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Abstract

In this paper, we study the following quasilinear Schrodinger equation:
—?Au+ V(z)u — Al )u = g(u), z= € R

where € > 0 is a small parameter, V € C(R? R) is uniformly positive and allowed to be un-
bounded from above, and g € C(R,R) has a critical exponential growth at infinity. In the
autonomous case, when ¢ > 0 is fixed and V(z) = Vo € R, we first present a remarkable
relationship between the existence of least energy solutions and the range of Vi without any
monotonicity conditions on g. Based on some new strategies, we establish the existence and
concentration of positive solutions for the above singularly perturbed problem. In particular,
our approach not only permits to extend the previous results to a wider class of potentials V'

and source terms g, but also allows a uniform treatment of two kinds of representative nonlin-
tg(t)
captt

or g(u) > Cyvu?"! with ¢ > 4 and Cyv > 0 is an implicit value depending on ¢,V and the
best constant of the embedding H'(R?) C L?(R?), considered in the existing literature. To
the best of our knowledge, there have not been established any similar results, even for simpler
semilinear Schréodinger equations. We believe that our approach could be adopted and modified
to treat more general elliptic partial differential equations involving critical exponential growth.

earities that g has extra restrictions at infinity or near the origin, namely liminf};_, o
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1 Introduction
This paper is concerned with the following quasilinear Schrodinger equation

—?Au+V(z)u — 2 Aw)u = g(u), = €R?, (Q)e
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where € > 0 is a small parameter, V satisfies the following assumptions:
(V1) V € C(R?, R) and inf,cp> V() > 0;

(V2) there is a bounded domain A C R? such that

i i 1.1
minV(z) < min V(z), (L.1)

and ¢ has the following critical exponential growth at infinity:

(G1) g € C(R,R) and there exists cg > 0 such that

lg(t)] _ {o, for all a > ag, 12)

|t|—+o0 eat? 400, forall a < «ag.

This kind of nonlinearity has the maximal growth which allows us to treat (Q). variationally in a
suitable function space, as the counterpart to the higher dimensions N > 3 in which the critical
exponent is 2(2*) = 4N/(N — 2), see below for more details. On the potential V', besides the local
condition (V2), we do not require any global condition other than (V1), which is even allowed to
be unbounded from above. We are interested in the so called semi-classical states for (Q)., which
are families of solutions u. developing a spike shape around one or more distinguished points of the
space, while vanishing asymptotically elsewhere as ¢ — 0.

Quasilinear equations like (Q). appear naturally in mathematical physics and have been de-
rived as models of several physical phenomena, such as in the theory of superfluid film, Heisenberg
ferromagnets and magnons, in dissipative quantum mechanics, and in condensed matter theory,
see [6,29,/40].

In recent years, the following quasilinear Schrédinger equation

—Au+V(2)u — kA(wHu = g(u), zecRY (1.3)

with £ > 0, N > 1, V € C(RY,R) and g € C(R,R), has attracted a lot of attention and many
existence results have been obtained under variant assumptions on V and ¢ by using variational
methods. For example, when g(u) = |u|??u with 4 < ¢ < 2(2*) (2* = 2N/(N —2) if N > 3,
2* = oo if N = 1,2), the existence of a positive ground state solution for was proved by
Poppenberg-Schmitt-Wang [41] and Liu-Wang [30] by using a constrained minimization argument,
which gives a solution of with an unknown Lagrange multiplier A in front of g(u). A new
variable replacement v = f~!(u) was introduced by Colin-Jeanjean [13] and Liu-Wang-Wang [32],
where f is defined by

1
V1+2/f®)

With this change of variable, the quasilinear problem can be transformed to a semilinear problem,
and some effective methods for semilinear problems can be applied to treat the resulting equation.
These arguments can also be extended to the more general subcritical case in the sense that |g(u)| <
C(u?+ul?1) with C > 0 and 4 < g < 2(2*). As observed by Liu-Wang-Wang [32], the number 2(2*)
behaves like a critical exponent for if N >3. When N >3 and g(u) = |u|?2u + |[u>?) 2y
with 4 < ¢ < 2(2*), motivated by the celebrated work of Brezis-Nirenberg [5] on critical Sobolev
exponent problems for semilinear elliptic equations, the authors in [21,/44] got the existence of
nontrivial solutions for , see also [212,[17,23]31,/134,[35] for more results. These results in the
critical growth case were also extended to the singularly perturbed problem of the form:

f1(t) = on [0,400), f(=t) =—f(t) on (-00,0]. (1.4)

—?Au+ V(z)u — ke?A(w?)u = g(u), =€ RV, (1.5)

with N > 3, see [9,25,]26,{46] and references therein.



