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Abstract

We are concerned with the Lane–Emden–Fowler equation−�u= λf (u)+ a(x)g(u) inΩ, subject to the Dirichlet boundar
conditionu = 0 on∂Ω, whereΩ ⊂ R

N is a smooth bounded domain,λ is a positive parameter,a :Ω → [0,∞) is a Hölder
function, andf is a positive nondecreasing continuous function such thatf (s)/s is nonincreasing in(0,∞). The singular
character of the problem is given by the nonlinearityg which is assumed to be unbounded around the origin. In this Not
discuss the existence and the uniqueness of a positive solution of this problem and we also describe the precise de
this solution near the boundary. The proofs rely essentially on the maximum principle and on elliptic estimates.To cite this
article: M. Ghergu, V.D. Rădulescu, C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Bifurcation et analyse asymptotique pour l’équation de Lane–Emden–Fowler. On considère l’équation de Lane–Emde
Fowler−�u = λf (u)+ a(x)g(u) dansΩ avec une condition de Dirichletu = 0 sur∂Ω, oùΩ ⊂ R

N est un domaine born
régulier,λ est un paramètre positif,a :Ω → [0,∞) est une fonction de Hölder etf est une fonction continue, positive
croissante telle que l’applicationf (s)/s soit décroissante sur(0,∞). Le caractère singulier de ce problème est donné p
nonlinéaritég, qui est non bornée autour de l’origine. Dans cette Note nous étudions l’existence et l’unicité d’une s
positive et nous établissons également son taux de décroissance vers 0 autour du bord. La méthode de démonstratio
le principe du maximum et sur des estimations elliptiques.Pour citer cet article : M. Ghergu, V.D. Rădulescu, C. R. Acad. Sci.
Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Version française abrégée

SoitΩ un domaine borné et régulier deR
N . On considère le problème de Dirichlet suivant, associé à l’équa

de Lane–Emden–Fowler
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−�u= λf (u)+ a(x)g(u) dansΩ,
u > 0 dansΩ,
u= 0 sur∂Ω,

(Pλ)

où λ > 0, a ∈ C0,α(
Ω) et a > 0 dansΩ . On suppose quef ∈ C0,α[0,∞) est une fonction croissante telle q
f > 0 sur(0,∞) et l’application(0,∞) � s �→ f (s)/s soit décroissante. De plus, on suppose queg : (0,∞)→
[0,∞) est une fonction de Hölder décroissante qui satisfait les conditions suivantes :

(g1) lims↘0g(s)= +∞ ;
(g2) il existeC0, η0> 0 etβ ∈ (0,1) tels queg(s)�C0s

−β pour touts ∈ (0, η0) ;
(g3) il existeθ > 0 et t0 � 1 tels queg(ξt)� ξ−θ g(t) pour tousξ ∈ (0,1) et t � t0ξ ;
(g4) l’application(0,∞) � ξ �→Λ(ξ) := limt↘0

g(ξ t)
ξg(t)

est une fonction continue.

On suppose aussi qu’il existeδ0> 0 et une fonction positive croissantek ∈C(0, δ0) tels que

(k1) limd(x)↘0
a(x)
k(d(x))

= c0 ∈ (0,∞), oùd(x) := dist(x, ∂Ω) ;
(k2) limt↘0k(t)g(t)= +∞.

On cherche des solutions du problème (Pλ) dans la classe

E := {
u ∈C2(Ω)∩C1,1−α( 
Ω ); �u ∈L1(Ω)

}
.

Soitm := lims→∞ f (s)/s ∈ [0,∞). On suppose partout dans ce travail quef a une croissance linéaire à l’infin
c’est-à-dire,m> 0. Soitλ1 la première valeur propre de l’opérateur de Laplace dansH 1

0 (Ω).
Le résultat principal de cette Note est le suivant.

Théorème 0.1. Soit λ∗ = λ1/m. Sous les hypothèses précédentes on a

(i) pour tout λ� λ∗, le problème (Pλ) n’a pas de solutions dans la classe E ;
(ii) pour tout 0< λ< λ∗, le problème (Pλ) admet une solution unique uλ ∈ E . De plus, l’application λ �→ uλ est

strictement croissante et limλ↗λ∗ uλ = +∞, uniformément sur les sous-ensembles compacts de Ω ;
(iii) pour tout 0< λ< λ∗, le comportement asymptotique de uλ autour de ∂Ω est donnée par

lim
d(x)↘0

uλ(x)

h(d(x))
= ξ0,

où Λ(ξ0)= c−1
0 et h ∈C2(0, η] ∩C[0, η] (η < δ0) est définie par


h′′(t)= −k(t)g(h) dans(0, η],
h > 0 dans(0, η],
h(0)= 0.

