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Abstract: We study two classes of nonhomogeneous elliptic problems with Dirichlet boundary condition and
involving a fourth-order differential operator with variable exponent and power-type nonlinearities. The first
result of this paper establishes the existence of a nontrivial weak solution in the case of a small perturbation
of the right-hand side. The proof combines variational methods, including the Ekeland variational principle
and the mountain pass theorem of Ambrosetti and Rabinowitz. Next we consider a very related eigenvalue
problem and we prove the existence of nontrivial weak solutions for large values of the parameter. The direct
method of the calculus of variations, estimates of the levels of the associated energy functional and basic
properties of the Lebesgue and Sobolev spaces with variable exponent have an important role in our argu-
ments.
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1 Introduction

In a pioneering paper, A. Ambrosetti, H. Brezis and G. Cerami [1] initiated the qualitative analysis of semi-
linear Dirichlet elliptic problems that involve concave and convex nonlinearities. They proved several exis-
tence, multiplicity and nonexistence results and developed powerful topological and variational methods
for the study of such nonlinear problems. In particular, they studied the effects of small perturbations for
the existence of solutions. In [13, 17] related existence results are established in the case of elliptic prob-
lems with variable exponents and Dirichlet boundary condition (see [26, 28] for further developments and
related properties). The main purpose of this paper is to complete the results of L. Kong [13] and to prove
the existence of a family of eigenvalues in a neighborhood of the origin. We also refer to the related papers
[10, 18, 27, 29, 30]. Additional results on higher-order problems or nonlinear partial differential equations
with variable exponent can be found in the papers by G. Autuori, F. Colasuonno and P. Pucci [3], Z. Chen [5],
F. Colasuonno and P. Pucci [6], A. Kratohvil and I. Necas [14], V. Lubyshev [16], P. Pucci and Q. Zhang [24].
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Let Q ¢ RN be a bounded domain with smooth boundary. Consider the following nonhomogeneous
eigenvalue problem:

Ayt = Alul0-2y, xeQ,

{ poot = Alu (1.1)

u:O’ XEGQ,

where p, q : Q — R are continuous functions and Apx) denotes the p(x)-Laplace operator, which is defined
by
Apott = div(|VuPO=2vu).

Problem (1.1) is studied in [17] (see also [28, Section 2.3.1]) in a subcritical setting under the basic as-

sumption
1 <ming(x) < minp(x) < max q(x).
xeQ xeQ xeQ

Under this hypothesis, the main result in [17] establishes that there exists A* > 0 such that problem (1.1)
has at least one nontrivial solution for all A € (0, A*). Since the associated energy functional does not have a
mountain pass geometry (see A. Ambrosetti and P. Rabinowitz [2]), the proof relies essentially on the Ekeland
variational principle, see [9]. We point out that the original proof of the mountain pass theorem is based on
several powerful deformation techniques developed by R. Palais and S. Smale [20, 21], who developed the
main ideas of the Morse theory in the abstract framework of differential topology on infinite-dimensional
Riemann manifolds. A simpler proof of the mountain pass theorem is due to H. Brezis and L. Nirenberg [4],
who used a pseudo-gradient lemma, a perturbation argument and the Ekeland variational principle.

The study initiated in [17, 28] was continued by L. Kong [13] in the framework of the p(x)-biharmonic
operator Af?(x), namely

A it i= A(AUPD =2 Aw).
Consider the fourth-order nonlinear elliptic equation with variable exponent and Dirichlet boundary con-
dition
1A§<x)“ +a(OulPW2u = Aw()f(u), xeQ, (1.2)

u=Au=0, x € 0Q,

where a(x) and w(x) are nonnegative potentials and the nonlinear term f behaves like
fw) = [P — w0,
where y, > 1 are continuous functions, and we assume the basic hypothesis
y(x) < B(x) < p(x) forallx e Q. (1.3)

The main result in [13] asserts that there exists A* > 0 such that problem (1.2) has at least one nontrivial
solution for all A € (0, A*).

In the present paper, we establish several existence results for problems related to (1.2) but under some
basic assumptions different from (1.3).

