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We consider a nonlinear parametric Dirichlet problem driven by the p-Laplace differential
operator and a reaction which has the competing effects of a parametric singular term
and of a Carathéodory perturbation which is (p — 1)-linear near +oo. The problem is
uniformly nonresonant with respect to the principal eigenvalue of (—Ap, Wol’p(Q)). We
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look for positive solutions and prove a bifurcation-type theorem describing in an exact
way the dependence of the set of positive solutions on the parameter A > 0.
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1. Introduction

Let © C RY be a bounded domain with C?-boundary 9. In this paper, we study
the following nonlinear parametric singular Dirichlet problem:

{—Apu(z) =Mu(z)"7 + f(z,u(2)) in Q,}

(Px)
ulogo =0, u>0,A>0,0<~vy<1.

In this problem, A, denotes the p-Laplacian differential operator defined by
Apu = div(|DulP~2Du) for all u € W, *(), 1<p < oo.

On the right-hand side of ([Py) (the reaction of the problem), we have a para-
metric singular term u — Au~7 with A > 0 being the parameter and 0 < v < 1.
Also, there is a Carathéodory perturbation f(z,x) (that is, for all x € R the map-
ping z — f(z,x) is measurable and for almost all z € Q the mapping = — f(z,z)
is continuous). We assume that f(z,-) exhibits (p — 1)-linear growth near +oo.

We are looking for positive solutions of problem ([Py]). Our aim is to describe in a
precise way the dependence on the parameter A > 0 of the set of positive solutions.

We prove a bifurcation-type property, which is the main result of our paper.
Concerning the hypotheses H(f) on the perturbation f(z,z) and the other notation
used in the statement of the theorem, we refer to Sec. 2l The main result of the
present paper is stated in the following theorem.

Theorem A. If hypotheses H(f) hold, then there exists \* € (0,+00) such that
(a) for every X € (0, \*), problem (Py) has at least two positive solutions
ux, Uy € int Cy, uy # Uy, up < Uy;
(b) for A = X\*, problem (Py)) has at least one positive solution
uy € int Cy;
(c) for X > X\*, problem (Py) has no positive solutions.

In the past, singular problems were studied in the context of semilinear equations
(that is, p = 2). We mention the works of Coclite and Palmieri [2], Ghergu and
Rédulescu [5], Hirano et al. [I0], Lair and Shaker [11], Sun et al. [21I]. A detailed
bibliography and additional topics on the subject can be found in the book of
Ghergu and Réadulescu [6]. For nonlinear equations driven by the p-Laplacian, we
mention the works of Giacomoni et al. [7], Papageorgiou et al. [16][17], Papageorgiou
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and Smyrlis [I§], Perera and Zhang [19]. Of the aforementioned papers, closest to
our work here is that of Papageorgiou and Smyrlis [18], where the authors also deal
with a parametric singular problem and prove a bifurcation-type result. In their
problem, the perturbation f(z,x) is (p — 1)-superlinear in x € R near +o00. So, our
present work complements the results of [I8], by considering equations in which the
reaction has the competing effects of a singular term and of a (p — 1)-linear term.

Our approach uses variational tools together with suitable truncation and com-
parison techniques.

2. Preliminaries and Hypotheses

Let X be a Banach space and X* its topological dual. By (-,-) we denote the
duality brackets of the pair (X*, X). Given ¢ € C1(X,R), we say that ¢ satisfies
the “Cerami condition” (the “C-condition” for short), if the following property
holds:

“Every sequence {un}n>1 € X such that
{¢(tn)}n>1 € R is bounded and(1 + ||uy|])¢’ (uy) — 0 in X* as n — oo,
admits a strongly convergent subsequence.”

Using this notion, we can state the “mountain pass theorem”.

Theorem 1 (Mountain pass theorem). Assume that ¢ € C*(X,R) satisfies
the C-condition, ug,u1 € X, |Jur — ug|| > p >0,
max{p(uo), p(u1)} < inf{p(u) : |lu—wuoll = p} = m,

and ¢ = inf er maxo<i<1 @(y(t)) with T' = {y € C([0,1],X) : v(0) = uo,¥(1) =
ur}. Then ¢ > m, and c is a critical value of ¢ (that is, we can find 4 € X such
that @' (@) =0 and o(4) = ¢).

The analysis of problem (Py) will involve the Sobolev space W, (Q) and the
Banach space

Co(Q) = {ue CH Q) : ulpn = 0}.

