GLOBAL EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR
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BASHIR AHMAD, NIKOLAOS S. PAPAGEORGIOU, AND VICENTIU D. RADULESCU

ABSTRACT. We study a nonlinear Dirichlet problem eigenvalue driven by a differential
operator with unbalanced growth (double phase problem) and a reaction that has the
competing effects of a singular term and of a superlinear perturbation. We prove an
existence and multiplicity theorem which is global in the parameter A > 0.

1. INTRODUCTION

Let Q € RY be a bounded domain with a C?-boundary 9. In this paper, we study the
following nonlinear eigenvalue problem

{—A%@%ﬁMMQZMM@M@”+f@WWMinQ

(P>) oo =0, u>0,A>0,0<n<1<q<p.

Let C%1(Q) be the space of all Lipschitz continuous functions defined on Q. If a € COL()\
{0} with a(z) > 0 for all z € Q and 1 < p < oo, then by Af we denote the weighted
p-Laplace differential operator defined by

a,, _ J: -2
APu = div(a(z)|DulP~* Du).

If a = 1, then we recover the standard p-Laplace differential operator denoted by A,,.
Problem (P,) is driven by the sum of two such operators with different exponents ¢ < p.
So, the differential operator in (P,) is not homogeneous and this excludes the use of scaling
arguments. Another special feature of the differential operator, is that the weight a(-) is
not bounded away from zero, that is, we do not assume that 0 < mina.

Q
This fact has profound implications on the structure of the problem. Let 6(z,t) denote
the density function associated with the differential operator of (Py) and defined by

0(z,t) = a(2)tP +t1 for all z € Q, all t > 0.
Since mina = 0, this function exhibits an unbalanced (asymmetric) growth in the variable
t>0, n%mely we have
t9 < 0(z,t) <é(1+tP) forall ze, allt>0, some ¢ > 0.

We see that now 6(z,-) is trapped between two different powers of ¢. This has significant
consequences on the structure of (Py). A first consequence is that the standard Lebesgue
and Sobolev spaces, do not provide on adequate functional framework for the analysis of
(Py). We need to pass to the broader class of generalized Orlicz spaces. A second and
arguably most important consequence of the unbalanced growth of 0(z, -), is that the global
(that is, up to the boundary) regularity theory of Lieberman [18], in this case does not
hold. The global regularity theory requires balanced growth for the density function 6(z, ).
This absence of a global regularity theory, implies that many analytical tools which proved
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to be very effective in the case of balanced growth problems, are no longer available. We
mention a few of these tools: (a) the equivalence of Sobolev and Hélder local minimizers
(see Brezis-Nirenberg [5] and Garcia Azorero-Peral Alonso-Manfredi [10]); (b) nonlinear
versions of the Hopf maximum principle (see Pucci-Serrin [31]); (c) comparison principles
(see Papageorgiou-Radulescu-Repovs [28]).

In the reaction of (P,), we have the combined effects of a singular term 5(z)z™" (0 <
7 < 1) and of a superlinear perturbation. The presence of the singular term adds to the
difficulties we face, since the corresponding energy functional of the problem, is not C!
and so we can not use the minimax theorems of the critical point theory. We have to
find techniques to bypass the singularity and deal with C'-functionals. The perturbation
f(z,+) is (p — 1)-superlinear. However, the superlinearity of f(z,-) is not expressed using
the well-known Ambrosetti-Rabinowitz condition or any of its generalizations (see Li-Yang
119)).

Problems driven by such operators, are known as double phase problems or unbalanced
growth problems or problems with (p, q)-growth. Such problems and the corresponding
integral functionals, were first considered by Marcellini [25, 26] and Zhikov [34, 35, 36], in the
context of problems of the calculus of variations (including the Lavrentiev gap phenomenon)
and of the nonlinear elasticity theory. Double phase operators arise in the analysis of
diffusion-type processes in a space where certain subdomains are distinguished from others.
Using double phase operators, we can describe composite materials which have a density of
g-growth on {a = 0} and of p-growth on {a > 0}. In mathematical terms, this means that
the ellipticity of the differential operator changes as we move in the domain Q.

Due to these difficulties, singular double phase problems have been studied very little. In
the literature, we find very few relevant works. We mention the papers of Arora-Fiscella-
Mukherjee-Winkert [2], Liu-Winkert [24], and Papageorgiou et al. [4, 8, 21, 22, 33]. None
of the aforementioned works examines eigenvalue problems, their approach is based on the
Nehari method, the perturbation f(z,x) is either of power type or satisfies more restrictive
conditions and their existence and multiplicity results are not global in the parameter A > 0.
Finally, we mention the works of Ambrosio-Radulescu [1] and Autuori-Isernia [3], who study
nonlocal double phase equations in all of RY. In [1] the authors examine double phase
problems driven by a fractional (p, g)-operator plus a parametric potential term. Using a
combination of variational and topological tools, they establish the existence of multiple
solutions when the parameter is small and they also prove concentration properties of these
solutions as the parameter varies. The reaction is continuous, subcritical, satisfying the
Ambrosetti-Rabinowitz condition and a monotonicity hypothesis for the quotient function
(0,00) > & — f(z)/297%, where ¢ > p. In [3], the authors examine a Kirchhoff double phase
problem with a reaction containing a parametric continuous term plus a critical perturba-
tion. Using critical point theory, the Nehari method and the concentration-compactness
principle (to accomodate the critical term), they prove the existence of a ground state
solution, when the parameter is large.

In this work, following Liu-Papageorgiou [23], we overcome the difficulties resulting from
the lack of a global regularity theory, using critical groups. Using them, together with trun-
cations, auxiliary problems and variational methods, we prove an existence and multiplicity
theorem, which is global in the parameter A > 0 (a bifurcation-type result).

2. MATHEMATICAL BACKGROUND AND HYPOTHESES

We already mentioned in the introduction, that for the analysis of double phase equations,
we have to go outside the standard Lebesgue and Sobolev spaces and consider generalized
Orlicz spaces. For the theory of these spaces, we refer to the book of Harjulehto-Hésto [13].

Let LY(€2) denote the space of all measurable functions u : Q@ — R. We identify two such
functions which differ only on a Lebesgue-null set. Given 3 € L%(Q), we write 0 < f3 if and
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only if for all K C 2 compact we have
0<cx <pB(z) foraa. zeK.

Also, let d(z) = d(z,09) for all z € . Our hypotheses on the coefficients a(-), 3(-) and the
exponents p, g, n are the following:

(Ho) a € COME)\ {0}, a(z) > 0 for all z € 1,8 € WE(2)\ {0},0 < 8. cod(2)" < B(2)
for all z € Q. = {2z € Q:d(z) <egp} for some g9 >0 and g >0,0<n<1,2<¢g<
p<Nand§<1+%.

