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Abstract
This paper focuses on the study of multiplicity and localized concentration properties
of positive solutions for the following singularly perturbed double phase problemwith
nonlocal Choquard reaction

⎧
⎪⎨

⎪⎩

−ε p�pu − εq�qu + V (x)(|u|p−2u + |u|q−2u)

= εμ−N
(

1
|x |μ ∗ G(u)

)
g(u), in R

N ,

u ∈ W 1,p(RN ) ∩ W 1,q(RN ), u > 0, in R
N ,

where 1 < p < q < N , 0 < μ < p, ε is a small positive parameter and V is
the absorption potential. We assume that the potential V satisfies only a local condi-
tion introduced by del Pino and Felmer. Applying suitable variational and topological
methods combined with penalization technique, we obtain multiple semiclassical pos-
itive solutions for ε > 0 sufficiently small as well as related concentration properties,
in relationship with the set where the potential V attains its minimum. Moreover,
we also investigate the decay property of semiclassical positive solutions. The main
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results included in this paper complement several recent contributions to the study of
concentration phenomena.

Keywords Double phase problem · Semiclassical solution · Localized
concentration · Nonlocal reaction

Mathematics Subject Classification 35A15 · 35B09 · 35J92 · 58E05

1 Introduction andmain results

In this paper we deal with a class of singularly perturbed double phase problem with
nonlocal Choquard reaction

⎧
⎪⎨

⎪⎩

−ε p�pu − εq�qu + V (x)(|u|p−2u + |u|q−2u) in R
N ,

= εμ−N
(

1
|x |μ ∗ G(u)

)
g(u),

u ∈ W 1,p(RN ) ∩ W 1,q(RN ), u > 0, in R
N ,

(1.1)

where 1 < p < q < N , 0 < μ < p, �r u = div(|∇u|r−2∇u), with r ∈ {p, q}, is
the r -Laplacian operator, ε is small positive parameter, ∗ represents the convolution
between two functions, V is the absorption potential and the nonlinear function G is
the primitive function of g.

This paper is inspired by recent fundamental progress in the mathematical analysis
of various nonlinear patterns with unbalanced growth and nonlocal reaction. Here we
point out that the source term of problem (1.1) is driven by the sum of the (p, q)-
Laplacian operator and the nonlocal Choquard reaction term. This problem is also
called the double phase problem with unbalanced growth since the behavior of the
(p, q)-Laplacian operator switches between two different elliptic situations, which
generates an interesting double phase associated energy.

The main interest in the study of problem of this type is twofold. On the one hand,
there are motivations from mathematical physics, since the non-autonomous unbal-
anced operator has been applied to describe steady-state solutions of reaction-diffusion
equations arising in biophysics, plasma physics, and chemical reaction analysis. The
prototype equation for these models can be written in the form

ut = div[A(u)∇u] + c(x, u) and A(u) = |∇u|p−2 + |∇u|q−2,

where the function u is a state variable and describes density or concentration of
multi-component substances, div[A(u)∇u] corresponds to the diffusion with a diffu-
sion coefficient A(u) and c(x, u) represents the reaction term related to source and
loss processes, see Cherfils and Il’yasov [19] and Singer [40]. On the other hand, an
interesting phenomenon in the paper is that the appearance of Choquard reaction term
on the right-hand side generates the nonlocal characteristic, which need more accurate
and delicate analyses in mathematical aspects. The nonlocal nonlinearity appears nat-
urally in optical systems with a thermal and it is known to influence the propagation
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of electromagnetic waves in plasmas, see [16, 30]. This type of nonlocal problem also
has attracted considerable interest as a means of eliminating collapse and stabilizing
multidimensional solitary waves [12] and it plays an important role in describing the
finite-range many-body interactions, see Pekar [39] and Lieb [27].

Furthermore, the double phase problem (1.1) is alsomotivated by numerousmodels
arising in mathematical physics. For instance, we can refer to the Born-Infeld equation
[17] that appears in electromagnetism, electrostatics and electrodynamics as a model
based on a modification of Maxwell’s Lagrangian density:

− div

( ∇u

(1 − 2|∇u|2)1/2
)

= h(x, u) in �.

In fact, using the usual Taylor formula, we get

(1−x)−1/2 = 1+ x

2
+ 3

2 · 22 x
2+ 5!!

3! · 23 x
3+· · ·+ (2n − 3)!!

(n − 1)!2n−1 x
n−1+· · · for |x | < 1.

Taking x = 2|∇u|2 and adopting the first order approximation, we can obtain the
double phase problem (1.1) with p = 2 and q = 4. Especially, the n-th order approx-
imation problem is driven by the multi-phase differential operator

−�u −�4u − 3

2
�6u − · · · − (2n − 3)!!

(n − 1)! �2nu.

We also refer to the following fourth-order relativistic operator

u �→ div

( |∇u|2
(1 − |∇u|4)3/4 ∇u

)

,

which describes large classes of phenomena arising in relativistic quantummechanics.
Similarly, by virtue of Taylor formula again, we have

x2(1 − x4)−3/4 = x2 + 3x6

4
+ 21x10

32
+ · · · .

This illustrates that the fourth-order relativistic operator can be approximated by the
following double phase operator

u �→ �4u + 3

4
�8u.

For more detailed contents and applications in the physical science and other fields,
we refer the readers to Arora-Fiscella-Mukherjee-Winkert [10], Bahrouni-Rădulescu-
Repovš [11], Benci-D’Avenia-Fortunato-Pisani [15], and Tao-Li-Winkert [44].

We point out that, when ε goes to zero, the singularly perturbed problem (1.1)
is known as the semiclassical problem, and the solutions of (1.1) are often referred
to as semiclassical solutions which have very plentiful dynamic phenomena, such as
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concentration, convergence and decay etc. Physically, the concentration phenomenon
of semiclassical solutions reflects the transition from quantum mechanics to classical
mechanics and it gives rise to significant physical insights. To characterize the con-
centration phenomenon of semiclassical solutions, we note that if the function v is a
solution of (1.1) for x0 ∈ R

N , then u = v(x0 + εx) verifies

−�pu −�qu + V (x0 + εx)(|u|p−2u + |u|q−2u) =
(

1

|x |μ ∗ G(u)

)

g(u), in R
N ,

which means some convergence of the family of solutions to a solution u0 of the limit
problem

−�pu −�qu + V (x0)(|u|p−2u + |u|q−2u) =
(

1

|x |μ ∗ G(u)

)

g(u), in R
N .

It is expected that, in the semiclassical limit ε → 0, the concentration phenomenon
should be governed by the potential V . In particular, there should be a correspondence
between semiclassical solutions of the equation andcritical points of the potential.Over
the recent years, there have been a great deal of interests in investigating the existence,
multiplicity and qualitative properties of semiclassical states as localized solutions
for nonlinear mathematical physics equations with various types of concentration
phenomena. Let us now briefly recall some related results in this direction.

When p = q = 2, problem (1.1) comes back to the following semiclassical
Choquard equation

− ε2�u + V (x)u = εμ−N
(

1

|x |μ ∗ G(u)

)

g(u), in R
N . (1.2)

As we know, the question of the existence of semiclassical solutions for the non-
local problem (1.2) has been posed by Ambrosetti-Malchiodi [7, p.29]. Following
the seminal work [7], there have been some works concerning with the study of
the semiclassical analysis of problem (1.2) under various assumptions on the poten-
tial V , see for example [2, 21, 33, 46] and the references therein. Among them,
the authors are mainly interested in the problem how the property of the potential
influence the existence, multiplicity and concentration of semiclassical solutions.
Applying the Lyapunov-Schmidt reduction method, Wei-Winter [46] constructed
families of solutions concentrating to the nondegenerate critical points ofV . Cingolani-
Secchi-Squassina [21] studied the existence of solutions concentrating around several
minimum points of V by using a global penalization method. Moroz-Van Schaftingen
[33] used variational methods and developed a novel nonlocal penalization technique
to study the localized concentration phenomena: the solutions concentrating around
local minima of V . Very recently, based on the global variational argument, Alves-
Gao-Squassina-Yang [2] studied the existence and concentration behavior of solutions
for the problem (1.2) involving two variable potentials and critical exponential. We
also refer the readers to the survey paper [32] and the related works [18, 26, 41] for
more details.
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When p = q �= 2, problem (1.1) boils down to the following quasi-linear Choquard
equation with p-Laplacian operator

{
−ε p�pu + V (x)|u|p−2u = εμ−N

(
1

|x |μ ∗ G(u)
)
g(u), in R

N ,

u ∈ W 1,p(RN ), u > 0, in R
N .

(1.3)

Regarding the study of semiclassical analysis for problem (1.3), we would like to
introduce the recent contributions done by Alves-Yang [4–6]. To be more precise,
combining the mountain pass argument with the Ljusternik-Schnirelmann category
theory, in [5] they obtained the existence and multiplicity result of positive solutions
concentrating at global minimum points of V under the global condition introduced
by Rabinowitz [38]. After then, under the local condition on the potential V , they took
advantage of a variational method based on the penalized argument, first developed
by del Pino-Felmer [22], to obtain a family of solutions concentrating around local
minimum points of V [6]. In [4], they also considered the competing potentials and
described a new concentration phenomena: the semi-classical solutions concentrating
around global minimum points of linear potential and global maximum points of
nonlinear potential.

In recent years, the double phase problems with local nonlinear reaction had
attracted great attention of many scholars, and some interesting andmeaningful results
were established by using various variational and topological methods. We refer to the
works of [13, 23, 34–37] for the existence and multiplicity results, and the progresses
about concentration and qualitative analyses of semiclassical solutions can be found
in [3, 8, 9, 48, 50] and the references therein.

Very recently, concerning the semiclassical problem (1.1), there is only a work
studying the concentration and multiplicity for semiclassical positive ground state
solutions up until now. We refer to the paper by Zhang-Zhang-Rădulescu [49]. Pre-
cisely speaking, under the global condition introduced by Rabinowitz [38]

0 < inf
x∈RN

V (x) = V0 < V∞ = lim inf|x |→∞ V (x) < ∞, (1.4)

and the nonlinear term g having C1-smoothness, combining variational and topolog-
ical arguments from Nehari manifold analysis and Ljusternik-Schnirelmann category
theory, the authors proved the existence and multiplicity of semiclassical positive
ground state solutions that concentrate around global minimum points of the poten-
tial V . Finally, we also mention the recent survey paper by Mingione-Rădulescu [31]
where a comprehensive overview of the recent developments concerning elliptic vari-
ational problems with unbalanced growth conditions and related to different kinds of
nonuniformly elliptic operators.

We would like to emphasize that the global condition (1.4) used in [49] plays a very
crucial role in showing the existence and concentration of semiclassical solutions. In
fact, the key point is that the limit behavior of V at infinity can help this problem to
restore the necessary compactness by using the energy comparison method. So, an
interesting question, which motivates the present work, is whether one can seek for
localized solutionswhich concentrate around localminimumpoints of the potential.As
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we will see, the answer is affirmative. Motivated by this fact and the above mentioned
works, in the present paper we are interested in the qualitative and asymptotic analysis
of semiclassical solutions to problem (1.1) under the local condition andwe aremainly
concerned with the existence, localized concentration, decay estimate and multiplicity
properties of solutions. The main features of the present paper are the following:

(1) the problem contains the combined effects of a double phase operator with
unbalanced growth and of a Choquard reaction with nonlocal property, so some non-
trivial additional technical difficulties arise.

(2) the potential describing the absorption term satisfies a local condition and no
information on the behavior of the potential at infinity is available;

(3) the localized concentration phenomenon shows some relationships between the
global maximum point of the solution versus the local minimum of the absorption
potential;

(4) since the lack of compactness caused by the unboundedness of domain, the
Palais-Smale sequences do not have the compactness property.

To state the main results, we need introduce some conditions about the potential
V and the nonlinearity g. We first assume that the potential V satisfies the following
condition introduced by del Pino and Felmer [22]:

(V ) V ∈ C(RN ,R) satisfies V (x) ≥ infx∈RN V (x) = Vmin > 0, and there exists an
open and bounded set � ⊂ R

N such that

V0 := inf
x∈� V (x) < min

x∈∂� V (x).

We define the local minimum point set � := {x ∈ � : V (x) = V0}. Without loss
of generality, below wemay assume 0 ∈ �. Meanwhile, the nonlinearity g is assumed
to satisfy the following conditions:

(g1) g ∈ C(R,R) and g(s) = 0 for all s < 0;
(g2) g(s) = o(|s|p−1) as s → 0;
(g3) there exist c0 > 0 and τ ∈ [q, (N−μ)q

N−q ) such that

|g(s)| ≤ c0(1 + |s|τ−1) for all s ∈ R;

(g4) there exists θ = 2q > q such that

0 < θG(s) = θ

∫ s

0
g(t)dt ≤ 2g(s)s for all s > 0;

(g5) s �→ g(s)

s
q
2 −1

is increasing for all s ∈ (0,∞).

The first result is the existence and localized concentration of positive solutions,
we have the following theorem.

Theorem 1.1 Let 0 < μ < p and assume that conditions (V ) and (g1)-(g5) hold, then
there exists ε0 > 0 such that for any ε ∈ (0, ε0), we have the following conclusions:

(a) problem (1.1) at least has a positive solution uε;
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(b) uε attains its maximum at xε , moreover, up to a subsequence, there holds

lim
ε→0

dist(xε,�) = 0 and lim
ε→0

V (xε) = V0;

(c) uε(εx + xε) → u(x) in W 1,p(RN ) ∩ W 1,q(RN ) as ε → 0, where u is a positive
solution of the limit problem

{
−�pu −�qu + V0(|u|p−2u + |u|q−2u) =

(
1

|x |μ ∗ G(u)
)
g(u), in R

N ,

u ∈ W 1,p(RN ) ∩ W 1,q(RN ), u > 0, in R
N ,

(d) there exist positive constants c, C such that

uε(x) ≤ C exp
(
− c

ε
|x − xε |

)
.

Moreover, we observe that the behavior of V outside � is irrelevant from the
above results, next we consider the situation where V has multiple isolated local
minimum sets, and obtain an immediate consequence which describes some multiple
concentration phenomena.

Corollary 1.1 Let 0 < μ < p and assume that conditions (V ) and (g1)-(g5) hold.
If there exist mutually disjoint bounded domains � j , j = 1, · · · , k and constants
V1 < V2 < · · · < Vk such that

Vj := inf
x∈� j

V (x) < min
x∈∂� j

V (x).

Then for sufficiently small ε > 0, we have the following conclusions:

(a) problem (1.1) at least has k positive solution u j
ε for j = 1, · · · , k;

(b) u j
ε attains its maximum at x j

ε , moreover, up to a subsequence, there holds

lim
ε→0

dist(x j
ε ,� j ) = 0 and lim

ε→0
V (x j

ε ) = Vj ,

where the set � j := {x ∈ � j : V (x) = Vj } for all j = 1, · · · , k;
(c) u j

ε (εx + x j
ε ) → u j (x) in W 1,p(RN ) ∩ W 1,q(RN ) as ε → 0, where u j is ground

state solution of the corresponding limit problem

{
−�pu −�qu + Vj (|u|p−2u + |u|q−2u) =

(
1

|x |μ ∗ G(u)
)
g(u), in R

N ,

u ∈ W 1,p(RN ) ∩ W 1,q(RN ), u > 0, in R
N ,

(d) there exist positive constants c, C such that

u j
ε (x) ≤ C exp

(
− c

ε
|x − x j

ε |
)
.
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In the second part of the present paper, we shall deal with the multiplicity result
of semiclassical solutions to problem (1.1). In this case, we assume the following
condition on the potential V :

(V̂ ) V ∈ C(RN ,R) satisfies V (x) ≥ infx∈RN V (x) = Vmin > 0, and there exists an
open and bounded domain � ⊂ R

N such that

Vmin < min
x∈∂� V (x) and 0 ∈ M := {x ∈ � : V (x) = Vmin} �= ∅.

