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1. Introduction and Main Results1

In this paper, we consider the following critical Schrödinger equations with electro-2

magnetic fields and logarithmic nonlinearity in RN :3

−(∇ + iA(x))2u + (λZ(x) + V(x))u = ϑu log |u|2 + |u|2∗−2u,

u ∈ H1(RN , C), (1.1)

where 2∗ = 2N
N−2 is the critical exponent, i is the imaginary unit, λ ≥ 1 is a parame-4

ter, V(x) ≥ 0, Z : RN → R is the non-negative continuous function with a potential5

well Ω := intZ−1(0) which has k disjoint bounded components Ω =
⋃k

j=1 Ωj .6

Recently, logarithmic Schrödinger equations attracted much attention. This7

class of equations plays a more essential role in physical applications, such as quan-8

tum mechanics, quantum optics, nuclear physics, transport and diffusion phenom-9

ena, open quantum system, effective quantum gravity. For more background on this10

topic, please see [7, 8, 15, 28, 45, 46]. Such equations originated from the following11

form:12 ⎧⎪⎪⎨⎪⎪⎩
∂tv(t, x) = iΔv(t, x) + iλv(t, x) log(|v(t, x)|2)

+ iW (t, x, |v|2)v(t, x), x ∈ R
N , t > 0,

v(0, x) = v0(x), x ∈ RN ,

where Δ is the Laplacian operator on RN , t is time, x is spatial coordinate,13

λ ∈ R\{0} denotes the force of nonlinear interaction, and W is a real-valued func-14

tion. In [8], Mycielski and Bialynicki–Birula made the first contribution to the15

study of logarithmic Schrödinger equations. They obtained the separability of non-16

interacting systems, i.e. for noninteracting subsystems, the nonlinearity does not17

introduce correlation. After that, there are many scholars focusing on the research18

of logarithmic Schrödinger equations.19

For A(x) ≡ 0, Eq. (1.1) can be reduced to the following equation:20

−Δu + (λZ(x) + V(x))u = u log |u|2, u ∈ H1(RN ). (1.2)

In [2], Alves and Ji used penalization method [32] to obtain an auxiliary equation21

corresponding to Eq. (1.2) with V(x) = 0, together with some useful estimates, they22

successfully verified that the solutions of auxiliary equation are in fact solutions of23

Eq. (1.2) when the parameter λ is sufficiently large. Finally, they applied variational24

methods to obtain the existence and multiplicity of multi-bump positive solutions25

for Eq. (1.2). Alves and Ji [4] also considered the following logarithmic Schrödinger26

equations:27 ⎧⎪⎪⎨⎪⎪⎩
−ε2Δu + V (x)u = λu + u logu2 in RN ,∫

RN

|u|2dx = a2εN ,
(1.3)

where a, ε > 0, λ ∈ R is an unknown parameter that appears as a Lagrange multi-28

plier and the potential V (x) : RN → [−1, +∞) is a continuous function. With the aid29
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of minimization techniques and Lusternik–Schnirelmann category, they obtained1

the existence of multiple normalized solutions for Eq. (1.3). In [6], Alves and2

Ambrosio were interested in the logarithmic Schrödinger equations involving frac-3

tional p-Laplacian:4 {
εsp(−Δ)s

pu + V (x)|u|p−2u = |u|p−2u log |u|p in R
N ,

u ∈ W s,p(RN ), u > 0 in RN ,
(1.4)

where (−Δ)s
p is the fractional Laplacian operator with p ∈ [2, +∞), the contin-5

uous potential V (x) : RN → R satisfies a local condition [32]. Employing varia-6

tional arguments, they obtained the existence and concentration of solutions for7

Eq. (1.4). Shen and Squassina [35] focused on the existence and concentration of8

solutions for Eq. (1.4) involving the nonlinearity λ|u|p−2u in Lp-subcritical and9

Lp-supcritical cases. Liu and Pucci [25] explored the existence of solutions for a10

double-phase variable exponent equation without the Ambrosetti–Rabinowitz con-11

dition. Note that they obtained the existence of solutions by using the Cerami12

condition instead of the classical Palais–Smale condition, so that the nonlinearity13

f(u) does not need to satisfy the Ambrosetti–Rabinowitz condition. Lin et al. [26]14

considered the existence of Mountain-pass-type solutions for Schrödinger equations15

involving critical exponential growth nonlinearities by the variational methods and16

Trudinger–Moser inequality. In addition, there are some results on this topic, please17

refer to [1, 13, 14, 18, 34, 36, 40].18

For A(x) �= 0, Xiang et al. [44] obtained the existence of multiple solutions for19

fractional Schrödinger–Kirchhoff equation involving an external magnetic poten-20

tial. Liang et al. [24] explored the existence of multiple solutions for fractional21

Schrödinger–Kirchhoff equations with electromagnetic fields and critical non-22

linearity via concentration compactness principle [31] and variational methods.23

Song and Shi [37] extended the results of [24] from the classical Laplacian to24

p-Laplacian. Li et al. [23] considered the existence of a nontrivial solution for frac-25

tional Schrödinger equations with electromagnetic fields and critical or supercritical26

nonlinearity by truncation method. Ji and Rădulescu [21] considered the existence27

and multiplicity of multi-bump solutions for the nonlinear magnetic Choquard equa-28

tion via variational methods. For more results on the existence and concentration29

of solutions for nonlinear Schrödinger equations with electromagnetic fields, please30

see [10, 12, 16, 19, 20, 22, 42]. However, there are few results on the multi-bump31

solutions of logarithmic Schrödinger equations with electromagnetic fields, even32

the critical results on this topic. In [41], Wang and Yin considered the following33

nonlinear magnetic Schrödinger equation with logarithmic nonlinearity:34

−(∇ + iA(x))2u + λZ(x)u = u log |u|2 + |u|q−2u, u ∈ H1(RN , C), (1.5)

where q ∈ (2, 2∗). Using variational methods, they got that Eq. (1.5) possesses at35

least 2k − 1 multi-bump solutions when λ > 0 is large enough.36
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Inspired by [2, 41], our aims are to obtain the existence and multiplicity of1

multi-bump solutions for Eq. (1.1). Since the appearance of critical and logarith-2

mic nonlinearities, the energy functional corresponding to Eq. (3.1) loses some other3

good properties. Therefore, we have to apply the useful arguments to verify bound-4

edness of (PS) sequence and recover the compactness via concentration compact-5

ness principle [11, 27]. Indeed, different from Eq. (1.1), Eq. in [2] merely contains6

the logarithmic nonlinearity, so it is more complicated to obtain boundedness of7

(PS) sequence in this paper. Furthermore, the nonlinearity t log |t|2 + |u|2∗ �= 08

as t → 0, so del Pino and Felmer’s method in [32] cannot be applied directly. In9

order to get the compactness of (PS) sequence in the whole space, we have to mod-10

ify penalization methods in [2]. To our best of knowledge, this paper extends and11

complements the main results obtained in [2, 41] from subcritical case to critical12

case.13

Throughout this paper, we make the following assumptions on Z(x):14

(Z1) Z ∈ C(RN , R) and Z(x) ≥ 0.15

(Z2) Ω := intZ−1(0) is a non-empty bounded open subset with smooth boundary16

and Ω = Z−1(0), where int Z−1(0) denotes the set of the interior points of17

Z−1(0).18

(Z3) There exist two positive constants b0 and M0 such that the functions Z(x)19

and V(x) satisfy20

0 < b0 < Z(x) + V(x)

for all x ∈ RN and21

|V(x)| ≤ M0 for all x ∈ R
N .

(Z4) Ω consists of k components:22

Ω = Ω1 ∪ Ω2 ∪ · · · ∪ Ωk

with Ωi ∩ Ωj = ∅ for all i �= j.23

Now we are ready to state the main results of this paper.24

Theorem 1.1. Let N ≥ 3 and (Z1)–(Z4) be satisfied. Then for any non-empty25

subset Γ of {1, 2, . . . , k}, there exist constants ϑ∗ > 0 and λ∗ = λ∗(ϑ∗) > 0 such26

that, for all ϑ ≥ ϑ∗ and λ ≥ λ∗, Eq. (1.1) has a nontrivial solution uλ. Moreover,27

the family {uλ}λ≥λ∗ has the following properties: for any sequence λn → ∞, we28

can extract a subsequence λni such that uλni
converges strongly in H1

A(RN , C) to a29

function u which satisfies u(x) = 0 for x /∈ ΩΓ and the restriction u|Ωj is a least
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energy solution of1 ⎧⎪⎪⎪⎨⎪⎪⎪⎩
−(∇ + iA(x))2u + V(x)u = ϑu log |u|2 + |u|2∗−2u in ΩΓ,

u > 0, x ∈ ΩΓ,

u = 0 on ∂ΩΓ,

where ΩΓ =
⋃

j∈Γ Ωj.2

Theorem 1.2. Assume that N ≥ 3 and (Z1)–(Z4) hold, there exist positive con-3

stants ϑ∗ and λ∗ = λ∗(ϑ∗) > 0 such that, for all ϑ ≥ ϑ∗ and λ ≥ λ∗, Eq. (1.1) has4

at least 2k − 1 solutions.5

Remark 1.1. Since the characteristics of Eq. (1.1), there is no doubt that we shall6

face some difficulties.7

(i) Compared with equations of [2, 41], Eq. (1.1) contains critical nonlinearity,8

and the lack of compactness shall occur. We apply the concentration com-9

pactness principle [11, 27] to overcome this difficulty. In contrast to equations10

in [2], Eq. (1.1) also contains electromagnetic nonlinearity, so we shall apply11

diamagnetic inequality (see (2.1)) to make some more detailed estimates.12

(ii) If we try to use variational method to study the existence of solutions for13

Eq. (1.1), the energy functional Jλ of Eq. (1.1) cannot be well defined in14

H1
A(RN , C). In fact, since there exists a function u ∈ H1

A(RN , C) such that15 ∫
RN |u|2 log |u|2dx = −∞, which makes the possibility that Jλ(u) = +∞.16

Furthermore, it is impossible to directly apply the critical points theory of C1
17

functional. In order to overcome this obstacle, inspired by [17, 38], we consider18

a decomposition on Eq. (1.1) (see Sec. 2). In addition, based on the fact that19

the energy Jλ is of class C1 in H1
A(Λ, C) with a bounded domain Λ ⊂ RN ,20

we consider to search for a solution uλ,R ∈ H1
A(BR(0)) for each R > 0 and21

λ ≥ 1 large enough. After that, passing the limit as R → +∞, we obtain the22

existence of a solution for the original equation.23

(iii) Different from the nonlinearity tp of equations in [32], it is possible to obtain the24

facts that limt→0
tp

|t| = 0 and the function tp

t is increasing for all t ∈ (0, +∞).25

The above two facts play important roles to apply the powerful arguments26

in [32]. However, the nonlinearity u log |u|2 + |u|2∗ �= 0 as t → 0. Hence, it27

is impossible to employ directly del Pino and Felmer’s method in [32] which28

brings some difficulties to deal with Eq. (1.1).29

The framework of this paper is as follows. In Sec. 2, we provide some useful30

facts which will be used later. In the following three sections, we shall verify that31

some important lemmas are true in preparation for proving Theorem 1.1. Finally,32

we obtain Theorem 1.1 and Corollary 1.2.33
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2. Preliminary Results1

In this section, we show the variational framework for Eq. (1.1) and give some2

powerful results. For any v : RN → C, we define3

∇Av := (∇ + iA)v

and4

H1
A(RN , C) := {v ∈ L2(RN , C) : |∇Av| ∈ L2(RN , R)}.