Remark 1. We know that the elements of I/VO1 ">°(Q) admit a representative which belongs in
CO1(9). Let CP(Qe) = {y eC(Q): LedC (ﬁgo)}. Then this is an ordered Banach space,
with positive (order) cone Cp(Q,)+ = {y € Cp(Q,) : y(2) > 0 for all z € O, }. This cone
has a nonempty interior int Cg (%) + and if y € int C,(,) (e, )+ then there exists cg > 0 such

that cod” < y in Q.,. We mention that the space C’g (Q,) arises in the regularity theory

of the fractional problems (see, for example, Frassu-Iannizzotto [9]). The last inequality in
the above hypotheses, implies that p < ¢* = NN—_qq and this leads to compact embeddings of
the relevant spaces (see Proposition 1, below).

Recall that 6(z,t) = a(2)tP + ¢ for all z € Q, all t > 0. Using this density, we introduce
the generalized Lebesgue-Orlicz space LY(Q) by
L(Q) = {u c L°(Q) : po(u) = / 0(z, |u|)dz < oo}
Q

We call py(-) the modular function corresponding to the density 6(z,t). We equip L(f)
with the so-called “Luxemburg norm” || - ||s defined by

lullg = inf {t >0:pg (%) < 1}.

With this norm L?(2) becomes a Banach space which is separable and reflexive (in fact
uniformly convex, since (2, -) is an uniformly convex function). Using L?(2) we can define
the corresponding generalized Sobolev-Orlicz space W19(Q) by

WO Q) = {u e L9(Q) : |Dul € L"(Q)},
with Du being the weak gradient of u. We equip W¢(Q) with the norm || - || ¢ defined by
lullie = llulle + | Dulle  for all w € WH¥(Q),
where ||Dullg = || |Dul ||,- We also define
wy'(9) = =@,

with C2°(2) being the space of all C*°-functions with compact support. Both spaces
W9(Q) and Y/VO1 ?(2) are separable and reflexive (in fact uniformly convex) Banach spaces.
Moreover, on W(} ’Q(Q) the Poincaré inequality holds, that is, there exists ¢ > 0 such that

llullg < ¢||Dullg, for all u € WOI’Q(Q) (see [7]).
So, on WO1 ’G(Q), we consider the equivalent norm || - || defined by
Jul| = | Dullg, for all u e Wy (Q).

We have the following useful embeddings between these spaces. In what follows by —
we denote continuous and dense embedding.
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Proposition 1. (a) LY(Q) — L"(Q), Wol’e(Q) — WOI’T(Q) foralll <r <g;

(b) Wol’e(Q) — L"(Q) for all 1 <r < q* and the embedding is compact if 1 <r < q*;

(c) LP(Q) — LY(9).

Also, there is a close relation between the norm || - || and the modular function py(-).
Proposition 2. (o) ||lu =t >0 < pp (8%) =1;

(b) |ull <1 (resp.=1,>1) & pg(Du) <1 (resp. =1,>1);

(c) llull <1 = Jlull” < pg(Du) < |[ul|*;

() ull > 1 = [lu]|* < pg(Du) < ||ul[";

(e) ||ul| = 0 (resp. = 4+00) < pp(Du) — 0 (resp. — +00).

In the sequel, we will use also the modular function p, : WO1 ’0((2) — R defined by
pa(u) = / a(z)|Du|Pdz for all u € Wol’e(Q).
Q

This is a continuous, convex function, thus it is weakly lower semicontinuous.
Let V : Wol’e(Q) — Wol’e(Q) be the nonlinear operator defined by

(V (), B) = /Q (a(2)[DulP~2 + | Dul"2)(Du, Dh)gndz for all u, h € WA(Q).

This operator has the following properties (see Liu-Dai [20], Liu-Papageorgiou [23] and
Papageorgiou-Winkert [30, p.683]).

Proposition 3. The operator V (-) is bounded (that is, maps bounded sets to bounded ones),
continuous, strictly monotone (thus mazimal monotone too), coercive and of type (S)4+ that
18

“if uy <> u in WOLG(Q) and limsup(V (uy), uy — u) <0,

n—oo

then u, — u in Wol’e(Q).”

In the study of singular problems, an useful tool is the “Hardy inequality ” (see Papageorgiou-
Winkert [30, p.682]).

u

Proposition 4. | %|| < c*[|Dul|, for some ¢* > 0, all u € W, (Q),1 < r < co. If
T
u € L), then we set

+

u" = max{u,0}, v~ = max{—u,0}.

We have w = ut —u™, |u| = ut +u~ and if u € W&’G(Q), then u* € Wol’e(Q). Also by |- |n
we denote the Lebesque measure on RN

Let R} = (0,00) and let f:ax RY% — R be a Carathéodory function (that is, z — f(z,x)
is measurable, while z — f(z, ) is continuous), which satisfies
f(z,x)’ < a(z) (1 +a7 7+ xq**l)

for a.a. z € Q, all z > 0, with a € L>*°(Q),0 < n < 1. We consider the following singular
problem

(1) —Aju(z) — Agu(z) = f(z,u(z)) in Q, ulpgo =0, u>0.

We say that u € VVO1 ?(Q) ia a (weak) solution of problem (1) if the following hold
w(z) >0 foraa ze€Q, f(,ul-)h(-)e L Q) forall heWy?Q),

(V(u),h) = /Q f(z,u(2)h(z)dz for all h e W(Q).
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We will show that the solutions of (1) are bounded.
For u € L°(£2), we introduce the sets

Ly ={z€Q: |ul >k}

The next lemma is an outgrowth of the results of Ladyzhenskaya-Ural’tseva [17, pp. 66,
73-74].

Lemma 1. If p,7 > 1,u € L*(Q) and
[/L (Ju| — k)ﬂdzr <¢ [/L (Ju| — k)Pd= + kuykaN} L fork >k, withe> 0, K> 0,
then ,: € L>(Q). k
Proof. Let v > 2k*. We introduce the sequence {ky}nen, defined by
(2) kn =" (1 — in+1> for all n € No.

Clearly {ky}nen, is a strictly increasing sequence in Rg and k, < for all n € Ny. Since
ky < kpy1 and so Ly C Lg,,, we have

3) (/

We observe that

(nst — k) | Lo Iy < /L (lu] — kn)tdz,
kn

n+1
1

(lu| - mnw) <e [ / (lul — kn)dz + K 3| Ll
kn

n+1

kn "
= Rl < (220 ) [l ks
Ly,

n+1 — kn
(@) < (22— ;) / (= (e 2),

We return to (3) and use (4), then

[ =yt <
Ly

n+1

¢ <1 + (2““ — ;)u) /Lkn(|u — kn)“dz] '

1+6
<cen [ /- Wdz]

with £ = 27 > 1, 6 = 7—1 and ¢* = ¢*(e,u,7) > 0. We consider the sequence
{yn = kan(|u| - k:n)“dz}nENO. From Lemma 4.7 of Ladyzhenskaya-Ural’tseva [17, p.66],
we know that

(5) “f yo < (c*)*%g_é%, then y, — 0 as n — 00.”

