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Abstract

This paper focuses on the study of multiplicity and localized concentration properties
of positive solutions for the following singularly perturbed double phase problem with
nonlocal Choquard reaction

—€P Apu — €9 Agu + V() (ulP2u + [ulf2u)
=t (ﬁ * G(u)> gw), inRY,
ueWhP@®V)ynwha@RY), u > 0, inRY,

where | < p < g < N,0 < u < p, € is a small positive parameter and V is
the absorption potential. We assume that the potential V satisfies only a local condi-
tion introduced by del Pino and Felmer. Applying suitable variational and topological
methods combined with penalization technique, we obtain multiple semiclassical pos-
itive solutions for € > 0 sufficiently small as well as related concentration properties,
in relationship with the set where the potential V attains its minimum. Moreover,
we also investigate the decay property of semiclassical positive solutions. The main
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results included in this paper complement several recent contributions to the study of
concentration phenomena.

Keywords Double phase problem - Semiclassical solution - Localized
concentration - Nonlocal reaction
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1 Introduction and main results

In this paper we deal with a class of singularly perturbed double phase problem with
nonlocal Choquard reaction

—€ePApu — €l Agu+ V() (ulP2u + |ul?"%u) inRV,
= eV (e Gw) g, (1.1

[

uewWhP@M N whe@®Ny, u > 0, in RV,

where |l < p<g < N,0< u < p, Aru = diV(|Vu|’_2Vu), with r € {p, q}, is
the r-Laplacian operator, € is small positive parameter, * represents the convolution
between two functions, V is the absorption potential and the nonlinear function G is
the primitive function of g.

This paper is inspired by recent fundamental progress in the mathematical analysis
of various nonlinear patterns with unbalanced growth and nonlocal reaction. Here we
point out that the source term of problem (1.1) is driven by the sum of the (p, g)-
Laplacian operator and the nonlocal Choquard reaction term. This problem is also
called the double phase problem with unbalanced growth since the behavior of the
(p, q)-Laplacian operator switches between two different elliptic situations, which
generates an interesting double phase associated energy.

The main interest in the study of problem of this type is twofold. On the one hand,
there are motivations from mathematical physics, since the non-autonomous unbal-
anced operator has been applied to describe steady-state solutions of reaction-diffusion
equations arising in biophysics, plasma physics, and chemical reaction analysis. The
prototype equation for these models can be written in the form

u = div[Aw)Vu] + c(x, u) and A(u) = |[Vu|P~2 + |Vu|172,

where the function u is a state variable and describes density or concentration of
multi-component substances, div[ A () Vu] corresponds to the diffusion with a diffu-
sion coefficient A(u) and c(x, u) represents the reaction term related to source and
loss processes, see Cherfils and II’yasov [19] and Singer [40]. On the other hand, an
interesting phenomenon in the paper is that the appearance of Choquard reaction term
on the right-hand side generates the nonlocal characteristic, which need more accurate
and delicate analyses in mathematical aspects. The nonlocal nonlinearity appears nat-
urally in optical systems with a thermal and it is known to influence the propagation
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of electromagnetic waves in plasmas, see [16, 30]. This type of nonlocal problem also
has attracted considerable interest as a means of eliminating collapse and stabilizing
multidimensional solitary waves [12] and it plays an important role in describing the
finite-range many-body interactions, see Pekar [39] and Lieb [27].

Furthermore, the double phase problem (1.1) is also motivated by numerous models
arising in mathematical physics. For instance, we can refer to the Born-Infeld equation
[17] that appears in electromagnetism, electrostatics and electrodynamics as a model
based on a modification of Maxwell’s Lagrangian density:

. Vu .
—div W =h(x,u) in .

In fact, using the usual Taylor formula, we get

o2, X 3, 51 2n —3)!
(1—x) —1+2+2.22x +—3!_ FX7+ +—(n_1)!2n_1x

=y for|x] < 1.

Taking x = 2|Vu|?> and adopting the first order approximation, we can obtain the
double phase problem (1.1) with p = 2 and ¢ = 4. Especially, the n-th order approx-
imation problem is driven by the multi-phase differential operator

_ (@n =3

n—1 ot

3
—Au—A4u—§A6u—~-

We also refer to the following fourth-order relativistic operator

g |Vul? v
ur—div { ———-~ VvVu |,
(1 — |Vul#)3/4

which describes large classes of phenomena arising in relativistic quantum mechanics.
Similarly, by virtue of Taylor formula again, we have

3x  21x10
2 4\—3/4 2
1— -
x“( x7) X<+ 2 + D

4+

This illustrates that the fourth-order relativistic operator can be approximated by the
following double phase operator

3
u+— Aqu—+ ZAgu.

For more detailed contents and applications in the physical science and other fields,
we refer the readers to Arora-Fiscella-Mukherjee-Winkert [10], Bahrouni-Réadulescu-
Repovs [11], Benci-D’ Avenia-Fortunato-Pisani [15], and Tao-Li-Winkert [44].

We point out that, when € goes to zero, the singularly perturbed problem (1.1)
is known as the semiclassical problem, and the solutions of (1.1) are often referred
to as semiclassical solutions which have very plentiful dynamic phenomena, such as
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concentration, convergence and decay etc. Physically, the concentration phenomenon
of semiclassical solutions reflects the transition from quantum mechanics to classical
mechanics and it gives rise to significant physical insights. To characterize the con-
centration phenomenon of semiclassical solutions, we note that if the function v is a
solution of (1.1) for xo € RV, then u = v(xg + €x) verifies

1
—Apu — Agu 4V (xo 4+ €x)(ulP"2u + [ul?%u) = (W * G(u)) g(u), inRY,
X

which means some convergence of the family of solutions to a solution u¢ of the limit
problem

1
—Apu — Agu 4V (x0) (ulP"2u + [u]9%u) = (W * G(u)) gw), inRN.
X

It is expected that, in the semiclassical limit € — 0, the concentration phenomenon
should be governed by the potential V. In particular, there should be a correspondence
between semiclassical solutions of the equation and critical points of the potential. Over
the recent years, there have been a great deal of interests in investigating the existence,
multiplicity and qualitative properties of semiclassical states as localized solutions
for nonlinear mathematical physics equations with various types of concentration
phenomena. Let us now briefly recall some related results in this direction.

When p = g = 2, problem (1.1) comes back to the following semiclassical
Choquard equation

—EAu+Vxu =N (ﬁ * G(u)) g(u), inRN. (1.2)
X

As we know, the question of the existence of semiclassical solutions for the non-
local problem (1.2) has been posed by Ambrosetti-Malchiodi [7, p.29]. Following
the seminal work [7], there have been some works concerning with the study of
the semiclassical analysis of problem (1.2) under various assumptions on the poten-
tial V, see for example [2, 21, 33, 46] and the references therein. Among them,
the authors are mainly interested in the problem how the property of the potential
influence the existence, multiplicity and concentration of semiclassical solutions.
Applying the Lyapunov-Schmidt reduction method, Wei-Winter [46] constructed
families of solutions concentrating to the nondegenerate critical points of V. Cingolani-
Secchi-Squassina [21] studied the existence of solutions concentrating around several
minimum points of V by using a global penalization method. Moroz-Van Schaftingen
[33] used variational methods and developed a novel nonlocal penalization technique
to study the localized concentration phenomena: the solutions concentrating around
local minima of V. Very recently, based on the global variational argument, Alves-
Gao-Squassina-Yang [2] studied the existence and concentration behavior of solutions
for the problem (1.2) involving two variable potentials and critical exponential. We
also refer the readers to the survey paper [32] and the related works [18, 26, 41] for
more details.
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When p = g # 2, problem (1.1) boils down to the following quasi-linear Choquard
equation with p-Laplacian operator

—€P Apu + V (x)[u|P~2u = eV (# » G(u)) ¢(u), in RN, 13

ue WhP@®RN), u >0, inRY.
Regarding the study of semiclassical analysis for problem (1.3), we would like to
introduce the recent contributions done by Alves-Yang [4-6]. To be more precise,
combining the mountain pass argument with the Ljusternik-Schnirelmann category
theory, in [5] they obtained the existence and multiplicity result of positive solutions
concentrating at global minimum points of V under the global condition introduced
by Rabinowitz [38]. After then, under the local condition on the potential V, they took
advantage of a variational method based on the penalized argument, first developed
by del Pino-Felmer [22], to obtain a family of solutions concentrating around local
minimum points of V [6]. In [4], they also considered the competing potentials and
described a new concentration phenomena: the semi-classical solutions concentrating
around global minimum points of linear potential and global maximum points of
nonlinear potential.

In recent years, the double phase problems with local nonlinear reaction had
attracted great attention of many scholars, and some interesting and meaningful results
were established by using various variational and topological methods. We refer to the
works of [13, 23, 34-37] for the existence and multiplicity results, and the progresses
about concentration and qualitative analyses of semiclassical solutions can be found
in [3, 8, 9, 48, 50] and the references therein.

Very recently, concerning the semiclassical problem (1.1), there is only a work
studying the concentration and multiplicity for semiclassical positive ground state
solutions up until now. We refer to the paper by Zhang-Zhang-Rédulescu [49]. Pre-
cisely speaking, under the global condition introduced by Rabinowitz [38]

O< inf V(x) =Vy < Vg = lliminf V(x) < oo, (1.4)

xeRN x|—00

and the nonlinear term g having C'-smoothness, combining variational and topolog-
ical arguments from Nehari manifold analysis and Ljusternik-Schnirelmann category
theory, the authors proved the existence and multiplicity of semiclassical positive
ground state solutions that concentrate around global minimum points of the poten-
tial V. Finally, we also mention the recent survey paper by Mingione-Réadulescu [31]
where a comprehensive overview of the recent developments concerning elliptic vari-
ational problems with unbalanced growth conditions and related to different kinds of
nonuniformly elliptic operators.

We would like to emphasize that the global condition (1.4) used in [49] plays a very
crucial role in showing the existence and concentration of semiclassical solutions. In
fact, the key point is that the limit behavior of V at infinity can help this problem to
restore the necessary compactness by using the energy comparison method. So, an
interesting question, which motivates the present work, is whether one can seek for
localized solutions which concentrate around local minimum points of the potential. As
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we will see, the answer is affirmative. Motivated by this fact and the above mentioned
works, in the present paper we are interested in the qualitative and asymptotic analysis
of semiclassical solutions to problem (1.1) under the local condition and we are mainly
concerned with the existence, localized concentration, decay estimate and multiplicity
properties of solutions. The main features of the present paper are the following:

(1) the problem contains the combined effects of a double phase operator with
unbalanced growth and of a Choquard reaction with nonlocal property, so some non-
trivial additional technical difficulties arise.

(2) the potential describing the absorption term satisfies a local condition and no
information on the behavior of the potential at infinity is available;

(3) the localized concentration phenomenon shows some relationships between the
global maximum point of the solution versus the local minimum of the absorption
potential;

(4) since the lack of compactness caused by the unboundedness of domain, the
Palais-Smale sequences do not have the compactness property.

To state the main results, we need introduce some conditions about the potential
V and the nonlinearity g. We first assume that the potential V satisfies the following
condition introduced by del Pino and Felmer [22]:

(V) V e C(RN,R) satisfies V (x) > inf gy V(x) = Viin > 0, and there exists an
open and bounded set A € R" such that

Vo := inf V(x) < min V(x).
xeA x€dA

We define the local minimum point set IT := {x € A : V(x) = Vj}. Without loss
of generality, below we may assume 0 € 1. Meanwhile, the nonlinearity g is assumed
to satisfy the following conditions:

(g1) g€ C(R,R) and g(s) =0 forall s < 0;
(g2) g(s) =o(ls|P~")ass — 0;
(g3) there existco > O and 7 € [q, %) such that

lg(s)] < co(1+|s|° ) forall s € R;

(g4) there exists & = 2q > g such that
N
0<0G(s) = 9/ g(®)dt < 2g(s)s forall s > 0O;
0

(g5) s — %S)l is increasing for all s € (0, c0).
s2°
The first result is the existence and localized concentration of positive solutions,

we have the following theorem.

Theorem 1.1 Let0 < w < p and assume that conditions (V) and (g1)-(g5) hold, then
there exists € > 0 such that for any € € (0, €p), we have the following conclusions:

(a) problem (1.1) at least has a positive solution u.;

@ Springer



Localized concentration of semiclassical. .. Page7of54 35

(b) uc attains its maximum at x., moreover, up to a subsequence, there holds

lim dist(x¢, I1) = 0 and lim V (x¢) = Vp;
e—0 e—0

() uc(ex +x¢) = u(x) in WHP@RN) N WH4(RN) as € — 0, where u is a positive
solution of the limit problem

—Apu — Aqu+ Vo(lulP~2u + [u]9%u) = (# * G(u)) g, inRY,
uewWhP@RM) N whHa@®RN), u > 0, in RN,

(d) there exist positive constants ¢, C such that
c
uc(x) < Cexp (——|x — x€|) .
€

Moreover, we observe that the behavior of V outside A is irrelevant from the
above results, next we consider the situation where V has multiple isolated local
minimum sets, and obtain an immediate consequence which describes some multiple
concentration phenomena.

Corollary 1.1 Let O < u < p and assume that conditions (V) and (g1)-(gs) hold.
If there exist mutually disjoint bounded domains Aj, j = 1,---,k and constants
Vi < Vo < --- < Vi such that

Vi = inf V(x) < min V(x).
X€EIA

XEAj

Then for sufficiently small € > 0, we have the following conclusions:

(a) problem (1.1) at least has k positive solution ul forj=1,---,k;
(b) ul attains its maximum at x., moreover, up to a subsequence, there holds

lim dist(x/, T1;) = 0 and lim V(x}) = V;,
e—0 e—0
where the set T1; :={x € Aj : V(x) =V;}forall j =1,--- k;

(©) ui(ex + x'!) — ul(x) in WhP@RN) N W4 (RN) as € — 0, where u’ is ground
state solution of the corresponding limit problem

— At = Agut+ Vi (P2 + 420 = (e % G@) g, inRY,
uewhP@MyNnwhi@®N), u > 0, inRN,

(d) there exist positive constants ¢, C such that
j ¢ j
ul (x) < Cexp (—g|x — |) .
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In the second part of the present paper, we shall deal with the multiplicity result
of semiclassical solutions to problem (1.1). In this case, we assume the following
condition on the potential V:

(‘7) V e C(RM, R) satisfies V (x) > inf . gy V(x) = Vinin > 0, and there exists an
open and bounded domain A C R" such that

Vinin < m}i}r}\ Vix)and0 e M :={x € A : V(x) = Vinin} # 9.
xXe

In order to study the multiplicity result, we need apply the Ljusternik-Schnirelman
category theory. Now let us remind the definition of the Ljusternik-Schnirelman cate-
gory. Let X be a topological space and let Y # ¢ be a closed subset of X. The category
of Y in X, catx (Y), is the smallest integer n such that

n
Y A
k=1
where for each k = 1, -, -, -, n, Ay is a closed set contractible in X. If such a integer

does not exist, then caty (Y) = +oo0.
Let us define the following set

Ms = {x € RN : dist(x, M) < §} for § > 0.