In order to study the multiplicity result, we need apply the Ljusternik-Schnirelman
category theory. Now let us remind the definition of the Ljusternik-Schnirelman cate-
gory. Let X be a topological space and let Y �= ∅ be a closed subset of X . The category
of Y in X , catX (Y ), is the smallest integer n such that

Y ⊂
n⋃

k=1

Ak,

where for each k = 1, ·, ·, ·, n, Ak is a closed set contractible in X . If such a integer
does not exist, then catX (Y ) = +∞.

Let us define the following set

Mδ = {x ∈ R
N : dist(x,M) ≤ δ} for δ > 0.

The multiplicity result of this paper is the following theorem.

Theorem 1.2 Let 0 < μ < p and assume that conditions (V̂ ) and (g1)-(g5) are
satisfied. Then for any δ > 0 there is εδ > 0 such that, for any ε ∈ (0, εδ), problem
(1.1) has at least catMδ (M) positive solutions. Furthermore, if uε denotes one of these
solutions and xε ∈ R

N is its global maximum, then we have

lim
ε→0

dist(xε,M) = 0 and lim
ε→0

V (xε) = Vmin.

Compared with [49], the condition (V ) or (V̂ ) is rather weak, without restriction
on the global behavior of V is required, and the behavior of V outside� is irrelevant.
This fact shows that the limit problem at infinity and its properties are all unknown for
the current problem. So, from a variational point of view, one of the major differences
between the global condition (1.4) and the local condition (V ) is that the associated
energy functional, under the local condition (V ), does not satisfy the so-called com-
pactness condition in general. In addition, another novelty of this paper is that we
remove the C1-smoothness of g in [49]. Naturally, the argument for C1-Nehari man-
ifold method used in [49] is not applicable in our situation. Evidently, the problem
studied in this paper seems to be more complicated, and the arguments also seem to
be more delicate.

Next we sketch the strategies and methods to prove Theorem 1.1 and Theorem 1.2.
The proof of Theorem 1.1 will be carried out by using suitable variational techniques.
Firstly, since we have no global information on the potential V , we make use of
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the penalization approach developed by del Pino and Felmer [22] which consists in
modifying appropriately the nonlinearity g outside �, and thus consider a modified
problem whose corresponding energy functional fulfills all the assumptions of the
mountain pass theorem. In such a way, the functional of modified problem has the
advantage that it satisfies the so-called Palais-Smale compactness condition, which
overcome the difficulty caused by the lack of compactness. Secondly, we need to
check that the solutions of the modified problem are indeed solutions of the original
problem. This goal will be achieved by combing an appropriate De Giorgi iteration
argument, the Hölder regularity result and some refined analysis techniques to show
the L∞-estimate and decay property of solutions.

The proof of Theorem 1.2 will be obtained by applying topological techniques.
More precisely, in order to obtain multiple solutions of the modified problem, we
take advantage of the Ljusternik-Schnirelmann category theory and the topological
techniques due to Benci-Cerami [14] based on precise comparisons between the cat-
egory of some sublevel sets of the modified functional and the category of the set
M . Observe that the nonlinearity g is only continuous, one can not apply standard
C1-Nehari manifold arguments due to the lack of differentiability of the correspond-
ing Nehari manifold. To overcome this difficulty, we intend to use some variants of
abstract critical point theorems from Szulkin and Weth [42] to deal with our problem.
Finally, combining the decay property of solutions we can complete the proof of the
multiplicity result to problem (1.1). And then Theorem 1.2 follows naturally.

The paper is organized as follows. In Section 2, we present some preliminary
lemmas and obtain the existence result of modified problem. In Section 3, we deal
with the autonomous problem associated to problem (1.1). In Section 4, we prove
the existence and localized concentration of semiclassical solutions, and complete
the proof of Theorem 1.1. In Section 5, we are devoted to the multiplicity result of
solutions and we accomplish the proof of Theorem 1.2.

2 Preliminary results andmodified problem

Throughout this paper, for the sake of simplicity we will use the following notations.

• | · |s denotes the usual norm of the space Ls(RN ), 1 ≤ s ≤ ∞;
• c, C , ci , Ci denote some different positive constants;
• u+ and u− denotes the positive and negative parts of function u, respectively, i.e.,

u+ = max{u, 0} and u− = min{u, 0};

• r∗ = Nr
N−r denotes the embedding critical exponent of the Sobolev space

W 1,r (RN ).

In what follows, we introduce some relevant results about the Sobolev spaces. For
p ∈ (1,∞) and N > p, we define D1,p(RN ) as the closure of C∞

0 (RN ) with respect
to

|∇u|pp =
∫

RN
|∇u|pdx .
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Let W 1,p(RN ) be the usual Sobolev space endowed with the standard norm

‖u‖W 1,p =
(∫

RN
(|∇u|p + |u|p)dx

) 1
p

.

Wegive the following embedding property for the spacesD1,p(RN ) andW 1,p(RN ).

Lemma 2.1 Let N > p, then there exists a constant S∗ > 0 such that, for any u ∈
D1,p(RN ),

|u|pp∗ ≤ S−1∗ |∇u|pp.
Furthermore, W 1,p(RN ) is embedded continuously into Ls(RN ) for any s ∈ [p, p∗]
and compactly into Ls

loc(R
N ) for any s ∈ [1, p∗).

We also have the following Lions concentration compactness lemma due to [28].

Lemma 2.2 Let N > p and r ∈ [p, p∗). If {un} is a bounded sequence in W 1,p(RN )

and if

lim
n→∞ sup

y∈RN

∫

BR(y)
|un|rdx = 0,

where R > 0, then un → 0 in Ls(RN ) for all s ∈ (p, p∗).

Observe that, since we shall deal with the double phase problem with (p, q)-
Laplacian operator, we introduce the space

E = W 1,p(RN ) ∩ W 1,q(RN )

endowed with the norm
‖u‖ = ‖u‖W 1,p + ‖u‖W 1,q .

Concerning problem (1.1), we use the change of variable x �→ εx , then we can see
that problem (1.1) is equivalent to the following problem

{
−�pu −�qu + V (εx)(|u|p−2u + |u|q−2u) =

(
1

|x |μ ∗ G(u)
)
g(u), in R

N ,

u ∈ W 1,p(RN ) ∩ W 1,q(RN ), u > 0, in R
N .

(2.1)
Evidently, if u is a solution of problem (2.1), then v(x) := u(x/ε) is a solution of
problem (1.1). Thus, in the following we will study the equivalent problem (2.1).

For any fixed ε > 0, we define the working space

Eε =
{

u ∈ W 1,p(RN ) ∩ W 1,q(RN ) :
∫

RN
V (εx)(|u|p + |u|q)dx < ∞

}

endowed with the norm
‖u‖ε = ‖u‖Vε ,p + ‖u‖Vε ,q ,
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where

‖u‖Vε ,s =
(∫

RN
(|∇u|s + V (εx)|u|s)dx

) 1
s

for all s > 1.

From the condition on V , it follows that

‖u‖p
W 1,p + ‖u‖q

W 1,q ≤
(

1 + 1

Vmin

)(
‖u‖p

Vε ,p
+ ‖u‖qVε ,q

)
.

Moreover, according toAlves and Figueiredo [3], we have the following embedding
property.

Lemma 2.3 Eε embeds continuously into Ls(RN ) for s ∈ [p, q∗] and compactly into
Ls
loc(R

N ) for s ∈ [1, q∗). Furthermore, there exists positive constant νs such that

νs |u|s ≤ ‖u‖ε, for all s ∈ [p, q∗]. (2.2)

Since wewill treat the nonlocal problem (2.1) with Choquard reaction, and we need
to introduce the classical Hardy-Littlewood-Sobolev inequality (see [29]) which will
be frequently used throughout this paper.

Lemma 2.4 (Hardy-Littlewood-Sobolev inequality [29]) Let 1 < r , s < +∞ and
0 < μ < N such that 1

r + 1
s + μ

N = 2. If φ ∈ Lr (RN ) and ψ ∈ Ls(RN ), then there
exists a sharp constant C(N , μ, r , s) > 0, independent of φ and ψ , such that

∫

RN

∫

RN

φ(x)ψ(y)

|x − y|μ dxdy ≤ C(N , μ, r , s)|φ|r |ψ |s .

We observe that if G(u) = |u|τ for some τ > 0, then Lemma 2.4 illustrates that
the integral

∫

RN

[
1

|x |μ ∗ G(u)

]

G(u)dx =
∫

RN

∫

RN

G(u(y))G(u(x))

|x − y|μ dydx

is well defined if G(u) ∈ Ls(RN ) for s > 1 with 2
s + μ

N = 2. Since we will work
with u ∈ E , in order to make certain that the above integral is well defined, according
to Lemma 2.3 we must require that sτ ∈ [p, q∗]. Then we can see that τ satisfies the
following inequality

(2N − μ)p

2N
≤ τ ≤ (2N − μ)q∗

2N
. (2.3)

Here we call that the exponent (2N − μ)p/2N is the lower critical exponent and
(2N − μ)q∗/2N is the upper critical exponent for the double phase problem with
nonlocal Choquard reaction.

Normally, if the growth exponent τ of g lies in the range (2.3), we can obtain the
existence result of nontrivial solutions by applying variational approaches. However,
in the present paper, since we not only investigate the existence of nontrivial solution,
but also want to study some properties of solutions such as positivity, regularity and
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concentration, Hence, we need to require a stronger condition for the growth exponent,
see conditions (g2) and (g3).

Moreover, we can infer from conditions (g2) and (g3) that for any ε > 0, there
exists Cε > 0 such that

|g(s)| ≤ ε|s|p−1 + Cε|s|τ−1 and |G(s)| ≤ ε|s|p + Cε|s|τ for any s ∈ R. (2.4)

Aswe havementioned in the introduction, generally speaking, the energy functional
of problem (2.1) does not satisfy the Palais-Smale compactness condition under local
potential condition, we will not deal with problem (2.1) directly. Instead, we need
make use of the penalization approach developed by del Pino and Felmer [22] to
modify the problem (2.1) such that the modified functional satisfies the Palais-Smale
condition. After constructing solutions of the modified problems we will make these
solutions localized, so they are solutions of the original problem for small ε.

We choose suitable two positive constants �0 and a0 such that g(a0) = Vmin
�0

aq−1
0 ,

and we define the following functions

g̃(s) =
{
g(s) if s ≤ a0,
Vmin
�0

sq−1 if s > a0,

and

f (x, s) =
{
χ�(x)g(s)+ (1 − χ�(x))g̃(s) if s > 0,
0 if s ≤ 0,

F(x, s) =
∫ s

0
f (x, t)dt,

whereχ� is the characteristic function on�.Moreover, we duduce from the conditions
(g1)-(g5) that f satisfies the following properties:

( f1) f (x, s) = o(|s|p−1) as s → 0 uniformly in x ∈ R
N ;

( f2) f (x, s) ≤ g(s) for all x ∈ R
N and s > 0;

( f3) 0 < θ
2 F(x, s) ≤ f (x, s)s for any x ∈ � and s > 0, and

0 ≤ θ

2
F(x, s) ≤ f (x, s)s ≤ Vmin

�0
(s p + sq) for any x ∈ �c and s > 0;

( f4) the following monotonicity conditions hold

s �→ f (x, s)

s
q
2 −1

,
F(x, s)

s
q
2

are strictly increasing for all x ∈ R
N and s > 0.

Next we shall consider the following modified problem

{
−�pu −�qu + V (εx)(|u|p−2u + |u|q−2u) =

(
1

|x |μ ∗ F(εx, u)
)
f (εx, u), in R

N ,

u ∈ W 1,p(RN ) ∩ W 1,q (RN ), u > 0, in R
N .

(2.5)
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We note that if u is a solution of problem (2.5) such that

u(x) < a0 for all x ∈ �c
ε, where �ε := {x ∈ R

N : εx ∈ �},

then f (εx, u) = g(u) and F(εx, u) = G(u). So, u is also a solution of problem (2.1).
We define the energy functional associated with the modified problem (2.5)

Iε(u) = 1

p
‖u‖p

Vε ,p
+ 1

q
‖u‖qVε ,q − 1

2

∫

RN

[
1

|x |μ ∗ F(εx, u)

]

F(εx, u)dx .

Using (2.4), ( f2), Lemma 2.3, Lemma 2.4 and applying some standard arguments, we
can easily check that Iε is well defined on Eε and belongs to C1 with its derivative
given by

〈I′
ε(u), v〉 =

∫

RN

[
|∇u|p−2∇u∇v + |∇u|q−2∇u∇v

]
dx

+
∫

RN
V (εx)

[
|u|p−2u + |u|q−2u

]
vdx −

∫

RN

[
1

|x |μ ∗ F(εx, u)

]

f (εx, u)vdx

for all u, v ∈ Eε . Therefore, it is obvious that the solutions of problem (2.5) correspond
to critical points of Iε .

The following result shows that the energy functional Iε satisfies the geometric
structure of the mountain pass theorem.

Lemma 2.5 the energy functional Iε has a mountain pass geometry, that is

(i) there exist σ0, � > 0 such that Iε(u) ≥ σ0 with ‖u‖ε = �;
(ii) there exist u0 ∈ Eε and R > 0 with ‖u0‖ε > R such that Iε(u0) < 0.

Proof (i) Let u ∈ Eε , we first take � ∈ (0, 1) with ‖u‖ε = �, then we have ‖u‖qVε ,p ≤
‖u‖p

Vε ,p
< 1. Therefore, using Lemma 2.1, Lemma 2.4, ( f2), (2.2) and (2.4) we obtain

Iε(u) = 1

p
‖u‖p

Vε ,p
+ 1

q
‖u‖qVε,q − 1

2

∫

RN

[
1

|x |μ ∗ F(εx, u)

]

F(εx, u)dx

≥ 1

p
‖u‖qVε ,p + 1

q
‖u‖qVε,q − c1

(
ε‖u‖2pε + εCε‖u‖p+τ

ε + Cε‖u‖2τε
)

≥ c2
q

(‖u‖Vε ,p + ‖u‖Vε,q
)q − c1

(
ε‖u‖2pε + εCε‖u‖p+τ

ε + Cε‖u‖2τε
)

= c2
q

‖u‖qε − c1
(
ε‖u‖2pε + εCε‖u‖p+τ

ε + Cε‖u‖2τε
)
.

Since q < 2τ , then there exists σ0 > 0 such that Iε(u) ≥ σ0 > 0 when ‖u‖ε = �.
(ii) We fix u0 ∈ Eε\{0} with supp(u0) ⊂ �ε . Then we have F(εx, u0) = G(u0),

and we set

h(t) = 1

2

∫

RN

[
1

|x |μ ∗ G

(
tu0

‖u0‖ε
)]

G

(
tu0

‖u0‖ε
)

dx for t > 0.
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From (g4) we can infer that

h′(t) =
∫

RN

[
1

|x |μ ∗ G

(
tu0

‖u0‖ε
)]

g

(
tu0

‖u0‖ε
)

u0
‖u0‖ε dx

≥ θ

2t

∫

RN

[
1

|x |μ ∗ G

(
tu0

‖u0‖ε
)]

G

(
tu0

‖u0‖ε
)

dx

= θ

t
h(t).