We have

yo = / (= otz = / ) (jul = 2)"dz (see (),

= 90— 0" asy— +oo.
Therefore for v > 2k* large, we will have
yo < (¢)3E77,
(6) = yp, > 0asn— oo (see (5)).
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We have
/(]u\ —y)tdz < /(]u\ —kn)tdz  (since k,, < v for all n € Ny)
Q Q

- / (lul — k) *dz,
Lk,

= / lul| —y)Tdz =0 (see (6) and recall L*(Q) — L'(Q)),
= |u(z)| <~ for a.a. z € Q and so u € L>(Q).
The proof is now complete. [l
We will use this lemma, to establish the boundedness of the solutions of (1).

Proposition 5. Every solution u € WOI’G(Q) of (1) is bounded.
Proof. By definition, we have

(7) u(z) > 0 for a.a. z € Q and (V(u), h) = / f(z,u)hz for all h € Wol’e(Q).
Q

Let kK € N,k > 1 be large so that
(8) I(w = k)"l < 1.

In (7) we choose the test function h = (u — k)T € VVO1 ?(€2). We have
|(u—k)T||P <pg(D(u—k)T) (see (8) and Proposition 2)

9) <cp / (1+u"4u? H(u—k)Tdz (for some ¢; > 0).
Q

Since k > 1, on L; we have

(10) W <u<ul = (u—k+ k)7 <27 [(u— k)T + k‘f‘} .

Using (10) in (9) and since WOI’H(Q) < L9 (Q) (see Proposition 1), we obtain
P
[/ (u— k:)‘fdz] ! <co||(u — k)T||P for some c3 > 0
L,

<c3 {/ (w— k) dz + k7 ]Lk\N] for some c3 > 0.
Ly,

We apply Lemma 1 with u = ¢* and 7 = % > 1. We infer that u € L>®(Q). O

Recall that a function g : R — R is said to be locally Lipschitz, for every K C R compact,
there exists éx > 0 such that

lg(x) — g(y)| < éklz —y| forall z,y € K.

We can easily see that this definition is equivalent to the usual one which says that
g : R — R is locally Lipschitz, if for x € R we can find a neighborhood U of x such
that g|y is ¢y-Lipschitz (see, for example, Papageorgiou-Winkert [30, p.536]). A function
g: QxR — R is said to be an L*(£2)-locally Lipschitz function, if it is measurable in
z € Q and g(z,-) is locally Lipschitz with Lipschitz constant ¢x € L*°(2) for every K C R
compact. Such a function is jointly measurable.
Now we can introduce our hypotheses on the perturbation f(z,x).
(Hy) f: QxR — Ris an L*-locally Lipschitz function such that f(z,0) = 0 for a.a.
z €  and
(i) f(z,2) <a(z)(1+2" 1) foraa. € Q,all x >0, with a € L>®(Q),p < r < ¢*;
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(ii) if F(z,2) = [y f(z,s)ds, then

F(z,x)

lim
r—+00 xP

= 400 uniformly for a.a. z € Q
and there exist &) and 1 < 7 < ¢ such that
—¢(14+27) < f(z,z)x — pF(z,2) for a.a. z € Q, all z > 0;
(iii) for every s > 0, there exists I¥ > 0 such that
0<l<f(z,x) foraa.zeQ, allz>s>0;

(iv) for every p > 0, there exists fp > 0 such that for a.a. z € €, the function
z — f(z,2) + &paP~! is nondecreasing on [0, p).

Remark 2. Since we look for positive solutions and the above hypotheses concern the
positive semiaxis Ry = [0, +00), we may assume that f(z,2) =0 for a.a. z € Q, all z <0,
Hypothesis H;(ii) implies that

lim f(z2)

r—+00 ij_l

= +oo uniformly for a.a. z € Q.

So, the perturbation f(z,-) is (p — 1)-superlinear. However note that we do not employ the
Ambrosetti-Rabinowitz condition (see [16, p.409]) or any of its generalizations (see Li-Yang
[19]).

Let X be a Banach space, ¢ € C*(X) and ¢ € R. We define
Ky,={ue X: ¢ (u) =0} (the critical set of ),
o={ueX: ¢u) <c}

We say that ¢(-) satisfies the “C-condition”, if

“every sequence {up nen € X such that

{¢(un)}nen € R is bounded, (1 + [|un|lx)¢'(un) =0 in X7,

admits a strongly convergent subsequence.”

For k € Ny and Y2 C Y7 C X by Hi(Y1,Y2) we denote the kth—singular homology group
with real coefficients. We choose R as the space of coefficients to avoid torsion phenomena
(see [16, p.179]). Then the groups are actually linear spaces. If u € K, is isolated, then the
critical groups of ¢ at u are defined by

Cr(p,u) = H(e“ N U, p° NU\{u}) for all k € Ny, with ¢ = p(u).

Here, U is a neighborhood of u such that K, N ¢°NU = {u}. The excision property of
singular homology, implies that this definition is independent of the isolating neighborhood
U (see [16]).

We introduce the following sets

L ={X > 0:problem (P,) has a solution} (set of admissible parameters (“eigenvalues”)),

and

S = solution set of (Py).
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3. AUXILIARY PROBLEMS

In this section, we examine two auxiliary problems the solutions of which will help us
neutralize the singularity and establish the existence of eigenvalues (that is, that £ # ) ).

First, we consider the purely singular version of (Py) (that is, f = 0). So, the problem
under consideration is

(11) {_AZU(Z) — Aqu(z) = AB(2)u(2)™" in Q,

ulpgn =0, u>0,A>0,0<n<1.
For this problem, we have the following result.

Proposition 6. If hypotheses Hy hold and A > 0, then problem (11) admits a unique
solution uy € WOI’Q(Q) N L>(02),0 < uy, {u)}r>0 is nondecreasing.

Proof. From Proposition 3.1 of Bai-Papageorgiou-Zeng [4], we know that problem (11)
admits a unique solution

uy € Wy’ (9),0 < uy.
From Proposition 5, we deduce that
uy € W () N L®(Q),0 < u,.

Let 0 < p < A and introduce the Carathéodory function [, : {2 x RS)F — RS)F defined by

o [uBEe, if 0 <z <wuy(2),
(12) (2, 2) {/MB(Z)UA(Z)_H’ if uy(z) < .

We consider the following singular problem
(13) —Afu(z) — Agu(z) = 1, (2,u(2)) in Q,
u|aQ =0, u>0.

