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ABSTRACT. In this paper, we investigate a class of variable exponent double phase elliptic inclusion
systems involving anisotropic partial differential operators with logarithmic perturbation as well as
two fully coupled multivalued terms, one of them is defined in the domain and the other is defined
on the boundary, respectively. Firstly, under the suitable coercive conditions, the existence of a
weak solution for the double phase elliptic inclusion systems is verified via applying a surjectivity
theorem concerning multivalued pseudomonotone operators. Then, when the elliptic inclusion system
is considered in non-coercive framework, we employ the sub-supersolution method to establish the
existence and compactness results. Finally, we deliver several solvability properties of some special
cases with respect to the elliptic inclusion system under consideration via constructing proper sub-
and super-solutions.
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1. INTRODUCTION

This paper is concerned with the existence and compactness properties to the following variable
exponents double phase elliptic inclusion system: Find o = (01,09) € K := (K1, K3) such that

(1.1)

0e Al(O'l) + 8[}(1 (0’1) +]:1(0'170'2) + ]:[‘1 (O‘l,O'Q) in Wt (Q)*,
0e AQ(O’Q) + 6IK2(02) —|—,/—"2(0'1,0'2) + .7:1“2(0'1,0'2) in Wtz (Q)*,

where Q C RY(N > 2) is a bounded domain with Lipschitz boundary 9, for each i = 1,2 the part I';
is a relatively open subset ofOQ, I{ = 0O\T; is such that 0Q =T; NT}, for each i = 1,2 K; denotes
a closed convex subset to U0, Here, we let U™ be a closed subspace of W9 (Q) given as

(1.2) Ut = {0 e Wh9(Q) : U\Fé = O},

I, stands for the indicate function of K;, 01k, is the corresponding subdifferential in convex analysis
sense, W19 (Q)* is the dual space of the Musielak-Orlicz Sobolev space W9 () (defined in Section 2).
The lower order multivalued operator F; which depends on the gradient of solutions (called multivalued
convection term) is generated by the corresponding multivalued function f;: @ x R x R x RY x
RY — 2B\{()}, moreover, Fr, is formulated by the boundary multivalued function fr,: I'; x R x R —
2%\ {0}. Furthermore, the nonlinear and nonhomogeneous partial differential operator A;: W19 (Q) —
WL (Q)* given in (1.1) is formulated as

Gi(z, [Vo])
Vol

in which the functional G;: Q x [0, +00) — [0, 4+00) is defined by

(1.3) A = —div < Vv) for all v € W19 (Q),

(1.4) Gi(x,t) = [tm(x) + ,ui(af)tqi(x)} log(e + at) for all z € Q and for all ¢ € [0, +00)
where p;, ¢; € C(Q) fulfilling 1 < p;(z) < N, p;(z) < ¢;(z), 0 < pi(-) € LY(Q), a > 0 and e denotes the

Euler constant. Note that G; possesses unbalanced growth, i.e., for 0 < u;(-) € L>°(£2) and any € > 0
1
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one can find constants s, so > 0 satisfying the following inequalities
@) < Gi(z,t) < 51t L5y for aa. 2 € Q, all t € [0, +00).

Let pf and (p;). denote the critical Sobolev exponents of p; with 1 < p;(z) < N for all x € €, in
the domain and boundary respectively, which are defined as

(1.5) pi(z) = _Npi(z) M,
N —p;(x) N —p;i(x)
The basic assumptions with respect to problem (1.1) are imposed blow:
(HO) For each i = 1,2 fixed, p;, ¢; € C(Q) satisfying 1 < p;(x) < N as well as p;(z) < gi(x) < p}(z)
for all z € Q, also, 0 < p;(+) € L>=(9Q).
(H1) For each i = 1,2 fixed, fi: @ x R x R x RV x RN — 28\{(} and fr, : ['; x R x R — 28\ {0}
are graph measurable functions such that, for a.a. = € Q, fi(x,-,-,-,-) : R2V+2 5 2B\ [()} s
upper semicontinuous, and for a.a. z € I';, fr,(z,-,-) : R? — 2%\ {0} is upper semicontinuous.

and  (p;)«(z) =

Moreover, some local growth conditions for f; and fr, will be made later (see (H2) in Section 3 and
(H3) in Section 4).

One of the main characteristics of problem (1.1) is the presence of the nonlinear and nonhomogeneous
partial differential operator (1.3) with variable exponents and logarithmic perturbation. It can observe
that when a = 0, differential operator (1.3) reduces to the following variable exponents double phase
differential operator:

—div <|VJ Qi(w%zVU) .

If p, ¢ are two constants, then the above differential operator becomes the classical double phase
differential operator

(1.6) div (|Vo|P~2Vo + p(z)|Va|? Vo).

which was initially introduced by Zhikov ([56]) who used the corresponding integral functional

P 2Yg 4 py(z)|Vo

(1.7) UH/Q(|VU\P+M(Q;)|VU|q)dx.

for studying the complicated mechanical models with respect to strongly anisotropic materials. The
primary advantage of such integral functional is that it can precisely describe the phenomenon that
the energy density changes its ellipticity and growth properties according to the point in the domain.
In fact, we call (1.6) (or its integral functional (1.7)) as double phase operators, because operator (1.3)
exhibits the p growth when u(xz) = 0 and the ¢ growth when u(x) > 0. On the other hand, Zhikov
[57, 58] found that the double phase operators also demonstrates Lavrentiev’s phenomena, which leads
to some classical method cannot able applied to study double phase problems.

After the work of Zhikov, double phase problem has been becoming a hot-pint and challenging topic,
due to its wide application in physics and engineering, for example, in material science, non-Newton
fluid and population dynamic problems. Therefore, some important and impressive results have been
obtained, for instance, Hiisté—Ok [30] established the local C1:®-regularity of local minimizers to the
functional with unbalanced (p, ¢)-growth condition, and Beck-—Mingione [8] studied nonuniformly el-
liptic problems and proved several regularity results and prior estimates of solutions. As for papers
involving logarithmic double phase operators we refer to Arora—Crespo-Blanco-Winkert [2, 3] and
Vetro-Winkert [49], who dealt with the following the logarithmic double phase type operator

___Vol } vo|q<f>2vg> ,

q(x)(e +[Val)

and established existence and multiplicity results of various problems driven by the above operator
under different setting. For more results concerning the research of double phase problems readers
can refer to Baroni—-Colombo—Mingione [4, 5], Byun—Ok—Song [10], Fuchs—Mingione [22], Marcellini
[42, 43], Baharouni et al. [6, 7], Benci-D’Avenlia-Fortunato-Pisani [9], Liu-Dai [35], Zeng-Bai-
Gasiniski-Winkert [52], Zhang—Zhang—Réadulescu [55], Amoroso et al. [1], Baroni—-Colombo-Mingione

div <Vo'|p(z)2VU + 9(x) |log(e + |Val) +
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[4], Filippis—Mingione[14], Fuchs-Mingione [22], Ho-Kim-Zhang [31], Marcellini-Papi [38], Moussaoui
et al. [41], Ragusa—Tachikawa [45], Xiang et al. [51], and so on.

Moreover, we mention that the current work is inspired by the following researches. Recently,
Carl-Le-Winkert [12] studied the following nonlinear double phase equations without logarithmic
perturbation

veK:0e€ Av+ 0l (v) + F(v) + Fr(v)

which is driven by the variable exponents double phase operator:
(1.8) Av = div (|vv|p(z)—2vv + M(x)|vv|q(z)—2vv>

and established the existence and uniqueness results by utilizing some critical properties for operator
(1.8) given in Crespo-Blanco et al. [13]. After that, Liu-Lu—Vetro [36] extended the results of Carl-
Le-Winkert [12] to following double phase elliptic inclusion:

0€ Bv+ 0lk(w)+ F(v) + Fr(v)

in which B denotes the perturbed nonlinear and nonhomogeneous partial differential operator (intro-
duced by Vetro—Zeng [50]):

!
(1.9) Bv := —div <WV@> for all v € W92 (),
v
with
(1.10) Gr(z,t) = [t* + p(x)t?) log(e + t) for all x € Q, and for all ¢t € [0, 4+00).

Therefore, motivated by the above works, we concentrate on the variable exponent double phase elliptic
inclusion systems (1.1), which is a generalization of the above researches. As we know, this is the first
work dealing with double phase inclusion systems with variable exponent, logarithmic perturbation
and convection terms.

The second feature with respect to problem (1.1) is that our problem can be deemed an anisotropic
nonlinear nonlinear obstacle system with bilateral constraints where constraint set K; is given by

(1.11) K;={oceW"9(Q) : o(z) > n(z) a.a. in Q},

where 7:  — R is a given obstacle function. However, such model is useful for studying various
multi-body contact problems with multivalued and nonsmooth constitutive laws, namely, nonsmooth
and nonconvex elliptic systems which are coupled by several variational inequalities or hemivariational
inequalities (see Stefan [48], Lions [34], Duvaut and Lions [17], Rodrigues [47] and Zeng et al. [52, 53]).

Another challenging of problem (1.1) is that it involves two fully coupled multivalued convection
terms F; and Fy (defined in the domain 2), as well as two fully coupled boundary multivalued func-
tions Fr, and Jr,. Obviously, it is one of difficulty to study problem (1.1) that we have to overcome
the influence of coupled construct. It is well-known that equations with multivalued functions can
be widely applied to a plenty of practical problems, such as frictional contact problems with mul-
tivalued constitutive laws (see for example Panagiotopoulos [42, 43] as well as Carl and Le [11]).
On the other hand, the effect of convection may occur spontaneously in a single or multiphase fluid
flow due to the combined effects of influence of body forces on a fluid (generally gravity and den-
sity) and material heterogeneity, and the convection terms (depending on the gradient of solutions)
could describe the convection effect of different fluids flow well (see for instance, Dupaigne-Ghergu—
Rédulescu [16], El Manouni-Marino-Winkert [18], Faraci-Motreanu-Puglisi [20], Figueiredo-Madeira
[21], Gasiriski-Papageorgiou [23], Gasiniski-Winkert [24], Guarnotta—Livrea—Winkert [25], Guarnotta
et al. [26, 27, 28], Liu-Motreanu—Zeng [37], Motreanu—Tornatore [39], Motreanu—Vetro—Vetro [40],
Papageorgiou—Radulescu—Repovs [44], and Radulescu—Vetro [46]). However, due to the appearance of
the convection term, corresponding problem becomes nonvariational, that is, the standard variational
tools and relevant theory can not be applied to deal with the corresponding energy functionals, so we
have to make use of the nonvariational tools to solve our problem. This is another challenging of the
current paper.
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Finally, we point out that the elliptic inclusion systems (1.1) contain several interesting and chal-
lenging problems as special cases, and some of them have not been studied yet.
Special case 1.1. For i = 1,2, let T; = 0Q (i.e., T4 = 0, UT> = W19 (Q)) and K; is given by (1.11),
then problem (1.1) can be rewritten as the multivalued obstacle Neumann boundary elliptic inclusion

systems:
’
—div <Mval) + filz, 01,00, Vo1,Vas) 30
|V0'1|
/
—div <g2(213,v0'2|)v0_2> + fg(x,O'l,O'Q,VUl,VUQ) 30
|V02|
>
(1.12) o1(@) 2 m ()
o2(x) > ma(x)
15]
_aVO—All S fFl('r70-170—2)
0
78:—1422 S fl“g(il?7(71,(72)

in which v is the outward unit normal on T;

do; ([ Gi(z,|Vail)
v, = < Vol Vo; | -v.

in Q,

in €,

in €,
in €,

on 012,

on 0f),

Special case 1.2. For i = 1,2, let I; = 9Q (that is, [}, = 0, UTo = W19:(Q)) and K; = W19 (),
then problem (1.1) can be rewritten as the multivalued Neumann boundary elliptic inclusion systems:

- e (e l¥)

Val) + fi(z,01,02,Vo1,Vo3) 30
|V01|

/

—div (MVUQ) + fo(z,01,02,Vo1,Vo3) 30
|VO'2|

(1.13)

80’1

_3VA1
. 80’2
8VA2

€ fr,(x,01,092)

€ frg(‘T,UlaO—Q)

in €,

in Q,

on 012,

on 0.