We consider the nonlinear problem

(1.4)

A;(X)u + aluPO-2y = A(uPO2 — upO2y, xeQ,
u=Au=0, X €0Q,

where A is a positive parameter and a > 0. Under two different assumptions, we show that problem (1.4) has
at least one nontrivial solution if the positive parameter A is small enough. The proof relies on the Ekeland
variational principle and the mountain pass theorem. We refer to J. Garcia Azorero and I. Peral Alonso [11]
who applied the mountain pass theorem to obtain the existence of a nodal (that is, sign-changing) solution
in a related quasilinear setting.
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The situation changes if we consider a problem very close to (1.4). Let us consider the following eigen-
value nonlinear Dirichlet problem:

(1.5)

Aot + alulP2u = Aju ™2 — ulf®-2y, xeQ,
u=Au=0, x € 0Q.

In this case, we establish a sufficient condition for the existence of nontrivial solutions provided that the
parameter A is large enough. The proof is based on the direct method of the calculus of variations.

In Section 2 we recall some basic definitions and properties concerning the basic function spaces with
variable exponent. We refer to the recent monographs of L. Diening, P. Hasto, P. Harjulehto and M. Ruzicka
[8] and V. Radulescu and D. Repovs [28] for related properties of Lebesgue and Sobolev spaces with variable
exponents. The main results are stated in Section 3 of this paper. Final comments and some open problems
are given in Section 4.

2 Function Spaces with Variable Exponent

Consider the set
C.(Q) = {p € C(Q); p(x) > 1forall x € Q}.

Forallp € C, (Q) we define
p"=suppx) and p = in(f)p(x).
Xe

xeQ

For any p € C,(Q), we define the variable exponent Lebesgue space
LPO(Q) = {u; u is measurable and J lu(x)PX dx < oo}.
Q
This vector space is a Banach space if it is endowed with the Luxemburg norm, which is defined by

U(X) p(x)

[ulp = inf{y > 0; ”T
Q

dx < 1}.

The function space LP™(Q) is reflexive if and only if 1 < p~ < p* < co. Continuous functions with compact
support are dense in LPX(Q) if p* < co.

Let LI®(Q) denote the conjugate space of LP®(Q), where 1/p(x) + 1/q(x) = 1. If u € LP®(Q) and
v € L19(Q), then the following Hélder-type inequality holds:

1 1
{é[ uv dx| < <I? + q—_)lulp(x)|vlq(x)-

Moreover, if p; € C.(Q)(=1,2,3)and

SRS S S
pi(x)  pa(x) ps(x)

then, for all u € LP1®)(Q), v € LP20(Q), w € LP:®)(Q),

1 1 1
| uvw dx' < <—_ +—+ __)lulpl(x)h/lpz(x)|W|p3(X)'
a b, DP, D3

The inclusion between Lebesgue spaces also generalizes the classical framework, namely if 0 < |Q| < co
and p1, p, are variable exponents so that p; < p, in Q, then there exists the continuous embedding

LPZ(X)(Q) — LP1(X)(Q).
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If k is a positive integer number and p € C,(Q), we define the variable exponent Sobolev space by
WkPO(Q) = {u € LPY(Q); D% e LPX(Q) for all |a| < k}.
Here a = (aq, ..., ay) is a multi-index, |a| = Zﬁl a; and

olaly

aq ay *
0T oW

D%u =

On WkPM(Q) we consider the norm

Il poy = Y, 1D ulpey.

lal<k

Then W*P®(Q) is a reflexive and separable Banach space. Let Wg’p Q) denote the closure of CP(Q) in
WhrX(Q).
Consider the function space E defined by

E = Wé,p(x)(Q) n WZ,p(X)(Q).
Then E is a separable and reflexive Banach space if it is equipped with the norm
lulle = lulle,peo + lull2,peo -

The norms |lu g and |Aulp(x) are equivalent (cf. [13, p. 251]).
If a is a positive number, define, forall u € E,

lulla = inf{/l > 0; m%
A
Q

p(x) u
val%

1 pm)dx < 1}.