The multiplicity result of this paper is the following theorem.

Theorem 1.2 Let 0 < u < p and assume that conditions (V) and (g1)-(g5) are
satisfied. Then for any § > 0 there is €5 > 0 such that, for any € € (0, €s), problem
(1.1) has at least cat p(M) positive solutions. Furthermore, if uc denotes one of these
solutions and x¢ € R s its global maximum, then we have

lim dist(xe, M) = 0 and lim V (x¢) = Viin.
e—0 e—0

Compared with [49], the condition (V) or (\7) is rather weak, without restriction
on the global behavior of V is required, and the behavior of V outside A is irrelevant.
This fact shows that the limit problem at infinity and its properties are all unknown for
the current problem. So, from a variational point of view, one of the major differences
between the global condition (1.4) and the local condition (V) is that the associated
energy functional, under the local condition (V'), does not satisfy the so-called com-
pactness condition in general. In addition, another novelty of this paper is that we
remove the C'-smoothness of g in [49]. Naturally, the argument for C!-Nehari man-
ifold method used in [49] is not applicable in our situation. Evidently, the problem
studied in this paper seems to be more complicated, and the arguments also seem to
be more delicate.

Next we sketch the strategies and methods to prove Theorem 1.1 and Theorem 1.2.
The proof of Theorem 1.1 will be carried out by using suitable variational techniques.
Firstly, since we have no global information on the potential V, we make use of
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the penalization approach developed by del Pino and Felmer [22] which consists in
modifying appropriately the nonlinearity g outside A, and thus consider a modified
problem whose corresponding energy functional fulfills all the assumptions of the
mountain pass theorem. In such a way, the functional of modified problem has the
advantage that it satisfies the so-called Palais-Smale compactness condition, which
overcome the difficulty caused by the lack of compactness. Secondly, we need to
check that the solutions of the modified problem are indeed solutions of the original
problem. This goal will be achieved by combing an appropriate De Giorgi iteration
argument, the Holder regularity result and some refined analysis techniques to show
the L°°-estimate and decay property of solutions.

The proof of Theorem 1.2 will be obtained by applying topological techniques.
More precisely, in order to obtain multiple solutions of the modified problem, we
take advantage of the Ljusternik-Schnirelmann category theory and the topological
techniques due to Benci-Cerami [14] based on precise comparisons between the cat-
egory of some sublevel sets of the modified functional and the category of the set
M. Observe that the nonlinearity g is only continuous, one can not apply standard
C'-Nehari manifold arguments due to the lack of differentiability of the correspond-
ing Nehari manifold. To overcome this difficulty, we intend to use some variants of
abstract critical point theorems from Szulkin and Weth [42] to deal with our problem.
Finally, combining the decay property of solutions we can complete the proof of the
multiplicity result to problem (1.1). And then Theorem 1.2 follows naturally.

The paper is organized as follows. In Section 2, we present some preliminary
lemmas and obtain the existence result of modified problem. In Section 3, we deal
with the autonomous problem associated to problem (1.1). In Section 4, we prove
the existence and localized concentration of semiclassical solutions, and complete
the proof of Theorem 1.1. In Section 5, we are devoted to the multiplicity result of
solutions and we accomplish the proof of Theorem 1.2.

2 Preliminary results and modified problem

Throughout this paper, for the sake of simplicity we will use the following notations.

| - |s denotes the usual norm of the space L* (RN), 1<s <o0;
e ¢, C, ¢, C; denote some different positive constants;
u™ and u™ denotes the positive and negative parts of function u, respectively, i.e.,

ut = max{u, 0} and ¥~ = min{u, 0};
o r* = 1\1,\/ — denotes the embedding critical exponent of the Sobolev space
Wl’r(RN).

In what follows, we introduce some relevant results about the Sobolev spaces. For
p € (1,00)and N > p, we define DLP(RN) as the closure of C(‘)’O(RN) with respect
to

|Vu|§=/ |Vu|Pdx.
]RN
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Let WP (RN) be the usual Sobolev space endowed with the standard norm

1

p

lullwrr = (/ (IVul? + Iulp)dX) :
RN

We give the following embedding property for the spaces D!+” (RY) and W -7 (RV).

Lemma 2.1 Let N > p, then there exists a constant S, > 0 such that, for any u €
DI RY),
P -1 p
|M|p* =< S* |Vulp
Furthermore, WP (RN) is embedded continuously into L* (RN)for any s € [p, p*]
and compactly into L}, (RN) for any s € [1, p*).
We also have the following Lions concentration compactness lemma due to [28].

Lemma2.2 Let N > pandr € [p, p*). If {u,} is a bounded sequence in WP (RV)
and if

lim sup / lu,|"dx =0,
Br(y)

n—oo yeRN
where R > 0, then u,, — 0 in L*(RY) for all s € (p, p*).
Observe that, since we shall deal with the double phase problem with (p, g)-
Laplacian operator, we introduce the space
E =W'P@®RY) nwha@Y)
endowed with the norm
lull = Nlullwrp + llullyig.

Concerning problem (1.1), we use the change of variable x — ex, then we can see
that problem (1.1) is equivalent to the following problem

— Ay — Agut + V(ex)(ulP~2u + |u]4"2u) = (ﬁ * G(u)) ¢(), in RV,
uewhP@¥) Nnwha@®RN), u > 0, inRVN.
2.1
Evidently, if u is a solution of problem (2.1), then v(x) := u(x/¢€) is a solution of
problem (1.1). Thus, in the following we will study the equivalent problem (2.1).
For any fixed € > 0, we define the working space

E.= {u e WhP@®RMynwherV) : f V(ex)(lul? + |u|?)dx < oo}
RN

endowed with the norm
lulle = llullv.,p + Nullve.q
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where

lully, s = </ (|Vul® + V(ex)|u|s)dx> " foralls > 1.
RN

From the condition on V/, it follows that

p q
) (el ,, + 1l ) -

Moreover, according to Alves and Figueiredo [3], we have the following embedding
property.

1
lal?y, + el < (1 + 5

min

Lemma 2.3 E. embeds continuously into L*(RN) for s € [p, ¢*] and compactly into
L. (RM) fors € [1, g*). Furthermore, there exists positive constant vy such that

vsluls < llulle, forall's € [p, q*]. (2.2)

Since we will treat the nonlocal problem (2.1) with Choquard reaction, and we need
to introduce the classical Hardy-Littlewood-Sobolev inequality (see [29]) which will
be frequently used throughout this paper.

Lemma 2.4 (Hardy-Littlewood-Sobolev inequality [29]) Let 1 < r,s < 400 and
0 < u < N such that % + % +y=21If¢pe L"RN) and € L*(RN), then there
exists a sharp constant C(N, , r, s) > 0, independent of ¢ and , such that

PP (y)
/ ————dxdy < C(N, p, r, )Pl |¥ls.
RN JRY X — y[#
We observe that if G(u) = |u|* for some t > 0, then Lemma 2.4 illustrates that
the integral

/ [L *G(u)] G (u)dx —/ / GG 44y
|x |1 RN JRV lx — y|#

is well defined if G(u) € L*(R"N) for s > 1 with % + % = 2. Since we will work
with u € E, in order to make certain that the above integral is well defined, according
to Lemma 2.3 we must require that st € [p, ¢*]. Then we can see that 7 satisfies the
following inequality
(2N —wp <7< (2N — M)‘]
2N - = 2N

Here we call that the exponent 2N — u)p/2N is the lower critical exponent and
(2N — p)q* /2N is the upper critical exponent for the double phase problem with
nonlocal Choquard reaction.

Normally, if the growth exponent 7 of g lies in the range (2.3), we can obtain the
existence result of nontrivial solutions by applying variational approaches. However,
in the present paper, since we not only investigate the existence of nontrivial solution,
but also want to study some properties of solutions such as positivity, regularity and

2.3)
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concentration, Hence, we need to require a stronger condition for the growth exponent,
see conditions (g>) and (g3).

Moreover, we can infer from conditions (g>) and (g3) that for any ¢ > 0, there
exists C, > 0 such that

1g($)] < els|P~' + Cels|""  and |G (s)| < g|s|? + Cels|” forany s € R.  (2.4)

As we have mentioned in the introduction, generally speaking, the energy functional
of problem (2.1) does not satisfy the Palais-Smale compactness condition under local
potential condition, we will not deal with problem (2.1) directly. Instead, we need
make use of the penalization approach developed by del Pino and Felmer [22] to
modify the problem (2.1) such that the modified functional satisfies the Palais-Smale
condition. After constructing solutions of the modified problems we will make these
solutions localized, so they are solutions of the original problem for small €.

We choose suitable two positive constants £y and ag such that g(ag) = %“‘ag _l,
and we define the following functions

_ o [el  ifs<an,
8(s) = %“‘sq_l if s > aop,
and
1 - g(s) if 0, s
Fles) = {SA(X)g(s)Jr( XA (x)E(s) ifi;(), F(x,s):/O Flendr,

where x 4 is the characteristic function on A. Moreover, we duduce from the conditions
(g1)-(gs) that f satisfies the following properties:

(f1) f(x,s)=o(s|?~) ass — 0uniformly in x € RV;
(f2) f(x,s)<g(s)forallx e RN ands > 0;
(f3) 0< %F(x,s) < f(x,s)s forany x € A and s > 0, and

min

0 Vi :
0< EF(X’S) < f(x,s)s < E—(s”—i—ﬂ) forany x € A and s > 0;
0

(fa) the following monotonicity conditions hold

f(x,8) F(x,s)
a_1 > q
$2 $2

are strictly increasing for all x € RY and s > 0.

Next we shall consider the following modified problem

—Apu — Aqu + V(ex)(ul?2u + |u|972u) = (i * Fex, u)) fex,u), in RN,

[ ]#

2.5
ue WhP@®RMynwha@®N), u > 0, inRRV. (2.5)
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We note that if u is a solution of problem (2.5) such that
u(x) < ap forallx € A, where A := {x € RY :ex € A},

then f(ex,u) = g(u) and F(ex, u) = G(u). So, u is also a solution of problem (2.1).
We define the energy functional associated with the modified problem (2.5)

- 1 1
Zc(u) = ;Hullvﬁ || IIVG . —— % F(ex,u) | F(ex, u)dx.

2 |x|#
Using (2.4), (f2), Lemma 2.3, Lemma 2.4 and applying some standard arguments, we

can easily check that Z is well defined on E. and belongs to C! with its derivative
given by

(. (u), v) =[N [\W|P*2ww+ |Vu|q*2ku] dx
R

+/RN V(ex) [|u|p72u + |u|q*2u] vdx — /RN [lxlw % F(ex, u)] fex, wyvdx

forallu, v € E.. Therefore, it is obvious that the solutions of problem (2.5) correspond
to critical points of Z.

The following result shows that the energy functional Z, satisfies the geometric
structure of the mountain pass theorem.

Lemma 2.5 the energy functional L. has a mountain pass geometry, that is

(1) there exist oo, 0 > 0 such that Z.(u) > oo with |ul|le = o,
(ii) there exist ug € E. and R > 0 with ||ug|le > R such that T.(ug) < O.

Proof (i) Letu € E., we first take ¢ € (0, 1) with ||u] = o, then we have ||u||v p =
lull?, Vop < 1. Therefore, using Lemma 2.1, Lemma 2.4, (f2), (2.2) and (2.4) we obtain

IR 1
Tew =l + = 5 || * Flex | Flex,wd

2 x|

A%

1 1
Sl el = e (enun?’ + eCellullZ* + CellulZ)

v

2 q 2 2
r (lellv,.p + llullv, )" = c1 (sllullé” + eCe|lullP*T + Cellull "

2 2 2
=l = er (el +eCella2** + Cellul?").

Since g < 27, then there exists op > 0 such that Z.(u) > o9 > 0 when |u|| = o.
(i1) We fix ug € Ec\{0} with supp(ug) C Ac. Then we have F(ex, ug) = G(up),
and we set

1 1 t t
h(t)=—/ [—*G( 1o )]G( uO)dxfort>O.
2 Jry | x|# lluolle llzolle
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From (g4) we can infer that

o [eee ()
e L ™ Uolie ) 1% Uluole ) ol
-2 [L*G< fuo )]G( fuo >dx 2.6)
2 Jo Lix# ™ o )1 \ualle

0

Integrating (2.6) on [1, s||ug|lc] with s|lug|le > 1, we have
h(slluolle) = (1) (slluolle)’.

Consequently, we immediately obtain

1/ [L*G(su ):|G(su )dx > 1/ [L*G< 1o )]G( 10 >dx(s||u B
2 x| 0 0 2 x| luglle lluglle ol

Combining with the above facts we derive that

sP 1 1
Ze(sug) = > ||bt0||ve » —|| 0||Ve q 5/ [W x F(ex, suo)] F(ex, sup)dx

sP p g 1 1
=;Iluollvs,p + ;IIMOIIVE,(, -z —— % G(sup) | G(sup)dx

2 x|

<c3(sP +57) — cys?

fors > W Taking e = suq with s sufficiently large, we can see that the conclusion
(ii) holds since 6 = 2¢g > q. O

According to Lemma 2.5, we can use a version of mountain pass theorem without
the Palais-Smale condition [47] to deduce the existence of a Palais-Smale sequence
{un} at level c¢, namely

Te(un) — ce and I (uy) — 0,
where c, is the mountain pass level of Z, defined as

ce = inf max Zc(()) = inf maxI (tu),
yel' te[0,1] ucEN\{0} t>

and
I'={y e C(0,1], E¢) : y(0) = 0, Z (¥ (1)) < 0}.