The space H1
A(RN , C) is a Hilbert space equipped with the scalar product5

〈u, v〉 := Re
∫

RN

((∇Au + iA(x)u)(∇v + iA(x)v) + uv)dx

for any u, v ∈ H1
A(RN , C), where Re denotes the real part of a complex number,6

and the bar is the complex conjugation. Moreover, we use notion ‖u‖A to denote7

the norm induced by this inner product.8

Since A ∈ L2
loc(R

N , RN ), there exists diamagnetic inequality on H1
A(RN , C) (see9

[29, Theorem 7.21]):10

|∇Au(x)| ≥ |∇|u(x)‖. (2.1)

Let11

Eλ :=
{

u ∈ H1
A(RN , C) :

∫
RN

λZ(x)|u|2dx < ∞
}

with the following norm:12

‖u‖2
λ =

∫
RN

(|∇Au|2 + (λZ(x) + V(x))|u|2)dx.

It is clear to see that (Eλ, ‖·‖λ) is also a Hilbert space and Eλ ⊂ H1
A(RN , C) for13

any λ ≥ 1. For an open set BR(0) ⊂ RN , we consider14

H1
A(BR(0)) := {u ∈ L2(BR(0), C) : |∇Au| ∈ L2(BR(0), R)},

‖u‖H1
A,R

=

(∫
BR(0)

(|∇Au|2 + |u|2)dx

) 1
2

and15

Eλ,R(BR(0), C) :=

{
u ∈ H1

A(BR(0), C) :
∫

BR(0)

λZ(x)|u|2dx < ∞
}

,

‖u‖2
λ,R =

∫
BR(0)

(|∇Au|2 + (λZ(x) + V(x))|u|2)dx.

Let H0,1
A (BR(0), C) be the Hilbert space endowed with norm ‖u‖H1

A,R
, as the closure16

of C∞
0 (BR(0), C). From (2.1), we see that if u ∈ H1

A(RN , C), then |u| ∈ H1(RN , R).17

Therefore, there exist the continuous embedding Eλ ↪→ Ls(RN , C) for all s ∈ [2, 2∗]18

and the compact embedding Eλ ↪→↪→ Ls
loc(R

N , C) for all s ∈ [1, 2∗).19
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Since the appearance of logarithmic nonlinearity in Eq. (1.1), we shall encounter1

some interesting difficulties. The energy functional Jλ : Eλ → R corresponding to2

Eq. (1.1) is defined by3

Jλ(v) =
1
2

∫
RN

(|∇Av|2 + (λZ(x) + V(x))|v|2)dx

−ϑ

∫
RN

F (v)dx − 1
2∗

∫
RN

|v|2∗
dx

with4

F (v) =
∫ v

0

t log |t|2dt =
1
2
|v|2 log |v|2 − |v|2

2
for v ∈ Eλ. Furthermore, the Fréchet derivative of Jλ is given by5

〈J ′
λ(v), φ〉 = Re

(∫
RN

(∇Av∇Aφ + (λZ(x) + V(x))vφ)dx

−ϑ

∫
RN

F ′(v)φdx −
∫

RN

|v|2∗−2vφdx

)
for v, φ ∈ Eλ. Then there exist functions u ∈ H1

A(RN , C) such that
∫

RN |u|2 log6

|u|2dx = −∞, which implies that Jλ(u) = +∞. Therefore, the energy functional Jλ7

cannot well be defined on H1
A(RN , C). In order to overcome this obstacle, inspired8

by [3, 5, 38], we consider a decomposition of the following type:9

F2(t) − F1(t) =
1
2
|t|2 log |t|2, ∀ t ∈ C,

where F1 ∈ C1(R, R) and F1 is a non-negative convex function, F2 ∈ C1(R, R)10

satisfies Sobolev subcritical growth. Indeed, fixed δ > 0 small enough, we define the11

following functions:12

F1(t) :=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0, t = 0,

−1
2
|t|2 log |t|2, 0 < |t| < δ,

−1
2
|t|2(log δ2 + 3) + 2δ|t| − δ2

2
, |t| ≥ δ

and13

F2(t) :=

⎧⎪⎪⎨⎪⎪⎩
0, |t| < δ,

1
2
|t|2 log

(
|t|2
δ2

)
+ 2δ|t| − 3

2
|t|2 − δ2

2
, |t| ≥ δ

for every t ∈ C. Therefore,14

F2(t) − F1(t) =
1
2
|t|2 log |t|2, ∀ t ∈ R. (2.2)

From [17, 38], we see that F1 and F2 satisfy the following properties:15

(f1) For δ ≈ 0+, F1 is an even and convex function with F ′
1(t)t ≥ 0 and F1 ≥ 0.16
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(f2) F2 ∈ C1(R, R) ∩ C2((δ, +∞), R) and there exists C = Cp > 0 such that1

|F ′
2(t)| ≤ C|t|p−1, ∀ t ∈ R, p ∈ (2, 2∗).

(f3) The function t �→ F ′
2(t)
t is nondecreasing for t > 0, and is also a strictly2

increasing function for t > δ.3

(f4) limt→∞
F ′

2(t)
t = ∞.4

According to the above facts, the energy functional Jλ can be rewritten as5

Jλ(u) =
1
2

∫
RN

(|∇Au|2 + (λZ(x) + V(x) + 1)|u|2)dx

+ ϑ

∫
RN

F1(u)dx − ϑ

∫
RN

F2(u)dx − 1
2∗

∫
RN

|u|2
∗
dx.

From this method, we see that Jλ can be decomposed as a sum of a C1-functional6

with a convex and lower semi-continuous functional. Therefore, we can apply the7

critical point theory of functionals in [39] to obtain the existence of solutions for8

Eq. (1.1).9

For any open set K ⊂ RN , it follows from (Z3) that10

b0‖|u|‖2
2,K ≤

∫
K

(|∇Au|2 + (λZ(x) + V(x))|u|2)dx

for all u ∈ Eλ(K, C) and λ ≥ 1, where ‖|u|‖2
2,K =

∫
K |u|2dx.11

The following result is a consequence of the above considerations.12

Lemma 2.1 ([13, Corollary 1.4]). There exist a0, b0 > 0 such that for any open13

set K ⊂ RN ,14

a0‖u‖2
λ,K ≤ ‖u‖2

λ,K − b0‖|u|‖2
2,K

for all u ∈ Eλ(K, C) and λ ≥ 1.15

We recall the second concentration-compactness principle in [11, 27] which plays16

an essential role to recover the compactness in the whole space.17

Lemma 2.2 ([27, Lemma 1.2]). Let {un} be a sequence weakly convergent to u18

in H1(RN ) such that |un|2
∗

⇀ ν and |∇un|2 ⇀ μ in the sense of measures. Then,19

for some at most countable index set I,20

(i) ν = |u|2∗
+
∑

j∈I δxj νj , νj > 0,21

(ii) μ ≥ |∇u|2 +
∑

j∈I δxj μj , μj > 0,22

(iii) μj ≥ Sν
2/2∗

j ,23

where S is the best Sobolev constant, i.e. S = inf
{∫

RN |∇u|2dx :
∫

RN |u|2∗
dx = 1

}
,24

xj ∈ RN , δxj are Dirac measures at xj and μj , νj are constants.25

Lemma 2.3 ([11]). Let {un} be a sequence weakly convergent to u in H1(RN )26

and define27

(i) ν∞ = limR→∞ lim supn→∞
∫
|x|>R

|un|2
∗
dx,28
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(ii) μ∞ = limR→∞ lim supn→∞
∫
|x|>R |∇un|2dx.1

The quantities ν∞ and μ∞ exist and satisfy2

(iii) lim supn→∞
∫

RN |un|2
∗
dx =

∫
RN dν + ν∞,3

(iv) lim supn→∞
∫

RN |∇un|2dx =
∫

RN dμ + μ∞,4

(v) μ∞ ≥ Sν
2/2∗

∞ .5

3. Auxiliary Problem6

Fix a bounded open subset Ω′
j with smooth boundary such that7

Ωj ⊂ Ω′
j

for any j ∈ {1, . . . , k} and8

Ω′
j ∩ Ω′

l = ∅ for all j �= l.

In the following, fix a non-empty subset Γ ⊂ {1, . . . , k} and R > 0 such that9

Ω′
Γ ⊂ BR(0) and10

ΩΓ =
⋃
j∈Γ

Ωj , Ω′
Γ =

⋃
j∈Γ

Ω′
j .

If we try to employ critical point theory for the energy Jλ, we have to use11

some powerful methods to obtain some compactness property. However, due to the12

unboundedness of RN , the usual Sobolev embedding is merely continuous. There-13

fore, it is impossible to prove that (PS) condition holds. We shall make a minor14

adjustments of penalization methods [13, 32] to overcome this obstacle.15

Next, we consider the auxiliary equation corresponding to Eq. (1.1). Fix con-16

stants b0 > 0 and a0 > 1 > δ, and θ > 2, ζ > θ
θ−2 > 1 satisfying ϑF ′

2(a0) + a2∗−1
0 =17

ζ−1b0.18

Now we set19

F̃ ′
2(t) :=

{
ϑF ′

2(t) + |t|2∗−2t, 0 ≤ |t| ≤ a0,

ζ−1b0|t|, |t| ≥ a0

and20

g2(x, t) := χΓ(x)(ϑF ′
2(t) + |t|2

∗−2t) + (1 − χΓ(x))F̃ ′
2(t),

where21

χΓ(x) :=

{
1, x ∈ Ω′

Γ,

0, x ∈ BR(0)\Ω′
Γ.