We denote by || - || the norm of W (€2). On account of the Poincaré inequality, we
have

lul = | Dull, for all ue W, (Q).
The space C3(Q) is an ordered Banach space with positive (order) cone

Cy ={uecCiQ):u(z)>0forall z € Q}.

<o},
o9

This cone has a nonempty interior given by

intC+{u€C+:u(z)>Oforallz€Q,g—u
n

Here, n(-) denotes the outward unit normal on 9f.
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Let hi,he € L(Q). We write hy < ha, if for every compact K C ), we can
find ¢k > 0 such that cx < ha(z) — hi(z) for almost all z € K. Note that, if
hi,he € C(Q) and hy(z) < ha(z) for all z € Q, then hy < ho.

The next strong comparison principle can be found in Papageorgiou and Smyrlis
[18, Propositiond] (see also Giacomoni et al. [7, Theorem 2.3]).

Proposition 2. If £ > 0,hy, hs € L>®(Q), h1 < ha,ur € Cy with ui(z) > 0 for all
z €, ug €intCy and

—Apur(2) + Eur ()P = dua (2) 77 = I (2),
—Ayua(z) + Eu(2)PF — Mug(2) ™Y = ha(z) for almost all z € Q,
then us —uy € int C..

We denote by A : W P(Q) — W1 (Q) = WP (2)*(
map defined by

1,1 _ i
-+ =7 = 1) the nonlinear

(A(u), h) = S |DuP~2(Du, Dh)gndz  for all u,h € WyP(Q).
2

This map has the following properties (see Motreanu et al. [15, p. 40]).

Proposition 3. The map A : Wy () — W12 (Q) is bounded (that is, A maps
bounded sets to bounded sets), continuous, strictly monotone and of type (S)4, that
is, if un = u in WoP(Q) and limsup,, . (A(up), u, — u) < 0, then u, — u in
WyP (Q).

Consider the following nonlinear eigenvalue problem:
—Apu(z) = Mu(z)[P2u(z) in Q, ulsq = 0. (1)

We say that A € R is an “eigenvalue” of (—A,, W *(€2)) if problem () admits a
nontrivial solution 4 € WO1 "P(Q), known as an “eigenfunction” corresponding to A.
The nonlinear regularity theory (see Gasinski and Papageorgiou [3, pp. 737-738])

implies that @ € C3(Q). There is a smallest eigenvalue A; > 0 with the following
properties:

e )\, > 0 is isolated (that is, if 6(p) denotes the spectrum of (—A,, Wy (Q)) then
we can find e > 0 such that (A, A\ +€) N &(p) = 0);

o )\ is simple (that is, if @, 9 € C3(Q) are eigenfunctions corresponding to A1, then
@ = &0 for some £ € R\{0});

<SPy 1p

A =inf § ——= ru e WyP(Q),u #0¢. (2)
[[ull

It follows from the above properties that the eigenfunctions corresponding to M

do not change sign. We denote by @; the positive, LP-normalized (that is, ||@1]], = 1)

eigenfunction corresponding to A\; > 0. From the nonlinear maximum principle

(see, for example, Gasinski and Papageorgiou [3, p. 738]), we have 4, € int Cy.
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Any eigenfunction corresponding to an eigenvalue A #* 5\1, is nodal (that is, sign-

changing). More details about the spectrum of (—A,, W, ?(Q)) can be found in

3, 5]

We can also consider a weighted version of the eigenvalue problem (). So, let
m € L>®(Q), m(z) > 0 for almost all z € Q, m # 0. We consider the following
nonlinear eigenvalue problem:

—Apu(z) = dm(2)|u(2)[P~2u(z) in Q,  ulsg = 0. (3)

This problem has the same properties as (). So, there is a smallest eigenvalue
A1(m) > 0 which is isolated, simple and admits the following variational character-
ization:

A (m):inf{M'uewl’p(Q) u;éO}
1 Jam@lufedz "= T0 ERET RS

Also the eigenfunctions corresponding to A (m) have a fixed sign and we denote
by @1 (m) the positive, LP-normalized eigenfunction. We have @1 (m) € int C.. These
properties lead to the following monotonicity property of the map m — Aj(m).

Proposition 4. If mqy,ms € L(Q),0 < mq(z) < ma(z) for almost all z € Q and
both inequalities are strict on sets of positive measure, then A\j(ma) < Ay(mq).

Given z € R, we set 2% = max{4x,0}. Then for u € W, (Q), we set u®(-) =
u(-)*. We know that

ut e WyP(Q), |ul=ut+uT, uw=ut—u".

