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Abstract: We consider the following Choquard equation:

.
_Au:“ Ju@y)|% dy)lulz;—zu ing,

|x - y#
Q

u=0 on 0Q,

where Q is a smooth bounded domain in RY (N > 3), 2;; = zlf,vf"z“ This paper is concerned with the existence
of a positive high-energy solution of the above problem in an annular-type domain when the inner hole is
sufficiently small.
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1 Introduction

In this paper, we study the existence of a positive solution of the Choquard equation. More precisely, we
consider the problem

lu(y)|* ) 22,
—Au = J dy |lu|*“u inQ,
(Q |x — yI¥ Y

P)

u=0 on 0Q,

where Q is a smooth bounded domain in RN(N > 3), 2; = 2N+2‘", O<u<N.
The work on elliptic equations involving critical Sobolev exponent over non-contractible domains was
initiated by J.-M. Coron in 1983. Indeed, Coron [10] proved the existence of a positive solution of the following

critical elliptic problem
~Au=u¥? inQ,
u>0 in Q, Q)
u=0 on 0Q,
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where Q is a smooth bounded domain in RY and satisfies the following conditions: there exist constants
0 < Ry < R, < 0o such that

xeRY:Ri<|x|<Ry}cQ, {xeRN:|x|<Ri}¢Q. (1.1)

Later on, Bahri and Coron [1] proved that if there exists a positive integer d such that H4(Q, Z,) # 0 (wWhere
H4(Q, Z;) the homology of dimension d of Q with Z; coefficients), then problem (Q) has a positive solution.
Benci and Cerami [4] considered the equation

“Au+Adu=uP' inQ,
u>0 in Q, (1.2)
u=0 on 0Q,

where Q ¢ RY, N > 3, is a smooth bounded domainand 2 < p < 2*, A € R, U {0}. With the help of Ljusternik—
Schnirelmann theory, Benci and Cerami showed that there exists a function A: (2,2*) - R, U {0} such that
for all A > A(p), problem (1.2) has at least cat(Q) distinct solutions. We cite [3, 5, 6, 11, 23, 27, 33, 37] and
the references therein for the work on the existence of solutions over a non-contractible domain.

We recall that the Choquard equation (1.3) was first introduced in the pioneering work of Fréhlich [13]
and Pekar [30] for the modeling of quantum polaron:

—Au+u=<ﬁ * Iulz)u inR3. (1.3)
As pointed out by Frohlich [13] and Pekar, this model corresponds to the study of free electrons in an ionic
lattice interact with phonons associated to deformations of the lattice or with the polarization that it creates
on the medium (interaction of an electron with its own hole). In the approximation to Hartree—Fock theory
of one component plasma, Choquard used equation (1.3) to describe an electron trapped in its own hole.

The Choquard equation is also known as the Schrodinger—Newton equation in models coupling the
Schrédinger equation of quantum physics together with nonrelativistic Newtonian gravity. The equation can
also be derived from the Einstein—Klein—Gordon and Einstein—Dirac system. Such a model was proposed for
boson stars and for the collapse of galaxy fluctuations of scalar field dark matter. We refer for details to Elgart
and Schlein [12], Giulini and Grof3ardt [17], Jones [19], and Schunck and Mielke [34]. Penrose [31, 32] pro-
posed equation (1.3) as a model of self-gravitating matter in which quantum state reduction was understood
as a gravitational phenomenon.

As pointed out by Lieb [20], Choquard used equation (1.3) to study steady states of the one component
plasma approximation in the Hartree—Fock theory. Classification of solutions of (1.3) was first studied by
Ma and Zhao [22]. For a broad survey of Choquard equations we refer to Moroz and Van Schaftingen [26]
and references therein. We also refer to Battaglia and Van Schaftingen [2], Cassani and Zhang [9], Mingqi,
Radulescu and Zhang [25], and Seok [35] as recent relevant contributions to the study of Choquard-type
problems.

Recently, Gao and Yang [16] studied the Brezis—Nirenberg-type result for the following problem:

5
—Au=Au+ ( J Ul dy)|u|2;_2u inQ,
2 Ix = y¥

(1.4)

u=0 on 0Q,

where 0 <A, 0< u <N, 2; = zlf,v%, Q is a smooth bounded domain in RN and 2; is the critical exponent in

the sense of the Hardy-Littlewood—Sobolev inequality (2.1). They proved the Pohozaev identity for equation
(1.4) and used variational methods and the minimizers of the best constant Sy, ;, (defined in (2.3)) to show the
existence, non-existence of solution depending on the range of A. We cite [14, 15] for the Choquard equation
with critical exponent in the sense of the Hardy-Littlewood—Sobolev inequality. However, the existence and
multiplicity of solutions of nonlocal equations over non-contractible domains is still an open question. There-
fore, it is essential to study the existence of a positive solution of elliptic equations involving convolution-type
nonlinearity in non-contractible domains.

Inspiring by these results, we study in the present article the Coron problem for problem (P). More pre-
cisely, we show the existence of a high-energy positive solution in a non-contractible bounded domain par-
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ticularly an annulus when the inner hole is sufficiently small. The functional associated with (P) is not C?
when u > min{4, N} and this makes problem (P) more challenging.

In order to achieve the desired aim we first prove the non-existence result using the Pohozaev identity for
Choquard equation on RY. We also prove the global compactness lemma for Choquard equation in bounded
domains. In case of u = 0, such a lemma has been proved by Struwe [36] and later generalized to the p-
Laplacian case by Mercuri and Willem [24]. In case of O < u < N, the method of defining Lévy concentration
function is not useful. In the present article we gave the proof of global compactness Lemma 4.5 by introduc-
ing the notion of Morrey spaces. Finally, by using the concentration-compactness principle together with the
deformation lemma, we prove the existence of high-energy positive solution. To the best of our knowledge,
there is no work on Coron’s problem for Choquard equation.

We now state the main result of this paper.

Theorem 1.1. Assume that Q is a bounded domain in RN satisfying condition (1.1). If % is sufficiently large,
then problem (P) admits a positive high-energy solution.

Turning to the layout of the paper, in Section2 we assemble notations and preliminary results. In Section3, we
give the classification of all nonnegative solutions of Choquard equation. In Section4, we analyze the Palais—
Smale sequences. In Section5, we prove our main result Theorem 1.1. We refer to the recent monograph by
Papageorgiou, Radulescu and Repovs [29] for some of the basic analytic tools used in this paper.

2 Preliminary Results

This section is devoted to the variational formulation, Pohozaev identity and non-existence result. The outset
of the variational framework starts from the following Hardy-Littlewood—Sobolev inequality. We refer to Lieb
and Loss [21] for more details.