Then |Jull, is well-defined and it is a norm which is equivalent with the norms |lu|g and |Auly) in E.
Let o4 : E — R be the modular function defined by

0q(u) = J (|AuP® + aluPW) dx.
Q

If (uy), u € E, then the following properties are true:

lule >1 = Julh <oa) < ulf, (2.1)
lule <1 = Julh <oa < lulf, (2.2)

lup —ulg -0 &  @q(un—u) — 0.
Let p*(x) denote the critical Sobolev exponent, namely

200 = Ngods  if2p(0) <N,
+00 if 2p(x) > N.

We point out thatif p, g € C,(Q)and g(x) < p*(x) forall x € Q, then the embedding E — LI™(Q) is compact,
see [13, Proposition 1.3].

The variable exponent Lebesgue and Sobolev spaces are generalizations of the classical Lebesgue and
Sobolev spaces, replacing the constant exponent p with an exponent function p(-). These spaces have been
the subject of constant interest since the beginning of the 20th century both as function spaces with intrin-
sic interest and for their applications to problems arising in nonlinear partial differential equations and the
calculus of variations. We refer to the monographs [7, 8, 28] for related properties of these spaces and their
history.
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3 The Main Results and Related Properties

We say that A is an eigenvalue of problem (1.4) if there exists u € E \ {0} such that, forall v € E,

j [AuPO2AuAvdx + a J [uPO=2yvdx = A J(Iuly(")‘zuv — [ulfO2yy)dx.
Q Q Q

If A is an eigenvalue of problem (1.4), the corresponding function u € E \ {0} is a weak solution of problem
(1.4).
We study problem (1.4) under one of the following hypotheses:

1 < y(x) < min{p(x), B(x)} < max{p(x), B(x)} < p*(x) forallx e Q (3.1)

or
1 < min{p(x), B(x)} < max{p(x), B(x)} < y(x) < p*(x) forallx € Q. (3.2)

The energy functional associated to problem (1.4) is defined as

(Y@ |y P

W—W dx forallueE.

enu) = J I%(muv’(") T auP@)dx - A ”
Q Q

Hypothesis (3.1) implies that & is well-defined, of class C*, and

(&), v) = J(IAqu(X)‘ZAuAV + alulPY2uv)dx - A J(Iul”(")‘2 — [ulf®2)uvdx forallv e E.
Q Q

The first result of this paper is the following.

Theorem 3.1. Assume that one of the hypotheses (3.1) or (3.2) is satisfied. Then there exists a positive number
A* such that for all A € (0, A*) problem (1.4) has at least one nontrivial weak solution.

We are then concerned with the study of problem (1.5). We say that A is an eigenvalue of problem (1.5) if there
exists u € E \ {0} such that

I [AulPPO2AuAvdx + a J PO 2yvdx = A J [uY®2yvdx - I [ulP®-2yvdx forallv € E.
Q Q Q Q

Theorem 3.2. Assume that the hypothesis (3.1) is satisfied. Then there exists a positive number A** such that
forall A € (A**, 0o) problem (1.5) has at least one nontrivial weak solution.

We point out that hypothesis (3.1) implies that problem (1.4) does not have a mountain pass geometry. More
precisely, €, satisfies one of the geometric hypotheses of the mountain pass theorem, namely the existence of
a “mountain” between two prescribed “villages”. However, the second geometric assumption of the mountain
pass theorem is not fulfilled because this “valley” is close to the first “village” and not across the chain of
mountains, as requested by the mountain pass theorem. For this reason the existence of the solution follows
with different arguments and only for small perturbations (in terms of A). An interesting open problem is to
provide a complete description for all values of the positive parameter A.

We remark that Theorem 3.1 establishes a property related to [13, Theorem 2.1]. However, our result is
based on the assumption (3.1), which is more general than the corresponding hypothesis (2.1) in [13].

The proofs of Theorems 3.1 and 3.2 use some ideas developed in [17, 27, 28] in the framework of p(x)-
Laplace operators and extended in [13] to biharmonic operators with variable exponent.

3.1 Existence of a Mountain and a Village

We are first concerned with the proof of Theorem 3.1 if the hypothesis (3.1) is fulfilled.
We have £,(0) = 0. We first establish the following auxiliary property.
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Lemma 3.3. There exists a positive number A* such that for all A € (0, A*) there are positive numbers r and n
such that Ex(u) > r for all u € E with |u| = n.