We observe that since supp(ug) C A, then there exists ¢ > 0 independent of

€, Lo, agp such that

ce = inf maxZ.(tu) <¢C.
u€E\{0} 1>0
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Lemma 2.6 Let {u,} be a Palais-Smale sequence of I, at level 0 < ¢, < C, then {u,)}
is bounded in E¢ and ||u,; || = o(1). Moreover, there holds

IIMnIII\Lp + ||un||{€,€,q <2q(c+1) forn € N large enough. 2.7

Proof Let {u,} be a Palais-Smale sequence of Z, at level 0 < ¢, < ¢. Observe that
6 = 2q, and from ( f3) we can deduce that

R 1
c+on(Dllunlle =Ze (un) — g(l—; (tn), un)

B » o1 p
_; - 5_ ||Mn\|\/€’p + P ||Mn\|ve’q

+/]RN [L * F(Ex,un)] [éf(éxyun(X))un(X) - %F(Gx,“n(x))] dx (2.8)

|x|#

v

1 1
p q
”u”HVE,p + |:; - 5] ”u”HVg,q

P q
unlly , + Nunlld, ).

\%

We use a contradiction argument to prove this conclusion, and we assume that ||u| —
oo. In what follows we divide into three cases to finish the proof of the lemma.

Casel. |lually,,p — oo and |lu,lly, 4 — oo. Since p < g, we can see that
||u,,||“1/€’ g = ||un||€€’ g > 1 for n sufficiently large. Therefore, from the above facts
we infer that

1

R 1
c+on(Dlulle > [5 - 5} (IIunII’éE,,, + ||un||[€/5,q)

0

ECS(”un“Ve,p + ||un||V€,q)p = CS””n”f-

1 1
z[a——}wwmgf+wma@

Evidently, this is impossible, a contradiction.
Case 2. [[uy|lv.,p — o0 and [luy|v, 4 is bounded. According to the following fact

~ 1 1
c+on(D(lunllve,p + llunllve.q) = [6_1 - 5} lunlly, ,»

we have . | _
C Unllv.
P2l toa() = — — .
lan I lan I qg 0
Ve.p e, p

Letting n — oo, we can see that 0 > L 5 > 0, which shows a contradiction.

Case 3. |lup|lv,,p is bounded and [lu, ]|y, 4 — ©0. We can proceed similarly as in
the Case 2.
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From the above three cases we can see that {u,} is bounded, and we have
(I (un), u, ) = o(1). Employing the definition of f and the following inequality

la — bl 2(a—b)a —b")>|a" —b | foralls > 1, 2.9)

we get

||u;||€€’p + ||u_||VE q _f |Vitn|P 2 Vu, Vu, dx —i—/ V (€x)|un P 2upu, dx
RN RN
+/ |Vun|q72VunVu;dx+/ V(ex)|un|q72unu;dx
RN RN

:/ [L*F(ex un)} flex, up)u, dx = 0,(1).

Rals

which implies that ||u;, || — 0 in E.. Consequently, we may assume that u, > 0 for
anyn € N.
Finally, according to (2.8), it is easy to see that

0 .
||Mn||v T ||Mn||v = q_ q(c+ 1) =2g(c+ 1) for n € N large enough.

The proof is now complete. O

Next we need to fix the notations:
B = {u € Ee: lullf, , +llully, , <2q@+ 1)} (2.10)

and 1
Kc(u)(x) := W * F(ex,u).
With the above notations, we are able to prove the following results.
Lemma 2.7 Let 0 < u < p and assume that ( f1)-(f3) are satisfied, then there exists

a constant £y > 0 such that

¢
sup |Ke()(x)] o < Eoforalle > 0. 2.11)

ue#h
Proof Firstly, using (2.4) and ( f2) we have

|F(ex,u)| < |Gw)| < elu|” 4+ Celu|® forany x € RN and u € R. (2.12)
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Therefore, we deduce from Lemma 2.3, (2.10) and (2.12) that

F(ex,u) F(Ex u) F(ex,u)
|Ke(u)(x)| = / —dy‘ = / / —dy
RV |[x — y[# r—y|<1 |X—y|“ —yl=1 X — y[*
ul? + ul*
sa [ EEEELavwo [ ur e una
P i x—yl=1
P T
Sclf Mdy +C,.
[x—y|<1 lx — y|#
(2.13)
Since 0 < p < p, we can take ¢t € (N/X —) such that N — T > (. We infer

from the Holder inequality that

t—1

1
u|? T i .
/ Ty s lu|Pdy |x —yI"=Tdy
—yl<t X =yl lx—yl<1 l—yl<l

! (2.14)
<C; [/ |r|N_1_rm1dri| < Cs.
[r|=1
Similarly, since T € [q, (A]’V_fq)q), taking s € (NL,M, (NIX#) such that N — =5 > 0,
we obtain
. 1 s—1
gy < sty | Zray |
, m)’_ 1<1|M| y <1|x—y| s=hay

l[x—yl<1 [x=yl= l[x—y|=< (2.15)

s—l

s@{/ |W1s'm} < Cs.
[r|<1

Consequently, from (2.13), (2.14) and (2.15) we can conclude that there exists a
constant £o > 0 such that (2.11) holds. We complete the proof of lemma. ]

Lemma 2.8 Let {u,} be a Palais-Smale sequence of I, at level 0 < ¢, < ¢, then for
any ¢ > 0, there exists R = R(¢) > 0 such that

n—oo

lim sup/ IVita|? + [Vin|? + V(ex)(junl? + |un|P)dx < e. (2.16)
B(0)

Proof For any R > 0 and some ¢ > 0 independent of R, let g € C*(R") be such
that

0 <vyr < 1,¥r(x) =0in Bg/2(0), yr(x) = 1 in Bx(0) and [Virg| < %.
Using Lemma 2.6 we know that {u,,} is bounded in E¢, moreover, there exists ngp € N
such that

lunlly, , + lunlly, , <2¢(@+ 1) forall n > no.
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Using the above estimate and Lemma 2.7 we obtain

SUPy > | Ke (Un) (X) |00
)

1
<-.
-2

On the other hand, according to the boundedness of {u,}, we can see that
(Z.(up), YrUn) = 0,(1). Hence, we conclude that

fN [IVun|? + |Vup|? + V(ex)(un|? + [un|?)] ¥rdx
R
=/ [L * F(ex, Mn):| Sflex, uy)u,yrdx

RN L [x|#

= [ (190177 4 1901972] 1, Tt + 0, .
RN

Taking R > 0 such that A, C Bg/2(0) and using (f3) and Holder inequality, we can
derive that

/ [IVunl? + |Vun|? + V(€x)(unl? + un|?)] dx
B)”m(O)

1 c
f/ |:7 * Fex, Mn)] f(ex, up)uy Yrdx + 7(””71“5 + II”nHZ) +0,(1)
B, () LIxI* R

SUP2 g 1 Ke (1) ()] ¢
5/ 120 T Vinin (i ? A 1l Ddx 4 = (a1 4 llen 19) + 04 (1)
BS,(0) Lo R
R/2

1 c
E*/ V(ex)(unl? + lun|Ddx + —(lun |2 + lunlld) 4 0, (1).
2 JBg,0 R

Consequently, according to the arbitrariness of R and the boundedness of {u,}, we
can see that for any ¢ > 0, there exists R = R(¢) > 0 such that

n—oo

lim sup/ [Vu,|? + |[Vuu|? + V(ex)(upl? + |u,|?)dx < &.
B (0)

This finishes the proof of lemma. O

Now, we show that the modified functional Z, satisfies the Palais-Smale compact-
ness condition, which will play a crucial role in our arguments.

Lemma 2.9 Z, satisfies the Palais-Smale compactness condition at level ¢ € [ce, C).
Proof Firstly, let {u, } be a Palais-Smale sequence of Z, atlevel ¢ € [c,, ¢). According
to Lemma 2.6 we know that {u, } is bounded. Thus, we may assume that, after passing
to a subsequence, u,—u in E, u, — u in L‘;OC(RN) foralls € [p, ¢*) and u, (x) —
u(x) a.e. in RN . Moreover, from [49, Lemma 3.1] we can see that u is a critical point
of the functional Z.. It follows that

(TL(u), u) = (Z.(u), uy) = 0. (2.17)
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For simplicity, we set
A, =/ (IVun|P~>Vu, — |Vu|?~>Vu, Vu, — Vu)dx
RN
—i—/ (IVunl?>Vu, — |Vu|?>Vu, Vu, — Vu)dx
RN

[ VD [l = 120 4 Qunl? 2, = 1920 = w3
RN

Computing directly, we get
Ay :(Ié (Un), up —u) — (Ié(u), Up — u)

—i—/l‘w [L * F(ex, un):| flex, uy)(uy, —u)dx 2.18)

|x[#

—/ [L x F(ex, M)] S ex, u)(uy —u)dx.
RN

|x[#

Next we shall prove the following conclusion

/ [L * F(ex, un)] fex, up)(u, —u)dx = o,(1). (2.19)
RN

|x |+
Observe that, from (2.4), (g3), (f2) and Lemma 2.3 we have
2N 2N
[ 1Pex T ax <co [ lual? + 1177
RN RN

2Np 2Nt
=c7 [t | V=1 =+ |up|2V— ) dx
RN

22Np 22Nr
N— N—
=cg <||un||e "t Nlunlle ﬂ) <C,

which implies that F(ex,u,) is bounded in L*N/CN=(RN). Moreover, since
u,(x) = u(x) ae. in RY, and thus F(ex, uy(x)) — F(ex,u(x)) ae. in RY, we

also obtain
F(ex, un)—F (ex, u) in L2N/CGN=1) (RN,

On account of Lemma 2.4, we know that the convolution term

1
|x |+ kw(x) € LZN/M(RN) forall w € LZN/(ZN—M)(RN)
X

is a linear bounded operator from L2N/CN=m) (RN to L2N/1(RN). So we can see that

1 1
o F(ex, un)—\W * F(ex,u) in L*N/M(RN). (2.20)
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Since f has a subcritical growth, using Lemma 2.3 and (2.20), we derive that for any
fixed R > 0,

/ [L *F(ex,un)i| flex, uy)(u, —u)dx = o,(1). (2.21)
Bgr(0)

x|

Using the growth condition, the definition of f and the boundedness of # *F(ex, uy),
we obtain

1
/ |:_ * F(ex, un)i| | f(ex, up)u,ldx < C9/
BS©) L IxI* B¢

R

(lunl? + lun|?)dx,
©)

this is because we can choose suitable R > 0 such that A C Bg(0). Moreover, from
Lemma 2.8, for any ¢ > 0 there exists R = R(¢) > 0 such that

1
lim sup/ |:— * F(ex, un):| | f(ex, up)u,|dx
B4 (0)

n— 00 |X|M
<lim SUPC9/ (lunl? + lun|?)dx
n—00 B4(0) (2.22)
<lim sup 610/ |Vun|? + [Vun|? + V(€x)(lunl|? + |un|”)dx
n—o00 B;‘?(O)
=C10¢.
Similarly, using Holder inequality, we can also show that
1
lim sup |:— * F(ex, un)] | f(ex, up)uldx < cyppe. (2.23)
n—oo JBG () LIxI*
Consequently, from (2.21), (2.22) and (2.23) we can infer that (2.19) holds.
Following the same argument, we also obtain
1
/ — x F(ex,u) | f(ex, u)(u, —u)dx = o,(1). (2.24)
RN L |x|#

So, weinfer from (2.17), (2.18), (2.19) and (2.24) that A,, = 0,,(1). Using the following
inequality

s—2& 1152 _ clé —nl’, ifs > 2, N

(2.25)
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we conclude that for the case p > 2

s = ulf = [ 1900, = 0l? + VeEnln, —uldx
=/

<c Vu, |’ Vu, — |Vu|P~2Vu, Vu, — Vu)dx
< 11/RN<| W|P~29u, — |Vl v

+en / | Vex) (" 2uy — el 72u) ay — w)dx
R
=0, (1).

For the case 1 < p < 2, using the boundedness of {u, }, Holder inequality and (2.25)
we have

2-p

2
» |Vup, — Vul|? »
Vu, — Vu|? —_— v Vul)?
URN‘ v dx} S[/R Tt 77| | o (o1 9070

5613/ (IVun|""2Vu, — |VulP~2Vu, Vu, — Vu)dx = 0,(1),
RN
2.27)

and

2-p

U V(ex)|u —ulpdx]i <[/ de} [/ V(ex)(Ju |+|u|)l’dx] '
RN " ~ Ly (] + u))>=? RN "

<eus [ Veen 2, ~ 1?2, ~ w)dx = o, ()
RN
(2.28)
Combining (2.26), (2.27) and (2.28) we can see that ||u, — u||€6 = o, (1) for any
p>1
Similarly, we also have |ju, — u||?/é’ q= 0,,(1). Therefore, it is easy to see that

Ny — ulle = |luy — u”Ve,p + llup — u”Ve,q =o0,(1).
We complete the proof of lemma. O

Based on Lemma 2.5 and Lemma 2.9, we can apply the mountain pass theorem
[47] to obtain the existence result of solutions for the modified problem (2.5).

Lemma 2.10 The modified problem (2.5) at least possesses a nontrivial nonnegative
solution for all small € > 0.

Proof Evidently, using Lemma 2.5 and Lemma 2.9 and employing the mountain pass
theorem [47], we can infer that for all ¢ > O sufficiently small, there exists u¢ € E¢\{0}
such that

Te(ue) = ce and I (ue) = 0. (2.29)
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Moreover, choosing u_ = {u, 0} and recalling that f(ex,s) = 0 forall s < 0 and
(Il (ue), u) = 0, we can derive that

n%uvP+W|wq_/ WMWJVWWQM+/1V&mwa%m3u
RN RN
~|—/ |Vu€|q_2VugVu€_dx+/ V(ex)|u€|q_2ueue_dx
RN RN

:-/ [# * Flex, “f)] flex,ue)u dx = 0.

which implies that [lu_ |lc = 0. So, u¢ > 0 and u, # 0. This ends the proof. O

3 The autonomous problem

For our scope, we shall also investigate the limit problem associated with problem
(2.5). To this end, we first discuss in this section the existence of the positive ground
state solutions of the autonomous problem.