Special case 1.3. For i = 1,2, let T = 0Q (i.e., I; = 0, UT> = W9 (Q)) and K; is given by (1.11),
then problem (1.1) can be rewritten as the multivalued Dirichlet obstacle elliptic inclusion systems:

/
—div (WV@) + fi(z,01,02,Vo1,Vo3) 30
1

/
—div (MVUQ) + fo(z,01,02,Vo1,Vo3) 30
|VO'2|

(1.14)
o1(z) > m(x)
o2(x) > ma(x)

o1(x) = o2(x) =0

in €,

in Q,
in Q,
in Q,
on 0f).

Special case 1.4. For i = 1,2, let T} = 9Q (i.e., ['; = ) and Ul = Wolg(Q)) and K; = W&’gi(ﬂ),
then problem (1.1) can be rewritten as the multivalued Dirichlet elliptic inclusion systems:

(2, |V
— div <g1(|xwl|‘”|)vol) + filz, 01,09, Vo1, Vas) 50

/
(1.15) —div (va) + fo(x,01,02,Vo1,Voa) 20

o1(x) = o2(x) =0

in Q,

in €,

on 0N.
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The remaining sections of this paper are organized as follows. In Section 2, the useful definitions
and results related to the generalized Lebesgue spaces and Musielak-Orlicz spaces generated by double
phase partial differential operator involving logarithmic perturbation (1.3) in variable exponents setting
will be given. Also, we introduce the concepts of weak solutions, sub- and supersolutions to elliptic
inclusion systems (1.1). Under a certain coercive condition, Section 3 is devoted to show the existence of
weak solutions to elliptic inclusion systems (1.1) with the help of a surjectivity theorem of multivalued
pseudomonotone operators. However, when (1.1) is considered in noncoercive framework, the existence
and compactness results could be obtain by employing the sub- and supersolution method and the
theory of nonsmooth analysis, in Section 4. While in Section 5, we make a further discussion for
Special case 1.1, and finally obtain the existence for a solution via constructing suitable sub- and
supersolutions.

2. PRELIMINARIES

In this section, we review some basic notations also some useful results about the variable exponents
Lebesgue space, most of them are given by Diening—Harjulehto-Hésto-Ruzicka [15], Fan—Zhao [19],
Harjulehto-H&sto [29] and Kovacik—Rékosnik [32]. Also, for some vital and useful properties for the
logarithmic variable exponents double phase operator as well as the corresponding Musielak-Orlicz
Sobolev spaces can be found in [54].

Let Q C RY(N > 2) be a bounded domain with Lipschitz boundary 952, and introduce the notation
C4(Q) given as

Ci(Q):={heC(Q):1< h(x) for all z € Q}.
For any r € C (Q), we give the definition of r~ and r* as

r~:=minr(z) and 7" :=maxr(z),
z€Q zeQ

and v’ € C,(Q) is the conjugate variable exponent for r, namely,
1 n 1
r(z)  r'(x)
In the sequel, we denote by M () the space of all measurable functions o :  — R. For r € C(Q2)
the corresponding variable exponent Lebesgue space is given by

Lr@(@) = {a € M(Q):: / o @ da < oo} :
Q

the modular function is formulated as follows

=1 foralzeq.

or()(0) = / lo|"@dx  for all 0 € L™®)(Q) where r € C,(Q).
Q

It is well-known that L"(*)(Q) endowed the Luxemburg norm defined as

0| ()
||O'||T(.) =infdA>0: / () der <1
a LA

is a separable and reflexive Banach space. Meanwhile, by applying the (N — 1)-dimensional Hausdorff
surface measure, the variable exponent boundary Lebesgue space (L") (9Q), llollr),00) can be defined
in a similar way. Moreover, L™ (*)(Q) is the dual space of L"®)(Q) and the Hélder type inequality
given blow is valid

1

1
[ ovlde < |2+ ol ol < 2ol ey

for all o € L™®)(Q), all v € L™ ®)(Q). Furthermore, if r1, 75 € C (Q) satisfying r1(z) < ro(x) for all
x € €, then there holds:
L=2@(Q) — LM@(Q).
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Based on the notations and definitions concerning variable exponent Lebesgue space, the definition
for the variable exponent Sooblev space can be given as follows

WO (Q) = {a e L' (Q) : |Vo| € L”(“)(Q)}
equipped with the norm
lollirey = ol + 1Vl
with | Vo ||,y = [[|[Vo]|l..). Moreover, we introduce a subspace of W"()((2), that is,
(- S
Wy (@) = @)
Actually, it can show that W) (Q) as well as W, ) (Q) are separable, reflexive and uniformly convex
Banach spaces. Also, in VVO1 ’T(‘)(Q)7 the following Poincaré inequality is available
lollrcy < ol Vollyy for all o € Wy (),
where the constant ¢y > 0. Therefore, the following norms are equivalent in space WO1 ’T(')(Q):
|oll1ry.0 = [Vall,y forall o € Wy ().

Next, Let us see the definitions of Musielak-Orlicz Lebesgue and Sobolev spaces generalized by
functionals G; and Gs (see [54] and Harjulehto-Héstd [29] for more details). Let ¢ = 1,2, then the
Musielak-Orlicz space LY (Q) with respect to functional G; (given by (1.4)) is formulated as

LY(Q) ={o € M(Q) : pg,(c) < +00}.
According to [54], we see that under assumptions (HO), H; is a N-function (refer to [54, Definition 2.7)
for its precise definition), and the modular function associated to G; is defined by

pg, (o) = / Gi(z,|o|)dz for all o € LY (),
Q

also, L9 (Q) endowed with the so-called Luxemburg norm turns out to be a reflexive and separable
Banach space (proved in [54])

lollg, = inf{/\ >0 pg, (%) < 1}_
The following proposition indicates the relation between modular pg, and the Luxemburg norm || -||g,.

Proposition 2.1. [54, Proposition 2.20] Let ¢ = 1,2, if hypotheses (HO) hold, and modular function
pg, s formulated by

i

g, = / {|o|pi(w) + ,u(ac)|0|q’i(w)} log(e + alo|)dz  for all o € LY (),
Q

then it has

() follo, =X <= pg,(5) =1 witho £0;

(ii) ||ollg, < L(resp.=1,>1) <= pg, (o) < 1l(resp.=1,>1);
Sl 3

(it) Jollg, <1 = llollg, " <pg.(0) < ||U+21, ;

. - i1

i) lollg. >1 = llollg, < pg.(0) <llolig, "

(V) llonllg; =0 <= pg,(on) = 0;

(Vi) llonllg, =00 <= pg,(on) = oo;

(vil) flonllg; =1 <= pg;(on) = 1;

(viil) 0, = 0 € LY (Q) = pg,(0n) = pg, ().
Furthermore, we consider the Musielak-Orlicz Sobolev space W9 () formulated by G;:
Wh9(Q) = {o € L9(Q) : |Vo| € L9 (Q)},
endowed with the norm
(2.1) loflig: = [lo

G, + HVU

gi?
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with |[Va|lg, = ||[[Vol|lg,- Note that W19 (Q) is a reflexive and separable Banach space as well (prove
by [54]). Furthermore, we denote the completion of C§°(€2) in W9 () by W, 91((2), which is a closed
subspace of W19 (Q). Utilizing the Poincaré inequality (given by [54, Proposition 2.23]), we have the
following equivalent norm in W, 9i(9)

g, forall o Wol’gi ().

In addition, we define the equivalent norm of space W% (), i.e.

o], = inf {A >0 g, (%) < 1},

in which the modular function is formulated as
(2.2)

po.(0) = / (19017 + (@) Vo [) log(e + a| Vo )dz + / (1o + () o) log(e +alo)dx
Q Q
for o0 € W9 (Q)

The next proposition reveals the relationship of modular pg, and norm [|o|| 5, Which is demonstrated
by [54, Proposition 2.21].

lofl1g:0 = Vo

Proposition 2.2. If hypotheses (H0) hold, and pg, is given by (2.2), then for each o € W9 (Q) we

see that

(@) llollps, =A = pg,(5) =1 with o #0;

(ii) llollpg, < l(resp.=1,>1) <= pg,(o) < 1(resp.=1,>1);
"< g, (o) < ol
ﬁgi — pgi — ﬁgi7
| af+1

pg; 7

(i) flollpg, <1 = |lo

) llollpg, =0 <= pg.(0) = 0;
(Vi ”O—”ﬁgi -0 = ﬁgi (0) — 005
(i) lolpe =1 = pg,(0) = 1;
(viii) 0, = o in WH9(Q) = pg,(0,) — pg, (7).

)
)
(i) llollpe, >1 = lol7;, < hai(o) < o
)
)
)

The following embedding results can be directly found in [54, Propositions 2.22 and 2.23].
Proposition 2.3. Fori= 1,2, if hypotheses (H0) hold, then
(i) L9(Q) < LmO(Q), W9 (Q) — WIO(Q), and WL (Q) < WL (Q) for all r; € C(Q)
such that 1 < ri(x) < pi(x) for all x € Q;
(ii) W19 (Q) s L7O(Q) and W9 (Q) < L")(Q) for all r € C(Q) such that 1 < ri(x) <
pi(z) for all z € Q;
(iil) W9 (Q) < L") (09) and W39 (Q) < L0O(09) for all r € C(Q) such that 1 <
ri(x) < (pi)«(x) for all x € ;
(iv) Wh9(Q) s LY (Q).
Take y+ = max{y, 0} and y~ = —min{y, 0} for any y € R, define o*(-) = [o(-)]* for any function
o :Q = R. According to [54, Proposition 2.24], we infer the following results.

Proposition 2.4. Let 0 € Wh9(Q), v € W01g () and {o,} € WY9(Q). If (HO) hold, then we have
(i) +o* € Wh9(Q) with V(+o*) = Voliiosoy;
(ii) if op — o in WH9(Q), then £0F — +oT in W19 (Q);
(i) v € W9 (Q).