Reasoning as in the proof of Proposition 3.1 of [4], using regularizations of the equation
and eventually a fixed point argument, we show that problem (13) admits a solution @, €

WOLG(Q) \ {0}772“ > O,{/«M $—£ 0. We have

(14) (V (i), by = /Q lu(z, @,)hdz for all h € Wy (Q).

In (14) we choose the test function h = (i1, —uy)" € WOI’Q(Q). Then
V(). (0= 1)) = [ 085" (0= 0)* d (see (12)

< [ A" (@~ )" dz - (since < )
Q

= (V(wn), (G — uy)")
= 1, < uy (see Proposition 3), w, >0, @, # 0.
Then from (12) and (14), we infer that
Uy =u,

= u, <u, and so {u,}r>o is nondecreasing.
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Let C € RY be a measurable set. We consider the positive cone of the Banach lattice
L*>(C), defined by

L*(C)y ={ue L>(C) : 0 < u(z) for a.a. z € Q}.

This cone has a nonempty interior given by
intL>(C) 4 = {u € L>(C)4:0<ess igfu} :

Note that this is in contrast to the positive cones of the Banach lattices LP(C') (1 < p < 00),
where int L(Q)4 = (). This fact reflects the different ways the norms of these spaces are
defined.

Proposition 7. If hypotheses Hy hold and A > 0, then there exists ¢y > 0 such that
exd < uy, in Q.

Proof. From Lemma 14.16, p.355 of Gilbarg-Trudinger [11], we can find £ > 0 small such
that

(15) de C?*(Q) and |Vd(z)| =1 forall zeQ,

(recall that Q: = {z € Q : d(z) < €}). For 0 < 4 < 3¢, we introduce the function
7: Qs — R, defined by

d(z), if d(z) < 0,

N —+ 1 < < N
(1 ) T(Z) /(S < 5 > S, 1 (Z) 72 S £y

26 o\ o .
5+—/ﬁ <255 S>q ds,  if25 < d(z).
4

We see that 7 € C*(Q¢),7 > 0. Then from (15) and (16), we obtain that

—A*L]ifd(z) < 6,
—AYF — AgF =< —A%d, ﬁégd@)§2&zeﬁé
0, if 20 < d(z),

]

—1

where a;(z) = a(z) (%_Td(z)> oy %%Z(z). Clearly a; € C%1(Q¢) and so it follows that
—ApT — Ay € L(e).

Moreover, from Lemma 2.3 of Guo-Webb [12] and by choosing é > 0 even smaller, we can
have

(17) cad <7 <esd in Qe with 0< ¢y < cs.

Let £* = min{ep, £} (see hypotheses Hp) and choose ) € (0,1) small such that

A
- AZ(*M) — Ay(nT) < % (see hypotheses Hy)
Cq
SAﬂ@)
(cad)"
<AB(2)77" in Qe (see (17)),

= 7,7 is a lower solution of (11) on Q..
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Then on account of the uniqueness of the solution u, of (11), we have
N <uy in Qe

(18) = &d<uy, in Q- for some & >0 (see (17)).
We know that 0 < u,. So, it follows that

uy € L2(Q\ Qe ).
So, we can find éi > 0 such that
(19) edd<uy, in Q\Q-.
Let ¢\ = min{¢Y, &} > 0. We conclude that

éxd <uy in Q (see (18), (19)).

This completes the proof. [l
Proposition 8. If hypotheses Hy hold and A > 0, then B(-)u,(-)~" € L>®(Q).
Proof. Let s > 1. We have

GRS (“”if )
<l [(2) s
<l [ (2

< <Hu>\|]> cs|| DB for some c5 > 0 (see Proposition 4),
C)\

> (see Proposition 7)

(20) = ||Bu,"|ls <cs(N\)||DB||s for some cg(N) > 0.
Since in (12) s > 1 is arbitrary, we let s — +oo and obtain
1813 " lloo < €6 (M) 1DBl|o
= ﬁg;" € L>(Q),
which completes the proof. [l

Now we introduce the second auxiliary problem that we will examine.
(21) {‘Agu(z) — Agu(z) = B(2)up(2) " +1 in Q,

u|aQ =0, u>0.

For this problem, we have the following result.

Proposition 9. If hypotheses Hy hold, then problem (21) admits a unique solution Ty €
Wol’e(ﬂ) NL>(2),0 <y and uy <uy for all0 < A < 1.

Proof. From Proposition 3, we know that V'(-) is continuous, strictly monotone, coercive.
Hence V(+) is surjective (see [30, p.536]). Therefore there exists uy € WOI’H(Q),EA Z0,uy >
0 such that

V(m) = B()uy"+1 in Wy'(Q)*.
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In fact the strict monotonicity of V(-) implies that this solution is unique. If 0 < A < 1,
then

V() = M()uy" < B0)uy" +1= V(@) in Wy’ (),
(22) = uy, <my, forall A€ (0,1 (see [31, p.61]).

From (22) and Proposition 5, it follows that
0 <y and @y € WP(Q) N L2 (Q).

The proof is now complete. O

4. SOLUTIONS OF (Py)

In this section we prove the global in A > 0 existence and multiplicity theorem for problem

(P>)-
We start by showing the existence of eigenvalues and also determine the properties of the
corresponding eigenfunctions.

Proposition 10. If hypotheses Hy and Hy hold, then £ # O and for X € L,0 # Sy C
WOI’Q(Q) NL>*(02),0 < u for all u € S).

Proof. Let 0 < A < 1 and let wy be the unique solution of (21) (see Proposition 9). We
know that

(23) € W) NL®(Q), uy <wy (0<A<1).

Then (23) and hypothesis Hi (i) imply that we can find A* € (0,1] such that

(24) 0<Af(zur(2)) <1 foraa. zeQ, all 0 < A < A"

Then for 0 < A < M*, we introduce the Carathéodory function ky (z,x) defined by

A ABEuA() T+ f(zun(2)],  if e <wy(2),

(25)  ka(z2) = S A[B(2)z7" + f(z,2)], if uy(2) <

ANB()ux(z)""+ f(z,un(z))], ifur(z) <

We set Ky(z,x) = Iy kx(z,s)ds and consider the C'-functional ¢y : Wol’e(Q) — R defined
by

. 1 1 - 0
Ya(u) = Z;pa(Du) + 5||DUHZ — /QKA(Z,u)dz for all u € Wol’ (Q).