Let a > 0, we consider the following autonomous problem

—Apu — Aju +a(u|P2u + |u|?%u) = (le“ * G(u)) g(u), in RN G0

ueWLP@®N)ynwha@®N), u > 0, in RN, '
and define the space

E, = {u e WhP@®@Yyn whaRN) - f a(jul? + |u|9)dx < oo}
RN
with the norm [[ulls = lulla,p + ll#lla,q, Where
flull? o = / (|Vul®* + alu|®)dx forall s > 1.
, RN

Clearly, we can see that the norms || - ||, and || - || are equivalent, accordingly, E, = E.

The corresponding energy functional of problem (3.1) is defined by

Tal) = L1ul2 ) + S uls —1/ [1 quGwmx
o) = e+ Wes =5 o Ll '

Clearly, we can easily see that 7, € C 1 (E;, R) and
(T (), v) :/ [|W|P—2ww + |Vu|q_2Vqu] dx
]RN

—i—/ allul?2u + |u|?2ulvdx — / [L * G(u)i| gw)vdx
RN

x|
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for any u, v € E,. We use .4, and ¢, to denote the corresponding Nehari manifold of

TJa
= {u € Ea \ {0} : (T, (), u) = 0}.

Analogous to arguments used in Section 2, it is easy to check that 7, has a mountain
pass geometry. Then, according to the mountain pass theorem, we can find a Palais-
Smale sequence {u,} C E, at the level ¢, > 0 of J,. Moreover, using (g5) and a
standard argument [47], we can obtain a minimax characterization

cq = inf maxJa(tu) = mf Ja(u).
ueE\{0} 1>0

Lemma 3.1 Let {u,} C E, be a Palais-Smale sequence for J, at the level c € R and
such that u,—0 in E,. Then we have either

(@) u, —> 0in E,4, or
(b) there exist a sequence {y,} C RY and constants R, o > 0 such that

n—oo

lim inf/ lu,|?dx > o.
BR(yn)
Proof Suppose that (b) does not occur. Then, for all R > 0 we have

lim sup/ lu,|?7dx = 0.
Br(y)

n—00 yERN

On account of Lemma 2.2, we can see that u,, — 0in LS (RY) forall s € (p, ¢*). So,
using Lemma 2.4 and (2.4) we obtain

/ |: ! G(un)] gup)uydx = 0, (1).
x|

Finally, according to the fact that (7 (uy), u,) = 0,(1), we get ||u, ||£,’,,, + ||up ||Z,q =
o,(1), thatis u,, — 0in E, asn — o0. O

We now state the main result for the autonomous problem (3.1).

Lemma 3.2 Assume that conditions (g1)-(g5) hold. Then problem (3.1) has at least
one positive ground state solution v such that J,(v) = ¢4 > 0.

Proof Let {u,} be a Palais-Smale sequence at level ¢, > 0 for 7,, Using (g4) and the
proof of Lemma 2.6 we can show that {u, } is bounded in E,. Then, there existsu € E,
such that u,,—u in E,;, u,, — u in L‘l‘UC(IRN) forall s € (p, ¢*) and u,(x) — u(x)
a.e. in RY. Moreover, using [49, Lemma 3.1] we have (7 (), ¢) =0 forall ¢ € E,.
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If u =0, then u, - 0in E, because ¢, > 0. Thus, according to Lemma 3.1, we
can deduce that there exist a sequence {y,} C R" and constants R, ¢ > 0 such that

/ lu,|?7dx > o.
BR(yn)

Let us define v, (x) = u, (x + yp), it follows that
/ |v,|9dx > 6. (3.2)
Br(0)

Since J, and J a’ are both invariants by translation, we have
Ja(vy) = ¢4 and T (vy) — 0. (3.3)

s (RY) for
s € (p,g"), and v,(x) — v(x) a.e. in RY. Moreover, from (3.2) and (3.3) we infer
that v # 0 and 7 (v) = 0.

Consequently, we can see that v € .4; and J,(v) > c,. On the other hand, we
conclude from Fatou’s lemma and (g4) that

After passing to a subsequence, we assume that v,—vin E4, v, — vin L]

1
Ca ZnIEI;O |:ja(vn) - §<u7;(vn)’ Un>i|

. 1 1 » 1 1 P
znlggo ;_5 ||vn||a,p+ ;_5 ”Un”a,q

1 1 1
. [ [~

1 1 1 1

> <; _ 5) I, + (5 - 5) i,

+f LG )Hl () — 2G( )}d
RN_|X|“* v) || F8@v = SGQ) |dx

1
:ja(l)) - g(jé(v)’ U) = ._7(1(1)).

Therefore, we get J,(v) = ¢, and v is a ground state solution of problem (3.1).
Moreover, by Lemma 2.10 we have v > 0 in RN,

Next we show that the function v is positive. In fact, according to the above argu-
ments and Lemma 2.7, we know that v is a solution of problem

— Apv — Agv+a(u’ v+ [v|7 %) = K@) (x)gw) inRY,

where K € L*®(RY). Applying the regularity conclusions in [24], we have v €
L®RMynC L.v (RN) for some v € (0, 1). Finally, we take advantage of the Harnack’s

loc
inequality in [45] to conclude that v > 0 in RY. O
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4 Existence and localized concentration

In this section, we are going to investigate the existence and localized concentration
of positive solutions to problem (1.1), and we give the proof of Theorem 1.1.

Let Jy,., 4v, and cy, denote the corresponding energy functional, Nehari manifold
and ground state energy of the following limit problem

—Apu — Agut + Vo(ulP~2u + |u)?2u) = (L % G(u)) g@u), in RN,

|x[#

4.1)
ue WhP@RM Nnwha@®RNy, u > 0, in RV,

We begin by establishing an important connection between c. and cy,, which play a
fundamental role in our arguments.

Lemma 4.1 We have the following estimate

limsup ce < cvy,.
e—0

Proof According to Lemma 3.2, we know that there exists a positive ground state
solution u to problem (4.1), thus, we have Jy, () = cy,. Let ¥ € C*(R) be such
that 0 < ¢ < 1,¢¥ = lin [—1, 1] and ¥ = 0 in R\(—2,2). Since 0 € [T C A,
we may assume that By C A. Define function u.(x) = ¥ (2¢|x|)u(x) and note that
supp(ue(x)) C Ac. By straightforward computation, we can prove

lu — uell — 0 and JFy, (ue) — Jv,(u) as e — 0. “4.2)
On the other hand, by definition of ¢, we immediately obtain

e <maxZe(tue) = T (teue)
>0

4.3)

i » td p 1 1 G G d
= ;”usuvﬁp + ;””e”vﬁq ) - W * G(teue) (teue)dx

for some ¢, > 0. It follows that
t’ P td 1 L G(teue) | g(teu)teuedx =0 (4.4)
€ ||Me||véyp + 1 ”ueuvéﬂ - v |l * ele) | 8llele)leUecdX = .

Recalling that u € .4y, and using (gs), (4.2) and (4.4), it is easy to verify thatz. — 1
as € — 0. We observe that, from (4.3), there holds

p q
Le(teue) = jVo(té”e) +/ (V(ex) — Vo) |:ti|ue|p + ti|ue|qi| dx. 4.5)
RN p q

Since V (ex) is bounded on the support of u(x),and V(ex) — V(0) = Vpase — O,
we can apply the Lebesgue’s dominated convergence theorem and use (4.3) and (4.5)
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to conclude that
limsup ce < cy,.
e—0

The proof is now complete. O

Now we come back to study problem (2.5) and consider the mountain pass solutions
u. obtained in Lemma 2.10.

Lemma4.2 Let u. be a nontrivial solution obtained in Lemma 2.10, then there exist
positive constants R, €y, o and sequence {y} C RN such that

/ lue|?dx > o forall € € (0, €).
Br(ye)

Proof Since u. verifies (2.29), we first claim that there exist oy > 0 such that
lluelle > ap forall € > 0. 4.6)

Indeed, from Lemma 2.3, Lemma 2.4, (2.4) and (f) we conclude that

1
luelly, , + luelly, , = /RN [W * F(ex, ue):| flex,ue)uedx.

2
=ci5 [8|M€|p2Np + Cs|ue|T2%sz i|
2N—p —K

2 2
= c1g (eluellZ? + Collue 127 + Colluc7)

Without loss of generality, we may assume that ||uc| < 1 (because if ||ucl|le > 1, the
conclusion is obvious). Therefore, using the fact that ||u ||({7,6 » = |lue ||€e » < 1, and
applying the inequality: a® + b* > c¢s(a + b)® forany a, b > 0 and s > 1, we have

16 (Nuel2? + ColluellZ* + CelluclZ) = el ,, + lucly, , = errllucl?.
Evidently, we can easily see that (4.6) holds.

Let {€,} C (0, 0o) be such that €, — 0. Arguing by contradiction we assume that
there exists R > 0 such that

lim sup/ lue, |dx =0,
Br(y)

n—00 \ R

then we can use Lemma 2.1 to deduce that u,, — 0in L* (RN) forall s € (q,9%).
Thus, according to (2.4) and (2.29), we can derive that |uc,|c — 0 asn — oo.
Clearly, this contradicts (4.6). The proof is completed. O

Lemma 4.3 For any €, — 0, consider the sequence {yc,} C RY given in Lemma 4.2,
and let v, (x) = ue,(x + ye,). Then there exists a subsequence of {v,}, still denoted
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by itself, and some v € E\{0} such that v, — v in E. Moreover, there exists xo € A
such that
lim €,y., = xo and V (xo) = Vp.

n—o00

Proof In what follows, we denote by {y,} and {u,}, the sequences {y,} and {uc,},
respectively. Since each {u,} satisfies (2.29), we can argue as in the proof of Lemma
2.6 and use Lemma 4.1 to deduce that {u,} is bounded in E, which is also true for
{v,}. Hence, there exists v € E\{0} such that

v,—vin E asn — o0, 4.7

and by Lemma 4.2, we have
/ [v|9dx > o > 0. 4.8)
Br(0)

Next, we will show that {e,y,} is bounded. First of all, we prove that
lim dist(e,y,, A) = 0. (4.9)
n—oo

Indeed, if (4.9) does not hold, there exists § > 0 and a subsequence of {¢,y,}, still
denoted by itself, such that

dist(e, y,, A) > 8 foralln € N.

Consequently, there is some r > 0 such that B,(¢,y,) C A€ for all n € N. Using
the fact that v > 0, we know that there exists {¢;} C E such that ¢; > 0, ¢; has
compact support in RV and ¢; — vin E as j — oo. Fixing j € N and using ¢; as
test function, we can obtain

fN [|an|f’—2wnv¢j + V0172V 0, Ve + V (€nx + €nyn)
R
(Ionl" 2008 + a1 202)) | dx

1
= / —— % F(€uX + €uYn, Vp) | f(€nX + €4Yn, Un)¢jdx~
RN [ |x|#
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We observe that since x € B, /¢, (0), then €,x + €,y, € By (€,y,) C A°. So, forn
large enough, we deduce from ( f2), (f3) and Lemma 2.7 that

1
/N [_ * F(enx + €y, Un):| Sfenx + € yn, vn)Pjdx
R

|x[#

Lo
< ?/ J(€nx + €nyn, va)@;dx
ngv
£ £
== Sfenx + € yn, Un)d)jdx + =
2 JByjey ©) 2 JB,, ©

1
< —/ Vinin ([P +|vn|q-l>¢jdx+clg/ ¢ (un);dx.
2 RN )

flenx + €uyn, vp)@jdx

c
r/en

Moreover, we obtain

/RN (1901772 V0,96 + [V0a1972V0,V8 + Vimin (0al” 2 0a + a1 200) | dx

= ﬂs/c g(vp)gjdx.

r/en

Taking into account ¢; has compact support, and using (2.4) and (4.7) we infer that

/ gp)gjdx — 0,
BL

r‘/ €n 0

and
p—2 . q-2 ) . p—2 ) q-2 .
/RN [1V0n1P 72900V + 1904 1972V0, V9 + Vinin(l0nlP 20 + [0l 200 ) | dx
N / [|VU|P—2vUv¢j + [VUI972V0V; + Vinin (J0]P 206 + |u|q—2u¢j)] dx
RN
as n — oo. Combining the above facts, we immediately obtain that
/N [|W|f’—2wv¢j + Vo972V Ve, + Vimin (0[P 2vé; + |v|‘1—2v¢j)] dx <0.
R
Since j is arbitrary, passing to the limit as j — 00, it is easy to see that
/N [IVol” + Vol? + Viin(v]? + [v]D) ] dx = 0.
R

This shows that v = 0 in RY and contradicts (4.8). As a result, we have proved (4.9).
From (4.9), we get that there exists a subsequence of {¢,y,}, and xo € A such that
€nYn — Xo. Next we claim that xg € A.
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Indeed, we note that v, is a solution of the following problem

{ — At = Agtt+ Vo) 1?2+l =20) = (e % Fae,0) fulr,w), in RV,
uewWhP@®¥yNnwha@®RN), u > 0, inRV,

(4.10)
where V,,(x) = V(e,x+€,yn), fu(x,u) = f(enx+€,yn, u)and F, (x, u) = F(exx+
€nYn, u). Then, by taking n — oo, the weak limit v must be the critical point of the
energy functional

~ 1 1
Zo(u) =—/ [Vul? + V (xo)|u|Pdx + —/ [Vul? + V (xo)|u|?dx
P JRN q JRN

1 1
—3 /RN [W * F(xo, u)} F (x0, u)dx,

where -
F(xo, u) = x(x0)Gu) + (1 — x(x0))G ().

