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ABSTRACT. We consider a double phase Dirichlet problem with unbalanced growth and a
reaction term which is (p — 1)-sublinear and has partial interaction with the first eigenvalue
of the weighted differential operator A (nonuniform nonresonance). Using the Nehari
method, we show that the problem has at least three nontrivial bounded solutions, positive,
negative and nodal (sign-changing). This paper extends and complements the main results
in the recent paper Papageorgiou-Pudelko-Riadulescu (Nonautonomous (p, ¢)-equations with
unbalanced growth, Math. Annalen, 2023).
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1. INTRODUCTION

Let © € RY be a bounded domain with a Lipschitz boundary 9. We are concerned with
the following double phase Dirichlet problem

(1) { —A%u(z) — Agu(z) = f(z,u(2)) in Q,

ulpgn =0, 1 <g<p<N.
In this problem, A? denotes the weighted p-Laplace operator with weight a € L*>°(Q)4\{0},
which is defined by
a : —2
Aju = div(a(z)|DulP™=Du).
Also, A, is the usual ¢g-Laplacian defined by
Au = div(|Du|*2Du).

The interest in the study of problems of this type is twofold. From one side, there are
motivations from mathematical physics, since the non-autonomous unbalanced operator has
been applied to describe steady-state solutions of reaction-diffusion equations arising in bio-
physics, plasma physics, and chemical reaction analysis. The prototype equation for these
models can be written in the form

up = Apu(z) + Agu + g(z, u).

In this framework, the function u generally stands for a concentration, the term Afu(z)+Agu
corresponds to the diffusion with coefficient a(z)|Du|P~2 + |Du|972, while g(z,u) represents
the reaction term related to source and loss processes. On the other hand, such operators
provide a valuable framework for explaining the behavior of highly anisotropic materials
whose hardening properties, which are linked to the exponent governing the propagation of
the gradient variable, differ considerably with the point, where the modulating coefficient
a(z) dictates the geometry of a composite made by two different materials.
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Problem (1) is driven by the sum of these two operators. Since ¢ < p, the differential
operator in (1) is not homogeneous. The differential operator is related to the so-called
“double phase” integral functional

i(u) —/Q[a(z)|Du]p+ Dul] d=.

The integrand of this variational integral is the function
n(z,t) = a(z)t’ +t for all z € Q, all t > 0.

A feature of this paper is that we do not assume that the weight function a(-) is bounded
away from zero, that is, we do not require essinfga > 0. This implies that the integrand
7(z,t) exhibits unbalanced growth in the t-variable, namely we have

t7 <n(z,t) <co[l +t*] for all z € Q, all t > 0, some ¢y > 0.

This kind of growth behavior, is often called in the literature as “(p, q)- growth”. Such
functionals were first investigated by Marcellini [11], [12] and Zhikov [28], in the context of
problems of the calculus of variations and of nonlinear elasticity theory. The unbalanced
growth of n(z,-) has serious implications in the analysis of double phase equations. The
functional framework of the problem changes and instead of the classical Sobolev spaces, it
is based on generalized Orlicz spaces. In contrast to balanced growth double phase problems
((p, q)-equations, both weighted and unweighted), for which there is a global (that is, up to
the boundary) regularity theory (see Lieberman [8]), for unbalanced growth double phase
problems no such theory exists. There are only local regularity results for local minimizers.
We refer to the recent remarkable works of Baroni-Colombo-Mingione [1], Marcellini [13],
[14], Ragusa-Tachikawa [26] and the references therein. We also mention the survey papers
of Mingione-Radulescu [15], Papageorgiou [16], Radulescu [25].

The lack of a global regularity theory, eliminates many powerful tools which are available
in the treatment of balanced growth double phase problems (such as the nonlinear Hopf
maximum principle and the comparison of Hélder and Sobolev local minimizers of the energy
functionals, see for example, Papageorgiou-Radulescu-Zhang [21, Proposition A3]). So, we
are forced to use a different approach which is based on the Nehari method (ground state
solutions).