(2.6)

Integrating (2.6) on [1, s‖u0‖ε] with s‖u0‖ε > 1, we have

h(s‖u0‖ε) ≥ h(1)(s‖u0‖ε)θ .

Consequently, we immediately obtain

1

2

∫

RN

[
1

|x |μ ∗ G(su0)

]

G(su0)dx ≥ 1

2

∫

RN

[
1

|x |μ ∗ G

(
u0

‖u0‖ε
)]

G

(
u0

‖u0‖ε
)

dx(s‖u0‖ε)θ .

Combining with the above facts we derive that

Iε(su0) = s p

p
‖u0‖p

Vε ,p
+ sq

q
‖u0‖qVε ,q − 1

2

∫

RN

[
1

|x |μ ∗ F(εx, su0)

]

F(εx, su0)dx

= s p

p
‖u0‖p

Vε ,p
+ sq

q
‖u0‖qVε ,q − 1

2

∫

RN

[
1

|x |μ ∗ G(su0)

]

G(su0)dx

≤c3(s
p + sq)− c4s

θ

for s > 1
‖u0‖ε . Taking e = su0 with s sufficiently large, we can see that the conclusion

(ii) holds since θ = 2q > q. ��
According to Lemma 2.5, we can use a version of mountain pass theorem without

the Palais-Smale condition [47] to deduce the existence of a Palais-Smale sequence
{un} at level cε , namely

Iε(un) → cε and I ′
ε(un) → 0,

where cε is the mountain pass level of Iε defined as

cε = inf
γ∈� max

t∈[0,1] Iε(�(t)) = inf
u∈Eε\{0}

max
t≥0

Iε(tu),

and
� = {γ ∈ C([0, 1], Eε) : γ (0) = 0, Iε(γ (1)) < 0}.

We observe that since supp(u0) ⊂ �ε , then there exists ĉ > 0 independent of
ε, �0, a0 such that

cε = inf
u∈Eε\{0}

max
t≥0

Iε(tu) < ĉ.
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Lemma 2.6 Let {un} be a Palais-Smale sequence of Iε at level 0 < cε < ĉ, then {un}
is bounded in Eε and ‖u−

n ‖ε = o(1). Moreover, there holds

‖un‖p
Vε ,p

+ ‖un‖qVε ,q ≤ 2q (̂c + 1) for n ∈ N large enough. (2.7)

Proof Let {un} be a Palais-Smale sequence of Iε at level 0 < cε < ĉ. Observe that
θ = 2q, and from ( f3) we can deduce that

ĉ + on(1)‖un‖ε ≥Iε(un)− 1

θ
〈I′
ε(un), un〉

=
[
1

p
− 1

θ

]

‖un‖pVε ,p +
[
1

q
− 1

θ

]

‖un‖qVε ,q

+
∫

RN

[
1

|x |μ ∗ F(εx, un)

] [
1

θ
f (εx, un(x))un(x)− 1

2
F(εx, un(x))

]

dx

≥
[
1

p
− 1

θ

]

‖un‖pVε ,p +
[
1

q
− 1

θ

]

‖un‖qVε ,q

≥
[
1

q
− 1

θ

]

(‖un‖pVε ,p + ‖un‖qVε ,q ).

(2.8)

We use a contradiction argument to prove this conclusion, andwe assume that ‖u‖ε →
∞. In what follows we divide into three cases to finish the proof of the lemma.

Case1. ‖un‖Vε ,p → ∞ and ‖un‖Vε ,q → ∞. Since p < q, we can see that
‖un‖qVε ,q ≥ ‖un‖p

Vε ,q
> 1 for n sufficiently large. Therefore, from the above facts

we infer that

ĉ + on(1)‖u‖ε ≥
[
1

q
− 1

θ

]

(‖un‖p
Vε ,p

+ ‖un‖qVε ,q)

≥
[
1

q
− 1

θ

]

(‖un‖p
Vε ,p

+ ‖un‖p
Vε ,q

)

≥c5(‖un‖Vε ,p + ‖un‖Vε ,q)p = c5‖un‖p
ε .

Evidently, this is impossible, a contradiction.
Case 2. ‖un‖Vε ,p → ∞ and ‖un‖Vε ,q is bounded. According to the following fact

ĉ + on(1)(‖un‖Vε ,p + ‖un‖Vε ,q) ≥
[
1

q
− 1

θ

]

‖un‖p
Vε ,p

,

we have
ĉ

‖un‖p
Vε ,p

+ ‖un‖Vε ,p
‖un‖p

Vε ,p

+ on(1) ≥ 1

q
− 1

θ
.

Letting n → ∞, we can see that 0 ≥ 1
q − 1

θ
> 0, which shows a contradiction.

Case 3. ‖un‖Vε ,p is bounded and ‖un‖Vε ,q → ∞. We can proceed similarly as in
the Case 2.
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From the above three cases we can see that {un} is bounded, and we have
〈I ′
ε(un), u

−
n 〉 = o(1). Employing the definition of f and the following inequality

|a − b|s−2(a − b)(a− − b−) ≥ |a− − b−|s for all s > 1, (2.9)

we get

‖u−
n ‖p

Vε ,p
+ ‖u−

n ‖qVε ,q ≤
∫

RN
|∇un|p−2∇un∇u−

n dx +
∫

RN
V (εx)|un|p−2unu

−
n dx

+
∫

RN
|∇un|q−2∇un∇u−

n dx +
∫

RN
V (εx)|un|q−2unu

−
n dx

=
∫

RN

[
1

|x |μ ∗ F(εx, un)

]

f (εx, un)u
−
n dx = on(1).

which implies that ‖u−
n ‖ε → 0 in Eε . Consequently, we may assume that un ≥ 0 for

any n ∈ N.
Finally, according to (2.8), it is easy to see that

‖un‖p
Vε ,p

+ ‖un‖qVε ,q ≤ qθ

θ − q
(̂c + 1) = 2q (̂c + 1) for n ∈ N large enough.

The proof is now complete. ��

Next we need to fix the notations:

B :=
{
u ∈ Eε : ‖u‖p

Vε ,p
+ ‖u‖qVε ,q ≤ 2q (̂c + 1)

}
(2.10)

and

Kε(u)(x) := 1

|x |μ ∗ F(εx, u).

With the above notations, we are able to prove the following results.

Lemma 2.7 Let 0 < μ < p and assume that ( f1)-( f3) are satisfied, then there exists
a constant �0 > 0 such that

sup
u∈B

|Kε(u)(x)|∞ ≤ �0

2
for all ε > 0. (2.11)

Proof Firstly, using (2.4) and ( f2) we have

|F(εx, u)| ≤ |G(u)| ≤ ε|u|p + Cε|u|τ for any x ∈ R
N and u ∈ R. (2.12)
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Therefore, we deduce from Lemma 2.3, (2.10) and (2.12) that

|Kε(u)(x)| =
∣
∣
∣
∣

∫

RN

F(εx, u)

|x − y|μ dy

∣
∣
∣
∣ =

∣
∣
∣
∣

∫

|x−y|≤1

F(εx, u)

|x − y|μ dy

∣
∣
∣
∣+

∣
∣
∣
∣

∫

|x−y|≥1

F(εx, u)

|x − y|μ dy

∣
∣
∣
∣

≤C1

∫

|x−y|≤1

|u|p + |u|τ
|x − y|μ dy + C1

∫

|x−y|≥1
(|u|p + |u|τ )dy

≤C1

∫

|x−y|≤1

|u|p + |u|τ
|x − y|μ dy + C2.

(2.13)
Since 0 < μ < p, we can take t ∈ ( N

N−μ,
N

N−p ) such that N − tμ
t−1 > 0. We infer

from the Hölder inequality that

∫

|x−y|≤1

|u|p
|x − y|μ dy ≤

[∫

|x−y|≤1
|u|tpdy

] 1
t
[∫

|x−y|≤1
|x − y|− tμ

t−1 dy

] t−1
t

≤C3

[∫

|r |≤1
|r |N−1− tμ

t−1 dr

] t−1
t ≤ C4.

(2.14)

Similarly, since τ ∈ [q, (N−μ)q
N−q ), taking s ∈ ( N

N−μ,
Nq

(N−q)τ ) such that N − sμ
s−1 > 0,

we obtain

∫

|x−y|≤1

|u|τ
|x − y|μ dy ≤

[∫

|x−y|≤1
|u|sτdy

] 1
s
[∫

|x−y|≤1
|x − y|− sμ

s−1 dy

] s−1
s

≤C5

[∫

|r |≤1
|r |N−1− sμ

s−1 dr

] s−1
s ≤ C6.

(2.15)

Consequently, from (2.13), (2.14) and (2.15) we can conclude that there exists a
constant �0 > 0 such that (2.11) holds. We complete the proof of lemma. ��
Lemma 2.8 Let {un} be a Palais-Smale sequence of Iε at level 0 < cε < ĉ, then for
any ε > 0, there exists R = R(ε) > 0 such that

lim sup
n→∞

∫

Bc
R(0)

|∇un|p + |∇un|q + V (εx)(|un|q + |un|p)dx < ε. (2.16)

Proof For any R > 0 and some c > 0 independent of R, let ψR ∈ C∞(RN ) be such
that

0 ≤ ψR ≤ 1, ψR(x) = 0 in BR/2(0), ψR(x) = 1 in Bc
R(0) and |∇ψR | ≤ c

R
.

Using Lemma 2.6 we know that {un} is bounded in Eε , moreover, there exists n0 ∈ N

such that
‖un‖p

Vε ,p
+ ‖un‖qVε ,q ≤ 2q (̂c + 1) for all n ≥ n0.
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Using the above estimate and Lemma 2.7 we obtain

supn≥n0 |Kε(un)(x)|∞
�0

≤ 1

2
.

On the other hand, according to the boundedness of {un}, we can see that
〈I ′
ε(un), ψRun〉 = on(1). Hence, we conclude that

∫

RN

[|∇un|p + |∇un|q + V (εx)(|un|q + |un|p)
]
ψRdx

=
∫

RN

[
1

|x |μ ∗ F(εx, un)

]

f (εx, un)unψRdx

−
∫

RN

[
|∇un|p−2 + |∇un|q−2

]
∇un∇ψRundx + on(1).

Taking R > 0 such that �ε ⊂ BR/2(0) and using ( f3) and Hölder inequality, we can
derive that

∫

Bc
R/2(0)

[|∇un |p + |∇un |q + V (εx)(|un |q + |un |p)
]
dx

≤
∫

Bc
R/2(0)

[
1

|x |μ ∗ F(εx, un)

]

f (εx, un)unψRdx + c

R
(‖un‖p

ε + ‖un‖qε )+ on(1)

≤
∫

Bc
R/2(0)

[
supn≥n0 |Kε(un)(x)|∞

�0

]

Vmin(|un |p + |un |q )dx + c

R
(‖un‖p

ε + ‖un‖qε )+ on(1)

≤1

2

∫

Bc
R/2(0)

V (εx)(|un |p + |un |q )dx + c

R
(‖un‖p

ε + ‖un‖qε )+ on(1).

Consequently, according to the arbitrariness of R and the boundedness of {un}, we
can see that for any ε > 0, there exists R = R(ε) > 0 such that

lim sup
n→∞

∫

Bc
R(0)

|∇un|p + |∇un|q + V (εx)(|un|q + |un|p)dx < ε.

This finishes the proof of lemma. ��
Now, we show that the modified functional Iε satisfies the Palais-Smale compact-

ness condition, which will play a crucial role in our arguments.

Lemma 2.9 Iε satisfies the Palais-Smale compactness condition at level c ∈ [cε, ĉ).
Proof Firstly, let {un} be a Palais-Smale sequence of Iε at level c ∈ [cε, ĉ). According
to Lemma 2.6 we know that {un} is bounded. Thus, we may assume that, after passing
to a subsequence, un⇀u in Eε , un → u in Ls

loc(R
N ) for all s ∈ [p, q∗) and un(x) →

u(x) a.e. in R
N . Moreover, from [49, Lemma 3.1] we can see that u is a critical point

of the functional Iε . It follows that

〈I ′
ε(u), u〉 = 〈I ′

ε(u), un〉 = 0. (2.17)
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For simplicity, we set

An =
∫

RN
〈|∇un|p−2∇un − |∇u|p−2∇u,∇un − ∇u〉dx

+
∫

RN
〈|∇un|q−2∇un − |∇u|q−2∇u,∇un − ∇u〉dx

+
∫

RN
V (εx)

[
(|un|p−2un − |u|p−2u)+ (|un|q−2un − |u|q−2u)

]
(un − u)dx .

Computing directly, we get

An =〈I ′
ε(un), un − u〉 − 〈I ′

ε(u), un − u〉
+
∫

RN

[
1

|x |μ ∗ F(εx, un)

]

f (εx, un)(un − u)dx

−
∫

RN

[
1

|x |μ ∗ F(εx, u)

]

f (εx, u)(un − u)dx .

(2.18)

Next we shall prove the following conclusion

∫

RN

[
1

|x |μ ∗ F(εx, un)

]

f (εx, un)(un − u)dx = on(1). (2.19)

Observe that, from (2.4), (g3), ( f2) and Lemma 2.3 we have

∫

RN
|F(εx, un)|

2N
2N−μ dx ≤c6

∫

RN
||un|p + |un|τ |

2N
2N−μ dx

≤c7

∫

RN

(

|un|
2Np
2N−μ + |un|

2Nτ
2N−μ

)

dx

≤c8

(

‖un‖
2Np
2N−μ
ε + ‖un‖

2Nτ
2N−μ
ε

)

≤ C,

which implies that F(εx, un) is bounded in L2N/(2N−μ)(RN ). Moreover, since
un(x) → u(x) a.e. in R

N , and thus F(εx, un(x)) → F(εx, u(x)) a.e. in R
N , we

also obtain
F(εx, un)⇀F(εx, u) in L2N/(2N−μ)(RN ).

On account of Lemma 2.4, we know that the convolution term

1

|x |μ ∗ w(x) ∈ L2N/μ(RN ) for all w ∈ L2N/(2N−μ)(RN )

is a linear bounded operator from L2N/(2N−μ)(RN ) to L2N/μ(RN ). So we can see that

1

|x |μ ∗ F(εx, un)⇀
1

|x |μ ∗ F(εx, u) in L2N/μ(RN ). (2.20)
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Since f has a subcritical growth, using Lemma 2.3 and (2.20), we derive that for any
fixed R > 0,

∫

BR(0)

[
1

|x |μ ∗ F(εx, un)

]

f (εx, un)(un − u)dx = on(1). (2.21)

Using the growth condition, the definition of f and the boundedness of 1
|x |μ ∗F(εx, un),

we obtain

∫

Bc
R(0)

[
1

|x |μ ∗ F(εx, un)

]

| f (εx, un)un|dx ≤ c9

∫

Bc
R(0)

(|un|p + |un|q)dx,

this is because we can choose suitable R > 0 such that � ⊂ BR(0). Moreover, from
Lemma 2.8, for any ε > 0 there exists R = R(ε) > 0 such that

lim sup
n→∞

∫

Bc
R(0)

[
1

|x |μ ∗ F(εx, un)

]

| f (εx, un)un|dx

≤ lim sup
n→∞

c9

∫

Bc
R(0)

(|un|p + |un|q)dx

≤ lim sup
n→∞

c10

∫

Bc
R(0)

|∇un|p + |∇un|q + V (εx)(|un|q + |un|p)dx

≤c10ε.