In the sequel, we denote by W19 (Q)* and Wol’gi ()* the dual spaces of W19 (Q) and Wol’gi (Q),
respectively. For a given Banach space X, let X* be the corresponding dual space, we define K (X*)
as

K(X*)={UcC X*:U #0,U is closed and convex} .
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Definition 2.5. If X is a real reflexive Banach space, X* is the dual space of X and (-,-) denotes
their duality pairing. Then, operator B : X — X* is called
(i) completely continuous iff o, — ¢ in X implies Bo, — Bo in X*.
(ii) to satisfy the (S )-property if 0, — ¢ in X and limsup,, , . (Boy,0, —0) <0 imply 0, — 0
in X.

For i = 1,2, we define operator A; : X — X* as:

!
(2.3) (Ai(o / Gilw WZ‘”' Vo; - Voda,
for all oj,v; € Wh9(Q), here X = Wh9(Q) or X = W9 (Q) with (-,-) being the dual pairing
between X and X*.
Referring to [54], we see that for each i = 1,2, A; gets the following properties.

Proposition 2.6. For i = 1,2, if hypotheses (H1) hold, then A; (given by (2.3)) is continuous,
bounded, strictly monotone (thus mazimal monotone) and satisfies (Sy) property.

Next, we recall some important properties for multivalued operators that will be used in the proof
of our main results.

Definition 2.7. Let X be a real reflexive Banach space, X* be its dual space and (-, -) denote their
duality pairing. Then operator B : X — 2% is called

(i) pseudomonotone iff
(a) the set B(o) is nonempty, bounded, closed and convex for all o € X;
(b) B is upper semicontinuous from each finite dimensional subspace of X to the weak topol-
ogy on X*;
(¢) (on) C X with o, — 0, and o} € B(o,) being such that limsup(o}, o, — o) < 0, imply
there exists o*(v) € B(o) such that
liminf(o}, 0, — v) > (0¥ (v),0 — V).
for each element v € X.
(ii) generalized pseudomonotone iff (0,) C X and (o)) C X* with o} € B(o,) being such that

on — 0o in X, 0} — ¢* in X* and limsup(c}, o, — o) < 0 imply that the element o* lies in

B(o) and

n’

(o), 0n) = (0", 0).
(iii) coercive iff for o € X satisfying ||o||x — oo, there hold
inf{(c*,0) : 0* € B(0)}

llorllx

— +00.

Remark 2.8. B: X — 2% being a pseudomonotone implies that B is generalized pseudomonotone.
Moreover, if B is maximal monotone with D(B) = X, we infer that B is pseudomonotone.

The next proposition gives the sufficient conditions to guarantee that a generalized pseudomonotone
multivalued operator becomes a pseudomonotone multivalued operator, see also [11, Proposition 2.18].

Proposition 2.9. If X is a real reflezive Banach space, and operator B : X — 2% satisfies the
following conditions:
(i) For each o € X the set B(o) is a nonempty, closed, and convex in X*;
(ii) B: X — 2% is bounded;
(iii) B : X — 2% is generalized pseudomonotone.
Then operator B : X — 2% is pseudomonotone.

Assume I; € C(Q) with (I;)- > 1 for j = 0,1,---,m. Let F be a function from Q x R™ into
2%, For each measurable function o = (0q,--- ,0,,) : 2 — R™, we consider the multivalued function
Q3 x = Fr,00(x),- ,0m(z)) = F(z,0(z)) € 2% and denote F(o) = {v € M(Q) : v(z) €
F(z,0(x)) for a.a. & € Q}. The following theorem references [11, Theorem 7.8].
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Theorem 2.10. Assume F' satisfies the following conditions:

(i) For a.e. x € Q, all§ € R™, F(x,€) is closed and nonempty.
(ii) F is superpositionally measurable, i.e., if o € [M(Q)]™, then F(-,0(-)) : Q — 2% is measurable.
(iii) For a.e. x € Q, the function R™ > & — F(x,&) is Hausdorff upper semicontinuous (h-u.s.c.
for short).
(iv) There exist a € L) (Q) and b > 0 such that

s li(2)
(2.4) lv] < a(r) + bz |&i o),
i—1

for a.e. x€Q, allv e F(x,§).
Thus, for eachu € [[*, L%C)(Q), F(0) is a nonempty and closed subset of L')(Q), and F : o v+ F(0)
is h-u.s.c. from [[j~, L0)(Q) to oL@

In addition, let Br(0) := {0 € X | ||o]|x < R} denote an open ball with center 0 and radius R > 0,
we review the following surjective theorem, see [33, Theorem 2.2].

Theorem 2.11. Assume X is a real reflexive Banach space, F : D(F) ¢ X — 2% is a mazimal
monotone operator and G : D(G) = X — 2X" is a bounded multi-valued pseudomonotone operator,
and L € X*. If there exist oo € X and R > ||ogl|y satisfying D(F) N Br(0) # 0 and

(E+n—L,0—00)xeiyx >0
for all o € D(F) with ||o]|x = R, all{ € F(o) and all n € G(0), then the following inclusion
F(o)+G(o)> L
has a solution in D(F'), namely, F' + G is surjective.
Finally, we define the following notations for some sets and function spaces:
K=K, x Ky,
L:=L9(Q) x L92(Q),
L“(')’”(')(Q) — L”(')(Q) ~ LTQ(')(Q),
L1020 (9Q) = L0 (09) x L=1)(09),
W= W9 (Q) x Who2(Q).
Obviously, £, L ()20)(Q), L41()2()(9Q) and W endowed with norms
lolle = llollg, + llollg.,

lollrormeo @) = llollr ) + lollr (s

o200 00) = o)l ¢).00 + lo]l,e).00,

lollw =

respectively, become reflexive and separable Banach spaces. Referring to Proposition 2.2 we get:
(2.5) W e L, W ey LPOP20(Q) W ey L0O-20(Q) - W ey L1020 (9Q),

We end this section by introducing the weak solutions, subsolutions and supersoltions of problem
(1.1).
Definition 2.12. A function o = (01,02) € K is called a weak solution of problem (1.1), if it fulfills
the following conditions: For i = 1,2, there exist 7; € C(Q) and 0; € C(T';) with 1 < 7;(x) < p}(x)
for all z € Q as well as 1 < 0;(z) < (pi)«(x) for all z € T; and n; € L™0O(Q), ¢ € L%“O(I;) with

ni(x) € f( )( ) = fi(z,01(2),02(2), Voi(z), Voa(2)) for a.a. = € Q and (i(z) € Fr,(0)(z) =
fri(z,o1(x (z)) for a.a. x € T'; are such that:

\Y
(2.6) / gl | O'1| Vo’l . V(’Ul — al)dx+/ 771(111 — Ul)dI + Cl(’Ul - 0'1)d§ >0
Vo] Q Iy
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and

Gh(x,|Vo
(2.7) / 2(z, [Voa]) V02 -V (vg — o9)dz + / na(vg — o9)da + Ca(vg —02)ds >0
|V02| Q s

for all (vy,v2) € K.

Note that the boundary integral fr‘ ¢i(v; — 0;)ds means that

/F Gi (Zo, (yvi

where Zp, .y : W9 (Q) — L%()(99) is the trace operator and Tp,(-yvilr, is the restriction of Zy, .yv; to
r;.

r;) ds,

Definition 2.13. Let ¢ = 1,2, a function ¢ = (g;,0,) € W is called a subsolution of problem (1.1), if
there exist 7; € C'(Q) and 0; € C(T;) with 1 < 7;(x) < p;(z) forallz € Qaswell as 1 < 0;(x) < (p;)«(7)
for all z € T; and n; € L7 )(Q), ¢; € L%O)(T;) fulfilling the conditions:

(1) QiVKi C K; ;

(i) ﬂl(:z) € fi(z,o,(x),22(x),Vo,(x),Vze(x)) for a.a. z= € Q, gl(x) € fr,(z,0,(x), 22(x))
for a.a. z € I't and n,(z) € fa(z,21(2), 05(2), V21(2), Vo (z)) for aa. z € Q, ( (z) €
fro(z, z1(x), 05 (x)) for a.a. x € Ty;

(iii) the inequality holds

/ Glr-lVaill g, g, —ol)dﬁ/ (1 —a)dz+ [ ¢ (o —gy)ds

|vo'1| /F1
\Y%
+ MVQ2 -V(vg — gy)dz —|—/ n,(v2 — oy)dz +/ Cy(v2 —ay)ds >0
o [Vl o~ T,

for all (vi,v2) € (gy,05) A (K1, K2), all (z1,22) € W satistying g, < z; <7;.

We point out that if 0 = (01,02) belongs to a nonempty set K = (K;, Ks), then o vV K states
oVk=(o1+ (ki —o2)",00 + (kg — 02)") for all k = (k1,k2) € K. Likewise, 0 A K states o A k =
(0‘1 — (0‘1 — k‘l)+,0'2 — (0’2 — k2)+) forall k € K.

Definition 2.14. Let i = 1,2, a function & = (71,72) € W is called a supersolution of problem
(1.1), if there exist 7; € C(Q) and 0; € C(T;) with 1 < 7;(z) < pi(x) for all z € Q as well as
1 < 6;(z) < (pi)«(x) for all z € T; and 5; € L7)(Q), ¢; € LY%O(T;) fulfilling the conditions:
(i) 71(x) € fi(z,71(x),22(x), Vai(z), Vza(z)) for aa. a € Q, (1(x) € fr,(z,71(x), 22(x))
for a.a. z € Ty and 7y(z) € fa(w,2z1(2),52(7), Vzi(z), Vaa(z)) for aa. x € Q, (4(x) €
fro(x, z1(x),72(x)) for a.a. x € T'y;
(iii) the inequality holds

Gi(z, V) o _ / /
V(o —m)dz+ [ F(o —F)de+ [ T —F1)ds
/ AR (v 1) 71 (v1 —o1) 1-71)
/g2 z, |Va2|) ng.v(vz—ﬁz)dx—i—/ (v2 — T2) dx—i—/ vy —02)ds >0
|VO’2| Q

for all (Uhvg) € (51762) vV (Kl,Kg), all (Zl,Zg) ew Satisfying a; <z <0;.

5) and @ = (71,02) is a pair of sub- and supersolution, then we say that the order

Ifo=(c
, [o,71] X [04,T2] is a trapping region with

1> g
interval [o,7] =

[0;,5:] = {c € W9 (Q) 10, <0 <7; ae. in Q}.
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3. EXISTENCE RESULTS IN COERCIVE SETTING

In this section, we focus on the situation that problem (1.1) fulfills a mild coercive condition. This
permits us to utilize the surjectivity theorem, Theorem 2.11, for the purpose of showing the existence
of weak solutions.