In problem (1), the reaction function f(z,z) is a measurable function and for a.a. z € Q,
f(z,-) is continuously differentiable on R\ {0} and as x — £o0 exhibits (p — 1)-sublinear
growth and we allow partial interaction with the first eigenvalue of —Aj with Dirichlet
boundary condition (nonuniform nonresonance). We prove a multiplicity theorem producing
three nontrivial bounded solutions and we provide sign information for all them (positive,
negative and nodal). In the past, multiplicity theorems for unbalanced growth double phase
problems were proved under the assumption that the reaction f(z,-) is (p — 1)-superlinear
as © — +oo. We refer to the works of Deregowska-Gasiriski-Papageorgiou [4], Gasiriski-
Papageorgiou [5], Gasinski-Winkert [6], Liu-Dai [9], Papageorgiou-Radulescu-Zhang [19] and
Papageorgiou-Zhang [23]. Only the very recent work of Papageorgiou-Pudelko-Radulescu
[17], considers problems with (p — 1)-sublinear reaction and produces two nontrivial solu-
tions with no sign information. Finally, we mention also the recent works on double phase
equations with unilateral constraints by Liu-Papageorgiou [10], Papageorgiou-Zhang-Zhang
[24], Zeng-Bai-Gasiniski-Winkert [27] (existence of nontrivial solutions).

The double-phase problem (1) is motivated by numerous models arising in mathematical
physics. For instance, we can refer to the following fourth-order relativistic operator

. |Vul?
u — div <(1_|vu‘4)3/4 Vu y
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which describes large classes of phenomena arising in relativistic quantum mechanics. By
Taylor’s formula, we have
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This shows that the fourth-order relativistic operator can be approximated by the following
autonomous double phase operator

$2(1 _ :1:4)73/4 — 72

3
u— Asu+ ZAgu.

The features of the present paper are the following:

(i) The source term of problem (1) is driven by a differential operator with a power-type
nonhomogeneous term.

(ii) The corresponding energy functional is a non-autonomous variational integral that
satisfies nonstandard growth conditions of (p, ¢)-type, following the terminology introduced
in the basic papers of Marcellini [11, 12, 13, 14].

(iii) The potential that describes the differential operator satisfies general regularity as-
sumptions and it belongs to the p-Muckenhoupt class. Accordingly, the thorough spectral
and the qualitative analysis contained in this paper are developed in Musielak-Orlicz-Sobolev
spaces.

(iv) The paper covers the nonuniform nonresonance case. The main result establishes the
existence of three solutions (all with sign information) and an interesting open problem is
whether this result remains valid for the resonance case.

2. MATHEMATICAL BACKGROUND AND HYPOTHESES

As we already mentioned in the introduction, the functional framework for the analysis
of problem (1) is based on the generalized Orlicz spaces. A comprehensive presentation of
the theory of these spaces can be found in the book of Harjulehto-Hé&sto [7].

Let C%1(Q) be the space of all R-valued Lipschitz continuous function on {2 . Let A, denote
the class of p-Muckenhoupt weights (see Cruz Uribe-Fiorenzo [3, p.142] and Harjulehto-Hésto
[7, p.114]).

Our hypotheses on the weight function a(-) and the exponents p, g are the following:

HO:aeCO’l(Q)ﬂAp,a(z)>0forallz69,1<q<p<N,§<1—|—%.

Remark 1. The last inequality in the above hypotheses is standard in Dirichlet double phase

problems and it says that the two exponents p and q can not be far part. It implies that

p<qt= NN—_qq and this leads to some useful compact embeddings of certain relevant function

spaces. Moreover, this condition together with the Lipschitz continuity of the potential a(-)
implies that the Poincaré inequality is valid for the corresponding Musielak-Orlicz-Sobolev
space.