Proof. We observe that

) > i+ J(lAulp(") +alulP™)dx - 1_ J [ul"®dx + 4 j lulP®dx
p y B
Q Q Q
1 A A
= Fga(u) “ j lu@dx + 5 J [ulP® dx
Q Q
> I%Qa(u) - J |ul"™ dx.

Q
Fix n € (0, 1) and assume that |Ju|g = . Using relation (2.2), we obtain

1 + A
eaw) > —fully - - [ .
p 4

Q

Since the embedding E — LY®(Q) is continuous, there exists C; > O such that

+

Exw) > Sl - Al = - —ACinY forallu € E

A(u) 2 FllullE - ACi|uly = S ~Aem’ forallueE.
Now, taking A* sufficiently small, we deduce that for all A € (0, A*) there exists r > 0 such €,(u) > r for
all u € E with |ulg = 1. O

Next, we establish the existence of a valley near the origin.
Lemma 3.4. Thereexistv € E and to > 0 such that E,(tv) < O forall t € (0, ty).

Proof. Fixv € E\ {0} such that v > 0. Forall t € (0, 1) we have

P U] B0
Exty) = J ——(IAvIP@ + avPW)dx — AJ ——Wdx + AJ —— PO dx
! I ) y() Bk
Q Q
P " th
< —0a(v) - A— J VOdx + A— I vP®dx
p y B
Q
= Cltpi + Cztﬁi - C3ty+,
where C1, C5, C3 are positive numbers.
Using hypothesis (3.1), we deduce that €,(tv) < 0, provided that ¢ > 0 is sufficiently small. O

3.2 A Compactness Condition Versus a Variational Principle

We recall that a sequence (uy,) ¢ E is a Palais—Smale sequence if
Ei(un) = 0(1) and [|I€}(u)llp- = 0(1) asn — oo.

Since the right-hand side of equation (1.4) does not satisfy the Ambrosetti-Rabinowitz condition, we
cannot deduce that £, satisfies the Palais—Smale condition, that is, any Palais—Smale sequence is relatively
compact. However, we prove in what follows that there is a suitable bounded Palais—Smale sequence that
contains a strongly convergent subsequence.

Returning to Lemma 3.3, we have

inf Ex(u)>r>0, (3.3)
ueoB

where
B:={u € E; |lulq < n}.
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By Lemma 3.4, there exists v € E such that
Er(tv) < 0 forall £ > 0 small enough. (3.4)

Set

m := inf &) (u).
ueB

Then m is finite and using relation (3.4), we deduce that m < 0. By (3.3) it follows that
inf &j(u) —inf Ex(u) > O.
ucoB ueB

Fix € > 0 such that

e < inf & (u) —inf Ex(u).
ueoB ueB

The functional &, restricted to the complete metric space B satisfies the hypotheses of the Ekeland variational
principle. A straightforward computation as in [28, pp. 46—47] shows that there exists a bounded sequence
(un) ¢ B such that

Exup) >m and &) (up)llg- >0 asn — co. (3.5)

So, up to a subsequence, we can assume that
U, — ug Iink,
U, - up in LY®(Q),
Up > uo in LE®(Q).
We claim that, in fact,
Up — ug IinkE.

Using the second information in relation (3.5), we deduce that, for all ¢ € E,

j[munWHAunA(un ~uo) + alun Py (uy — o)) dx
Q
-A J(|un|y(X)—2 — [unlPP2)up (uy - up)dx — 0 asn — co.
Q

By [13, Lemma 2.1 (b)], the operator & }l : E — E* isan operator of type (S, ). Thus we obtain that u, — ug
in E, which is our claim. So, by (3.5),

Ex(up) =m <0 and &(up) =0.

We conclude that ug is a nontrivial weak solution of problem (1.4). Thus each A € (0, 1*) is an eigenvalue of
problem (1.4). The proof of Theorem 3.1 is now complete, provided that hypothesis (3.1) is fulfilled.

We are now concerned with the related property if condition (3.2) is satisfied. We first observe that under
this new hypothesis, the conclusion of Lemma 3.3 remains true. Next, since condition (3.2) implies that the
dominating term in the right-hand side of problem (1.4) is [u[*®~2u, we prove in what follows the existence
of a valley across the chain of mountains.