So, we first make the following assumptions for problem (1.1) :

(H2) For i = 1,2, one can find r; € C(2),1; € C(T) such that 1 < r;(z) < pi(x) for a.a. x € Q, 1 <

Li(z) < (pi)+(x) for a.a. z € Ty, B2,~; >0, A7 > 0 and nonnegative functions o € L":()(Q),
ali e L4O)(I;) satisfying:

T (JD) p1(x) pa(z)
sup{[nsl : 1 € f1(@s v, o 01, 02)} < aR(a) 442 (|y1”<l>—1 Lyl )m (m e 7- ~>) ,
as well as
Q Q 7"}7(1) 1 p(x) pa(x)
sup I 15 € Falsys s, o1, 02} < @ ()45 (|y Tyl )m (w 1S 4 ol )

for a.a. o € €, for all y; € R and for all p; € RY, and

Lo ()
sup{lcul: 1 € fry (@ y1,92)} < T ()44 (|y1|“<x) 1 w) for a.a. o € Ty and all g,y € R,

as well as
(@)

sup{|Ca| : Co € fry (2, y1,72)} < a2 (2)+B5> (|y |26 [yo|2(®)= 1) for a.a. x € I'p and all 1,72 € R.

In the sequel, for i = 1,2, we denote by Z,, .y : W19 (€) — L"()(€2) the embedding operator and de-
note by Z,, .y : Wh9(Q) — L“()(I;) the trace operator. Taking (H2), Proposition 2.3(ii) and (iii) into
account, we get the compactness of both 7.,y and Z,,(.). Denote the corresponding adjoint operators
of Z,,(y and Z,,(y by I, L7O(Q) — W9 (Q)* and Iy LO(Ty) — W9 (Q)*, respectively.
Take any (v1,vs) € M(Q) x M(Q) and ¢; € [M(Q)]N with i = 1,2, we define f;(-,v1,v2, @1, p2) as the
set of measurable selections of f;(-, v, vs, @1, ¥2), namely,

fi(vl,vg,cpl,gpz) ={n; € M(Q) : ni(x) € fi(z,v1(x),v2(x), p1(x), p2(x)) for a.a. x € Q}.

Since assumption (H1) hold, the above set is nonempty. Analogously, for any (vy,ve) € M (T'1)x M (Ts),
we denote the set of measurable selections of fr,(-,v1,v2) by

Jr, (v1,v2) = {¢ € M(Ty) | ¢i() € fr,(z,vi(x),va(x)) for a.a. z € T}
Similarly, the above set is nonempty thanks for hypotheses (H1). Since (H2) hold true, let i = 1,2, then
for any v; € L"O)(Q) and ¢; € [LP¥O)(Q)]N we can show that f;(v1,va, 01, 92) € L") (Q). Likewise,
for any v; € L“O)(T;), we get fr, (v1,v9) C L4O(Ty).

Furthermore, let i = 1,2, under the conditions of (H2), for any (vi,vs, Vi, Vug) € L)(Q) x
L2O@)x [ O (@)Y [Lpz( )(Q)]N (resp. (vi,v9) € L0 (T'1)x L20)(T'y)), we have f;(v1,va, Vi, Vo) C
L7O(Q) (vesp. fr,(v1,v2) C L%O(T;)). Now, we defined the following mappings F; = v ()ofl W —
W@ (resp. Fp, =1/ ()Ofl" oZ,, iy W — oW (@) ), that is, F;(vi,v2) = {f; € W9 (Q)*
ﬁi € fi(’vl,’UQ,V’Ul,V’Uz)} (resp. ]:Fi(vlav2) = {Cl ewh gl( ) : Cz € fFi(Ul’v2)}) where ¢ = L,2.

Let A(o) = (A1(01), A2(02)) with A;(i = 1,2) given by (2.3). According to Proposition 2.6 we see
that A : W — W* is continuous, bounded, strictly monotone and of type (S4). In the sequel, define
F = (.7:1,]:2) and .7:1‘ = (.FF“}—FQ).

Next, we will verify that A + F + Fr is pseudomonotone, and the proof is motivated by Carl-Le
[11].

Proposition 3.1. Assume hypotheses (H0), (H1) and (H2) are satisfied, then operator A+ F + Fr
turns out to be bounded and pseudomonotone from W into KK OV*).
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Proof. For i = 1,2, hypotheses (H1) ensure that f; is graph measurable, so fi: L O(Q) x L0(Q) x
(L O x [LP2O()]N — L7O(Q) is well defined. Moreover, since f; is a multivalued upper
semicontinuous function, we deduce that f;(x,01,02,¢1,p2) is a closed interval within R, and then
fi(al,ag,gol,gog) is convex. By applying (H2), we see that for any 7; € ﬂ-(ahag,whgog) and fixed
(01,09, 01,92) € L O (Q) x L™ (Q) x [LPrO(Q)]Y x [LP2O)(Q)]V there holds

(3.1)

ro(x) p1(z) pa(x)
sup{[mi| : 71 € fi(, y1,ys, 1, 02)} < a2 (a) + B2 <y1|“($>—1 + Iy n-w) . (m A 410 n-w)

for a.a. = € §Q, thus ﬁ(01,027cp1,<p2) is bounded in Lri(')(Q). Let {n,:} C fi(al,az,gol,apg) be such
that 1,; — n; in L7 0)(Q) (thus 7, ; — 7; a.a. in Q), note that 1, ;(z) € fi(z, o1(z), oa(x), ¢1(x), P2(z))
for a.a. x € Q and for all n € N, in addition, f;(z,01(x),02(x), p1(x), p2(z)) is closed in R, then we
know that n;(z) € fi(x,01(x), 02(x), p1(x), @2 (x)). Recalling the definition of f;(01, 02, @1, p2) We can
observe that it is closed. Moreover, we show f; : L™ () (Q) x L0 () x [LP*O(Q)]Y x [LP2O(Q)]N —
L70)(Q) is bounded. Let D be a bounded set in L7 () (€2) x L) (Q) x [LPrO ()N x [L22O (Q)]N, (3.1)
implies that set ﬂ(D) is bounded in L’"é(‘)(Q), so we get the boundedness of f;. Likewise, we deduce
that fr‘i (01,02) is a closed, bounded and convex subset in LL;(')(I}). Furthermore, f}‘i s L)
IC(LLQ(')(FZ-)) is bounded. On these basis, combining the boundedness of Z,, ., I;“,.,(.y%(.) and IL*,;(-)
we obtain the boundedness of F; and Fr,, thus F and Fr. Furthermore, using the boundedness of A
given by Proposition 2.6, we infer that A + F and A + F + Fr are bounded.

To demonstrate A + F is pseudomonotone, we first verify the generalized pseudomonotonicity of
A+F W = KOW*). Let {op,} CW and {0} C W* (note that o, = (op,1,0n,2),00 = (0} 1,07 5))
be such that 7 7

(32) (O’n71,0'n72) — (01,0'2) in W,

(3-3) (0nys0ny) — (07,03) in W*,
(On1,0n2) € (A+ F)(on1,0n2) for alln € N,

and

(3.4) limsup((o7;, 1,07,.2), (On,1,0n,2) — (01,02)) < 0.
n— 00

By the definition of generalized pseudomonotone to multivalued operators (recall Definition 2.7(ii)) we
need to verify

(3'5) (UT,O’S) € (AJ’_-]:)(UDUQ)?

and

(3'6) <(U1>:,1’ 02,2)) (O'n,lv Uﬂ72)> — <(UT7 05), (Olv 02)>'
First, for all n € N, let

(3.7) (0n1:0m2) = (L1500 0) + (M1, 2)

where

(3-8) (15 12) € A(On1,0m2) and (17, 1,75, 2) € F(0n,1,0n,2)-
Utilizing the boundedness of {(0,,,1,0n,2)} in W together with the boundedness of A, F we get
(3.9) (12,1712,2) - (18,1713,2)7 (77:1,1777:1,2) - (778,1’778,2)’ in W,
in the sense of subsequence. Applying (3.3), (3.7) and (3.9) we obtain

(3.10) (01,03) = (l5,1,10,2) + (16,15 70,2)-

In addition, recalling the definition of F;, we can find 7, ; € fi(O'n,hO'n,g,VO’n,l,VO'mg) such that
(5125 0) = (I:I(Jnn’l,I:Q(‘)nmg), for all n € N. Obviously, {(op,1,0x,2)} is bounded in W, we see that

(0n1s0n2,Von1,Von2) is bounded in L") (Q) x L20)(Q) x [LPrO(Q)]NV x [LP2()(Q)]V, along with
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condition (F2) we get the boundedness of {(7,.1,7.2)} in L"1()720)(Q). Hence, {1, 2) 1 n € N}
can be shown to be a relatively compact set in W* because of the compactness of I:l(.) and I:Q(i).
Together with the weak convergence of (7,1, 7,,2) in (3.9) we see that

(3.11) (77:1,1777;,2) - (7]5,1777(*),2) in W
So, {(M.1:M 2), (On,1,0n,2) — (01,02)) — 0 as n — oo, applying (3.4) we see that
(3.12) limsup<(l;71,l:’2), (On,1,0n,2) — (01,02)) <0.

The latter joining with the maximal monotonicity of A; (recall Theorem 2.6) we see that A; is gener-
alized pseudomonotone, hence A = (A;, As) is generalized pseudomonotone. Then, taking (3.2), (3.8),
(3.9) and (3.12) into account and utilizing the (S, )-property as well as generalized pseudomonotonicity
of A we obtain

(3'13) (lO,h 10,2) € A(le 02)7 <(l;k7,,17 l;,2>7 (Umlﬂ Un,2)> - <(l(§,17 18,2)7 (017 02)>
and
(3.14) (On,1,0n,2) = (01,02) in W.

Therefore, (o0p1,0n,2, Von1,Von2) — (01,02,Vo1,Vog) in L0O(Q) x L20)(Q) x [Lpl(')(Q)]N X
[LP2()(Q))V. Combining hypotheses (F1), (F2) with Theorem 2.10 we can verify that f;(o1, 02, Vo, Vo)

is Hausdorff upper semicontinuous, thus A*(f;(on. 1,002, Vo1, Vo 2), fi(al, 09,Vo1,Vas)) = 0. Tt
follows that

- inf H(nn,lvnn,?) - (Wikaw;” — 0,
wrefl(gn,l;O'n,2xvo'n.1;vo'n,2)

W;Ef2(0'n‘1 1O-n,,21vo'n,17vo'n,2)

LrOm0) (@)

where n,, ; € fi(anyl, On,2,Von1,Voy2). Then, fori = 1,2, we can find {w;‘;l} C fi(anyl, On,2,Von1,V0oy.2)
fulfilling

(3.15) 111 7002) = (@195 )l s 0rsr gy — O

Moreover, since fi(0n 1,02, Von1, Vo) is bounded, there exists some (wg1,W02) € L 0m20)(Q)
such that

(3.16) (w1 wn2) = (wWo1,w0,2)

in Lri(')*ré(')(ﬁ). This associating the fact that fi((fl, o9,Vo1,Voa) is closed and convex (hence weakly
closed) in L") () implies wp; € filo1,02, Va1, Vog). Combining (3.15) with (3.16) we get

(.1 1n,2) = (W5 1,5 5) in LHOT0(Q),
Using the compactness of I:i(,) again, we have
(77;71a7722) - (I:l(~)nn,17I:2(.)nn,2) — (I:1(~)W8,17I:2(~)w8,2) in W*
Together with (3.11), there holds
(5 2:6.2) = (T, )2 T 5.2)
€ (T, 101,02, V01, V02), T, falo1, 02, V01, V02) ) = Flo,02).
Furthermore, from (3.11) and (3.14) we have

(3.18) (0,15 M0,2)5 (015, 0m,2)) = (16,1, 70,2); (91, 02))-

Taking (3.7), (3.10), (3.13), (3.17) and (3.18) into account we clarify (3.5) and (3.6). So, we obtain that
A+ F is a multivalued generalized pseudomonotone operator. Therefore, along with the boundedness
of A+ F we can show it is pseudomonotone. In addition, similar to the proof of [12, Proposition 3.1]
one can prove that Fr is pseudomontone, hence, A + F + Fr is bounded and pseudomonotone. g

(3.17)
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By the pseudomonotonicity of A + F + Fr, we are going to invoke the surjective theorem Theorem
2.11 for getting the following existence result to elliptic inclusion systems (1.1).