Moreover, the energy functional Jλ,R(u) : Eλ,R → R is defined by22

Jλ,R(u) =
∫

BR(0)

(|∇Au|2 + (λZ(x) + V(x) + 1)|u|2)dx + ϑ

∫
BR(0)

F1(u)dx

−
∫

BR(0)

G2(x, u)dx,
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where G2(x, t) =
∫ t

0
g2(x, s)ds for all (x, t) ∈ BR(0) × C. Obviously, Jλ,R ∈1

C1(Eλ,R, R) and its critical point uλ,R solves the following auxiliary equation:2 ⎧⎪⎪⎨⎪⎪⎩
−(∇ + iA(x))2u + (λZ(x) + V(x) + 1)u

= g2(x, u) − ϑF ′
1(u), x ∈ BR(0),

u = 0, on ∂BR(0).

(3.1)

Note that g2(x, s) = ϑF ′
2(s) + |s|2∗−2s for all s ∈ [0, a0] and a critical point uλ,R of3

Jλ,R(u) is a solution of the following equation:4 ⎧⎪⎪⎪⎨⎪⎪⎪⎩
−(∇ + iA(x))2u + (λZ(x) + V(x))u

= ϑu log |u|2 + |u|2∗−2u in BR(0),

u = 0 on ∂BR(0),

(3.2)

if and only if |uλ,R(x)| ≤ a0 and x ∈ BR(0)\Ω′
Γ.5

Now we verify that Jλ,R satisfies the mountain pass geometry.6

Lemma 3.1. For all λ ≥ 1, the functional Jλ,R satisfies the following conditions:7

(i) there exist α, � > 0 such that Jλ,R(u) ≥ α for any u ∈ Eλ,R with ‖u‖λ,R = �;8

(ii) there exists e ∈ Eλ,R with ‖e‖λ,R > � such that Jλ,R(e) < 0.9

Proof. (i) By (f1)−(f2), Sobolev inequality and the fact G2(x, t) ≤ ϑF2(t)+ 1
2∗ |t|2

∗
10

for all x ∈ RN , t > 0, we have11

Jλ,R(u) =
1
2

∫
BR(0)

(|∇Au|2 + (λZ(x) + V(x) + 1)|u|2)dx

+ ϑ

∫
BR(0)

F1(u)dx −
∫

BR(0)

G2(x, u)dx

≥ 1
2
‖u‖2

λ,R −
∫

BR(0)

G2(x, u)dx

≥ 1
2
‖u‖2

λ,R − ϑ

∫
BR(0)

F2(u)dx − 1
2∗

∫
BR(0)

|u|2∗
dx

≥ 1
2
‖u‖2

λ,R − ϑC‖u‖p
λ,R − C1‖u‖2∗

λ,R

> 0,

where C1 > 0 and ‖u‖λ,R = � sufficiently small.12
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(ii) Fixing 0 < ω ∈ C∞
0 (ΩΓ), by (2.2), we have1

Jλ,R(sω) =
s2

2
‖ω‖2

λ,R +
s2

2
‖|ω|‖2

2,R + ϑ

∫
BR(0)

F1(sω)dx −
∫

BR(0)

G2(x, sω)dx

= s2Jλ,R(ω) + ϑ

∫
BR(0)

[F1(sω) − s2F1(ω)]dx

+
∫

BR(0)

[s2G2(x, ω) − G2(x, sω)]dx

= s2Jλ,R(ω) + ϑ

∫
BR(0)

(
s2

2
|ω|2 log |ω|2 − s2

2
|ω|2 log s2|ω|2

)
dx

= s2

[∫
BR(0)

ϑ

2
|ω|2 log |ω|2dx

+

(
Jλ,R(ω) − ϑ

∫
BR(0)

1
2
|ω|2 log s2|ω|2dx

)]
→ −∞

as s → +∞. Consequently, there exists s0 > 0 (independent of λ > 0 and R > 0)2

large enough such that Jλ,R(s0ω) < 0, i.e. e = s0ω. The proof of Lemma 3.1 is3

completed.4

By Lemma 3.1 and a variant of mountain pass theorem without the Palais–5

Smale condition (see [43, Theorem 2.9]), we obtain that the mountain pass level6

connected with Jλ,R, denoted by cλ,R, is given by7

cλ,R = inf
γ∈Γλ,R

max
t∈[0,1]

Jλ,R(γ(t)),

where Γλ,R = {γ ∈ C([0, 1], Eλ,R) : γ(0) = 0 and Jλ,R(γ(1)) < 0}. Furthermore,8

with the aid of Lemma 3.1,9

cλ,R ≥ α > 0

for any λ ≥ 1 and R > 0 large enough.10

Lemma 3.2. Let {vn} be a (PS)cλ,R
sequence for Jλ,R, then the sequence {vn} is11

bounded in Eλ,R.12

Proof. Since {vn} is a (PS)cλ,R
sequence for Jλ,R, we have that13

Jλ,R(vn) − 1
2
〈J ′

λ,R(vn), vn〉 ≤ cλ,R + 1 + on(1)‖vn‖λ,R (3.3)

for large n. From the definition of F1(t), we obtain 1 <
F ′

1(t)t
F1(t) ≤ 2 for t > 0. Together14

with θ > 2, Lemma 2.1 and15

G2(x, t) ≤ b0

2ζ
|t|2
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for all x ∈ BR(0)\Ω′
Γ, we have1

Jλ,R(vn) − 1
θ
〈J ′

λ,R(vn), vn〉

≥
(

1
2
− 1

θ

)
‖vn‖λ,R + ϑ

∫
BR(0)

(
F1(vn) − 1

θ
F ′

1(vn)vn

)
dx

+
∫

BR(0)

(
1
θ
G′

2(x, vn)vn − G2(x, vn)
)

dx

≥
(

1
2
− 1

θ

)
‖vn‖λ,R +

∫
BR(0)\Ω′

Γ

(
1
θ
G′

2(x, vn)vn − G2(x, vn)
)

dx

≥
(

1
2
− 1

θ

)
‖vn‖λ,R −

∫
BR(0)\Ω′

Γ

G2(x, vn)dx

≥
(

1
2
− 1

θ

)
‖vn‖λ,R − b0

2ζ

∫
BR(0)\Ω′

Γ

|vn|2dx

≥
(

1
2
− 1

θ

)
(‖vn‖λ,R − b0‖|v2|‖2

2)

≥
(

1
2
− 1

θ

)
a0‖vn‖2

λ,R, (3.4)

which implies that {vn} is bounded in Eλ,R.2

Next, fixed j ∈ Γ, we denote by cj the minimax level of mountain pass theorem3

with the functional Ej : H0,1
A (Ωj) → R, defined by4

Ej(u) =
1
2

∫
Ωj

(|∇Au|2 + V(x)|u|2)dx − ϑ

2

∫
Ωj

|u|2 log |u|2dx − 1
2∗

∫
Ωj

|u|2
∗
dx.

If u is a critical point of the energy functional Ej, we say that u is a weak solution5

of the following equation:6 ⎧⎪⎪⎨⎪⎪⎩
−ΔAu + V(x)u = ϑu log |u|2 + |u|2∗−2u, x ∈ Ωj , j ∈ Γ,

u > 0, x ∈ Ωj ,

u|∂Ωj = 0.

(3.5)

In order to prove Theorem 1.1, the methods we will use include the comparison7

between some energy levels of the functional corresponding to Eq. (1.1) and the8

energy levels of other auxiliary equation associated with Eq. (1.1), as well as the9

exploration of the behavior of (PS)c sequences.10
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In this respect, we give detailed proof of the following results.1

Lemma 3.3. There exists ϑ∗ > 0 such that, for all ϑ ≥ ϑ∗, we have2

cj ∈
(

0,
1

k + 1

(
1
2
− 1

θ

)
a0S

N/2

)
for all j ∈ {1, 2, . . . , k}.

Proof. For each j ∈ {1, 2, . . . , k}, we fix a non-negative function ψj ∈ H0,1
A3

(Ωj)\{0}. We see that there exists tϑ,j ∈ (0, +∞) such that4

cj ≤ Ej(tϑ,jψj) = max
t≥0

Ej(tψj).

Therefore, we obtain5

t
2
ϑ,j

∫
Ωj

(|∇Aψj |2 + (V(x) + 1)|ψj |2)dx

= ϑtϑ,j

∫
Ωj

F ′
2(tϑ,jψj)ψjdx − ϑtϑ,j

∫
Ωj

F ′
1(tϑ,jψj)ψjdx

+ t
2∗

ϑ,j

∫
Ωj

|ψj |2
∗
dx. (3.6)

Taking the limit as tϑ,j → ∞, together with (f4) and6

F ′
1(t) ≤ C(1 + |t|), (3.7)

we deduce that7 ∫
Ωj

(|∇Aψj |2 + (V(x))|ψj |2)dx

≥
∫

Ωj

F ′
2(tϑ,jψj)
tϑ,jψj

)|ψj |2dx − C

∫
Ωj

(
1

tϑ,j
|ψj | + |ψj |2

)
dx → +∞,

which is impossible. Therefore, {tϑ,j} is bounded. Moreover, there exists a sequence8

ϑ → ∞ satisfying that tϑ,j → t0 ≥ 0. Consequently, there exists some C > 0 such9

that10

t
2
ϑ,j

∫
Ωj

(|∇Aψj |2 + V(x)|ψj |2)dx ≤ C.

If we suppose that t0 > 0, then by the first equality of (3.6), we obtain11

lim
ϑ→∞

t
2
ϑ,j

∫
Ωj

(|∇Aψj |2 + V(x)|ψj |2)dx = ∞,

which implies a contradiction. Thus, we have t0 = 0, and so tϑ,j → 0 as ϑ → +∞.12

By this fact, we have13

Ej(tϑ,jψj) → 0 as ϑ → +∞,

whence it follows that there exists ϑ∗ > 0 such that14

cj ∈
(

0,
1

k + 1

(
1
2
− 1

θ

)
a0S

N/2

)
for all j ∈ {1, 2, . . . , k} and all ϑ ∈ [ϑ∗, +∞).15
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Remark 3.1. In particular, it follows from Lemma 3.3 that1

k∑
j=1

cj ∈
(

0,

(
1
2
− 1

θ

)
a0S

N/2

)
. (3.8)

The above result is very important to obtain the following result.2

Lemma 3.4. Let (Z1)–(Z4) and (f1)–(f4) be satisfied. For any λ ≥ 1, Jλ satisfies3

the (PS)c condition with4

c ∈
(

0,

(
1
2
− 1

θ

)
a0S

N/2

)
.

Proof. Let {un} ⊂ H1
A(RN ) be a (PS)c-sequence, that is,5

Jλ(un) → c and J ′
λ(un) → 0.

