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2 X. Sun, Y. Fu & V. D. Radulescu

1. Introduction and Main Results

In this paper, we consider the following critical Schrédinger equations with electro-
magnetic fields and logarithmic nonlinearity in RV:

—(V +iA(2)%u + (A Z(z) + V(z))u = Julog [ul? + |u|* ~2u,

u € HY(RY,C), (1.1)
where 2* = 13_1_\72 is the critical exponent, i is the imaginary unit, A > 1 is a parame-
ter, V(z) > 0, Z : RN — R is the non-negative continuous function with a potential
well Q := intZ~1(0) which has k disjoint bounded components Q= U;?:l Q.

Recently, logarithmic Schrodinger equations attracted much attention. This
class of equations plays a more essential role in physical applications, such as quan-
tum mechanics, quantum optics, nuclear physics, transport and diffusion phenom-
ena, open quantum system, effective quantum gravity. For more background on this
topic, please see [7, 8, (5, 2R, 45, B6]. Such equations originated from the following

form:
Ot x) = iAv(t, z) +i\v(t, x) log(|v(t, x)|?)
+iW (t, z, |v|*)v(t,z), xRN, t>0,
v(0,2) = vo(z), xRN,

where A is the Laplacian operator on RY, ¢ is time, x is spatial coordinate,
A € R\{0} denotes the force of nonlinear interaction, and W is a real-valued func-
tion. In [8], Mycielski and Bialynicki-Birula made the first contribution to the
study of logarithmic Schrodinger equations. They obtained the separability of non-
interacting systems, i.e. for noninteracting subsystems, the nonlinearity does not
introduce correlation. After that, there are many scholars focusing on the research
of logarithmic Schrédinger equations.
For A(z) =0, Eq. (T)) can be reduced to the following equation:

—Au+ (MZ(x) +V(z))u = ulog |ul®, we H'(RY). (1.2)

In [2], Alves and Ji used penalization method [32] to obtain an auxiliary equation
corresponding to Eq. (L) with V(x) = 0, together with some useful estimates, they
successfully verified that the solutions of auxiliary equation are in fact solutions of
Eq. (C2) when the parameter A is sufficiently large. Finally, they applied variational
methods to obtain the existence and multiplicity of multi-bump positive solutions
for Eq. (T2). Alves and Ji [4] also considered the following logarithmic Schrodinger
equations:

—&2Au+V(r)u = Au+ulogu? in RV,

/ |u|?dz = a?e™,
RN

where a, € > 0, A € R is an unknown parameter that appears as a Lagrange multi-
plier and the potential V (z) : RY — [—1, +0c0) is a continuous function. With the aid

(1.3)
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Multi-bump solutions for critical Schrodinger equations 3

of minimization techniques and Lusternik—Schnirelmann category, they obtained
the existence of multiple normalized solutions for Eq. (I3). In [6], Alves and
Ambrosio were interested in the logarithmic Schrédinger equations involving frac-
tional p-Laplacian:

{ESP(A)ZU + V(z)|uP~2u = [u[P2ulog|ulP in RV, (1.4)

u€ WSP(RN), u>0 in RY,

where (—A); is the fractional Laplacian operator with p € [2,+00), the contin-
uous potential V(z):RY — R satisfies a local condition [32]. Employing varia-
tional arguments, they obtained the existence and concentration of solutions for
Eq. (C4). Shen and Squassina [35] focused on the existence and concentration of
solutions for Eq. () involving the nonlinearity A|u|P~2u in LP-subcritical and
LP-supcritical cases. Liu and Pucci [25] explored the existence of solutions for a
double-phase variable exponent equation without the Ambrosetti-Rabinowitz con-
dition. Note that they obtained the existence of solutions by using the Cerami
condition instead of the classical Palais—Smale condition, so that the nonlinearity
f(u) does not need to satisfy the Ambrosetti-Rabinowitz condition. Lin et al. [26]
considered the existence of Mountain-pass-type solutions for Schrodinger equations
involving critical exponential growth nonlinearities by the variational methods and
Trudinger—Moser inequality. In addition, there are some results on this topic, please
refer to [T, 3, T4, 18, B4, 36, 40).

For A(z)+#0, Xiang et al. [44] obtained the existence of multiple solutions for
fractional Schrodinger—Kirchhoff equation involving an external magnetic poten-
tial. Liang et al. [24] explored the existence of multiple solutions for fractional
Schrodinger—Kirchhoff equations with electromagnetic fields and critical non-
linearity via concentration compactness principle [31] and variational methods.
Song and Shi [37] extended the results of [24] from the classical Laplacian to
p-Laplacian. Li et al. [23] considered the existence of a nontrivial solution for frac-
tional Schrodinger equations with electromagnetic fields and critical or supercritical
nonlinearity by truncation method. Ji and Radulescu [21] considered the existence
and multiplicity of multi-bump solutions for the nonlinear magnetic Choquard equa-
tion via variational methods. For more results on the existence and concentration
of solutions for nonlinear Schrodinger equations with electromagnetic fields, please
see [10, 12, [T6, M9, 20, 22, 42]. However, there are few results on the multi-bump
solutions of logarithmic Schrédinger equations with electromagnetic fields, even
the critical results on this topic. In [A1], Wang and Yin considered the following
nonlinear magnetic Schrodinger equation with logarithmic nonlinearity:

—(V +iA(2)*u+ Mz (z)u = ulog [ul* + |u|"?u, we H'RY,C), (1.5)

where ¢ € (2,2%). Using variational methods, they got that Eq. (I[CH) possesses at
least 2 — 1 multi-bump solutions when \ > 0 is large enough.



Page Proof

February 24, 2025 19:8 WSPC/S0219-5305 176-AA 2550008

© 00 N O g »~ W N =

I O R o T
A W N = O

15
16
17
18
19
20

21

22

23

24

25
26
27
28
29

4 X. Sun, Y. Fu & V. D. Radulescu

Inspired by [2, B1], our aims are to obtain the existence and multiplicity of
multi-bump solutions for Eq. (). Since the appearance of critical and logarith-
mic nonlinearities, the energy functional corresponding to Eq. (B1) loses some other
good properties. Therefore, we have to apply the useful arguments to verify bound-
edness of (PS) sequence and recover the compactness via concentration compact-
ness principle [T, 27]. Indeed, different from Eq. (1), Eq. in [2] merely contains
the logarithmic nonlinearity, so it is more complicated to obtain boundedness of
2* 7& 0

as t — 0, so del Pino and Felmer’s method in [32] cannot be applied directly. In

(PS) sequence in this paper. Furthermore, the nonlinearity ¢log [t|* + |u

order to get the compactness of (P.S) sequence in the whole space, we have to mod-
ify penalization methods in [2]. To our best of knowledge, this paper extends and
complements the main results obtained in [2, &T] from subcritical case to critical
case.

Throughout this paper, we make the following assumptions on Z(x):

(Z1) Z € C(RN,R) and Z(x) > 0.

(Z3) 2 :=int Z71(0) is a non-empty bounded open subset with smooth boundary
and Q = Z71(0), where int Z~1(0) denotes the set of the interior points of
Z=Y0).

(Z3) There exist two positive constants by and My such that the functions Z(x)
and V(x) satisfy

0<by < Z(z)+ V(x)
for all z € RY and
V(z)| < My for all z € RV,
(Z4) £ consists of k components:
Q=0 U U.---UQy
with Q; N Q; = 0 for all i # j.
Now we are ready to state the main results of this paper.

Theorem 1.1. Let N > 3 and (Z1)—(Z4) be satisfied. Then for any non-empty
subset T' of {1,2,...,k}, there exist constants 9* > 0 and A* = X\*(9*) > 0 such
that, for all ¥ > ¥9* and X\ > \*, Eq. (LTl) has a nontrivial solution uy. Moreover,
the family {ux}r>x- has the following properties: for any sequence A, — 0o, we
can extract a subsequence An, such that uy,  converges strongly in HY (RN ,C) to a
function w which satisfies u(x) = 0 for x ¢ Qr and the restriction ulq, is a least
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Multi-bump solutions for critical Schrodinger equations 5

rqy solution of

—(V +iA(z))?u + V(z)u = dulog [ul?> + [u|> ~2u in Qr,

u >0, r € Qr,
'LL:O on aQFv
where Qr = UjeF Q.

Theorem 1.2. Assume that N > 3 and (Z1)—~(Z4) hold, there exist positive con-
stants 9* and Ae = A\ (%) > 0 such that, for all 9 > ¥, and X\ > A\, Eq. (1)) has

at |

east 28 — 1 solutions.

Remark 1.1. Since the characteristics of Eq. (), there is no doubt that we shall
face some difficulties.

(i)

(iii)

Compared with equations of [2, &1, Eq. (L) contains critical nonlinearity,
and the lack of compactness shall occur. We apply the concentration com-
pactness principle [T, 27] to overcome this difficulty. In contrast to equations
in [2], Eq. (T)) also contains electromagnetic nonlinearity, so we shall apply
diamagnetic inequality (see (211)) to make some more detailed estimates.

If we try to use variational method to study the existence of solutions for
Eq. (), the energy functional Jy of Eq. (L) cannot be well defined in
HY (RN C). In fact, since there exists a function u € H4(RY, C) such that
Jgn [u[?log|ul?dz = —oco, which makes the possibility that Jx(u) = +oo.
Furthermore, it is impossible to directly apply the critical points theory of C*
functional. In order to overcome this obstacle, inspired by [17, B8], we consider
a decomposition on Eq. (1) (see Sec. B). In addition, based on the fact that
the energy J is of class C! in H}(A,C) with a bounded domain A C RY,
we consider to search for a solution uy g € H4(Br(0)) for each R > 0 and
A > 1 large enough. After that, passing the limit as R — +00, we obtain the
existence of a solution for the original equation.