If g : Q x R is a measurable function (for example, a Carathéodory function)
then by Ny(-) we denote the Nemytski map corresponding to g(-,-) defined by

Ny(w)(-) = g(-,u())  for all u € WyP(€).
Given v, u € W, *(Q) with v < u, we define the order interval [v,u] by

[v,u] = {y € WyP(Q) : v(z) < y(z) < u(z) for almost all z € Q}.

The hypotheses on the perturbation f(z,x) are the following:
H(f): f: QxR+« Risa Carathéodory function such that f(z,0) = 0 for
almost all z €  and

(i) for every p > 0, there exists a, € L>°(f2) such that

|f(z,x)| <ap(z) for almost all z € 2, and all 0 <z < p;

(ii) A< n < liminf, .4 J;(pzﬁ) < limsup, ., o

all z €

J; (pzﬁ) < 7 uniformly for almost
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(iii) there exists a function w € C'*(€2) such that

w(z) >co>0 foral z€Q, Aywe L¥(Q) with Ayw(z)

< 0 for almost all z € €,
and for every compact K C Q) we can find cx > 0 such that
w(z)™7" 4+ f(z,w(z)) < —cxg <0 for almost all z € K;
(iv) there exists dg € (0, ¢o) such that for every compact K C 2
f(z,2) > éx >0 for almost all z € K, and all x € (0, do];
(v) for every p > 0, there exists ép > 0 such that for almost all z € © the function
2 f(2,2) + !
is nondecreasing on [0, p].

Remark 1. Since we are looking for positive solutions and all the above hypotheses
concern the positive semiaxis Ry = [0, 4+00), we may assume without any loss of
generality that

f(z,2) =0 for almost all z € , and all z <O0. (4)

Hypothesis H(f)(iii) implies that asymptotically at 400 we have uniform non-
resonance with respect to the principal eigenvalue A; > 0 of (A, WyP(Q)). The
resonant case was recently examined for nonparametric singular Dirichlet problems
by Papageorgiou et al. [16].

Example 1. The following functions satisfy hypotheses H(f). For the sake of
simplicity we drop the z-dependence:

A a7l — 301 ifo<z<l1
€Tr) =
neP~t — (n+2)2971 ifl <z

}(%e@)

With1<7'<19,1<q<pand77>5\1;and

2sin(27x) fo<z<1
flz) =
(P~ —297) ifl1 <z

with n > Ay, 1< ¢ < p.
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3. A Purely Singular Problem

In this section we deal with the following purely singular parametric problem:

{ —Apu(z) = Au(z) 7 in Q }

(A’U,)\)
ulon =0, u>0, A >0, 0<vy <1

The next proposition establishes the existence and A-dependence of the positive

solutions for problem ([Aw,)).

Proposition 5. For every A > 0 problem admits a unique solution Uy €
int Cy, the map X\ — iy is nondecreasing from (0,00) into C&(Q) (that is, if 0 <
V<A, then iy < 0x) and |Gl ey ) — 0 as A — 0r.

Proof. The existence of a unique solution %, € int Cy follows from Proposition [
of Papageorgiou and Smyrlis [I8].

Let 0 < ¢ < A and let uy, uy € int Cy be the corresponding unique solutions of
problem ([Au,]). Evidently, ﬂé/p/ cCy (zlv + 1% = 1) and so by Proposition 2.1 of
Marano and Papageorgiou [14], we can find ¢; > 0 such that

~1/p’ 1/p ~
Uyt <oyt g,

v/p'

= Uy ' < coliy for some cy > 0.

The Lemma of Lazer and McKenna [I2, p. 726], implies that ﬁl—v/p/ e L (Q).
Therefore, u," € LP (). We introduce the Carathéodory function gy(z,z)
defined by

(5)

(2,2) Ny ' if o < ay(z),
z,x) = N
I ArT7if ay(z) < @.

We set Gi(z,x) = foz gx(z,8)ds and consider the functional ¢y : W, *(Q) — R
defined by

- 1
Pa(u) = 5||Du|\g — /Q Ga(z,u)dz for all u € WyP(Q).