Lemma 3.5. Thereexistv € E and to > 0 such that E,(tv) < O forall t > to.

Proof. Fixv € E\ {0} such that v > 0. By (2.1) we deduce that for all t > 1 we have

px) tyx) B0
Ex(tv) = J ——(1AVIPX + avPD)dx - AJ —— v Wx + )lj ———vP™ax
A 2 p(X)(I | ) 2 Y™ 2B

" " tF
< —0qa(V) - A— I VWOdx + A— Jvﬂ(x)dx
p_ Qa( ) y+ ) ﬁ_

= Cyt? + CstP" — Cot””,

where C4, Cs, Cg are positive numbers.
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Using hypothesis (3.1), we have y~ > max{p~, 8*}. It follows that &,(tv) < 0, provided that t > 0 is suffi-
ciently large. O

3.3 Verification of the Palais—Smale Condition

We recall that the energy functional £, : E — R satisfies the Palais—Smale condition if any sequence (u,) c E
such that
Er(un) =0(1) and €} (un)le- = 0(1) asn— oo, (3.6)

is relatively compact.

Let (u,) c E be a sequence such that relation (3.6) is fulfilled.

We claim that (u,) is bounded in E.

Arguing by contradiction, we suppose that the sequence (u,) is unbounded in E. Without loss of gener-
ality, we can assume that |u,|; > 1 for all n > 1. Using relation (3.6), we have

1
0(1) + o(llunll) = Eaun) - F(Eﬁ(un), Un)
Iunly(" ~ Jupf™

y(x) B(x)

J (1X)(|Aun|p("+a|unlp(’())dx A

Q
1 A
—y—j(munw@‘ + alunP%)dx - y—j 7 — [P dlx
Q

By relation (2.1) we deduce that
1
0(1) + o(llunl) = Ealun) - y__<851(un)a Up)

1 1
> (F _ y-)i(munv’ + alunl? )dx

+A(~!<B(l) = >|un|ﬁx)dx+/1([<y—_—%)lunly(x)dx.

Using now the hypothesis (3.2), we conclude that

1 1 -
0(1) + o(lunl) = (— - F)uunuﬁ asn — co.

p+
Since y~ > p*, it follows that
lunlla = 0(1) asn — oo.

This shows that (u,) is bounded in E, thus our claim. So, up to a subsequence, we can assume that

Up, — up IinkE,

up — up in LYY(Q),

U, — up in LE®(Q).
We show in what follows that

u, - ug inkE.

Using the second information in relation (3.6), we deduce that forall ¢ € E

J[IAunlp(")_zAunAtp + alun PP 2u, ) dx
Q
-A J(lunly(x)_2 — [unP¥"2)uppdx - 0 asn — co.
Q
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With the same arguments as in the first case and since £ j\ : E — E*isan operator of type (S, ), we conclude
that u, — ug in E, which shows that the Palais—Smale condition is satisfied. At this stage it is enough to
apply the mountain pass theorem in order to obtain a nontrivial weak solution of problem (1.4) forall A > 0,
provided that the condition (3.2) is satisfied.

The proof of Theorem 3.1 is complete.

3.4 Proof of Theorem 3.2
The energy functional associated to problem (1.5) is defined as

L
p(x)

(1AuP™ + alulP™)dx —/IJ de + J de forallu ¢ E.
y(x) B(x)

Q Q

9au) = j
Q

We show that J, is coercive, namely
dau) — +oo  as|lullg — oo.
Indeed, for all u € E with ||ull; > 1 we have
1 - - A 1
9aw > — [(dur” + alul yax- 2= [ e+ o [ uf®ax
p y B
Q Q Q
1 - A
>l - 2 [
p 4 a