Let ¢g denote the mountain pass level of f(). Similar argument as discussed in Section
2 can be used to obtain F(xg, s) < G(s) for all s > 0, which gives then ¢y < (. Here
we use c¢g to denote the mountain pass level associated with Zy, where Zg : E — R is
given by

1 1
To(u) = —/ [Vul? + V(xp)|u|Pdx + —/ [Vul? + V(xo)|ul?dx
P JRN q JRN

1 1

Moreover, using Fatou’s lemma and Lemma 4.1 we can derive that

s - [
co <0 = Zo() = Zo(v) = 5 (ZH»). v)

1 1 1 1
= (; - 5) A{N [VolP + V (xg)|v|Pdx + <; - 5) A-w [Vul? + V(xp)|v|?dx
+/ L s Fao 0| £ ro, v — 2P0, |d
—— % F(xg, v — f(xp, v)v — = F(xg,v) | dx
ey | xI# 0 g7 0 20
.. 1 1 1 1
=liminf | [ — — = Vo P + Vy)vlPdx + | — — = [Vou|? + Vi (x)|vp|9dx
n—oo [\p 0/ JrN qg 6] JrN

1 1 1
+131Igiélof |:./]RN [W * Fp(x, vn):| |:§fn(x» Up)vy — EFn(x» Un)] dx:|

L
o (Ie,, (un), un):|

:l}llglo%f |:I€n (up) — 7

:l,ilnl)io%f Cen = CVy-
Consequently, ¢y < cy,, which implies that V (xg) < Vo = V(0). Then, from condi-
tion (V), we can see that xo ¢ d A, andso xg € A. Moreover, we also have V (xg) = Vp

and xq € IT.
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Finally, we are able to show the strong convergence v, — v in E asn — oo. We

first define
A, = A — €y
6"1

and

1 - 1 ifx € Ay, 2 1,1
Xn(x) - {0 lfx = A,c,,, and Xn('x) _1 Xn(x)°

Let us also consider the following functions:

hl(x) = [(1 - 1) Vi ()| va [P + (1 - 1) Vn(x>|vn|‘1} X (x),
p 0 qg 0

1 1 1 1
Rl (x) := (— — —) V (xo)|v|? + (— - —) V(xo)|v|4,
14 q

0 0
e =] (ﬁ - é) V() lunl” + (é - %) Vo ()0l
1 P 1 lF )
+ (W * Fp(x, vn)) <§fn(x, Up)Uy — 3 (x, vn)) ]Xn (x),

3 1 1 1 1
hn(x) = |:<_ * F(x, Un)) <5fn(x’ Up)Vp — EFn(x» vn)>i| Xn (x)

x|H

3 . 1 L .
= [(W * (Un)> <5g(vn)vn 3 (w))} X (X),
W (x) = (L * G(v)) (lg(v)v - lG(v)) )
|x |4 0 2

From (g4) and (f3) we see that the above functions are nonnegative in R . Moreover,
since
vp(x) = v(x) a.e in RY and € Vn = X0 € A

as n — 00, we have
x ) = 1, hl(x) = h'(x), h2(x) = Oand i3 (x) — h3(x) aein RV,

Then, using Fatou’s lemma and Lemma 4.1 we conclude that

V > lim sup c¢,, = lim sup |:Ien (up) — %(Ién (ttn), Mn)]
n— 00 n—oQ
>1imsup[<l - 1)/ Vo Pdx + <l - 1)/ [V |?dx +/ (h) + n2 +h2)dx]
T n—o00 )4 6 RN q 0 RN RN n n n
>1iminf[<l - 1)/ [Vou |Pdx + (1 - 1)/ |V ]dx +/ (! + 2 +h2)dx]
Tn—moo L\p  0) JrN q 0/ JrN gy T

(L] wolpdx + (L= L [Volldx + | (! +#r%)dx >
_;g]Rvi ;gRNUxRN X = cy-
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The above inequalities show that
/ [Vuu|? + |V, |9dx — / |[Vul? + |Vu|?dx (4.11)
RN RN

and
hl — ' h2 - 0and k3 — B3 in L'RY).

Consequently, we have

/ Va () (lvn]” + lvp|T)dx —>/ V(xo)(Ivl” + v|T)dx. (4.12)
RN RN

From (4.11) and (4.12) we can get immediately v, — v in E, finishing the proof. O

To characterize the concentration of solutions, next we use an appropriate De Giorgi
iteration argument and some refined analysis techniques to show the L°°-estimate and
decay property of solutions. Furthermore, these properties are contributed to determine
the concentration location of solutions.

Lemma4.4 Let v, be the sequence defined as in Lemma 4.3. Then we have v, €
L®(RN)Y and there exists C > 0 such that |Vnloo < C for all n € N. Moreover,

lim v,(x) = 0 uniformly inn € N.
|x]—o00

Proof We note that v, is a solution of the following problem

_Apvn - Aqvn + Vn(|vn|p_zvn + |Un|q_zvn) in RN,
= (o * B vn)) fulx, o),
v, € WLP(@RNY N wha@®RY), v, > 0, in RV,

where V,,(x), f(x, vy) and F, (x, v,) are given in (4.10). From Lemma 4.3 we know
that {v,} is bounded and v, — v in E. Let us define

1
Ky(x) = W * Fp(x, vy).

Then, according to the boundedness of {v,} and following the proof of Lemma 2.7,
we can get
|Kn(x)| < C for some C > 0 and any n € N. (4.13)

We adopt some ideas found in [1, 25] (see also [49] for more details) to prove
this lemma. Let xo € RY, Ryg > 1 and 0 < t < s < 1, and let smooth function
¥ € CRY) satisfying

2
s—1

0<y(x) <1, suppy C Bs(xo), ¥(x) =1,Vx € B;(xo) and |V| <
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For! > 1 and p > 0, we denote 2, ; , = {x € By(xo) : v,(x) > [} and
0r= [ (vulP + 190y,
n,l,s

Since vy, is a solution of the above problem, then, for any ¢ € E. we have the following
relation

/ [V, P2V, - Vodx +/ [V, |92V, - Vedx
RN RN

+ f Vo) @l + vl hpdx = / K (x) fu(x, va)edx.
RN RN

Taking ¢, = ¥ (v, — [)+ as test function, we can deduce that

q/ v~ (o —1)+|wn|f"2wn-vl/fdx+/ Y4 Vo |Pdx
Qn,[,s £

n,l,s

+¢I/ Y97 (W — D)4 | Voal T2V, - Vipdx +/ Y|V, |Tdx
Qn,l.s Q

n,l,s

+/ Vn(x)(vif_l + U:{z_l)l//q(vn —Dydx = / Kn(x) fn(x, Un)l//q(vn — D4dx,
n,l,s

n,l,s

and combining (V) and ( f2) we obtain

0, 5C7f9 W0y = D41V Ton P~ 4+ [Vuel9 ™ dx
n,l,s

- / Vinin ¥ (W = D4 0F " + 08 Hdx + / Kn () )W (v — 1) 4dx.
n,l,s

n,l,s

Moreover, using (2.4) and (4.13) we get

0, < Cg U Y4 Wy = D VY (Vo [P 4 [V, 97 dx
Qn‘/,:

+/ IO —l)+dx]
Qn.l,s

Since 0 < s—t < 1, applying Young inequality and Holder inequality, we conclude
that

/ vl Yy — Dydx < / (lvn =11+ D7 1 vy — D pdx
Qn,l.x

in,s

<Gy / |v,,—l|q*dx—|—lq*_1f |v, — I|dx
Qn,l,s Qn,l,s
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1
— 1|7 . 17 |7 ot
Qn‘[.s §s—t S-Ziz,l.s s—t
— 1|7 .
<Cio [/ o dx + 19 |Qn,l,s|:| :
Qn.l,x §—1

Using the properties of Young functions and following the proof of Theorem 3.1 in
[43], for some €1 € (0, 1) we obtain

fQ (V0al?" + [Vl [V |0 — 1) dx
n,l,s

v, — 1|4

s —

<o / (Voul? + [Vun)9?dx + C, [/ dx + |szn,l,s|} .
Q)L,I,S Q

n,l,s

Therefore, we can infer from the above facts that

O, =Cni [/
Qn,l,s

Exploiting the definition of ¥, we conclude that

/ [V |?dx < Ciy /
Qn,l,t Qn,l,s

where C5 does not depend on / and [ > Iy > 1 for some constant /.
We fix Ry € (0, 1) and define

R 1 _ 1 ly 1
0'127 1+2—] ,UJZE(GJ+(T]+]),ZJZE I—F

Qj,nzf
Q

where & € C1(R) satisfies

Uy —

119" .
dx + (17 + 1)|Qn,1,s|:| :

.
v, — 14

- dx+<ﬂ*+1)|s2n,z,s|], (4.14)

and

. 2J+1 R
(vn—lj)idxandéj =& — |x—xO|_—1 )
R 2

mljoj

1 3
0<é&<1,&E@s)=1fors < E,E(s) =0 fors > Zand I€'] < co.
Clearly, we can see that the following conclusions hold
R . lo . . -
o> = (decreasing), [; — ) (increasing) and 041 < 0 <o0j < 1.
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Since §; = 1in B

Qj+l,n 2/
Q

7
<Cn [/ IV [(0n = Lj1)+/] qux} (4.15)
BR, (xg)

From (4.14) we further deduce that

;41 (X0) and §; = 0 outside Bg, (xo), then from Lemma 2.1 we get

(on — Lj) dx < f [on =111 48]" dx

nljy1,0j41 BRy (xp)

=%

[V, |9dx + 2J'P/

(vy — lj+1)idx:|
Q

n,IjJrl,&j "’lj+l'&j

Un — lj+l 7 q*
[Vua|9dx < Cia S dx o+ (1 + DIy
Qn.lj+].c?j Qn<[j+].aj Uj - Uj
<Cis [m* /Q Wn — L)% dx+ 0%, + 1)|szn,z,+l,a,.|} : (4.16)
w1

Using Holder inequality and Young’s inequality, it follows that

/ (o — Ls)Ldx < [/
Q.55 Q
<Cis /

Q,

From (4.15), (4.16) and (4.17) we can obtain the following estimate

a4
q* *

* 9" —q
q
W — L) dx} Q5] T

1,5

(vn — 1j+1)fdx + Qn,1j+1,5,-|i| . 4.17)

nljg1.5)

q

0%, <Cn [(21'4* +2/7) n = LjpD% de + U0, + 1+ 2f‘1)|szn,zj+l,aj|}

Bl (4.18)
< Cig| @ +2/7) Wa — L)% dx +2791Q0, 01 |-
Qn,lj+l.cj
We note that
Opnz [ =) = G =17
n,lj+1,r7j
which implies that
1 q* 2j+3\ 4"
120,011,051 < <l+1——l> Qjn= <T> Qjn- (4.19)
J j

@ Springer



Localized concentration of semiclassical. .. Page350f54 35

Combining (4.18) and (4.19), we immediately obtain

q

Q;Til,n < Cio [(qu* + sz)Qj,n +4 2@ +9) Q]n] < C202j(q*+q)Qj,n-
Therefore, we can get the following iteration formula

i Al
Qj+1n < Cn B’ ijf},

where C»; depends on N, ¢, Ry, lo, B =2 T94/4" ~ 1 and B = ¢*/q — 1.
According to the fact v, — v in E, we get

lp— o0 n—oo lp— 00 n— oo 1.00.00

lo .+
lim sup |:lim sup Qo,n} = lim sup |:lim sup/ (vy — —O)i dx:| = 0.
Q
Thus, there exists Ng and Lo > 0 such that

|
Qon <C FB # forn > Nyandly > Lo.
Exploiting Lemma 4.7 of [25], we have that
lim Q;, =0forn > Ny.
J—)OO

On the other hand, there holds

. . * lo g
lim Q;, = lim (v, — lj)i dx = / (v, — E)i dx.

J=0o0 =0 I .0 Qn.1y/2.R, /2

Then, we obtain
lo 4
(vp — =)} dx = Oforall n > N,
SQu1y/2,R /2 2
and consequently,
lo
vy (x) < > fora.e. x € Br, (xo) and for all n > Np.
2
From the arbitrariness of xo € R, we can see that

I
vy (x) < 50 fora.e. x € RN and for all n > No,

that is,

l
[Vn]oo < EO for all n > Nj.
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Setting C = max{%’, [Viloos + -+ [UNg—1lo0}, We have |uylee < C forall n € N.
Moreover, using the regularity conclusion found in [24] (see Theorem 1 and Theorem
2), we can see that v, € Cllo’; (RM) for some v € (0, 1).

Finally, we show that v, (x) — 0Oas x| — ocouniformlyinn € N.In fact, following
the above arguments, for each ¢ > 0, we have that

lim sup |:lim sup Qo, ,,:| = lim sup |:1im sup /
A

|xp|—00 n—o00 |xg|— 00 n—00

Sq*
(o = Y dx | =0.

n,lgy,o0

Thereby, employing Lemma 4.7 of [25], there exist R, > 0 and Ny € N such that

lim Q;, = 0if [xo| > R, and n > Ny,

j—o0
this shows that

£
v, (x) < 7 for x € Br, (xo) and |xg| > R, n > Np.
2
Now, increasing R, if necessary, it follows that
£
vy (x) < 7 for |xg| > R, and for alln € N.

According to the arbitrariness of ¢, we can see that

lim v,(x) = 0 uniformly inn € N,
|x]—00

and we complete the proof of this lemma. O

Lemma 4.5 There exist c, C > 0 such that for all small € > 0, there holds
vp(x) < Cexp(—clx|) forall x € RV,

Proof According to Lemma 4.4, (g2), (f2) and (4.13), we find that there exists R > 0
such that

Vnin P

K () fu(x, vp) < Kn(x)g (W) < 2P~ 40871 for all |x| > R.

Then, for |x| > R we get

Vini _ _
—Apvy — Agug + ;m ST A
Vini _ _
=Kn<x>fn<x,ve)—[vn(x>— ;‘} U (4.20)
Vinin p—1

< Kp(0)g(n) — =2l 4 0f™h <.

2
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Let ¥ (x) = Cp exp(—cop|x|) with co, Co > 0 such that

and (g —1) < %

Vmin

cp—1) <
and v, (x) < Coexp(—coR) for all x| = R. Then, computing directly, we obtain

mlIl

—ApY — A + —= W‘ VA

| N - l — \
—1 min 1

N-1 ,_
1 min q q—1
+ |: 7 colg =D+ x| €0 i|

.21

>0
for all |x| > R. Let 2 = {|x| > R} N {v, > ¥}. Using the following inequality
(€172 — nI* 2, E —n) > Oforalls > 1and &, n € RV

and choosing ¢ = max{v, — ¥,0} € W(;’p(RN\BR) N Wol’q(RN\BR) as a test
function in (4.20) and (4.21), we can infer that

0 z/ (90177290, = (V417299 Vg + (T0a]9 72V 0, = [91172VY) V] dx
Q

w2 [ Tab™ = -] g
2 Jo

>0.