1. Introduction and the main result

Let Ω ⊂ R
N be a smooth bounded domain. Consider the following Dirichlet boundary value problem f

Lane–Emden–Fowler equation


−�u= λf (u)+ a(x)g(u) in Ω,
u > 0 inΩ,
u= 0 on∂Ω,

(Pλ)
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whereλ is a positive parameter, and the variable potentiala(x) satisfiesa ∈C0,α(Ω), anda > 0 inΩ . We assume
thatf ∈ C0,α[0,∞) is a nondecreasing function which is positive on(0,∞) and such that

(f1) the mapping(0,∞) � s �→ f (s)
s

is nonincreasing.

We suppose thatg ∈C0,α(0,∞) is a nonnegative and nonincreasing function which satisfies

(g1) lims↘0g(s)= +∞;
(g2) there existsC0, η0> 0 andβ ∈ (0,1) such thatg(s)� C0s

−β for all s ∈ (0, η0);
(g3) there existsθ > 0 andt0 � 1 such thatg(ξt)� ξ−θ g(t) for all ξ ∈ (0,1) andt � t0ξ;
(g4) the mapping(0,∞) � ξ �→Λ(ξ) := limt↘0

g(ξ t)
ξg(t)

is a continuous function.

The link between the potentiala and the singular nonlinearityg is given by the following assumptions: w
assume that there existsδ0> 0 and a positive nondecreasing functionk ∈ C(0, δ0) such that

(k1) limd(x)↘0
a(x)
k(d(x))

= c0 ∈ (0,∞), whered(x) := dist(x, ∂Ω);
(k2) limt↘0k(t)g(t)= +∞.

Due to the singular character of(Pλ), we cannot expect to find solutions inC2(
Ω) (see [6]). For this purpos
we introduce the class

E := {
u ∈ C2(Ω)∩C1,1−α( 
Ω); �u ∈L1(Ω)

}
.

We first observe that, in view of (f1), there existsm := lims→∞ f (s)/s ∈ [0,∞). This number plays a crucia
role in our analysis. Throughout this paper we shall assume thatf has asymptotically linear growth at infinit
that is,m > 0. Let λ1 be the first eigenvalue of the Laplace operator with the Dirichlet boundary conditio
λ∗ := λ1/m. The main result of this Note is

Theorem 1.1. Assume (f1), (g1)–(g4), (k1)–(k2). The following assertions hold true:

(i) if λ� λ∗, then (Pλ) has no solutions in E;
(ii) if 0< λ< λ∗, then (Pλ) has a unique solution uλ ∈ E which is strictly increasing with respect to λ. Moreover,

limλ↗λ∗ uλ = +∞, uniformly on compact subsets of Ω;
(iii) for any 0< λ< λ∗, the asymptotic behaviour of uλ near ∂Ω is given by

lim
d(x)↘0

uλ(x)

h(d(x))
= ξ0,

where Λ(ξ0)= c−1
0 , and h ∈C2(0, η] ∩C[0, η] (η < δ0) is defined by



h′′(t)= −k(t)g(h) in (0, η],
h > 0 in (0, η],
h(0)= 0.

(1)

We conclude this section with some examples of functionsg andk that fulfill the above assumptions: (i)g(t)=
t−p, k(t)= tq , 0< q < p < 1; (ii) g(t)= ln(1+t )

tp
, k(t)= tq , 0< q < p − 1< 1; (iii) g(t)= 1

ln(1+tp) , k(t)= tq
or k(t)= ln(1+ tq ), 0< q < p < 1; (iv) g(t)= 1

arctantp , k(t)= arctanq t or k(t)= ln(1+ tq), 0< q < p < 1.
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2. Proof of Theorem 1.1

(i) Let φ1> 0 be the first eigenfunction of the Laplace operator inΩ with Dirichlet boundary condition. Arguing
by contradiction, let us suppose that there existsλ� λ∗ such that(Pλ) has a solutionuλ ∈ E . Multiplying by φ1 in
(Pλ) and integrating we find

−
∫
Ω

uλ�φ1 = −
∫
Ω

�uλφ1 = λ
∫
Ω

f (uλ)+
∫
Ω

a(x)g(uλ) > λ

∫
Ω

f (uλ)� λ1

∫
Ω

uλ.