1 - cA +
p y
> —ully - —lulla ,
4

where c is the best constant of the continuous embedding E < LY®(Q). By hypothesis (3.1) we have p~ > y*,
which infers that the energy functional J, is coercive.
Let (v,) be a minimizing sequence of the functional J, in E. Since g, is coercive, we deduce that (v,) is a
bounded sequence. So, up to a subsequence, we can assume that
Vn — Vo InkE,
Vi — Vo in LYW(Q),
Vn — Vo in LEX¥(Q).
Using now the lower semicontinuity of J, (see [13, Lemma 2.1 (a)]), we deduce that v is a global minimizer
of J) on E. It remains to prove that vy # 0. We have J,(0) = 0. Thus it is enough to show that
inf{Ja(v); v € E} <0 for A big enough.
Indeed, let us consider the following constrained minimization problem:
|w|B)
Bx)

1
s P p(x)
A** = inf {(J; 200 (IAWPPY + alw[P™)dx + J s

y(x)
dx; w € E and J’ wl dx = 1}. 3.7)
) )

If (wy,) ¢ E is an arbitrary minimizing sequence of problem (3.7) then (w,) is bounded. Thus, up to subse-
quence, (w,) converges weakly in E and strongly in LY™®(Q) and LE®(Q) to some wy satisfying

y(x)
J [wol dx - 1
y(x)

and B(x)

1 [wo [P

A** =J— Awo [P + alwoPX dx+J—dx>O.
p(X) (l 0| | 0| ) ) B(X)

We conclude that

Iawg) =A"* =A< 0 forallA > A",

hence wy is a nontrivial weak solution of problem (1.5). The proof of Theorem 3.2 is complete.
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4 Final Comments

The analysis of the proofs of Theorems 3.1 and 3.2 shows that the results remain true if the left-hand side of
problems (1.4) and (1.5) is replaced with

AZ

SNTE alulPO-2y,

where a is a real number such that the operator Af,(x) u + a|ulP®-2y is coercive in E, hence there is some C > 0
such that, forall u € E,

J(lAulp(") + alulP)dx > Coa(u).

Q

Even more, we expect that the results established in this paper are true for more general operators, say Leray—
Lions operators with variable exponents. We refer here to the pioneering paper of J. Leray and J.-L. Lions [15].

The existence properties established in Theorems 3.1 and 3.2 remain valid if the bounded domain Q is re-
placed with an unbounded domain with boundary 0Q. In such a case local arguments are used, see F. Gazzola
and V. Radulescu [12, p. 59].

We point out that the results of this paper can be extended in a nonsmooth multi-valued setting, namely
under weaker assumptions on the right-hand side of problems (1.4) and (1.5), which imply that the associated
energy functionals are no longer of class C!. This corresponds to variational-hemivariational inequalities. We
refer to D. Motreanu and V. Radulescu [19] for a related inequality problem.

Problems (1.4) and (1.5) have been studied in this paper in the subcritical case, which corresponds to
the basic assumption that the growth of the variable exponents f, y and p is inferior than the critical expo-
nent p*(x) for all x € Q. This hypothesis is crucial in order to ensure related compact embeddings of E into
Lebesgue spaces with variable exponent. A very interesting open problem is to study problems (1.4) and (1.5)
in the following almost critical setting: there exists xo € Q such that

max{p(x), f(x), y()} < p*(x) forallx € Q\{xo} and max{p(xo), B(Xo),y(X0)} =p"(x0).

We believe that a very interesting research subject is to study problems (1.4) and (1.5) if the biharmonic
operator with variable exponent Af,(x)u is replaced by an operator with several variable exponents, for in-
stance

A((|AulPr®=2 4 |AuP20-2)Ay).

We conclude with a very interesting open problem concerning (1.4) under the hypothesis (3.2). We have
applied in our proof the standard mountain pass theorem of A. Ambrosetti and P. Rabinowitz [2]. This pioneer-
ing result corresponds to mountains of positive altitude. The degenerate case is associated with mountains of
zero altitude and was established by P. Pucci and J. Serrin [22, 23] (see also Radulescu [25] for an overview
of these results). We suggest to formulate the optimal assumptions for the right-hand side of equation (1.4)
in order to study this problem in the degenerate case of mountains of zero altitude.

Funding: This project was funded by the National Plan of Sciences, Technology and Innovation (MAARIFAH),
King Abdulaziz City for Sciences and Technology, Kingdom of Saudi Arabia (12-MAT2912-02).
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