Different from the nonlinearity ¥ of equations in [32], it is possible to obtain the
facts that lim;_.o % = 0 and the function % is increasing for all ¢ € (0, +00).
The above two facts play important roles to apply the powerful arguments
in [32]. However, the nonlinearity ulog|u|? + |u|>” # 0 as t — 0. Hence, it
is impossible to employ directly del Pino and Felmer’s method in [32] which
brings some difficulties to deal with Eq. ().

The framework of this paper is as follows. In Sec. B, we provide some useful

facts which will be used later. In the following three sections, we shall verify that
some important lemmas are true in preparation for proving Theorem [[Il. Finally,
we obtain Theorem [T and Corollary [C2.
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6 X.Sun, Y. Fu & V. D. Radulescu

2. Preliminary Results

In this section, we show the variational framework for Eq. (1) and give some
powerful results. For any v:RY — C, we define

Vav:=(V+id)
and
Hi(RY,C) :={ve L*R"Y,C) : |Vav| € L*RY,R)}.
The space H}(RY,C) is a Hilbert space equipped with the scalar product

(u,v) := Re /RN (Vau +iA(z)u) (Vv +iA(z)v) + uv)dz

for any u,v € HY(R",C), where Re denotes the real part of a complex number,
and the bar is the complex conjugation. Moreover, we use notion |ju||4 to denote
the norm induced by this inner product.

Since A € L (RN, RY), there exists diamagnetic inequality on H}(R™,C) (see

loc

[29, Theorem 7.21)):
IVau(z)| = [V]u(@)]]. (2.1)
Let
E) = {u € Hi(RY,C): /]RN M (x)|ul*dr < oo}
with the following norm:
lull} = /RN(WAUI2 +(AZ(x) + V(x))lul*)da.

It is clear to see that (Ey,||-|[») is also a Hilbert space and E) C H4(RY,C) for
any A > 1. For an open set Br(0) C RY, we consider

H(BR(0)) := {u € L*(Br(0),C) : |[V.au| € L*(Br(0), R)},

( / (IV auf? + |u|2>dx>
Br(0)

Exr(Br(0),C) := {u € H}(Bg(0),C) :/B o

1

2

el ,
and

M (z)|u2dx < oo},

e = [ (auP + (Za) + Vi) uP)da.
Br(0)

Let HY'(Bgr(0), C) be the Hilbert space endowed with norm [ullzry, . as the closure
of C§°(Bg(0),C). From (ZT), we see that if u € H} (R, C), then |u| € HY(RV,R).
Therefore, there exist the continuous embedding Ey — L*(RY,C) for all s € [2,2%]
and the compact embedding E) << L{ (RY C) for all s € [1,2%).

loc
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Since the appearance of logarithmic nonlinearity in Eq. (), we shall encounter
some interesting difficulties. The energy functional 7y : E\x — R corresponding to
Eq. () is defined by

1

In(v) = 5/]RN(|VAU|2 +(AZ(2) + V())[v]*)dw

1 .
719/ F(v)dx — —*/ |v]* dx
RN 2 RN

[v]?
2
for v € E). Furthermore, the Fréchet derivative of 7 is given by

0.0 = Re( [ (a0Ta8+ (0200) + Vi) B

_ oNT g 2" -2 =
19/]RNF (v)ddx /RN [v] v¢dx)

for v, ¢ € Ex. Then there exist functions v € H}(RY,C) such that [y |u|*log
|u|?dz = —o0, which implies that J(u) = +oc. Therefore, the energy functional Jy
cannot well be defined on H4(R",C). In order to overcome this obstacle, inspired
by [3l, Bl, BX], we consider a decomposition of the following type:

with

v 1
Fv) = / tlog|t|*dt = §|v|210g lv|? —
0

1
Fy(t) — Fi(t) = 5|1t|21og It|>, VteC,

where F; € C'(R,R) and F} is a non-negative convex function, F» € C*(R,R)
satisfies Sobolev subcritical growth. Indeed, fixed § > 0 small enough, we define the
following functions:

0, t=0,

1
Fi(t) = —§|t|2 log |t|?, 0 < |t <9,

1 52
—§Itl2(log52 +3) + 200t - 5 [t 20
and
0, [t| <6,

FQ(t) = | |2 2

1 t 3 0
—|t1 — 200t — =t — =, [t} >9¢
sl 1o (50 ) + 200 - 2y - 5. >
for every t € C. Therefore,
1
Fy(t) — Fi(t) = 5|t|210g t|?, VteR. (2.2)
From [17, BR], we see that Fy and F; satisfy the following properties:

(f1) For § ~ 0%, F} is an even and convex function with F{(¢)t > 0 and F; > 0.
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8 X. Sun, Y. Fu & V. D. Radulescu

(f2) F» € CY(R,R) N C?((6,+00),R) and there exists C = C,, > 0 such that

[F5(H)] <CJtP~", VieR, pe(2,29).

(fs) The function ¢t — B nondecreasing for ¢ > 0, and is also a strictly

increasing function for ¢ > 4.
. F}
(fa) limy oo # =00

According to the above facts, the energy functional 7, can be rewritten as

i) = 5 [ (Vaul +(02(a) + Vi) + DluP)da

1
+19/ Fy(u)dx 719/ Fy(u)dx — —/ |u

From this method, we see that Jx can be decomposed as a sum of a C'-functional

2 dz.

with a convex and lower semi-continuous functional. Therefore, we can apply the
critical point theory of functionals in [39] to obtain the existence of solutions for
Eq. (CI).

For any open set K C RY it follows from (Z3) that

bollulll3 k< /K(IVAUI2 +(AZ(2) + V())lul*)dz
for all u € Ex(K,C) and X > 1, where ||[u[[3 x = [, [u]*dz.
The following result is a consequence of the above considerations.

Lemma 2.1 ([13, Corollary 1.4]). There exist ag, by > 0 such that for any open
set K C RN,

aollull3 x < lull3 x — bolllulll3 «
for all u € Ex(K,C) and A > 1.

We recall the second concentration-compactness principle in [T, 27] which plays
an essential role to recover the compactness in the whole space.

Lemma 2.2 ([27, Lemma 1.2]). Let {u,} be a sequence weakly convergent to u
in H'(RN) such that |un|>*” — v and |Vu,|? = u in the sense of measures. Then,
for some at most countable index set I,

) v=lul* +3e; 0,05, v > 0,
(i) g > [Vul> + 30,01 00,15, 15 >0,

where S is the best Sobolev constant, i.e. S = inf{ [on [Vul*dz: [ |u Ydr =1},

T; € RN, 5x]~ are Dirac measures at x; and uj;, v; are constants.

Lemma 2.3 ([11]). Let {u,} be a sequence weakly convergent to u in H'(RN)
and define

2 dx

(1) Voo = limp_,o0 limsup,, , o f|x|>R [ter, ,
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Multi-bump solutions for critical Schrodinger equations 9

(il) poo = limp— oo limsup,,_, f|m|>R |V, |2ds.
The quantities Voo and loo ezist and satisfy

(i) limsup, . [p~ [wn|? dz = Jn dv + Voo,
(iv) limsup,, f]RN |Vun|2d117 = fRN dpp + oo,

(V) oo = SV

3. Auxiliary Problem
Fix a bounded open subset Q; with smooth boundary such that
Q)
for any j € {1,...,k} and
Q_;-ﬁﬁ;:@ for all j # .
In the following, fix a non-empty subset I' C {1,...,k} and R > 0 such that

Qf C Bgr(0) and
o =J, o=
jer jer

If we try to employ critical point theory for the energy 7\, we have to use
some powerful methods to obtain some compactness property. However, due to the
unboundedness of RV, the usual Sobolev embedding is merely continuous. There-
fore, it is impossible to prove that (PS) condition holds. We shall make a minor
adjustments of penalization methods [I3, B2] to overcome this obstacle.

Next, we consider the auxiliary equation corresponding to Eq. (ITl). Fix con-
stants by > 0 and ap > 1> 4, and 6 > 2, ( > 7% > 1 satisfying 9F}(ag) + a2 7l =
¢~ thy.

Now we set

_ OF () + [t12 2, 0<|t| < ao,
o L O < a
¢ holt], |t] > ag

and
g2(,t) = xr (@) (IF5 () + [t* ) + (1 — xr(x)) F5(2),
where
@) 1, x€Q,
xr(z) =
0, =€ Br(0)\Qf.
Moreover, the energy functional Jx r(u) : Ex g — R is defined by

I r(u) = /B (0)<|VAu|2 + (A\Z(z) + V(x) + 1)|u|?)dz + 9 Fy(u)dz

Br(0)
7/ Go(z,u)dz,
Br(0)
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where Ga(z,t) = fot g2(z, s)ds for all (z,t) € Bgr(0) x C. Obviously, Jyx.r €
C1(E\ Rr,R) and its critical point uy g solves the following auxiliary equation:
—(V+id(@))?u+ (A Z(z) + V(z) + 1)u
= go(z,u) — IF](u), x € Br(0), (3.1)
u=0, on 0Br(0).

