FAN’S INEQUALITY IN THE CONTEXT OF M,-CONVEXITY

CONSTANTIN P. NICULESCU AND IONEL ROVENTA

ABSTRACT. Several analogues of Fan’s inequality are proved in the context of
Mp-convexity.As a consequence, a Nash equilibrium theorem is obtained.

1. INTRODUCTION

In what follows we are interested in a class of functions having a nice behavior
under the action of means.
The weighted Mp-mean is defined for pairs of positive numbers x,y by the for-

mula
(1= NP+ xyP)/P, i p € R\{0}

A Ta ifp=20
Mp(xuya]- _)‘v>‘) - min{x7y}7 jfp: —00

where A € [0, 1]. If p is an odd number, we can extend M), to pairs of real numbers.
Let E be a linear topological space and assume that C is a nonempty compact
and convex subset of E.

Definition 1. We say that a function f: C — R is M,-concave if

F((L= Nz +Ay) = My(f(2), f(y), 1 = A A)
for allz,y € C and A € (0,1).

Thus the M;-concave functions are the usual concave functions, while the M-
concave functions, are precisely the quasi-concave functions.

A celebrated result due to Ky Fan asserts that any function f: C x C — R,
which is quasi-concave in the first variable and lower semicontinuous in the second
variable verifies the inequality
(1.1) min sup f(z,y) < sup f(z, 2).

yeC zeC z€C
The aim of this paper is to prove a complementary result, precisely:

Theorem 1. Suppose that f : C' x C — Ry is a function which is M,-concave and
lower-semicontinuous in each variable. Then

min sup le;(f(xay)vf(yax)a 1- )‘7)‘) < sup fp(’z?z)v
y€C zeC zeC

for all A € (0,1) and p € R.
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Our technics yields also the following fact:

Theorem 2. Let C be a nonempty compact and convex subset of E, and let f :
C x C — Ry be a function which is Mp-concave in the first variable and lower-
semicontinuous in the second variable. Then

min max ME(f(y,y), f(@,2),1 =\ A) < sup fP(z,2)

for all X € (0,1) and p € R.

For p an odd number f is allowed to take negative values.

2. PROOF OF THE MAIN RESULT
We actually prove a much more general result:

Theorem 3. Assume f : C x C — Ry is a function which is Mpy-concave and
lower-semicontinuous in each variable and let g : C — C' be a continuous onto
function. Then

min sup Mg(f(xay)7f(yﬂ$)7 1- )‘7)‘) < sup Mg(f(zﬂg(z))vf(g(z)vz)7 1- )‘7)‘)7
yeC zeC zeC

for all A € (0,1) and p € R.
Theorem 1 represents the particular case where g is the identity of C.

The proof of Theorem 3 is based on the KKM-Theorem, whose statement is
recalled here for the convenience of the reader:

Theorem 4. (Knaster-Kuratowski-Mazurkievicz). Suppose that for every point x
in a nonempty set X C E there is an associated closed subset M (x) C X such that

conv F C U M(x)
el
holds for all finite subsets F' C X. Then for any finite subset F C X we have
zcF
Hence if some subset M(z) is compact, we have
reX

Theorem 4 is one of the many results known to be equivalent to Brouwer’s fixed
point theorem. See [1].

Proof of Theorem 3. We attach to g : C'— C and X € [0, 1] the family of sets
(M(z))zec, where M (z) consists of all y € C such that

M;’(f(:ﬂ,y),f(y,x), 1- )‘7>‘) < Slelg Mg(f(zag(z))’f(g(z)’z)a 1- )‘7)‘)

We will show that this family satisfies the hypothesis of the KKM-Theorem. In
fact, g(z) € M(g(x)) for every z € C' and

conv F C U M(g(z))
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for every finite subset F' C C. For example, if F' consists of two elements g(z1) and
g(z2), we have to show that

(2.1) u=(1-a)g(z) + ag(za) € M(g(z1)) U M(g(2))

for every « € (0,1). Our argument is by reductio ad absurdum.
If (2.1) fails, then for some « € (0,1) we have

(22) Mg(f(xhu)vf(uvxl) = A )‘) >5upMp(f(z7g(z))7f(g(z)vz)71_)‘7>‘)7

zeC
and

The Intermediate Value Theorem yields a 8 € [0, 1] such that 3 = Bx1 + (1 —
B)zg € C verifies

glzg) = u= (1= a)g(z1) + ag(w2).

Since f is My,-concave in each variable it follows that

ME(f(zp,9(zp)), fl9(z5),25),1 = A A)
= (1= N fP((1 = B)a1 + Bro,u) + MfP(u, (1 — B)z1 + Ba)

is not less than

(1 =21 = B)fP (w1, u) + BfP (w2, u) + A((1 = B) " (u, 21) + Bf" (u, 22))

(1= B)((1 =N fP(zr,u) + Af* (u, SE1)) +B((1 = A) [P (w2, ) + AfP(u, 22))

= (L= B)MP(f (w1, u), f(u,21), 1 = A A) + BMP(f (w2, u), f(u, 2), 1 = X, A)
>(1—ﬁ)supMp(( ( ) F(9(2),2),1 = A A)

)
+,6’supM”(( 9(2)), f(9(2),2),1 = A, )

= sup MP(f(2,9(2)), f(9(2),2), 1 = A N),

a contradiction. Thus (2.1) follows.
By the KKM-Theorem we infer that

) M(g(x)) # 0,
zeC

which means the existence of y € C' such that
Mg(f($7y)af(yam)7 1- )‘7)‘) S SIEIIC)‘ Mg(f(z,g(z)),f(g(z),z), 1- )‘7)\)5
z

for every = € C, equivalently,

ilelgMp(f( ), [y, 2),1 = A A) < ilelgMp(f(Z,g(Z)),f(g(Z),Z),1 —AA).