(2.22)

Similarly, using Hölder inequality, we can also show that

lim sup
n→∞

∫

Bc
R(0)

[
1

|x |μ ∗ F(εx, un)

]

| f (εx, un)u|dx ≤ c11ε. (2.23)

Consequently, from (2.21), (2.22) and (2.23) we can infer that (2.19) holds.
Following the same argument, we also obtain

∫

RN

[
1

|x |μ ∗ F(εx, u)

]

f (εx, u)(un − u)dx = on(1). (2.24)

So,we infer from (2.17), (2.18), (2.19) and (2.24) that An = on(1). Using the following
inequality

〈|ξ |s−2ξ − |η|s−2η, ξ − η〉 ≥
{
c|ξ − η|s, if s ≥ 2,
c(|ξ | + |η|)s−2|ξ − η|2, if 1 < s < 2,

∀ξ, η ∈ R
N

(2.25)
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we conclude that for the case p > 2

‖un − u‖p
Vε ,p

=
∫

RN
|∇(un − u)|p + V (εx)|un − u|pdx

≤c11

∫

RN
〈|∇un|p−2∇un − |∇u|p−2∇u,∇un − ∇u〉dx

+c12

∫

RN
V (εx)(|un|p−2un − |u|p−2u)(un − u)dx

=on(1).

(2.26)

For the case 1 < p < 2, using the boundedness of {un}, Hölder inequality and (2.25)
we have

[∫

RN
|∇un − ∇u|pdx

] 2
p ≤

[∫

RN

|∇un − ∇u|2
(|∇un | + |∇u|)2−p

dx

] [∫

RN
(|∇un | + |∇u|)pdx

] 2−p
p

≤c13

∫

RN
〈|∇un |p−2∇un − |∇u|p−2∇u,∇un − ∇u〉dx = on(1),

(2.27)
and

[∫

RN
V (εx)|un − u|pdx

] 2
p ≤

[∫

RN

V (εx)|un − u|2
(|un | + |u|)2−p

dx

] [∫

RN
V (εx)(|un | + |u|)pdx

] 2−p
p

≤c14

∫

RN
V (εx)(|un |p−2un − |u|p−2u)(un − u)dx = on(1).

(2.28)
Combining (2.26), (2.27) and (2.28) we can see that ‖un − u‖p

Vε ,p
= on(1) for any

p > 1.
Similarly, we also have ‖un − u‖qVε ,q = on(1). Therefore, it is easy to see that

‖un − u‖ε = ‖un − u‖Vε ,p + ‖un − u‖Vε ,q = on(1).

We complete the proof of lemma. ��

Based on Lemma 2.5 and Lemma 2.9, we can apply the mountain pass theorem
[47] to obtain the existence result of solutions for the modified problem (2.5).

Lemma 2.10 The modified problem (2.5) at least possesses a nontrivial nonnegative
solution for all small ε > 0.

Proof Evidently, using Lemma 2.5 and Lemma 2.9 and employing the mountain pass
theorem [47],we can infer that for all ε > 0 sufficiently small, there exists uε ∈ Eε\{0}
such that

Iε(uε) = cε and I ′
ε(uε) = 0. (2.29)
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Moreover, choosing u−
ε = {uε, 0} and recalling that f (εx, s) = 0 for all s ≤ 0 and

〈I ′
ε(uε), u

−
ε 〉 = 0, we can derive that

‖u−
ε ‖p

Vε ,p
+ ‖u−

ε ‖qVε ,q ≤
∫

RN
|∇uε |p−2∇uε∇u−

ε dx +
∫

RN
V (εx)|uε |p−2uεu

−
ε dx

+
∫

RN
|∇uε |q−2∇uε∇u−

ε dx +
∫

RN
V (εx)|uε |q−2uεu

−
ε dx

=
∫

RN

[
1

|x |μ ∗ F(εx, uε)

]

f (εx, uε)u
−
ε dx = 0.

which implies that ‖u−
ε ‖ε = 0. So, uε ≥ 0 and uε �≡ 0. This ends the proof. ��

3 The autonomous problem

For our scope, we shall also investigate the limit problem associated with problem
(2.5). To this end, we first discuss in this section the existence of the positive ground
state solutions of the autonomous problem.

Let a > 0, we consider the following autonomous problem

{
−�pu −�qu + a(|u|p−2u + |u|q−2u) =

(
1

|x |μ ∗ G(u)
)
g(u), in R

N ,

u ∈ W 1,p(RN ) ∩ W 1,q(RN ), u > 0, in R
N ,

(3.1)

and define the space

Ea =
{

u ∈ W 1,p(RN ) ∩ W 1,q(RN ) :
∫

RN
a(|u|p + |u|q)dx < ∞

}

with the norm ‖u‖a = ‖u‖a,p + ‖u‖a,q , where

‖u‖sa,s =
∫

RN
(|∇u|s + a|u|s)dx for all s > 1.

Clearly, we can see that the norms ‖ ·‖a and ‖ ·‖ are equivalent, accordingly, Ea = E .
The corresponding energy functional of problem (3.1) is defined by

Ja(u) = 1

p
‖u‖p

a,p + 1

q
‖u‖qa,q − 1

2

∫

RN

[
1

|x |μ ∗ G(u)

]

G(u)dx .

Clearly, we can easily see that Ja ∈ C1(Ea,R) and

〈J ′
a(u), v〉 =

∫

RN

[
|∇u|p−2∇u∇v + |∇u|q−2∇u∇v

]
dx

+
∫

RN
a[|u|p−2u + |u|q−2u]vdx −

∫

RN

[
1

|x |μ ∗ G(u)

]

g(u)vdx
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for any u, v ∈ Ea . We useNa and ca to denote the corresponding Nehari manifold of
Ja

Na := {u ∈ Ea \ {0} : 〈J ′
a(u), u〉 = 0}.

Analogous to arguments used in Section 2, it is easy to check thatJa has amountain
pass geometry. Then, according to the mountain pass theorem, we can find a Palais-
Smale sequence {un} ⊂ Ea at the level ca > 0 of Ja . Moreover, using (g5) and a
standard argument [47], we can obtain a minimax characterization

ca = inf
u∈Ea\{0}

max
t≥0

Ja(tu) = inf
u∈Na

Ja(u).

Lemma 3.1 Let {un} ⊂ Ea be a Palais-Smale sequence for Ja at the level c ∈ R and
such that un⇀0 in Ea. Then we have either

(a) un → 0 in Ea, or
(b) there exist a sequence {yn} ⊂ R

N and constants R, σ > 0 such that

lim inf
n→∞

∫

BR(yn)
|un|qdx > σ.

Proof Suppose that (b) does not occur. Then, for all R > 0 we have

lim
n→∞ sup

y∈RN

∫

BR(y)
|un|qdx = 0.

On account of Lemma 2.2, we can see that un → 0 in Ls(RN ) for all s ∈ (p, q∗). So,
using Lemma 2.4 and (2.4) we obtain

∫

RN

[
1

|x |μ ∗ G(un)

]

g(un)undx = on(1).

Finally, according to the fact that 〈J ′
a(un), un〉 = on(1), we get ‖un‖p

a,p + ‖un‖qa,q =
on(1), that is un → 0 in Ea as n → ∞. ��

We now state the main result for the autonomous problem (3.1).

Lemma 3.2 Assume that conditions (g1)-(g5) hold. Then problem (3.1) has at least
one positive ground state solution v such that Ja(v) = ca > 0.

Proof Let {un} be a Palais-Smale sequence at level ca > 0 for Ja , Using (g4) and the
proof of Lemma 2.6 we can show that {un} is bounded in Ea . Then, there exists u ∈ Ea

such that un⇀u in Ea , un → u in Ls
loc(R

N ) for all s ∈ (p, q∗) and un(x) → u(x)
a.e. in R

N . Moreover, using [49, Lemma 3.1] we have 〈J ′
a(u), ϕ〉 = 0 for all ϕ ∈ Ea .
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If u = 0, then un � 0 in Ea because ca > 0. Thus, according to Lemma 3.1, we
can deduce that there exist a sequence {yn} ⊂ R

N and constants R, σ > 0 such that

∫

BR(yn)
|un|qdx > σ.

Let us define vn(x) = un(x + yn), it follows that

∫

BR(0)
|vn|qdx ≥ δ. (3.2)

Since Ja and J ′
a are both invariants by translation, we have

Ja(vn) → ca and J ′
a(vn) → 0. (3.3)

After passing to a subsequence, we assume that vn⇀v in Ea , vn → v in Ls
loc(R

N ) for
s ∈ (p, q∗), and vn(x) → v(x) a.e. in R

N . Moreover, from (3.2) and (3.3) we infer
that v �= 0 and J ′

a(v) = 0.
Consequently, we can see that v ∈ Na and Ja(v) ≥ ca . On the other hand, we

conclude from Fatou’s lemma and (g4) that

ca = lim
n→∞

[

Ja(vn)− 1

θ
〈J ′

a(vn), vn〉
]

= lim
n→∞

[(
1

p
− 1

θ

)

‖vn‖p
a,p +

(
1

q
− 1

θ

)

‖vn‖qa,q

+
∫

RN

[
1

|x |μ ∗ G(vn)

] [
1

θ
g(vn)vn − 1

2
G(vn)

]

dx

]

≥
(
1

p
− 1

θ

)

‖v‖p
a,p +

(
1

q
− 1

θ

)

‖v‖qa,q

+
∫

RN

[
1

|x |μ ∗ G(v)

] [
1

θ
g(v)v − 1

2
G(v)

]

dx

=Ja(v)− 1

θ
〈J ′

a(v), v〉 = Ja(v).

Therefore, we get Ja(v) = ca and v is a ground state solution of problem (3.1).
Moreover, by Lemma 2.10 we have v ≥ 0 in R

N .
Next we show that the function v is positive. In fact, according to the above argu-

ments and Lemma 2.7, we know that v is a solution of problem

−�pv −�qv + a(|v|p−2v + |v|q−2v) = K (u)(x)g(v) in R
N ,

where K ∈ L∞(RN ). Applying the regularity conclusions in [24], we have v ∈
L∞(RN )∩C1,ν

loc (R
N ) for some ν ∈ (0, 1). Finally, we take advantage of the Harnack’s

inequality in [45] to conclude that v > 0 in R
N . ��
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4 Existence and localized concentration

In this section, we are going to investigate the existence and localized concentration
of positive solutions to problem (1.1), and we give the proof of Theorem 1.1.

LetJV0 ,NV0 and cV0 denote the corresponding energy functional, Nehari manifold
and ground state energy of the following limit problem

{
−�pu −�qu + V0(|u|p−2u + |u|q−2u) =

(
1

|x |μ ∗ G(u)
)
g(u), in R

N ,

u ∈ W 1,p(RN ) ∩ W 1,q(RN ), u > 0, in R
N .

(4.1)

We begin by establishing an important connection between cε and cV0 , which play a
fundamental role in our arguments.

Lemma 4.1 We have the following estimate

lim sup
ε→0

cε ≤ cV0 .

Proof According to Lemma 3.2, we know that there exists a positive ground state
solution u to problem (4.1), thus, we have JV0(u) = cV0 . Let ψ ∈ C∞(R) be such
that 0 ≤ ψ ≤ 1, ψ = 1 in [−1, 1] and ψ = 0 in R\(−2, 2). Since 0 ∈ � ⊂ �,
we may assume that B2 ⊂ �. Define function uε(x) = ψ(2ε|x |)u(x) and note that
supp(uε(x)) ⊂ �ε . By straightforward computation, we can prove

‖u − uε‖ → 0 and JV0(uε) → JV0(u) as ε → 0. (4.2)

On the other hand, by definition of cε , we immediately obtain

cε ≤ max
t≥0

Iε(tuε) = Iε(tεuε)

= t pε
p

‖uε‖p
Vε ,p

+ tqε
q

‖uε‖qVε ,q − 1

2

∫

RN

[
1

|x |μ ∗ G(tεuε)

]

G(tεuε)dx
(4.3)

for some tε > 0. It follows that

t pε ‖uε‖p
Vε ,p

+ tqε ‖uε‖qVε ,q −
∫

RN

[
1

|x |μ ∗ G(tεuε)

]

g(tεuε)tεuεdx = 0 (4.4)

Recalling that u ∈ NV0 , and using (g5), (4.2) and (4.4), it is easy to verify that tε → 1
as ε → 0. We observe that, from (4.3), there holds

Iε(tεuε) = JV0(tεuε)+
∫

RN
(V (εx)− V0)

[
t pε
p

|uε |p + tqε
q

|uε |q
]

dx . (4.5)

Since V (εx) is bounded on the support of uε(x), and V (εx) → V (0) = V0 as ε → 0,
we can apply the Lebesgue’s dominated convergence theorem and use (4.3) and (4.5)
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to conclude that
lim sup
ε→0

cε ≤ cV0 .

The proof is now complete. ��
Nowwe come back to study problem (2.5) and consider themountain pass solutions

uε obtained in Lemma 2.10.

Lemma 4.2 Let uε be a nontrivial solution obtained in Lemma 2.10, then there exist
positive constants R, ε0, σ and sequence {yε} ⊂ R

N such that

∫

BR(yε )
|uε |qdx ≥ σ for all ε ∈ (0, ε0).

Proof Since uε verifies (2.29), we first claim that there exist α0 > 0 such that

‖uε‖ε ≥ α0 for all ε > 0. (4.6)

Indeed, from Lemma 2.3, Lemma 2.4, (2.4) and ( f2) we conclude that

‖uε‖p
Vε ,p

+ ‖uε‖qVε ,q =
∫

RN

[
1

|x |μ ∗ F(εx, uε)

]

f (εx, uε)uεdx .

≤ c15

[

ε|uε |p2Np
2N−μ

+ Cε|uε |τ2Nτ
2N−μ

]2

≤ c16
(
ε‖uε‖2pε + Cε‖uε‖p+τ

ε + Cε‖uε‖2τε
)
.

Without loss of generality, we may assume that ‖uε‖ε < 1 (because if ‖uε‖ε ≥ 1, the
conclusion is obvious). Therefore, using the fact that ‖uε‖qVε ,p ≤ ‖uε‖p

Vε ,p
< 1, and

applying the inequality: as + bs ≥ cs(a + b)s for any a, b ≥ 0 and s > 1, we have

c16
(
ε‖uε‖2pε + Cε‖uε‖p+τ

ε + Cε‖uε‖2τε
)

≥ ‖uε‖qVε ,p + ‖uε‖qVε ,q ≥ c17‖uε‖qε .

Evidently, we can easily see that (4.6) holds.
Let {εn} ⊂ (0,∞) be such that εn → 0. Arguing by contradiction we assume that

there exists R > 0 such that

lim
n→∞ sup

y∈R

∫

BR(y)
|uεn |qdx = 0,

then we can use Lemma 2.1 to deduce that uεn → 0 in Ls(RN ) for all s ∈ (q, q∗).
Thus, according to (2.4) and (2.29), we can derive that ‖uεn‖ε → 0 as n → ∞.
Clearly, this contradicts (4.6). The proof is completed. ��
Lemma 4.3 For any εn → 0, consider the sequence {yεn } ⊂ R

N given in Lemma 4.2,
and let vn(x) = uεn (x + yεn ). Then there exists a subsequence of {vn}, still denoted
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by itself, and some v ∈ E\{0} such that vn → v in E. Moreover, there exists x0 ∈ �

such that
lim
n→∞ εn yεn = x0 and V (x0) = V0.