It is clear from (25) and Proposition 2, that ¥, (-) is coercive. Also using Proposition 1, we
see that 1, (-) is sequentially weakly lower semicontinuous. So, by the Weierstrass-Tonelli
theorem, we can find uy € Wol’a(Q) such that

daun) = inf {dn(w) - we Wy’ (@)},
= (h(upr),h) =0 for all h e W),

(26) S V() h) = /Q n (2 un)hdz for all h € WAO(Q).
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In (26) first we choose the test function h = (uy —uy))" € WOI’G(Q). Then
Vi), (= 10)) = [ N[+ Fer)] (= )T (see (25)

2 / AB(2)uy " (uy —ur)Tdz (since f > 0)
Q
= (V(uy), (uy —ux)") (see Proposition 6),
= uy < Uy

Next in (26) we choose the test function h = (uy —uy))" € WOI’H(Q). We have

(V(ur), (ux —uy) ") = /QA [5(2)5;77 + f(ZﬂA)} (ux —uy)Tdz

< / A8+ 1] (1 )Pz (see (24) and recall 0 < A < A < 1)
Q

< /Q [5(2’)@;" + 1} (uy —uy)"dz (see Proposition 9)
= (V(@), (ux —u) "),
= u) < Uy.
We have proved that
(27) uy <uy <uy (0<A< A <),
Then (27), (25) and (26) imply that
uy € S\ and so (0,;\*] C LA
Using Proposition 5, we see that for all A € £, we have
0 # Sy C Wl (Q) N L=(Q).
Finally if u € Sy, then
—Aju—Au>0 in €,
= 0 <u (see Papageorgiou-Vetro-Vetro [29, Proposition 2.4]).
This completes the proof. O
In the next result we produce a lower bounded for the elements of Sy (A € £).
Proposition 11. If hypotheses Hy and Hy hold and A € L, then uy < u for all u € S).
Proof. Let @ € Sy and introduce the the Carathéodory function 4y : 2 x RS)F — RS)F defined
by

(25) n(27) = {Wz)“’ 0 <o < (),

AB(z)u(z)~", ifa(z) <z,
(see also the proof of Proposition 6). We consider the following singular problem

{—Agu(z) —Agu(z) = Aa(z,u(z)) in Q,

(29)
U‘aQ =0, u>0.

As in [4] (Proposition 3.1), we show that (29) has a solution w) € WOI’Q(Q) NL>(2),0 < wy.
We have

(30) (V (i), h) = /Q Sa(ziin)hdz for all h € WA(Q),
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In (30), we choose the test function h = (uy —4)" € WOI’Q(Q). Then
V@), @ = 0)) = [ A3~ ) d - (see (25)
Q

< /Q)\ [B(z)a™ "+ f(z,4)] (ux —a)*dz (since f > 0)
= (V(4), (uy —a)") (since @ € Sy),
(31) = ) < 4,0 < Uy
From (31), (28), (30) and Proposition 6, it follows that
Uy = uy,
= uy, <u forall ues),

which completes the proof. [l

The set L of eigenvalues is connected (an interval).
Proposition 12. If hypotheses Hy and Hy hold, A € L and 0 < u < A, then u € L.
Proof. From Propositions 6 and 11, we have
guggASﬂ for all . € S).

Fix 4 € Sy and introduce the Carathéodory function é,(z,z) defined by

pB(2)u, ()7 + fzu,(2)], i & <u,(2),

(32) ulerw) = { B + f(z, )], i u,(2) < 7 < a(2),
plB(2)alz)"" + f(z,a(2))], if a(z) <.

We set E,(z,z) = [ éu(z,s)ds and consider the C''-functional 6, : W& Q(Q) — R defined

by

1 1 -
ou(u) = ];pa(Du) + gHDqu - /QEM(z,u)dz for all u € Wol’e(Q).

Evidently 6,(-) is coercive (see (32)) and sequentially weakly lower semicontinuous (use
Proposition 1). So, there exists u, € Wol’e(Q) such that

ou(uy) = inf {éu(u) tu € WOI’G(Q)} ,
(33) = (V(up), h) = / ép(z u)hdz for all h € WO(Q).
Q

In (33) first we choose the test function h = (u, —u,)* € WOI’H(Q) and using (32) and that
f >0, we obtain

If in (33) we choose the test function h = (u, — 4)* € WOI’Q(Q), then using (32) and since
< A, we obtain

§>

<

So, we have proved that
(34) u
From (34), (32) and (33) it follows that
u, € Sy, hence pe L.

IA
=

" Uy, < U.

The proof is now complete. 0
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Included in the above proof, is the following weak monotonicity property of the solution
multifunction A — S).

Corollary 1. If hypotheses Hy and Hy hold, A € L,4 € Sy and 0 < p < A, then p € L and
there exists u, € S,, such that u, <.

We can show that if A € £, then Sy admits a smallest element (minimal positive solution).

Proposition 13. If hypotheses Hy and Hy hold and X € L, then there exists uy € S\ such
that
uy <wu for all ue Sh.

Proof. We know that Sy is downward directed, that is, if u;,us € Sy, then we can find
u € Sy such that u < wug,u < ug (see [28], Proposition 19). Then according to Theorem
5.109, p.308, of Hu-Papageorgiou [15], we can find {u, }neny C Sy decreasing such that

inf Sy = inf wu,.
neN
We have
(35 (V(un),h) = / N [B(0uy" + f(z,un)] hdz for all h € WHP(Q), all n € N,
Q

(36) uy <up, <wup forallneN (see Proposition 11).

In (35) we choose the test function h = u, € WOI’Q(Q). Then
po(Duy) = / A[B(2)uy ™+ f(z,un)up| dz for all n € N.
Q
Then from (36), hypothesis Hy(i) (recall u; € L*°(€2)) and Proposition 2, we obtain that
{tn}nen C WOI’G(Q) is bounded.
So, we may assume that
(37) Up 2wk in W), w, =l in L7(Q) (see Proposition 1).
In (35), we choose the test function h = u, —u} € I/VO1 Q(Q). Then

(38) / f(z,un)(up —uy)dz — 0 as n— oo  (see (37) and hypothesis Hi(i)).

Also for every n € N, we have

up, — uy)dz| < / B(z)uy un, —uildz  (see (36))
< ||Buy"|ool|lun — uilli  (see Proposition 8),
(39) = /ﬁ up —uy)dz -0 as n — oo.

From (38), (39) and (35) (with h = u,, — u3), we infer that
lim (V (uy,), un —uy) =0,

n—oo
(40) =u, — u) in Wol’e(Q) (see Proposition 3), wuy < u}.

In (35) we pass to the limit as n — oo and use (40), then

(V(uy),h) = / A [ﬁ(z)(uﬁ\)_n + f(z,uf\)} hdz for all h € Wol’e(Q),
Q
= wu) € S\ and wu) = inf S).

The proof is now complete. O
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Let A* =sup L.
Proposition 14. If hypotheses Hy and Hy hold, then \* < co.
Proof. Hypotheses Hi imply that there exists A > 0 such that
(41) A [B(z)z™ "+ f(z,2)] > B(2)zP~! for a.a. x € Q, all z > 0.