Note that although there have been many works on the existence of nontrivial solutions for
and with N > 3 in the critical growth case, rather less has been done when N = 2. In fact, the
dimension N = 2 is very special, as the corresponding Sobolev embedding yields H!(R?) C L4(R?)
for all ¢ > 2, but H}(R?) ¢ L°(R?). In this case, the Trudinger-Moser inequality in R? below can
be treated as a substitute of the Sobolev inequality in the higher dimensions N > 3, as it establishes
the sharp maximal exponential integrability for functions in H!(R?).

Lemma 1.1. (Trudinger-Moser inequality [1,[7,8]) i) If « > 0 and u € H*(R?), then

/ (ea"2 — 1) dx < oo;
R2

i) if u € HY(R?),||[Vull3 < 1,||ulls < M < oo, and o < 4w, then there exists a constant C(M, ),

which depends only on M and «, such that

/RQ (emf - 1) da < C(M, ). (1.6)

In particular, the threshold o = 4 in Lemma [I.1] plays an analogous role of the critical Sobolev
exponent 2* = 2N/(N — 2). As we know, for the semilinear Schrédinger equation:

~Au+V(x)u=g(u), =x€R? (1.7)

the function g(t) is said to have critical exponential growth if g € C(R,R) and there exists ag > 0
such that

(1.8)

lg(t)] _ J0, for all @ > aq,
ltlo+00 € | 400, forall a < ay.

It is interesting to note that for quasilinear Schrodinger equation (|1.3) with x > 0, the above
definition of critical exponential growth changes into that g satisfies (G1) because of the fact:

ue H = {ueHl(RQ):/ u2|Vu2dx<oo} = u® e H'(R?). (1.9)
R2

From now on, we will focus our attention on quasilinear Schrédinger equations with the critical
exponential growth. Since we look for positive solutions, as usual, we always assume that g(t) = 0
for all t € (—00,0]. Let us describe the relevant works below. Before this, we first introduce the
following assumptions used in the references:

(V1) V € C(R?,R) and 0 < inf,epe V(z) < V(z) < liminf)y 4o V(y) < +oo for all z € R?;
(V2') V € C(R% R) is a 1-periodic positive function;
(G2) g(t) = o(t) as t — 0;

)
)
(AR) there exists py > 4 such that g(¢)t > p1G(t) > 0 for all £ > 0, where G(t fo
)
)
)

(MN gt— is increasing on t € (0, +00);

(Ml hm‘tl_)_;'_oo eaéttzi = +OO,

(M2) there exists a constant ¢ > 2 such that for all ¢ > 0,

(g—2)/2 _
_ ) wi(g—2 ap\ (@—2)/2
g(t) > Cyt?" with C, > [M} (f) 2(0), (1.10)
where 1/2
[fR? (|Vul? + 6u?) dz + (fR2 u2|Vu|2dx)1/2]
Sq(0) == nf 2 . (1.11)
weHIE)\ {0} (Juo [uladz)



As far as we know, the study on (Q). involving critical exponential growth started with two
papers |20] and [37] in 2007, in which e = 1 and two types of linear potentials were considered, that
V satisfies the asymptotic condition (V1) and the periodic condition (V2'), respectively. Precisely,
by the change of variable and the Mountain Pass theorem, the existence of a positive solution for
(Q)- with € = 1 was proved by do O-Miyagaki-Soares [20] under assumptions (V1’), (G1), (G2),
(AR) and (M1), and by Moameni [37] under assumptions (V2'), (G1), (G2), (AR) and (M2) with
0 = max,cr2 V(x). Later, the results obtained in [20] and [37] were extended to the singularly
perturbed equation (Q). with a small parameter ¢ > 0 and a more general class of potentials V/
requiring only (V1) and (V2) by do O-Moameni-Soares [18], and by do O-Soares [19], respectively.
In particular, based on the results obtained in [20] and [37], with a penalization technique and
Mountain Pass arguments in a nonstandard Orlicz space, the authors in [18] and [19] obtained a
parameter family of positive solutions which concentrates, as € — 0, near a local minimum of the
potential V', if g satisfies (G1), (G2), (AR), (MN) and (M1), and g satisfies (G1), (G2), (AR), (MN)
and (M2) with 6 = Vj, respectively.