Proof In what follows, we denote by {yn} and {un}, the sequences {yεn } and {uεn },
respectively. Since each {un} satisfies (2.29), we can argue as in the proof of Lemma
2.6 and use Lemma 4.1 to deduce that {un} is bounded in E , which is also true for
{vn}. Hence, there exists v ∈ E\{0} such that

vn⇀v in E as n → ∞, (4.7)

and by Lemma 4.2, we have

∫

BR(0)
|v|qdx ≥ σ > 0. (4.8)

Next, we will show that {εn yn} is bounded. First of all, we prove that

lim
n→∞ dist(εn yn, �̄) = 0. (4.9)

Indeed, if (4.9) does not hold, there exists δ > 0 and a subsequence of {εn yn}, still
denoted by itself, such that

dist(εn yn, �̄) ≥ δ for all n ∈ N.

Consequently, there is some r > 0 such that Br (εn yn) ⊂ �c for all n ∈ N. Using
the fact that v ≥ 0, we know that there exists {φ j } ⊂ E such that φ j ≥ 0, φ j has
compact support in R

N and φ j → v in E as j → ∞. Fixing j ∈ N and using φ j as
test function, we can obtain

∫

RN

[
|∇vn|p−2∇vn∇φ j + |∇vn|q−2∇vn∇φ j + V (εnx + εn yn)

(|vn|p−2vnφ j + |vn|q−2vnφ j )
]
dx

=
∫

RN

[
1

|x |μ ∗ F(εnx + εn yn, vn)

]

f (εnx + εn yn, vn)φ jdx .
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We observe that since x ∈ Br/εn (0), then εnx + εn yn ∈ Br (εn yn) ⊂ �c. So, for n
large enough, we deduce from ( f2), ( f3) and Lemma 2.7 that

∫

RN

[
1

|x |μ ∗ F(εnx + εn yn, vn)

]

f (εnx + εn yn, vn)φ jdx

≤ �0

2

∫

RN
f (εnx + εn yn, vn)φ jdx

= �0

2

∫

Br/εn (0)
f (εnx + εn yn, vn)φ jdx + �0

2

∫

Bc
r/εn

(0)
f (εnx + εn yn, vn)φ jdx

≤ 1

2

∫

RN
Vmin(|vn|p−1 + |vn|q−1)φ jdx + c18

∫

Bc
r/εn

(0)
g(vn)φ jdx .

Moreover, we obtain

∫

RN

[
|∇vn |p−2∇vn∇φ j + |∇vn |q−2∇vn∇φ j + Vmin(|vn |p−2vnφ j + |vn |q−2vnφ j )

]
dx

≤ c18

∫

Bc
r/εn

(0)
g(vn)φ jdx .

Taking into account φ j has compact support, and using (2.4) and (4.7) we infer that

∫

Bc
r/εn

(0)
g(vn)φ jdx → 0,

and

∫

RN

[
|∇vn |p−2∇vn∇φ j + |∇vn |q−2∇vn∇φ j + Vmin(|vn |p−2vnφ j + |vn |q−2vnφ j )

]
dx

→
∫

RN

[
|∇v|p−2∇v∇φ j + |∇v|q−2∇v∇φ j + Vmin(|v|p−2vφ j + |v|q−2vφ j )

]
dx

as n → ∞. Combining the above facts, we immediately obtain that

∫

RN

[
|∇v|p−2∇v∇φ j + |∇v|q−2∇v∇φ j + Vmin(|v|p−2vφ j + |v|q−2vφ j )

]
dx ≤ 0.

Since j is arbitrary, passing to the limit as j → ∞, it is easy to see that

∫

RN

[|∇v|p + |∇v|q + Vmin(|v|p + |v|q)] dx = 0.

This shows that v ≡ 0 in R
N and contradicts (4.8). As a result, we have proved (4.9).

From (4.9), we get that there exists a subsequence of {εn yn}, and x0 ∈ �̄ such that
εn yn → x0. Next we claim that x0 ∈ �.
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Indeed, we note that vn is a solution of the following problem

{
−�pu −�qu + Vn(x)(|u|p−2u + |u|q−2u) =

(
1

|x |μ ∗ Fn(x, u)
)
fn(x, u), in R

N ,

u ∈ W 1,p(RN ) ∩ W 1,q(RN ), u > 0, in R
N ,

(4.10)
where Vn(x) = V (εnx+εn yn), fn(x, u) = f (εnx+εn yn, u) and Fn(x, u) = F(εnx+
εn yn, u). Then, by taking n → ∞, the weak limit v must be the critical point of the
energy functional

Î0(u) = 1

p

∫

RN
|∇u|p + V (x0)|u|pdx + 1

q

∫

RN
|∇u|q + V (x0)|u|qdx

− 1

2

∫

RN

[
1

|x |μ ∗ F(x0, u)

]

F(x0, u)dx,

where
F(x0, u) = χ(x0)G(u)+ (1 − χ(x0))G̃(u).

Let ĉ0 denote the mountain pass level of Î0. Similar argument as discussed in Section
2 can be used to obtain F(x0, s) ≤ G(s) for all s > 0, which gives then c0 ≤ ĉ0. Here
we use c0 to denote the mountain pass level associated with I0, where I0 : E → R is
given by

I0(u) = 1

p

∫

RN
|∇u|p + V (x0)|u|pdx + 1

q

∫

RN
|∇u|q + V (x0)|u|qdx

− 1

2

∫

RN

[
1

|x |μ ∗ G(u)

]

G(u)dx .

Moreover, using Fatou’s lemma and Lemma 4.1 we can derive that

c0 ≤ĉ0 ≤ Î0(v) = Î0(v)− 1

θ
〈Î′

0(v), v〉

=
(
1

p
− 1

θ

)∫

RN
|∇v|p + V (x0)|v|pdx +

(
1

q
− 1

θ

)∫

RN
|∇v|q + V (x0)|v|qdx

+
∫

RN

[
1

|x |μ ∗ F(x0, v)

] [
1

θ
f (x0, v)v − 1

2
F(x0, v)

]

dx

= lim inf
n→∞

[(
1

p
− 1

θ

)∫

RN
|∇vn |p + Vn(x)|v|pdx +

(
1

q
− 1

θ

)∫

RN
|∇vn |q + Vn(x)|vn |qdx

]

+ lim inf
n→∞

[∫

RN

[
1

|x |μ ∗ Fn(x, vn)

] [
1

θ
fn(x, vn)vn − 1

2
Fn(x, vn)

]

dx

]

= lim inf
n→∞

[

Iεn (un)− 1

θ
〈I′
εn (un), un〉

]

= lim inf
n→∞ cεn ≤ cV0 .

Consequently, c0 ≤ cV0 , which implies that V (x0) ≤ V0 = V (0). Then, from condi-
tion (V ), we can see that x0 /∈ ∂�, and so x0 ∈ �.Moreover, we also have V (x0) = V0
and x0 ∈ �.
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Finally, we are able to show the strong convergence vn → v in E as n → ∞. We
first define

�n = �− εn yn
εn

and

χ1
n (x) =

{
1 if x ∈ �n,

0 if x ∈ �c
n,

and χ2
n (x) = 1 − χ1

n (x).

Let us also consider the following functions:

h1n(x) :=
[(

1

p
− 1

θ

)

Vn(x)|vn|p +
(
1

q
− 1

θ

)

Vn(x)|vn|q
]

χ1
n (x),

h1(x) :=
(
1

p
− 1

θ

)

V (x0)|v|p +
(
1

q
− 1

θ

)

V (x0)|v|q ,

h2n(x) :=
[( 1

p
− 1

θ

)

Vn(x)|vn|p +
(
1

q
− 1

θ

)

Vn(x)|vn|q

+
(

1

|x |μ ∗ Fn(x, vn)

)(
1

θ
fn(x, vn)vn − 1

2
Fn(x, vn)

)]
χ2
n (x),

h3n(x) :=
[(

1

|x |μ ∗ Fn(x, vn)

)(
1

θ
fn(x, vn)vn − 1

2
Fn(x, vn)

)]

χ1
n (x)

=
[(

1

|x |μ ∗ G(vn)

)(
1

θ
g(vn)vn − 1

2
G(vn)

)]

χ1
n (x),

h3(x) :=
(

1

|x |μ ∗ G(v)

)(
1

θ
g(v)v − 1

2
G(v)

)

.

From (g4) and ( f3)we see that the above functions are nonnegative in R
N . Moreover,

since
vn(x) → v(x) a.e in R

N and εn yn → x0 ∈ �

as n → ∞, we have

χ1
n (x) → 1, h1n(x) → h1(x), h2n(x) → 0 and h3n(x) → h3(x) a.e in R

N .

Then, using Fatou’s lemma and Lemma 4.1 we conclude that

cV0 ≥ lim sup
n→∞

cεn = lim sup
n→∞

[

Iεn (un)− 1

θ
〈I′
εn (un), un〉

]

≥ lim sup
n→∞

[( 1

p
− 1

θ

)∫

RN
|∇vn |pdx +

(
1

q
− 1

θ

)∫

RN
|∇vn |qdx +

∫

RN
(h1n + h2n + h2n)dx

]

≥ lim inf
n→∞

[( 1

p
− 1

θ

)∫

RN
|∇vn |pdx +

(
1

q
− 1

θ

)∫

RN
|∇vn |qdx +

∫

RN
(h1n + h2n + h2n)dx

]

≥
(
1

p
− 1

θ

)∫

RN
|∇v|pdx +

(
1

q
− 1

θ

)∫

RN
|∇v|qdx +

∫

RN
(h1 + h3)dx ≥ cV0 .
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The above inequalities show that

∫

RN
|∇vn|p + |∇vn|qdx →

∫

RN
|∇v|p + |∇v|qdx (4.11)

and
h1n → h1, h2n → 0 and h3n → h3 in L1(RN ).

Consequently, we have

∫

RN
Vn(x)(|vn|p + |vn|q)dx →

∫

RN
V (x0)(|v|p + |v|q)dx . (4.12)

From (4.11) and (4.12) we can get immediately vn → v in E , finishing the proof. ��
To characterize the concentration of solutions, next we use an appropriate DeGiorgi

iteration argument and some refined analysis techniques to show the L∞-estimate and
decay property of solutions. Furthermore, these properties are contributed to determine
the concentration location of solutions.

Lemma 4.4 Let vn be the sequence defined as in Lemma 4.3. Then we have vn ∈
L∞(RN ) and there exists C > 0 such that |vn|∞ ≤ C for all n ∈ N. Moreover,

lim|x |→∞ vn(x) = 0 uniformly in n ∈ N.

Proof We note that vn is a solution of the following problem

⎧
⎪⎨

⎪⎩

−�pvn −�qvn + Vn(|vn|p−2vn + |vn|q−2vn) in R
N ,

=
(

1
|x |μ ∗ Fn(x, vn)

)
fn(x, vn),

vn ∈ W 1,p(RN ) ∩ W 1,q(RN ), vn > 0, in R
N ,

where Vn(x), fn(x, vn) and Fn(x, vn) are given in (4.10). From Lemma 4.3 we know
that {vn} is bounded and vn → v in E . Let us define

Kn(x) = 1

|x |μ ∗ Fn(x, vn).

Then, according to the boundedness of {vn} and following the proof of Lemma 2.7,
we can get

|Kn(x)| ≤ C for some C > 0 and any n ∈ N. (4.13)

We adopt some ideas found in [1, 25] (see also [49] for more details) to prove
this lemma. Let x0 ∈ R

N , R0 > 1 and 0 < t < s < 1, and let smooth function
ψ ∈ C∞

0 (RN ) satisfying

0 ≤ ψ(x) ≤ 1, suppψ ⊂ Bs(x0), ψ(x) = 1,∀x ∈ Bt (x0) and |∇ψ | ≤ 2

s − t
.
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For l ≥ 1 and ρ > 0, we denote �n,l,ρ = {x ∈ Bρ(x0) : vn(x) > l} and

Qn =
∫

�n,l,s

(|∇vn|p + |∇vn|q)ψqdx .

Since vn is a solution of the above problem, then, for any ϕ ∈ Eε we have the following
relation

∫

RN
|∇vn|p−2∇vn · ∇ϕdx +

∫

RN
|∇vn|q−2∇vn · ∇ϕdx

+
∫

RN
Vn(x)(v

p−1
n + v

q−1
n )ϕdx =

∫

RN
Kn(x) fn(x, vn)ϕdx .

Taking ϕn = ψq(vn − l)+ as test function, we can deduce that

q
∫

�n,l,s

ψq−1(vn − l)+|∇vn |p−2∇vn · ∇ψdx +
∫

�n,l,s

ψq |∇vn |pdx

+q
∫

�n,l,s

ψq−1(vn − l)+|∇vn |q−2∇vn · ∇ψdx +
∫

�n,l,s

ψq |∇vn |qdx

+
∫

�n,l,s

Vn(x)(v
p−1
n + v

q−1
n )ψq (vn − l)+dx =

∫

�n,l,s

Kn(x) fn(x, vn)ψ
q (vn − l)+dx,

and combining (V ) and ( f2) we obtain

Qn ≤C7

∫

�n,l,s

ψq−1(vn − l)+|∇ψ |(|∇vn |p−1 + |∇vn |q−1)dx

−
∫

�n,l,s

Vminψ
q−1(vn − l)+(v p−1

n + v
q−1
n )dx +

∫

�n,l,s

Kn(x)g(vn)ψ
q (vn − l)+dx .

Moreover, using (2.4) and (4.13) we get

Qn ≤ C8

[∫

�n,l,s

ψq−1(vn − l)+|∇ψ |(|∇vn|p−1 + |∇vn|q−1)dx

+
∫

�n,l,s

v
q∗−1
n ψq(vn − l)+dx

]

.

Since 0 < s−t < 1, applyingYoung inequality andHölder inequality, we conclude
that

∫

�n,l,s

v
q∗−1
n ψq(vn − l)+dx ≤

∫

�n,l,s

(|vn − l| + l)q
∗−1ψq(vn − l)+dx

≤ C9

[∫

�n,l,s

|vn − l|q∗
dx + lq

∗−1
∫

�n,l,s

|vn − l|dx
]
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≤ C9

⎡

⎣

∫

�n,l,s

∣
∣
∣
∣
vn − l

s − t

∣
∣
∣
∣

q∗

dx + lq
∗
[∫

�n,l,s

∣
∣
∣
∣
vn − l

s − t

∣
∣
∣
∣

q∗

dx

] 1
q∗

|�n,l,s |
q∗−1
q∗

⎤

⎦

≤ C10

[∫

�n,l,s

∣
∣
∣
∣
vn − l

s − t

∣
∣
∣
∣

q∗

dx + lq
∗ |�n,l,s |

]

.

Using the properties of Young functions and following the proof of Theorem 3.1 in
[43], for some ε1 ∈ (0, 1) we obtain

∫

�n,l,s

(|∇vn|p−1 + |∇vn|q−1)ψq−1|∇ψ |(vn − l)+dx

≤ ε1

∫

�n,l,s

(|∇vn|p + |∇vn|q)ψqdx + Cε1

[∫

�n,l,s

∣
∣
∣
∣
vn − l

s − t

∣
∣
∣
∣

q∗

dx + |�n,l,s |
]

.

Therefore, we can infer from the above facts that

Qn ≤ C11

[∫

�n,l,s

∣
∣
∣
∣
vn − l

s − t

∣
∣
∣
∣

q∗

dx + (lq
∗ + 1)|�n,l,s |

]

.