Proposition 2.1. Lett,r > 1and0 < u < Nwith1+%+1 =2,f ¢ L'(RN) and h € L"(RN). There exists a sharp
constant C(t, r, u, N) independent of f, h such that

]RL ]RL fixihy(f;) dxdy < C(t, 1, u, N)Iflell bl (2.1)

Ift:r:%,then

) LT =B rdh
C(tar,ll,N)—C(N,ll)—” HN——%){F(%)} .

Equality holds in (2.1) if and only if% = constant and
2N-u
h(x) = AY? + Ix-al®) ™=
forsomeA e C,0+yecRanda ¢ RV,
We consider the following functional space:

DB2Z(RNY) = {u e L¥ (RN) : Vu € LZ(RM)},

Jul :=( [ wur dx>%.

]RN
The space Dy'*(Q) is defined as the closure of C2°(Q) in D1-2(RN).

endowed with the norm defined as

Definition 2.2. A functionu € D(l)’z(Q) is said to be a solution of (P) if u satisfies

2; 2;-2
JVqu) dx + j J U uw)l u»PY) dxdy forallg e D(l)’z(Q).
0Q

|x —y[H
Q
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Notation. We define u, = max(u, 0) and u_ = max(-u, 0) for all u € D1:2(RY). Moreover, we set
RY :={x e RN : xy > 0}

and we denote by « the standard convolution operator.

Consider functionals I : D5*(Q) — Rand I, : D22(RY) — R given by

1 J J |t (1% |t ()]

I(u) = % J IVul? dx - dxdy, ueDy*(Q),

Q 22 Qo =yl
2 2
Io(u) = 1 J [Vul? dx ! J J [ (O s () dxdy, ue DY (RN).
2 2-2; [x —yH

RV RN RV
By the Hardy-Littlewood—Sobolev inequality, we have

2; 2; 2% 2N-
( [ dedy) "< o Tl

o o [x - y*

where 2* = 2 This implies that I € C? (Dg*(Q), R) and I, € CH(DV2(RN), R). The best constant for the
embedding D>2(RN) into L2" (RN) is defined as

S= inf { j Vul? dx : j 2" dx = 1}. 2.2)
ueDL2(RN)\{0}
RY RN
Consequently, we define
2 2
SHL = inf I |Vul? dx : J I COP uG)™ dxdy =1¢}. (2.3)
ueDL2(RV)\{0} Ix —y#
R RN RN

It was established by Talenti [38] that the best constant S is achieved if and only if u is of the form
N-2

t 2 N
<t2+|x—(1—t)0|2> foroeX:={xeR":|x]=1}and t € (0, 1].

Properties of the best constant Sy, ; were established by Gao and Yang [16]. We recall the following
property.

Lemma 2.3. The constant Sy,1. defined in (2.3) is achieved if and only if

N-2

b 7
)
! b? + |x - al?
where C > 0 is a fixed constant, a € RN and b € (0, co) are parameters. Moreover,
S
N2’
C(N, p)N-r
where S is defined as in (2.2).
The following property was established in [16].

Lemma 2.4. If N >3 and 0 < u < N, then

1

|- 1% - % )
. = dxd
Il (” ey dxdy

defines a norm on L2" (RN).

Remark 2.5. If we define
2: 2
Sy = inf {JIVuIzdx: J dexdyzl},
N

ueDL2(RV)\(0} |x - y#
RN RN

then S4 = Su,1.
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Proposition 2.6. Letu € D(l)’Z(Q) be an arbitrary solution of the problem

_Au_(J|u+(y)| dy)|u+|2 inQ,
2 [x —y[#

u=0 on 0Q.
Then -
N-pu+2\_ w5
I(u) = 2<T)SII‘;,£ ? = ﬁ.

Moreover, the same conclusion holds for the solution u € DV2(RN) of

|u (y)|% ) 21 TN

—-Au = J—d u inRY.

( Xy y lug|x
]RN

Proof. If u is a solution of (2.4), then testing (2.4) with u, and u_ yields

2 2
J |Vu,|? dx = I J’ [ I s )1 dxdy and I Vu_|>dx=0 a.e.onQ.

a o4 [x - y* ;
It follows that
2
(SA)Z ” '”+(X|))'( ”';ljfy” dxdy = j IVu, |2 dx = j IVul? dx.
Q Q
We obtain »
1 1 2*—{1_1(N—,u+2) ks
1= (5 2-2;;)(5"‘) e\ P

The proof is now complete.

Lemma 2.7 (Pohozaev Identity). Let N > 3 and assume that u € D(l)’z(IR’f) solves

lu, ()] ) 21 5 N
- Au = J—d |uy | inR;.
( ! X =y Y )luy +

+

Then the following equality holds:

1 - 2,0, N-2 2, _2N-p J I Jua (0% | ()|
5 I(x Xo) - v|Vu|~dS + IIVuI dx = 22, TEYT dx dy,

oRY RY RY RY
where v is the unit outward normal to 0Q and xo = (0,0, ..., 1).
Proof. First observe that any solution of problem (2.5) is nonnegative. This implies

Vu=vu' ae.onRY.

— 145

(2.4)

(2.5)

Extending u = 0 in RV \ RY, we have u ¢ W (]RN) (see Lemma 3.1). Now fix ¢ € CL(RYN) such that ¢ = 1
on Bj. Let the function ¢, € D2(RYN) be deﬁned for A € (0, 00) and x € RN by @;(x) = ¢(Ax). Multiply-

ing (2.5) with ((x — xo) - Vu)@, and integrating over RY, we obtain

[ Cawe-xo) - vwpgaco dx = | ( | 'Iljj(_y;'l dy)|u+|2 10 - x0) - Vi) s dx
RY RY RY
_ lu +()’)|2 2;-1
= [ om0 [ (S a0l paouto) ) dx
RY RY
- u(x)V<(x—xO> | ('T‘;fy;'l y s (o ‘1¢A(X))
RY RY

(2.6)
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Using the divergence theorem on the right-hand side of (2.6), we obtain

2 *
J e xo-vigaoax= [ (e dy Jua 5 0 xo) - v dx
RY RY RY
— J u(x)V((x—xo) J (|u+(y)| dy>|u+(x)|2 (p,l(x)>dx. 2.7)
o o Ix -yl

Now consider the integral

2; .
J u(x)V((x—xo) I (% dy>|u+(x)|2f1(p/1(x)>dx

RY RY
i )1 -
- LNu(x)(jN PRt dy)|u+(x)| LpA(x) dx
+ j(z* - 1)u(x>( | 'l‘;*fy;" dy>|u+(x)|2 200V - (x - xo)) dx