Proposition B of Papageorgiou and Smyrlis [I8] implies that ¢y € Cl(Wol’p(Q)).
From (@) and since @, € L (Q) it follows that ¥ (-) is coercive. Also, via the
Sobolev embedding theorem, we see that 1/;,\() is sequentially weakly lower semi-
continuous. So, by the Weierstrass—Tonelli theorem, we can find @y € WO1 P(Q) such
that

Ua(tin) = inf{ihx(u) : u € Wy P(Q)},
= Pi(mr) =0, (6)

= <A(ﬂA),h>:/gA(z,ﬂ)\)hdz for all h € W, P ().
Q
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In @) we choose h = (@iy — iy)t € WyP(€2). We have

(A(Ty), (g — Tx)*) = /QAa;wﬂ — an)*dz (see @)

> / Yy (Gy — ux)dz (since ¥ < A)
Q

= (A(ug), (g — ) "),
=ty < Uy. (7)
From (@), @), (@), we have
—Apur(z) = Aux(z)7  for almost all z € Q, Uy, =0,
= U\ = Uy,
= Uy < Ux(see [@)).

Therefore, the map A +— 1y is nondecreasing from (0, +00) into C(Q).
We have

(A(iiy), h) = /Qm;mdz for all h € Wy (€).

Choosing h = i1y € W, ?(Q), we obtain
[Dax[l; = /\/ @y dz < Aesl|iill, for some ¢z > 0
Q

(see Theorem 13.17 of Hewitt and Stromberg [0, p. 196]),
= {@x}re01] € Wy P(Q) is bounded and ||iy[ — 0 as A — 0F. (8)

As in the first part of the proof, using Proposition 2.1 of Marano and Papageor-
giou [14], we show that @, € L"(Q) for r > N. Then Proposition 1.3 of Guedda
and Véron [8] implies that

ay € L>®(Q) and |[i|loc < ¢4 for somecy >0, andall0 <A< 1. (9)

Let ky = Au,” € L"(Q),A € (0,1] and consider the following linear Dirichlet
problem:

—Av(z) =kx(z) in Q, v|pn=0, 0 <A<1 (10)

Standard existence and regularity theory (see, for example, Struwe [20] p. 218]),
implies that problem (I0) has a unique solution vy (-) such that

va € W2T(Q) € L (@) = C @ N CA@). [oallene gy < cs

for some ¢5 > 0, all A € (0,1], and with o = 1 — &£ € (0,1) (recall that r > N). Let
Br(2) = Duy(2). Then 8y € C%%(Q) for every A € (0,1]. We have

—div [|[Dax[P"2Diiy — 8] = 0in Q, dix|oo = 0 (since @ysolves ([Auy)).
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Then Theorem [ of Lieberman [I3] (see also Corollary 1.1 of Guedda and
Véron [§]) and (@), imply that we can find s € (0,1) and ¢g > 0 such that

iy € Cy* () Nint O, HﬂA”cé’S(ﬁ) < ¢g forall X € (0,1].
Finally, the compact embedding of Cy*(Q) into CA(Q) and () imply that

This completes the proof. O

4. Bifurcation-Type Theorem
Let
L = {X>0:problem (Py) admits a positive solution}

S = the set of positive solutions for problem ([Py]).
Proposition 6. If hypotheses H(f) hold, then L # ().

Proof. Using Proposition Bl we can find Ay € (0, 1] such that
ux(z) € (0,00] forall z € Q, all A€ (0,\]. (11)

Here, dp > 0 is as postulated by hypothesis H(f)(iv).
We fix A € (0, \o] and we consider the following truncation of the reaction in

problem (Py)):
Mix(2)77 + f(z,un(2)) if z < ax(z),
kx(z,x) = Ax™ + f(z,2) if uy <z <w(z), (12)
Mw(2)™ 7+ flz,w(2)) ifw(z) <z
(recall that 6y < co < w(z) for all z € ). This is a Carathéodory function. We set
Ky\(z,2) = fox kx(z,s)ds and consider the function @y : W,y P(€2) — R defined by
oa(u) = %HDqu — /QIA{,\(z,u)dz for all u € W, *(Q).

As before, we have ¢y € C1(Wy?(Q)). Also, it follows from (I2) that
&(+) is coercive.
In addition, we have that
&x(+) is sequentially lower semicontinuous.
Therefore, we can find iy € Wy? () such that
Pa(in) = inf[pa(u) - u € Wy P ()],
= @y(ix) =0, (13)

= <A(ﬂ,\),h>:/l§:,\(z,ﬂ,\)hdz for all h € W,"*(%).
Q
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In ([I3) we choose h = (@iy — @))€ Wy (). Then

(A(ay), (G — G2)) = / (Xay T+ f(z,a0)](ax — @x)Tdz (see [2))

Q
> / /\ﬁ;V(a)\ —ﬁ,\)+d2

Q
(see () and hypothesis H(f)(iv))
(A(@n), (in — @x)") (see Proposition [,

= Uy < Uy.