Exploiting the definition of ψ , we conclude that

∫

�n,l,t

|∇vn|qdx ≤ C11

[∫

�n,l,s

∣
∣
∣
∣
vn − l

s − t

∣
∣
∣
∣

q∗

dx + (lq
∗ + 1)|�n,l,s |

]

, (4.14)

where C5 does not depend on l and l ≥ l0 ≥ 1 for some constant l0.
We fix R1 ∈ (0, 1) and define

σ j = R1

2

(

1 + 1

2 j

)

, σ̄ j = 1

2
(σ j + σ j+1), l j = l0

2

(

1 − 1

2 j+1

)

and

Q j,n =
∫

�n,l j ,σ j

(vn − l j )
q∗
+ dx and ξ j = ξ

(
2 j+1

R1

(

|x − x0| − R1

2

))

,

where ξ ∈ C1(R) satisfies

0 ≤ ξ ≤ 1, ξ(s) = 1 for s ≤ 1

2
, ξ(s) = 0 for s ≥ 3

4
and |ξ ′| ≤ c0.

Clearly, we can see that the following conclusions hold

σ j → R1

2
(decreasing), l j → l0

2
(increasing) and σ j+1 < σ̄ j < σ j < 1.
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Since ξ j = 1 in Bσ j+1(x0) and ξ j = 0 outside Bσ̄ j (x0), then from Lemma 2.1 we get

Q j+1,n =
∫

�n,l j+1,σ j+1

(vn − l j+1)
q∗
+ dx ≤

∫

BR1(x0)

[
(vn − l j+1)+ξ j

]q∗
dx

≤ C12

[∫

BR1(x0)

|∇ [(vn − l j+1)+ξ j
] |qdx

] q∗
q

≤ C13

[∫

�n,l j+1,σ̄ j

|∇vn|qdx + 2 j p
∫

�n,l j+1,σ̄ j

(vn − l j+1)
q
+dx

] q∗
q

.

(4.15)

From (4.14) we further deduce that

∫

�n,l j+1,σ̄ j

|∇vn |qdx ≤ C14

[∫

�n,l j+1,σ j

∣
∣
∣
∣
vn − l j+1

σ j − σ̄ j

∣
∣
∣
∣

q∗

dx + (lq
∗
j+1 + 1)|�n,l j+1,σ j |

]

≤ C15

[

2 jq∗
∫

�n,l j+1,σ j

(vn − l j+1)
q∗
+ dx + (lq

∗
j+1 + 1)|�n,l j+1,σ j |

]

. (4.16)

Using Hölder inequality and Young’s inequality, it follows that

∫

�n,l j+1,σ̄ j

(vn − l j+1)
q
+dx ≤

[∫

�n,l j+1,σ̄ j

(vn − l j+1)
q∗
+ dx

] q
q∗

|�n,l j+1,σ̄ j |
q∗−q
q∗

≤ C16

[∫

�n,l j+1,σ̄ j

(vn − l j+1)
q∗
+ dx + |�n,l j+1,σ̄ j |

]

. (4.17)

From (4.15), (4.16) and (4.17) we can obtain the following estimate

Q
q
q∗
j+1,n ≤ C17

[

(2 jq∗ + 2 j p)

∫

�n,l j+1,σ j

(vn − l j+1)
q∗
+ dx + (lq

∗
j+1 + 1 + 2 jq )|�n,l j+1,σ j |

]

≤ C18

[

(2 jq∗ + 2 j p)

∫

�n,l j+1,σ j

(vn − l j+1)
q∗
+ dx + 2 jq |�n,l j+1,σ j |

]

.

(4.18)

We note that

Q j,n ≥
∫

�n,l j+1,σ j

(vn − l j )
q∗
+ dx ≥ (l j+1 − l j )

q∗ |�n,l j+1,σ j |,

which implies that

|�n,l j+1,σ j | ≤
(

1

l j+1 − l j

)q∗

Q j,n =
(
2 j+3

l0

)q∗

Q j,n . (4.19)
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Combining (4.18) and (4.19), we immediately obtain

Q
q
q∗
j+1,n ≤ C19

[
(2 jq∗ + 2 j p)Q j,n + 2 j(q∗+q)Q j,n

]
≤ C202

j(q∗+q)Q j,n .

Therefore, we can get the following iteration formula

Q j+1,n ≤ C21B
j Q1+β

j,n ,

where C21 depends on N , q, R1, l0, B = 2(q
∗+q)q/q∗

> 1 and β = q∗/q − 1.
According to the fact vn → v in E , we get

lim sup
l0→∞

[

lim sup
n→∞

Q0,n

]

= lim sup
l0→∞

[

lim sup
n→∞

∫

�n,l0,σ0

(vn − l0
4
)
q∗
+ dx

]

= 0.

Thus, there exists N0 and L0 > 0 such that

Q0,n ≤ C− 1
β B

− 1
β2 for n ≥ N0 and l0 ≥ L0.

Exploiting Lemma 4.7 of [25], we have that

lim
j→∞ Q j,n = 0 for n ≥ N0.

On the other hand, there holds

lim
j→∞ Q j,n = lim

j→∞

∫

�n,l j ,σ j

(vn − l j )
q∗
+ dx =

∫

�n,l0/2,R1/2

(vn − l0
2
)
q∗
+ dx .

Then, we obtain

∫

�n,l0/2,R1/2

(vn − l0
2
)
q∗
+ dx = 0 for all n ≥ N0,

and consequently,

vn(x) ≤ l0
2
for a.e. x ∈ B R1

2
(x0) and for all n ≥ N0.

From the arbitrariness of x0 ∈ R
N , we can see that

vn(x) ≤ l0
2
for a.e. x ∈ R

N and for all n ≥ N0,

that is,

|vn|∞ ≤ l0
2
for all n ≥ N0.
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Setting C = max{ l02 , |v1|∞, . . . , |vN0−1|∞}, we have |vn|∞ ≤ C for all n ∈ N.
Moreover, using the regularity conclusion found in [24] (see Theorem 1 and Theorem
2), we can see that vn ∈ C1,ν

loc (R
N ) for some ν ∈ (0, 1).

Finally, we show that vn(x) → 0 as |x | → ∞ uniformly in n ∈ N. In fact, following
the above arguments, for each ε > 0, we have that

lim sup
|x0|→∞

[

lim sup
n→∞

Q0,n

]

= lim sup
|x0|→∞

[

lim sup
n→∞

∫

�n,l0,σ0

(vn − ε

4
)
q∗
+ dx

]

= 0.

Thereby, employing Lemma 4.7 of [25], there exist R∗ > 0 and N0 ∈ N such that

lim
j→∞ Q j,n = 0 if |x0| > R∗ and n ≥ N0,

this shows that

vn(x) ≤ ε

4
for x ∈ B R1

2
(x0) and |x0| > R∗, n ≥ N0.

Now, increasing R∗ if necessary, it follows that

vn(x) ≤ ε

4
for |x0| > R∗ and for all n ∈ N.

According to the arbitrariness of ε, we can see that

lim|x |→∞ vn(x) = 0 uniformly in n ∈ N,

and we complete the proof of this lemma. ��
Lemma 4.5 There exist c, C > 0 such that for all small ε > 0, there holds

vn(x) ≤ C exp (−c|x |) for all x ∈ R
N .

Proof According to Lemma 4.4, (g2), ( f2) and (4.13), we find that there exists R > 0
such that

Kn(x) fn(x, vn) ≤ Kn(x)g(vn) ≤ Vmin

2
(v

p−1
n + v

q−1
n ) for all |x | ≥ R.

Then, for |x | ≥ R we get

−�pvn −�qvn + Vmin

2
(v

p−1
n + v

q−1
n )

= Kn(x) fn(x, vε)−
[

Vn(x)− Vmin

2

]

(v
p−1
n + v

q−1
n )

≤ Kn(x)g(vn)− Vmin

2
(v

p−1
n + v

q−1
n ) ≤ 0.

(4.20)
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Let ψ(x) = C0 exp(−c0|x |) with c0,C0 > 0 such that

cp0 (p − 1) <
Vmin

2
and cq0 (q − 1) <

Vmin

2

and vn(x) ≤ C0 exp(−c0R) for all |x | = R. Then, computing directly, we obtain

−�pψ −�qψ + Vmin

2
(ψ p−1 + ψq−1)

=ψ p−1
[
Vmin

2
− cp0 (p − 1)+ N − 1

|x | cp−1
0

]

+ ψq−1
[
Vmin

2
− cq0 (q − 1)+ N − 1

|x | cq−1
0

]

>0

(4.21)

for all |x | ≥ R. Let � = {|x | ≥ R} ∩ {vn > ψ}. Using the following inequality

〈|ξ |s−2ξ − |η|s−2η, ξ − η〉 ≥ 0 for all s > 1 and ξ, η ∈ R
N

and choosing φ = max{vn − ψ, 0} ∈ W 1,p
0 (RN\BR) ∩ W 1,q

0 (RN\BR) as a test
function in (4.20) and (4.21), we can infer that

0 ≥
∫

�

[
(|∇vn |p−2∇vn − |∇ψ |p−2∇ψ)∇φ + (|∇vn |q−2∇vn − |∇ψ |q−2∇ψ)∇φ

]
dx

+ Vmin

2

∫

�

[
(v

p−1
n − ψ p−1)+ (v

q−1
n − ψq−1)

]
φdx

≥0.

Evidently, we know that � is empty, and we can easily conclude that vn(x) ≤ ψ(x)
for all |x | ≥ R, and

vn(x) ≤ ψ(x) = C0 exp(−c0|x |) for all |x | ≥ R.

Thus, there exist c,C > 0, we have

vn(x) ≤ C exp(−c|x |) for all x ∈ R
N .

The proof is completed. ��
Lemma 4.6 There exists ν0 > 0 such that |vn|∞ ≥ ν0 for all n ∈ N.

Proof According to Lemma 4.2, we can get

∫

BR(0)
|vn(x)|qdx ≥ δ > 0
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for some δ > 0, R > 0 and n ≥ N0. Assume by contradiction that |vn|∞ → 0 as
n → +∞, then it follows from Lemma 4.4 that

0 < δ ≤
∫

BR(0)
|vn(x)|qdx ≤ |BR(0)||vn(x)|q∞ → 0 as n → ∞,

which implies a contradiction. This completes the proof. ��
Now we are in a position to finish the proof of Theorem 1.1.

Proof of Theorem 1.1. As we have introduced in the Section 2, in order to show the
solution of the modified problem (2.5) is indeed the solution of the original problem
(2.1), we need to prove that there exists ε0 > 0 such that, for any ε ∈ (0, ε0) and any
mountain pass solution uε of problem (2.5), it holds

|uε(x)|L∞(�c
ε )
< a0. (4.22)

Assume by contradiction that for some subsequence {εn} such that εn → 0, we can
find un := uεn such that Jεn (un) = cεn , J ′

εn
(un) = 0 and

|un(x)|L∞(�c
εn )

≥ a0. (4.23)

According to Lemma 4.2 and Lemma 4.3, we can see that {yn} ⊂ R
N such that

vn = un(x + yn) → v in E and εn yn → x0 for some x0 ∈ � ⊂ �.
Since x0 ∈ � ⊂ �, we can choose a suitable r > 0 such that Br (x0) ⊂ B2r (x0) ⊂

�. Then, we see that B2r/εn (
x0
εn
) ⊂ �εn . Moreover, for any x ∈ Br/εn (yn), there holds

∣
∣
∣
∣x − x0

εn

∣
∣
∣
∣ ≤ |x − yn| +

∣
∣
∣
∣yn − x0

εn

∣
∣
∣
∣ ≤ 1

εn
(r + on(1)) <

2r

εn

for n sufficiently large, which implies x ∈ B2r/εn (
x0
εn
) for n enough large. Therefore,

we obtain
�c
εn

⊂ Bc
r/εn (yn) for n enough large. (4.24)

Using Lemma 4.4, we know that

vn(x) → 0 as |x | → ∞ uniformly in n ∈ N.

Then, there exists R > 0 such that

vn(x) < a0 for any x ∈ Bc
R and n ∈ N.

This shows that

un(x) = vn(x − yn) < a0 for any x ∈ Bc
R(yn) and n ∈ N.
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On the other hand, on account of (4.24), there exists n0 ∈ N such that for any
n ≥ n0 we get

�c
εn

⊂ Bc
r/εn (yn) ⊂ Bc

R(yn).

which implies that
un(x) < a0 for any �

c
εn

and n ≥ n0.

Evidently, this is impossible according to (4.23). Consequently, by the definition of
f , we know that uε is a solution of problem (2.1) for all ε ∈ (0, ε0). Moreover, by
repeating the arguments explored in Lemma 3.2, we deduce that uε ∈ C1,ν

loc for some
ν ∈ (0, 1). Applying the Harnack’s inequality, we can conclude that uε(x) > 0 inR

N .
Next we prove the concentration behavior and decay property of solution. From

Lemma 4.3 we can know that

vn(x) = un(x + yn) → v in E and εn yn → x0 ∈ � ⊂ �.

If pn is a global maximum point of vn(x), then, by Lemma 4.6 we know that there
exists R0 > 0 such that pn ∈ BR0(0). Therefore, zn = pn + yn is a global maximum
point of un(x). We deduce from the boundedness of {pn} and the continuity of V that

lim
n→∞ εnzn = x0 ∈ � and lim

n→∞ V (εnzn) = V (x0) = V0.

Moreover, according to the fact that V (x0) = V0 and the proof of Lemma 4.3, we also
know that v is a positive solution of the following limit problem

{
−�pu −�qu + V0(|u|p−2u + |u|q−2u) =

(
1

|x |μ ∗ G(u)
)
g(u), in R

N ,

u ∈ W 1,p(RN ) ∩ W 1,q(RN ), u > 0, in R
N .

(4.25)

From Lemma 4.5 and the boundedness of {pn}, we derive that
|un(x)| =|vn(x − yn)| ≤ C exp (−c|x − yn|) = C exp (−c|x − zn + pn|)

≤C exp (−c|x − zn| + c|pn|) ≤ C̃ exp (−c̃|x − zn|)

for some c̃, C̃ > 0 and all x ∈ R
N .

Finally,we observe that if uε(x) is a positive solution of problem (2.1), then ûε(x) =
uε(

x
ε
) is a positive solution of problem (1.1). So, the conclusion (a) of Theorem 1.1

holds. Moreover, the maximum points xε and zε of ûε and uε , respectively, satisfy
xε = εzε . Consequently, according to the above discussions, we have the following
conclusions

(b) limε→0 dist(xε,�) = 0 and limε→0 V (xε) = V0;
(c) ûε(εx + xε) → û(x) in E , where û is a positive solution of the limit problem

(4.25).
(d) there exist positive constants c̃, C̃ such that

ûε(x) ≤ C̃ exp

(

− c̃

ε
|x − xε |

)

.
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We finish the proof of all conclusions of Theorem 1.1. ��

5 Multiplicity of positive solutions

In this section we are going to investigate the multiplicity of positive solutions. In
what follows we always assume that condition (V̂ ) holds.

Let us denote byNε the Nehari manifold associated with Iε , given by

Nε = {u ∈ Eε : u �= 0, 〈I ′
ε(u), u〉 = 0},

and let Sε be the unit sphere of Eε . Similarly to the proof of (4.6), we can see that for
all u ∈ Nε , there exists α0 > 0 such that

‖u‖ε ≥ α0 for all ε > 0. (5.1)

Since the nonlinearity g is only continuous,Nε is not differentiable and some well-
known arguments for C1-Nehari manifold are not applicable in our situation. So, to
conquer this difficulty created by the non-differentiability, we will adapt some variants
of critical point theorems due to Szulkin-Weth [42]. Let us start with the following
results which will play a crucial role in our analysis.