+

25 (x = x0) - (x — .
Iu(x)go ) (J’ [ur (V)7 (x = x0) - (X~ y) dy>|u+(x)|2”_1 dx

x — y|#+2
”‘I J | ()12 [ ()|

Xy (x = x0) - Vo(Ax) dx dy. (2.8)

RY RY
Taking into account (2.7) and (2.8), we have
: Ju, ()% 21
2, | x=xo0) - Vu(x) oy dy Jlus ()17 alx) dx
N

N
+ +

2
--v | u(x)( | e f, (it dy>|u+<x)|2 () dx

Ix - yl¥
RY RY

25 (x — - .
i J u(x)(p/\(x)< J [uy (Y7 (x = x0).(x - y) dy)|u+(x)|2"_1 dx
RY

|x — y[#+2

— == (x - Xo) - Vp(Ax) dx dy. (2.9)

RY
;) J J |t (1)1 |ty ()|
g Ix = yl#

Now, interchanging the role of x and y in (2.9) and combining the resultant equation with (2.9), we deduce
that

J(X—xo)-Vu(x) J (|u+(y)| )Iu+(X)I2 #Lpa(x) dx

Ix —yl¥
RY
—-2N ws (V)12 g ()%
:HZ.Z* J J | +()’|))|( |y|J;1( )| ox 0A(0) dx dy
RY RY
A u |y (x
—?J J | +(y|))|( |y|+11( ) (x = Xo) - Vo(Ax) dx dy.
u
RY

Passing to the limit as A — 0 and using the dominated convergence theorem, we obtain that

o lu ()% 231, _M-2N J J |t () 1P u (00|
[ o-xo) Vu(x)(j T dy)|u+(x)| ax=t s e dxdy. (210)
RY RY RY RY
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It is easily seen that

IVuIZ)

Au((x - Xo) - Vu)pa = div(Vupa(x — xo) - Vu) — @alVul® — @a(x - Xo) - V( 3

- A((x = x0) - Vu)(Ve(Ax) - Vu)

2 _
= div((Vu(x—xo) -Vu - (x _X0)|V121| )(p,\> + NZ 2(p,1|Vu|2

[Vul?

+/12

((x = x0) - Vo(Ax)) = A((x = Xo) - Vu)(Vep(Ax) - Vu).

Now, integrating by parts we obtain

[Vul?

J (Au)((x — xo) - Vu)pr dx = J (Vu(x —Xo) - Vu - (x — xo)

RY oRY

)(pA-VdS

[Vul?
2

2 [ oatvu ax - [ A5 G- x0)- v ax
RY RY
- J A(x = x0) - Vi) (V(Ax) - Vur) dx.

RY

Noticing that Vu = (Vu - v)v on 0RY and employing dominated convergence theorem for A — 0, we get that

J(Au)((x—xo)-Vu) :% J IVul?(x - x0) - vdS + — j [Vul? dx. (2.11)
RY oRY RY
From equation (2.6), (2.10) and (2.11) we have our desired result. O
We can now deduce the following Liouville-type theorem.
Theorem 2.8. Let N >3 andletu € Dé’z(IR’f ) be any solution of
-Au= ( JN % dy)|u+|2i?‘1 inRY, (2.12)

+

Thenu =0onRY.

Proof. If u is a solution of (2.12), then

J J | OO 1% [ (V)12 p(y)

[x—y*

dxdy forall ¢ € Dy*(RY).
RY RY RY
Taking ¢ = u_ we obtain u_ = 0 a.e. on RY. This implies that u is a nonnegative solution of (2.12). Now, by
Lemma 2.7 we have
j [Vul?(x - xo) - vdS = 0.
oRY

But (x — xo) - v > Oforx € ORY. Since uis a nontrivial solution, we get a contradiction from the Hopf boundary
point lemma. Hence, u = 0 on RY. O

3 Classification of Solutions

In this section we will discuss the regularity and classification of nonnegative solutions of the following
equation:
—Au = (IX*N o« [uP)[ulP~?u  inRY, (3.1)
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where p := % and O < u < N. Consider the following integral system of equations:

p-1
u(x) = J —u|X _(}}/II);_(JZ/) dy, u>0 inR",

() (3.2)
v(x)=J—ydy, v>0 inRVN.
x — yIN-#
]RN
We note that if u € DY2(RYN), then (u, v) € L¥2 (RV) x L%(IRN).
First we will discuss the regularity of nonnegative solutions of (3.1). In this regard, we will prove the
following auxiliary result.

Lemma 3.1. Let u € DV2(RN) be a nonnegative solutions of (3.1). Then u € WIZO’CS(IRN)for alll < s < co.

Proof. Let u € DV2(RN) be a nonnegative solution of (3.1). Now following the same approach as in proof
of [18, Lemma 3.1], we have (u, v) € L"(RN) x LS(RN) for all 1 < 1, s < co. In particular, u? ¢ L%(]RN), and
now using the boundedness of Riesz potential operator, we have |x|[*N « uP € L°(RM). Thus, from (3.1),
we have

|[-Au| < ClulP~L.

By the classical elliptic regularity theory for subcritical problems in local bounded domains, we have

uerzo’CS(]RN)foranylss<oo. O

Next, we will discuss the classification of all positive solutions of the following system:

a b
IMdy, u>0 inRY,

u(x) = J =y
(3.3)

c d
v(x) = J wyv' ) dy, v>0 inRYN,

A (s

wherea >0, b,c,d € {0} U[1,00),0< a, B < N.
Let (u, v) € L91(RN) x L92(RN) be a solution of (3.3). Now for all A € R, we define

Ta = {(x1, X2, ..., xn) € RN : x1 = A}
as the moving plane. Let
Xt o= QA= Xx1,X2,...,Xn),

let
2= {(x1,X2,...,Xn) eRV:xg <A}
and let

= {1, x2, .00, Xn) € RY i xg 2 A}

be the reflection of £ about the plane Tj. Moreover, define u;(y) := u(y!) and va(y) = v(y}). Immediately, we
have the following property whose proof is just an elementary computation.

Lemma 3.2. Assume that (u, v) is a positive pair of solution of (3.3). Then

11
ly = xN=a % — x|

)[u“(XA)vb(xA) ~u(x)vP ()] dx,

u(y) - u(y) = J (
)

Vo -vn = [ (

)

1 1
o ooy - ueGovi o) dx.