From Lemma 3.2 and taking the limit as R→∞, we see that {un} is bounded6

in H1
A(RN ). By diamagnetic inequality, the boundedness of {|un|} is obtained7

in H1(RN ). Then, for some subsequence, there exists u ∈ H1
A(RN ) such that8

un ⇀ u in Eλ and H1
A(RN ).9

Now we claim that10 ∫
RN

|un|2
∗
dx →

∫
RN

|u|2∗
dx as n → ∞. (3.9)

In order to verify that this claim holds, we assume that11

|∇|un||2 ⇀ |∇|u||2 + μ and |un|2
∗

⇀ |u|2∗
+ ν (weak∗ sense of measures).

Using the concentration compactness principle [27, Lemma 1.2], there exist a count-12

able index set I, sequences {xj} ⊂ RN , {μj}, {νj} ⊂ (0,∞) such that13

ν =
∑
j∈I

δxjνj , μ ≥
∑
j∈I

δxjμj and μj ≥ Sν
2/2∗

j (3.10)

for all j ∈ I, where δxj are Dirac measures at xj and μj , νj are constants.14

Now, let xj be a singular point of the measures μ and ν. We define a cut15

off function ϕε(x) ∈ C∞
0 (RN , [0, 1]) such that ϕε(x) = 1 on B(xj , ε), ϕε(x) = 016

in R
N\B(xj , 2ε) and |∇ϕε| ≤ 2/ε in R

N . Due to the boundedness of {unϕε} in17

H1
A(RN ) and ϕε takes values in R, we see that18

〈J ′
λ(un), unϕε〉 → 0

and19

∇A(unϕε) = iun∇ϕε + ϕε∇Aun.

20
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Consequently,1 ∫
RN

|∇Aun|2ϕεdx +
∫

RN

(λZ(x) + V(x) + 1)|un|2ϕεdx

= −Re
(∫

RN

iun∇Aun∇ϕεdx

)
+ ϑ

∫
RN

(F ′
2(un)unϕε − F ′

1(un)unϕε)dx

+
∫

RN

|un|2
∗
ϕεdx + on(1). (3.11)

By the Hölder’s inequality, we deduce that2

lim sup
n→∞

∣∣∣∣Re
(∫

RN

iun∇Aun∇ϕεdx

)∣∣∣∣ = 0.

By diamagnetic inequality (see (2.1)), we have3 ∫
RN

|∇|un‖2ϕεdx ≤ ϑ

∫
RN

(F ′
2(un)unϕ − F ′

1(un)unϕε)dx

+
∫

RN

|un|2
∗
ϕεdx + on(1). (3.12)

Consequently, by the fact that un → u in Ls
loc(R

N ) for all s ∈ [1, 2∗) and ϕ has4

compact support, by (f2) and (3.7), we can obtain that5

lim
ε→0+

lim
n→∞

∫
RN

F ′
1(un)unϕεdx = lim

ε→0+
lim

n→∞

∫
RN

F ′
2(un)unϕεdx = 0, (3.13)

lim
ε→0+

lim
n→∞

∫
RN

(λZ(x) + V(x) + 1)|un|2ϕεdx = 0, (3.14)

lim
n→∞

∫
RN

|∇|un‖2ϕεdx =
∫

RN

ϕεdμ ≥
∫

RN

|∇|u‖2ϕεdx + μj (3.15)

and6

lim
n→∞

∫
RN

|un|2
∗
ϕεdx =

∫
RN

ϕεdν + νj . (3.16)

Inserting (3.13)–(3.16) into (3.12), and letting ε → 0 and n → ∞, we get7

μj ≤ νj .

Together with (3.10), we have8

νj ≥ Sν
2/2∗

j ,

which implies9

(I) νj = 0 or (II) νj ≥ SN/2.

In order to obtain the possible concentration of mass at infinity, we will apply10

the concentration compactness principle at infinity [11]. In the same way, we also
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define a cut off function ϕR ∈ C∞
0 (RN , [0, 1]) such that ϕR(x) = 0 on |x| < R and1

ϕR(x) = 1 on |x| > R + 1. Note that {unϕR} is bounded in H1
A(RN ) and ϕR takes2

values in R, we can obtain that 〈J ′
λ(un), unϕR〉 → 0, i.e.3 ∫

RN

|∇Aun|2ϕRdx +
∫

RN

(λZ(x) + V(x) + 1)|un|2ϕRdx

= −Re
(∫

RN

iun∇Aun∇ϕRdx

)
+ ϑ

∫
RN

(F ′
2(x, un)unϕR

−F ′
1(x, un)unϕR)dx +

∫
RN

|un|2
∗
ϕRdx + on(1). (3.17)

By Hölder’s inequality again, we know4

− lim
R→∞

lim
n→∞

Re
(∫

RN

iun∇Aun∇ϕRdx

)
= 0.

By (3.7) and (f2), we can obtain5

lim
R→∞

lim
n→∞

∫
RN

F ′
1(un)unϕRdx = lim

R→∞
lim

n→∞

∫
RN

F ′
2(un)unϕRdx = 0, (3.18)

lim
R→∞

lim
n→∞

∫
RN

(λZ(x) + V(x) + 1)|un|2ϕRdx = 0, (3.19)

lim
n→∞

∫
RN

|∇|un‖2ϕRdx =
∫

RN

ϕRdμ ≥
∫

RN

|∇|u‖2ϕRdx + μj (3.20)

and6

lim
n→∞

∫
RN

|un|2
∗
ϕRdx =

∫
RN

ϕRdν + νj . (3.21)

Inserting (3.18)–(3.21) into (3.12), taking the limits as R → ∞ and n → ∞, we7

obtain8

μ∞ ≤ ν∞.

Therefore, we have ν∞ ≥ Sν
2/2∗

∞ , which yields9

(III) ν∞ = 0 or (IV) ν∞ ≥ SN/2.

In what follows, we claim that (II) and (IV) cannot occur. If case (II) is true,10

for some i ∈ I, using the proof Lemma 3.2 once more, we have11

c + on(1) = Jλ(un) ≥
(

1
2
− 1

θ

)
a0‖un‖λ.

Since12 ∫
RN

((λZ(x) + V(x))|un|2)dx ≥ 0,
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it follows from the diamagnetic inequality that1 (
1
2
− 1

θ

)
a0

∫
RN

|∇|un||2dx ≤
(

1
2
− 1

θ

)
a0

∫
RN

|∇Aun|2dx

≤
(

1
2
− 1

θ

)
a0‖un‖2

λ ≤ c + on(1)

and then2 (
1
2
− 1

θ

)
a0μj ≤ c for all n ∈ N. (3.22)

Recalling that μj ≥ Sν
2/2∗

j , from (3.10) and (3.22) we obtain3

c ≥
(

1
2
− 1

θ

)
a0S

N/2,

which yields a contradiction. Consequently, νj = 0 for all j ∈ I. Similarly, we may4

verify that (IV) cannot occur for each j. Therefore, (3.9) is true.5

In the following, we assume that {un} ⊂ Eλ is a (PS)c sequence for Jλ. By6

Lemma 3.2, we obtain that the boundedness of {un} in Eλ. Without loss of gen-7

erality, we may suppose that there exist u ∈ Eλ and a subsequence {un} such8

that9

un → u in Eλ,

un → u in Ls(BR(0)), ∀ s ∈ [1, 2∗),

un → u a.e. in R
N .

By (f2), (3.7) and Lebesgue’s Theorem, we infer10 ∫
RN

F ′
2(un)undx →

∫
RN

F ′
2(u)udx

and11 ∫
RN

F ′
1(un)undx →

∫
RN

F ′
1(u)udx.

Furthermore, combined with (3.9), we have12 ∫
RN

G′
2(un)undx →

∫
RN

G′
2(u)udx.

Thus, from Brézis–Lieb Lemma [9], we have13

o(1)‖un‖λ = 〈J ′
λ(un), un〉= ‖un‖2

λ + ‖|u|‖2
2 +ϑ

∫
RN

F ′
1(un)dx −

∫
RN

G′
2(x, un)undx

= ‖un − u‖2
λ + ‖u‖2

λ + ‖|u|‖2
2 + ϑ

∫
RN

F ′
1(u)dx −

∫
RN

G′
2(x, u)udx

= ‖un − u‖2
λ + o(1)‖u‖λ,

here we use J ′
λ(u) = 0. Thus, we conclude that {un} strongly converges to u in Eλ.14

This completes the proof of Lemma 3.4.15
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Lemma 3.5. Equation (3.1) has a nontrivial solution uλ,R ∈ Eλ,R such that1

Jλ,R(uλ,R) = cλ,R, where cλ,R is the mountain pass level connected with Jλ,R.2

Proof. By Lemmas 3.1 and 3.4, we obtain the existence of a nontrivial solution3

uλ,R.4

In what follows, for each R > 0, we are interested in the behavior of a (PS)∞,R5

sequence for Jλ,R, i.e. a sequence {un} ⊂ H1
A(BR(0)) satisfying6

un ∈ Eλn,R and λn → ∞,

Jλn,R(un) → cλn,R, ‖J ′
λn,R(un)‖ → 0.

Lemma 3.6. Let {un} ⊂ H1
A(BR(0)) be a (PS)∞,R sequence. Then for some sub-7

sequence {un}, there exists u ∈ H1
A(BR(0)) such that8

un ⇀ u in H1
A(BR(0)).

Moreover,9

(i) ‖un − u‖λn,R → 0, and hence,10

un → u in H1
A(BR(0)).

(ii) u ≡ 0 in BR(0)\ΩΓ and u is a solution of11 ⎧⎨⎩−(∇ + iA(x))2u + V(x) = ϑu log |u|2 + |u|2∗−2u in ΩΓ,

u = 0 on ∂ΩΓ.
(3.23)

(iii) un also satisfies12

λn

∫
BR(0)

Z(x)|un|2dx → 0,

‖un‖2
λn,BR(0)\ΩΓ

→ 0,

‖un‖2
λn,Ω′

j
→
∫

Ωj

(|∇Au|2 + V(x)|u|2)dx for all j ∈ Γ.

Proof. From Lemma 3.2, there exists D > 0 satisfying13

‖un‖2
λn,R ≤ D, ∀n ∈ N.

Thus, {un} is bounded in H1
A(BR(0)). Moreover, we may suppose that there exists14

u ∈ H1
A(BR(0)) such that15

un ⇀ u in H1
A(BR(0))

and16

un(x) → u(x) a.e. in BR(0).
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Fixing Cm =
{
x ∈ BR(0) : Z(x) ≥ 1

m

}
, we have1 ∫

Cm

|un|2dx ≤ m

λn

∫
BR(0)

λnZ(x)|un|2dx.

So2 ∫
Cm

|un|2dx ≤ m

λn
‖un‖2

λn,R.