Let L°(2) denote the space of all measurable functions u : 2 — R. As usual, we identify
two such functions which differ only on a Lebesgue-null set. Recall that

n(z,t) = a(z)t? + 9 for all z € Q, all t > 0.
The generalized Orlicz-Lebesgue space, is defined by
L(Q) = {u € LQ) : py(u) < 0}
with p,(u) being the modular function defined by

pwozém@mm&
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We endow L7(Q2) with the so-called “Luxemburg norm” defined by
ull, = inf {A >0 pn(%) < 1} .

Evidently, this is the Minkowski functional of the set {u € L"(Q2) : p,(u) < 1}. With this
norm L"(£2) becomes a separable Banach space which is also uniformly convex, hence reflexive
(the function n(z,-) is uniformly convex).
Using L"(€2) we can define the corresponding generalized Musielak-Orlicz-Sobolev space
Whn(Q) by
Wh(Q) = {u e L"(Q) : |Du| € L"(Q)},
where Du denotes the weak gradient of w. This space is endowed with the following norm

Ly = [[ully + [ Dully with [[Dull; = [[[Duf[l;-

I

Also
W&’n(ﬂ) _ C’go(Q)H.”l’",
For this space the Poincaré inequality holds, namely there exists ¢ = ¢(2) > 0 such that
ully < &) Dul), for all u € Wy ().
Therefore on the space VVO1 "1(Q2) we can consider the equivalent norm
[ ul| = || Dul|,, for all uw € W,"(€).
We have the following useful embeddings among the spaces introduced above.

Proposition 1. If hypotheses Hy hold, then
(a) L"(Q) — L"(Q) and Wol’"(ﬂ) — WOI’T(Q) continuously for all r € [1,q];
(b) Wol’n(Q) — L"(Q) continuously (resp. compactly) for all v € [1,q*] (all T € [1,4%));
(c) LP(Q) — L"(Q) continuously.

There is a close relation between the norm || - || and the modular function py(-).

Proposition 2. If hypotheses Hy hold, then
(@) [lull = X & py(5) = 1;
(b) flull <1 (resp = 1,> 1)  py(u) < 1(=1,> 1);
(@) Jlull <1 = [ull” < py(Du) < |lul|*;
(d) [ull > 1= [ul|” < pp(Du) < [Jul?;
(e) |lul| = 0 (resp = 00) & py(Du) = 0 (resp — 00).

Let V : Wy"(Q) — Wy"(Q)* be defined by
(V(u),h) = /Q [a(2)|DulP~(Du, Dh)gx + | Dul?™2(Du, Dh)gw] dz for all u, h € Wy (Q).

This operator is bounded (maps bounded sets to bounded sets), continuous, strictly mono-
tone (thus, maximal monotone too) and coercive.
Let no(z,t) be the following integrand

no(z,t) = a(z)t? for all z € Q, all t > 0.

We consider the corresponding generalized Orlicz spaces L™ (§2) and WO1 (). These are
separable Banach spaces which are uniformly convex (hence reflexive too). Moreover, from
Papageorgiou-Radulescu-Zhang [20, Lemma 2.1], we have that

(2) W, ™ () < L™ (Q) compactly.
We consider the following nonlinear eigenvalue problem

(3) ~A%u(z) = Aa(2)|u(z)P~u(z) in Q, ulsg = 0.
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Problem (3) was examined recently by Papageorgiou-Pudelko-Réadulescu [17]. Using (2) they
proved among other things, that there is a smallest eigenvalue Xl > 0 which is simple and
isolated in the spectrum of (3). Moreover, A\; > 0 has the following variational characteriza-
tion
(4) Al :inf{/m:uewg’"o(ﬁ),u#O}.

Pro (1)

As we already mentioned, the corresponding eigenspace is one-dimensional with elements
in W& 10(Q) N L>®(Q) which have fixed sign, more precisely, if U is an eigenfunction corre-
sponding to A; > 0, then u(z) > 0 or u(z) < 0 for a.a. z € Q. In fact, A1 is the only
eigenvalue with eigenfunctions of constant sign. All other eigenvalues have eigenfunctions
which are nodal (sign-changing).