Next, we choose h = (iy — w)* € WP (Q) in ([F). Then

(i), (i~ w)) = [ D 4 7wl — w)*d (seo @)

Q
< (A(w), (@x — w)™)

(see hypothesis H(f)(iil) and use the nonlinear Green identity, see [3, p. 211])

= uy < w.
So, we have proved that

Uy € [ax, w].
Using ([[4) and (I2), Eq. (I3) becomes

(A(iiy), h) = /Q NGy 4 f(2,@5)]hdz  for all h € WyP(9),
= —Apix(z) = Min(2) 77 + f(z,ux(z)) for almost all z € Q, 4y |an = 0.
From (), (I8) and Theorem 1 of Lieberman [13], we infer that
Uy € [ux,w] Nint Cy,
= A€ L, iy € Sy

This completes the proof.

A byproduct of the above proof is the following corollary.

Corollary 7. If hypotheses H(f) hold, then Sy C int Cy for all A > 0.

The next proposition shows that £ is an interval.

Proposition 8. If hypotheses H(f) hold, A € L and ¥ € (0, ), then 9 € L.

1950011-10
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Proof. Since A € L, we can find uy € Sy C int Cy. Proposition [l implies that we
can find 7 € [0, A (see (II])) such that
T<v® and U, < uy.
We introduce the Carathéodory function e(z, z) defined by
- (2)77 + f(z,0,-(2)  if 2 < a(2),
ey(z,x) = ¢ V77 + f(z,2) if 4:(2) < <wuy(z), (16)
Jun(2)"7 + f(z,ux(z)) if ua(z) < z.

We set Ey(z,2) = [ eg(z, s)ds and consider the functional o Wy P(Q) - R

0
defined by
- 1
g (u) = 5||Du|\§ — /QEg(z,u)dz for all u € W, ().

We know that 1y € CY (W, P(2)). Moreover, g is coercive (see () and
sequentially weakly lower semicontinuous. So, we can find uy € VVO1 "P(Q) such that

bo(ug) = inf{dy(u) : w € WyP(Q)},
= 121{9(’“19) =0, (17)

= (A(ug),h) = / eg(z,ug)hdz for all h € WP (Q).
Q

In () we first choose h = (i, — uy)™ € Wy P(Q). Then

(A(uo), (s — ug)*) = / W57 + ()] (ir — ug) = (see ()

Q

V" (i — uy)Tdz

AV
S—

(since 7 < \g, see (1)) and hypothesis H(f)(iv))

70, 7 (Uy — up)Tdz (recall that T < )

v
S

= (A(u,), (@i, —uy)™) (see Proposition [,
= Ur < Uy.

Next, in (I7) we choose h = (ug —ux)™ € Wy P(Q). Then

(Au), (g — ux)™) = /Q[ﬁu;” T £z un)] (g — ux)*dz (see (IB))

< /[)\u;'y + f(z,un)](ug — uy)Tdz (since 9 < \)
Q

= (A(uy), (ug —ux)T) (since uy € Sy),
= Uy < U

1950011-11
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So, we have proved that
Uy € [tr, un]. (18)
It follows from (I6), (I) and ([IJ) that
de L and wuy €Sy CintCh.

The proof is now complete. |

An interesting byproduct of the above proof is the following result.

Corollary 9. If hypotheses H(f) hold, A € L,uy € Sy C intCy, and ¥ < A, then
¥ € L and we can find uyg € Sy C int Cy such that uy < uy.

In fact, we can improve the above result as follows.

Proposition 10. If hypotheses H(f) hold, X € L,uy € Sy C intCy, and ¥ < A,
then 9 € L and we can find uy € Sy C int Cy such that uy —uy € int C.

Proof. From Corollary @ we know that 9 € £ and we can find uy € Sy C int C.
such that
Uy S uy. (19)
Let p = ||u||oo and let £, > 0 be as postulated by hypothesis H(f)(v). Then
—Apuy + épugfl — Auy "
= —(A = uy” + f(z,u9) + Eouly ™
< flz,upn) + fpu};*l (recall that ¥ < X and see (I9) and hypothesis H(f)(v))
= —Apuy +£Apu§71 — Au, " (since uy € Sy).
We set
Fzu9(2)) + Epua(2)PH — (A — Dug(2) 7
f(zun(2)) + Eua(z)P 1

hl (Z)
hg(z)