Evidently, we know that €2 is empty, and we can easily conclude that v, (x) < ¥ (x)
for all |x| > R, and

Up(x) < ¥ (x) = Coexp(—colx|) for all |x| > R.
Thus, there exist ¢, C > 0, we have
vp(x) < Cexp(—c|x]) forall x € RV,

The proof is completed. O

Lemma 4.6 There exists vo > 0 such that |v,|s0 > vo for alln € N.

Proof According to Lemma 4.2, we can get

/ [, (x)|9dx > 8 >0
Br(0)
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for some § > 0, R > 0 and n > Ny. Assume by contradiction that |v,|ecc — 0 as
n — o0, then it follows from Lemma 4.4 that

0<s< / 10, (0)[9dx < [BR(O)][va ()| — O as n — oo,
Br(0)

which implies a contradiction. This completes the proof. O
Now we are in a position to finish the proof of Theorem 1.1.

Proof of Theorem 1.1. As we have introduced in the Section 2, in order to show the
solution of the modified problem (2.5) is indeed the solution of the original problem
(2.1), we need to prove that there exists €y > 0 such that, for any € € (0, €p) and any
mountain pass solution u. of problem (2.5), it holds

lue(x)|Loo(ac) < ao. (4.22)

Assume by contradiction that for some subsequence {€,} such that €, — 0, we can
find u, := ue, such that Je, (u,) = c,, JE/n (uy) = 0 and

lun ()| LA,y = ao. (4.23)

According to Lemma 4.2 and Lemma 4.3, we can see that {y,} C R such that
vy = up(x + y,) = vin E and €,y,, — xqo for some xg € I[1 C A.

Since xog € IT C A, we can choose a suitable » > 0 such that B, (xg) C Bo,(xg) C
A. Then, we see that By, e, (:—S) C A, Moreover, for any x € B, /¢, (yx), there holds

X0
Yn — —
€

n

X0
¥ — =
n

< x —yul +

1 2r
< —(@+on(l) < —
€, €

for n sufficiently large, which implies x € Bo, /e, ()ec_,([)) for n enough large. Therefore,

we obtain
A, C By, (yn) for n enough large. (4.24)

Using Lemma 4.4, we know that
v, (x) = 0 as [x| = oo uniformly inn € N.
Then, there exists R > 0 such that
Vn(x) < ag forany x € By andn € N.
This shows that
Uy (x) = v, (x — yp) < ag for any x € B (y,) and n € N.
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On the other hand, on account of (4.24), there exists n9 € N such that for any
n = np we get
Ain C Bf (yn) C B1Ce()’n)~

r/en
which implies that
up(x) < ao for any A¢ and n > no.

Evidently, this is impossible according to (4.23). Consequently, by the definition of
f, we know that u. is a solution of problem (2.1) for all € € (0, €9). Moreover, by
repeating the arguments explored in Lemma 3.2, we deduce that u. € C 11{;; for some
v € (0, 1). Applying the Harnack’s inequality, we can conclude that u, (x) > 0in RV,

Next we prove the concentration behavior and decay property of solution. From

Lemma 4.3 we can know that
vy (x) =up(x +y,) > vin E and €,y, — x9 € [1 C A.

If p, is a global maximum point of v, (x), then, by Lemma 4.6 we know that there
exists Ry > O such that p, € Bg,(0). Therefore, z, = p, + y, is a global maximum
point of u, (x). We deduce from the boundedness of {p,} and the continuity of V that

lim €,z, =x9 € [T and lim V(e,z,) = V(xg) = V.
n—0oo n—0o0

Moreover, according to the fact that V (xg) = Vj and the proof of Lemma 4.3, we also
know that v is a positive solution of the following limit problem

—Apu — Agut + Vo(ulP~2u + |u)t2u) = (# % G(u)) g@), in RV,

(4.25)
ue whP@®M Nnwha@®Ny, u > 0, inRY

From Lemma 4.5 and the boundedness of {p,}, we derive that

|t ()| =[va(x — ya)| < Cexp (—clx — yu|) = Cexp (—c|x — 2, + pal)
<Cexp (—clx — zy| 4 ¢|pal) < Cexp (—Elx — za])

for some &, C > 0 and all x € RV

Finally, we observe that if u. (x) is a positive solution of problem (2.1), then ¢ (x) =
ue(’;‘) is a positive solution of problem (1.1). So, the conclusion (a) of Theorem 1.1
holds. Moreover, the maximum points x. and z¢ of %, and u., respectively, satisfy
xe = €z.. Consequently, according to the above discussions, we have the following
conclusions
(b) lim¢_,qdist(xe, IT) = 0 and lim¢_,q V (x¢) = Vp;
(¢) Ue(ex + x¢) — u(x) in E, where % is a positive solution of the limit problem

(4.25).

(d) there exist positive constants ¢, C such that

Ue(x) < 5exp <—§|x —xe|) )
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We finish the proof of all conclusions of Theorem 1.1. O

5 Multiplicity of positive solutions

In this section we are going to investigate the multiplicity of positive solutions. In
what follows we always assume that condition (V') holds.
Let us denote by .#¢ the Nehari manifold associated with Z,, given by

Me={u € Ec:u#0,(Z (u),u) =0},

and let S be the unit sphere of E.. Similarly to the proof of (4.6), we can see that for
all u € ¢, there exists og > 0 such that

llulle = ag for all € > 0. 6D

Since the nonlinearity g is only continuous, .#¢ is not differentiable and some well-
known arguments for C!-Nehari manifold are not applicable in our situation. So, to
conquer this difficulty created by the non-differentiability, we will adapt some variants
of critical point theorems due to Szulkin-Weth [42]. Let us start with the following
results which will play a crucial role in our analysis.

Lemma 5.1 The following conclusions hold:

(a) For each u € E\{0} there exists an unique t, such that if h,(t) := Z(tu), then
R, (t) > 0for0 <t <t,and h,(t) <0 fort > t,.

(b) There exists § > O such that t, > § for all u € Se, and for each compact subset
W C Sc there exists a constant Cyy such that t, < Cyy forallu e W.

Proof (a) Letu € E.\{0}, from the proof of Lemma 2.5, we can know that #(0) = 0,
h(t) > O for ¢ sufficiently small and h(#) < O for ¢ sufficiently large. So, there is
t = t, such that max;~q h(¢) is achieved at #,,, so h'(t,) = 0 and t,u € /..

Next, we claim that ¢, is the unique critical point of 4. Assume by contradiction
that there exist 1 and #, with O < #; < fp such that frju, Hu € ¢, then it follows that

1 F(ex,tiu) | f(ex, tiu)
u

rP—q r q

o lully,,, =+ lul :/ *

1 Ve.r Ve.q RN | x| t% t%,]
1 1

dx

and

Gl g, = [ | o TR S
&P €q RN |x|l~L 2—1

% 4
Iy 5
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Subtracting term by term in the above equalities and using ( f4) we can infer that

pP— P P
0 <™ =" Dlully, ,

1 F(ex,tyu) | f(ex,tiu) 1 F(ex,thu) | f(ex,hu)
=y TCW 7 T —lxlu i 7 udx < 0.
R 2 2 2 2
g g ) )

which implies a contradiction, and we get the uniqueness of #,.

(b) For each u € S, according to (5.1) and conclusion (a), we can see that there
exists t,, > 0 such that t,u € A4, and t, = ||t,u|l¢ > 8 for some § > 0. It remains we
prove that t, < Cyy forallu € W C Sc. Arguing by contradiction we assume that
there exist a sequence {u,} C W C S¢ and {¢,} such that z, — oco. Note that, since
W is compact, there exists # € W such that 4, — u in E.. Similarly to the proof
of Lemma 2.5, we can know that Z, (t,u,) — —oco. However, for any u € ¢, using

(f2) we have

1
Le(u) =Le(u) — g(fé(u), u)

1 1 1 1
= (; - 5) lully, , + <C—1 - 5) lull,
1 1 1
+/ — x F(ex,u) || = f(ex,u)u — —F(ex,u) |dx > 0.
R’V L |x|® 0 2

So, the conclusion Z¢ (t,u,) — —oo is impossible, a contradiction. This completes
the proof. O

Lemma 5.2 The map m. : E\{0} — ¢ is continuous, and the map m¢ = mc|s, :
Se — ¢ is a homeomorphism between S¢ and N with inverse given by

m' s AN — Se, mT ) = uflulle.

Proof Assume that u, — u # 0. Since i, (tu) = m¢(u) for each t > 0, we may
assume i, € S, foralln and itis sufficient to verify thatin, (u,) — . (u) after passing
to a subsequence. From Lemma 5.1, it is easy to see that ri¢ (u,) = t,,u, € A%, and
{t,, } is bounded and bounded away from 0, Therefore, up to a subsequence, t,, — o >
0. Since ¢ is closed and m. (u,) — tou and tou € A¢. Hence tou = t,u = me(u).
From the above proof, the second conclusion is an immediate consequence. O

Let us define the functional @6 : E/\{0} — R and the restriction ¥, : S — R as
follows R R
We(u) = Ie("/ie (u)) and W, = \I"e|S€-

Moreover, from Lemma 5.1 and Lemma 5.2 and arguing as in the proofs of Proposition
9 and Corollary 10 in [42], we can obtain the following important results.
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Lemma 5.3 We have the following conclusions:

(a) U, € CHEN{0LR) and foru,v € Ec andu # 0,

(B ), v) = %ag(mu», ).

(b) We € CH(Se,R) and (W[ (u),v) = |ie(W)e(Z, (e W), v) for v € T, (Se),
where T, (S¢) is the tangent space of S¢ at u.

(¢) {u,} is a Palais-Smale sequence for V. if and only if {im¢(u,)} is a Palais-Smale
sequence for L.

(d) u € S¢ is a critical point of V¢ if and only if m¢(u) € ¢ is a critical point of Z,
the corresponding values of V¢ and I coincide and

inf W, = inf Z,.
Se e

As in [42], we have the following variational characterization of the infimum of Z
on A¢:

Ce = 1nf Te(u) = inf maxI (tu) = 1nf maXI (tu).
ue N ueEN\{0} > UeSe 1>

Lemma 5.4 The functional V¢ satisfies the Palais-Smale compactness condition on S¢
at any level ¢ € R.

Proof Let {w,} be a Palais-Smale sequence for W, at the level ¢, then
We(wy) — cand W (wy)[l« — 0,

where || - || is the norm in the dual space (7, S¢)*. From Lemma 5.3-(c), we can know
that u, := m¢(wy) is a Palais-Smale sequence for Z, at the level c. So, according
to Lemma 2.9, we find that there exists w € S¢ such that, up to a subsequence,
me(wy,) — me(w). Moreover, using Lemma 5.2 we can derive that w, — win Sc. O

It is clear that the previous results can be easily extended for the autonomous
problem (3.1). Arguing as in the proofs of Lemma 5.2 and Lemma 5.3 we have the
following result.

Lemma 5.5 The following conclusions hold:

(a) For each u € E, \{0} there exists an unique t, such that if h, (t) := J,(tu), then
R, () >0for0 <t < t,and h),(t) <0 fort > t,.

(b) There exists 5§ > O such that t, > & for all u € S,, and for each compact subset
W C S, there exists a constant Cyy such that t, < Cyy for all u € W, where S,
is the unit sphere of E,.

(¢c) The map m, : E,\{0} — A, given by i, (1) := t,u is continuous, and the map
mg = Mgls, is a homeomorphism between S, and N, moreover, m;l(u) =

ufllulla
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Similarly, we define the map @a : E;\{0} — R and the restriction ¥, : S, - R
as follows R R
W, (u) = ja("?la(u)) and ¥, = wa'Sa-

Lemma 5.6 The following results hold:
(a) @a e CY(E,\{0},R) and foru,v € E, and u # 0,

70 @lla , -/~
(W, (), v) = T(Ja(ma(u)),v)-

(b) W, € C'(Sa,R) and (W) (), v) = (Mg W)a(T,; M), v) for v € T,(Sa),
where T, (S,) is the tangent space of S, at u.

(¢) {u,} is a Palais-Smale sequence for W, if and only if {m,(u,)} is a Palais-Smale
sequence for J,.

(d) u € S, is a critical point of Y, if and only if m,(u) € A, is a critical point of Jy,
the corresponding values of WV, and J, coincide and

inf ¥, = inf 7.
i W %ja

Moreover, we also have the following variational characterization of the infimum
of J, on A:

cqg = inf J,(u) = inf maxJ,(tu) = 1nf max J,(tu).
ueN, ueE,\{0} >0 t>0

Next we establish a important compactness result for the autonomous problem
which will be used later.

Lemma5.7 Let {u,} C A, be a sequence such that J,(u,) — cq, then {u,} has a
convergent subsequence in E,.

Proof Since {u,} C A, and J,(u,) — c4, applying Lemma 5.6-(d) we can deduce
that
Up = m,;l(un) =up/llunlla € Sa and W, (v,) = Tu(up) — cq.

Hence, using the Ekeland’s variational principle we can find that there is a Palais-
Smale sequence {v,} C S, of ¥, at the level ¢, such that ||[v, — v,lls = 0,(1) as
n — oo.Leti, = m,(v,), then we have ||it,, —uy||, = 0,(1). It follows from Lemma
5.6-(c) that {u,} C .4, is a Palais-Smale sequence of 7, at the level ¢ . Then, it is
clear that {11, } is bounded. According to the proof of Lemma 3.2, we can see that there
exists u € E;\{0}, after passing to a subsequence, such that u,,—u, J,(u) = c, and
J, (i) = 0. Applying Brezis-Lieb lemma and a standard argument, we derive that

Jality — 1) = 0,(1) and ja/(ﬁn —it) = op(1).
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This fact, together with (g4), yields that

1
on(1) =Ja(tty — ) — 5(7,;(% —u), Up — U)

1 1 ~ ~n P 1 1 ~ ~14
=( gl —dllap+ (=g )l i

+/ [L * G(ity — ﬁ)} [lg(ﬁn —u)(iy — i) — lG(ﬁn - ﬁ)} dx
RN % 2

|x[#

L1\ . .p L1y -y
z 7 0 lin —ulla,p + 7 0 llitn —ttlla.q,

which implies that #, — # in E,. So, we can easily conclude that u, — u in E,.
This completes the proof. O

We introduce some technical results. Let u be a positive ground state solution of
the problem

. -2 -2,y = (L in RV
{ —Apu — Aql/l + me(lu|p u+ |u|q Lt) - (|x|” * G(u)) g(u)’ inR ’ (52)

ue WhP@R¥yn wha@®RN), u > 0, inRV,

and let { be a smooth nonincreasing cut-off function in [0, +00) such that ¢(s) = 1
if0 <s < %and{(s) =0ifs >8,0<¢ < 1and|'(s)| < c for some ¢ > 0. For
any z € M, we define the function

EX —Z

We o (x) = ¢(lex — zPu( )-

€

It follows from Lemma 5.1 that there exists t. > 0 such that

1}13.3( Te (t“pe,z) =T (. q’s,z)-

So, we define &, : M — ¢ by P (z) = t V¢ ;. According to the construction of
W, ., we can see that . (z) has compact support for any z € M. The following lemma
describes an important relationship between &, and the set M.