Theorem 3.2. Let (HO), (H1) and (H2) hold true. Suppose the next coercivity condition:
there are o9 € K and R > ||ogl|y,, satisfying K N Br(0) # 0 and

(3.19) (Au+n"+ (0 —09) >0,
for all o € K with ||o|w = R, for all n* € F(o) and for all * € Fr(o).
Then there exists at least one weak solution (o1,02) € K = (K;, K2) of (1.1).

Proof. According to Proposition 3.1, we get the boundedness and pseudomonotonicity for A+ F + Fr :
W — 2" Since set K = (K1, K3) is closed and convex, then mapping dlx = (dIk,,0lk,) is
maximal monotone from W to 2"V, Hence, invoking Theorem 2.11 we prove that there exists at least
one solution of (1.1) under coercivity condition (3.19). O

The following corollary is a result of Theorem 3.2.

Corollary 3.3. Let hypotheses (H0), (H1) and (H2) be satisfied. Take o9 € K and suppose the
following coercivity condition:

inf (Ao+n*"+(",0—00)| = o0,
lollw—oo | n*€F(a)
oceK  |¢*eFr(o)

then (1.1) possesses at least one solution.

4. EXISTENCE RESULTS IN NONCOERCIVE FRAMEWORK

In this section, we concentrate on the existence of a weak solution for problem (1.1) under the
noncoercive framework. To prove that, we will employ the sub and supersolution method associating
the theory of nonsmooth analysis and truncation techniques for obtaining the existence as well as
compactness results of solutions to problem (1.1). In the remaining parts, C stands for a constant that
could change from line to line.

We make the following assumptions.

(H3) Denote by ¢ = (g,,05) and @ = (71,02) a pair of subsolution and supersolution for (1.1)

with ¢, < &; for i = 1,2. Fixing i = 1,2, one can find 7, € C(Q),6; € C(I;) such that
1 < 7(z) < pi(x) for aa. = € Q, 1 < 0;(z) < (pi)«(x) for aa. = € Ty, k; > 0 and
g e L7O(Q), gF e LY%0O(T;) such that

p1(z) pa(z)
sup{|m| : m € fi(z,y1, 2, 01, 2)} < giH(x) + K1 (Isml*“” + Isozl’l(’”) ,

suplll 2 € fa, o or,0a)} < 980) + w2 (1nl 2T + 16l ),
for a.a. z € Q, for all y; € [g;,7;] as well as for all p; € R also
sup{|C1] : &1 € fr,(z,y1,92)} < gfl(x) ora.a. x € 'y, all y; € [0;,74],
sup{|Ca| : G2 € fr, (z,y1,v2)} < g52(x) or a.a. x € Ty, all y; € [0,
The following results in this section are stated by the following theorem.

Theorem 4.1. Suppose (H0), (H1), and (H3) hold true. Then, there exists a solution o = (o1, 02) to
problem (1.1) such that

o, <0y <0y in )
with i = 1,2.
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Proof. For any i = 1,2, let 7, 0;, o and 7 satisfy (H3). In the meantime, let 7;, 6; be the exponents
and n,, ¢, 7; ¢, be the functions given in Definitions 2.13 and 2.14 with ¢ = (¢, 0,) and @ = (71, 02),
respectively.

Let i = 1,2, we introduce the following truncation operators T; : W19 (Q) — W19 (Q)

(4.1) Ti(oi)(z) = {oi(x)  if o;(2) < 04(z) < Ti(2),
oi(x)  ifoi(z) <gi(2),

Jit W9 (Q) x RN — [Lpi0)

V& (x) if o;(x) > 7;(x),
(4.2) Ji(oiy0i)( wi(x) if g;(z) < 0i(x) <7i(x),
Vaz(x) if 05(x) < g;(x),

and J! : W9 (Q) x RN — [Lp:()

>7i(x
(4.3) Ji(oi, 0i)( wi(x) if 0,(x) < 04(z) < 7;(x),
<o,z

For the convenience, we denote J;(c;, 0;)(z) (resp. Ji(ai,0:)(x)) by Jip; (resp. Jip;) in the sequel.
As before, we mention that 7,7, € L™0)(Q) and Cl,C € L%C)(Ty) are the functions given in

Definitions 2.13 and 2.14 with ¢ = (¢,,0,) and @ = (71, 72) such that 7, € fi(x, 71, Thos, Va1, Jaws),
n, € fi(x,ay,T202, Vo, Jops) as well as ¢, € fr,(x,51, Thoz), ¢, € fri(z,0y,1202). Now, we
construct the following truncation function f{ : Q@ x R x R x RY x RN — 2R:

(4.4)

{m} if o1 > 771,
conv[fi(x,51,To02, Vo1, Jogs) U f1(x, 01, Tao2, 01, Jo2)

Ufi(z, 01, Taos, @1, Jawa)] if o1 =774,
fL(@,01,02,01,02) = { conv[fi(z, 01, To02, 1, Japa) U fi(x,01, Tooa, 01, Jop2)]  if 0y < o1 <71,
conv[fi(z, 0y, To02,Va,, Japa) U fi(z,01, Taoa, 01, Jops)

Ufi(z, 01, Too2, 1, J202)] if oy =0y,

{n,} it o1 < gy,

where conv(S) is the convex hull of S € R. and f{"' : @ x R x R — 2% as

{Zl} if o1 > 01,
(4.5) (@ 01,00) =X fr,(x,01,Thas) if oy < o1 <7y,
{gl} if o1 < oy.

Likewise, we can define the truncation functions f9(z, 01,02, ¢1, p2) and f192 (x,01,09).

Next, we are going to verify that f; and fP. satisfy hypotheses (H2). Using the same procedure of to
the proof of [11, Theorem 7.13], one can show fY is graph measurable as well as f{(x, 01, 02, @1, p2) €
K(R) for a.e. x € Q and for all (1,02, 1, ¢2) € R2V+2. Tt remains to demonstrate that f2(z,,-,-,)
is upper semicontinuous for all (oq, 02, ¢1,p2) in R2V+2, Let x € Q be any point fulfilling 7, (z) €
fi(z,71(2), Tooz(2), Vo (x), Japz(x)) and 1, () € fi(z,0y(x), T202(2), Vo, (), Japa(x)). Suppose
that V C R is an open set being such that f{(x, 01,02, p1,92) C V. We need to find § > 0 satisfying:
for (1}1, V2, ll, lg) S R2N+2 with |(0'1, 02, p1, <p2) — (U1, V2, ll, l2)| < 5, there holds f?(l‘, V1, V2, ll, lg) c V.
By the upper semicontinuity of fi(z,-,,-,+) we can select 77; to be the function given in Defini-
tion 2.13 with respect to supersolution & = (71,02) satisfying 7; € fl(iﬂ,El,TQUg,VEl,jQQOQ) N
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fl(x,El,Tgvg,Vﬁl,jglg) if |(o1,02,01,92) — (v1,v2,l1,1l2)| < & with § > 0 small enough. Now, we
discuss the following several cases.

o If oy > Gy, then f2(z,01,02,¢1,p2) =n(x) € V. Select § € (0,01 —071(x)), if |(01, 02, 01, P2) —

),
(v1,v9,11,12)| < § we see that v; > 7. Hence, f0(z,v1,ve,l1,12) = {N(x)} = fX(z,01,00,¢1,p2) C
V. If 01 < gy, the proof is similar.

e Wheng, <oy <oy, wehave f?(f’?701792,8017902) = conv[fi(z, 01, To0a, 1, Jops)Uf1 (2, 01, Tho,

301,;]2302)] C V, SO f1($70'1,T202,(,01,J2g02) C VY and fl(.’E,Ul,TQGQ,(pl,JQQOQ) C V. Let §; =
min{01 —041,01 —(71} > 0. If |(O’1,0’27L,01,(p2) —(’1)1,’1}2711,12” < 01, then we have g <v <01.
Hence, f2(z,v1,v9,11,12) = conv|[fi(x,v1, Tova, l1, jglg)ufl(x,vl,Tgvg, Iy, J2l2)]. By the upper
semicontinuity of fi(z,-,-,-,-), we can find d5 such that if |(o1, o2, 1, p2) — (v1, 2,11, 12)| < 2
and fi(z,01,02,01,p2) C V, then it holds fi(x,v1,v2,l1,l2) C V. Under the situation that
o, < v <01, we consider some subcases:
(i) If the case o3 > T3 happens. Let d5 € (0,00 — 72) and § = min{dy, 2,03}, thus
vy > T9. S0, it yields |(0’1,T20'2,<p1,J2(,02) — (Ul,TQUQ,ll,JQZQ)l = |(01,52,¢1,V62) —
(111,52,11,VEQ)| < |(O’1,0’2,§01,§02) — (Ul,vg,ll,lg)l < § < 6. Similarly, it is valid

|(o1,To0a, @1, Jopa)—(v1, Tove, l1, Jala)| < d2. Taking the upper semicontinuity of f1(z,-, -, )
into account, we get f{(x,v1,v2,11,1l2) = conv[fi(x,v1, Tove, l1, Jolo)Uf1 (2, v1, Tova, Iy, Jola)] C

V. When o9 > g5, the proof is similar.

(ii) Under the assumption o2 = 73 = g5, let 6 = min{d1,d2}. We could show that vy = T2
or vp > 0Og. If Vo = 527 then one has |(O’1,T20'2,g01,j2902) - (’Ul,TQ’Ug,ll,jglg)| =
|(0’1762,<)01,V62) — (vl,ﬁg,ll,VEQ)‘ S |(0’1,02,§01,g02) — (Ul,vg,ll,l2)| < 5 S 52, and

|(0—17T20-279017JQSOQ)_(’U17T21)27117J212)| = |(0’1,527@17@2)_(U1,527l1,12)| S |(0'170—27s017902)_

(’Ul,’l)g,ll,lg)| < 09, thus f{)(.ﬁ,vl,vg,ll,lg) C V. When vy > 79, it implies |(0’17T20'2,<p1,
Japa)—(v1, Tova, U1, Jolo)| = |(01, Too2, @1, Japa)—(v1, Tova, U1, Jolo)| = |(01,T2, p1, VT2 )—
(Ul,ﬁg,ll,vagﬂ S |(O'1,(72,(,01,@2)7(’1}1,1}2,11,12” < 0 S 52, which indicates that f{)(x,vl,
'Ug,ll,lg) c V.