In conclusion,

géigsgpMé’(f(w,y),f( z),1- /\/\)<StelgM”(f(Z,g(z)Lf(g(2)72)»1—>\7>\)~ n
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3. A NONSYMMETRIC EXTENSION OF FAN’S THEOREM
The aim of this section is to prove the following result:

Theorem 5. Let D and F be two two nonempty, compact and convex subsets of
E and let g be a continuous onto function g : D — F. Then for every function f :
D x F — Ry which is quasi-concave in the first variable and lower-semicontinuous
in the second variable the following inequality holds:

min sup f(z,y) < sup f(z,9(2)).
YEF 2eD 2€D

This result extends Fan’s Theorem (which corresponds to the case where D = F
and g(z) = z for all z € D).
Proof. Consider the family of sets

M(g(z)) ={y € F: f(z,y) < Sggf(z,g(Z))}, for z € D.

We will show that this family verifies the assumptions of the KKM-Theorem. In
fact, it is easy to see that g(z) € M(g(x)), for x € D. Let A be a nonempty finite
subset of F, say A = {g(z1), g(x2)} for simplicity. We have to prove that

(3.1) conv AC | ) M(g(x)),
g(z)€EA

that is,
(1= Ng(e1) + Ag(w2) € M(g(z1)) U M(g(22)),
for all A € (0,1).
Indeed, if the contrary is true, then for a suitable A € (0,1) we have
s, (1= Ng(@) + Ag(2)) > sup f(2,9(2)
zE

and
f(xa, (1= N)g(z1) + Ag(x2)) > sup f(z,9(2)).

The intermediate Value Theorem yields an « € [0, 1] such that z) = az; + (1 —
a)ze € D verifies

(1= Ng(z1) + Ag(w2) = g(z)-
Then
f(@x,9(zy) = flazr + (1= a)zg, (1 = Ng(21) + Ag(22))
> min{f(z1,(1 - N)g(z1) + Ag(x2)), f(x2, (1 -
> Slelgf(z’g(Z)),

A)g(x1) + Ag(w2))}

a contradiction that shows that (3.1) works. By the KKM-Theorem, N,ep M (g(z)) #
(), and this fact assures the existence of a 1o € F such that

f(z,y0) <sup f(z,9(z)) for every z € D.
zeD
Consequently sup,cp f(x,yo0) < sup,cp f(z, 9(2)), which yields
min sup f(z,y0) < sup f(z,9(z)). W
YeF zeD Z2€D

A similar argument yields the following theorem in the case of Mp-convex func-
tions:



Theorem 6. Let C' be a nonempty, compact and convexr subset of E and let g
be a continuous onto function g : C' — C. Then for every M,-convex function
f:C xC — Ry which is upper-semicontinuous with respect to each variable we
have

mae inf MP(f(,), f(35.2), 1= M A) 2 nf MP(F(2.9(2)). £9(2), 2), 1= AN,

for all X € (0,1).

In the same manner we can prove the following result for the quasi-convex func-
tions:
Theorem 7. Let D and F be two nonempty, compact and convexr subsets and let
g be a continuous onto function g: D — F. Let f: D x F — Ry be a quasi-convex
function in the second variable and upper-semicontinuous in the first variable. Then
we have

max inf f(z,y) > 1nf f(z,9(2)).

zeD yeF

Remark 1. We impose the condition that g is an onto function in order to assure
the applicability of KKM-Theorem.

4. FURTHER RESULTS

An important application of Theorem 5 is the existence of a g-equilibrium, a fact
that generalizes the existence of a Nash equilibrium.
Theorem 8. 'Let C = C; x Cy X ... x Cy,, where C;, i=1,...,n are nonempty,
compact and convex subsets of E, let g = (g1,92,---,9n) : C — C be a continuous
onto function and let f1,...,fn : C — C be lower-semicontinuous functions such
that = — > 1 fi(y1, .y 9(24), ...yn) is quasi convex for each y € C. Then there
exists an y € C such that

fi(y) < filyrs s 9(Ti)5 s yn)),

for everyx; € Ciyi=1,...,n

Proof. Let f(z,y) = > i, (fi(y) = fily1s -, g(@i), .., yn)). 1t is easy to see that
f satisfies the assumptions of Theorem 5. This yields an y € C' such that

sup f(x,y) < sup f(z,9(2)) = 0.
zeC zeC

Letting © = (y1, Y2, ---» Ti, ---yn) (¢ = 1,...,n) in the last inequality we conclude that

for every z; € C;, i =1,....,n. N
The following result due to M. Sion [5] has important applications in convex
analysis and games theory:

Theorem 9. Let D and F be two nonempty, compact and conver subsets and let
f:DxF — Ry be a function which is upper-semicontinuous and quasi-concave
function in the first variable, and lower-semicontinuous and quasi-convex in the
second variable. Then

min max f (z,y) = max min f (2, 9).

1Corrected7 February 12, 2009. The authors thank Professor S. Park for calling their attention
to a mistake in the original version of this theorem.
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This result can be derived via Theorems 5 and 7 above provided that

(4.1) inf f(z,01(2)) = sup f(z,92(2)).

for suitably chosen continuous onto functions g; and go. In fact, the hypothesis of
Sion’s theorem make possible to apply Theorems 5 and 7 and thus

inf < i < mi <
Zlng(%gl(Z)) < maxmin flz,y) < glelgrwneagf(x,y) < jggf(z,gz(Z)),

for all continuous onto functions g;,g2 : D — F. While the topological condition
(4.1) can be easily verified in a number of particular cases, we do not know how
general is it. Results of this type, concerning the existence of continuous onto maps
relating compact convex sets, may be found in [2].
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