This is clearly a contradiction since−�φ1 = λ1φ1 in Ω. Hence(Pλ) has no solutions inE for λ� λ∗.
(ii) For any 0< λ < λ∗ defineΦλ(x, s)= λf (s)+ a(x)g(s), for all (x, s) ∈ 
Ω × (0,∞). ThenΦλ fulfills the

assumptions in Lemmas 2.2 and 2.3 in [3] (see also [8]). So, with arguments similar to those given in the
Theorem 1.3 in [3], we obtain the existence and the uniqueness of the solutionuλ to problem(Pλ). The regularity
of uλ in the classE follows by Theorem 1 in [4] and using our assumption (g2).

In what follows we shall apply some ideas developed in [7]. Due to the special character of our probl
will be able to prove that, in certain cases,L2-boundedness impliesH 1

0 -boundedness!
Let uλ ∈ E be the unique solution of(Pλ) for λ < λ∗. We prove that limλ↗λ∗ uλ = +∞, uniformly on compact

subsets ofΩ. Suppose the contrary. Since(uλ)λ<λ∗ is a sequence of nonnegative superharmonic functions
by Theorem 4.1.9 in [5], there exists a subsequence of(uλ)λ<λ∗ (still denoted by(uλ)λ<λ∗) which converges in
L1

loc(Ω) to someu∗. The monotonicity ofuλ yields (up to a subsequence)uλ ↗ u∗ a.e. inΩ. We first prove
that (uλ)λ<λ∗ is bounded inL2(Ω). Arguing by contradiction and passing eventually at a subsequence, we
uλ =M(λ)wλ, whereM(λ)= ||uλ||L2(Ω) → ∞ asλ↗ λ∗ andwλ ∈ L2(Ω), ‖wλ‖L2(Ω) = 1. Using (f1), (g2) and
the monotonicity assumption ong, we deduce the existence of some constantsA > m, andB, C, D > 0 such
thatf (t)�At +B, g(t)� Ct−α +D, for all t > 0. This implies 1

M(λ)
(λf (uλ)+ a(x)g(uλ))→ 0 inL1

loc(Ω), so

−�wλ → 0 inL1
loc(Ω).

By definition, the sequence(wλ)λ<λ∗ is bounded inL2(Ω). We claim that(wλ)λ<λ∗ is bounded inH 1
0 (Ω).

Indeed, by the growth assumptions onf andg,∫
Ω

|∇wλ|2 = −
∫
Ω

wλ�wλ = 1

M(λ)

∫
Ω

wλ�uλ = 1

M(λ)

∫
Ω

[
λwλf (uλ)+ a(x)g(uλ)wλ

]

� λ

M(λ)

∫
Ω

wλ(Auλ +B)+ ‖a‖∞
M(λ)

∫
Ω

wλ
(
Cu−α

λ +D) = λA
∫
Ω

w2
λ + ‖a‖∞C

M(λ)1+α

∫
Ω

w1−α
λ

+ λB + ‖a‖∞D
M(λ)

∫
Ω

wλ � λ∗A+ ||a||∞C
M(λ)1+α |Ω |(1+α)/2 + λB + ‖a‖∞D

M(λ)
|Ω |1/2.

It follows that the sequence(wλ)λ<λ∗ is bounded inH 1
0 (Ω), so the claim is proved. So, there existsw ∈H 1

0 (Ω)

such thatwλ ⇀ w weakly inH 1
0 (Ω) andwλ → w strongly inL2(Ω). Thus we obtain thatw ∈H 1

0 (Ω) satisfies
�w = 0 in D′(Ω), which contradicts||wλ||L2(Ω) = 1. Hence(uλ)λ<λ∗ is bounded inL2(Ω), so inL1(Ω).

Next, multiplying byφ1 in (Pλ) we obtain− ∫
Ω
�uλϕ1 = λ ∫

Ω
f (uλ)ϕ1 + ∫

Ω
a(x)g(uλ)ϕ1, for all 0< λ< λ∗.