We would like to emphasize that a key tool in [18}20] and [19}/37] is conditions (M1) and (M2),
respectively, to overcome the loss of compactness due to the critical behavior of the nonlinearity,
each of which can help to show that Mountain Pass level is in the range of compactness of the
associated functional. In fact, the analogous conditions as (M1) and (M2) have appeared in most
of the studies for elliptic problems with a nonlinear term of exponential growth. For example, for
semilinear Schrodinger equation , the following two conditions:

(M?)) Hm\t|a+oo ;Z% =Y > QLO MaXy,cR2 V(.’L‘),

(M4) there exists a constant go > 2 such that for all ¢ > 0,

(q0—2)/2 _
g(t) > Oyt with O,y > (qo — 2) i (ao)(QO R ~0/2

qo E q0

where

Vg0 ‘= (|Vu|2 + max V(x)u2> dz (1.12)
z€R?

inf /
u€H (R?),|ullqo=1 Jr2

were assumed by de Figueiredo-Miyagaki-Ruf [14[15] and Alves-do O-Marcos [3], respectively, see
also Miyagaki-Alves-Souto-Montenegro [4], Masmoudi-Sani |36} (8.4)], Ruf-Sani [42], Chen-Tang-Wei
[11] and Chen-Qin-Rédulescu-Tang [10] for more progresses in this direction. Note that with these
two types of representative conditions, one can obtain the desired upper bound for the Mountain Pass
level in two different ways: 1) by means of an estimate involving Moser’s sequence of functions; 2) by
choosing the appropriately large number C, in (or Cy, in (L.12)) relying on some minimizing
problems related to the embedding H!(R?) C L4(R?).

As pointed out by Masmoudi-Sani [36, Remark 8.2], it seems to be difficult to compare the
growth conditions (M1) with (M2) as they prescribe the growth of ¢ at infinity and near the origin
respectively. In addition, we also note the following unpleasant facts on (M1) and (M2):

I) It is still unknown whether condition (M1) can be weakened in the sense of finding an exact
lower bound of lim inf ;| ;ag% like (M3) due to the competing effect of the second order
nonhomogeneous term A(u?)u.

IT) Condition (M2) used in |19,)37] involves the implicit value of the best constant of the embedding
H'(R?) C L9(R?), which is so far unknown and still an open challenging problem, moreover,
(M2) also relies on the parameter p; > 4 appearing in (AR).

Now a natural question arises:

Can we find a unified condition involving both (M1) and (M2)
to achieve the desired estimation for the Mountain Pass level related with (Q)c ?



In the present paper, we shall introduce some new strategies and techniques, and give an
affirmative answer to the above question, which permit to not only extend the results of [18H20,37]
to a wider class on nonlinearities, but also unify the existing results on two types of nonlinearities
satisfying (M1) or (M2) in this subject. More precisely, the purpose of this paper is two-fold:

e When e =1 and V(x) =V, € RT in (Q)., we shall present a remarkable relationship between
the existence of least energy solutions and the range of V without any monotonicity conditions
on g, and give a new existence criterion, both fully covering and weakening those required in
the existing literature.

e When ¢ > 0 is a small parameter and V satisfies (V1) and (V2) in (Q)., based on the new
necessary conditions, we establish the existence of a family of positive solutions for (Q). con-
centrating around local minima of the potential V', as € — 0, where V just satisfy (V1) and
(V2), and is allowed to be unbounded from above.