We will also use some tools from nonsmooth analysis and in particular the subdifferential
theory of Clarke [2]. So, let X be a Banach space and ¢ : X — R a locally Lipschitz function.
The generalized directional derivative of ¢(-) at € X in the direction h € X is defined by

/ )\h _ /
s h) = Timsup L& T = (@)
o/ —+2,\0 A

Then ¢°(z;-) is sublinear, continuous and by the Hahn-Banach theorem, we can define the
nonempty, convex, w*-compact set

dp(z) ={z* € X*: (z*,h) < ©%(x; h) for all h € X}.

The multifunction * — Jdy(z) is known as the generalized (or Clarke) subdifferential of
©(+). It coincides with the convex subdifferential if ¢(-) is continuous, convex. The Clarke
subdifferential has a rich calculus that parallels the one for the convex subdifferential and
for smooth functions. For details we refer to the book of Clarke [2].

Given u € L°(2), we introduce the positive and negative parts of u defined by

u"(2) = max{u(z),0}, u”(2) = max{—u(z),0}, z € Q.

We have u = u™ —u~, |u| = uT +u~. Moreover, if u € Wol’n(Q), then u* € W(}’”(Q). By ||~
we denote the Lebesgue measure on RY. Finally, if X is a Banach space and ¢ € C'(X),
then we define
K,={ueX:¢(u)=0},
the critical set of ¢(-).
Our hypotheses on the reaction f(z,x) are the following:
H: f: QxR — Ris ameasurable function such that for a.a. z € Q, f(z,0) =0, f(z,-) €
C1(R\{0}) and
() |f(z,2)| < a(z)[1 + |z[P71] for a.a. 2 € Q, all x € R, with a(z) € L®(Q);
(ii) there exists a function 6 € L*°(€2) such that

0(2) < Ma(z) for a.a. z € Q, 6 £ \a,
: f(z,2)
1?25:2? |z[P—22

(iil) lim, o éfffg)x = 400 uniformly for a.a. z € ;

< 0(z) uniformly for a.a.z € Q;

(iv) for a.a. z € 2 and all x # 0, we have
(P = Df(z,2)z < fi(z,2)2’.

Remark 2. Hypothesis H (iv) implies that for a.a. x € Q, the function
f(z,2)x

XT —
[P
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is nonincreasing on (—oo,0) and nondecreasing on (0,+00). If 1 <p <2 anda € (0,2 —p),
then a differential function which for small |xz| <1 has the form xe™* and for |x| > 1 large
is of the form 0|z|P~2x with § < \ia, satisfies hypotheses H.

Let F(z,x) fo z,s)ds. We introduce the energy functional for problem (1) defined by
1
o(u) = =pyo (Du) + f||Dqu - / F(z,u)dz for all u € Wol’”(Q).
p q Q

Evidently ¢ € C'I(WOl "1(©2)) and the Nehari manifold corresponding to ¢(-) is the following
set

N = {u € WOI’”(Q) (@ (u),u) = 0,u # O} .

Since we want to have solutions of constant sign, we introduce the following positive and
negative truncations of ¢(-):

1 1
pi() = (D) + <Dl = [ Pl

1 1
o_(u) = 5pno(Du) + 5”DUHZ - / F(z,—u")dz for all u € Wol’"(Q).
Q

Note that p1 € C’]L(VVO1 1(Q2)). We introduce the Nehari manifolds for these two functions
Ny = {u e W(Q) : (¢ (w)u) = 0,u# 0},
N_ = {u € Wol’"(Q) (@ (u),u) =0,u # O} .

Finally for the nodal solutions, we consider the set

N():{UEWOLU(Q):UJFGN, uféN}.

3. THREE SOLUTIONS THEOREM
First we prove a property of the Nehari manifold N which implies that N # ().

Proposition 3. If hypotheses Hy, H hold and u € W&’"(Q),u # 0, then there exists unique
ty > 0 such that t,u € N.