Note that go(,s) = VF4(s) +|s[> ~2s for all s € [0, ag] and a critical point uy g of
I r(u) is a solution of the following equation:

—(V +iA(z))*u+ (A Z(x) + V(z))u
= Yulog|ul? + [u* ~2u in Br(0), (3.2)
u=0 on 0Bg(0),

if and only if |ux r(z)| < ap and z € Br(0)\Qr.
Now we verify that J gr satisfies the mountain pass geometry.

Lemma 3.1. For all A > 1, the functional Jx r satisfies the following conditions:

(i) there exist a, 0 > 0 such that Jx r(u) > « for any u € Ex p with ||u|la,r = 0;
(ii) there exists e € Ex r with |le||x,r > o such that Jx r(e) < 0.

Proof. (i) By (f1)—(fa), Sobolev inequality and the fact Go(x,t) < IFp(t) + o [t|*

t
2*
for all z € RN, ¢t > 0, we have

1
T =3 [ (Vaul + (\Z(@)+ Vie) + Dluf)ds
Br(0)
+9 Fi(u)dx —/ Go(x,u)dx
Br(0) Br(0)
1
> sluln - [ Galeude
Br(0)
1, 5 1 2*
> —|ull5 g =9 Fy(u)dr — |ul* dx
20 Br(0) 2% JBr(0)

1 .
> Slullkr = 9Clull} g = Crllul r

> 0,

where C7 > 0 and |lul|x,r = o sufficiently small.
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(ii) Fixing 0 < w € C§°(Qr), by (Z2), we have
2

S 82
Ton(sw) = FlolBn+ Slellr+9 [ Filwde- [ Galosw)ds
Br(0) Br(0)

= s’ T p(w) +9 [Fi(sw) — 82 F) (w)]dx
Br(0)

+/ [2Ga(z,w) — Go(, sw)]da
Br(0)

2 2
= s’ T p(w) +9 (?|w|2 log |w|? — ?|w|2 log s2|w|2) dx
Br(0)

Y
= 5? / —|w|? log |w|?dx
Br(0) 2

1
+ | Tar(w) — 19/ —|w|?log s*|w|?*dx | | — —o0
Br(0) 2

as s — +o0o. Consequently, there exists sy > 0 (independent of A > 0 and R > 0)
large enough such that Jy r(sow) < 0, i.e. e = sow. The proof of Lemma Bl is
completed. 0O

By Lemma Bl and a variant of mountain pass theorem without the Palais—
Smale condition (see [E3, Theorem 2.9]), we obtain that the mountain pass level
connected with Jy g, denoted by cy g, is given by

= inf a. t
CA\R VEI%‘lA,RtIen[O,)%]jA’R(’Y( ),

where 'y p = {v € C([0,1], Ex.g) :v(0) = 0 and Jx r(7(1)) < 0}. Furthermore,
with the aid of Lemma B,

car=>a>0
for any A > 1 and R > 0 large enough.

Lemma 3.2. Let {v,} be a (PS)., , sequence for Jx r, then the sequence {v,} is
bounded in Ey Rg.

Proof. Since {v,} is a (PS) sequence for Jy g, we have that

SX\,R

1,
jA,R(vn) - §<~7A,R('Un)»vn> <cnrt+1l+ On(l)”vnHA,R (3.3)

for large n. From the definition of F}(¢), we obtain 1 < }gl((tt))t < 2 fort > 0. Together

with 6 > 2, Lemma Il and

bo |, 9
t) < —=|t
Galet) < G2l
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for all z € Bg(0)\Qf, we have
1 !
j)\,R(vn) - §<~7A7R(vn)7vn>

1 1 1
> (— - —) e+ | <F1<vn> - —F{(vnm) da

1
+/ (56"2(:10,1}”)% — Gg({E,’l}n)) dx
Br(0)

1 1 1
> (— — —) lvnllxr +/ (—G’Q(x,vn)m GQ(x,vn)) dx
2 0 Bro)\@, \0
1 1
> (5 5)Ioae= [ Gatavis
Br(0)\Qp
1 1 b
> (5-3) Il - o2 joa 2
2 ¢ 2C JBr(on\9;
1 1
> (5= 3) Qonlle = bl
1 1
> (5-) aoloalRs (3.4
which implies that {v,} is bounded in E) g. |

Next, fixed j € I', we denote by ¢; the minimax level of mountain pass theorem
with the functional & : Hy'(Q;) — R, defined by

1

v 1 .
Ei(u) = —/ (IVaul® + V(2)|u*)dr — —/ |u|? log |u|*dz — — lu|? da.
2 Jq, 2 Ja, 2% Ja,

J J

If w is a critical point of the energy functional &£;, we say that u is a weak solution
of the following equation:

~Aqu+ V(r)u = Julog |ul> + |[ul? 2u, z€Q;, jeT,
u > 0, x €y, (3.5)

u|an =0.

In order to prove Theorem [[], the methods we will use include the comparison
between some energy levels of the functional corresponding to Eq. (ITl) and the
energy levels of other auxiliary equation associated with Eq. ([T, as well as the
exploration of the behavior of (PS). sequences.
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In this respect, we give detailed proof of the following results.

Lemma 3.3. There exists ¥* > 0 such that, for all ¥ > ¥, we have

cj € (O, ﬁ (% — %) aOSN/z) for all j €{1,2,...,k}.
Proof. For each j € {1,2,...,k}, we fix a non-negative function v¢; € Hg’l
(€2;)\{0}. We see that there exists ty ; € (0,+00) such that
¢j < &ty j1y) = max &;(t);).
Therefore, we obtain )

&, [ (Tab + 0@ + Dl it

J

=ty /Q Fy(ty j1j)hjda — Oty 5 /Q F(ty ;)0 dx

+t5 / |;[* da. (3.6)
2
Taking the limit as ty ; — 0o, together with (f4) and
Fi(t) < C1+1t), (3.7)

we deduce that

| (Vs + (als )
Fl(ty 15 1
Z M)WHME—C/ <T|¢j|+|¢j|2) dx — o0,

Q; 9.5 Q; \U,j
which is impossible. Therefore, {ty ;} is bounded. Moreover, there exists a sequence
¥ — oo satisfying that ty ; — to > 0. Consequently, there exists some C' > 0 such
that
B [ (Vatsl + V@)oo < C.

J

If we suppose that tg > 0, then by the first equality of (BH), we obtain

Jim & [ (a0 4 V@)l P = o
which implies a contradiction. Thus, we have ty = 0, and so ty ; — 0 as ¥ — 4-o0.
By this fact, we have
gj(tﬂ,jwj) —0 as ¥ — oo,

whence it follows that there exists 9* > 0 such that

| 1 (11 N2
CJE<O’/~:+1<2 9)“05 )

for all j € {1,2,...,k} and all ¥ € [¥*, +00). O
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Remark 3.1. In particular, it follows from Lemma that
k
1 1
e (0,5 —2)aps™?). 3.8
Yoe(03-5) 6

The above result is very important to obtain the following result.

Lemma 3.4. Let (Z1)~(Z4) and (f1)—(f4) be satisfied. For any X\ > 1, Jy satisfies

the (PS). condition with
1 1
ce <07 <§ - g) (LOSN/2>.

Proof. Let {u,} C H}(RY) be a (PS).-sequence, that is,
In(up) — ¢ and  J3(un) — 0.

From Lemma and taking the limit as R— oo, we see that {u,} is bounded
in H}(RY). By diamagnetic inequality, the boundedness of {|u,|} is obtained
in HY(RY). Then, for some subsequence, there exists u € H}(RY) such that
u, —u in Ey and HY(RY).

Now we claim that

/ lun|? da H/ |ul? dz  as n — co. (3.9)
RN RN

In order to verify that this claim holds, we assume that
V]| = [V|ul]> + 1 and  |u,|? — |ul* +v (weak®sense of measures).

Using the concentration compactness principle [27, Lemma 1.2], there exist a count-
able index set I, sequences {z;} C R™, {u;}, {v;} C (0,00) such that

V= Z&cjyj, w> Z(ijﬂj and p; > SV?/z* (3.10)
Jjel Jjel
for all j € I, where §,, are Dirac measures at x; and p;, v; are constants.

Now, let x; be a singular point of the measures p and v. We define a cut
off function ¢.(x) € C§(RY,[0,1]) such that ¢.(z) = 1 on B(zj,¢), p(z) =0
in RVM\B(z;,2¢) and |[Ve.| < 2/e in RY. Due to the boundedness of {u,p.} in
HL(RY) and . takes values in R, we see that

(Tx(un), tngpe) — 0
and

Va (un(PE) =1, Ve + 0V aty,.
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Consequently,

/ |V atn |2 poda + / (AZ(x) + V(x) + 1)|un|*pedz
RN RN
= —Re </ ivaunVQOEdI) + 19/ (F2/ (Un)unpe — Fll (Un ) unpe)dx
RN RN

+/ lun)?" edz + 0, (1). (3.11)
RN

By the Holder’s inequality, we deduce that

Re (/ imVAuanogdx)
RN

By diamagnetic inequality (see (E1)), we have

lim sup =0.

n—oo

L llPecde <9 [ (Fyfuauae = Fiun i )da

+/ [un|? pedr + 0,(1). (3.12)
RN

Consequently, by the fact that u, — u in L (RY) for all s € [1,2*) and ¢ has
compact support, by (f2) and (BZ), we can obtain that

lim lim Fl(up)uppedr = lim  lim Fi(up)unpedr =0, (3.13)

e—0+t n—oo RN e—0t n—oo RN
lim lim (AZ(x) + V(x) + 1)|un|*pedx = 0, (3.14)
e—0+t n—oo RN
lim IV |t ||*ped :/ wedp 2/ |V |ul|?pedr + p; (3.15)
n=oo JRN RN RN
and
lim [un|? peda = / wedv + vj. (3.16)
n—oo JpN RN

Inserting (BI3)—(BI8) into (BIZ), and letting ¢ — 0 and n — oo, we get
Hj < vj.
Together with (BI0), we have
v > 8%
which implies

I vj=0 or () v >8N2

In order to obtain the possible concentration of mass at infinity, we will apply
the concentration compactness principle at infinity [T1]. In the same way, we also
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define a cut off function ¢ € C°(RY,[0,1]) such that pr(z) =0 on |z| < R and
¢r(r) =1 on |z| > R+ 1. Note that {u,pr} is bounded in H}(RY) and ¢p takes

values in R, we can obtain that (7} (un), unpr) — 0, ie.