For the first purpose, let us consider the following quasilinear autonomous Schrédinger equation
with constant potential
—Au + Vou — A(u?)u = g(u), (Q)o

where Vy > 0, and g satisfies (G1), (G2) and the following condition:

(G3) limp—eo % = 400 and g(¢)t > 2G(¢) > 0 for all t > 0,

which is much weaker than the condition of Ambrosetti-Rabinowitz type:
(AR/) g(t)t > 4G(t) > 0 for all t > 0,

used in the previous works. By searching for the range of Vj, we establish the existence of a least
energy solution for (Q)o, and also give a fine maximum characterization of the least energy solution.
We recall that a solution u € H\ {0} of (Q)o is said to be a least energy solution if and only if ®¢(u)
equals the least energy

¢i = inf {cpo(u) ‘ ue H\ {0}, ®)(u) = 0} , (1.13)

where H is the working space defined by , and @ : H — R is the energy functional correspond-
ing to (Q)o defined by
Do (u) = 1/ (1 + 2u?)|Vu|*dz + 1/ Vouldr — | G(u)dz, (1.14)
2 Jre 2 Jre R2
see Section 2 for more details on H and ®( (see also [33,43]).

It is worth pointing out that all literatures dealing with quasilinear Schrodinger problems in-
volving critical exponential growth used a change of variable, which reduces a quasilinear problem to
a semilinear problem. In this way, some classical arguments developed by Brezis and Nirenberg [5]
can be adopted and modified to treat the reduced equation to restore the compactness. Although
this transformation approach is quite effective to find nontrivial solutions, it seems not to be ap-
plicable to find least energy solutions for the original problem, since it is unknown whether a least
energy solution of the reduced semilinear problem is the one of the original quasilinear problem after
a change of variable, which is the main reason why there have been no related existence results of
least energy solutions in this topic up to date. This forces the implementation of new ideas to search
for a least energy solution.

To state the results in this direction, we define the set

Do = {7 € C([0,1], H'(B?)) : 7(0) = 0, ®o(f(1(1))) < 0}, (1.15)

where f is defined by (1.4]). Inspired by Ibrahim-Masmoudi-Nakanishi [27] and Masmoudi-Sani [36],
we also define the Trudinger-Moser ratio

% 2 4
Cin(@)i=swp{ 12 [ Glits [ue m\ @2Vl + VB < T g
2 2

see more details in (2.56])-(2.58]) below. Our first result is as follows.



Theorem 1.2. Assume that g satisfies (G1)-(G3). Then for any Vp € (0,Ciy(G)), equation (Q)o
admits a positive least energy solution w having the mazimum characterization:

Dp(w) = tren[gui] Do (f(7(¢))) for some function 7 € T. (1.17)

In particular, based on the result of Theorem with a little extra work we can also prove
the following existence result for (Q). with e = 1 when V satisfies either (V1’) or (V2') considered
in [20] or [37].

Theorem 1.3. Assume that V satisfies either (V1') or (V2'), and g satisfies (G1)-(G3) and (AR’).
Let V :=sup,cpe V(z) < Cip(G). Then (Q)e with e =1 admits a positive solution.

For the study of singularly perturbed problem (Q). with a small parameter £ > 0, besides
(G1)-(G3), we introduce the following assumptions on g:

(G4) limy, oo S8 = 0;

(Gb) % is non-decreasing on t € (0, +00).
Note that (G4) is weaker than the condition widely used in the literature below
(G4’) there exist My > 0 and ¢y > 0 such that G(t) < Myg(t) for all t > to,

which is reasonable for functions f(t) behaving as e®!’

follows.

. The result in this direction is stated as

Theorem 1.4. Assume that V satisfies (V1) and (V2) with mingep V(x) < Chy(G), and g satisfies
(G1)-(G5). Then there exists e > 0 such that for all 0 < e < &f, (Q). possesses a positive solution
Ue € Cfo’ca(RQ) for some o € (0,1) with the following properties:

(i) ue(2) has a unique local maximum (hence global) z. € R? and z. € A;
(ii) lime—o V(eye) = mingea V(x);

(iii) there exist positive constants Iy and ko, independent on e, such that
R0 2 *
ue(z) <Ilpexp (——|z|), VzeR? € (0,5
€

Some remarks on Theorems [[.2UI.4] are in order.

Remark 1.5. In many non-autonomous elliptic problems, it turns out that information on the least
energy level of an associated autonomous problem is crucial if there is no extra compactness condition,
since the least energy level often appears as the first level of possible loss of compactness. Theorem
appears to be the first result on the existence of least energy solutions for (Q)o involving the
critical exponential growth without the additional monotonicity assumption on g(t)/t>. We believe
that the result of Theorem could be useful for the study of other non-autonomous quasilinear
problems and its singular perturbation forms involving critical exponential growth.