Lemma 5.1 The following conclusions hold:

(a) For each u ∈ Eε\{0} there exists an unique tu such that if hu(t) := Iε(tu), then
h′
u(t) > 0 for 0 < t < tu and h′

u(t) < 0 for t > tu .
(b) There exists δ > 0 such that tu ≥ δ for all u ∈ Sε , and for each compact subset

W ⊂ Sε there exists a constant CW such that tu ≤ CW for all u ∈ W .

Proof (a) Let u ∈ Eε\{0}, from the proof of Lemma 2.5, we can know that h(0) = 0,
h(t) > 0 for t sufficiently small and h(t) < 0 for t sufficiently large. So, there is
t = tu such that maxt>0 h(t) is achieved at tu , so h′(tu) = 0 and tuu ∈ Nε .

Next, we claim that tu is the unique critical point of h. Assume by contradiction
that there exist t1 and t2 with 0 < t1 < t2 such that t1u, t2u ∈ Nε , then it follows that

t p−q
1 ‖u‖p

Vε ,p
+ ‖u‖qVε ,q =

∫

RN

⎡

⎣
1

|x |μ ∗ F(εx, t1u)

t
q
2
1

⎤

⎦
f (εx, t1u)

t
q
2 −1
1

udx

and

t p−q
2 ‖u‖p

Vε ,p
+ ‖u‖qVε ,q =

∫

RN

⎡

⎣
1

|x |μ ∗ F(εx, t2u)

t
q
2
2

⎤

⎦
f (εx, t2u)

t
q
2 −1
2

udx .
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Subtracting term by term in the above equalities and using ( f4) we can infer that

0 <(t p−q
1 − t p−q

2 )‖u‖pVε ,p

=
∫

RN

⎛

⎜
⎝

⎡

⎢
⎣

1

|x |μ ∗ F(εx, t1u)

t
q
2
1

⎤

⎥
⎦

f (εx, t1u)

t
q
2 −1
1

−
⎡

⎢
⎣

1

|x |μ ∗ F(εx, t2u)

t
q
2
2

⎤

⎥
⎦

f (εx, t2u)

t
q
2 −1
2

⎞

⎟
⎠ udx < 0.

which implies a contradiction, and we get the uniqueness of tu .
(b) For each u ∈ Sε , according to (5.1) and conclusion (a), we can see that there

exists tu > 0 such that tuu ∈ Nε , and tu = ‖tuu‖ε ≥ δ for some δ > 0. It remains we
prove that tu ≤ CW for all u ∈ W ⊂ Sε . Arguing by contradiction we assume that
there exist a sequence {un} ⊂ W ⊂ Sε and {tn} such that tn → ∞. Note that, since
W is compact, there exists u ∈ W such that un → u in Eε . Similarly to the proof
of Lemma 2.5, we can know that Iε(tnun) → −∞. However, for any u ∈ Nε , using
( f2) we have

Iε(u) =Iε(u)− 1

θ
〈I ′
ε(u), u〉

=
(
1

p
− 1

θ

)

‖u‖p
Vε ,p

+
(
1

q
− 1

θ

)

‖u‖qVε ,q

+
∫

RN

[
1

|x |μ ∗ F(εx, u)

](
1

θ
f (εx, u)u − 1

2
F(εx, u)

)

dx > 0.

So, the conclusion Iε(tnun) → −∞ is impossible, a contradiction. This completes
the proof. ��
Lemma 5.2 The map m̂ε : Eε\{0} → Nε is continuous, and the map mε := m̂ε |Sε :
Sε → Nε is a homeomorphism between Sε and Nε with inverse given by

m−1
ε : Nε → Sε, m

−1
ε (u) = u/‖u‖ε .

Proof Assume that un → u �= 0. Since m̂ε(tu) = m̂ε(u) for each t > 0, we may
assumeun ∈ Sε for alln and it is sufficient to verify that m̂ε(un) → m̂ε(u) after passing
to a subsequence. From Lemma 5.1, it is easy to see that m̂ε(un) = tun un ∈ Nε , and
{tun } is bounded and bounded away from0,Therefore, up to a subsequence, tun → t0 >
0. Since Nε is closed and m̂ε(un) → t0u and t0u ∈ Nε . Hence t0u = tuu = m̂ε(u).
From the above proof, the second conclusion is an immediate consequence. ��

Let us define the functional �̂ε : Eε\{0} → R and the restriction �ε : Sε → R as
follows

�̂ε(u) = Iε(m̂ε(u)) and �ε = �̂ε |Sε .
Moreover, fromLemma 5.1 and Lemma 5.2 and arguing as in the proofs of Proposition
9 and Corollary 10 in [42], we can obtain the following important results.
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Lemma 5.3 We have the following conclusions:

(a) �̂ε ∈ C1(Eε\{0},R) and for u, v ∈ Eε and u �= 0,

〈�̂ ′
ε(u), v〉 = ‖m̂ε(u)‖ε

‖u‖ε 〈I ′
ε(m̂ε(u)), v〉.

(b) �ε ∈ C1(Sε,R) and 〈� ′
ε(u), v〉 = ‖m̂ε(u)‖ε〈I ′

ε(m̂ε(u)), v〉 for v ∈ Tu(Sε),
where Tu(Sε) is the tangent space of Sε at u.

(c) {un} is a Palais-Smale sequence for �ε if and only if {m̂ε(un)} is a Palais-Smale
sequence for Iε .

(d) u ∈ Sε is a critical point of �ε if and only if m̂ε(u) ∈ Nε is a critical point of Iε ,
the corresponding values of �ε and Iε coincide and

inf
Sε
�ε = inf

Nε

Iε .

As in [42], we have the following variational characterization of the infimum of Iε
onNε :

cε = inf
u∈Nε

Iε(u) = inf
u∈Eε\{0}

max
t≥0

Iε(tu) = inf
u∈Sε

max
t≥0

Iε(tu).

Lemma 5.4 The functional�ε satisfies the Palais-Smale compactness condition on Sε
at any level c ∈ R.

Proof Let {wn} be a Palais-Smale sequence for �ε at the level c, then

�ε(wn) → c and ‖� ′
ε(wn)‖∗ → 0,

where ‖·‖∗ is the norm in the dual space (Twn Sε)
∗. From Lemma 5.3-(c), we can know

that un := mε(wn) is a Palais-Smale sequence for Iε at the level c. So, according
to Lemma 2.9, we find that there exists w ∈ Sε such that, up to a subsequence,
mε(wn) → mε(w). Moreover, using Lemma 5.2 we can derive that wn → w in Sε . ��

It is clear that the previous results can be easily extended for the autonomous
problem (3.1). Arguing as in the proofs of Lemma 5.2 and Lemma 5.3 we have the
following result.

Lemma 5.5 The following conclusions hold:

(a) For each u ∈ Ea\{0} there exists an unique tu such that if hu(t) := Ja(tu), then
h′
u(t) > 0 for 0 < t < tu and h′

u(t) < 0 for t > tu .
(b) There exists δ > 0 such that tu ≥ δ for all u ∈ Sa, and for each compact subset

W ⊂ Sa there exists a constant CW such that tu ≤ CW for all u ∈ W , where Sa
is the unit sphere of Ea.

(c) The map m̂a : Ea\{0} → Na given by m̂a(u) := tuu is continuous, and the map
ma := m̂a |Sa is a homeomorphism between Sa and Na, moreover, m−1

a (u) =
u/‖u‖a.
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Similarly, we define the map �̂a : Ea\{0} → R and the restriction �a : Sa → R

as follows
�̂a(u) = Ja(m̂a(u)) and �a = �̂a |Sa .

Lemma 5.6 The following results hold:

(a) �̂a ∈ C1(Ea\{0},R) and for u, v ∈ Ea and u �= 0,

〈�̂ ′
a(u), v〉 = ‖m̂a(u)‖a

‖u‖a 〈J ′
a(m̂a(u)), v〉.

(b) �a ∈ C1(Sa,R) and 〈� ′
a(u), v〉 = ‖m̂a(u)‖a〈J ′

a(m̂a(u)), v〉 for v ∈ Tu(Sa),
where Tu(Sa) is the tangent space of Sa at u.

(c) {un} is a Palais-Smale sequence for �a if and only if {m̂a(un)} is a Palais-Smale
sequence for Ja.

(d) u ∈ Sa is a critical point of�a if and only if m̂a(u) ∈ Na is a critical point of Ja,
the corresponding values of �a and Ja coincide and

inf
Sa
�a = inf

Na

Ja .

Moreover, we also have the following variational characterization of the infimum
of Ja onNa :

ca = inf
u∈Na

Ja(u) = inf
u∈Ea\{0}

max
t≥0

Ja(tu) = inf
u∈Sa

max
t≥0

Ja(tu).

Next we establish a important compactness result for the autonomous problem
which will be used later.

Lemma 5.7 Let {un} ⊂ Na be a sequence such that Ja(un) → ca, then {un} has a
convergent subsequence in Ea.

Proof Since {un} ⊂ Na and Ja(un) → ca , applying Lemma 5.6-(d) we can deduce
that

vn := m−1
a (un) = un/‖un‖a ∈ Sa and �a(vn) = Ja(un) → ca .

Hence, using the Ekeland’s variational principle we can find that there is a Palais-
Smale sequence {ṽn} ⊂ Sa of �a at the level ca such that ‖ṽn − vn‖a = on(1) as
n → ∞. Let ũn = ma(ṽn), then we have ‖ũn −un‖a = on(1). It follows from Lemma
5.6-(c) that {ũn} ⊂ Na is a Palais-Smale sequence of Ja at the level ca . Then, it is
clear that {ũn} is bounded. According to the proof of Lemma 3.2, we can see that there
exists ũ ∈ Ea\{0}, after passing to a subsequence, such that ũn⇀ũ, Ja(ũ) = ca and
J ′
a(ũ) = 0. Applying Brezis-Lieb lemma and a standard argument, we derive that

Ja(ũn − ũ) = on(1) and J ′
a(ũn − ũ) = on(1).
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This fact, together with (g4), yields that

on(1) =Ja(ũn − ũ)− 1

θ
〈J ′

a(ũn − ũ), ũn − ũ〉

=
(
1

p
− 1

θ

)

‖ũn − ũ‖p
a,p +

(
1

q
− 1

θ

)

‖ũn − ũ‖qa,q

+
∫

RN

[
1

|x |μ ∗ G(ũn − ũ)

] [
1

θ
g(ũn − ũ)(ũn − ũ)− 1

2
G(ũn − ũ)

]

dx

≥
(
1

p
− 1

θ

)

‖ũn − ũ‖p
a,p +

(
1

q
− 1

θ

)

‖ũn − ũ‖qa,q ,

which implies that ũn → ũ in Ea . So, we can easily conclude that un → ũ in Ea .
This completes the proof. ��

We introduce some technical results. Let u be a positive ground state solution of
the problem

{
−�pu −�qu + Vmin(|u|p−2u + |u|q−2u) =

(
1

|x |μ ∗ G(u)
)
g(u), in R

N ,

u ∈ W 1,p(RN ) ∩ W 1,q(RN ), u > 0, in R
N ,

(5.2)

and let ζ be a smooth nonincreasing cut-off function in [0,+∞) such that ζ(s) = 1
if 0 ≤ s ≤ δ

2 and ζ(s) = 0 if s ≥ δ, 0 ≤ ζ ≤ 1 and |ζ ′(s)| ≤ c for some c > 0. For
any z ∈ M , we define the function

�ε,z(x) = ζ(|εx − z|)u(εx − z

ε
).

It follows from Lemma 5.1 that there exists tε > 0 such that

max
t≥0

Iε(t�ε,z) = Iε(tε�ε,z).

So, we define �ε : M → Nε by �ε(z) = tε�ε,z . According to the construction of
�ε,z , we can see that�ε(z) has compact support for any z ∈ M . The following lemma
describes an important relationship between �ε and the set M .

Lemma 5.8 We have the limit

lim
ε→0

Iε(�ε(z)) = cVmin uniformly in z ∈ M .

Proof Assume by contradiction that there exist ε0 > 0, {zn} ⊂ M and εn → 0 such
that

|Iεn (�εn (z))− cVmin | ≥ ε0. (5.3)

Considering the change of variable x̂ = (εnx − zn)/εn and ŷ = (εn y − zn)/εn , if
x̂ ∈ Bδ/εn (0), it follows that εn x̂ ∈ Bδ(0) and εn x̂ + zn ∈ Bδ(zn) ⊂ Mδ ⊂ �. Since
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F(εx, s) = G(s) in �, we can deduce that

Iεn (�εn (zn)) = t pεn
p

|∇�εn ,zn |pp + tqεn
q

|∇�εn ,zn |qq

+
∫

RN
V (εnx)

[
t pεn
p

|�εn ,zn |p + tqεn
q

|�εn ,zn |q
]

dx

−
∫

RN

[
1

|x |μ ∗ F(εnx, �εn ,zn )

]

F(εnx, �εn ,zn )dx

= t pεn
p

|∇ (ζ(|εn x̂ |)u(̂x)) |pp + tqεn
q

|∇ (ζ(|εn x̂ |)u(̂x)) |qq

+
∫

RN
V (εn x̂ + zn)

[
t pεn
p

|ζ(|εn x̂ |)u(̂x)|p + tqεn
q

|ζ(|εn x̂ |)u(̂x)|q
]

dx̂

−
∫

RN

[
1

|̂x |μ ∗ G(tεnζ(|εn ŷ|)u(ŷ))
]

G(tεnζ(|εn x̂ |)u(̂x))dx̂ .
(5.4)

Applying the Lebesgue’s dominated convergence theorem, we can easily check that

|∇�εn ,zn |pp +
∫

RN
V (εnx)|�εn ,zn |pdx → |∇u|pp +

∫

RN
Vmin|u|pdx, (5.5)

|∇�εn ,zn |qq +
∫

RN
V (εnx)|�εn ,zn |qdx → |∇u|qq +

∫

RN
Vmin|u|qdx, (5.6)

and
∫

RN

[
1

|x |μ ∗ G(�εn ,zn )

]

G(�εn ,zn )dx →
∫

RN

[
1

|x |μ ∗ G(u)

]

G(u)dx . (5.7)

Moreover, using the fact 〈I ′
εn
(tεn�εn ,zn ), tεn�εn ,zn 〉 = 0 and the arguments used in

[49], it is easy to prove that tεn → t0 > 0. So, from (5.5), (5.6) and (5.7) we can derive
that

t p0 |∇u|pp + tq0 |∇u|qq +Vmin

∫

RN
(|u|p +|u|q)dx =

∫

RN

[
1

|x |μ ∗ G(t0u)

]

g(t0u)t0udx .

(5.8)
Since u is a positive ground state solution of problem (5.2), it follows that

|∇u|pp + |∇u|qq + Vmin

∫

RN
(|u|p + |u|q)dx =

∫

RN

[
1

|x |μ ∗ G(u)

]

g(u)udx . (5.9)

Then, according to (g5), (5.8) and (5.9), we can get t0 = 1. Therefore, we infer from
(5.4), (5.5), (5.6) and (5.7) that

Iεn (�εn (zn)) → 1

p
‖u‖p

Vmin,p
+ 1

q
‖u‖qVmin,q

−
∫

RN

[
1

|x |μ ∗ G(u)

]

G(u)dx

=JVmin(u) = cVmin .
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From (5.3) we can know that this is impossible. Thus, we complete the proof of the
lemma. ��

Next we are in the position to introduce the barycenter map. For any δ > 0, let
ρ = ρ(δ) > 0 be such that Mδ ⊂ Bρ(0). We define η : R

N → R
N as follows

η(x) = x for |x | ≤ ρ and η(x) = ρx

|x | for |x | ≥ ρ.