(iii) Suppose that oo = T2 > 04, let d4 € (0,09 — g,). It could observe that it holds vy < Ta,
or vg = Tg Or vy > To. If vo < T, let & = min{dy,d2,04}, then |(o1,09,01,¢2) —
(1]1,U2,l1,l2)| < 1) implies Vo > 09, i.e., ‘(O’l,TQUQ,(pl,JQQDQ) — ('Ul,TQ'UQ,ll,JQlQ” = |(0’1,
To09, 01, Japs) — (v1, Tova, U1, Jala)| = |(01, T2, 01, 02) — (v1,v2, 1, 12)| = |(01, 02, 1, p2) —
(v1,v9,11,12)] < & < 83 So, fl(x,v1,v2,l1,ls) C V. If vy = Ty, from the proof
of the case (ii), we can see that |(01,T202,g017j2g02) — (vl,Tgvg,ll,jglgﬂ < 85 and
|(0’1,T20’2, ©1, Jg(pg)—(’vl,Tg’UQ,ll, J2l2)| < 52, SO flo(x,vl,vg,ll,lg) C W. Likewise, ifvg >

Ta, then |(o1, Tooa, @1, Japa)—(v1, Tava, b, Jala)| = |(01, Taoa, 1, Jawa) —(v1, Tova, 11, Jala)| <

3. Therefore, fQ(z,v1,vs,l1,l2) C V. For the case 0y = g, < T2, the proof is all most

the same.
(iv) If oy < 02 < T3 is true, then let & = min{d;,ds,02 — 02,09 — g5} and there hold
0y < vy < 02 and [(01,T202, 01, J2p2) — (v1,Tova, 11, Jala)| = [(01,T202, 1, Jap2) —

(Ul,TQUQ,ll,J2l2)| = |(0'1,02,<p1,<p2)—(1}1,’02,11,12)‘ < 1) S 52. This means f?(l‘,’Ul,’Uz,ll,lQ) C

V.
Assume that oy = g, we know that f2(z,01,02,¢1,p2) = conv[fi(z,71, 09, Vo, jggog) U
fi(z, 01, Taos, 01, Jas) U fi(z,01,T202, @1, J22)]. There hold

fi(z, 71, Toos, Va1, Japs) C V,

fi(z, 01, Tooa, 1, Japa) C V,
and
fi(z,01,Tao2, 01, Jagps) C V.

Then, we consider two subcases, that is, o1 = 71(x) = g,(x) or 01 = F1(x) > o,(x). On
the one hand, if o1 = 71(z) = g;(x), by (4.6), (4.7) and (4.8) along with the upper semi-
continuity of fi(x,-,-,-,-), employing the same method above one can find ¢’ > 0 such that
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‘(O’l,0'2,()01,()02)7(1)11’02,11,12” < 5/, namel}j, |($,§1,TQO’2,V§1,jggﬁg)*(’l},ﬁl,TQ’UQ,Vﬁl,j212)| <
8, [(x, 01, Ta0z, @1, Jops)—(x,v1, Tova, Iy, Jala)| < 0" and |(x, 01, Too2, @1, Jops)—(z,v1, Tova, l1, Jal2)| <
¢’. Hence, we have

(4.9) fi(z, 71, Tove, V1, Jalz) C V,

(4.10) fi(z,v1, Tovg, 1y, Jala) C V,
and

(4.11) fi(x, vy, Tovg, 1y, Jala) C V.

Let 0 < § < ¢ and |(01, 02, p1,92) — (v1,092,11,12)| < 6, if v1 = 01 =7F1(x) = gy(x), we deduce
f{)(l‘, v1, Vs, I, lz) = CODV[fl (.Z‘, o1, Thve, Vo, ngg) U f1 (JJ, v, Tovg, Iy, JQZQ) U fl (1‘, V1, Tovo, 11,
ngQ)] cCV. Ifvy >0 = 51(1}), then f?(x,v1,v2,117l2) =N € fl(LE,El,TQ’UQ,VEl, ngg) c V.
However, when v; < o1(= g;), the desired conclusion can be obtained by using the same ways.
On the other hand, if o1 =71 (x) > g, (), let 6 = min{d’,01 — gy} > 0 and |(o1, 02, 1, Y2) —
(v1,v2,11,12)] < §, we see that v; > ;. In this situation, we can see that v; < @y, or
vy = o1 or vy > 01. If v1 < @y, then f?(l‘,’ul,vg,ll,lg) = CODV[fl(x,U1,T2U2,Zl,jglg) U
fl(l’,’Ul,TQ’UQ,ll, leg)] cV. If v = 61, we use (49) and (410) to get f{)(I,’Ul,Ung,lg) =
COI’lV[fl ((E,Eh T2’U27 VEl, lez) U fl (iE, V1, TQ’UQ, 117 jzlg) @] f1 (LC, V1, TQ’UQ, ll, JQZQ)] C V. When
v1 > o1, then fQ(z,v1,v9,l1, l2) =7 € fl(m,Ethvg,VEhjglg) C V. Under the condition
o1 = g, it could be proved directly by using the uppermicontinuity of f. Likewise, it could
show the upper semicontinuity of fg, f2, and fp_.

Additionally, we discuss another truncation function f{ : 2 x R x R x RV x RY — 2% which is
defined by

{ﬁl} if o1 > 71,
(4-12) f11($701,02,901,$02) = f1($7017T202,501,J2s02) ifog, <oy <o,
{n,} if o9 < 0;.

Also, f3: QxR x R x RY x RN — 2% can be defined in a similar way. Despite f} is not upper
semicontinuous, however, we could employ the similar arguments given in Theorem 7.13 of [11] to find
that f2(z,01(z),02(z), Voi(z), Vaa(x)) = fH(z,01(x),02(x), Voi(z), Vo (x)) for a.a. x € Q. So, we
can replace fP(z,01(z),02(x), Vo (x), Voo (z)) with fl(z,01(x),02(z), Voi(x), Vaa(x)) in the sequel,
and vice-versa.

Invoking conditions (H3), we deduce that

sup{|w| : w € f{(x,01,02,1,02)}

Py () P (x)

ri(z) pra(z) ;
Q ) () () ) — 1 T () Tmy _
(413) Sgi (‘T) + R <|801 ¢ + |302| ‘ ) + K Z (|v0'k ¢ + ‘ng i ) + ‘7’]1(1‘” + |Ql($)|

k=1

2

Q P}(l') P?(CL')
<2(2) + O, (I@ll”“’ . Iwzl*”’”)

P () P (@)
for a.a. = € Qand all (0, 09, 1, 2) € RPVNH2 with 42(z) = ¢ (2)+ri Yy (|Vak T 4 Vg, | @ )+

7, ()| + |n, ()| which belongs to L7()(Q).

Analogously, there holds
(4.14) sup{|w| : w € ff, (2, 01,02)} < g;* (x) + |Ci(x)| + |, (@) = 77 (2)
for a.a. x € I'; and for all o; € R, with 'ylr’i € Leg(')(I‘Z—).

From above, we see that for i = 1,2, f{ and f{. satisfy (H1) and (H2). Then, we define F7 (o) =
I:i(‘)f?(x,al,ag,gpl,@g), and ]-'& (o) = I;i(')flgi (w,01,02,1,92)Ls,(). By the proof of Proposition
3.1, we see that Fo = (F{, F35) and For = (FL,, F2,) : W —= K(W*) are bounded and pseudomonotone.

17
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Moreover, for i = 1,2 we give the truncation-regularization functions b;, d; : 2 Xx R — R formulated
by
[y — )= @ og(e +alyl) ity >ai(2),
(4.15) bi(z,y) = {0 if o;(x) <y <7y (x),
~[o; — y]% og(e +alyl)  if y < g;(x),

and
[y — o] 1 if y > 7(),

(4.16) di(z,y) =<0 if g,(z) <y <7i(z),
—[o; — y]ﬂ(iFl ify <o;(x).

It is not hard to find a constant ¢; ; > 0 satisfying
(A17) )] < eayl* O log(e + alyl) + ex (1% + (7O log(e + aly)

fora.a. x € Q, ally € R. But, from Proposition 2.3, for p;(-) € L>®(Q) and &; > 0 with ¢;(-)+&; < p}(*)
we see that, for i = 1,2, W9 (Q) < L%O+E(Q) — L9(Q). Set ¢ = min{ey, ez}, we can find
0 < ne < 1 small enough such that for all y € R it holds that

(4.18) log(e + aly|) < ea + Culy|™

with some constant c; > 0. Moreover, by virtue of o;,; € WH9% () and W19 (Q) — L7()(Q), we
have

(4.19) |di(z, )] < wi@) + esaly ™D

fora.a. z € Q,ally € R, with ¢3; > 0, w; € LT{(')(Q). Furthermore, there holds

(4.20) /Q |os

for all o; € L%()(Q). Therefore, we define the mapping B; : L%()+ei(Q) — Le:()+e)"(Q) as

i@ Jog(e 4 alog])dz — Cy|Q)

a:(z) log(e+a\ai\)dx2/ lo;
Q

(4.21) (Bi(0;),v;) = / bi(z,0;)v; dz for all o;,v; € I/177(')"’5i(Q)7
Q

which is continuous and bounded. Along with the fact that Z,,(.) : W19:(Q) < L%()+2:(Q) is compact,

we see that Zp \BiZg, () : W9 (Q) — W% (Q)* turns out to be bounded and completely continuous,
which indicates the pseudomonotonicity and boundedness.

Similarly, we can define D; : L7()(Q) — L7()(Q) as
(4.22) (Dy,v;) = / di(x,0;)v; dx for all oy, v; € L7 (Q),
Q

which is also continuous and bounded. Analogously, since Z () : Wh9(Q) — L7 (Q) is compact,
we obtain the boundedness and pseudomonotonicity for Z7 \DiZr,(.) : Whoi(Q) — Who(Q)*.
Invoking the same method as in the proof of [36, Theorem 3.4], for z; € W19 fixed, we have

(5. BiZg,(y(03), 00 — zi) =(Bi(0:), 00 — Z¢>L<qi<->+ei>'(Q)qui(-Hei @)

(4.23) :/sz‘(CU,Ui)(Ui — z;)dx
Zal,i/ Gi(x,|o;|)dx — C, for all o; € legi(Q%
Q
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and
Lz () DiZri(y (03), 00 = 20) =(Di03), 04) 1110 () 1m0 ()

(4.24) :/Qdi(ff,ai)(ai — z;)dz

Zaz,z‘/ lo;
Q

Define A = (A1, A2) with \; > 0(i = 1, 2), then let B(o') = (I;l(_)Blqu(A)(o—l),I;Q(A)BQI%(.)(02)) and

AD(0) = ()\1 * o DiTn (o (01), AT, 132172()(@). We set A(0) = (A;1(01), As(02)) with A; being

given by (2.3). Applying Prop051t10n 2.6, we see that A : W — W* is continuous, bounded, strictly
monotone and of type (S;). Moreover, the following representations will be used in the sequel

g a|VUZ|
Z/ Vo Vo, - Vudzx,
(4.25) (B(o),v)w = Z/ bi(x,0;)vidz,
i=179
2
:Z/ di(l',O'i)’Uid.’t.
i=17%

In what follows, set n(z) = (n1(x),n2(x)) as well as ((z) = (¢1(z), (2(x)). Next, for i = 1,27 let us
focus on the auxiliary variational inequality: find o = (01,09) € K = (K1, Ka), 7 € L7(Q),¢; €
L%0O)(T;) such that

i) dx — C, for all o; € WhH9i ().