Remark 1.6. The condition V < Ciy(G) in Theorem|1.3| can be derived from either the asymptotic
condition (M1') or the global growth condition (M2') as below:

caott ’

(M2') there exists a constant g > 2 such that for all t > 0,

(a—2)/2 _

~ ~ -2 ap ) (4—2)/2 —
> q—1 . q 0 q
g(t) > Cyt?™" with Cy > <2q > (—ﬂ_ ) S4(V),



(see Remark below for more details). Note that (M1") and (M2') are weaker than (M1) and
(M2) used in [20] and |37], respectively, since
t*G(t) . AG(t) +tg(t)

lim = lim ———22 and C,>C
ttoo ettt t5Yoo  dogeot? 1 ©

where Cy and C,, appear in (M2) and (M2'). Besides, (AR’) is obviously weaker than (AR) required
in [20,37]. In this sense, Theorem can be regarded as a unified improvement of the results of |20]
and [37].

Remark 1.7. (i) We believe that the ideas and techniques for the proofs of Theorem could
be adopted and modified to treat more elliptic partial differential equations involving critical
exponential growth.

Indeed, on the one hand, our working space is the Sobolev space

E:= {u € H'(R?) : [ V(x)u’dx < oo} , (1.18)

R2
which is more general than the Orlicz space used in [20/37]. On the other hand, our proofs do
not rely on the Schwarz symmetrization principle which may fail for some equations, such as
bi-harmonic equations, or the concentration-compactness type argument which is not available
if the nonlinearity has critical exponential growth.

(ii) To our knowledge, there have not been any similar results as Theorem in the literature
when the nonlinearity has critical exponential growth, even for simpler semilinear Schrodinger
equations, namely (Q). in the absence of the nonhomogeneous term A(u?)u.

Let us point out the main difficulties and highlights for the proofs of Theorem [I.2]and Theorem
[T.4] respectively, before ending this section.
The proof of Theorem [T.2]is based on the constrained minimization argument:

Ay = inf ®p(u) = inf 1/ (14 2u?)|Vul|?*dz with Py = {u € H\ {0} : Py(u) =0},
u€Py u€Po 2 R2

where H and ®( are defined by and (1.14), and Py : H — R is the Pohozaev functional

related to the Pohozaev identity for (Q)o, see (2.5) below, which differs considerably from previous

works relying on a variable replacement. In particular, we need to implement new estimates on the

minimum Agy. Moreover, special care is needed to gain more information on the least energy level.

Precisely, the principal difficulties lie in two aspects:

(I) The existing arguments estimating the (Mountain Pass) Minimax level for semilinear prob-
lems do not work without the change of variable, so we have to search for other tools to
obtain a desired upper bound for the minimization problem Ag, in order to resolve the loss of
compactness, which may be produced not only by the concentration phenomena but also by
the vanishing phenomena.

(IT) It is more involved to construct the maximum characterization of least energy solutions for
(Q)o without any monotonicity assumptions on g, even in the absence of A(u?)u, since ®q
has no saddle point structure with regard to the fibres {tw:t > 0} C H.

To overcome the two difficulties, we employ some new strategies and delicate analyses, summarized
as follows.

e To restore the compactness, we propose a new necessary and sufficient condition for
the boundedness and the compactness of general nonlinear functionals in H, in terms of the
growth and decay of the nonlinear function, not only among exponent and power functionals.
With this condition, we can treat uniformly two types of nonlinearities studied in the existing
literature, that is (M1) or (M2) holds.



e To find the maximum characterization of least energy solutions for (Q)o, we construct a good
sample path having some special minimax properties. Note that, in the dimension N > 3,
such a path is easy to be constructed by means of the fibres {u(-/t) : t > 0} C H'(RV).
Unfortunately, in the dimension N = 2, the path only relying on the dilation u(xz/t) does
not belong to the class of admissible paths, and one can not find an analogous saddle point
structure, even in the absence of A(u?)u. This, together with the competing effect of A(u?)u,
enforces us to develop a different technical construction.