We have
ha(z) = hi(2) > (A= Nuy(2)™Y > (A =19)p~7 for almost all z € Q

(see (@) and hypotheses H(f)(v)).
We can apply Proposition 2 and conclude that

uy —uy € int Cyp.
The proof is now complete. O
Denote \* = sup L.
Proposition 11. If hypotheses h(f) hold, then \* < +oo.
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Proof. Let € > 0 be such that A\; + € < 7 (see hypothesis H(f)(ii)). We can find
M > 0 such that

f(z,2) > [\ + €]a?~" for almost all z € Q, and all z > M. (20)
Also, hypothesis H(f)(i) implies that we can find large enough A > 0 such that

AM ™Y 4 f(z,2) > [A\ + ]MP~" for almost all z € Q, and all 0 < z < M.
(21)

It follows from (20) and (ZI)) that
Ae™7 + f(z,2) > [\ + €aP™! for almost all z € Q, and all z > 0. (22)
Let A > A and suppose that A € £. Then we can find uy € Sy C int Cy. We have
“Apuy =My T+ f(zun) > My T+ fzun)
> [\ + Juf~" for a.a. 2 € Q (see ). (23)
Since uy € int Cy, we can find ¢ € (0, 1) so small that
g1 =ty < uy (24)
(see Proposition 2.1 of Marano and Papageorgiou [I4]). We have
A = M9 < A +€g?! for almost all z € Q. (25)
Using (24)), we can define the Carathéodory function 3(z, z) as follows:

[;\1 + 6]@1 (Z)p_l ifx < 1 (Z),
B(z,x) = [Ar + €e]lzP? if §1(2) < z < ux(2), (26)
AL+ ur(z)P~t if un(z) < z.

We set B(z,z) fo (2,8)ds and consider the C''-functional o : W, ?(Q) — R
defined by

1
o(u) = =[|Dul|h — / B(z,u)dz for all u € WyP(Q).
p Q

From (26)) it is clear that o(-) is coercive. Also, it is sequentially weakly lower
semicontinuous. So, we can find @ € W, () such that

o(@) = inf{o(u) : u € Wy (Q)},
= o'(u) =0, (27)

= (A(ﬂ),h}z/ﬂﬁ(z,ﬂ)hdz for all h € WyP(Q).
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In (@7) we first choose h = (§1 — )" € W, *(2). Then
(A, = 0)) = [ o+ it 1= )"z (see @)
> (A(§1), (51 —a)™) (see @3)),

= 71 < 4.

Also, in (@1) we choose h = (7 — uy)t € W, P(Q). Then

(Au), (u—ux)™) = / A+ eul ™ (@ — uy)Tdz (see (Z0))

Q
< (Aun), (@ — ux) ") (see [Z3)),
= U < uy.

So, we have proved that

€ [f1,un]- (28)
It follows from 24]), 27) and ([28) that

—Ayii(z) = [A 4 €a(z)P"'  for almost all z € Q, u|pq =0,
= @ € C3(Q) must be nodal, a contradiction (see [28)).

Therefore, we have \* < A < +oo. O

Next, we show that the critical parameter \* > 0 is admissible.

Proposition 12. If hypotheses H(f) hold, then \* € L.

Proof. Let {A\,}n>1 C (0,\*) and assume that A\, — (A*)” as n — co. We can
find u, = uyx, €Sy, CintCL for all n € N. Then

(A(un), b = / Dot + f(zun)Jhdz for all h € WAP(A), alln €N, (29)
Q

Suppose that |lu,|| — co. We set y,, = m n € N. Then |lyn|| = 1,y > 0 for
all n € N. So, we may assume that

Yn <>y in WeP(Q) and gy, — y in LP(2) as n — oo. (30)
From (2Z9) we have
An - Nf(un) 1,
<A(y’ﬂ)’h> = /Q |:|un||p+,>,1 ynv + Hun”pfl hdz for all h € WO p(Q), n € N.

(31)
Hypotheses H(f)(i),(il) imply that
If(z,2)| < cz[1+aP™!] for almost all z € Q, all >0, and some c7 > 0.
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This growth condition implies that

{M}M ¢ 17 (Q) is bounded. (32)

[[n [P~

Then [B2) and hypothesis H(f)(ii) imply that at least for a subsequence, we
have

‘ﬁf(‘r;ﬁ)l Lono(2)yP~t in LP () as n — oo,

with n < no(z) <7 for almost all z €
(see Aizicovici et al. [I], proof of Proposition 16). (33)

In @) we choose h = 1y, — y € W, P(Q), pass to the limit as n — oo, and use

B0) and (B2)). Then
= yn — y in Wy P(Q) (see Proposition B)), hence [jy|| =1, y>0. (34)

Therefore, if in (31) we pass to the limit as n — oo and use (B34]) and (B3]), then

(A(y), h) = /Q n0(2)y?"thdz  for all h € W, *(9),

1 for almost all z € Q, ylaq = 0. (35)

= —Ayy(z) = m(2)y(2)""
Since n < mo(z) < 7 for almost all z € Q2 (see (33)), using Proposition[] we have
M(mo) < M) < Mi(Ar) = 1.