Using the Fatou’s lemma, we deduce that3 ∫
Cm

|u|2dx = 0

for all m ∈ N. Therefore, u(x) = 0 on
⋃+∞

m=1 Cm = BR(0)\Ω and u|Ωj ∈ H1
A(Ωj),4

j ∈ {1, . . . , k}.5

In the following, we shall verify that (i)–(iii) are satisfied.6

(i) Note that u = 0 in BR(0)\Ω and 〈J ′
λ,R(un), un−u〉 = 〈J ′

λ,R(u), un−u〉 = on(1),7

we obtain8 ∫
BR(0)

(|∇A(un − u)|2 + (λnZ(x) + V(x) + 1)|un − u|2)dx → 0,

which implies un → u in H1
A(BR(0)).9

(ii) By the facts that u ∈ H1
A(BR(0)) and u = 0 in BR(0)\Ω, we obtain u ∈ H1

A(Ω)10

or u|Ωj ∈ H1
A(Ωj) for j = 1, . . . , k. Moreover, from the facts that un → u in11

H1
A(BR(0)) and 〈J ′

λn,R(un), ϕ〉 → 0 as n → +∞ for each ϕ ∈ C∞
0 (ΩΓ), we12

know13

Re
(∫

ΩΓ

(∇Au∇Aϕ + (V(x) + 1)uϕ)dx + ϑ

∫
ΩΓ

F ′
1(u)ϕdx

−ϑ

∫
ΩΓ

F ′
2(u)ϕdx −

∫
ΩΓ

|u|2∗−2uϕdx

)
= 0,

so u|ΩΓ solves Eq. (3.23). In addition, we infer that14 ∫
Ωj

(|∇Au|2 + (V(x) + 1)u2)dx + Re

(∫
Ωj

ϑF ′
1(u)udx −

∫
Ωj

F̃ ′
2(u)udx

)
= 0

for each j ∈ {1, 2, . . . , k}\Γ. By F ′
1(t)t ≥ 0, Lemma 2.1 and F̃ ′

2(t)t ≤ b0|t|2 for all15

t ∈ R+, we deduce16

a0‖u‖2
λ,Ωj

≤ ‖u‖2
λ,Ωj

− b0‖|u|‖2
λ,Ωj

≤ ‖u‖2
λ,Ωj

− Re

(∫
Ωj

F̃ ′
2(u)udx

)
≤ 0.

Therefore, u|Ωj = 0 for j ∈ {1, 2, . . . , k}\Γ. This implies u = 0 in BR(0) \ ΩΓ.17
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In the following, we verify that (iii) holds. From (i), we deduce that1 ∫
BR(0)

λnZ(x)|un|2dx =
∫

BR(0)\ΩΓ

λnZ(x)|un|2dx

=
∫

BR(0)\ΩΓ

λnZ(x)|un − u|2dx

≤ ‖un − u‖2
λn,R → 0 (3.24)

as n → ∞.2

Furthermore, invoking (i) and (ii), we see3

‖un‖2
λn,BR(0)\ΩΓ

→ 0

and4

‖un‖2
λn,Ω′

j
→
∫

Ωj

(|∇Au|2 + V(x)|u|2)dx for all j ∈ Γ.

Indeed, by u = 0 in BR(0)\Ω, u = 0 in Ωj for j ∈ {1, 2, . . . , k}\Γ and un → u5

in H1
A(BR(0)), we have ‖un‖2

λn,BR(0)\ΩΓ
→ 0. It follows from (3.24) that the last6

conclusion holds.7

Using the similar arguments to Lemmas 3.6 and 3.2, we also have the following8

result which will be used in Sec. 3.9

Lemma 3.7. Assume that un ∈ Eλn,Rn is a (PS)∞,Rn sequence with Rn → +∞,10

i.e.11

un ∈ Eλn,Rn and λn → ∞,

Jλn,Rn(un) → c with c ∈
(

1
2
− 1

θ

)
a0S

N/2, ‖J ′
λn,Rn

(un)‖ → 0.

Then for some subsequence, still denoted by {un}, there exists u ∈ H1
A(RN ) such12

that13

un ⇀ u in H1
A(RN ).

Moreover,14

(i) ‖un − u‖λn,Rn → 0, and further15

un → u in H1
A(RN ).

(ii) u ≡ 0 in RN\ΩΓ and u solves the following equation:16 ⎧⎨⎩−(∇ + iA(x))2u + V(x)u = ϑu log |u|2 + |u|2∗−2u in ΩΓ,

u = 0 on ∂ΩΓ.
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(iii) un also satisfies1

λn

∫
BRn (0)

Z(x)|un|2dx → 0,

‖un‖2
λn,BRn(0)\ΩΓ

→ 0,

‖un‖2
λn,Ω′

j
→
∫

Ωj

(|∇u|2 + V(x)|u|2)dx for all j ∈ Γ.

Proof. Invoking the boundedness of Jλn,Rn(un) in Eλn,Rn , we see that {un} is2

also bounded in Eλn,Rn . Therefore, we may suppose that there exists u ∈ H1
A(RN )3

such that4

un ⇀ u in H1
A(RN ),

un(x) → u(x) a.e. in R
N

and u(x) = 0 on RN\Ω.5

(i) From Lemma 3.4, we obtain6

Re
(∫

RN

G′
2(x, un)�dx

)
→ Re

(∫
RN

G′
2(x, u)�dx

)
, ∀� ∈ C∞

0 (RN ),

Re
(∫

RN

G′
2(x, un)undx

)
→ Re

(∫
RN

G′
2(x, u)udx

)
and7 ∫

RN

G2(x, un) →
∫

RN

G′
2(x, u)dx.

By limn→∞〈J ′
λn,Rn

(un), �〉 = 0 for all � ∈ C∞
0 (RN ) and the boundedness of {un}8

in Eλn,Rn , we know9

Re
(∫

RN

(∇Au∇A� + (V(x) + 1)u�)dx +
∫

RN

F ′
1(u)�dx

)

= Re
(∫

RN

G′
2(x, u)�dx

)
.

Therefore, one has10

Re
(∫

RN

(|∇Au|2 +(V(x)+ 1)|u|2)dx +
∫

RN

F ′
1(u)udx

)
= Re

(∫
RN

G′
2(x, u)udx

)
.

Together with the fact limn→∞〈J ′
λn,Rn

(un), un〉 = 0, i.e.11 ∫
RN

(|∇Aun|2 + (λnZ(x) + V(x) + 1)|un|2)dx +
∫

RN

F ′
1(un)undx

=
∫

RN

G′
2(x, un)undx + on(1),
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we have1

lim
n→+∞

(∫
RN

(|∇Aun|2 + (λnZ(x) + V(x) + 1)|un|2)dx +
∫

RN

F ′
1(un)undx

)
=
∫

RN

(|∇Au|2 + (V(x) + 1)|u|2)dx +
∫

RN

F ′
1(u)udx,

up to subsequence if necessary, we have2

un → u in H1
A(RN ), λn

∫
RN

Z(x)|un|2dx → 0,∫
RN

V(x)|un|2dx →
∫

RN

V(x)|u|2dx

and3

F ′
1(un)un → F ′

1(u)u in L1(RN ).

Since F1 is convex, even and F (0) = 0, we know that F ′
1(t)t ≥ F1(t) ≥ 0 for all4

t ∈ C. Hence, using Lebesgue dominated convergence theorem, it holds5

F1(un) → F1(u) in L1(RN ).

Therefore,6

‖un − u‖2
λn,Rn

=
∫

RN

|∇Aun −∇Au|2dx +
∫

RN

(V(x) + 1)|un − u|2dx

+ λn

∫
RN

Z(x)|un|2dx → 0

as n → ∞. Therefore, (i) holds. By the arguments similar to Lemma 3.6, we have7

that (ii) and (iii) hold.8

In the following, we shall consider the boundedness outside Ω′
Γ for the solutions9

of Eq. (3.1).10

Lemma 3.8. Let uλ,R be a nontrivial solution of Eq. (3.1) satisfying11

sup
λ≥1

(Jλ,R(uλ,R)) <

(
1
2
− 1

θ

)
a0S

N/2

for R > 0 large enough. Then there exists D > 0 independent of λ ≥ 1 and R > 0,12

and R∗ > 0 such that13

‖|uλ,R|‖∞,R ≤ D, ∀λ ≥ 1, R ≥ R∗.

In particular, uλ,R solves original Eq. (1.1).14
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Proof. Consider λ ≥ 1, L > 0 and β > 1, and let1

|uL,λ| :=

⎧⎨⎩|uλ,R| if |uλ,R| ≤ L,

L if |uλ,R| > L,

|zL,λ| = |uL,λ|2(β−1)|uλ,R| and ωL,λ = |uλ,R||uL,λ|β−1.

Since uλ,R is a nontrivial solution to Eq. (3.1), we have2

−(∇ + iA(x))2uλ,R + (λZ(x) + V(x) + 1)uλ,R = g2(x, uλ,R) − ϑF ′
1(uλ,R).

With the aid of Kato’s inequality3

Δ|uλ,R| ≥ Re
(

uλ,R

|uλ,R|
(∇ + iA(x))2uλ,R

)
,

we obtain that4

−Δ|uλ,R| + (λZ(x) + 1)|uλ,R| ≤ g2(x, |uλ,R|) − ϑF ′
1(|uλ,R|), x ∈ R

N .