Let A > X and suppose that A € £. We can find & € Sy C WOI’G(Q) N L>®(Q2),0 < 4. Let
Qo C Q open with Q¢ C Q. Then

0 < mgy = essinf 4.
Qo

For & > 0, let m) = mo + 6. We have

2n 2

_ 5" —my 5 \"
my" — (m§)™" < (mo +9)" = my < <> (since 0 < n < 1),
my my

@ = s ()
Let p = ||4]|co and let fp > 0 be as postulated by the hypothesis Hy(iv). We have
— Apmg — Agmi + A&y(mg)P~ = AB(=2) (mg) ™"
S)\épmg_l +xA(8) = AB(z)mg " with x\(0) = 0 as § =07
< [+ 8(2)] mi™ + xa(0) = AB(2)mg "
A+ AB(2)mg " + f(2.m0) + Xa(8) = AB(2)mg "
(43) =[£Gz mo) + &b+ xa(8) = (A= 1) B)mg” in 9.
By hypothesis H;(iii), we have
(44) 0<ly, < f(z,mg) foraa. zecq.
Also recall that 0 < 8 (see hypotheses Hy). Therefore
(45) 0 < fip < B(z) fora.a. ze Q.
We return to (43) and use (44) and (45), then
— Apmg — Agmi + Ap(mg)P ™ — AB(2)(mg) "
<A\ [f(z,mo) + épmgfl] - ()\ - X) (z;;m + ﬂoman) +ya(8) (since A < A)
<A [f(z,ﬁ) + é’pﬁp_l} for 6 € (0,1) small and using hypothesis H; (iv)
= — A% — Ay + NP — AB(2)a™" in Qy,
= md <a fora.a. z € Qand for § € (0,1) small,
a contradiction to the definition of mg. We conclude that
A& L and so A<\ < 0.
The proof is now complete. O
We have
(46) (0, ") C L C (0,\].
We show that for A € (0, \*), we have multiplicity of solutions.
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Proposition 15. If hypotheses Hy and Hy hold and 0 < X\ < X*, then problem (Py) has at
least two solutions

ug, i € Wl () N L¥(Q), 0 < ug,0 < .
Proof. Let 7 € (A, A*). Then 7 € L (see (46)) and if u, € S;, then

uy < u, (see Propositions 6 and 11).
We can introduce the Carathéodory function dy(z, z) defined by
AB(2)ur(2) "+ f(zup(2))],  if @ <wy(2),
AB(R)a™" + f(z,2)], if uy(2) <& <ur(2),
AB(R)ur ()™ + f(z,ur(2))], i ur(2) <.

We set Dy(z,x) = Iy d(z, s)ds and consider the C'-functional iy : WOI’Q(Q) — R defined
by

~

(47) dy(z,z) =

a 1 1 .
ix(u) = ];pa(Du) + 5HDqu - /QD)\(z,u)dz for all u € WOI’H(Q).

From (47) we see that 7, (-) is coercive. Also it is sequentially weakly lower semicontinuous.
So, we can find ug € Wol’e(Q) such that

ix(ug) = inf {i,\(u) U € WOI’O(Q)} ,
= (i5\(ug), h) =0 for all h € W*(Q),
(48) = (V(u),h) = / dx(z,ug)hdz for all h e W (Q).
Q
As before (see the proof of Proposition 12), choosing the test functions h = (uy — ug)* €
Wa?(Q) and h = (up — u,)t € W (), we obtain
Uy < Uo < Ur,
= up € S\ CW(Q)NLX(Q),0<uy (see (47)).
We introduce the Carathéodory function dy(z,x) defined by
(49) d)\(Z,ZL‘) — /\[ﬁ(z)gi(z)*”—i—f(z,g/\(z))], ?fx<u)\(z)7
AB(2)z™ + f(z,2)], if uy(2) < .

We set Dy(z,x) = [ dx(z,s)ds and consider the C'-functional iy : WOI’H(Q) — R defined
by

1 1
ix(u) = ]—Dpa(Du) + ;HDqu - /QD)\(z,u)dz for all u € Wol’e(Q).

If

s, ur] = {h e WH(Q) 1 uy(2) < h(z) < ur(z) for aa z € Q}
and

[uy) = {h € Wol’e(Q) cuy(z) < h(z) foraaze Q} )

then using (47) and (49), we show that
(50) K; Cluyur], Ky Cuy) NL>()  (see Proposition 5).
From (50) we see that we may assume that
(51) K;, is finite

or otherwise we already have an infinity of solutions for (P)) which are bounded and so we
are done. )
We compare the critical groups of i)(+) and i)(-) at up.
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Claim 1: C’k(f)\,uo) = C’k(i)\,uo) for all £ € Ny.
Let Y = Wol’e(Q) N L>*(2) and let v € Y. We have

ix(u) — i,\(u)) S/Q ‘Dx(z,u) - lA)A(z,u)‘ dz

(52) §/Q|D,\(z,u)—D,\(z,uo)|dz+/Q’f))\(z,u())—lA),\(z,u) dz

(since uy < up < ur, see (48) and (50) ).

We estimate the two integrals in the right hand side of (52). We have

/ |Dx(z,u) — Dx(z,up)| dz
Q

_ _ A _ _

M (ew)uy — (F(zu) = Fzw)) |d2

+ /{ugu} /;B_(Zn) (ul—n - gifn) + f(z,uy)uy + (F(z,u) — F(z,uy))
— MB(2)uy " —

AB(2)u, " +

A(2)
2

ub ™ =l ) — F(z )y — (F (o) — F(z,w) |z

(see (49) and recall uy < ug < u;)

A —_
< /{U<UA} 1,6’_(277) (up — HA)l Tdz + /{uAgu} (F(z,u0) — F(z,uy))dz

1—

(see Rudin [32, p.78])

<er ([Ju—uol|"™ + |Ju —ug||)  for some c7 > 0

(see Hewitt-Stromberg [14, p.196] and note that F'(z,-) is L>-locally Lipschitz). So, if
lu — ol <1, then

(53) / |Dx(z,u) — Dx(z,up)| dz < 207||u—u0||1_77.
Q

Similarly, using (47), we show that

(54) i

Returning to (52) and using(53) and (54), we obtain

Dy (z,u) — ZA?,\(z,uo) dz < csl|lu — UOHP".