So, from (B3] and since |ly|| = 1 (see B4)), it follows that y must be nodal, a
contradiction (see ([B4])). Therefore,

{tn }n>1 € Wy P(Q) is bounded.
Hence, we may assume that
U~ u* in Wy P(Q) and  w, — u*  in LP() as n — oo. (36)

On account of Proposition[d the sequence {uy, },>1 is bounded below. Therefore,
u* # 0. Also, we have

0< (u*)™ <u,”<u;”eLF(Q) forallneN. (37)
From (Bd) and by passing to a subsequence if necessary, we can say that
un(2)”Y — u*(2)”Y for almost all z € Q. (38)

From B7), (38) and Problem 1.19 of Gasinski and Papageorgiou [4], we have

that
u? Y ()77 in LP(Q) as n — oo. (39)

n
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If in 29) we choose h = u,, — u* € W,"P(2), pass to the limit as n — oo and
use [B7) and the fact that {N;(u,)}n>1 € L¥ () is bounded, then

lim (A(up), u, —u*) =0,

= u, — u* in Wy (Q) (see Proposition ). (40)

Finally, in (29]) we pass to the limit as n — oo and use (39) and {@0Q). We obtain

(A(u*), h) = / N (u*)™Y + f(z,u*)]hdz  for all h € W, (Q),
Q
= u €S CintCy and N €L

This completes the proof. O

We have proved that
L =(0,\"].

Proposition 13. If hypotheses H(f) hold and N\ € (0,\*), then problem (Py)
admits at least two positive solutions

Uy, Uy € int C+, Uy —uy € O+\{0}

Proof. Let u* € Sy~ C int Cy (see Proposition 12). Invoking Proposition [I0] we
can find uy € S\ C int C; such that

u' —uy € intCy. (41)
We consider the Carathéodory function 7)(z, z) defined by

Auy(2)77 + f(zun(z)) if 2 <wun(z),
Ta(z,2) =

(42)
Az + f(z,2) if ux(z) < x.

Recall that u)” € LP (Q) (see the proof of Proposition [§). We set Th(z,z) =

“ (2, s)ds and consider the functional @y : WEP(Q) — R defined by
0 ¥ 0

1
oa(u) = ;HDqu — /QT,\(z,u)dz for all u € W, P ().

We know that ¢y € CH(W,P(Q)). Let Kz, = {u € WyP(Q) : ¢h(u) = 0} (the
critical set of @y). Also, for u € WyP(Q2), we set

[u) = {v e WHP(Q) : u(z) < v(z) for almost all z € Q}.
Claim 1. Ktp} - [U)\) Nint Cy..
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Let u € Kz,. We have

(A(u), h) = /QT,\(z,u)hdz for all h € W, (). (43)

We choose h = (uy —u)* € W, P(92). Then
(A, (=) = [ D™+ el ar )z (see ED)
A
= (A(uy), (uy —u)™) (since uy € Sy),
= uy <u. (44)
From (42), (@3) and ({@4), we obtain

(A(u), h) = /Q[Au—7 + f(z,u)hdz for all h € WyP(Q),

= u €Sy CintCy and uy < wu,
= w € [uy) Nint C4.

This proves Claim [
Note that uy € Kz,. We may assume that

Ky Nux, u™] = {un}, (45)

or otherwise we already have a second positive smooth solution for problem (Py))
(see [@2)) and so we are done.
We introduce the following Carathéodory function:

- {7')\(2,:17) if & <wu*(z),

™ (z,u*(2)) ifu*(z) < z. (46)

(z,x

We set Th(z, ) = Jo (2, s)ds and consider the C''-functional ¢y : WP(Q) —
R defined by

P (u) = %Hpung — /QT}(z,u)dz for all u € W, " ().
This functional is coercive (see (@) and sequentially weakly lower semicontin-
uous. Hence, we can find @y € W,**(€2) such that
Pa(in) = mf{@a(u) : u € Wy P ()},
= P\(un) =0, (47)

=S (A(ﬁx),h):/ﬁ(z,a,\)hdz for all h € WyP().
Q

In @) we choose h = (uy —ix)T € Wy P(Q) and h = (@y — u*)t € Wy P(Q)
and obtain that

Uy € [uy, u*]. (48)
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From ({Q), 1), (48)) we infer that
ay € Kg, N[uy,u’],
= ) = u) (see ([@Q)).
From ([@2) and (@G it is clear that
&alio,ur] = @aljo,u*]-
Also, uy is a minimizer of ¢y. Since u* —uy € int C (see I)), it follows that:
uy is a local Cj(Q) — minimizer of Py,
= uy is a local W, *(€2) — minimizer of @y. (49)
(see Motreanu et al. [I5, Theorem 12.18, p. 409]).