Lemma 5.8 We have the limit

lim Ze (Pe(2)) = cv,,, uniformly inz € M.
e—>0

Proof Assume by contradiction that there exist &g > 0, {z,} C M and €, — 0 such
that
[Ze, (e, (2)) — Cvpn| = €0- (5.3)

Considering the change of variable X = (€,x — z,,)/€, and Yy = (€, — zn)/é€n, if
X € B/, (0), it follows that €,X € Bs(0) and €,X + z, € Bs(z,) C Ms C A. Since
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F(ex,s) = G(s) in A, we can deduce that

tél; V4 teqn q
Ien (q>e,, (zn)) =?|vqjen,zn |p + — |V\I"en,zn |q

+/]R V(enx) |:_|‘Ije,, Z,,lp + |‘Ile,1 zn| :| dx

1
— f [_ * F(Enx "pfn Zn)] F(En'x’ \Ilfnazn)d'x

|x|#
p

q
=%”|V (¢ (leaXDu @) | + te—”IV (¢ (leaXDu(@) I3
+/R V(enX+Zn)[ IC(IEnXI)u(A)I”Jr |§(|6nXI)u(A)|"} dx

— fRN [| it G(ten§(|€ny|)u(/\))i| G (te, £ (lexXu(X))dx.

(5.4)
Applying the Lebesgue’s dominated convergence theorem, we can easily check that
IV, 2 1p +/ V(€nx)|¥e, o, [Pdx — |Vul} +/ Vimin | [P dx, (5.5
RN RN
Ve, 2,1 +/ V(€nx)|We, z,17dx — |Vulg +/ Vimin [u|?dx, (5.6)
RN RN

and

/ [L * G(Ye,, Zn)i| G(¥, z,)dx — / [— * G(u):| G(u)dx. 5.7

|x[# | [

Moreover, using the fact (Z (e, Ve, z,), te, Ve, z,) = 0 and the arguments used in
[49], it is easy to prove that ., — fo > 0. So, from (5.5), (5.6) and (5.7) we can derive
that

1
t5|Vu|§+r3|vM|Z+vmin/ (|u|”+|u|q>dx=f [—*G(tou)}g(tou)toudx
RN

|x[#
(5.8)
Since u is a positive ground state solution of problem (5.2), it follows that

1
|w|§+|w|‘q’+vmin/N<|u|P+|u|q>dx =/ [—*G(u)}g(u)udx (5.9)
R

|x[#

Then, according to (g5), (5.8) and (5.9), we can get #9 = 1. Therefore, we infer from
(5.4), (5.5), (5.6) and (5.7) that

1 1
Ty (P, ) =l + - / [W*G(u)}G(u)dx

Zjvmin (M) = Cvmin .
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From (5.3) we can know that this is impossible. Thus, we complete the proof of the
lemma. o

Next we are in the position to introduce the barycenter map. For any § > 0, let
o = p(8) > 0 be such that M5 C B,(0). We define n : RN — RN as follows

n(x) = x for |x| < p and n(x) = % for |x| > p.
X

The barycenter map B¢ : Ac — RY is defined by

Jaw n(ex)(ul? + ul9)dx
Jew (ulP + ul9)dx

Be(u) =

Combining the above definitions, we can prove the following result.

Lemma 5.9 We have the limit

lim B¢ (®c(z)) = z uniformlyinz € M.
e—0

Proof Arguing by contradiction, we assume that there exist o9 > 0, {z,} C M and
€, — 0 such that

|ﬁ€n (<D€n (zn)) — 2nl = 00 > 0. (5.10)
According to the definitions of ®, and f,, and making the change of variable X =

(enx — zp)/€, we immediately obtain

Jev[n(enX +20) = 2a1(15 (€ XDu )P + [¢ (|lepXDu ()| )dx
Jev (¢ (e XDu@)IP + [¢ (lepXDu)]9)dx

Be, (Pe, (zn)) = zn+

Since {z,} C M C B,(0),employing the Lebesgue’s dominates convergence theorem,
we have

|,3€n (d)en (zn)) — znl — 0,

and we also get a contradiction according to (5.10). O

Now we give the following useful compactness result, which plays a fundamental
role to prove that solutions of the modified problem are solutions of the original
problem.

Lemma5.10 Let e, — 0 and {u,} C ¢, be a sequence satisfying Le, (un) — Cvy,-
Then there exists {Z,} C RN such that v, = u,(x+7%,) has a convergent subsequence.
Moreover, up to a subsequence, z, — z € M, where z,, = €,Z,.

Proof Since {u,} C 4¢, and Z, (u,) — cv,,,, then, a standard argument shows that
{u,} is bounded. We claim that there are Rg, § > 0 and Z, € R" such that

n—o00

liminf/ lup|9dx > 8. (5.11)
BRo(Zn)
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Otherwise, Lemma 2.2 implies that u,, — 0 in L*(RY) for s € (g, ¢*). According
to (2.4) and Lemma 2.4, we can easily prove that u, — 0 in E, this is impossible
because Z, (u,) — cv,,;, > 0. Consequently, (5.11) holds.

Let us define v, (x) = u,(x + Z,). Passing to a subsequence, we may assume
that v,—v # 0. From Lemma 5.5 we can see that there exists z, > 0 such that
Up = tyv, € Ny, Then we have

CVpin = ijin (Un) = jvmin (thun) < Ie,, (taun) < Ie,, (uy) — CVpmin »

which shows Jv,., (V,) = cv,,,- In particular, we get v,—v and 1, — o > 0. Then,
from the uniqueness of the weak limit, we have ¥ = fgv # 0. By using Lemma 5.7,
we can see that

U, = vin Ey,,,,

which implies that v, — v in Ey,;, and Jv,,,(¥) = cv,,, and (Jy, (D), 0) = 0.

In order to finish the proof of the lemma, we consider z, = €,z,. Our claim is to
show that {z,,} admits a subsequence, still denoted by z,, such that z,, — z¢ for some
Z0 € M. Indeed, we first prove that {z,} is bounded. We argue by contradiction, and
we assume that, passing to a subsequence, |z,| — 00 as n — 00. Since

1
”u"”(?/e,P + ”“n”c‘l/eﬂ = / |:_ * F(ex, un)] Sex, up)u,dx

|x[#

and Z.(u,) — cvy,,;,, by Lemma 2.6 we can see that there exists no € N such that
u, € % for all n > ng. Then, using Lemma 2.7 we get

1
— x F(ex, up)

su
| e

n=ngo

<

0
R

o0

Fixed R > 0 such that A C Bg(0), we assume that |z,| > 2R. Then, for all
X € Brye,(0), we can know that |€,x + z,| > |zn| — l€nx| > R for all n large enough.
Hence, we deduce from (V) (f3) and the definition of f that

1001+ 00l = 2 [ et 0 vhune

E ~
= 2 / g(€nx + 2y, Vy)vpdx + / g(enx + 2y, Uy)vpdx
2 | /b0 B (O)

L Vimi
<D [ I i +/ 8(Enx + 2, vn)undlx |
2 | /B, 0 Lo Bitjen ©)

Observe that, since v, — v in Ey,;,, we obtain

/ g(enx + zp, vp)vpdx = 0, (1).
B /e, ©)
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Combining the above estimates, we can conclude that

p q
”vn”me,p + ”vn”me,q = o,(1),

thatis v, — O1in Evy,,,, which is a contradiction. Thus, {z,} is bounded, and we may
assume that z, — zo € RV.

It remains to check that zg € M. Arguing by contradiction again, we assume that
V(z0) > Vmin, Then, recalling that v, — v in Ey,, , we can use Fatou’s lemma to get

1 . 1
Cme jvmm (U) <— ”v”V(ZO),P + g”U”‘\I/(ZO)’q - / [| |'u * G(U)} G(U)dx

1 1
<lim inf |:—/ |Vﬁn|pdx+—/ |V, |7dx
P Jr¥ q Jry

n— o0
1 . 1
+ | Vienx +2zn) | —0al” + —[5,17 | dx
RN P q
1

_/ [W*G(vn)}G(ﬁn)dx]
<liminf Z, (thun)

n—>oo
<liminf Z, (u,) = cv,,,

n—oo

Evidently, this is a contradiction. So, z9 € M, and this ends the proof of the lemma. O

Let 9 : RT — R be a positive function given by

D () = max |Ze (Pe(2)) — Cig |-
ZEM

It follows from Lemma 5.8 that ¥ (¢) — 0 as ¢ — 0. We introduce a subset JZ of
¢, and set
={u € M : Ic(u) < cy,, +0(e)},

Since ®.(z) € (/’IZ for all z € M, then we deduce that JZ =% ). Moreover, we have
the following result.

Lemma 5.11 For any § > O, then the following limit holds

hm sup mf |Be(m) — z] = 0.
—0 JVZ

Proof Let e, — 0asn — oo. Foreach n € N, there exists {u,} C JZ:,, such that

inf |Be, (un) —z| = sup Hlf |Be, () — z| + 0, (1).
2€Ms uEJV

Hence, it is sufficient to prove that there exists {z,} C M such that
lim _|Be, (in) — zn| = 0.
n—oo
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In fact, since {u,} C .4¢,, then we have
CVmin S Cen S Ifn (Mn) S CVmin + 19(611)7

which implies that
Ze,(un) = cvpy, and {u,} C J%n-

According to Lemma 5.10, there exists {Z,} C R such that v, (x) = u,(x + Z,) has
a convergent subsequence. Moreover, up to a subsequence, z,, = €,Z, — z € M, and
we can conclude that

Jrn n(€nx)(Jun|? + u,|9)dx
Penttn) = P+ Jan 1)
_ Jrw n(€ny + z20) (un(y + 217 + lun (v + Z)|9)dy
B Jen (n (v 4 Z0)1P + lun (v + Za)19)dy
Jrnv[n(eny 4 za) = zal(lva (1P + [va (¥)|9)dy
Jrn (0aODIP + [va(»)]9)dy

=Zn

—zeM.

Therefore, there exists {z,} C Mjs such that
lim |13€,1 (up) — 2| = 0.
n—oQ

The proof is now complete. O

In order to achieve our aim, we recall the following result for critical points involving
Ljusternik-Schnirelmann category. We refer to [14, 20] for more details.

Proposition 5.1 Let U be a complete C' Riemannian manifold. Assume that ¢ €
CY(U,R) is bounded from below and satisfies —o00 < infy ¢ < d < k < oo.
Moreover, suppose that ¢ satisfies the Palais-Smale condition on the sublevel {u €
U : ¢(u) <k} and that d is not a critical level for ¢. Then

card{u € ¢ : ¢'(w) =0} > catya (9,

where ¢¢ = {u € U : p(u) < d}.

With a view to utilize Proposition 5.1, the following abstract lemma serves as a
particularly useful tool in that it relates the topology of some sublevel of a functional
to the topology of some subset of the space RY, For detailed proof, we refer to [14].

Proposition 5.2 Ler 2, Q1 and Q23 be closed sets with 21 C Q2 and letw : Q — Q,
¢ : Q1 — Q be continuous maps such that & o ¢ is homotopically equivalent to the
inclusion mapping id : Q1 — 2. Then catq(2) > catg, (21).
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We shall make use of the Ljusternik-Schnirelmann category theory to prove the
multiplicity result of positive solutions for problem (2.5). Since .4 is not a C!-
submanifold of E., we cannot directly apply the Ljusternik-Schnirelmann category
theory. Fortunately, on account of Lemma 5.2, we can know that the mapping m. is
a homeomorphism between .#¢ and S¢, and S, is a C l_submanifold of E.. So we
can apply the Ljusternik-Schnirelmann category theoty to the functional W, () =
T (me(u))ls, = Ze(me(u)). Based on the above facts, we can obtain the following
multiplicity result for problem (2.5).

Lemma 5.12 For any § > 0 such that Ms C A, there exists €5 > 0 such that, for any
€ € (0,¢€3), problems (2.5) has at least catyr; (M) positive solutions.

Proof For any € > 0, we define . : M — S, as follows
we(z) =m_ (te e7) =m_ (CD (z)) forall z € M.
Using Lemma 5.8, we see that

lin}) W, (e (2)) = lin})L(Cbe (2)) = cv,,, uniformly in z € M.
€e— €e—

Moreover, we define
={u €S :¥e(u) < cyy, + ()},

with & (€) = sup, ¢y [We (e (z)~) — CVpin| = 0 as € — 0. Therefore, m¢(z) € 3‘; for
all z € M, and this shows that S, # @ for all ¢ > 0.

From Lemma 5.2, Lemma 5.3, Lemma 5.8 and Lemma 5.11, we can find €5 > 0
such that the diagram

—1
[ ~ m ~ m ~
M—6></1§—5—>S€—€>JI/EE>M3

is well defined for any € € (0,€s). By Lemma 5.9, there exists a function y (e, z)
with |y (€, 2)| < % uniformly in z € M for all € € (0, €5), such that B (P (z)) =
z+ y(e,z) for all z € M. We define the function H(¢,z) = z + (1 — 1)y (€, 2).
Then, H : [0, 1] x M — Mj is continuous. Evidently, H(0, z) = B(P(z)) and
H(l,z) =zforallz € M, and B¢ o . = (B om¢) o 1, is homotopic to the inclusion
mapping id : M — Ms. So, applying Proposition 5.2, we have

catg. (§€) > caty; (M).