Taking zL,λ as a test function in the inequality above, we have5 ∫
BR(0)

|uL,λ|2(β−1)|∇|uλ,R||2dx + 2(β − 1)

×
∫

BR(0)

|uL,λ|2β−3|uλ,R|∇|uλ,R|∇|uL,λ|dx

+
∫

BR(0)

(λZ(x) + V(x) + 1)|uL,λ|2(β−1)|uλ,R|2dx

+ ϑ

∫
BR(0)

F ′
1(|uλ,R|)|uL,λ|2(β−1)|uλ,R|dx

≤
∫

BR(0)

G′
2(x, |uλ,R|)|uL,λ|2(β−1)|uλ,R|dx. (3.25)

Fixed ϑ > 0. According to the definition of G2 and (f2), we infer that6

G′
2(x, t) ≤ ϑF ′

2(t) + |t|2∗−1 ≤ Cϑtp−1 + |t|2∗−1 (3.26)

for all (x, t) ∈ RN × R+ and p ∈ (2, 2∗). Hence, by (3.25) and (3.26), we deduce7 ∫
BR(0)

(|∇ωL,λ|2 + |ωL,λ|2)dx

≤ Cϑ

∫
BR(0)

|uλ,R|p|uL,λ|2(β−1)dx +
∫

BR(0)

|uλ,R|2
∗
|uL,λ|2(β−1)dx

= Cϑ

∫
BR(0)

|uλ,R|p−2|ωL,λ|2dx +
∫

BR(0)

|uλ,R|2
∗−2|ωL,λ|2(β−1)dx. (3.27)
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Invoking the Hölder’s inequality, we see that1 ∫
BR(0)

|uλ,R|p−2|ωL,λ|2dx

≤ Cβ2

(∫
BR(0)

|uλ,R|pdx

) p−2
p
(∫

BR(0)

|ωL,λ|pdx

) 2
p

(3.28)

and2 ∫
BR(0)

|uλ,R|2
∗−2|ωL,λ|2dx

≤ Cβ2

(∫
BR(0)

|uλ,R|2
∗
dx

) 2∗−2
2∗
(∫

BR(0)

|ωL,λ|2
∗
dx

) 2
2∗

. (3.29)

Moreover, it follows from Sobolev inequality that3 (∫
BR(0)

|ωL,λ|2
∗
dx

) 2
2∗

≤ C

∫
BR(0)

(
|∇ωL,λ|2 + |ωL,λ|2

)
dx. (3.30)

By (3.27)–(3.30), Sobolev inequality and the boundedness of {uλ,R} in Eλ,R, there4

exists a constant C̃ > 0 such that5 (∫
BR(0)

|ωL,λ|2
∗
dx

) 2
2∗

≤ C

∫
BR(0)

(|∇ωL,λ|2 + |ωL,λ|2)dx

≤ Cβ2

⎧⎨⎩ϑ

(∫
BR(0)

|uλ,R|pdx

) p−2
p
(∫

BR(0)

|ωL,λ|pdx

) 2
p

+

(∫
BR(0)

|uλ,R|2
∗
dx

) 2∗−2
p
(∫

BR(0)

|ωL,λ|2
∗
dx

) 2
2∗
⎫⎬⎭

≤ C̃β2

⎛⎝ϑ

(∫
BR(0)

|ωL,λ|pdx

) 2
p

+

(∫
BR(0)

|ωL,λ|2
∗
dx

) 2
2∗
⎞⎠.

Taking C̃β2 ∈ (0, 1), we have6 (∫
BR(0)

|ωL,λ|2
∗
dx

) 2
2∗

≤ C̃β2ϑ

(∫
BR(0)

|ωL,λ|pdx

) 2
p

.
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By the Fatou’s Lemma for variable L, we obtain1 (∫
BR(0)

|uλ|2
∗βdx

) 2
2∗

≤ C̃β2ϑ

(∫
BR(0)

|uλ|pβdx

) 2
p

.

Therefore,2 (∫
BR(0)

|uλ|2
∗βdx

) 1
2∗β

≤ C̃
1
2β β

1
β ϑ

1
2β

(∫
BR(0)

|uλ|pβdx

) 1
pβ

. (3.31)

Since Jλ,R(uλ,R) is bounded in Eλ,R and uλ,R solves Eq. (3.1), and by the arguments3

similar to Lemma 3.2, there exists C > 0 satisfying4

‖uλ,R‖λ,R ≤ C

for λ ≥ 1 and R > 0 large enough. Passing the limits as λn → +∞ and Rn → +∞,5

we see that uλn,Rn satisfies the assumption of Lemma 3.7. Therefore, uλn,Rn → u6

in H1
A(RN ). Now, by 2 < p < 2∗, the boundedness of ‖uλn,Rn‖L2∗(RN ) in R, a well-7

known iteration argument (see [5, Lemma 3.10]) and (3.31), there exists a constant8

D1 > 0 such that9

‖|uλn,Rn |‖L∞(RN ) ≤ D1, ∀n ∈ N.

Therefore, the proof of Lemma 3.8 is completed.10

Lemma 3.9. Assume that uλ,R is a nontrivial solution of Eq. (3.1) satisfying11

sup
λ≥1

(Jλ,R(uλ,R)) <

(
1
2
− 1

θ

)
a0S

N/2.

Then there exist λ′ > 1 and R′ > 0 satisfying12

‖|uλ,R|‖∞,BR(0)\Ω′
Γ
≤ a0,

for any λ ≥ λ′ and R ≥ R′. Moreover, uλ,R solves original Eq. (3.2) for any λ ≥ λ′
13

and R ≥ R′.14

Proof. Choose R0 > 0 large enough such that Ω′
Γ ⊂ BR0(0) and fix a neighborhood15

D of ∂Ω′
Γ satisfying16

D ⊂ BR0(0)\ΩΓ,

together with Moser’s iteration, there exists C > 0 independent of λ such that17

‖|uλ,R|‖L∞(∂Ω′
Γ) ≤ C‖|uλ,R|‖L2∗ (D)

for any R≥R0. Passing the limits as λn → +∞ and Rn → +∞ and using18

Lemma 3.7, we have uλn,Rn → 0 in H1
A(BRn(0)\ΩΓ) for some subsequence, and19
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then uλn,Rn → 0 in H1
A(BR0(0)\ΩΓ), so1

‖|uλn,Rn |‖L2∗(D) → 0 as n → ∞.

Hence, there exists n0 ∈ N such that2

‖|uλn,Rn |‖L∞(∂Ω′
Γ) ≤ a0, ∀n ≥ n0.

Now, for n ≥ n0 we set ûλn,Rn : BRn(0)\Ω′
Γ → C by3

|ûλn,Rn(x)| = (|uλn,Rn(x)| − a0)+.

Therefore, ûλn,Rn(x) ∈ H1
A(BRn(0)\Ω′

Γ).4

In what follows, we shall verify that ûλn,Rn(x) = 0 in BRn(0)\Ω′
Γ. From this5

fact, we have6

‖|uλn,Rn |‖∞,BRn(0)\Ω′
Γ
≤ a0.

Indeed, choosing ûλn,Rn as a test function and extending ûλn,Rn(x) = 0 in Ω′
Γ, we7

obtain8

Re

(∫
BRn(0)\Ω′

Γ

∇Auλn,Rn∇Aûλn,Rndx

+
∫

BRn (0)\Ω′
Γ

(λnZ(x) + V(x) + 1)uλn,Rn ûλn,Rndx

)

≤ Re

(∫
BRn (0)\Ω′

Γ

F̃ ′
2(uλn,Rn)ûλn,Rndx

)
.

Since9 ∫
BRn (0)\Ω′

Γ

∇Auλn,Rn∇Aûλn,Rndx =
∫

BRn (0)\Ω′
Γ

|∇ûλn,Rn |2dx,

Re

(∫
BRn (0)\Ω′

Γ

(λnZ(x) + V(x) + 1)uλn,Rn ûλn,Rndx

)

= Re

(∫
(BRn(0)\Ω′

Γ)+

(λnZ(x) + V(x) + 1)(ûλn,Rn + a0)ûλn,Rndx

)
and10

Re

(∫
BRn (0)\Ω′

Γ

F̃ ′
2(uλn,Rn)ûλn,Rndx

)

= Re

(∫
(BRn (0)\Ω′

Γ)+

F̃ ′
2(uλn,Rn)
uλn,Rn

(ûλn,Rn + a0)ûλn,Rndx

)
,

where11

(BRn(0)\Ω′
Γ)+ = {x ∈ BRn(0)\Ω′

Γ : |uλn,Rn(x)| > a0}.
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By the facts above, we deduce1

Re

(∫
(BRn (0)\Ω′

Γ)+

(
(λnZ(x)+V(x)+ 1) − F̃ ′

2(uλn,Rn)
uλn,Rn

)
(ûλn,Rn + a0)ûλn,Rndx

)

+
∫

BRn (0)\Ω′
Γ

|∇ûλn,Rn |2dx ≤ 0.

It follows from the definition of F̃ ′
2, (Z3) and ζ > 1, we have2

(λnZ(x) + V(x) + 1) − F̃ ′
2(uλn,Rn)
uλn,Rn

≥ b0

(
1 − 1

ζ

)
+ 1 > 0 in (BRn(0)\Ω′

Γ)+.

Therefore, |ûλn,Rn | = 0 in (BRn(0)\Ω′
Γ)+ and BRn(0)\Ω′

Γ. Moreover, there exist3

λ′ > 0 and R′ > 0 such that4

‖|uλ,R|‖∞,BR(0)\Ω′
Γ
≤ a0

for any λ ≥ λ′ and R ≥ R′. Therefore, we finish the proof of Lemma 3.9.5

4. Minimax Level6

In this section, for any λ ≥ 1 and j ∈ Γ, we consider the following two functionals:7

Ej(u) =
1
2

∫
Ωj

(|∇Au|2 + (V(x) + 1)|u|2)dx − 1
2∗

∫
Ωj

|u|2
∗
dx − ϑ

2

∫
Ωj

|u|2 log |u|2dx

and8

Eλ,j(u) =
1
2

∫
Ω′

j

(|∇Au|2 + (λZ(x) + V(x) + 1)|u|2)dx − 1
2∗

∫
Ωj

|u|2
∗
dx

− ϑ

2

∫
Ω′

j

|u|2 log |u|2dx,

which are related to the following logarithmic equations:9 ⎧⎨⎩−(∇ + iA(x))2u + V(x)u = |u|2∗−2u + ϑu log |u|2 in Ωj ,

u = 0 on ∂Ωj

(4.1)

and10 ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
−(∇ + iA(x))2u + (λZ(x) + V(x))u

= |u|2∗−2u + ϑu log |u|2 in Ω′
j ,

∂u

∂η
= 0 on ∂Ω′

j.

(4.2)

Clearly, Ej and Eλ,j satisfy the mountain pass geometry. Due to the boundedness11

of Ωj and Ω′
j, Ej and Eλ,j satisfy the (PS)c condition, together with the same12
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arguments in Sec. 3, then there exist two nontrivial functions wj ∈ H1
A(Ωj) and1

wλ,j ∈ H1
A(w′

j) satisfying2

Ej(wj) = cj, Eλ,j(wλ,j) = cλ,j and E ′
j(wj) = E ′

λ,j(wλ,j) = 0,

where3

cj = inf
γ∈Υj

max
t∈[0,1]

Ej(γ(t)),

cλ,j = inf
γ∈Υλ,j

max
t∈[0,1]

Eλ,j(γ(t))

and4

Υj = {γ ∈ C([0, 1], H0,1
A (Ωj)) : γ(0) = 0 and Ej(γ(1)) < 0},

Υλ,j = {γ ∈ C([0, 1], H1
A(Ω′

j)) : γ(0) = 0 and Eλ,j(γ(1)) < 0}.

In fact, a simple computation implies5

cj = inf
u∈Mj

Ej(u),

cλ,j = inf
u∈M′

j

Eλ,j(u),

where6

Mj = {u ∈ H0,1
A (Ωj)\{0} : E ′

j(u)u = 0}

and7

M′
j = {u ∈ H1

A(Ω′
j)\{0} : E ′

λ,j(u)u = 0}.

