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is something like computing sums such as

| \ /_l ost people are convinced that doing mathematics

S=1+2+3+--+100.

But we know that one who does this by merely add-
ing terms one after another is not seeing the forest for the
trees.

An anecdote about young Gauss tells us that he solved
the above problem by noticing that pairwise addition of
terms from opposite ends of the list yields identical inter-
mediate sums. This famous story is well told by Hayes in
[5], with references. A very convenient way to express
Gauss’s idea is to write down the series twice, once in
ascending and once in descending order,

1 4+ 2 + 3 + - + 100
100 + 99 + 98 + - 4+ 1

and to sum columns before summing rows. Thus

25 =(14100) +(24+99) +--- 4+ (100 + 1)
=101+ 101+ --- + 101
100 times

= 10100,

whence
S = 5050.

Of course, the same technique applies to any arithmetic
progression

ay, ary=a,+r, az=a +2r,... (1)
a, =ay + (n—1)r,

and the result is the well-known summation formula

n(a; +a
ﬂ1+ﬂ2+"'+an:¥- (2)

A similar idea can be used to sum up strings that are not
necessarily arithmetic progressions. For example,

n n n _
(e (o (-0

for every arithmetic progression daqg, dy, . . ., dy.
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Seventy years ago, A. L. O'Toole [11] recommended that
teachers avoid the above derivation of the formula (2),
considering it a mere trick that offers no insight. Instead, he
called attention to the fundamental theorem of summation,
a discrete variant of the Leibniz-Newton theorem: If there is
a function flx) such that a,=fk+ 1) — flk) for ke
{1,...,n}, then

S e =f(n+ 1) — Q) = SR
k=1

Indeed, this theorem provides a unifying approach for
many interesting summation formulae (including those for
arithmetic progressions and geometric progressions).
However, determining the nature of the function flx) is not
always immediate. In the case of an arithmetic progression
() we may choose flx) as a second-degree polynomial,
namely,

J) =208+ (= vk

where C is an arbitrary constant.

Though more limited, “Gauss’s trick” is much simpler,
and besides, it provides a nice illustration of a key concept
of contemporary mathematics, that of measurable dynami-
cal system.

Letting M = {1,...,n}, we may consider the measurable
space (M, P(M), p), where P(M) is the power set of M and p
is the counting measure on M, defined by the formula

uA) = 14|

Every real sequence ay, . . ., a,, of length »n can be thought
ofasafunctionf : M — R, given by k) = a,. Moreover, fis
integrable with respect to u, and

for every A € P(M).

/f(/e)du:a1+-~-+an.

The main ingredient that makes possible an easy compu-
tation of the sum of an arithmetic progression is the existence
of a nicely behaved map, namely,

T-M—M, Tk)=n—k+1.

Indeed, the measure p is invariant under the map 7 in
the sense that

/w J (k) = /M FT(k))d 3)

regardless of the choice of f (for T'is just a permutation of
the summation indices).

When f represents an arithmetic progression of length
n, then there exists a positive constant C such that
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SR +/(T(k) = C,
and taking into account (3) we recover the summation

formula (2) in the following equivalent form,

| rwdu= e,
M

for all k € M, (4)

The natural generalization of the reasoning above is to
consider arbitrary triples (M, 7, @), where M is an abstract
space, p is a finite positive measure defined on a g-algebra
Z of subsets of M, and T": M — M is a measurable map that
is invariant under the action of u in the sense that (3) works
for all f'e I'(w). Such triples are usually called measurable
dynamical systems. In this context, if fe L'(u) satisfies a
formula like

S(T(x)) = 4 (x) + 8(x) (5)

with 4 # 1, then the computation of [ Ax)dy, or rather of
its expectation,

E(f) = ﬁ /M F(O)du(s),

reduces to the computation of [g(x)du.

For example, the integral of an odd function over an
interval symmetric about the origin is zero; this corre-
sponds to (5) for Tx) = —x, A= —1, and g = 0. Among
the many practical implications of this remark, the follow-
ing two seem especially important:

a) the Fourier series of any odd function is a series of sine
functions;
b) the barycenter of any body that admits an axis of

symmetry lies on that axis.

Two other instances of the formula (5) are

oo
1
/ nx o
o 147
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and

nln2

/4

/ In(1 + tanx)dx = (6)
0 8

In the first case, the measurable dynamical system under
consideration is the triple consisting of the interval M =
(0, o0), the map T(x) = 1/x, and the weighted Lebesgue
measure Tdfcl . The invariance of this measure with respect to
T'is assured by the change of variable formula, while the for-
mula (5) becomes In(1/x) = —Inx.