As a by-product of Theorem we first establish the Pohozaev identity for quasilinear problems in
R? by using a method different from those in the higher dimensions, which especially can be adopted
and modified to nonautonomous situations.

Our proof of Theorem relies on the combination of a change of variable and a penalization
technique, which is motivated by the arguments of [20,37], (see also [9,25}26,46] for the dimension
N > 3). The main ingredient of the penalization technique lies in a reduction of the nonlinearity g
outside A (see below) in such a way that the modified energy functional I, defined by
below, will satisfy a (local) Cerami condition at certain levels for any fixed small ¢ > 0, see Lemma
below. Along this line, for any fixed small € > 0, we can find a one parameter family of critical
points {v.} for I.. To ensure that the parameter family of critical points of the modified functionals
satisfies, after a rescaling and a change of variable, the original problem, what is most challenging
is to obtain the following uniform decay on the family . (z) := v.(ex):

Ue(z) = 0 as |z| — oo uniformly in ¢ € (0, (] (1.19)

for some small constant €f > 0. In particular, compared with the previous works, some new
difficulties occur in the proof procedures:

(I) The lack of conditions (M1) and (M2) prevents us from using the existing methods for con-
trolling the Mountain Pass level by a fine threshold, which is the essential step to restore the
compactness for any fixed small € > 0.

(IT) Without the condition (AR) required in [20,37], it is more complicated to derive two types of
boundedness results and convergence results; one when ¢ is fixed, especially the other one to
obtain uniform conclusions when ¢ — 0;

(ITI) To obtain the convergence of the parameter family of critical points {v.} for I. mentioned
above, the concentration-compactness type argument dealing with the higher dimensions does
not work, since there is no BL-splitting property caused by critical exponential growth.

(IV) The proof of the uniform decay ([1.19)) in [20,37] depends strongly on the Schwarz symmetriza-
tion principle, especially the following equalities

o0

/ eQa(ﬁifl)ﬂgdx:/ 6204[@92*1](@;)2(1;5:2/ (55) % +2d, (1.20)
|z|>R |z|>R k=17 |z|=R

where v} denotes the Schwarz symmetrization of ¥.. In this way, (L.19) can be derived from
the Radial Lemma and standard elliptic estimates. But, it seems to be rather difficult to get
the local equality between the function v, and its symmetric decreasing rearrangement o7 in
. As far as we know, it remains open whether this uniform decay holds without the help

of the local equality (|1.20).

These difficulties enforce the implementation of new ideas and strategies for the proof of Theorem
[[4] For example,

e to conquer the difficulty (I), instead of estimating directly the Mountain Pass level, we control
successfully the Mountain Pass level by the least energy ¢fj, defined by (1.13)), with stretched
variables and new inequalities;



e to conquer the difficulties (IT) and (III), in contrast to previous works, we take full advantage
of the information on (IZ(ve), f(ve)/f'(ve)), and some new estimates and delicate analyses are
employed particularly when it comes to the uniform conclusions as € — 0;

e to conquer the difficulty (IV), different from the existing literature, we establish the convergence
of ¥, after suitable translation, in H!(R?) by some subtle arguments, and then indirectly
prove the uniform decay by using some new analytical techniques, where the Schwarz
symmetrization principle is not required.

The paper is organized as follows. In Section 2, we study the existence of least energy solutions
for (Q)o, and establish its maximum characterization, whereby Theorem is proved. In Section 3,
we introduce the modified problem with penalized nonlinearity, and obtain a one parameter family
of mountain-pass critical points for modified energy functionals. Section 4 is devoted to the study of
L*>-estimate and behavior of mountain-pass critical points after the stretched variables as e — 0. In
Section 5, we prove that the parameter family of critical points of the modified functionals satisfy,
after a rescaling and a change of variable, the original problem (Q)., and complete the proof of
Theorem [1.4l

Throughout the paper, we make use of the following notations:

e H'(R?) denotes the Sobolev space equipped with the norm ||u| = [ [, (|Vul? + u?)dz]/?;

e L*(R?)(1 < s < 00) denotes the Lebesgue space with the norm [ulls = ( [z \u|sdx)1/s;

e Forany z € R? and r > 0, B.(z) :={y € R?: |y — z| < r} and B, = B,(0);

e (1,Cy--- denote positive (possibly different) constants, possibly dependent on e.