In addition, by a direct computation, there exists κ > 0 satisfying: if u ∈ Mj for8

any j ∈ Γ, then9

‖u‖j > κ, (4.3)

where ‖·‖j is defined by10

‖u‖2
j =

∫
Ωj

(|∇Au|2 + V(x)|u|2)dx.

Particularly, it follows from wj ∈ Mj that ‖wλ,j‖j > κ, where wλ,j = wj |Ωj for all11

j ∈ Γ.12

Moreover, we obtain the following important result.13

Lemma 4.1. For j ∈ Γ, the following properties are satisfied:14

(i) 0 < cλ,j ≤ cj for all λ ≥ 1.15

(ii) cj (cλ,j , respectively) is a least energy level for Ej(u) (Eλ,j(u), respectively).16

(iii) cλ,j → cj as j → ∞.17
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Proof. By the arguments similar to Lemma 5.1 in [24], we can obtain the conclu-1

sions of Lemma 4.1, so we omit them here.2

In the following, cΓ =
∑l

j=1 cj with cΓ ∈ (0, (1
2 − 1

θ )a0S
N/2) and T > 0 is a3

constant sufficiently large, which does not depend on λ and R > 0 large enough,4

such that5

0 <

〈
E0

j ′
(

1
T ωj

)
,

1
T ωj

〉
, 〈E ′

j(T ωj), T ωj〉 < 0, ∀ j ∈ Γ. (4.4)

Therefore, it follows from the definition of cj that6

max
s∈[1/T 2,1]

Ej(sT ωj) = cj

for all j ∈ Γ. Without loss of generality, we consider Γ = {1, 2, . . . , l} with l ≤ k7

and fix8

γ0(s1, s2, . . . , sl)(x) =
l∑

j=1

sjT ωj(x), ∀ (s1, s2, . . . , sl) ∈ [1/T 2, 1]l,

Γ∗ = {γ ∈ C([1/T 2, 1]l, Eλ,R\{0}) : γ = γ0 on ∂([1/T 2, 1]l)}

and9

bλ,R,Γ = inf
γ∈Γ∗

max
(s1,s2,...,sl)∈[1/T 2,1]l

Jλ,R(γ(s1, s2, . . . , sl)).

Note that γ0 ∈ Γ∗, then Γ∗ �= ∅ and bλ,R,Γ is well defined.10

Lemma 4.2. For each γ ∈ Γ∗, there exists (t1, t2, . . . , tl) ∈ [1/T 2, 1]l satisfying11

E ′
λ,j(γ(t1, . . . , tl))γ(t1, . . . , tl) = 0 for j ∈ {1, . . . , l}.

Proof. Let γ ∈ Γ∗, we consider the map γ̂ : [1/T 2, 1]l → Rl defined by12

γ̂(s1, . . . , sl) = (E ′
λ,1(γ(s1, . . . , sl))γ(s1, . . . , sl), . . . , E ′

λ,l

(γ(s1, . . . , sl))γ(s1, . . . , sl)).

For any (s1, . . . , sl) ∈ ∂([1/T 2, 1]l), we have13

γ(s1, . . . , sl) = γ0(s1, . . . , sl).

Hence, with the aid of (4.4) and Miranda’s theorem [30], we complete the proof of14

Lemma 4.2.15

By the same arguments as that of [24, Lemma 5.3], we have the following results.16

Lemma 4.3. The following facts are satisfied:17

(a) For any λ ≥ 1 and R > 0 large enough,
∑l

j=1 cλ,j ≤ bλ,R,Γ ≤ cΓ.18

(b) For γ ∈ Γ∗ and (s1, . . . , sl) ∈ ∂([1/T 2, 1]l),19

Jλ,R(γ(s1, . . . , sl)) < cΓ, ∀λ > 0.
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Lemma 4.4. The following facts are true:1

(a) bλ,R,Γ is a critical value of Jλ,R for λ ≥ 1 and R > 0 large enough.2

(b) bλ,R,Γ → cΓ, when λ → +∞ uniformly for R > 0 large enough.3

Proof. By the arguments similar to that of [24, Corollary 5.1], we can finish the4

proof of Lemma 4.4, so we omit these here.5

5. Uniform Estimates6

First of all, we define J cΓ
λ,R and Σ by7

J cΓ
λ,R := {u ∈ Eλ,R : Jλ,R(u) ≤ cΓ}

and8

Σ :=
{
u ∈ Eλ,R : ‖u‖λ,Ω′

j
>

κ

2T , ∀ j ∈ Γ
}
,

where κ and T are fixed in (4.3) and (4.4), respectively. Fixing ς = κ
8T and μ > 0,9

we define10

Aλ
μ,R = {u ∈ Σ2ς : Jλ,BR(0)\Ω′

Γ
(u) ≥ 0, ‖u‖2

λ,BR(0)\ΩΓ
≤ μ, |Eλ,j(u) − cj |

≤ μ, ∀ j ∈ Γ},

where Σr denotes the set11

Σr =
{

u ∈ Eλ,R : inf
v∈Σ

‖u − v‖λ,Ω′
j
≤ r, ∀ j ∈ Γ

}
for r > 0.

By w =
∑l

j=1 wj ∈ Aλ
μ,R ∩ J cΓ

λ,R, we obtain that Aλ
μ,R ∩ J cΓ

λ,R �= ∅.12

Now, we shall show uniform estimate of ‖J ′
λ,R(u)‖ in the set (Aλ

2μ,R\Aλ
μ,R) ∩13

J cΓ
λ,R.14

Lemma 5.1. For each μ > 0, there exist λ∗ > 1, R∗ > 0 large enough and σ0 > 015

independent of λ and R > 0 sufficient large such that16

‖J ′
λ,R(u)‖ ≥ σ0 for λ ≥ λ∗, R ≥ R∗ and u ∈ (Aλ

2μ,R\Aλ
μ,R) ∩ J cΓ

λ,R.

Proof. Arguing by contradiction, we assume that there exist λn, Rn → ∞ and17

un ∈ (Aλn

2μ,Rn
\Aλn

μ,Rn
) ∩J cΓ

λn,Rn
such that18

‖J ′
λn,Rn

(un)‖ → 0.

Since un ∈ Aλn

2μ,Rn
, we know that {‖un‖λn,Rn} and Jλn,Rn(un) are both bounded19

in Eλn,Rn . By Lemma 3.7, we may extract a subsequence such that un → u in20
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H1
A(ΩΓ) and u is a solution of Eq. (4.1). Moreover, we obtain1

un → u in H1
A(RN ),

‖un‖2
λn,BRn (0)\ΩΓ

→ 0 and Jλn,Rn{un} → EΓ(u) ∈ (−∞, cΓ].

Note that {un} ⊂ Σ2ς , it holds2

‖un‖2
λn,Ω′

j
>

κ

4T , ∀ j ∈ Γ.

Taking the limit as n → +∞, we obtain that3

‖u‖2
j ≥ κ

4T > 0, ∀ j ∈ Γ.

This implies u|Ωj �= 0, j = 1, . . . , l, and E ′
Γ(u) = 0. Using (4.3), we obtain4

‖u‖2
j >

κ

2T > 0, ∀ j ∈ Γ.

Therefore, EΓ(u) ≥ cΓ. On the other hand, by the facts that Eλn,Rn(un) ≤ cΓ and5

Jλn,Rn(un) → EΓ(u) as n → +∞, we obtain EΓ(u) = cΓ. Hence, for n sufficiently6

large,7

‖un‖2
j >

κ

2T , |Jλn,Rn(un) − cΓ| ≤ μ

for any j ∈ Γ. Consequently, un ∈ Aλn

μ,Rn
for large n, which contradicts un ∈8

(Aλn

2μ,Rn
\Aλn

μ,Rn
). This completes the proof of Lemma 5.1.9

Now, we define μ0 and μ∗ as follows:10

min
t∈∂[1/T 2,1]l

|EΓ(γ0(t)) − cΓ| = μ0 > 0

and11

μ∗ = min{μ1, κ, �/2},

where ς = κ
8T is given before and � > max{‖wj‖H1

0 (Ωj t) : j = 1, . . . , l}. For each12

t > 0, we also define13

Bλ
t := {u ∈ Eλ(BR(0)) : ‖u‖λ,R ≤ t}.

Lemma 5.2. Let μ ∈ (0, μ∗), λ∗ > 1 and R∗ > 0 sufficiently large as given in14

Lemma 5.1. Then there exists a nontrivial solution uλ,R of Eq. (3.1) such that15

uλ ∈ Aλ
μ,R ∩ J cΓ

λ,R ∩ Bλ
�+1 for λ ≥ λ∗ and R ≥ R∗.16

Proof. Arguing by contradiction, we suppose that there exist no critical points for17

the functional Jλ,R(u) in Aλ
μ,R ∩ J cΓ

λ,R ∩ Bλ
�+1 for λ ≥ λ∗. Since Jλ,R satisfies the18

(PS) condition, there exists a constant d̃λ > 0 such that19

‖J ′
λ,R(u)‖ ≥ d̃λ
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for all u ∈ Aλ
μ,R ∩ J cΓ

λ,R ∩ Bλ
�+1. By Lemma 5.1, we obtain1

‖J ′
λ,R(u)‖ ≥ σ0 for all u ∈ (Aλ

2μ,R\Aλ
μ,R) ∩ J cΓ

λ,R,

where σ0 > 0 is independent of λ. Now, we define Φ :Eλ,R → R, which is a contin-2

uous functional such that3

Φ(u) = 1 for u ∈ Aλ
3μ/2,R ∩ Υς ∩ Bλ

� ,

Φ(u) = 0 for u /∈ Aλ
2μ,R ∩ Υ2ς ∩ Bλ

�+1,

0 ≤ Φ(u) ≤ 1 for all u ∈ Eλ,R

and H :J cΓ
λ,R → Eλ(BR(0)) is a function given by4

H(u) :=

⎧⎪⎨⎪⎩
−Φ(u)

Y (u)
‖Y (u)‖ , u ∈ Aλ

2μ,R ∩ Bλ
�+1,

0, u /∈ Aλ
2μ,R ∩ Bλ

�+1,

where Y is a pseudo-gradient vector field for Jλ,R on A = {u ∈ Eλ,R :J ′
λ,R(u) �= 0}.5

Since J ′
λ,R(u) �= 0 for u ∈ Aλ

2μ,R ∩ ΦcΓ
λ,R, we know that H is well defined. By the6

following fact:7

‖H(u)‖ ≤ 1

for all λ ≥ λ∗ and u ∈ ΦcΓ
λ,R, we have8

d

dt
Jλ,R(η(t, u)) ≤ −Φ(η(t, u))‖J ′

λ,R(η(t, u))‖ ≤ 0, (5.1)∥∥∥∥dη

dt

∥∥∥∥
λ

= ‖H(η)‖λ ≤ 1, η(t, u) = u for all t ≥ 0 and

u ∈ J cΓ
λ,R\(Aλ

2μ,R ∩ Bλ
r+1), (5.2)

where the deformation flow η : [0,∞) × J cΓ
λ,R → J cΓ

λ,R defined by9

dη

dt
= H(η) and η(0, u) = u ∈ J cΓ

λ,R.

