2. We define y! = y° + ¢ sin(ng7x) and
remark that 4 (y") = 6.(y°) + £4.(®™), where §(®™) was studied
in Corollary 4.1. If (b,‘n)mz] are the Fourier coefficients of §(y!), we
deduce from (55) that

1 0 0 0 (=Drotm o o
by = Uiy b0 = by o570 g €0y m=1. - (60)
0
1o
Consequently, max{|b% |, [bL|} > 42(':17’”’;7‘12 e~%7°T and, by tak-

ing into account (49) from Theorem 3.2, we deduce that

€
12872 (nd + m?)
Ym > ny. (61)

22
max{[b}, Ibh1} > e T Temmtn)

Thus, at least one of the sequences (b?n)mzl or (b,‘n)mzl has
a subsequence which verifies (59). If this is (b%)mzl, we choose
y? = y°. Otherwise, we take y° = y'. In both cases y? verifies (58)
and (59) and the proof ends. O

Remark 4.2. Corollary 4.2 shows that the set of initial data y°
whose HUM controls are given by a minimizer §.(y°) of ¢ which
do not belong to any Sobolev space of negative order is dense in
?(0,1). O

4.3. Monochromatic controls

Another natural question is the reciprocal of the one addressed
in the paragraph 4.1: which is the regularity of the initial datum y°
of (1) whose HUM control is given by the solution of (3) with initial
datum @° = sin(mmx) containing one single Fourier component?
The following corollary shows that y° is highly irregular.

Corollary 4.3. The initial datay® = > | a, sin(nwx), whose HUM
control s given by the solution of (3) with initial data@® = sin(mmx),
verifies

mn ;o202
ol = G ©
where C is a positive constant independent of n and m.

vn > 1, (62)

Remark 4.3. This result confirms that the data for which the
controls are smooth are irregular. This complements our previous
results showing that the control associated with smooth data are
highly irregular. This also shows that the operator § : L?(0, 1) —
J defined in Proposition 1.1 is injective but not surjective. O

Proof. From (19) we deduce that

Qp

—Tn2n2 yn
—e o7 (t 63
T 7 (0) (63)

(=)™ mre = " (—1)"
n=1

and consequently @, = (—1)"™M2nmnu?el™ " 0F. PM 2o
from which (62) follows immediately. O
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