Proof. Consider the fibering function pu,(-) defined by
iy (t) = p(tu) for all £ > 0.
Evidently, p, € C*(0,00) and for t > 0, we have
w,(t) = (¢ (tu),u) (by the chain rule),

= ul,(t) = / f(z, tu)udz

=t'"1p, (Du) + tq71||Dqu - / f(z, tu)udz.
Q

Therefore we see that

(5) w,(t) =0« tue N.
On account of (5), we consider the equation
1, (t) = 0,
t
©) = o)+ g Dully = [ TEE

tP—a T
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Equation (6) suggests to consider the function

f z, tu)u
lt) = puy(Dw) — [ L2z ipu, o> 0.
We have ot
_ z, tu)u
Py, () = P, (Du) e ————dz + || Dul|Z.

Passing to the limit as ¢ — 07 and using hypothe51s H (iii), we have that
(7) Yu(t) = —oc as t — 07,

On the other hand, on account of hypothesis H(ii), we see that
(8) 1(8) = ooy (D) = [ O updz > D as t > v,
Q

(recall that p > ¢ and see Proposition 5 of [20]).
From (7), (8) and the Bolzano-Weiestrass’ theorem, we infer that there exists ¢, > 0 such
that
Yu(tu) = 0.
Therefore ¢, > 0 is a solution of (6). Note that in (6) the left hand side is strictly decreasing
as a function of ¢ > 0. For the right hand side, let

f(z, tu)u /fztu

R 2, t>0.

Then, from H(iv) we can mfer that

d fh(z, tw)tPTru? + f(z, tu)tPu — ptP~L f (2, tu)tu
— () =
dt t2p

/ fh(z, tu)tu? +f(z tu)u—pf(z tu)u &

P dz > 0.

/fxztu )(tw)? < — 1)f (2, tu) ()
t

Hence the right hand side is nondecreasing. It follows that the solution ¢,, > 0 is unique and
we have

:u;(tu) =0,
=t,u € N (see (5)).
The proof is now complete. U
Corollary 4. If hypotheses Hy, H hold, then N # ).

Another important consequence of Proposition 3 is the nonemptiness of Ny, the set where
nodal solutions are located.

Corollary 5. If hypotheses Hy, H hold, then Ng # (.

Proof. Let u € Wol’n(Q) with u™ # 0, u~ # 0. Proposition 3 says that there exist unique
positive numbers ¢4 and ¢t > 0 such that

tiut € Nandt_(—u~) € N.
We set y =t u™ —t_u~. Then y € Wy"(2) and
yh=teut, Yy =t
=y € Ny and so Ny # 0.
The proof is complete. O



8 N.S. PAPAGEORGIOU, V.D. RADULESCU, AND W. ZHANG

Proposition 6. If hypotheses Hy, H hold and u € N, then ¢(tu) < ¢(u) for all t > 0.

Proof. On account of hypotheses H (i), H (iii), given M > 0 we can find ¢; = ¢;(M) > 0 such
that

M
9) F(z,z) > —|z|? — ¢1|z|P for a.a. z € Q, all z € R.
q

Then for ¢t > 0, we have

tP t9
(1) = =y (D) + = Dul - /Q F(z, tu)dz

tP t4
(10) = EPUO(DW T (I Dull§ = Mllullg] + ct”Jull5. (see (9))-

Choosing M > 0 large from (10), we see that

o(tu) < cot? — cst? for some co,c3 > 0.
Since ¢ < p, we infer that
(11) p(tu) < 0 for t € (0,1) small.

On the other hand, hypotheses H (i), (ii) imply that given € > 0 and 7 € (1, ¢|, we can
find ¢4 = ca(e, 7) > 0 such that

1
F(z,x) > = [0(2) + €] ||’ 4 c4]z|” for a.a. z € Q, all z € R.
p

Then for ¢t > 1, we have

tp T T
pltu) = [pno(Du) —/99(2)!1&|de—6!%6\|£ — cat[Jul|7.