[ VaunPonds + [ (02@) 4 V(a) + DlunPords
RN RN
= —Re (/ imVAuanoRdx) + 9 (F3(x,un)unpr
RN RN

—F{(;C,un)unng)d:v—i—/ lun)?” @rdz + 04 (1). (3.17)
RN

By Holder’s inequality again, we know
— lim lim Re (/ imVAuanoRdx) =0.
R—00 n—00 RN

By (BZ) and (f2), we can obtain

lim lim Fl(up)unprdr = lim lim Fi(up)unprdr =0, (3.18)

R—o00 n—oo RN R— 00 n—00 RN
Jim_ lim (AZ(z) + V(2) + 1)|u,*ordz = 0, (3.19)
—00n—0o0 |pN
lim |V|un||2<de:c:/ @Rduz/ |V |ul[Pordr + u; (3.20)
and
lim |un|2*<dex:/ Yrdv + vj. (3.21)
n—oo [pN RN

Inserting (BIR)—(B=ZD) into (BIZ), taking the limits as R — oo and n — oo, we
obtain

Moo < Voo
Therefore, we have vy, > Suggz*, which yields
(III) Voo =0 or (IV) vy > SN2

In what follows, we claim that (IT) and (IV) cannot occur. If case (IT) is true,
for some i € I, using the proof Lemma once more, we have

1 1
-+ onl) = () = (5 - 5 ) aollnln

Since

/RN((AZ(@ +V(2))|un|?)dz > 0,
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it follows from the diamagnetic inequality that

11 ) 11 )
- Pde < (=== L 12d
(2 9>a0/nw|v|u I x_<2 9)QO/RN|VAU| !

1 1
< (5 3) aolual} < e+ o)
and then

1 1
(5 — 5) aopj <c¢ forallneN. (3.22)

Recalling that p; > SV?/Q*, from (BI0) and [B322) we obtain
1 1
> (2= =) apsN/?
‘= (2 9) s

which yields a contradiction. Consequently, v; = 0 for all j € I. Similarly, we may
verify that (IV) cannot occur for each j. Therefore, (3.9) is true.

In the following, we assume that {u,} C E) is a (PS). sequence for Jy. By
Lemma [3.2] we obtain that the boundedness of {u,} in E). Without loss of gen-
erality, we may suppose that there exist v € E) and a subsequence {u,} such
that

U, — u in By,
u, — u in L°(Bg(0)), Vse€l,2%),
u, — u ae. in RV,

By (f2), 1) and Lebesgue’s Theorem, we infer

/ Fi(up)upde — Fi(u)udz
RN RN

and

RN RN

Furthermore, combined with ([B9]), we have

/ Gé(un)u_nd:vﬁ/ G (u)udzx.
RN RN

Thus, from Brézis-Lieb Lemma [9], we have

oDl = (T3 ). ) = s -+ [l 3+ [ Fiw)de = [ Gl

= llun = ull} + ull} + llulll3 + 19/ Flu)de — | Gy(z, w)udy
RN RN

= [[un — ull} + o(1)[lullx,

here we use J(u) = 0. Thus, we conclude that {w,} strongly converges to u in E).
This completes the proof of Lemma 3.4 O
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Lemma 3.5. Equation (BIl) has a nontrivial solution uxr € Exg such that
Inr(uxRr) = ¢ R, where ¢y g is the mountain pass level connected with Jx, .

Proof. By Lemmas Bl and B4, we obtain the existence of a nontrivial solution
UN,R- O

In what follows, for each R > 0, we are interested in the behavior of a (PS)s r
sequence for Jy g, i.e. a sequence {u,} C H}(Bgr(0)) satisfying
up € By, r and M\, — oo,
T r(tn) = exms |T5,, 1 (un)ll = 0.

Lemma 3.6. Let {u,} C H(Bgr(0)) be a (PS),r sequence. Then for some sub-
sequence {uy}, there exists u € HY(Bgr(0)) such that

up —u in Hy(Bgr(0)).
Moreover,
(1) ||un — u|lr,,r — 0, and hence,
un, — u in Hj(Br(0)).

(ii) w =0 in Br(0)\Qr and u is a solution of

—(V +iA(2))?u+ V(x) = dulogul®> + [ul* 2u in Qr,

(3.23)
u=0 on 0Qr.

(iii) wu, also satisfies
An / Z(@)|undz — 0,
Br(0)

lunll3, Bropor — 05

i, = [ (Vau? +V(@)luP)ds for allj .
J

Proof. From Lemma B2, there exists D > 0 satisfying
luall3, g <D, VneN.

Thus, {u,} is bounded in H(Br(0)). Moreover, we may suppose that there exists
u € HY(Bgr(0)) such that

u, —u in H}(Bgr(0))
and

un(x) — u(z) a.e. in Br(0).
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Fixing Cp,, = {x € Br(0): Z(z) > =}, we have
/ funPd < M Z () n 2de.
Com An JBr(0)

So

m
[ tunlde < T unl, v

C )‘n ’

m

Using the Fatou’s lemma, we deduce that

/ lu|?dz = 0
c

m

for all m € N. Therefore, u(z) = 0 on |J>, C,, = Br(0)\Q and ulo, € H;(Q;)),
je{l,...,k}.
In the following, we shall verify that (i)—(iii) are satisfied.

(i) Note that u = 0in Br(0)\Q and (T3 g (un), un—u) = (I3 g(u), un—u) = 0,(1),

we obtain

/ (IVa(tn —w)* + M Z(z) + V(z) + D|uy — ul?)dz — 0,
Br(0)

which implies u,, — u in H}(Bg(0)).
(ii) By the facts that u € H}(Br(0)) and u = 0 in Bg(0)\Q, we obtain u € H}(Q2)

or ulg, € Hj(Qy) for j = 1,...,k. Moreover, from the facts that u,, — u in
H}(Br(0)) and (J} gr(un),p) — 0 as n — +oo for each ¢ € C5°(Qr), we
know

e </sz (VauVag + (V(2) + up)de + 9 /QF F{(u)pdz

-9 [ Fy(uw)pdr — /

|u|2*_2u¢d:v) =0,
Qr Qr

0 ulq, solves Eq. (B223). In addition, we infer that

/Qj (IVaul* + (V(z) + 1)u?)dz + Re (/QJ OF] (u)adr — /

132’ (w)udz | =0

for each j € {1,2,...,k}\I. By F/(t)t > 0, Lemma BTl and F}(¢)t < b|t|? for all
t € RT, we deduce

2
19,

< [lul}.0, — Re (/Q E’(u)ﬂdw) <0.
J

Therefore, ulg, =0 for j € {1,2,...,k}\I". This implies © = 0 in Br(0) \ Qr.
J

aollull3 o, < [[ullX o, — bolllull



Page Proof

February 24, 2025 19:8 WSPC/S0219-5305 176-AA 2550008

10
11

12
13

14

16

20 X. Sun, Y. Fu & V. D. Radulescu

In the following, we verify that (iii) holds. From (i), we deduce that

/ A Z () 2 = / A Z(2) |2
BR(O) BR(O)\QF
= / M Z ()| — ul?dz
Br(0)\Qr
<t — ull3, g — 0 (3.24)

as n — oo.
Furthermore, invoking (i) and (ii), we see

lunll3,. Bropor — 0

and

||un||§mQ;—>/Q(|VAu|2+V($)|u|2)dx for all j € T.
3

Indeed, by u = 0 in Br(0)\Q,u = 0 in Q; for j € {1,2,...,k}\I' and u, — u
in Hj(Br(0)), we have ual% 5.0nar — 0.1t follows from (B24) that the last
conclusion holds. O

Using the similar arguments to Lemmas B.6l and B2, we also have the following
result which will be used in Sec. B.

Lemma 3.7. Assume that u, € Ex, g, 15 a (PS)co, R, sequence with R, — +o0,
i.e.

up € B, g, and M\, — 00,
. 1 1 N/2 !
I, Ry (Un) — ¢ withc € 573 agS™*, ”J/\n,Rn (un)]] — 0.

Then for some subsequence, still denoted by {u,}, there exists u € H5(RYN) such
that

Up —u in Hy(RY).
Moreover,
(i) ||un — u|r,,r, — O, and further
Up —u in HyRY).
(i) u =0 in RN\Qr and u solves the following equation:
—(V +iA(z))?u + V(z)u = dulog [ul?> + [u|> ~2u in Qr,
u=~0 on Or.
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(iil) un also satisfies

/\n/ Z(@)|un2dz — 0,
Br, (0)

2
HunH)\n,BRn(O)\Qr — 0,

lunlB ;= [ (Va2 +Via)luPydo for allj€T.