On the other hand, by (f1) it follows thatf (uλ) � muλ in Ω, for all λ < λ∗. Thus we obtainλ1
∫
Ω
uλϕ1 �

λm
∫
Ω uλϕ1 + ∫

Ω a(x)g(uλ)ϕ1, for all 0< λ < λ∗. Passing to the limit asλ↗ λ∗, we can use the monoton
convergence theorem to getλ1

∫
Ω u

∗ϕ1 � λ1
∫
Ω u

∗ϕ1 + ∫
Ω a(x)g(u

∗)ϕ1. Hence
∫
Ω a(x)g(u

∗)ϕ1 = 0, which is a
contradiction. This shows that limλ↗λ∗ uλ = +∞, uniformly on compact subsets ofΩ.

(iii) We apply in the proof some ideas developed in [1,2]. However, we point out that the framework
present case is different: in [1,2] it is applied Karamata’s regular variation theory in order to establish the asy
behaviour of blow-up boundary solutions, while in what follows we use a direct approach for a Dirichlet bou
value problem with singular nonlinearity. We also mention that the functionh defined in (1) plays a similar role t
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the comparison function that describes the asymptotic behaviour of the blow-up boundary solution in [2]. W
with two auxiliary results.

Lemma 2.1. The function Λ : (0,∞)→ (0,∞) is bijective.

Proof. Notice first that Λ(1/ξ) = 1/Λ(ξ), for any ξ ∈ (0,∞). Taking into account this fact and th
assumption (g4), it is enough to show that limξ↘0Λ(ξ) = ∞, in order to achieve the surjectivity ofΛ. Fix
ξ ∈ (0,1). According to (g3), we haveg(ξ t)

ξg(t)
� ξ−1−θ , for all 0< t � t0ξ. Passing to the limit ast ↘ 0 we obtain

Λ(ξ)� ξ−1−θ . Sinceξ ∈ (0,1) is chosen arbitrarily, we conclude that limξ↘0Λ(ξ)= ∞.
To complete the proof we only need to show thatΛ is decreasing on(0,∞). Fix 0< ξ1< ξ2. So, by (g3),

g(ξ1t)= g
(
ξ1

ξ2
ξ2t

)
�

(
ξ1

ξ2

)−θ
g(ξ2t), for all 0< t � t0

ξ1

ξ2
2

.

Hence

g(ξ1t)

ξ1g(t)
�

(
ξ1

ξ2

)−1−θ
g(ξ2t)

ξ2g(t)
, for all 0< t � t0

ξ1

ξ2
2

.

Letting nowt ↘ 0 we deduce that

Λ(ξ1)�
(
ξ1

ξ2

)−1−θ
Λ(ξ2) > Λ(ξ2),

which concludes our proof.✷
Lemma 2.2. The function h defined in (1) satisfies

(i) h ∈C1[0, η];
(ii) lim t↘0h

′′(t)= −∞.

Proof. (i) Sinceh is concave, we deduce thath′(0+) exists inR ∪ {+∞}. Using now the fact thath > 0 in
(0, η], it follows thath′(0+) > 0. In order to prove thath′(0+) <∞, we have1

2[(h′)2]′(t) = −k(t)g(h(t))h′(t)
in (0, η]. Integrating on[t, η], 0< t < η, we geth′(t)− h′(η) = 2

∫ η
t
k(s)g(h(s))h′(s)ds � 2k(η)

∫ h(η)
h(t)

g(s)ds.

Henceh′(t) � C1G(h(t))+ C2, for 0< t < η, whereG(t) := ∫ h(η)
t g(s)ds. By virtue of (g2), we conclude tha

h′(0+) <∞, soh ∈ C1[0, η].
(ii) Let b = h′(0) > 0. Sinceh′ is decreasing on(0, η), the Lagrange mean value theorem yieldsh(t)/t =

[h(t) − h(0)]/t = h′(ct ) < b, for all 0< t < η. Thush(t) < bt for all t ∈ (0, η) and sog(h(t)) � g(bt) for all
t ∈ (0, η). It follows that

h′′(t)= −k(t)g(h(t)) � −k(t)g(bt)= −k(t)g(t)g(bt)
bg(t)

b.

Passing to the limit ast ↘ 0 in the above inequality, in view of (k2) and Lemma 2.1 we get limt↘0h
′′(t)= −∞,

which concludes the proof of Lemma 2.2.✷
We are now in position to complete the proof of Theorem 1.1. DefineΨ : (0,∞)→ (0,∞) by

Ψ (ξ)= lim
d(x)↘0

a(x)g(h(d(x))ξ)

k(d(x))g(h(d(x)))ξ
, for all ξ > 0.