In the second case, the measurable dynamical system is
the triple ([0, 7/4], ©/4 — x, dx). For f(x) = In(1 + tanx), the

formula (5) becomes
In(1 + tan(n/4 — x)) = —In(1 + tanx) + In2

and thus
n/4 /4
/ In(1 + tanx)dx = / In(1 + tan(n/4 — x))dx
0 0

n/4
:/ [In2 —In(1 + tanx)]dx
0

1 2 1'5/4
. Z — / In(1 + tanx)dx,
0

whence (6). This formula admits a straightforward general-
ization:

0
/ In(1 + tan O tan x)dx = —01In(cos 0),
0

for all 0 € (—n/2, n/2).
In the same manner we obtain the integral formulae

/O7I xf (sinx)dx = g/oﬂf(sirwc)dx7

T /2
/ f(sinx)dx = 2/ Sf(sinx)dx.
0 0

There is a relationship between the expectation of a
function fand the values of the iterates of funder the action
of T,

[ foT, foT?..,

expressed in the ergodic theorems. A sample is Weyl’s
ergodic theorem; here M is the unit interval, u is the
restriction of Lebesgue measure to the unit interval, and
T :[0,1] — [0,1] is the irrational translation defined by

T(x) = fx + a;

here {-} denotes the fractional part and « >0 is some
irrational number. The invariance of 7 is usually derived
from the remark that the linear span of characteristic
functions of subintervals of [0,1] is dense in Z!([0,1]). Thus
the verification of the invariance formula (3) reduces to the
(trivial) case where fis such a characteristic function.

The following result does not make use of the invariance
property of 7' (but can be used to derive it).



THEOREM 1. (Weyl’s Ergodic Theorem [10)). Suppose that
o > 0 is irrational. Then

lim Ji S({x+ ka}) = / f(t)dt (7)
=0 0

Jor all Riemann integrable functions f : [0,1] — R and all
x €[0,1].
PROOEF. It is easy to check that the above formula holds
for each of the functions e (n € Z), and thus for linear
combinations of them. By the Weierstrass approximation
theorem (see [3]) it follows that the formula (7) actually
holds for all continuous functions f:[0,1] - C with
SO = fD.

Now if I C [0, 1] is a subinterval, then for each ¢ > 0 one
can choose continuous real-valued functions g, b with
g <y; <h such that

2(0) =g(1), h(0)=h(1) and /O(b—g)dt<s.

By the previous step we infer that

N 1 =1
lim — v ({x + ko}) — lim — v ({x + ko
T 5> () lim 5 (4 k)

lies in ([ z,(t)dt — e, fol v (t)dt+¢€). As ¢ >0 was arbi-
trarily fixed, this shows that the formula (7) works for y;
(and thus for all step functions on [0,1]).

The general case of a Riemann integrable function fcan
be settled in a similar way, by using Darboux integral sums.

The convergence provided by Weyl’s ergodic theorem
may be very slow.
In fact, we already noticed that

Un(t + 1 /4
/ Md;:/ In(1 + tan x)dx = 0.27220. . ,
o P+1 0

whereas the approximating sequence in (7) offers this
precision only for N > 10%.

However, Weyl’s ergodic theorem has important arith-
metic applications. A nice introduction is offered by the
paper of P. Strzelecki [9]. Full details may be found in the
monograph of R. Maiie [8].

An inspection of the argument of Weyl’s ergodic theo-
rem shows that the convergence (7) is uniform on [0,1]
when f:[0,1] - C is a continuous function with
SO = AD.

It is worth mention that Gauss himself [4] was interested
in the asymptotic behavior of dynamical systems involving
the fractional part. In fact, in connection with the study of

continued fractions he considered the dynamical system
consisting of the map

G:[0,1) = [0,1), G(X)={{2} iiffj:;g’ ®)

and the invariant measure

1

M) = og D@ 1) ™

In the variant of Lebesgue integrability, the convergence
defined by the formula (7) still works, but only almost
everywhbere. This was noticed by A. Ya. Khinchin [6], but
can be deduced also from another famous result, Birkhoff’s
ergodic theorem, a large extension of Theorem 1. See [8] for
details. It is Birkhoff’s result that reveals the true nature of
the Gauss map (8) and a surprising property of continued
fractions (first noticed by A. Ya. Khinchin [7]). A nice
account of this story (and many others) may be found in
the book of K. Dajani and C. Kraaikamp [2].
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