On the other hand, let us choose a function ¥ (¢) > 0 such that #(¢) — O as
€ — 0 and such that cy,,;, + ¢(e) is not a critical level for Z.. For € > 0 small
enough, we deduce from Lemma 5.4 that W, satisfies the Palais-Smale condition in
SE Consequently, explomng Proposition 5.1, we find that W has at least caty, (Se)
critical points on S.. Then, using Lemma 5.3, we can deduce that Z, has at least
catpz; (M) critical points. We finish the proof of the lemma. O
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Lemma5.13 Let €, — 0 and {u,} be a sequence of solution to (2.5). Then, v, (x) =
U, (x + Z,) satisfies v, € L¥(RN) and there exists C > 0 such that |v,|s < C for
alln € N, where {z,,} is given by Lemma 5.10. Moreover, we also have

lim v, (x) = 0 uniformly inn € N.
|x]—o00

Proof Observe that, since Z, (u,) < cvy,,, + U(€,) with ¥(e,) — 0asn — oo,
according to the proof of Lemma 5.10 we can infer that Z,, (u,) — cv,,,, and there
exists a sequence {Z,} C RY such that €,Z, — zo € M and v, (x) = u,(x + Z,)
strongly converges in Ev,, . Using Lemma 4.4 we can deduce that the conclusions of
Lemma 5.13 hold. This completes the proof. O

Finally, we are ready to present the proof of Theorem 1.2.

Proof of Theorem 1.2. Let § > 0 be such that My C A. Firstly, we show that there
exists €5 > 0 such that for any € € (0, €s) and any solution u, € ¢ of (2.5), the
following estimate holds

lue (x)|Loo(ac) < ao. (5.12)

Assume by contradiction that for some subsequence {¢,} such that ¢, — 0, we can
find uy, := ue, such that Z (u,) = 0 and

lun (X)L (Ag) = a0.

Since Z, (un) < cvy,,, + P(€n), from the proof of Lemma 5.10 we can show that
T, (uy) — cv,,, . According to Lemma 5.13, there exists a sequence {Z,} C R such
that €,Z, — zo € M and v, (x) = u, (x + Z,) strongly converges in Ey,, . Moreover,
using Lemma 5.13 and combining the proof of Theorem 1.1 we get a contradiction.
Let€s > 0 be given by Lemma 5.12 and we set €5 := min{€s, €3}. Fix € € (0, €s),
employing Lemma 5.12 we can see that problem (2.5) has at least caty; (M) positive
solutions. If u, € E. is one of these solutions, then u. € .4, and we can deduce
from (5.12) and the definition of f that u. is also a solution to (2.1). Therefore,
e (X) = ue (f) is a positive solution of problem (1.1), and we can infer that problem
(1.1) has at least caty, (M) positive solutions. Finally, to study the concentration
behavior of the solutions, we argue as in the proof of Theorem 1.1. We finish the proof
of Theorem 1.2. O

Acknowledgements The research of J. Zhang and W. Zhang was supported by the National Natural Science
Foundation of China (12271152), and the Scientific Research Project of Department of Education of Hunan
Province (24A0430). The research of V.D. Réddulescu was supported by a grant of the Romanian Ministry
of Research, Innovation and Digitalization (MCID), project “Nonlinear Differential Systems in Applied
Sciences", within PNRR-III-C9-2022-18/22. The research of V.D. Radulescu was also supported by the
AGH University of Krakéw under Grant No. 16.16.420.054, funded by the Polish Ministry of Science and
Higher Education.

Author Contributions The authors contributed equally to this paper. All authors reviewed the manuscript.

Funding Open access publishing supported by the institutions participating in the CzechELib Transforma-
tive Agreement.

@ Springer



35 Page52of54 J.Zhang et al.

Data Availability No datasets were generated or analysed during the current study.

Declarations

Conflict of interest On behalf of all authors, the corresponding author states that there is no conflict of
interest.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Alves, C.0O., da Silva, A.: Multiplicity and concentration of positive solutions for a class of quasilinear
problems through Orlicz-Sobolev space. J. Math. Phys. 57, 111502 (2016)

2. Alves, C.0O., Gao, F,, Squassina, M., Yang, M.: Singularly perturbed critical Choquard equations. J.
Differ. Equ 263, 3943-3988 (2017)

3. Alves, C.O., Figueiredo, G.: Multiplicity and concentration of positive solutions for a class of quasi-
linear problems. Adv. Nonlinear Stud. 11, 265-294 (2011)

4. Alves, C.0., Yang, M.: Existence of semiclassical ground state solutions for a generalized Choquard
equation. J. Differ. Equ 257, 4133-4164 (2014)

5. Alves, C.O., Yang, M.: Multiplicity and concentration of solutions for a quasilinear Choquard equation.
J. Math. Phys. 55, 061502 (2014)

6. Alves, C.O., Yang, M.: Investigating the multiplicity and concentration behaviour of solutions for a
quasi-linear Choquard equation via the penalization method. Proc. Roy. Soc. Edinburgh Sect. A 146,
23-58 (2016)

7. Ambrosetti, A., Malchiodi, A.: Concentration phenomena for nonlinear Schrodinger equations: recent
results and new perspectives. Perspectives in nonlinear partial differential equations, 19-30, Contemp.
Math., 446, Amer. Math. Soc., Providence, RI, (2007)

8. Ambrosio, V., Repovs, D.: Multiplicity and concentration results for a (p, ¢)-Laplacian problem in
RN . Z. Angew. Math. Phys. 72, 33 (2021)

9. Ambrosio, V., Rddulescu, V.D.: Fractional double-phase patterns: concentration and multiplicity of
solutions. J. Math. Pures Appl. 142, 101-145 (2020)

10. Arora, R., Fiscella, A., Mukherjee, T., Winkert, P.: Existence of ground state solutions for a Choquard
double phase problem. Nonlinear Anal. Real World Appl. 73, 103914 (2023)

11. Bahrouni, A., Ridulescu, V.D., Repovs, D.: Double phase transonic flow problems with variable
growth: nonlinear patterns and stationary waves. Nonlinearity 32, 2481-2495 (2019)

12. Bang, O., Krolikowski, W., Wyller, J., Rasmussen, J.: Collapse arrest and soliton stabilization in
nonlocal nonlinear media. Phys. Rev. E 66, 046619 (2002)

13. Bartolo, R., Candela, A.M., Salvatore, A.: On a class of superlinear (p, g)-Laplacian type equations
on RN J. Math. Anal. Appl. 438, 29-41 (2016)

14. Benci, V., Cerami, G.: Multiple positive solutions of some elliptic problems via the Morse theory and
the domain topology. Calc. Var. Partial. Differ. Equ. 2, 29-48 (1994)

15. Benci, V., d’ Avenia, P., Fortunato, D., Pisani, L.: Solitonsin severalspace dimensions: Derrick’s problem
and infinitely many solutions. Arch. Ration. Mech. Anal. 154, 297-324 (2000)

16. Bergé, L., Couairon, A.: Nonlinear propagation of self-guided ultra-short pulses in ionized gases. Phys.
Plasmas 7, 210-230 (2000)

17. Bonheure, D., d’Avenia, P., Pomponio, A.: On the electrostatic Born-Infeld equation with extended
charges. Comm. Math. Phys. 346, 877-906 (2016)

@ Springer


http://creativecommons.org/licenses/by/4.0/

Localized concentration of semiclassical. .. Page530f54 35

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

31.

32.

34.

35.

36.

37.

38.

39.
40.

41.

42.

43.

44.

45.

46.

Chen, S., Tang, X.: A comprehensive review on the existence of normalized solutions for four classes
of nonlinear elliptic equations. Opuscula Math. 45, 739-763 (2025). https://doi.org/10.7494/OpMath.
2025.45.6.739

Cherfils, L., II’'yasov, Y.: On the stationary solutions of generalized reaction diffusion equations with
p&gq-Laplacian, Commun. Pure. Appl. Anal. 4, 9-22 (2005)

Cingolani, S., Lazzo, M.: Multiple positive solutions to nonlinear Schrodinger equations with compet-
ing potential functions. J. Differ. Equ 160, 118-138 (2000)

Cingolani, S., Secchi, S., Squassina, M.: Semi-classical limit for Schrodinger equations with magnetic
field and Hartree-type nonlinearities. Proc. R. Soc. Edinb. Sect. A 140, 973-1009 (2010)

del Pino, M., Felmer, P.: Local mountain pass for semilinear elliptic problems in unbounded domains.
Calc. Var. Partial. Differ. Equ. 4, 121-137 (1996)

Figueiredo, G.M.: Existence of positive solutions for a class of p&q elliptic problems with critical
growth on RN J. Math. Anal. Appl. 378, 507-518 (2011)

He, C., Li, G.: The regularity of weak solutions to nonlinear scalar field elliptic equations containing
p&g-Laplacians. Ann. Acad. Sci. Fenn. Math. 33, 337-371 (2006)

Ladyzhenskaya, O.A., Ural’tseva, N.N.: Linear and Quasilinear Elliptic Equations, Academic Press,
(1968)

Li, Y., Van Nguyen, T., Zhang, B.: Existence, concentration and multiplicity of solutions for (p, N)-
Laplacian equations with convolution term. Bull. Math. Sci. 15(1), 2450009 (2025). https://doi.org/
10.1142/51664360724500097

Lieb, E.H.: Existence and uniqueness of the minimizing solution of Choquard’s nonlinear equation.
Stud. Appl. Math. 57, 93-105 (1976/77)

Lions, P.L.: The concentration compactness principle in the calculus of variations. The locally compact
case. Part II, Ann. Inst. H. Poincaré. Anal. Non Linéaire 1, 223-283 (1984)

Lieb, E., Loss, M.: Analysis, Graduate Studies in Mathematics, American Mathematical Society, (2001)
Litvak, A.G.: Self-focusing of powerful light beams by thermal effects. JETP Lett. 4, 230-232 (1966)
Mingione, G., Rddulescu, V.D.: Recent developments in problems with nonstandard growth and nonuni-
form ellipticity. J. Math. Anal. Appl. 501, 125197 (2021)

Moroz, V., Van Schaftingen, J.: A guide to the Choquard equation. J. fixed point theory appl. 19,
773-813 (2017)

. Moroz, V., Van Schaftingen, J.: Semi-classical states for the Choquard equation. Calc. Var. Partial.

Differ. Equ. 52, 199-235 (2015)

Papageorgiou, N.S., Pudetko, A., Rddulescu, V.D.: Non-autonomous (p, g)-equations with unbalanced
growth. Math. Ann. 385, 1707-1745 (2023)

Papageorgiou, N.S., Qin, D., Radulescu, V.D.: Nonlinear eigenvalue problems for the (p, g)-Laplacian.
Bull. Sci. Math. 172, 103038 (2021)

Papageorgiou, N.S., Ridulescu, V.D., Repovs, D.: Existence and multiplicity of solutions for double-
phase Robin problems. Bull. London Math. Soc. 52, 546-560 (2020)

Papageorgiou, N.S., Riadulescu, V.D., Zhang, J.: Ambrosetti-Prodi problems for the Robin (p, ¢)-
Laplacian. Nonlinear Anal. Real World Appl. 67, 103640 (2022)

Rabinowitz, P.H.: On a class of nonlinear Schrodinger equations. Z. Angew. Math. Phys. 43, 270-291
(1992)

Pekar, S.: Untersuchungen iiber die Elektronentheorie der Kristalle. Akademie-Verlag, Berlin (1954)
Singer, T.: Existence of weak solutions of parabolic systems with (p, ¢)-growth. Manuscr. Math. 151,
87-112 (2016)

Sun, X.,Fu, Y., Liang, S.: Multiplicity and concentration of solutions for Kirchhoff equations with expo-
nential growth. Bull. Math. Sci. 14(3), 2450004 (2024). https://doi.org/10.1142/S1664360724500048
Szulkin, A., Weth, T.: The method of Nehari manifold. In: Gao, D.Y., Motreanu, D. (eds.) Handbook
of Nonconvex Analysis and Applications, pp. 597-632. International Press, Boston (2010)

Tan, Z., Fang, F.: Orlicz-Sobolev versus Holder local minimizer and multiplicity results for quasilinear
elliptic equations. J. Math. Anal. Appl. 402, 348-370 (2013)

Tao, H., Li, L., Winkert, P.: Existence and concentration of solutions for a 1-biharmonic Choquard
equation with steep potential well in RY . J. Geom. Anal. 33(9), 276 (2023)

Trudinger, N.S.: On Harnack type inequalities and their application to quasilinear elliptic equations.
Commun. Pure Appl. Math. 20, 721-747 (1967)

Wei, J., Winter, M.: Strongly interacting bumps for the Schrodinger-Newton equations. J. Math. Phys.
50, 012905 (2009)

@ Springer


https://doi.org/10.7494/OpMath.2025.45.6.739
https://doi.org/10.7494/OpMath.2025.45.6.739
https://doi.org/10.1142/S1664360724500097
https://doi.org/10.1142/S1664360724500097
https://doi.org/10.1142/S1664360724500048

35 Page540f54 J.Zhang et al.

47. Willem, M.: Minimax Theorems, Progress in Nonlinear Differential Equations and their Applications,
vol. 24. Birkhduser, Boston (1996)

48. Zhang, W., Zhang, J.: Multiplicity and concentration of positive solutions for fractional unbalanced
double phase problems. J. Geom. Anal. 32, 235 (2022)

49. Zhang, W., Zhang, J., Radulescu, V.D.: Concentrating solutions for singularly perturbed double phase
problems with nonlocal reaction. J. Differ. Equ 347, 56-103 (2023)

50. Zhang,J., Zhang, W., Ridulescu, V.D.: Double phase problems with competing potentials: concentra-
tion and multiplication of ground states. Math. Z. 301, 4037-4078 (2022)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Localized concentration of semiclassical solutions for double phase problems with nonlocal reaction
	Abstract
	1 Introduction and main results
	2 Preliminary results and modified problem
	3 The autonomous problem
	4 Existence and localized concentration
	5 Multiplicity of positive solutions
	Acknowledgements
	References