(55) ‘z,\(u) - %A(uo)’ < cgllu — uo||*™" for some cg > 0 (for ||u — ug|| < 1).
Next let u, h € Y. We have
5 () = (). )| < [ Jaa(ew) = daGeo) Infdz
Q

(56) < /Q da (2, 4) — da(z, uo)| [hldz + /Q Az u0) — da(z. )| |l
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We estimate the two integrals in the right hand side of (55). We have
/Q ld (2 ) — da (2, uo)| [hldz
<[ P (w7 - ap”) + A ) ~ T hlds
{u<u}

<
{EA <u}

On the set {u < u,}, we have

A3(2) (u_" - ug") FAf(z,u) — f(2) uo))’ hldz  (see (49)).

n Y
Up — Uy

2n
Uy

In the last inequality we have used that x — 2" is continuous concave (0 < n < 1), thus
locally Lipschitz and Proposition 7. We have

uy — u
|h| < 10 Odbn*)‘ |h| for some c19 > 0.

0< (13" —ug") Inl <

Up — Uy <U0—

on {u<uy},

d2zn T g
- —ul|h
= 0 u|h| < ‘UOA u‘u on {u < uy}.
dazn dan
Also on {uy < u}, we have
J/—y] —ul"|h
‘u_” - uan‘ |h| < M!h\ < cllu |A| for some ¢ > 0.

uy dn  dn

Via Hardy’s inequality (see Proposition 4), we have

A\
(Uod > EL%(Q), ‘;‘GLQE"(Q) (since 1 +1n <2 <gq).

Then from (56), Holder’s inequality and the fact that f(z,-) is L®-locally Lipschitz, we
obtain

/ |dx(z,u) — dx(z,up)| |h|dz < ci2||lu — ug|||k|| for some ¢12 > 0.
Q

Similarly, using (47), we show that

J

Then from (56) and since h € I/VO1 ’G(Q) is arbitrary, it follows that

dy(z,u) — dx(z,u()) |h|dz < e1s||lu — uol|||h|| for some ¢13 > 0.

(57) |3 (u) — @5 (u)|| < crallu — uo|| for some c14 > 0.

From (55), (57) and the C''-continuity property of critical groups (see Hu-Papageorgiou [16,
p.179]), we have

Ck(i)\|y,u()) = Ck(%,\|y,u()) for all k£ € Ng.
Since Y — Wol’a(Q) — H}(Q) (recall that 2 < g), it follows that
C’k(i)\,uo) = C’k(f)\,uo) for all £ € Ny (see Palais [27])

This proves Claim 1.
From (48) we have that

C(ix, up) = dgoR for all k € Ny,
= Cj(ixn,up) = 0 oR for all k € Ny (see Claim 1).
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Then Theorem 4.6 of Chang [6, p.43] implies that
(58) up is a local minimizer of 4)(-).

Claim 2: The functional i)(-) satisfies the C-condition.
We consider a sequence {up }neny C W, () such that

(59) lix(upn)| < c15 for some ¢15 > 0, all n € N,
(60) (1+ lunl)it(un) = 0 in WiP(Q)*, all neN, asn— occ.
From (60) we have
enl|hl]
(61) (V (), h / dr (2, up)hdz| < =W
L+ [ua|

for all h € VVO1 (), all n € N, with e, — 0*.

In (61) we choose the test function h = —u,, € Wol’e(Q). Then
po(Du, ) < e, forallneN,
(62) = wu, —0 in WOI’G(Q) (see Proposition 2).

We will show that {u; }nen C WO1 ’G(Q) is bounded. Arguing indirectly, we assume that
at least for a subsequence, we have

(63) [y | = oo

We set y, = ||Z£H’ n € N. Then ||y,|| =1, y, > 0 for all n € N. We may assume that

(64) Yn = y in W&’G(Q), yn — y in L' (), y > 0.

First assume that y # 0 and let O = {z € Q : y(z) > 0}. Then |Q4|x > 0 (see (64)) and
we have

ul(2) = +oo for a.a. z € Q4 (see (63), (64)).
On account of Hypothesis H;(ii), we have

i Pl (2)

= +oo fora.a. z€Q
n—00 u}t(z)p * +

F - F(z,uf
(65) = lim Mdz: lim (zjr n) yhdz = 400 (by Fatou’s Lemma).
n—00 Q. ||un ||P n—00 Qy ( n)
We have
F - F - F -
/ (Z;un)dz — / (Zj‘run)dz +/ (Z;un)d«z,
o [un|? o, lun|? oo [lun P
F +
Mdz (since F' > 0),
Q4 [y ||P
(66) = / H d — 400 as n— oo (see (65)).
Un
From (59) and (62), we obtaln
F + 1 1
(67) / P ) 1 g+ Lpa(Dya) < 16+ -
|l p p

for some c16 > 0, all n € N ( see Proposition 2).

Comparing (66) and (67), we have a contradiction.
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Next assume that y = 0. From (61) and (62), we have
dA(Z,UJ'_) / 1
ONE ) gl < e 1)+ ——— [(V (un), b
A= I g 1 2
for all h e Wo?(Q), all n € N, with &/, — 0%,
dx(z, uyy)

(68) = oy hdz| < ci7]|h|| for some c¢17 > 0, all n € N.
Q [lun P~

Let w) : T/VO1 ?(€2) = R be the linear functional defined by

N d/\(z7u1<1F

From (68), we see that
iy (R)| < ci7||h] for all h e Wi (Q),
(69) = iy € W' (Q)*, [l < arr.

From Proposition 1 we know that VVO1 ’G(Q) — L"(2). So, by the Hahn-Banach theorem,
there exists w} € L"(2)* such that

(70) Wy

WOI’G(Q) = 12))\ and H/UA}AHLT‘(Q)* = ||7f))\||* < C17 (see (69))

The Riesz Representation theorem for the Lebesgue spaces says that L"(Q)* = L' (Q) with

7" = -5 and there exists unique g € L™ (Q) such that

= =

(71) wy(h) = /QgAhdz for all h e L"(Q), [[@3llrr@) = llgrllw < c17 (see (70)).
From (70) and (71), we have

d +
(72) / ’\(fi’u”)hdz = / gahdz for all h e WH(Q).
o |lun [Pt Q

We choose the test function h = y,, € WOI’G(Q). Since y = 0 from (64) we have

/ g)\yndz — 07
Q

+
(73) = /d’\(f’unl)yndz — 0 as n— o0 (see (72)).
 [un P~
We return to (61), multiply with W and choose the test function h = y,, € Wol’o(ﬂ).
Then
(74) pa(Dyn) — 0 asn — oo (see (73), (63) and recall that ¢ < p).

We know that

lyn|| =1 for all n € N,
= pyp(Dy,) =1 for all n € N (see Proposition 2),
=1 = pa(Dyn) + [[DynllZ for all n € N,
= [[Dynllg = 1 (see (74)),
+

n
st |

(75) = ||Du}|l; = +00 asn — oo <recall Yp = and see (63)) .
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From (59) and (62), we have

(76) pa(Dul) + §||Du:||3 - /QpD,\(z, ul)dz < c13 for some cjg >0, all n € N.
Also from (61) with h = u;” € Wg?(Q), we have

(77) —pa(Duyy) — || Duf||2 —|—/ﬂd,\(z,u:{)ufldz <eg, forallneN.