Using Proposition 5 of [20] and choosing € > 0 small, we obtain
o(tu) > e5tP — est™ for some c5,c6 > 0 all ¢ > 0.
Since p > 7, we have that
(12) (tu) > 0 for t > 1 large.
We consider the fibering function
ty(t) = p(tu) for all ¢ > 0.

By hypothesis u € N. So, t = 1 is the unique critical point of u,(-) (see Proposition 3).
Then from (11) and (12), it follows that ¢ = 1 is the unique maximizer of p,(-). Therefore
we conclude that

o(tu) < p(u) for all ¢ > 0.
This completes the proof. O

Let m = infy .
Proposition 7. If hypotheses Hy and H hold, then m > 0.
Proof. Recall that
F(z,z) < ]1) [0(2) + €] |z|P + c7|z|” for a.a. z € Q, allz € R

(with 7 € (1,¢],¢c7 > 0).
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Then for u € Wol’n(Q), we have

p(u) > ]1) |:pT]0(Du) - /{29(2)IUI”dZ —ellully] — erllull?,
> cgl|ul|P — collu||” for some cg,c9 > 0 (see [20] and Proposition 1).
So, if p > 1 is large, we see that
o(u) > >0 for all ||u|| = p.
If u € N, then let t, > 0 such that ||t,u|| = p. From Proposition 6, we have
p(u) > (tyu) > i >0,
Since u € N is arbitrary, we deduce that
m > >0,
which completes the proof. [l

Proposition 8. If hypotheses Hy and H hold, then the functionals ¢(-), w+(-) are all coer-
cive.

Proof. Hypotheses H (i), (ii) imply that given € > 0, we can find ¢j9 = ci0(€) > 0 such that

1
(13) F(z,z) < , [0(2) + €] |z|P + c1p for a.a. z € Q, all z € R.
Let u € W(}’”(Q) with |lul[1,,, > 1. We have

o) 2 5 |on(Du) = [ oCa)lupas] + (£ = cen ) g - exoltl

for some cq7 > 0 (recall that Wol’q(Q) — LP(Q) since p < ¢%).

Using once again Proposition 5 of [20], we have
pno (D) — / 0(2)[ulPdz > cizl|ullf ,, for some ci2 > 0.
Q
Choosing € € (0,1) small, we have

o(w) = exz [Jullf, + | Dully] = erol
> 12 [pno (Du) + |\Du||g] — ¢10|Q|n (recall |lul/1,,, > 1 and see Proposition 2)
= c12py(Du) — c10|Q N,
=p(u) is coercive (see Proposition 2).

Similarly we argue for the functionals ¢4 (-). O

— “lfgo - = l“f(p_ — l“f(p.

By producing solutions of these minimization problems, we will be able to have the multi-
plicity theorem for problem (1) (three solutions theorem).

Reasoning as we did for the functional ¢(-) on N, we can obtain the following properties
for the pairs (¢4, N+) and (¢—, N_).

Proposition 9. If hypotheses Hy and H hold, then

a) for every u € Wil(2), u # 0, there exists unique t.7 > 0 such that t7u € N, hence
0 u u
Ny #0;
(b) if u € N4, then py(tu) < py(u) for all t > 0;
(¢c) my > 0.
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Proposition 10. If hypotheses Hy and H hold, then
(a) for every u € W "(Q), u # 0, there exists unique t;, > 0 such that t;uw € N_, hence

N_ #0;
(b) if u € N_, then p_(tu) < p_(u) for all t > 0;
(¢) m— > 0.

Now we will produce solutions for the three minimization problems.
Proposition 11. If hypotheses Hy, H hold, then there ezists uy € Ny such that p(ug) = myg.