Lemma 3.3. There exists n > O such that for all A < -1,

uyM > uy), vt =v(y) forally € %)
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Proof. Define X} := {y € Zp : u(y) > a(n)}, Z) := {y € 1 : v(y) > va(y)}. By Lemma 3.2, we obtain

1 1 . )
A :J (Iy—xlN’“ A —x|N,a)[“ VPO - u v (0] dx
L 1 agc,,b b+ b¢,,a ay+
SJ (Iy—xlN‘“ ) IyA—xlN—a)[”A(V —vp) vt )T dx

1
< J Iy_w[uj(vb - vff)* +vh e - uy)*] dx.
A

By the Hardy-Littlewood-Sobolev inequality, we obtain

lu = uallLor gy < llu = uallLan sy
b_ b b
< Cluf(v? =v)" + v —u) ey
< ClluA(V - V,\)”L'(Z") +Ivb@® - u,\)”L’(Z“),

N‘h

where r = Tag

.Now if a, b > 1, then by Holder’s inequality, we get
lu - u/\"qu(Z“ < Clugv vbl(v - vl + Clvbus- 1(ll—ll/1)||Lr(2;)
< Clul ey gy VPV = V) lzsqey) + CVIay gy 1™ (= w) ey
< CluAZyy 51 VI sy IV = Valles (sp) + CIVIE o Wl oy It = allion sy, (3.4
andifO0<a <1, b > 1, then we have
I = uallzer sy < Clugv? (v = vl + CIVE (= ua) s

b-1 b
< C"“A"Z!ﬂ (zv)”v (V - VA)"LS(ZV) + C”V"qu (Zu)”u - uﬂ"gql (zu

< ClluA||qu(zl)||V||qu(ZV)||V VallLaz sy + C||V||qu(zA lu = uallpor svy, (3.5)
where b 1
r r a- a
- , t= 2_ _4 and — + =—.
qi - ar q-br r 92 q1 N
Similarly, for ¢, d > 1 we have
Iv=valLe sy < C||V||Lq2(zr ||u"Lq1(ZM)”u u/\"qu(E“) + CIIuIIL,“ =) ||v||Lq2 =) v = vallLe sy, (3.6)
where g, and g, are positive constant such that 1 d 1 qc Takmg into account (3.4), (3.5) and (3.6), for

all A € R we have

CIVIy, g 07 s

w—mm@ps{ HM@@JNWW+€WMMNMMW}M—mMmp

1 C"u”qu ZA "V”qu ZV
Using the fact that (u, v) € L9 (RY) x L92(R"), we can choose 1 > 0 sufficiently large such that forall A < -7.

CIVI, o Il 1

Muallfe, IIVIILq2 s * CIVIZax g, I 2 <5

1= Clulfon 5, VI )

It follows that |lu — ua|| Loy =0 and hence Z} must be measure zero and empty when A < -7. In the sim-
ilar manner, ZX must be of measure zero and empty when A < —7. For all other cases, the proof follows
analogously. This concludes the proof of the lemma. O

Now using the same assertions and arguments as in Huang, Liand Wang [18] in combination with Lemma 3.3,
we have the following theorem.

Theorem 3.4, Assumethata >0, b, c,d € {0} U[1,00),0 < a, < Nand (u,v) € L9*(RY) x L92(RY) is a pair
of positive solutions of (3.3) with q, and q; satisfying
a-1 a c d-1

qi1,q2 > 1 b+ = + —ﬁ
B A N ¢ q N’
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Then (u, v) is radially symmetric and monotone decreasing about some point in RN. Moreover, if

1 1
b= N—_ﬁ[(N+a)—a(N—a)], c= m[(NH?)—d(N—B)],

then (u, v) must be of the form

N-a
2

0= (i) ()

for some constants d1, da, €1, e2 > 0 and some x1, x, € RN,

N-B
2

As an immediate corollary, we have the following result on radial symmetry of nonnegative solutions of (3.1).

Corollary 3.5. Every nonnegative solution u € D“2(RN) of equation (3.1) is radially symmetric, monotone

decreasing and of the form
N-2
2

“("):<c2+|§—1_xo|z>

for some constants ¢y, ¢, > 0 and some xq € RV,

Proof. Letu be any nonnegative solution of equation (3.1). Then by Lemma 3.1, we have u € leocs (RN) for any
1 < s < co. Hence, by the strong maximum principle, we have that u is a positive function in RY. It implies that
(u,v) e L¥3 (RN x L i (RN) is a positive solution of the integral system (3.2). Now employing Theorem 3.4
for a =2,a=p-1, b=1,B=pu, c=p, d=0 and using the fact u € DV2(RY), that is, u € L¥5 (RY) and
v € L% (RY), we have the desired result. O

4 Palais—Smale Analysis

Lemma 4.1. Let u, — u be weakly convergent in DV2(RN) and u, — u a.e. on RN, Then

(XM 1)+ PN W) 12572 ()5 = (XT7H 5 [ = W) 12 (i — )4 1272 (U — w0

. 4.1
2w, in (DVHRY))'. D

— 2%
= (X1 s Jug |0 lus

Proof. Since u,, — uweaklyin D-?(RN), there exists M > O such that |u,| < Mforalln € N.Let ¢ € D1:2(RN)
and

I= j (X7 5 1)+ 120 ) ) 12572 )+ (IX7# % (i = W) 12| = W) 122 (up — w) 4 ] dx.
]RN

ThenI =1, + I, + I3 - 21,, where

L = j (X177 5 (1) + 1% = 1@ = W+ 12#)) (1Wn) 12272 Wn) s = [ = W) 41272 (un — u), ) dx,
]RN
I = j (X7 5 1) 2t — )4 152t — ) b dix,
]RN
I = j (X177 5 [(up = w4 15| n)+ 1272 (un) 1 ¢ dx,
]RN
I = j (X174 5 [(up = w4 12|y = W) 1272 (up — u) 4 ¢ dx.
]RN
Claim 1. We have
Jim = [ (o ) 2,
]RN
Similar to the proof of the Brezis—Lieb lemma [8] we have
|2

2+ PYE 2N
[(Un)+ 17 = [(up = w)y | — Juy|™*  in L2¥(R™) asn — co.
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Since the Haglgly—Littlewoz(lad—Sobolev inequality implies that the Riesz potential defines a linear continuous
map from L% (RN) to L (RN), we get