Next, we consider two paths:10

(1) The path t → η(t, γ0(t)), where t = (t1, . . . , tl) ∈ [1/T 2, 1]l.11

If μ ∈ (0, μ∗), we obtain12

γ0(t) /∈ Aλ
2μ,R for all t ∈ ∂([1/T 2, 1]l).

As Jλ,R(γ0(t)) ≤ cΓ for any t ∈ ∂([1/T 2, 1]l), by (5.2), we get13

η(t, γ0(t)) = γ0(t) for all t ∈ ∂([1/T 2, 1]l).

Hence, η(t, γ0(t)) ∈ Γ∗ for all t ≥ 0.14

(2) The path t → γ0(t), where t = (t1, . . . , tl) ∈ [1/T 2, 1]l.15
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In view of supp(t) ⊂ ΩΓ for all t ∈ [1/T 2, 1]l,Jλ,R(γ0(t)) does not depend on1

λ > 0. Note that2

Jλ,R(γ0(t)) ≤ cΓ, ∀ t ∈ [1/T 2, 1]l

and3

Jλ,R(γ0(t)) = cΓ ⇔ tj = 1/T , ∀ j ∈ Γ.

Therefore,4

m0 := sup{Jλ,R(u) : u ∈ γ0([1/T 2, 1]l)\Aλ
μ}

is independent of λ, R > 0 and m0 < cΓ. Moreover, we obtain that there exists a5

κ∗ > 0 satisfying6

|Jλ,R(u) − Jλ,R(v)| ≤ κ∗‖u − v‖λ,R

for any u, v ∈ Bλ
� .7

In the following, we verify that if T∗ > 0 is large enough, it holds8

max
t∈[1/T 2,1]l

Jλ(η(T∗, γ0(t))) < max
{

m0, cΓ − 1
2κ∗

σ0μ

}
. (5.3)

Indeed, write u = γ0(t), t ∈ [1/T 2, 1]l. If u /∈ Aλ
μ,R, by (5.2), we must have that9

Jλ,R(η(t, u)) ≤ Jλ(η(0, u)) = Jλ,R(u) ≤ m0

for all t ≥ 0. If u ∈ Aλ
μ,R, let η̂(t) = η(t, u), d̂λ := min{d̃λ, σ0} and T∗ = σ0μ

2κ∗d̂λ
> 0,10

now we consider the following cases:11

(1) η̂(t) ∈ Aλ
3μ/2,R ∩ Σς ∩ Bλ

� for all t ∈ [0, T∗].12

(2) η̂(t0) /∈ Aλ
3μ/2,R ∩ Σς ∩ Bλ

� for some t0 ∈ [0, T∗].13

If (1) is true, then Φ(η̂(t)) ≡ 1 and ‖J ′
λ,R(η̂(t))‖ ≥ d̂λ for all t ∈ [0, T∗]. By (5.1),14

we have15

Jλ,R(η̂(T∗)) = Jλ,R(u) +
∫ T∗

0

d

ds
Jλ,R(η̂(s))ds

≤ cΓ −
∫ T∗

0

d̂λds

= cΓ − d̂λT∗

≤ cΓ − σ0μ

2κ∗
.

If (2) is true, the following cases should be considered.16

(i) There exists t2 ∈ [0, T∗] such that η̂(t2) /∈ Σς .17

In this case, we have18

‖η̂(t2) − η̂(t1)‖λ,R ≥ δ > μ as t1 = 0,

since η̂(0) = u ∈ Σ.19
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(ii) There exists t2 ∈ [0, T∗] such that η̂(t2) /∈ Bλ
� .1

In this case, for t1 = 0, we obtain2

‖η̂(t2) − η̂(t1)‖λ,R ≥ � > μ,

because η̂(0) = u ∈ Bλ
� .3

(iii) η̂(t) /∈ Σς ∩ Bλ
� , and there exist t1 and t2 satisfying 0 ≤ t1 < t2 ≤ T∗ such that4

η̂(t) ∈ Aλ
3μ/2,R\Aλ

μ,R for all t ∈ [t1, t2] with5

|Jλ,R(η̂(t1)) − cΓ| = μ and |Jλ,R(η̂(t2)) − cΓ| =
3μ

2
.

According to the definition of κ∗,6

‖η̂(t2) − η̂(t)‖λ,R ≥ 1
κ∗

|Jλ,R(η̂(t2)) − Jλ,R(η̂(t1))|

≥ 1
κ∗

(|Jλ,R(η̂(t2)) − cj0 | − |Jλ,R(η̂(t1)) − cj0 |)

≥ 1
2κ∗

μ.

By Mean Value Theorem and t2 − t1 ≥ 1
2κ∗

μ, we have7

Jλ,R(η̂(T∗)) = Jλ,R(u) +
∫ T∗

0

d

ds
Jλ,R(η̂(s))ds

≤ Jλ,R(u) −
∫ T∗

0

Φ(η̂(s))‖J ′
λ,R(η̂(s))‖ds

≤ cΓ −
∫ t2

t1

σ0ds

= cΓ − σ0(t2 − t1)

≤ cΓ − σ0μ

2κ∗
,

which yields that (5.3) is true.8

Fixing η̃(t) = η(T∗, γ0(t)), we have η̃(t) ∈ Σ2ς and η̃(t)(t)|Ω′
j
�= 0 for all j ∈ Γ.9

Hence, η̃(t) ∈ Γ∗ and10

bλ,R,Γ ≤ max
s∈[1/T 2,1]l

Jλ,R(η̃(s)) ≤ max
{

m0, cΓ − σ0μ

2κ∗

}
< cΓ.

However, by Lemma 4.4, bλ,R,Γ → cΓ as λ → ∞ uniformly holds for R > 0 large11

enough, we can obtain a contradiction. Therefore, the proof of Lemma 5.2 is finished.12

13

6. Proof of Theorem 1.114

Using Lemma 5.2, for μ ∈ (0, μ∗) and λ∗ > 1, we can find a nontrivial solution uλ,R15

for Eq. (3.1) such that uλ,R ∈ Aλ
μ,R ∩ J cΓ

λ,R ∩ Bλ
�+1 for all λ ≥ λ∗ and R ≥ R∗.16
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Now fix λ ≥ λ∗ and let Rn → +∞, then there exists a solution uλ,n = uλ,Rn1

for Eq. (3.1) with2

uλ,n ∈ Aλ
μ,Rn

∩ J cΓ
λ,Rn

∩ Bλ
�+1, ∀n ∈ N.

By the boundedness of {uλ,n} in H1
A(RN ), we may suppose that for some uλ ∈3

H1
A(RN ),4

Jλ,Rn(uλ,n) → d̃ ≤ cΓ,

uλ,n → uλ in H1
A(RN ),

uλ,n → uλ in Ls
loc(R

N ) for any s ∈ [1, 2∗)

and5

uλ,n(x) → uλ(x) a.e. x ∈ R
N .

By Lemma 3.9, we have6

0 ≤ |uλ,n(x)| ≤ a0, ∀x ∈ R
N\ΩΓ.

Therefore,7

0 ≤ |uλ(x)| ≤ a0, ∀x ∈ R
N\ΩΓ.

By the same arguments as Lemma 3.4, we can obtain the following lemma.8

Lemma 6.1. For λ ≥ 1, uλ,n → uλ in H1
A(RN ). Furthermore,9

F1(uλ,n) → F1(uλ) and F ′
1(uλ,n)uλ,n → F ′

1(uλ)uλ in L1(RN ).

By Lemma 6.1, we consider the energy functional Jλ : Eλ → (−∞, +∞],10

Jλ(u) =
1
2

∫
RN

(|∇Au|2 + (λZ(x) + V(x) + 1)|u|2)dx − 1
2

∫
RN

|u|2 log |u|2dx

− 1
2∗

∫
RN

|u|2∗
dx.

It is easy to see that uλ is a critical point of Jλ satisfying11

uλ ∈ Aλ
μ =

{
u ∈ (Σ∞)2ς : Jλ,RN\Ω′

Γ
(u) ≥ 0, ‖u‖2

λ,RN\ΩΓ

≤ μ, |Jλ,j(u) − cj | ≤ μ, ∀ j ∈ Γ
}
,

where12

Σ∞ =
{

u ∈ Eλ : ‖u‖λ,Ω′
j

>
κ

2T , ∀ j ∈ Γ
}

and13

(Σ∞)� =
{

u ∈ Eλ : inf
v∈Σ∞

‖u − v‖λ,Ω′
j
≤ �, ∀ j ∈ Γ

}
.

Proof of Theorem 1.1. Let λn → +∞ and μn ∈ (0, μ∗) with μn → 0, then there14

exists a solution un ∈ Aλn
μn

of Eq. (1.1) with λ = λn. Therefore, {un} is bounded in15

H1
A(RN ) such that16

(a) ‖J ′
λn

(uλn)‖ = 0, ∀n ∈ N;17
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(b) ‖uλn‖λn,RN\ΩΓ → 0;1

(c) Jλn(un) → d̃ ≤ cΓ, where2

‖J ′
λ(u)‖ = sup{〈J ′

λ(u), z̃〉 : z̃ ∈ H1
A(RN ) and ‖z̃‖λ ≤ 1}.

Taking the arguments similar to Lemma 3.7, there exists u ∈ H1
A(RN ) satisfying3

uλn → u in H1
A(RN ), and u ≡ 0 in RN\ΩΓ and u is a nontrivial solution of the4

following equation:5 {
−(∇ + iA(x))2u + V(x)u = ϑu log |u|2 + |u|2∗−2u in ΩΓ,

u = 0 on ∂ΩΓ,
(6.1)

which implies JΓ(u) ≥ cΓ. Moreover, note that Jλn(uλn) → EΓ(u), then EΓ(u) = d̃6

and d̃ ≥ cΓ. Due to d̃ ≤ cΓ, we obtain that EΓ(u) = cΓ, which implies that u is a7

least energy solution for Eq. (6.1). This finishes the proof of Theorem 1.1.8

Proof of Theorem 1.2. Since Ω = ∪k
j=1Ωj , where k is a finite positive integer,9

together with Lemma 3.3, we obtain that the conclusion of Theorem 1.2 holds.10

11
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