Proof. Invoking the boundedness of 7y, g, (un) in Ex, r,, we see that {u,} is
also bounded in E), g, . Therefore, we may suppose that there exists u € H}(RY)
such that

Up, — u  in Hy(RY),
un(z) = u(z) ae. in RY
and u(x) = 0 on RV\Q.

(i) From Lemma B4, we obtain

Re ( G’Q(:B,un)ﬁdx) — Re ( G’Q(:E,u)ﬁd:v), Vw e C(RY),
RN

RN

Re ( G’Q(:E,un)mdx) — Re ( G’Q(:E,u)ﬂdx)
RN

RN

and
/ Ga(z,un) — Gy (z,u)dx.
RN RN

By limy, oo (T}, g, (un), @) = 0 for all w € C5°(RY) and the boundedness of {uy,}
in Fy, g,, we know

Re </RN(vAuv,Tw+ V(z) + 1)uwm)dz +/

RN
= Re (/ GYy(, u)ﬁd:z:)
RN

Therefore, one has

Re (/RN(WAUP + V() + D[uf)dz + /RN F{(u)ﬂdz) ~ Re (/RN G;(x,u)m).

Together with the fact lim,, .o (75, g, (un),un) =0, i.e.

F (u)ﬁda:>

/(|VAun|2+(/\nZ(gc)+V($)+1)|un|2)d:v+/ i (u)amda
RN RN

= Go(x, up ) undr + 0,(1),
RN
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we have

n—-+o0o

lim (/RN(|VAun|2 + (A Z(x) + V() + 1)|un|?)dz + /RN F{(un)mdw)

:/ (|VAu|2+(V(;C)+1)|u|2)dx—|—/ F (u)ade,
RN RN

up to subsequence if necessary, we have

Up — u  in HY(RY), )\n/ Z(x)|up|*dz — 0,
RN

/ V()| Pda —>/ V(@)|ul2de
RN RN
and
F{(u)@y — F](u)@ in LY(RY).

Since F} is convex, even and F'(0) = 0, we know that F](¢)t > Fi(t) > 0 for all
t € C. Hence, using Lebesgue dominated convergence theorem, it holds

Fi(un) — Fi(u) in L*(RY).

Therefore,

fn =l i, = [ 1Vat = Vaulda+ [ V@) + Dl — vl

N
+/\n/ Z(z)|un|*dz — 0
RN

as n — o00. Therefore, (i) holds. By the arguments similar to Lemma B, we have
that (ii) and (iii) hold. |

In the following, we shall consider the boundedness outside Q. for the solutions

of Eq. (B).

Lemma 3.8. Let uy g be a nontrivial solution of Eq. (Bl satisfying

1 1
sup(Jx,r(urr)) < (5 - 5) apSN/?
A>1

for R > 0 large enough. Then there exists D > 0 independent of A > 1 and R > 0,
and R* > 0 such that

llurglllo,g <D, YA>1, R> R"

In particular, ux g solves original Eq. (ILCT).
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1 Proof. Consider A > 1,L > 0 and § > 1, and let
lux,r| if [uxr| < L,
|’U,L))\| =
L if |U)\,R| > L,
zeal = fur PO Vunr| and  wp = fusrllura’T"
2 Since uy g is a nontrivial solution to Eq. (BI), we have

—(V +iA(z))?urr + (AZ(z) + V(@) + Du g = go(x,ur r) — IF] (ux R).

3 With the aid of Kato’s inequality

Aluy r| > Re < IR (g oy iA(I))2U>\,R>7
[ux, Rl

4 we obtain that
—Alux gl + (AZ(x) + 1)|u gl < ga(w, |ur r]) — OF] (lux g]), = €RY.

5 Taking 2y, » as a test function in the inequality above, we have

/ AP0 |V]un, gl Pz + 203 — 1)
Br(0)
<[ a2 eVl el Ve olda
Br(0)
+/ (M (z) + V(x) + 1)|uL,,\|2(ﬁ_1)|u,\,R|2dx
Br(0)

o / Fl(Ju r)lu A*®Dlus gldz
Br(0)

< [ Ghtoun sl fus el (3.25)
Br(0)
6 Fixed ¥ > 0. According to the definition of G2 and (f2), we infer that
Gl(x,t) <OF(E) + [t~ < CcotP— 4 |¢2 1 (3.26)
7 for all (z,t) € RY x Rt and p € (2,2*). Hence, by (B25) and (B2H), we deduce

[ (9wnal? + lonaP)de
Br(0)

< 019/ |UA,R|p|UL,,\|2(ﬁ71)d:E+/ |U,\,R|2*|uL7>\|2(ﬁ71)d$
Br(0) )

Br

:019/ |uA,R|P*2|wL,A|2dx+/ luxz|* “Hwp PP Vde.  (3.27)
Br(0) Br(0)
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Invoking the Holder’s inequality, we see that

[ Junel ?oraPds
Br(0)

pP—2

2
S Cﬁ2 / |u>\,R|pdx / |wL_’)\|de (328)
Br(0) Br(0)

| P s
Br(0)

and

2*—2

2
2% 2%
<Cp? (/ |u>\’R|2*dx> (/ |wL,A|2*dx>. (3.29)
Br(0) Br(0)

Moreover, it follows from Sobolev inequality that

2

2
/ wiaZdz) <cC (Vwrnl + lwpal?)de.  (3.30)
Br(0) Br(0)

By (BZ0)—-(B30), Sobolev inequality and the boundedness of {ux g} in Ej g, there
exists a constant C' > 0 such that

2%
/ lwpa|? dz < c/ (IVwpal? + lwral?)dz
Br(0) Br(0)

p—2 2
3

P
<Ccp?ly / |ux,r|Pdx / |wr A|Pdx
Br(0) Br(0)
2*—2
()™ ([
Br(0) Br(0)
2
_ P
SCﬂQ ¥ / |wL_’)\|de
Br(0)

+ / lwr, 2" dx
Br(0)
2

Taking C32 € (0,1), we have
2
2% ~ p
¥ dx < Cp* / lwra|Pdx | .
Br(0)

(/ lwr
Br(0)

S

E3

)

o

£

)
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By the Fatou’s Lemma for variable L, we obtain

2 2
2% P
/ ua? Pz | < G20 / lua|PPda | .
Br(0) Br(0)
Therefore,
ﬁ ~ 1 1 1 P%
/ luxl* Pda < C2pEY” / lux|PPdz | . (3.31)
Br(0) Br(0)

Since Ji,r(ux,r) is bounded in E g and uy g solves Eq. (Bl), and by the arguments
similar to Lemma B2, there exists C' > 0 satisfying

luxrllar < C

for A > 1 and R > 0 large enough. Passing the limits as A\,, — 400 and R,, — 400,
we see that uy, g, satisfies the assumption of Lemma B7A. Therefore, uy, g, — u
in H}(RY). Now, by 2 < p < 2*, the boundedness of [[ux, r, |f2 &~) in R, a well-
known iteration argument (see [B, Lemma 3.10]) and (B31), there exists a constant
D1 > 0 such that

(xR lllLoe@yy < D1, Vn €N

Therefore, the proof of Lemma B8 is completed. O

Lemma 3.9. Assume that uy g is a nontrivial solution of Eq. (Bl) satisfying

1 1
sup(y (i) < (5 - 3 ) a05™
A>1

Then there exist X' > 1 and R' > 0 satisfying
1w, k|l oo, Br O\ < a0,
for any A > N and R > R’. Moreover, uy g solves original Eq. (B2) for any A > N
and R > R'.
Proof. Choose Ry > 0 large enough such that Qf. C B, (0) and fix a neighborhood
D of IO satistying
D C Bpg,(0)\Qr,
together with Moser’s iteration, there exists C' > 0 independent of A such that
[lux,glllL=@ar) < Clllus,rlllL2* (D)

for any R> Ry. Passing the limits as A\, — +oo0 and R, — 400 and using
Lemma B, we have uy, p, — 0 in H}(Bg, (0)\Qr) for some subsequence, and
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1 then U\, ,R, — 0 in H};(BRO(O)\QF% SO
[lux,, Rl L2* () — 0 as n— oo.
2 Hence, there exists ng € N such that

[ux, Bl 007) < @0, V1 > ne.