2 Least energy solutions for (Q)y

In this section, we study the existence of least energy solutions for (Q)g, and establish its
maximum characterization, which completes the proof of Theorem |[1.2] For this, we first introduce
the variational setting for (Q)o. Note that H, defined by , is not a vector space (it is not closed
under the sum), nevertheless it is a complete metric space with distance

dr (u,v) = [[u = v]| +[|V(u?) = V(0?)]|2.

From (G1)-(G3), it follows that

_G@) _
%E}I(l) 2 = 0 (2.1)
and
4 for all
lim t G(f) _ )0 or all o > ap, (2.2)
t—+oo e 400, forall a < ag.
Then we have for any € > 0, > ag and ¢ > 0, there exists C = C(e, a, ¢) > 0 such that
2G(t) < g(t)t < et + CJt]? (eat“ - 1) , VieR (2.3)

Using (2.3) and Lemma it is easy to check that ®g, defined by (1.14)), is continuous on H.
Formally, our problem has a variational structure. For any ¢ € C5°(R?) and v € H, u+ ¢ € H, and
we can compute the Gateaux derivative:

(D (u), p) = /R2 [(1+2u®)Vu - Ve + 2|Vul*ug + Voyug| dz — /]R2 g(u)pde. (2.4)

Therefore, u € H is a solution of (Q)o if and only if this derivative vanishes along any direction in
¢ € CS°(R?), see [33] for more details.



2.1 Existence of least energy solutions

First, we provide a Pohozaev type identity for (Q)o. The strategy of the proof is motivated by
a truncation argument due to Kavian (see [47, Appendix B]), but some differences occur due to the
presence of A(u?)u. For this, let us define the Pohozaev functional:

Po(u) = Villull2 - 2 / Glu)da. (2.5)

Lemma 2.1. Assume that g satisfies (G1)-(G3). If u € H is a weak solution of (Q)o, then we have
the Pohozaev identity Py(u) = 0.

Proof. Let ¢ € C*(]|0,+0), [0,1]) such that 1(r) = 1 for r € [0,1] and ¥ (r) = 0 for r € [2,400).
Define 9, () := ¥(|z|?/n?) on R? for n € N. Then there exists C; > 0 such that

0 < () <Oy, |2||Vibn(z) <Cy ¥V eR (2.6)

Since u is a weak solution of (Q)o, by a standard regularity argument (see the appendix of [33]), we
can show that u,u? € HZ_(R?). By Lemma and (2.3), we have fR2 G(u)dz < co. Multiplying
(Q)o by ¥n(z - Vu), we have for every n € N,

0= [—Au+ Vou — A(u®)u] tn(z - Vu). (2.7)
It is clear that, for every n € N,

—Yng(u) (@ - Vu) = =div(zgnG(u)) + 20,G(u) + G(u)(x - Vi), (2.8)

— Y Au(z - Vu) = —div { [Vu(x -Vu) —x |Vu|2] 1/Jn}

2
2
- 'V;‘ (@ - Vi) + (2 - V) (Vi - V), (2.9)
Ypu(z - Vu) = %div (Whnz) — ut, — %u2(a? Vi) — %u%ﬁn (2.10)

and

— Y A(u?)u(z - Vu) = —div [2¢,u* (2 - Vu) - Vu — o u®|Vul® - 2]
— (- Vapp)u?|Vu|* + 2(z - Vu)(V, - Vu)u?. (2.11)

Hence, for every n € N, it follows from (2.7)), (2.8), (2.9), (2.10)), (2.11) and the divergence theorem
that

/632 {21n|x SVul2(1 4 2u?) — n|Vaul?(1 + 2u?) — nVou? + 2nG(u)} Ppdo
= —/Bz’ [Vou® — 2G(u)] ¢ da — ;/B {IVul?(1 4 2u®) + Vou® — 2G(w) } (z - Vb, )dz
+/B (z - Vu)(Vap, - Vu)(1 + 2u?)dz, (2.12)
which, together with the fact that v, |sp,, = 0, implies
/32 Vou? — 2G ()] thndr = —% [ 920 o = 2600} - T

+/ (- Vu) (Vb - Vu)(1 + 2u”)da
Ban
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N | =