We assume that K, is finite or otherwise on account of Claim [ we already
have an infinity of positive smooth solutions for problem (Py]) bigger than u, and
so we are done. Because of (@), we can find p € (0,1) small such that

@a(ur) <inf{@a(u) : lu —uarll = p} = ma
(see Aizicovici et al. [I], proof of Proposition 29). (50)
Hypothesis H(f)(ii) implies that
oa(tiy) — —o0  as t — +oo. (51)
Claim 2. @) satisfies the C-condition.
Let {un}n>1 C Wol’p(Q) such that {@x(un)}n>1 € R is bounded and
(1 + [funl @A (n) — 0 in WP (Q) = Wy P(Q)* as n — oo,

‘We have

Q

‘<A(un),h>/7')\(z,un)hdz

enl|h]

—i—— for all h € WyP(Q), with &, — 0F. 2
= T ] or all h € W,"(Q), withe,, =0 (52)
We choose h = —u; € Wy?(Q) in (52) and also use [@Z). Then

|Du,, ||2 < esl|u, || for some cg >0, and all n € N,

5
= {uy o1 C Wy P(Q) is bounded. (53)

Suppose that ||u}] — co and let y, = % n € N. Then ||y,|| = 1,y, > 0 for

Tt
all n € N. So, we may assume that

Yyn >y in WyP(Q) and g, —yin LP(Q), y>0. (54)
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From (52) and (B3)), we have

NTA (Uﬁ) ’ 1,p . /
(A(yn), by — thz <e||h|| for all h € WyP(Q), with e, — 0.
Q |[Un |7
(55)
From ([@2) and hypothesis H(f)(ii), we have
NT u;"l_ w 1 - /
Pl () in L7(9) as 0 — o (56)

with n <np(z) <7 for almost all z € Q(see [B3I)).
In (B5) we choose h =y, —y € WOI’p(Q) and pass to the limit as n — oo. Then

= yn — y in WyP(Q) (see Proposition B), hence ||y| =1,y > 0. (57)

Then passing to the limit as n — oo in (B5)) and using (B6) and (57), we obtain

(A(y),h) = /Qno(z)yp_lhdz for all h € WyP(Q),

1

= —Ayy(z) = no(2)y(2)?~" for almost all z € Q, ylag = 0. (58)

As before, using Proposition @l we have

M(mo) < Mi(n) < M(h) =1,
=y must be nodal (see (B8), (B1)), a contradiction (see (57)).

This proves that {u;},>1 € Wy?(Q) is bounded. Hence,
{tn}n>1 € WyP(Q) is bounded (see (53)).
So, we may assume that
Up 5 win WyP(Q) and  u, — uin LP(Q) as n — oc. (59)

In (B2) we choose h = u, —u € Wy(R2), pass to the limit as n — oo and use

(E9). Then
lim (A(up), tu, —u) =0,
= u, — u in WyP(Q) (see Proposition [).

This proves Claim
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On account of (B0), (5I) and Claim 2] we can apply Theorem [ (the mountain
pass theorem) and find @, € W, *(Q) such that
Uy € Kp, C [uy) Nint Cy (see Claim [II),
mx < @a(ty) (see @), hence iy # uy.
Therefore @y € int C; is the second positive solution of (Py]) and
Uy —uy € C+\{O}.
The proof is now complete. O
Therefore, we have also proved Theorem A, which is the main result of this
paper.

Remark 2. An interesting open problem is whether there is such a bifurcation-type
theorem for resonant problems, that is,

\; < liminf f(z’gf) < lim sup f(z’gf)

z—+oco P z—+oo I

< 1) uniformly for almost all z € Q

or even for the nonuniformly nonresonant problems, that is,

n(z) < timinf L2 < jimgup £

r——+oo gxP— rz—+4oco ITFT

with n € L () such that

< 7 uniformly for almost all z € Q

A <n(z) for almost all z € Q, 7 # A

In both cases it seems to be difficult to show that \* < oco. Additional conditions
on f(z,-) might be needed.
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