X (1)l = n W) 1%) — x| ™ % luy % stronglyin L% (RY) asn — oo, (4.2)
Since both I(un)+|2;_2(un)+¢ — |u+|2;_zu+¢ and |(u, - u)+|2;‘2(un —u)+¢ — 0 converge weakly in L% (RM),
we obtain
|(un)+|2"72(un)+¢ —|(un - u)+|2"72(un -u)ip — |u+|2"72u+¢ (4.3)
weakly in L7 (RM). Thus, Claim 1 follows from (4.2) and (4.3).
Claim 2. We havelimy,_,, I, = 0.
Since I(un)+|2; — |(u)+|2; weakly in L% (RM), by the Hardy-Littlewood-Sobolev inequality (2.1) we have
M () |2 — XM % Juy |2 weakly in L (RN). (4.4)

We observe that
[(Un — w4 > 2(up —u)sp —» 0 ae.inRY

and for any open subset U c RN, we have

« _2N_ ¥ H " H
J [1(un = w4172 (Un — w)+ | dx < ( J [(un — u)4|? dx> ( J || dx)
U U U
ZI\IIV;Z
* * * 7“
< llunll? W“( j |1 dx>
U
N-2
N 2N—-p
sM(J|¢>|2 dx) .
U

This implies that {||(un — W) |22 (uy - u). | e }n is equi-integrable in L*(RN). Hence, by the Vitali conver-
gence theorem we get that

[y = W) |22 (uy - u);¢ — 0 strongly in L%(]RN).
This fact together with (4.4) completes the proof of Claim 2.
Claim 3. We have limy,_,, I3 = 0.
Similar to the proof of Claim 2, we have
XM % |(tn — u)s|% — 0 weaklyin L (RV)
and ’
* * 2
(un) 1% 7% (un) s — lu, 1% 2ur  strongly in L7 (RV).
Thus, Claim 3 follows.
Claim 4. We have limy_,, I = O.
Similar to the proof of Claim 2, we have
IX| 7 % (U — u)4 | — 0 weakly in L%(]RN)
and ’
* 2.
|(Un — w4 2(uy —u)s — 0 strongly in L2+ (RV).
Thus, Claim 4 follows. Hence
T [0 s Pl 2. dx,
]RN

that is, (4.1) holds. O
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Lemma 4.2. Ifu, — uweaklyin Dy*(Q), un — ua.e.onQ, I(uy) — ¢, I'(uy) — 0in (Dy*(Q))', then I' (u) =
and vy, := u, — u satisfies

Wval? = lunl? = lul® + 0(1), Ioo(ve) — c—Iw) and I, (va) —»0 in(Dy>(Q)).
Proof. Let us prove the following:

Claim. We haveI' (u) =

Note that
u, — uweakly in D0 2Q) = |(u,,)+|2u — |u+|2u weakly in L7V7 7 (Q).

Since Riesz potential is a linear continuous map from LZV-# e (Q)toL* 5 (Q), we obtain that
J|<un>+(y>|2i? d J|u+<y>|
|x — y|H |x —y#
Q
* * 2N
Also, |(un)+ %2 (un)s — |usl?2u, weakly in L¥#7 (Q2). Combining these facts, we have

% . %
(J ) 00T dy)|(un>+|2r2(un)ﬁ<j b dy)llm2 2u, weaklyin L% (Q).
Q

|x —y[H [x - y[H
Q

dy weaklyinL* 5 Q).

This implies for any ¢ ¢ D(l)’z(Q), we have

1)+ OO () () 2 2(un)+(y)<¢><y> s 0012w 122U (V) ()
JJ |x — y|# dy JJ |x — y|H dx dy. (4.5)
QQ
Now, for ¢ € D(l)’z(Q) consider
oy g _ [ 1)+ QOPE ()« ()P () s D ()
I'(up) -I'(w), p) = JVun.V¢ dx JJ Xy dx dy

Q

|x — y[H

Q
2; 2;72
—JVH-V¢ dx+” |u QO e (V17w P(y) dx dy.
QQ

Q
By using (4.5) and the fact that u, — u weakly in D0 (Q) the claim follows. By the Brezis-Lieb lemma (see
[8, 16]) we have

1 |(n = )4 CO1% [ (up — )4 ()]
JJ dxdy +o(1)

1 1
I = Zunll® - S lul® -
wol¥) = tnl? = Sl - 5= YT

1, 1 (un)+(>c)|2 |(un)+ (V)1
= Sl _2-2;3[! Fa—r dxdy
1

1 4, (O, ) P
I+ 55 ” e dxdy + o)
Q

=I(up) — I(u) + 0(1) — ¢ — I(u).
Now we will show that I, (v,) — 0 in (Dé’z(Q))’. By Lemma 4.1, for any ¢ ¢ D(l)’Z(Q),
(Io(Vn), @) = (I'(vn), @) = (I'(un), ) = (I'(w), $) + o(1) — O.
This implies I, (vy) — 0in (Dy*(Q))". O

Lemma 4.3. Let {y,} ¢ Q and {A,} c (0, c0) be such that dlst(y,,, 0Q) — oo. Assume the sequence {u,} and

the rescaled sequence
N-2

fn(0) =A% un(Apx +yn)
is such that f, — f weakly in DY2(RV), fu — f a.e. on RN, Ioo(un) — ¢, I'(un) — 0 in (Dg*(Q))'. Then
Il (f) = 0. Also, the sequence

Zn(X) = Un(x) - A¥f<x Anyn )

satisfies |1zl = lunl® = IfI2 + 0(1), Ioo(zn) — € — Ioo(f) and I, (z) — 0 in (Dy*(Q))'.
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Proof. For ¢ € C®(RYN) define ¢p(x) := A¥¢(X;i’”). If ¢ € C°(By), then for large n, ¢, € CX(Q). It implies
(I (fn)s @) = oo (un), ) < M un)llinll = I, (un)llipll — O.

Hence, I, (f) —» 0asn — oo in (Dé’z(Bk))’ for each k.

Claim. We have I (f) = 0.

Since q,') € C°°(]RN) we obtain ¢ € C°(By) for some k. Now, using the fact L T dist(yn, 0Q) — oo, I/ (fn) — 0
in (D0 %(By))" and following the steps of Claim of Lemma 4.2, we have (I’ (f,) - I',(f), $) — 0, that is, the
claim holds. By the Brezis-Lieb lemma (see [8, 16]),

Ioo(zn) = Ioo(fn = f) = Ioo(Un) = Io(f) + 0(1) = ¢ = Isn(f).

As f, — f weakly in D2(RY), we obtain

Izl = j [vun - A5 wr(F22) ’

n

dx = Junll* - IfI* + o(1).