3 Now, for n > ng we set G, g, : Br, (0)\Q — C by
|ﬁAnaRn (:'L.)| = (|uAn7Rn (:E)l - a0)+
4 Therefore’ ﬁAn7Rn (:E) € H}ﬂ(BRn (0)\9%)
5 In what follows, we shall verify that 4y, g, (x) = 0 in Bg, (0)\Qf. From this
6 fact, we have

[1ux,., R llloo, Br, (0)\0f < a0

7 Indeed, choosing @y, g, as a test function and extending @y, g, (z) =0 in Qf, we
8 obtain

Re / Vaux,,r,Vatx,, r,dx
Br, (0\Qp

_|_/ (AnZ(x) +V(x) + 1) ux, R, Ux, R, dT
Br, (0)\Qp

< Re / Fy(ux, r, )ix, g, da ).
Br,, (0\Q}

9 Since
/ Vaux, r,Vatx, r,dr = / |V, g, |*dr,
Br,, (0\Qp Br, (0\Qp
Re / (A Z(z) + V(x) + )un, g, G, R, dx
Br,, (0\Qf
= Re (/ (M Z(z) +V(x) + 1) (G, R, + ao)ﬂAmRndw>
(Br, (0)\Qf)+
10 and
Re / ﬁ2l (uATI 7R’7l )/&)\n 7R’7l d:L.
Br,, (0\Qp
F} _
= Re / M(ﬂxmm + ao)ix,,r,dv |,
(Br, (0O\Qp)+  UAn,Rn
11 where

(Br, (0\Qr)+ = {z € Br, (0\Qr : |ur,.r, (z)] > ao}.
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By the facts above, we deduce

ﬁé (uA’Vl 7RTL )

Re / OnZ(@) + V(@) +1) — 22Wr) ) vy
(BRry, (0\Qp)+ UN,, Ry,

Jr/ |Vﬁ>\m3n|2d:17 <0.
Br, (0)\Qf

It follows from the definition of £}, (Z3) and ¢ > 1, we have

Fi(ux, r,)

(M Z(@) + V(a) +1) - = 2o

> bo (1 — %) +1>0 in (BRn, (0)\9%)4_

Therefore, |y, r,| = 0 in (Bg, (0)\Qr)+ and Bg, (0)\Q. Moreover, there exist
N >0 and R’ > 0 such that
[1ux,&lllco, Br(O)\0f < @0

for any A > ) and R > R’. Therefore, we finish the proof of Lemma B3. O

4. Minimax Level

In this section, for any A > 1 and j € I', we consider the following two functionals:
1 1 . U

£;(u) = _/ (IVaul® + V(@) + Dlul?)dz — —*/ f?” d —/ ful? log |u[*dz
2 Jq, 2% Ja, 2 Jo,

J

1
Exlu) = 5/9,

U
——/ |u|? log |u|*dz,
2 Jar

J

2 dx

(IVaul’ + (A\Z(2) + V() + 1)[ul*)dz - %/Q fu

which are related to the following logarithmic equations:

—(V +iA(z))%u + V(z)u = [u* 2u + dulog |ul? in Q;,

(4.1)
u=0 on 0§);
and
—(V+i4(@))?u+ (A Z(z) + V(z))u
= [u|> ~2u + Yulog |ul? in €, (4.2)
g—:; =0 on 9.

Clearly, £; and &, ; satisfy the mountain pass geometry. Due to the boundedness
of Q; and ), & and &, ; satisfy the (PS). condition, together with the same
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arguments in Sec. B, then there exist two nontrivial functions w; € H(Q;) and
wy ; € Hj(w)) satisfying

Ej(wy) =¢j, Exjlway) =cxn; and Ei(w;) = & ;(wx;) =0,

where
;= inf E(y(t
¢; = inf max &(v(t),
oxg = Inf max &;00())
and

T; = {y € C([0,1], Hy" (2)) : 7(0) = 0 and &(y(1)) < 0},
Taj = {7 € C([0,1], H4(2})) : 7(0) = 0 and &, ;(v(1)) < 0}.
In fact, a simple computation implies

¢; = inf &;(u),

UEM]'
exj = ug}&y Exj(u),
where
M; = {u e Hy (2)\{0} : &j(u)u = 0}
and

M, = {ue Hy(Q)\{0} : & ;(w)u = 0}.

In addition, by a direct computation, there exists x > 0 satisfying: if u € M; for
any j € I', then

lull; > &, (4.3)

where ||-||; is defined by

Jull2 = / (IV auf + V(@)|ul)d.
ZA

J

Particularly, it follows from w; € Mj that |Jwy ;|; > &, where wy ; = wj|q, for all
jerl.
Moreover, we obtain the following important result.

Lemma 4.1. For j € ', the following properties are satisfied:

(i) 0<enj <gj forall A>1.
(ii) ¢ (enj, respectively) is a least energy level for E;(u) (Ex,j(u), respectively).
(iii) exnj — ¢ as j — oo.
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Proof. By the arguments similar to Lemma 5.1 in [24], we can obtain the conclu-
sions of Lemma ETl, so we omit them here. O

In the following, cr = 3%, ¢; with cp € (0, (3 — )agSN/?) and 7 > 0 is a

constant sufficiently large, which does not depend on A\ and R > 0 large enough,
such that

1 1
0< <€j0, (?%)’ ?(.L)j> s <(€J/-(TLUJ'),TUJJ'> <0, VjeTl. (44)
Therefore, it follows from the definition of ¢; that
seliax | Ei(sTw)) = ¢

for all j € . Without loss of generality, we consider I' = {1,2,...,1} with I < k
and fix

!
Yo(s1,82,...,8)(x) = Zsj’fwj(;v), YV (s1,82,...,8) € [1/T% 1],
j=1

L. ={y € C((1/T?1]", Exr\{0}) : 7 = 70 on O([1/7%,1]")}
and

b)\RF:iIlf max jAR’YSl S$2,...,81)).
mr= b My R(V(s1,82,...,51))

Note that 7o € I, then 'y # 0 and by g r is well defined.

Lemma 4.2. For each v € Ty, there exists (t1,ta,...,t;) € [1/T2,1]' satisfying
E\ Oty )y (b, ) =0 for je{l,...,1}.

Proof. Let v € ', we consider the map 4:[1/72,1]' — R! defined by
A(81y...,81) = (5;\71(7(31, ces SIY(ST, ey 81, ,&\J

(Y155 8))v(s1, - - 50))-
For any (s1,...,s) € O([1/72,1]"), we have
Y(s1, .-y 81) =70(815- -+, 51).
Hence, with the aid of (E4l) and Miranda’s theorem [30], we complete the proof of

Lemma A2 O

By the same arguments as that of [24, Lemma 5.3], we have the following results.
Lemma 4.3. The following facts are satisfied:

(a) For any A > 1 and R > 0 large enough, 2321 ex <bxgrr <cr.
(b) For~y €Ty and (s1,...,s) € O([1/T?,1]"),

Inr(y(s1,...,8)) <cr, VA>0.
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Lemma 4.4. The following facts are true:

(a) ba g, is a critical value of Jx r for A >1 and R > 0 large enough.
(b) ba,rr — cr, when A — +oo uniformly for R > 0 large enough.

Proof. By the arguments similar to that of [24, Corollary 5.1], we can finish the
proof of Lemma E4, so we omit these here. O

5. Uniform Estimates
First of all, we define 7. fFR and ¥ by
I\'p={u€ Exr: I r(u) <cr}
and
5 = BExn: " ovjer
= {U € LAR: ||U||A,sz]’. > 3T J € },

where k and 7 are fixed in (E3)) and (EZ), respectively. Fixing ¢ = g% and u > 0,
we define

A,’),R = {u € Yo : IxBro)\op(w) >0, |\UH§,BR(0)\QF < 1, [Ex 5 (u) — ¢

<p, VjeT},

where ¥, denotes the set
3, = {u €E\r: ingﬂuva)\,Q; <r Vje F} for r > 0.
ve

By w = 22‘:1 w; € AAR N J\'g» we obtain that AAR NIk # 0.
Now, we shall show uniform estimate of || Jy p(u)|| in the set (AS‘H,R\AAR) N
Ilr:

Lemma 5.1. For each p > 0, there exist A, > 1, R* > 0 large enough and o9 > 0
independent of A and R > 0 sufficient large such that

HJ)I\R(U)H >09 for A> )N, R>R* and uc (A;‘#,R\Af‘t’R) N j/{:,FR'

Proof. Arguing by contradiction, we assume that there exist \,, R, — oo and
€ (AQZ,RR\A;\[RH) NJ\: g, such that

1750, R, (un)l| = 0.

Since u, € A;‘; r,» We know that {[|un|[x, r,} and J, r,(u,) are both bounded
in E), r,. By Lemma B, we may extract a subsequence such that u, — u in
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H (r) and w is a solution of Eq. (E1). Moreover, we obtain
up — u in Hy(RY),
lunl3, B, onor — 0 and  In, g, {un} — Er(u) € (—o0,cr].
Note that {uy,} C g, it holds

K
— eI
T Vje€

Taking the limit as n — 400, we obtain that

unll3, ;>

K .
Jull? > 7= >0, Vjer.

This implies u|g, # 0,7 = 1,...,1, and &(u) = 0. Using (E33)), we obtain
2 k ;
> —>0, Vjel.
lullj > 5 >0, Vie

Therefore, Ep(u) > cr. On the other hand, by the facts that x, g, (un) < cr and
T Ry (Un) — Er(u) as m — 400, we obtain Er(u) = cp. Hence, for n sufficiently
large,

||un||3 > |‘-7A717Rn (un) - CFl S 1%

K

27’
for any j € I'. Consequently, u, € Ai:‘Rn for large n, which contradicts u, €
(Ag‘; Rn\Aszn). This completes the proof of Lemma Bl O

Now, we define pg and p, as follows:

i & t)) —cr|=po >0
tea[ln}l;g,l]llr(%( ) — el = po

and

e = min{ g, &, £/2},

where ¢ = g is given before and ¢ > max{||w;||g1(q,¢:J = 1....,1}. For each

t > 0, we also define
Bt)\ = {u c E)\(BR(O)) : H’UJH)\,R < t}.

Lemma 5.2. Let p € (0,p4), A« > 1 and R* > 0 sufficiently large as given in
Lemma Bl Then there exists a nontrivial solution ux r of Eq. (Bdl) such that
ux € A g NI OBy for A >\ and R > R*.