The definition ofΨ implies that for anyξ > 0 we haveΨ (ξ) = limd(x)↘0
a(x)
k(d(x))

g(h(d(x))ξ)
g(h(d(x)))ξ

= c0Λ(ξ). So, by

Lemma 2.1,Ψ is bijective. Setξ0 := Ψ−1(1), that isΛ(ξ0)= 1
c
.

0
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Fix ε ∈ (0,1/2) and letξ1, ξ2 > 0 be such thatΨ (ξ1) = 1 − 2ε andΨ (ξ2) = 1 + 2ε. The monotonicity ofΨ
impliesξ1> ξ2. For anyδ > 0, we defineΩδ = {x ∈Ω; d(x)� δ}. By the regularity of∂Ω and Lemmas 2.1, 2.
we can chooseδ ∈ (0, η) sufficiently small such that
(i) d(x) ∈C2(Ωδ);
(ii)

∣∣ h′(s)
h′′(s)�d(x)+ λf (ξkh(s))ξkh

′′(s)
∣∣< ε for all (x, s) ∈Ωδ × (0, δ), k = 1,2;

(iii ) k(d(x))g(h(d(x)))ξ2
g(h(d(x))ξ2)

(Ψ (ξ2)− ε) < a(x) < k(d(x))g(h(d(x)))ξ1
g(h(d(x))ξ1)

(Ψ (ξ1)+ ε) in Ωδ.

For anyx ∈ 
Ωδ definev̄(x)= h(d(x))ξ1 andv̄(x)= h(d(x))ξ2. Then

�v(x)= ξ2
[
h′(d(x))�d(x)+ h′′(d(x))∣∣∇d(x)∣∣2], for all x ∈Ωδ.

We now use Lemma 2.2 and the assumption (g2) in order to obtain�v ∈ L1(Ωδ). Taking into account the fact tha
h′′ < 0, by (i), (ii) and the first inequality in (iii) we have (since|∇d(x)| = 1)

�v̄(x)+Φλ
(
x, v̄(x)

) = ξ1h′(d(x))�d(x)+ h′′(d(x))ξ1 + λf (
h
(
d(x)

)
ξ1

) + a(x)g(h(d(x))ξ1)

= h′′(d(x))ξ1
[
h′(d(x))
h′′(d(x))�d(x)+ λ

f (ξ1h(d(x)))

ξ1h′′(d(x)) + 1− a(x)g(h(d(x))ξ1)

k(d(x))g(h(d(x)))ξ1

]

� h′′(d(x))ξ1
[
h′(d(x))
h′′(d(x))

�d(x)+ λf (ξ1h(d(x)))
ξ1h′′(d(x))

+ 1− (
Ψ (ξ1)+ ε

)]
� 0.

In a similar manner, by (i), (ii) and the second inequality in (iii) we have

�v(x)+Φλ
(
x, v(x)

) = ξ2h′(d(x))�d(x)+ h′′(d(x))ξ2 + λf (
h
(
d(x)

)
ξ2

) + a(x)g(h(d(x))ξ2)

= h′′(d(x))ξ2
[
h′(d(x))
h′′(d(x))

�d(x)+ λf (ξ2h(d(x)))
ξ2h′′(d(x))

+ 1− a(x)g(h(d(x))ξ2)

k(d(x))g(h(d(x)))ξ2

]

� h′′(d(x))ξ2
[
h′(d(x))
h′′(d(x))

�d(x)+ λf (ξ2h(d(x)))
ξ2h′′(d(x))

+ 1− (
Ψ (ξ2)− ε

)]
� 0.

Hence�v̄+Φλ(x, v̄)� 0 ��v+Φλ(x, v ) inΩδ, v � v̄ on∂Ωδ, and�v ∈ L1(Ωδ). Now, by Lemma 2.3 in [3]
(see also [8]),v � v̄ in 
Ωδ. This yieldsξ1 � uλ(x)

h(d(x))
� ξ2, for all x ∈Ωδ. Lettingε↘ 0 in the above inequality, w

obtain limd(x)↘0
uλ(x)
h(d(x))

= ξ0. The proof of Theorem 1.1 is now complete.✷
Note added in proof

We thank Florica Cîrstea for pointing out that our assumptions (g1)–(g4) can be reformulated in term
Karamata regular variation theory.
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