Proof. Consider a minimizing sequence {uy }nen € No, ¢(uy) | mo. We have
plun) = p(uy) +o(—uy)
> 2m (since u, € N, —u,, € N),
=mg > 2m > 0.
From Proposition 8, we see that
{ut Ynen, {us tnen C WOI’W(Q) are bounded.

So, we may assume that

(14) { =y = g in WE(9),
y1,y2 > 0 and {y1 > 0} N{—y2 <0} = 0.

Since u,’, —u,, € N, we have
/ f(z,u)utdz,

pn(D / f(z,—u, )(—u, )dz for all n € N.

If y; = 0, then from (14), we see that pn(Du;{) — 0 and so ||u;)} || = 0 (see Proposition 2).
Hence
0<m < p(u)) forall n € N, ¢(u,}) — ¢(0) =0,

a contradiction. Therefore y; # 0. In a similar fashion, we show that ys # 0.
Using Proposition 3, we can find ¢1,¢5 > 0 such that

tiy1 € N and tQ(—yg) € N.
Let ug = t1y1 — toyo. Evidently u(J{ = t1y1,uy, = ta2y2. Hence ug € N. We have
mo= Jim (o)
= lim [o(u}) +¢(-u,)]

> lim inf [ (t1uh) + o(—tou,, ] see Proposition 6),
n—oo
> o(tiyr) + p(—tay2) (see(14))
= ¢(up) > my (since ug € Nyp),
:>(p(UQ) = mg with ug € Ny.

The proof is now complete. O

Evidently, ugp € Ny is a candidate for a nodal solution of (1). Now by solving the other
two minimization problems we will generate candidates for positive and negative solutions.

Proposition 12. If hypotheses Hy, H hold, then there exist © € N+ and v € N_ such that
o+ (u) =my and m_ = ¢_(v).
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Proof. Let {un}nen € N4 be a minimizing sequence for ¢4 (-), that is,
P+ (un) § Moy
Proposition 8 implies that
{tn}nen € Wy () is bounded.
So, we may assume that
(15) U — T in W, (Q).

Suppose, by contradiction, that @ = 0. Since u, € Ny,n € N, we have
(16) Pro (Dun) + || Dul| = / f(z,ul)utdz for all n € N.
Q

From (15) and since Wol’"(ﬂ) — LP(Q) compactly (recall p < ¢* and see Proposition 1), we
have

u, —u=01in LP(Q),
(17 = uf —ut =0in LP(Q).
So, if in (16), we pass to the limit as n — oo and use (17), we obtain
pn(Duyp) — 0,

=u, — 0 in Wol’n(Q) (see Proposition 2),

=¢4(un) = ©+(0) =0 =m4 > 0 (see Proposition 9),
a contradiction. Therefore uw # 0 and so by Proposition 9, we can find unique ¢4 > 0 such
that

u=tyue Ny.

We have

my = lim @, (un)

> linrr_ligf o4 (tyuy) (see Proposition 9 (6))
> 4 (t4u) (see (15))
— 4 (@) = my (see TE NY),
=p4(u) =my4 with uw € Ny.
Similarly for ¢_(-) using now Proposition 10. O
Next, we show that u,v and wug are critical points of ¢ (-), ¢_(-) and ¢(-) respectively.

Therefore we conclude that Ni, N_ and Ny are natural constraints for ¢ (-), p—(-) and ¢(-)
respectively (see Papageorgiou-Radulescu-Repovs [18, p.425]).

Proposition 13. If hypotheses Hy, H hold, thenu € K, , v € K,_, up € K.

+

Proof. Consider the locally Lipschitz functional 1) : VVO1 () < R defined by
Yy (u) = pno(Dup) + || Dul| — / f(z,uT)utdz for all u € Wol’"(Q).
Q

Then we have
my = ¢4 (u) = inf [pq (u) : Yy (u) = 0,u # 0].
By the nonsmooth Lagrange multiplier rule of Clarke [2, p.228], we can find (A, ) € R?\{0}
such that
0 € A\ (Q) + BOY, (),

(18) /AN * * /
=g, () + h* = 0 for some h* € 9/, (0).
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If =0, then A # 0 and we have

A, ()
(19) :><p’+(ﬂ)
=sue€ Ky, .