Proof. Arguing by contradiction, we suppose that there exist no critical points for
the functional Jy p(u) in AAR N jffR ﬂ~B}+1 for A > A,. Since Jy g satisfies the
(PS) condition, there exists a constant dy > 0 such that

T3 r(u)l| > d



Page Proof

February 24, 2025 19:8 WSPC/S0219-5305 176-AA 2550008

10

11
12

13

14

15

32 X. Sun, Y. Fu & V. D. Radulescu

for all u € A} p N Ty N B, . By Lemma B, we obtain
|Txr(w)| > 00 forallu e (ASM,R\Aﬁ,R) NIk

where o¢ > 0 is independent of A\. Now, we define ®: £y r — R, which is a contin-
uous functional such that

O(u)=1 foruEAg‘M/ZRﬁTgﬂBg‘,
O(u)=0 for u ¢ A%MR N Yo N B,

0<®(u)<1 foralluec Exg
and H:J\"p — Ex(Br(0)) is a function given by
Y(u)
—®(u)———=, u€ Ay, gNB,
M) = g € AenBin
0, u ¢ A%‘#,RQB?H,

where Y is a pseudo-gradient vector field for 7y g on & = {u € Ex r:J; z(u) # 0}.
Since J p(u) # 0 for u € A3, p N @y, we know that H is well defined. By the
following fact:

[Hw)l <1

forall A >\, and u € (I)iva we have
d
G IAr((t ) < —®(n(t, w)|Tx, r(n(t,u)|| <0, (5.1)

d
Hd_;? = HH(”)”A < 1, n(t,u) =u forallt > 0 and
A

u€ Iy (Aép.,R NBX4), (5.2)
where the deformation flow 7n: [0, c0) X jffR — J/\CTR defined by

d c
d_Z =H(n) and n(0,u)=u€ J',.
Next, we consider two paths:

(1) The path t — n(t,y0(t)), where t = (t1,...,t;) € [1/T%,1]".
If u € (0, ps), we obtain

Yo(t) & A3, p forall t € O([1/T7,1]").
As T r(0(t) < er for any t € 9([1/77,1]"), by (B3), we get
n(t,0(1) =0(t) for all t € O([1/T2,1]").
Hence, n(t,v0(t)) € Ty for all t > 0.
(2) The path t — ~o(t), where t = (t1,...,t;) € [1/T2,1]".
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In view of supp(t) C Qr for all t € [1/72,1)}, Jx.r(70()) does not depend on
A > 0. Note that

Inr((t) <er, Vte[l/T%1]
and
Ir(o®) =cret;=1/T, VjeT.
Therefore,
mo = sup{Jxr(u) : u € 3 ([1/72,1])\A)}

is independent of A\, R > 0 and my < cp. Moreover, we obtain that there exists a
K« > 0 satisfying

[T r(u) = Iar(V)| < Kellu — ||\ R
for any u,v € B).

In the following, we verify that if 7, > 0 is large enough, it holds

1
| AT 0(0)) < max f o, — oo 5:3)

Indeed, write u = yo(t), t € [1/T?,1]1. Ifu ¢ A;);,Rv by (B2), we must have that
Inr((t,w) < Iam(0,u)) = Txr(u) < mo

forallt >0.Ifu € A;} r» let 7(t) = n(t,u),ds := min{dy, 00} and T, = o= >0,
5 LEYON
now we consider the following cases:

(1) (t) € A3, /0 p N Ec N By for all t € [0, T].
(2) 7i(to) ¢ AQM/ZR N Y N B for some tg € [0, 7]

If (1) is true, then ®(7(¢)) = 1 and ||J} z(7(t))|| > dy for all t € [0,7,]. By (E),

we have

T,
Turli(T)) = Fn(w)+ [ LT ntifs))ds

T.
S cr 7/ d)\ds
0

= cr —d\T.

OoH
<cr— .
s g

If (2) is true, the following cases should be considered.

(i) There exists t2 € [0, 7,] such that 7(t2) ¢ .
In this case, we have

(I9(t2) = H(t1)Iar >0 > p ast; =0,
since 7(0) = u € X.
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(ii) There exists to € [0, 7] such that H(t2) ¢ B}.
In this case, for t; = 0, we obtain

17(t2) = 7)(t1)]|

AR 2>,

because 7(0) = u € B}
(iii) H(t) ¢ XN Bg\, and there exist ¢; and ¢y satisfying 0 < ¢; < to < 7, such that
0(t) € A3, 0 5\ A g for all t € [t1,t5] with

3

Frali(ta) —erl = and [T n(i(t)) — er| = 2L

According to the definition of k.,
. . 1 . .
19(t2) = A Iar = —ITar(0(t2)) = Tar(A(E0)]
1 . .
> H—(U/\,R(U(h)) = Cjo| = [Tnr(1(t1)) — cjo)
1

2K 4

> fhe

By Mean Value Theorem and to — t; > % 1, we have
7. d
Inr(N(T)) = Txr(w) +/ EJA,R(ﬁ(S))dS
0

.
SJA,R(U)/O () Tx r(1(s))llds

ta
S Ccr —/ UodS
t1

=cp —op(ta — t1)

which yields that (B3) is true.
Fixing 7(t) = (7., 0(t)), we have 7(t) € Xac and 7(t)(t)]q; # 0 for all j € I'.
Hence, 7(t) € T', and

~ oo
b < ma s)) < max { mg,cr — < cr.
AR < Se[l/Tg)I]l Ingr(1(s)) < X{ 0:Cr — 5 } T

However, by Lemma B4, by g — cr as A — oo uniformly holds for R > 0 large
enough, we can obtain a contradiction. Therefore, the proof of Lemma b2 is finished.
O

6. Proof of Theorem [T

Using Lemma B2, for p € (0, ) and A« > 1, we can find a nontrivial solution uy gr
for Eq. (BJ]) such that uy r € AAR NIRN B}_H for all A > A\, and R > R*.
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Now fix A > A, and let R, — 400, then there exists a solution uy, = ux g,
for Eq. (Bl) with

Urn € Ay g NI, NBYy, YneN.
By the boundedness of {uy,} in H}(RY), we may suppose that for some uy, €
H (RY),
Iar, (Urn) — d < cr,

Uy, — uy  in HyRY),

unn — uy in L (RY) for any s € [1,2%)
and

urn(z) — ur(z) ae xeRY.

By Lemma B, we have

0 < |urn(®)|] <ag, VoeR¥\Qr.
Therefore,

0 < Jur(z)| < ag, YVaoeRN\Qr.

By the same arguments as Lemma B4, we can obtain the following lemma.
Lemma 6.1. For A > 1, uy, — uy in HA(RN). Furthermore,
Fi(un,) — Fi(uy) and  F(uxn)uxn, — Ff(ux)uy in LHRY).

By Lemma B, we consider the energy functional 7y : E)\ — (—o0, +00],
1 1
Talu) = —/ (IVaul? + (AZ(z) + V() + D]ul?)dz — —/ ful? log [u[*dz
2 RN 2 RN
7 1
2* RN

It is easy to see that w) is a critical point of 7 satisfying

2"da.

|u

ux € Aﬁ = {U € (Boo)as : T RN\Q (u) >0, ||U||§,1RN\QF
< [T () — ¢l < p, Vi eT,

where

K .
Yo = {U IS H’UJH)\,Q; > ﬁ, V] S F}

and

(Eoo)e = {u €Ey: é%f |l — U||A7QJ/_ <{¢ Vje F}.

Proof of Theorem [Tl Let A\, — +00 and py, € (0, ) with p, — 0, then there
exists a solution u, € A} of Eq. (ICT)) with A = A,,. Therefore, {u,} is bounded in
H (RYM) such that

(a) 173, (un )l = 0, Vn € N;
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(b) ||u/\nH>\n,]RN\9F — 0;
(C) jAn (un) - d S cr, Where

|73 ()| = sup{(J(u), 2) : Z € HA(RY) and ||Z]] < 1}.

Taking the arguments similar to Lemma B, there exists u € H4(R") satisfying
uy, — win H{(RY), and v = 0 in RM\Qr and u is a nontrivial solution of the
following equation:

{(v +1A(2))2u + V(z)u = Yulog |ul? + [u[* ~2u  in Qr,

(6.1)
w=0 on 09r,

which implies Jr(u) > ¢p. Moreover, note that 7y, (ux,) — Er(u), then Ep(u) = d
and d > cr. Due to d < ¢r, we obtain that &r(u) = cr, which implies that u is a
least energy solution for Eq. (B1). This finishes the proof of Theorem 1. O

Proof of Theorem [L2. Since ) = U;?:le, where k is a finite positive integer,

together with Lemma B33, we obtain that the conclusion of Theorem holds.
O

Acknowledgments

The research of V. D. Radulescu is supported by the grant “Nonlinear Differential
Systems in Applied Sciences” of the Romanian Ministry of Research, Innovation
and Digitization, within PNRR-III-C9-2022-18/22.

References

[1] C. O. Alves and D. C. de Morais Filho, Existence and concentration of positive
solutions for a Schrodinger logarithmic equation, Z. Angew. Math. Phys. 69 (2018)
1-22.

[2] C. O. Alves and C. Ji, Multi-bump positive solutions for a logarithmic Schrodinger
equation with deepening potential well, Sci. China Math. 65 (2022) 1577-1598.

[3] C. O. Alves and C. Ji, Multi-peak positive solutions for a logarithmic Schrédinger
equation via variational methods, Israel J. Math. 259 (2024) 835-885.