(4.26) {m(a:) € fA(z,01(x),02(z), Voi(z), Voa(x)) for a.a. x € Q

Gi(x) € R (x,01(x),02(x), Voi(x), Voo (x)) for a.a. z €T,

and

2
<Aa,v—a>+2/m<z dx+2/<z v — 03)do + (B(0),0) + (AD(e), )

Vo,
(4.27) _Z 9il TV|02|U|)V szda:—&—Z/m v; — 0; da:—i—Z/ Ci(vi —oy)d

Q

—|—Z/ $0101d$+z>\/ xo—zvzd‘r

>0 forall (v1,v2) € K.

The above inequality equals to: find o € K satisfying
<AO'+77+5+B(U) +)\D(U),U—0> >0 forallve K,

in which 7 = (71, 72) with 7; = Z7, n; € Flo) = [ () ?} (01,02, Vo1, Voy) and { = ({1, (2) with

é:i = Igi(.)gIgi(_) € ]:R(U> = [Igi(_)f}’ilgi(_)} (01,09).
It is clear that solving the variational inequality (4.27) is equivalent to find ¢ = (01,02) with
o; € D (8[[{1), E = (fl,fg) with & S 8IKi(oi), and

i =T ym € F (o), &= Z;.(+6iZo, () € Fr,(0)
fulfilling
(4.28) A(0,6,7,0) = Ao +E+74+C+ B(o) + A\D(o) =0 in W*,
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For each i = 1,2, 0Ik, is maximal monotone. Hence, 0Ix = (0lk,,0Ik,) is maximal monotone
and

A+Fo+For + B+ XD : W — 2V

is bounded and pseudomonotone. By using Corollary 3.3, we can establish the existence result under
the following coercive framework: there exists z = (21, 22) € K such that

4.29 lim inf <A (a, 27, ~) ,O — z> = 0.
( ) llollw—oo | €Ik (o) SUE
ceEK ﬁe]'—g(o')
CeFor(o)

For any fixed z € K and all o € K, there holds (§,0 — 2) = (§1,01 — 21) + (2,02 — 22) > 0. Since for
any &; € (0lk,) (0;) we have 0 = Ik, (2;) — Ik, (0s) > (&, 2z; — o). This indicates that (4.29) is valid.
So, we only need to demonstrate that as ||o||yy — co with o € K there holds

4.30 inf A ,*’~, _ — 0,

a» 3, (A ) oo
¢E€For (o)

in which

A(0,7,C) == Ao + 71+ C + B(o) + AD(0),

and 7] = (71, 72) (resp. ¢ = ((1, (), recalling that 7j; = I7, ymi € F{ (o) = |:I:i(~)fzoi| (01,02, Vo1Vas)(resp. §; =

Ty (+(Zoi() € F (o) = [I;i(_)fﬁzm} (01,02)) with m; € f(01,09)(resp. (i € [, (01,02)).
Using (4.13), we infer that for all n;(z) € f2(x,01,02,Vo1,Voa), there holds |n;| < 78 (x) +

r1 (=) pa (@) ,
Ck, (|VU1 i) +|Voy ’l“‘”) € L7()(Q). This derives from (4.14) that
2
(o0 —2) = /Qm(ai — z;)dx
i=1

p1(x) pa(x)
S/ (v%) +Cy|[Vai | 7@ 4 C,, [V “(‘“) (lo1] + |21]) dz
Q

p1(x)

pa(z)
+/ (v?(@ + O, [Vor | 2@ +cmV02|Té(“> (loz] + |z2]) dx
Q
2 2
SQZ/€|VCH pi(z)dw+2ZC’(s,m,T{)/ los
i=1 Q i=1 Q
2 7
+ ( / jo:" @ de + C(1,7,) / 2] de + / v?<x>|zz-|dx)
o1 \JQ Q Q
SZ(/ 26‘V0’i
; Q

=1

(4.31)

7 () + ‘Zz Ti(fﬁ)dx

Pil®) 4 (2C(e, ks, 7!) + 1)|03

(@) d 4 ci>
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i /F Gi(o

(Go-s)l =%

B
) <y (5, Cloilacor, + Bllogor,))
< Z ”Uz

< C(HUHW +1).
Recall that for ¢ = 1,2, the potential functional with respect to A; defined by

and

r+1)

o) = [ [V + )] Vel ogte + alVeslida = [ 6,(o.[arl)da

is convex and satisfies
Taking (4.31)—(4.33) as well as inequality (4.23) into account and selecting A; > 0 such that X\; >
a;j [2C (e, ki, 7]) + 1], we know that

<Aa+ﬁ+§+3(o) + AD(0),0 — z>

2
>min{l — 2¢,a1,1,01,2} Z/ {(|Vai\pi(””) + p(x)| Vo | %)) log(e + a| Vo)

— Ja
(4.34)

ol @ + p(@)lor

“) log(e + aloi]) | dw — C(lo]lw +1)
2
—min {1 — 2, a1.1, a1} Z/ Gi(z,|Vai|) + Gi(z, |os])dz — C(||ollw + 1)
=179

for any 0 € K, 1 € Fo(o) and = For(c). Furthermore, for ¢ = 1,2, we introduce operators
Ji : WH9H(Q) — W9 (Q)*:

/
(4.35) i(03),vi) /g ‘VU% Vo; Vvldx—&—/gi‘ol‘)ai-vidx,

|oi]

for all o;,v; € W19 (Q). Referring to [54, Proposition 3.5], we know that .J; is coercive, that is,
. 1
lim 7/ Gi(z,|Vail) + Gi(x, |o;])dr = oo
loills,g, oo loilli,g: Jo

This associating (4.34) with € < % derives (4.30). Hence, using Corollary 3.3, we can find o,n and ¢
satisfying (4.26) and (4.27).
Next, we verify that for each ¢ = 1,2 it holds

(4.36) g, <o<7; aa. infd

We, first, show that for any ¢ = 1,2 it holds 0; < 7;. Take v =G Ao =0 — (0 —E)Jr = (o1 — (01 —
51)", 00 — (02 —72)T) € K into (4.27), it yields

(4.37) ZXZ { <Ai(gi)’ (i 7Ei)+> - /Qm (0; — 7))  da — /F G (05— )t ds
- /Q [bi(z, 07) + Nidi (2, 03)] (07 — 73) T dz] >0,
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Then, there exist functions 7; € L™ () (Q) and ¢; € L¥%()(T;) fulfilling assumptions (i)-(iii) of Definition
2.14. Takingv =5+ (0 — )" =5 Vo € 7V K into (iii) of Definition 2.14, we obtain

2
(438) Z |:<A1'O'¢, (O'i - EZ‘)+> + / n; (O’i — Ei)+ dz +/ Zl (O'z' - Ei)+ d§:| > 0.
i=1 Q2 L

Adding inequalities (4.37) and (4.38), one has

2

Z KAiUi + Aoy, (07 — Ei)+> - /Q (ni —m;) (o *Ei)erx B /r (Ci *Zz) (o *Ei)+d<

i=1
—/ [bs(, 03) + Nidy(x, 03)] (07 — 7) " dx] > 0.
Q
Since for every i = 1,2, A; is strictly monotone, then

<Aiorz AiGi, (0 — T) >

/ .
:/ (g VUZ| o; — WV%) -V (o;—7;)dx > 0.
{z€Q:0;(x)>Ti(x)} |V01 |Vaz|

Note that
/ Ei)+ dx
Q
-/ (1~ ;) (0 — ) da
{z€Q:0;(x)>T;(z)}
=/ M =) (0 —73) " dz
z€Q:0;(x)>T;(x)}
=0,
we infer

o; — ;)" ds

(Ci - Zz) (0i — Ei)+ dg
{z€Q:0;(x)>T:(x)}

/ (¢ —C) (0i—70) " ds
€Q:04(x)>Ti(x)}

=0.

The inequalities above say that

0<-— Z;/Q bi(z,04) + Nidi(x,04)] (04 —Ei)-’_dx

2

[bi($70'i) + )\Zdl(x,oz)} (0'7; — Ez) dzx.

i—1 Axeﬂ 1o (x)>0(x)}
By (4.15) and (4.16), if o(x) > 7;(z), then it derives
bi(z, oi(x)) = [04(z) —74(2)] ")~ log (e + aloy(2)]) ,

and
di(z,0:(x)) = [oi(z) — Ei(x)]ﬂ'(z)—l.
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Hence
2

0<-3" / jo:(2) — 7:(2)| "7 [0,(x) — T(x)] log(e + aloy(x)]) da
i—1 Y {z€Q:0i(x)>T:(x)}
(4.39) ;
-2\ / oi(2) = T (@) [oi(w) - 7)) dar
= J2e:0i(2)>7i(2))

But, if 0;(x) > 7;(x), we have o;(z) — 7;(x) > 0, also, log(e + a|o;(z)|) > 0. Recalling the fact A; > 0,
we can see that inequality (4.39) indicates that the measure of {x € Q : 0;(z) > 7;(z)} equals 0, hence
oi(z) <7;(x) for a.a. x € Q. Analogously, the left side of inequality (4.36) holds true.

Inequalities (4.36) indicates o; < 0; < &; a.a. in QUL b;(+,03) = 0in Q, f2(z,01(x), 02(x), Vo, Vo) =
filw,01(x),09(x), Vo1, Voy) for a.a. x € Q, and fP (x,01(2),02(x)) = fr,(z,01(x),02(z)) for a.a.
x € T';. Thus, o is proved to be a weak solution to (1.1). O

Moreover, invoking the same arguments as in the proof of [12, Theorem 1.9] we get the compactness
of solution set of (1.1).

Theorem 4.2. If (H0), (H1) and (H3) hold. Denote by S the solution set of (1.1) between o and 7,
then

(i) S C [o,T] is compact in W.

(ii) if the lattice conditions hold true
(4.40) SANKCK and SVKCK

then each o € S is both a subsolution and a supersolution of (1.1).

5. A FURTHER DISCUSSION FOR SPECIAL CASE 1.1

This section is aimed at establishing the existence of a weak solution for Special cases 1.1 to 1.4 by
constructing suitable sub-supersolutions. We only show the existence result for Special case 1.1, since
the corresponding results for Special cases 1.2 to 1.4 could be proved by the similar ways.