On (18) we act with u € Ny. We obtain
B(h*,u) = 0 (recall (cp;(ﬂ),@ =0),

=6 oo (D) + Dy~ [ e - [ e aaaz] —o
L Q Q
(recall f(z,-) € C*(R\{0}) and see Clarke [2, pp.48, 80]),

N p(pmwa) +paly- [ f(z,ﬁ+)@+dz>]

0,
0

)

8] = - 0IDalg - [ [£ETIE - 0= DG ] =0

=3 [ —(p— g |lDul|} - /Q [fi(z,@t)(@h)? — (p— 1) f(z,at)ut] dz] =0, (since u € Ny),

a contradiction, since p > ¢, u # 0 and see H(iv). Therefore § = 0 and so from (19) we have
ue K, .
Similarly for ¥ € N_ using this time ¢_(-) and the locally Lipschitz function
Y (u) = pyo(Du) + || Dul|] / f(z,—u")(—u")dz for all u € Wol’"(ﬂ).
Q
We conclude that
ve K, .

Consider the C'-functional

Y(u) = ppo(Du) + || Dul|E — /Qf(z,u)udz for all u € Wol’n(Q).

Also let &4 : W()l’n(Q) — WOI’W(Q) be the Lipschitz maps defined by
Er(u) =ut, & (u) = —u".
We set 1Z+ =Y o, and zZ_ =1 o&_, we have

mo = p(uo) = inf |p(u) : . (u) = 0,9 (u) = 0,u* £ 0] .

By the nonsmooth Lagrange multiplier rule, we can find A € R, (61,62) € R? not both zero
such that
(20) 0 € ¢/ (ug) + 0100+ (ug) + 209 (uo).

Suppose that (51, 82) # 0, then at least one of the components is nonzero, say 1 # 0.
We act with ug € N and obtain as before

0= 81 oo (D) + al D 13 = [ (£l )0 = (0= D)
=p1 = 0 (see H(iv) and recall ug # 0).
Similarly we show that 82 # 0. Therefore A # 0 and we have
A¢' (ug) = 0,
= ¢'(up) = 0 and so up € K.
This completes the proof. [l
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Now we are ready for the multiplicity theorem.
Theorem 14. If hypotheses Hy, H hold, then problem has at least three nontrivial solutions
ae Wy(Q) N L=(Q),4(z) > 0 for a.a. z € Q,
ve W&’”(Q) NL>(Q),v(z) <0 for a.a. z € Q,
ug € Wy"(2) N L®() nodal solution.

Proof. We know that there exists u € VVO1 1(Q) such that
o) =my, € Ky, .
So, w is a ground state solution of (1). We have
(¢! (@), h) = 0 for all h € W,"(Q).
Let h=—u" € Wol’”(Q). We obtain
o (DT + | DT = 0,
:>p77 (Da_) = 07
=u>0,u#0 (recall u € Ny).
Invoking Theorem 3.1 of Gasinski-Winkert [6], we have that u € W& () N L*>®(Q). Finally
Proposition 2.4 of Papageorgiou-Vetro-Vetro [22] implies that u > 0 for a.a. z € €. Similarly

for v € N_ with ¢_(v) = m_,v € K,_. Finally from Proposition 11, we obtain ug € Ny
such that

= inf
#(uo) = inf o
and also we have
up € K, (see Proposition 13).
Therefore ug € W, (Q2) N L(Q) is a nodal solution of (1). 0

Remark 3. We see that all three functions are ground state solutions of problem (1). An
interesting open problem is whether Theorem 14 remains valid if we have resonance with
respect to A\ > 0 as x — +o00, that is,

lim sup f(z2)

5 < Xla(z) uniformly for a.a. z € Q.
r—+oo ‘:L'|p7 x
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