RN

By Lemma 4.1, forany ¢ ¢ D(l)’z(Q), we have

(Thatzn), 8 = (Tioatn) = o (A 1(22)), ) + 0(1) = (Liglatn), @) + 0(1) = 0(0).
This implies I, (z,) — 0in (D52(Q))'. O

Before proving the global compactness lemma for the Choquard equation, we will define the well-known
Morrey spaces.

Definition 4.4. A measurable function u : R¥ — R belongs to Morrey space £"Y(RY), with r € [1, co) and
y € [0, N], if and only if
Y- . Sup NRV’N j [ul" dy < oo.
>0, xeR B(x.R)
By Hélder’s inequality, we have L2 (RN) «— £2N-2(RN),
Lemma 4.5 (Global Compactness Lemma). Let {un}nen C Dé’z(Q) be such that I(u,) — c, I'(u,) — 0. Then
passing if necessary to a subsequence, there exists a solution vy € D(l)’z(Q) of

—Au_<JMdy>|u+|2 inQ (4.6)
|x — yI¥
Q
and (possibly) k € IN U {0}, nontrivial solutions {v1, v, ..., Vk} of

= A= (XM g Pl |5 inRY (4.7)
with vi € DV2(RN) and k sequences {y! }new € RY and {Al}pen € Ry, i=1,2,...,k, satisfying

1 )
T dist(y},, 0Q) — co and -0, n-— oo,
n

Up —VO—Z(A’ ( y,,)

n

k k
lunl® = Y WVill*,n— 00, I(vo) + ) Ino(vi) = c. (4.8)
i=0 i=1

Proof. We divide the proof into several steps.

Step 1. By coercivity of the functional I, we get {u,} is a bounded sequence in D(l)’Z(Q). It implies that there
exists a vg € Dé’z(Q) such that u, — vo weakly in Dé’z(Q), Uy — Vg a.e.on Q. By Lemma 4.2, I'(vg) = 0. Set
ul = uy — vo. Then

lull? = lunl® = Ivoll? + 0(1), Ieo(ul) — c—I(vo) and I, (ul) -0 in(Dy*(Q)). (4.9)
Moreover, there exists a constant M; > 0 such that ||u,11|| < M, foralln € N.
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Step 2. If

1 25101 2,
| J|(un)+<x)| W) O 4 o,

|x - y|#

o

then using the fact that I' (u,) — 0, it follows that u — 0in D0 (Q) and we are done. If

1 25 1(y1 25
” Q) QO Iw) DI
Q

Ix - y|#
Q

then we may assume that

dxdy > 6 forsome 6 > 0.

JJI () + O () ()P

|x - y[H

This together with the Hardy-Littlewood—Sobolev inequality gives |u}|| .+ > &1 for all n and for an appropri-
ate constant §; > 0. Taking into account that u}, is a bounded sequence in L% (RN), L2 (RN) «— £2N-2(RN),
and [28, Theorem 2], we obtain

2 < lupllgan-2guy < ¢4 forall n.

Thus, there exists a positive constant Cy such that for all n, we have
Co < lupll g2n-2gyy < Cot. (4.10)

Now employing the definition of Morrey spaces and (4.10), for each n € N there exists {y}, AL} € R¥ x R*

such that X

_ C -
0<Co < iRy~ 52 <A | iy
B(yiAn)

for some suitable positive constant E‘S. Now, define
frx) = /11) 2 un(/llx+yn)

Since ||f}]| = [lul|, we have |} < M; for all n € N and we can assume that f;} — v; weakly in D1?(RV) and
f} — vy a.e. on RN, Moreover,

FPdx =" [ ek de-ah? [ mPdy> G o.
B(0,1) B(0,1) B(yn,A)
Since, D12(RN) — L2 (RN) is compact, we have JB(O,l) [v1|2 dx > Co > 0. It implies that v; # 0.

Step 3. We claim that A, —» 0 and y} — yg € Q. Let if possible A, — co. As {un} is a bounded sequence

in Dé’z(Q), it implies {ul} is a bounded sequence in L2(Q). Thus, if we define Q, = Al Y1 then
1 C
12 12
dx = J u,|-dx < — — 0.
J Ifnl A1)z ) Uy x

Contrary to this, using Fatou’s lemma, we have
R T 1,2 2
0 —llr{gglf J Ifnl”dx > J’ [vi|© dx.
Qn Qn

This means that v = 0, which is not possible by Step 2. Hence {A},} is bounded in R, that is, there exists
0 < A} € R such that A} — A} as n — co. If |y} — oo, then for any x € Q and large n, A,x +y, ¢ Q. Since
Un € D(l)’z(Q), it follows that u}(A,x + y,) = 0 for all x € Q, which yields a contradiction to the assumption

2.2
lunlly," > 6 > 0.
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Therefore, y? is bounded, it implies that y} — y$ € RY. Now let if possible AL — A} > 0. Then

Q-y}
Ay

Qn — =Qo# RV,

Hence using the fact that u}, — 0 weakly in Dé’z (Q), we have f! — 0 weakly in D*2(R") which is not possible
since by Step 2, vq # 0. This implies A} — 0. Arguing by contradiction, we assume that

yo ¢ Q. (4.11)

In view of the fact that Alx + y} — y forall x € Q as n — co. Now using (4.11), we have ALx + y} ¢ Q for all
x € Qand nlarge enough. It implies that u}(ALx + y}) = 0 for nlarge enough, which is not possible. Therefore,
yé € Q. This completes the proof of claim and Step 3.

Step 4: Assume that
lim A_lrll dist(yL, 0Q) — a < co.
Then v, is a solution of (2.12) and by Theorem 2.8 we have v; = 0, which is not possible. Therefore,
ll dist(yL, 0Q) - co asn — co.
n
Thus by (4.9) and Lemma 4.3, we have I, (v;) = 0 and the sequence
() = uh00 - Ay Vl(ﬁ>
n

satisfies
Ioo(2) = ¢ —Io(V0) = Ino(v1) and I (u2) —» 0 in(Dy?(Q)).

By Proposition 2.6, we have I, (v1) > 8. So, iterating the above procedure, we can construct sequences
{vi}, {AL}, {f1} and after k iterations we obtain

k
Too(ugth) < I(un) - I(vo) = Y Too(vi) < I(un) = I(vo) = kP.
i=1
As the later will be negative for large k, the induction process terminates after some index k > 0. Consequently,
we get k sequences {y%}, ¢ Q and {A}}, c R,, satisfying (4.8). O

Definition 4.6. We say that I satisfies the Palais—Smale condition at c if for any sequence uj € Dé’z(Q) such
that I(uy) — c and I'(ux) — O there exists a subsequence that converges strongly in D(l)’z(Q).