The barycenter map βε : Nε → R
N is defined by

βε(u) =
∫

RN η(εx)(|u|p + |u|q)dx
∫

RN (|u|p + |u|q)dx .

Combining the above definitions, we can prove the following result.

Lemma 5.9 We have the limit

lim
ε→0

βε(�ε(z)) = z uniformly in z ∈ M .

Proof Arguing by contradiction, we assume that there exist σ0 > 0, {zn} ⊂ M and
εn → 0 such that

|βεn (�εn (zn))− zn| ≥ σ0 > 0. (5.10)

According to the definitions of �εn and βεn , and making the change of variable x̂ =
(εnx − zn)/εn we immediately obtain

βεn (�εn (zn)) = zn+
∫

RN [η(εn x̂ + zn)− zn](|ζ(|εn x̂ |)u(̂x)|p + |ζ(|εn x̂ |)u(̂x)|q)dx̂
∫

RN (|ζ(|εn x̂ |)u(̂x)|p + |ζ(|εn x̂ |)u(̂x)|q)dx̂ .

Since {zn} ⊂ M ⊂ Bρ(0), employing theLebesgue’s dominates convergence theorem,
we have

|βεn (�εn (zn))− zn| → 0,

and we also get a contradiction according to (5.10). ��
Now we give the following useful compactness result, which plays a fundamental

role to prove that solutions of the modified problem are solutions of the original
problem.

Lemma 5.10 Let εn → 0 and {un} ⊂ Nεn be a sequence satisfying Iεn (un) → cVmin .
Then there exists {z̃n} ⊂ R

N such that vn = un(x+ z̃n) has a convergent subsequence.
Moreover, up to a subsequence, zn → z ∈ M, where zn = εn z̃n.

Proof Since {un} ⊂ Nεn and Iεn (un) → cVmin , then, a standard argument shows that
{un} is bounded. We claim that there are R0, δ > 0 and z̃n ∈ R

N such that

lim inf
n→∞

∫

BR0 (z̃n)
|un|qdx ≥ δ. (5.11)
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Otherwise, Lemma 2.2 implies that un → 0 in Ls(RN ) for s ∈ (q, q∗). According
to (2.4) and Lemma 2.4, we can easily prove that un → 0 in Eε , this is impossible
because Iεn (un) → cVmin > 0. Consequently, (5.11) holds.

Let us define vn(x) = un(x + z̃n). Passing to a subsequence, we may assume
that vn⇀v �= 0. From Lemma 5.5 we can see that there exists tn > 0 such that
ṽn = tnvn ∈ NVmin . Then we have

cVmin ≤ JVmin(ṽn) = JVmin(tnun) ≤ Iεn (tnun) ≤ Iεn (un) → cVmin ,

which shows JVmin(ṽn) → cVmin . In particular, we get ṽn⇀ṽ and tn → t0 > 0. Then,
from the uniqueness of the weak limit, we have ṽ = t0v �≡ 0. By using Lemma 5.7,
we can see that

ṽn → ṽ in EVmin ,

which implies that vn → v in EVmin and JVmin(ṽ) = cVmin and 〈J ′
Vmin

(ṽ), ṽ〉 = 0.
In order to finish the proof of the lemma, we consider zn = εn z̃n . Our claim is to

show that {zn} admits a subsequence, still denoted by zn , such that zn → z0 for some
z0 ∈ M . Indeed, we first prove that {zn} is bounded. We argue by contradiction, and
we assume that, passing to a subsequence, |zn| → ∞ as n → ∞. Since

‖un‖p
Vε ,p

+ ‖un‖qVε ,q =
∫

RN

[
1

|x |μ ∗ F(εx, un)

]

f (εx, un)undx

and Iε(un) → cVmin , by Lemma 2.6 we can see that there exists n0 ∈ N such that
un ∈ B for all n ≥ n0. Then, using Lemma 2.7 we get

sup
n≥n0

∣
∣
∣
∣

1

|x |μ ∗ F(εx, un)

∣
∣
∣
∣∞

<
�0

2
.

Fixed R > 0 such that � ⊂ BR(0), we assume that |zn| > 2R. Then, for all
x ∈ BR/εn (0), we can know that |εnx + zn| ≥ |zn|− |εnx | > R for all n large enough.
Hence, we deduce from (V̂ ), ( f3) and the definition of f that

‖vn‖p
Vmin,p

+ ‖vn‖qVmin,q
≤ �0

2

∫

RN
f (εnx + zn, vn)vndx

≤ �0

2

[∫

BR/εn (0)
g̃(εnx + zn, vn)vndx +

∫

Bc
R/εn

(0)
g(εnx + zn, vn)vndx

]

≤ �0

2

[∫

BR/εn (0)

Vmin

�0
(|vn|p + |vn|q)dx +

∫

Bc
R/εn

(0)
g(εnx + zn, vn)vndx

]

.

Observe that, since vn → v in EVmin , we obtain

∫

Bc
R/εn

(0)
g(εnx + zn, vn)vndx = on(1).
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Combining the above estimates, we can conclude that

‖vn‖p
Vmin,p

+ ‖vn‖qVmin,q
= on(1),

that is vn → 0 in EVmin , which is a contradiction. Thus, {zn} is bounded, and we may
assume that zn → z0 ∈ R

N .
It remains to check that z0 ∈ M . Arguing by contradiction again, we assume that

V (z0) > Vmin, Then, recalling that ṽn → ṽ in EVmin , we can use Fatou’s lemma to get

cVmin = JVmin(ṽ) <
1

p
‖ṽ‖p

V (z0),p
+ 1

q
‖ṽ‖qV (z0),q −

∫

RN

[
1

|x |μ ∗ G(ṽ)

]

G(ṽ)dx

≤ lim inf
n→∞

[
1

p

∫

RN
|∇ṽn|pdx + 1

q

∫

RN
|∇ṽn|qdx

+
∫

RN
V (εnx + zn)

[
1

p
|ṽn|p + 1

q
|ṽn|q

]

dx

−
∫

RN

[
1

|x |μ ∗ G(ṽn)

]

G(ṽn)dx

]

≤ lim inf
n→∞ Iεn (tnun)

≤ lim inf
n→∞ Iεn (un) = cVmin .

Evidently, this is a contradiction. So, z0 ∈ M , and this ends the proof of the lemma. ��
Let ϑ : R

+ → R
+ be a positive function given by

ϑ(ε) = max
z∈M |Iε(�ε(z))− cVmin |.

It follows from Lemma 5.8 that ϑ(ε) → 0 as ε → 0. We introduce a subset Ñε of
Nε , and set

Ñε := {u ∈ Nε : Iε(u) ≤ cVmin + ϑ(ε)},
Since �ε(z) ∈ Ñε for all z ∈ M , then we deduce that Ñε �= ∅. Moreover, we have
the following result.

Lemma 5.11 For any δ > 0, then the following limit holds

lim
ε→0

sup
u∈Ñε

inf
z∈Mδ

|βε(u)− z| = 0.

Proof Let εn → 0 as n → ∞. For each n ∈ N, there exists {un} ⊂ Ñεn , such that

inf
z∈Mδ

|βεn (un)− z| = sup
u∈Ñεn

inf
z∈Mδ

|βεn (u)− z| + on(1).

Hence, it is sufficient to prove that there exists {zn} ⊂ Mδ such that

lim
n→∞ |βεn (un)− zn| = 0.
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In fact, since {un} ⊂ Ñεn , then we have

cVmin ≤ cεn ≤ Iεn (un) ≤ cVmin + ϑ(εn),

which implies that
Iεn (un) → cVmin and {un} ⊂ Nεn .

According to Lemma 5.10, there exists {z̃n} ⊂ R
N such that vn(x) = un(x + z̃n) has

a convergent subsequence. Moreover, up to a subsequence, zn = εn z̃n → z ∈ M , and
we can conclude that

βεn (un) =
∫

RN η(εnx)(|un|p + |un|q)dx
∫

RN (|un|p + |un|q)dx
=
∫

RN η(εn y + zn)(|un(y + z̃n)|p + |un(y + z̃n)|q)dy
∫

RN (|un(y + z̃n)|p + |un(y + z̃n)|q)dy
=zn +

∫

RN [η(εn y + zn)− zn](|vn(y)|p + |vn(y)|q)dy
∫

RN (|vn(y)|p + |vn(y)|q)dy
→z ∈ M .

Therefore, there exists {zn} ⊂ Mδ such that

lim
n→∞ |βεn (un)− zn| = 0.

The proof is now complete. ��

In order to achieve our aim,we recall the following result for critical points involving
Ljusternik-Schnirelmann category. We refer to [14, 20] for more details.

Proposition 5.1 Let U be a complete C1 Riemannian manifold. Assume that ϕ ∈
C1(U ,R) is bounded from below and satisfies −∞ < infU ϕ < d < k < ∞.
Moreover, suppose that ϕ satisfies the Palais-Smale condition on the sublevel {u ∈
U : ϕ(u) ≤ k} and that d is not a critical level for ϕ. Then

card{u ∈ ϕd : ϕ′(u) = 0} ≥ catϕd (ϕ
d),

where ϕd = {u ∈ U : ϕ(u) ≤ d}.
With a view to utilize Proposition 5.1, the following abstract lemma serves as a

particularly useful tool in that it relates the topology of some sublevel of a functional
to the topology of some subset of the space R

N , For detailed proof, we refer to [14].

Proposition 5.2 Let�,�1 and�2 be closed sets with�1 ⊂ �2 and let π : � → �2,
φ : �1 → � be continuous maps such that π ◦ φ is homotopically equivalent to the
inclusion mapping id : �1 → �2. Then cat�(�) ≥ cat�2(�1).
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We shall make use of the Ljusternik-Schnirelmann category theory to prove the
multiplicity result of positive solutions for problem (2.5). Since Nε is not a C1-
submanifold of Eε , we cannot directly apply the Ljusternik-Schnirelmann category
theory. Fortunately, on account of Lemma 5.2, we can know that the mapping mε is
a homeomorphism between Nε and Sε , and Sε is a C1-submanifold of Eε . So we
can apply the Ljusternik-Schnirelmann category theoty to the functional �ε(u) =
Iε(m̂ε(u))|Sε = Iε(mε(u)). Based on the above facts, we can obtain the following
multiplicity result for problem (2.5).

Lemma 5.12 For any δ > 0 such that Mδ ⊂ �, there exists ε̂δ > 0 such that, for any
ε ∈ (0, ε̂δ), problems (2.5) has at least catMδ (M) positive solutions.

Proof For any ε > 0, we define πε : M → Sε as follows

πε(z) = m−1
ε (tε�ε,z) = m−1

ε (�ε(z)) for all z ∈ M .

Using Lemma 5.8, we see that

lim
ε→0

�ε(πε(z)) = lim
ε→0

Iε(�ε(z)) = cVmin uniformly in z ∈ M .

Moreover, we define

S̃ε = {u ∈ Sε : �ε(u) ≤ cVmin + ϑ(ε)},

with ϑ(ε) = supz∈M |�ε(πε(z)) − cVmin | → 0 as ε → 0. Therefore, πε(z) ∈ S̃ε for
all z ∈ M , and this shows that S̃ε �= ∅ for all ε > 0.

From Lemma 5.2, Lemma 5.3, Lemma 5.8 and Lemma 5.11, we can find ε̂δ > 0
such that the diagram

M
�ε−→ Ñε

m−1
ε−−→ S̃ε

mε−→ Ñε
βε−→ Mδ

is well defined for any ε ∈ (0, ε̂δ). By Lemma 5.9, there exists a function γ (ε, z)
with |γ (ε, z)| < δ

2 uniformly in z ∈ M for all ε ∈ (0, εδ), such that βε(�ε(z)) =
z + γ (ε, z) for all z ∈ M . We define the function H(t, z) = z + (1 − t)γ (ε, z).
Then, H : [0, 1] × M → Mδ is continuous. Evidently, H(0, z) = βε(�ε(z)) and
H(1, z) = z for all z ∈ M , and βε ◦�ε = (βε ◦mε)◦πε is homotopic to the inclusion
mapping id : M → Mδ . So, applying Proposition 5.2, we have

catS̃ε (S̃ε) ≥ catMδ (M).

On the other hand, let us choose a function ϑ(ε) > 0 such that ϑ(ε) → 0 as
ε → 0 and such that cVmin + ϑ(ε) is not a critical level for Iε . For ε > 0 small
enough, we deduce from Lemma 5.4 that �ε satisfies the Palais-Smale condition in
S̃ε . Consequently, exploiting Proposition 5.1, we find that �ε has at least catS̃ε (S̃ε)
critical points on S̃ε . Then, using Lemma 5.3, we can deduce that Iε has at least
catMδ (M) critical points. We finish the proof of the lemma. ��
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Lemma 5.13 Let εn → 0 and {un} be a sequence of solution to (2.5). Then, vn(x) =
un(x + z̃n) satisfies vn ∈ L∞(RN ) and there exists C > 0 such that |vn|∞ ≤ C for
all n ∈ N, where {z̃n} is given by Lemma 5.10. Moreover, we also have

lim|x |→∞ vn(x) = 0 uniformly in n ∈ N.

Proof Observe that, since Iεn (un) ≤ cVmin + ϑ(εn) with ϑ(εn) → 0 as n → ∞,
according to the proof of Lemma 5.10 we can infer that Iεn (un) → cVmin , and there
exists a sequence {z̃n} ⊂ R

N such that εn z̃n → z0 ∈ M and vn(x) = un(x + z̃n)
strongly converges in EVmin . Using Lemma 4.4 we can deduce that the conclusions of
Lemma 5.13 hold. This completes the proof. ��

Finally, we are ready to present the proof of Theorem 1.2.

Proof of Theorem 1.2. Let δ > 0 be such that Mδ ⊂ �. Firstly, we show that there
exists ε̃δ > 0 such that for any ε ∈ (0, ε̃δ) and any solution uε ∈ Ñε of (2.5), the
following estimate holds

|uε(x)|L∞(�c
ε )
< a0. (5.12)

Assume by contradiction that for some subsequence {εn} such that εn → 0, we can
find un := uεn such that I ′

εn
(un) = 0 and

|un(x)|L∞(�c
εn )

≥ a0.

Since Iεn (un) ≤ cVmin + ϑ(εn), from the proof of Lemma 5.10 we can show that
Iεn (un) → cVmin . According to Lemma 5.13, there exists a sequence {z̃n} ⊂ R

N such
that εn z̃n → z0 ∈ M and vn(x) = un(x + z̃n) strongly converges in EVmin . Moreover,
using Lemma 5.13 and combining the proof of Theorem 1.1 we get a contradiction.

Let ε̂δ > 0 be given by Lemma 5.12 and we set εδ := min{̃εδ, ε̂δ}. Fix ε ∈ (0, εδ),
employing Lemma 5.12 we can see that problem (2.5) has at least catMδ (M) positive
solutions. If uε ∈ Eε is one of these solutions, then uε ∈ Ñε , and we can deduce
from (5.12) and the definition of f that uε is also a solution to (2.1). Therefore,
ûε(x) = uε(

x
ε
) is a positive solution of problem (1.1), and we can infer that problem

(1.1) has at least catMδ (M) positive solutions. Finally, to study the concentration
behavior of the solutions, we argue as in the proof of Theorem 1.1. We finish the proof
of Theorem 1.2. ��
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