[4] C. O. Alves and C. Ji, Multiple normalized solutions to a logarithmic Schrédinger
equation via Lusternik—Schnirelmann category, J. Geom. Anal. 34 (2024) 198.

[5] C. O. Alves and C. Ji, Existence and concentration of positive solutions for a log-
arithmic Schrodinger equation via penalization method, Calc. Var. Partial Differ.
Equ. 59 (2020) 21.

[6] C. O. Alves and V. Ambrosio, Multiple Concentrating solutions for a fractional
p-Laplacian logarithmic Schrédinger equation, Anal. Appl. 22 (2024) 311-349.

[7] A. V. Avdeenkov and K. G. Zloshchastiev, Quantum bose liquids with logarithmic
nonlinearity: Self-sustainability and emergence of spatial extent, J. Phys. B 44 (2011)
195-303.

[8] I. Bialynicki-Birula and J. Mycielski, Nonlinear wave mechanics, Ann. Phys.
100 (1976) 62-93.

[9] H. Brezis and E. Lieb, A relation between pointwise convergence of functions and
convergence of functionals, Proc. Amer. Math. Soc. 88 (1983) 486—490.



Page Proof

February 24, 2025 19:8 WSPC/S0219-5305 176-AA 2550008

© 0 N O G & W N =

S OBA A DA DA DD DD DR WWWWWOWWWWWNNDNDNNDNDDNDNDNDNDDNRERRRB B 2 B B B 2
© 0 N O OO B WNKFEF O O WWNO OO~ WNHOOOWSNOOGPRAWNERHEHOOOWSNOOGSHSEWNDNRR O

(10]

(11]

(21]

(22]

23]

24]

(25]

[26]

Multi-bump solutions for critical Schrédinger equations 37

D. Cao and Z. Tang, Existence and uniqueness of multi-bump bound states of non-
linear Schrédinger equations with electromagnetic fields, J. Differ. Equ. 222 (2006)
381-424.

J. Chabrowski, Concentration-compactness principle at infinity and semilinear elliptic
equations involving critical and subcritical Sobolev exponents, Calc. Var. Partial
Differ. Equ. 3 (1995) 493-512.

P. d’Avenia and C. Ji, Multiplicity and concentration results for a magnetic
Schrodinger equation with exponential critical growth in ]RQ, Int. Math. Res. Not.
2022 (2022) 862-897.

Y. H. Ding and K. Tanaka, Multiplicity of positive solutions of a nonlinear
Schrodinger equation, Manuscripta Math. 112 (2003) 109-135.

W. Feng, X. Tang and L. Zhang, Existence of a positive bound state solution for
logarithmic Schrodinger equation, J. Math. Anal. Appl. 531 (2024) 127861.

E. F. Hefter, Application of the nonlinear Schrédinger equation with a logarithmic
inhomogeneous term to nuclear physics, Phys. Rev. A 32 (1985) 1201-1204.

C. Ji and V. D. Radulescu, Multiplicity and concentration of solutions to the non-
linear magnetic Schrédinger equation, Calc. Var. Partial Differ. Equ. 59 (2020) 115.
C. Jiand A. Szulkin, A logarithmic Schrodinger equation with asymptotic conditions
on the potential, J. Math. Anal. Appl. 437 (2016) 241-254.

C. Ji and X. Ying, Existence and concentration of positive solution for a fractional
logarithmic Schrédinger equation, Differ. Integral Equ. 35 (2022) 677—704.

C. Ji and V. D. Radulescu, Multi-bump solutions for the nonlinear magnetic
Schrodinger equation with exponential critical growth in RQ, Manuscripta Math.
164 (2021) 509-542.

C. Ji, Y. Zhang and V. D. Radulescu, Multi-bump solutions for the magnetic
Schrodinger-Poisson system with critical growth, Electron. J. Qual. Theory Differ.
Equ. (2022) 21.

C. Ji and V. D. Radulescu, Multi-bump solutions for the nonlinear magnetic
Choquard equation with deepening potential well, J. Differ. Equ. 306 (2022) 251—
279.

Q. Li, K. Teng and X. Wu, Ground states for fractional Schrodinger equations with
electromagnetic fields and critical growth, Acta Math. Sci. 40 (2020) 59-74.

Q. Li, J. Nie and W. Wang, Nontrivial solutions for fractional Schrédinger equations
with electromagnetic fields and critical or supercritical growth, Qual. Theory Dyn.
Syst. 23 (2024) 65.

S. Liang, D. Repovs and B. Zhang, On the fractional Schrédinger—Kirchhoff equations
with electromagnetic fields and critical nonlinearity, Comput. Math. Appl. 75 (2018)
1778-1794.

J. Liu and P. Pucci, Existence of solutions for a double-phase variable exponent equa-
tion without the Ambrosetti-Rabinowitz condition, Adv. Nonlinear Anal. 12 (2023)
20220292.

X. Lin, X. Tang and N. Zhang, Mountain-pass-type solutions for Schrédinger equa-
tions in R? with unbounded or vanishing potentials and critical exponential growth
nonlinearities, Adv. Nonlinear Anal. 13 (2024) 20230127.

P. L. Lions, The concentration compactness principle in the calculus of variations.
The locally compact case. Part I and II, Ann. Inst. H. Poincaré Anal. Non Linéaire
1 (1984) 109-145, 223-283.

G. Lauro, A note on a Korteweg fluid and the hydrodynamic form of the logarithmic
Schrodinger equation, Geophys. Astrophys. Fluid Dyn. 102 (2008) 373-380.



Page Proof

February 24, 2025 19:8 WSPC/S0219-5305 176-AA 2550008

Delete [33], because it is not used in this paper.

0 N o a0 b WN -

10

12

14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40

38 X. Sun, Y. Fu & V. D. Radulescu

29]
[30]

31]

32]

E. H. Lieb and M. Loss, Analysis, Graduate Studies in Mathematics (American Math-
ematical Society, Providence, RI, 2001).

C. Miranda, Un’osservazione su un teorema di Brouwer, Boll. Unione. Mat. Ital.
9 (1940) 5-7.

G. Palatucci and A. Pisante, Improved Sobolev embeddings, profile decomposition,
and concentration-compactness for fractional Sobolev spaces, Calc. Var. Partial Dif-
fer. Equ. 50 (2014) 799-829.

M. del Pino and P. L. Felmer, Local mountain passes for semilinear elliptic problems
in unbounded domains, Calc. Var. Partial Differ. Equ. 4 (1996) 121-137.

stlosooio S acay

[33]
(34]
(35]
(36]

[37]

[38]

(39]

[40]
[41]
[42]
[43]
[44]
[45]

[46]

M- del Pino and JDotbeautt; Theoptimat BucthideanrF2=Sebelevlogarithmie-ineeaat
ity, 7 Funct Anal 197 (260315161

P. Pucci and Y. Ye, Existence of nontrivial solutions for critical Kirchhoff-Poisson
systems in the Heisenberg group, Adv. Nonlinear Stud. 22 (2022) 361-371.

L. Shen and M. Squassina, Existence and concentration of normalized solutions for
p-Laplacian equations with logarithmic nonlinearity, J. Differ. Equ. 421 (2025) 1-49.
W. Shuai, Multiple solutions for logarithmic Schrédinger equations, Nonlinearity
32 (2019) 2201.

Y. Song and S. Shi, Existence and multiplicity solutions for the p-fractional
Schrodinger—Kirchhoff equations with electromagnetic fields and critical nonlinearity,
Complex Var. Elliptic Equ. 64 (2019) 1163-1183.

M. Squassina and A. Szulkin, Multiple solution to logarithmic Schréodinger equations
with periodic potential, Calc. Var. Partial Differ. Equ. 54 (2015) 585-597.

A. Szulkin, Minimax principles for lower semicontinuous functions and applications
to nonlinear boundary value problems, Ann. Inst. H. Poincaré Anal. Non Linéaire
3 (1986) 77-109.

K. Tanaka and C. Zhang, Multi-bump solutions for logarithmic Schrodinger equa-
tions, Calc. Var. Partial Differ. Equ. 56 (2017) 1-35.

J. Wang and Z. Yin, Multi-bump solutions for the nonlinear magnetic Schrodinger
equation with logarithmic nonlinearity, Math. Nachr. 298 (2025) 328-355.

L. Wang, K. Cheng and J. Wang, The multiplicity and concentration of positive
solutions for the Kirchhoff-Choquard equation with magnetic fields, Acta Math. Sci.
Ser. B 42 (2022) 1453-1484.

M. Willem, Minimax Theorems (Birkhauser, Boston, 1996).

M. Xiang, P. Pucci, M. Squassina and B. Zhang, Nonlocal Schrodinger Kirchhoff
equations with external magnetic field, Discrete Contin. Dyn. Syst. 37 (2017) 1631—
1649.

K. Yasue, Quantum mechanics of nonconservative systems, Ann. Phys. 114 (1978)
479-496.

K. G. Zloshchastiev, Logarithmic nonlinearity in theories of quantum gravity: Origin
of time and observational consequences, Gravit. Cosmol. 16 (2010) 288-297.



wx1656428384

wx1656428384

wx1656428384

wx1656428384
Delete [33], because it is not used in this paper.

wx1656428384


	Introduction and Main Results
	Preliminary Results
	Auxiliary Problem
	Minimax Level
	Uniform Estimates
	Proof of Theorem 1.1
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