We add (76) and (77), then

<§ — 1) | Dut || +/ [dr(z,u) )ut — pDa(z,ut)] dz < c1g
Q

for some c19 > 0, alln €N,

= (2 — 1> HDuTJ{Hg + /Q A [f(z,u,f)uz —pF(z,uj)] dz
< e (14 HDu:[H;*") for some co9 > 0, alln € N
(see Hewitt-Stromberg [14, p.196])

< o1 (1+ ||Dut||7)  for some ¢z >0, all n € N,
(78) = {u} }nen € W, 9(Q) is bounded (since T < q).
We compare (78) and (75) and have a contradiction. It follows that

{u Inen C W&’Q(Q) is bounded,
= {tntnen S We?(Q) is bounded  (see (62)).

We may assume that

(79) Uy = u in Wol’e(ﬂ), up, = u in L"(Q) as n — oo.

We have

[ s —wdz= [ 28w wde [ A uhds
Q {un<uy} {uy<un}

F o MG et [ A - u)d
{un<uy} {uy<un}

S/ AB(2)uy M(un — w)dz + coalun — ul|r + / M (2, up)|un — uldz
Q Q

for some c90 >0, alln € N

<cosllun — ully + / M (2, up) |y — ul|dz
Q
for some co3 > 0, alln € N (see Proposition 8)

(80) = limsup/Qd)\(z,un)(un —u)dz <0 (see (79)).

n—oo

If in (61), we choose the test function h = u,, —u € Wol’e(Q), pass to the limit as n — oo
and use (58), then

lim sup(V (uy), ty, — ) < 0,

n—oo
= u, > u in Wol’e(ﬂ).

Therefore i) () satisfies the C-condition and this proves Claim 2.
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On account of (51), (58), Claim 2 and Proposition 3.132 of Hu-Papageorgiou [16, p.179],
we can find p € (0,1) small such that
(81) ix(up) < inf {ix(u) : [|[u —ug| = p} = ma.
Let u € C}(Q) with u(z) > 0 for all z € Q. Then on account of hypothesis H; (ii), we have
(82) ix(tu) - —oo as t — 4oo0.

Then Claim 2, (81), (82) and the mountain pass theorem, imply that there exists 4 €
WOI’Q(Q) such that

€ K, Cluy)NL>®Q) (see (50)),  ix(uo) < my <iy(a),
= u €Sy, (see (49)), U #up and 0 <.
This completes the proof. [l
We have to decide about the critical parameter A\* (whether it is an eigenvalue).
Proposition 16. If hypotheses Hy and Hy hold, then \* € L.

Proof. Let A\, T A" and let uy, = u} , n € N. Then {u;, }nen is increasing and u,, < u;, for
all n € N (see Propositions 6 and 11). We have

(83)  (V(un), h) = /Q Mo [B()us" + f(z )] hdz for all h e WA(Q), alln € N.

We claim that {u} }nen C VVO1 () is bounded. If this not the case, we may assume that

||uk || = co. We set yf = HZg”,n € N. Then ||y}|| =1,y > 0 for all n € N. We may assume
that

(84) g Byt in Wt(Q), yt =yt in LV(Q).
From (83) with h =y}, € Wol’e(Q), we have

1
aD;-l—D:Lq:/)\n[z
pa(Dyy) Huwg,qll Ynllg A B(2)

Since po(Dy;) < 1 for all n € N and ||u} || — oo, then on account of hypothesis H; (ii), we
must have y* = 0 (see (84)). Then reasoning as in Claim 2 in the proof of Proposition 15
(case y = 0), we obtain

()™ | f(z0)

n
[ | O (L7

yr| dz for all n € N.

up, = u* in Wol’e(Q), uy, <ut
From (83), it follows that
(V(u), h) = / N [B(2) () + f(z )] hdz for all h € WEO(),
Q
= u* €S and N €L,
which completes the proof. [l

We can say that £ = (0, \*].
Next we examine the minimal solution map A — u} (see Proposition 13).

Proposition 17. If hypotheses Hy and Hy hold, then the minimal solution map A — u}
from £ = (0, \*] into WOI’G(Q) is nondecreasing and left continuous.
Proof. Let 0 < pp < A < A*. Corollary 1 says that we can find u, € S, such that
uy < U,
= u, < uj.

Therefore the minimal solution map is nondecreasing.
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Let Ap, € £, n € N and assume that A, — A7. We set u;, = u} , n € N (see Proposition
13) and have

(85)  (V(ul),h) = /Q A [B(2) (W)™ + f(z,u3)] hdz for all h € WH(Q), alln €N,

(86) uy, <ulh <ui. € Wy (Q) N L=(Q).
If in (85) we choose the test function h = v} € WOI’Q(Q) and use (86) and hypothesis H; (i),
we see that
{ufYnen € WP () N L=(€) is bounded.
So, we may assume that
(87) wi B ot in Wy(Q), uwi—at in L'(Q).

Choosing the test function h = u} — 4* € WOI’G(Q) in (85), passing to the limit as n — oo
and using (87), we obtain

limsup(V (u;,), u, — u*) =0,

n n
n—o0
(88) = u —a* in WlQ), a* €Sy

We claim that 4* = u}. Let u € Sy. Then u is an upper solution for (Py,),n € N. Therefore
truncating from below at u,, (2) and from above at u(z) and using the Weierstrass-Tonelli

theorem, we obtain u, € S), such that uy < u, < u. Evidently {un}nen C Wol’o(Q) is
bounded and as above via the (S)-property of V(-), we have

Up — U in Wol’e(Q),
(89) = uy, <<
Note that
uy, < uy, <up < u,
= wuy, <U<u<u (see (88), (89)).
Since u € S is arbitrary, we conclude that
@t = uj,
= A\ — u) is left continuous.
The proof is now complete. U
Summarizing, we have the following existence and multiplicity theorem for problem (P,)
which is global in A > 0 (bifurcation-type theorem).
Theorem 1. If hypotheses Hy, Hy hold, then there exists \* > 0 such that
(a) for all X € (0, X*) problem (Py) has at least two solutions
ug, @€ Wyl () N L®(Q), 0 < ug, 0< i
(b) for A\ = X* problem (Py) has at least one solution
Uy € Wol’e(Q) NL>(Q), 0 < uy;

(c) for all X > X* problem (Py) has no solution;
(d) for all X € L = (0, X*] problem (Py) has a smallest solution

uh e W (Q) N L=(Q), 0 < uj

and the minimal solution map X — u} from £ = (0, \*] into WOI’Q(Q) is nondecreas-
ing and left continuous.
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