If (H1) and (H2) hold true, we can reformulate multivalued functions f; and fr, as

(5.1) fi(z,y1, 92, 01, 02) = [fia(®,y1,Y2, 01, 02), fis (@, Y1, Y2, 01, 92)]
for all (z,y1,y2,¢1,02) € A x Rx R x RY x RV, and

(52) fFi (JZ, y17y2) = [fFfz,a(xayhyQ)’ meb(xvyla yZ)]

for all (x,y1,y2) € T'; xRxR, where for each ¢ = 1, 2 functions fi,(x, y1, y2, ©1, 92), fiv(T, y1, Y2, 01, P2),
fria(®,y1,92), fr.o(z,91,y2) are single-valued functions. Thanks for (H1), if z — o(z) and = —
Vo(x) are measurable, we see that for each i = 1,2, x — fi.(z,01(x),02(x), Voi(x), Voa(z)),
= fu(x,01(x),02(x), Vor(z), Voo (x)), = fr,o(z,01(x),02(2)), 2 = fr,p(z,01(x),02(x)),i =1,2
are measurable. Also, (y1,Yy2,%1,92) = fia(Y1,Y2, 91, 92), (Y1,Y2) — fr;.q«(®,y1,y2) are lower semi-
continuous, (y1, Y2, ¥1, p2) — fin(Z,y1,Y2, 1, 92), (Y1,y2) — fr, o(x,y1, y2) are upper semicontinuous.

We suppose that the obstacle functions ¢ = (¢1, ¢2), multivalued functions f; : @ x Rx Rx RN x RV
as well as fr, : I'; Xx R x R enjoy the following condition.

(Ho) Assume that ¢ = (¢1,¢2) € W and one can find ¢, > 0 satisfying
di(z) < cg,
for a.a. = € Q.
(Hf) There exist h;, j; € R such that h; < j;, j; > ¢4, and
Jra(®, h1,92,0,00) <0, frp(w, 41, 2,0, @2
faa(®, 91, ha, 01,0) <0, fop(w,y1, 42, 1,0
Jria(@ hi,y2) <0, fry p(@, g1, y2
froa(T,y1,h2) <0, fr, (%, 91,52

, fora.a. xze€Q,

(5.3)

0

0, fora.a. ze€q,
0, fora.a. zely,
0

AV VAR AVAR V]

, fora.a. xely,
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for all (y1,y2) € [h1,j1] X [ha, j2], all ¢; € RN,
In Special case (1.12) K; is given by

={oieWh 9(Q) : oi(z) > ¢i(z) a.a. in Q}.
We are ready to show the following existence result to Special case (1.12).

Theorem 5.1. If (H0), (H1) and (Hf) hold. Assume that (H3) holds with o, := h; and &; := j; for
i =1,2. Then, fori=1,2, there exists at least a weak solution o = (01,02) of problem (1.12) fulfilling
hi <o; < ji in Q.

Proof. This theorem will be proved via Theorem 4.1, so we first construct a pair of sub-supersolutions

o (1.12). Set g; := h; and &; := j;, we claim that ¢ is a subsolution of (1.12), in the same time, & is
a supersolution of (1.12). Since hypotheses (Hf) are satisfied, it is easy to see that g; < 7;. Firstly,
we are going to check conditions (i)-(iii) of Definition 2.13 to show that ¢ := (hq, h) is a subsolution
for (1.12).

e For (i), by the definition of K; we have h; V K; C K; for i = 1, 2.

e With respect to (ii), let Ql(x) = fra(x, h1,y2,0, p2), ﬂg(x) = faa(x, Y1, ha, ¢1,0) and <, () :
fria(z, b1, y2), C(2) = frya(z,y1,h2), we see that n (z) € fi(z,h1,y2,0,02), n,(z)
f2(x7y17h2790170)7 Ql(ﬂf) € fFl(Z‘,hq,yQ), £2(1}) € fF2(1‘7y1,h2) and ﬂi € Lr;()(Q)v Q,L
LO(Ty) with 1< () < pi() and 1 < 15(-) < (pi)« ().

e As (iii), we need to verify that for each i = 1,2 fixed, the following inequality

m m

2
(54) Z |:<A1(hl),vl — hz> + / , (U,‘ — hl) dx +/ gi (’Ui - hz) dg:l >0 forall v; € h; N K;,
i=1 Q i
where
(Ao, v; — / Gila |v|v|al| Vo, -V (v; — 0;) dx for all o; € WH9(Q).
0;

Because v; € h; A K; means v; = h; A = h; — (h; — wi)+ for any ¥; € K;, we use the fact
Vh; = 0 to rewrite inequality (5.4) to the following one

2

(5.5) ZU (hi — ;) dx+/§ (hi — i)™ d<}<0 for all ¢; € K.

Owing to (h; — ;)" € {v; € Wh9(Q) : v; > 0}, 1, = fra (- h1,92,0,02) , 1, = faa (- 41, h2, #1,0),
and ¢, = fry,a (1, 92) 5 €, = fra,a (Y1, he), it could utilize (Hf) to find

/fla(zahlay2707¢2)vl d$+/f2a(1‘,y1,h2,(p1,0)112 dz
Q Q

+ [ fria(@ hi,ye)vi ds+ | froa (2,91, he) ve A6 <0,
Fl 1_‘2

for all v = (v1,v2) € W with v > 0, thus, (5.5) is verified.

This indicates that o := (hq, ha) is a subsolution of (1.12).
Secondly, by checking the conditions of Definition 2.13 we verify that @ = (j1, j2) is a supersolution
of (1.12).
e For (i), thanks to j; > ¢y > ¢;(2z) (that is, j; A K; C K;).
e With respect to (ii), let 7, (z) := fip(z, h1,y2,0, 92), Mo(2) = fa(x, Y1, h2, p1,0) and (4 (z) :=
thb(xv hy, y2)7 CZ(x) = ng,b(l'a Y1, h2)v thenﬁl(x) € fl(x, h1, 92,0, 902)a ﬁ2(x) € f?(xa Y1, ha, 1, 0),
Zl(x) € fF1 (xahlayQ)a ZQ(‘I) € ffz(xayhh@) and n; € LT:()(Q)aZz € LL;()(FZ) with 1 < 7’1() <
pi(+) and 1 < 5(-) < (pi)«(-):
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e As (iii), we need to show that for i = 1,2 fixed the inequality is available

2
(5.6) [ —jz->+/ dx+/< qizo for all v; € 7; V K.

i=1
Indeed, for any v; € j; V K; it has v; = j5; V. 4o; = 4; + (¥; — 45)T,4; € K;, and Vj; = 0, then
(5.6) is equivalent to

2

(5.7) Z [/Q 7; (i — ji)Fda + /r Ci(ei _ji)+d§] >0 forall ¢; € K;.

i=1

Due to (¢; — ji)™ € {v; € WH9i(Q) 1 v; > 0}, it uses (Hf) to get
/flb (z,h1,92,0,92) v1 dSE-i-/ fav (%, 91, ha, 1,0) v2 do

Jrop (@, ha,y2) v d§+/ frow (@91, ho)ve ds > 0,
Iy

for all v = (v1,v2) € W with v > 0, which implies (5.7).

This leads to that & = (ji1,j2) is a supersolution of (1.12). Invoking Theorem 4.1, we show the
solvability of (1.12). O

Recalling the definition of K, we see that K satisfies the lattice condition (4.40). Therefore, it could
apply Theorem 4.2 to get the following results.

Corollary 5.2. Assume that the the same hypotheses of Theorem 5.1 are satisfied, then the solution
set S of (1.12) is compact in W.

Motivated by [25, Theorem 4.2], indeed, we can find more solutions to problem (1.12) by strength-
ening the hypotheses (Hf), that is, we make the following assumptions.

Hf)’ For alln € Nand i = 1,2, let h(n),j-(") € R be such that jgn) > Cp,
i ¢

7

(5.8) either h(n < ] ) < h; i+ o jz-(nﬂ) < hE”) < ji(n)
and
fra(z, h ’y27 0,92) <0, fip(z, j{ ,Y2,0,00) >0, fora.a. xze€Q,
(5.9) Faa(@,y1, 15", 01,0) <0, fap(a, 11,35 790170) 20, foraa zef,
frl,a(x,h( y2) < fry oz, ]1 , yo) >0, foraa. xecly,
froa(@y, hSY) <0, fryo(z oy, 58Y) 20, for aa. o €Ty,

for all (y1,y2) € [hgn),j§7l)} X [hén),jén)] all p; € RN and all n € N.

From [25, Theorem 4.2], we can get the following theorem.

Theorem 5.3. If (H0), (H1) and (Hf)’ hold true. Let (H3) hold for a.a. x € Q, for ally; € [h(n),j(n)]

?

and for all p; € RN with i = 1,2. Then there exists a sequence of weak solutions o™ = (a%n) (")) to

problem (1.1) satisfying agn) < az(nﬂ)(resp. al(”ﬂ) < UZ(”)) if ji(n) < hl(.nﬂ)(resp. ji(nﬂ) < hgn ) for
alln e N withi=1,2.

Proof. Utilizing Theorem 5.1 with h; h( " and Ji = jl-(n) for all n € N, we can find solutions
o = (o} (m) 02 ) of (1.12) fulfilling h( w <o (n) < j( ™) with i = 1,2 and n € N. Moreover, by (Hf),
there hold a(n) < ](n) < h(nH) <o ("H) for a.a. z € Q lfj(n) < h("+1 Similarly, we can proof the

results under the case that ](n+1) hgn). O
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In fact, there are a large of functions that satisfy the corresponding hypotheses in this paper. We

end this section to provide the following example for function fi, fa, fr, and fr,, more precisely, we
have the following example.

Example 5.4. Consider the following mutilvalued functions:
Fie, 1, v 01,02) = Palyn) + 3 Palan) + erlen 97+ 2 Pollgl),
Fale, 1, v 01,2) = 5Pi() + Pala) + 5 Pr(nl) + ealialr2®
fro(@,y1,92) = Pi(ya) + %Pz(zn) + uy (),

ral s 2) = 5Pi(01) + Palye) + ua(),

where Pi, P, : R — R are given by

[-2,-1] y=4m—1

2(y — 4 4m — 1,4 1

[1,2] y=4m+1

—y+4m+2 ye (dm+1,4m+3) meZ,
and

[—2,—1] y=4m —2

2(y —4m +1 € (dm —2,4m
(5.11) Py) = 2V ) ouel :

[1,2] y=4m

—y+4dm+1 ye (dm,dm+2) meZ,

¢; >0 and u; € L>(T;) fulfilling |u;(z)| < § for a.e. €T, for i =1,2.

Note that for ¢ = 1,2, the multivalued functions f; and fr, fulfill hypotheses (H1) and (H3).
Moreover, if we take h§n) = —1+4n, jin) =1+4n, hén) = —2+44n and jé") = 4n then the above
functions satisfy hypotheses (Hf)’ (so, they fulfill (Hf) as well).
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