Lemma 4.7. The functional I satisfies the Palais—Smale condition for any c € (8, 23), where
CI/N-p+2\ s
p= 2< 2N - u )SH:L ’

Proof. For some c € (B, 2f8), we assume that there exists {u,} € D(l)’z(Q) such that

I(un) = ¢, I'(uy) = 0 in (Dy*(Q))'.

By Lemma 4.5, passing to a subsequence (if necessary), there exists a solution vg € D(l)’Z(Q) of (4.6) and
k € N U {0}, nontrivial solutions {vi, v2, ..., vk} of (4.7) with v; e DV2(RY) and k sequences {y!}, c RN
and {AL}, c R, satisfying (4.8). Now, by equation (4.8) and Proposition 2.6 we have kf < c < 2. This
implies k < 1.

If k = 0, compactness holds and we are done. If k = 1, then we have two possibilities: either vy # 0 or
vo = 0. If vo £ 0, since I(vp) > B and by [16, Lemma 1.3], f is never achieved on bounded domain, we have
I(vp) > B and this is not possible. If vy = 0, then by Theorem 2.8, I,(v1) = c and v; is a nonnegative solution
of (4.7).

Next, by Corollary 3.5, we deduce that v, is radially symmetric, monotonically deceasing and of the form
vi(x) = (m)¥, for some constants a, b > 0 and some xo € RY. Therefore by Lemma 2.3, we conclude
that Sy 1 is achieved by v;. It follows that I, (v1) = 8, which is a contradiction since I, (v1) = ¢ > f. O
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5 Proof of Theorem 1.1

To prove Theorem 1.1, we shall first establish some auxiliary results.
Let Ry, R, be theradii of the annulus as in Theorem 1.1. Without loss of generality, we can assume x( = O,
R, = ﬁ, R, = 4R, where R > 0 will be chosen sufficiently large. Consider the family of functions

N-2

1-
‘ ) " e DY),

(1-12+|x-to]?

o (N-p)(2-N) 2-N
ut (X) = S‘ 4(N—p+2) C(N’ y)Z(N—;H—Z)

where g € £ := {x e RN : |x| = 1}, t € [0, 1). Note that if t — 1, then u? concentrates at 0. Also, if t — 0 then

N-2
2

o S<N(—16n(z—1¥) CN. 1) (15—1\1 ; 1
u, — uO = 4(N—p+2 2(N-p+2 < )
t s 1+ |x|?

Now, define v € C(Q) suchthat0 <v <1on Q and

1, $<ixl<2,
v(x) =

0, |xI>4,Ixl<z.

Subsequently, we can define
U(Rx), 0<Ix|< 5%,
VR(X) = 91, 7= <IX| <R,
v(x), IxI=R.
We now define
g7(x) = ul ()ur(x) € Dy (Q),  go(x) = Uo(X)VR(X).

We establish the following auxiliary result.

Lemma 5.1. Leto € Zandt € (0, 1]. Then the following holds:
@ Mugll = luoll,

(1) Nud)+llne = Iuo)+ e,

(iii) ufl? = Sh,LIuf)+ 5y

(iv) limg oo SUPges, tefo,1) 187 —.llf" =0, -~

(V) lirnRHoo Super,tE[O,l) "g(tT”NLu = "u?"NL“'

Proof. By trivial transformations, we can get first two properties uf and since uf is a minimizer of Sy,
therefore, third ones holds.
We have

j Vgl - VulP dx < 2 J W (OVUR(OI dx + 2 J VU8 (R(xX) - VUl ()1 dx
RN RN RN

< C(R2 J [u? (%)% dx + IVu? (x)? dX)

;‘__, —

3 B

RZ
Byr\Bar RN\B,r

B
+C(i J [uZ(x)|? dx + J IVu‘t’(x)lzdx), (5.1)

where B, is a ball of radius a and center 0.
From the definition of u;’, we have

o
R? J u? ()2 dx < CR? J dx < o
B B
2R 2R
o
J IVu?(x)|* dx < C J Ix —toldx < C J dx < o5
B B B
2R 2R 2R
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and

1 , c 1 C
72 J’ [uf (x)| dxsﬁ I |X|2N_4dstN_2,

Bur\Bar Byr\Bar
1 C
a 2
j [Vul(x)|“dx < C J X2 dx < RN-Z"
RN\B;r RN\Byr

Therefore, from (5.1) if R — 0o, we get supgex ¢c(0,1) 187 — u?ll — O.
Next, we shall prove that

*

. 228 2.
lim sup "g?"NLF = "u?”NLP-
R—00 ges, te(0,1]
Consider o g
2 2 v OU (¥) = D ()| [ul (y)| 5
||g?||12vi“ _||”?||12sz _ j J (Vg vk (¥) = Dlug O [ui ()] dxdysCZ]i,
Ix - yI¥ £
RN RN i=1
where
. J uf P )% &y = J J e P I dy
1= - u_ ) 2= - - u_ )
Ix - yI¥ Ix = y¥
Bor\B1 B 1 Bor\B 1 RM\Byi
2R 2R 2R
|ug (01 ug ()1 g (01 ug ()1
1=jj—dxd, 1:[ j—dxd,
SR N P g o b=y g
& 3R & RY\Bar
g OO uf ()|
Js = J I t IX—ylt" dx dy.
RN\Byr RN\Byg
By the Hardy-Littlewood—-Sobolev inequality, we have the following estimates:
N Wy N Wy
1-tVdx N J (1-t"Vdx N
< C(N,
Jisd y)( J (-2 +Ix—tal)N (1 -t)2 +|x - ta]2)N
B 2R\D 1
2R 2R
2N-p 2N-
<C j 1-0V2dx) < c(i)%,
2R
P
Ny Ny
T, < CN. 1) J’ (1 -tV dx w j (1 -tV dx w
2= LD H (L-6)2+ x—to])N (L-6)2+ x—to])N
BZR\Bﬁ RN\B,g
2Ny 2y 2Ny
dX 2N dy 2N dy 2N
<C _X )T ¢ J DT e I 4y
( J |x - t0|2N> ( |y|2N) ( IylzN)
RN\B;r ly+to|>2R ly|>2R-1
of 1 =
<
- <2R - 1) ’
N -y Wy N
(1-6"dx N J N2 N ( 1 ) “H
< C(N, <C 1-t dx <C| == .
< ’”( J (1- 0%+ [x— tol)V (-0 2R
B B
2R 2R
Using the same estimates as above, we can easily obtain
1\ % 1 2N-p
Jl,sc(ﬁ) and ]5SC(2R_1) .
This implies that
sup (Ilgflllz\}f“ - IquIIIZV'LZ") —-0 asR—-
o€, te[0,1)
and completes the proof. O
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In order to proceed further we define the manifold M and the functions G : M — RY as follows:

2 2%
M= {u e DS (Q) : JJ W dxdy = 1]» and Gu) = JleuI2 dx.
Q0 Q

We also define Sy (1, Q) : D5*(Q)\ {0} — R, S, : DV2(RN) \ {0} — Rand 7 : Dy*(Q) — Ras

2
Sy, Q) - Jo 1vul? dx
o 1t GO . () =
(fg fQ U Xle;ll“ Y~ dx dy)*
|Vul? dx
&ﬂw=ﬁl—r—,
lurllyg
ﬂm_<JJm4nWwawﬁdxm>ﬁ
2 Ix -y

Proposition 5.2. If Sy 1(+, Q) € C1(Dy*(Q) \ {0}) and S}y ; (u, Q) = 0 for u € Dy*(Q), then one has I'(Au) = 0
forsome A > 0.

Proof. Letw € Dy*(Q). Then

N 2% 2%-2
27(u) J‘Q Vu.Vw dx — 2"“"21(“)1—2# JQ J‘Q | QI Jue DI “u: GIW) 7 dy

' _ [x=yl*
(S (u, Q), w) = 2

As Sy (u, Q)(w) = 0, it implies

2; 2;—2
T(u) J ViVw dx = IIuIIZT(u)PZ; JJ [us O s (y)] u (y)w(y) dx dy,
QQ

2 Ix —y[#
that is,
2 L QO 1t ()P~ () W(y)
Jvu Vwdx = I IQ fQ oyl dxdy
’ s (0P, () '
Q .[Q J-Q [x—y[# dx dy
Therefore, if we choose
2@ flull?
I, 01 Ju, ()1 ’
.[Q IQ [x=y[H dx dy
then we get I' (Au) = 0. O

Proposition 5.3. Let {v,} ¢ M be a Palais-Smale sequence for Sy (-, Q) at level c. Then the sequence {u,}
given by )
-2
Un = AnVn,  An = (SH,L(Vn, Q) 75D

_ 2N-pu
is a Palais—Smale sequence for I at level ;{T"j) cNwz,

Proof. By the calculations of Proposition 5.2 for any w € Dé’z(Q), we have

%<S}{,L(Vn, Q),w) = IVVn-Vw dX—/\i(z;fl) JJ

Q

2 2-2
[(Vi)+ Q17 (Vi) + (V)] (va)+ (VW(y) dx dy.
Ix = yl#

o
©

Now by multiplying the above equation by A, for any w € D(l)’z(Q), we obtain

2 2;-2
[(un)+ 17 | (un) + (V) (un)+(V)W(y) dx dy.
Ix —yl¥

I (up), wy = JVun.Vw dx - J J

Q Q Q

Since v, € M, it follows that 122« = ||v,||2 = Sy 1 (vn, Q), that is,
N-2
Ao = Si.1(Va, Q)T
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From Sg, 1. (v, Q) = ¢ + 0(1) we get A, is bounded. In particular, it follows that (I'(A,v,), w) — 0 as n — oo.
Also, we have uy, is bounded and this yields

2s 2;
Un)+ (0¥ |(u g
o(1) = (I' (), uy) = "“"HZ‘JJ | (n)+ QO™ | (Un)+ (V)1 dx dy.
Ix -yl
00
All the above facts imply that
. _N-p+2 . 22; N-p+2 N
;}an}ol(u")_z(zN_y)nlggoA” _2(2N—y)c W2 O

Remark 5.4. Since we proved that I satisfies the Palais—-Smale condition in (8, 2f3), it follows that Sy (-, Q)
N—p+2
satisfies the Palais—Smale condition in (Su,z, 255 S 1) by using Proposition 5.2.

Lemma 5.5. If f{(x) := &0 and fo(x) := 22X then

“lgfline B

lim Sy, (f7, Q) = Sy,r(uf) = Su,L
R—o00
uniformly with respectto g € Land t € [0, 1).
Proof. This is a trivial consequence of Lemma 5.1. O

In particular, if R > 1 sufficiently large, then we can achieve that
N—p+2
sup(f{, Q) < S1 <2 e Sy, forsomeS; € R.
o,t

Proof of Theorem 1.1 completed. As we have established, Sy, 1(-, Q) satisfies Palais—Smale at level a on M
fora € (Su,1, 2% Su,1). We will argue by contradiction. If Sg,1.(-, Q) does not admit a critical value in this
range, by the deformation lemma (see Bonnet [7, Theorem 2.5]) forany a € (Sg,1, 2 Wi S 1,.) thereexist§ > 0
and an onto homeomorphism function ¢ : M — M such that

PMass) € Ma-s,

where M, = {u € M : Sy, (u, Q) < a}. Foragiven fixed € > 0 we can cover the interval [Sy,1 + €, S1] by finitely
many such §-intervals and composing the deformation maps, we get an onto-homeomorphism function
Y : M — M such that

Y(Ms,) € MSH,L+£-

Also, we can assume Y(u) = u for all u whenever Sy, 1 (u, Q) < Sy, + %
By the concentration-compactness lemma (see [14]) and [16, Lemma 1.2], we have that for any sequence
{um} € Mg, .1 there exists a subsequence and x© € Q such that

,
([ ay Y2 = 0, 190t = 111800

weakly in the sense of measure. This implies given any neighborhood V of Q, there exists an € > 0 such
that G(Ms,,) c V.

Since Q is a smooth bounded domain, we can find a neighborhood V of Q such that for any q € V there
exists a unique nearest neighbor r = 71(g) € Q such that the projection 7 is continuous. Let & be chosen for
such a neighborhood V, and let ¢ : M — M be the corresponding onto homeomorphism. Define the map
D:2x[0,1] — Q given by

D(a, t) = n(G((fY))).

It is easy to see that D is well-defined, continuous and satisfies
D(0,0) = m(GW(fo)) =:yo€Q and D(o,1)=0 foralloeX.

This implies that D is a contraction of ¥ in Q contradicting the hypothesis of Q. Hence, our assumption is
wrong implies that Sy 1.(-, Q) has a critical value, that is, there exists a u € D(l)’z(Q) such that u is a solution
to problem (P). Now, using [15, Lemma 4.4], we have u € L®(Q) n C2(Q). Thus, by the maximum principle,
u is a positive solution of problem (P). Hence the proof of Theorem 1.1 is complete. O
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