/ [IVaf2(1 + 2u%) + Vou? — 26(w)] (z - Viby)de

B /3, \Bn

+ / (z - Vu)(Vih, - Vu)(1 + 2u?)dz. (2.13)
B 5, \Bn

From ({2.6)), (2.13]) and the Lebesgue dominated convergence theorem, we have

/ [Vou2 - 2G(u)] dx
RQ

lim / [Vou2 — 2G(u)] Ypdx
B2n

n—oo
1
< = lim [3|Vul?(1 + 2u?) + Vou® + 2G(u)] ||| Vb, |dz
n—oo B\/En\Bn
C
< =L lim [3]Vul?(1 + 2u?) + Vou? + 2G(u)] dz = 0.
n— oo B\/§”\Bn
This, together with (2.5), shows that Py(u) = 0, as desired. O

In the following, we will solve the constrained minimization problem:

Ag = inf @o(u) with Py = {u€ H\ {0} : Po(u) = 0}. (2.14)

Lemma 2.2. Assume that g satisfies (G1)-(G3). Then there exists a minimizing sequence {u,} C Po
satisfying ||unlle = 1 for Ag. In particular,

Ap = inf 1/ (1+2u?)|Vul*dz = in
R2

¢ 1
u€Poy ueP} 2

/ (1 + 2u?)|Vu|?da, (2.15)
R2
where Py is given by [2.5), and Pt =PoN{u e H : |ul|s = 1}.

Proof. First, we verify that Py # 0. Let u € H \ {0} be fixed and define a function {(t) := Py(tu)
n (0,00). Using (G1)-(G3), it is easy to check that {(¢) > 0 for small ¢ > 0 and ¢(t) < 0 for large
t > 0. Then there exists t,, > 0 such that ((t,) = Py(t,u) = 0, and so Py # (). Note that

Dy(v) = Pg(v) — %Po(v) = %/W(l +20%)|Vo2dz, VY ov € Py. (2.16)

Thus we can assume that there exists a minimizing sequence {u,} C Py satisfying
1 2 2

— [ (14 2u;)|Vuy|°de — Aop.

2 Jg2

Let @, = un(HunHé/Q:ﬂ) Then a simple computation leads to @, € Py, ||in|l2 = 1 and |Vi,|2 =
[Vun|l2. This shows that @, € Pi. From this and the fact that P} C Py, (2.15) follows directly.
The proof is completed. O

To prove Theorem we also need to show that the minimizer of Ay is indeed a least energy
solution of (Q)o. For this, we have the following important result.

Lemma 2.3. Assume that g satisfies (G1)-(G3).

(i) If uw € H is a critical point of ®g on the set Py, then it is a nontrivial solution of (Q)o under
a suitable change of scale;

(i) If the infimum Ag is attained, then Ay = ¢, where the definition of ¢ is given by (1.13)).

11



Proof. (i) Let uw € H be a critical point of ®y on the set Py. Then there is a Lagrange multiplier
A € R such that
—Au — ulA(u?) + Vou — g(u) = 2X\[Vou — g(u)],

namely,
—Au —uA(u?) = (2X — D)[Vou — g(u)]. (2.17)
Since u # 0, we deduce from (2.17) that
2A—1#0 and Vou— g(u) #0. (2.18)

For any T > 0, by (G1), (G2) and (G3), there exist 0 < ¢; < to < T and —T < t3 < t4 < 0 such
that

2G(t) — g(t)t <0, Vite[-T,T), and 2G(t) — g(t)t <0, Yt € [ts, ts] U [t1,ts]. (2.19)
Hence, it follows from (2.19)) and the definition of Py that

/R2 [Vou — g(w)]udx = /R2 [2G(u) — g(u)u]dz < 0. (2.20)

This implies that there exists w € C§°(R?) such that
(Pi(u),w) = /R2 Vou — g(u)Jwdz < 0. (2.21)

By multiplying by w and integrating, we have
/]R2 [(1+2u*)Vu - Vw + 2|Vu[*uw] dz = (2A — 1) /11@2 [Vou — g(u)]wdz. (2.22)

Using the fact Py(u) = 0 and , it is easy to see that for small enough € > 0,
Po(u + ew) < Py(u) = 0. (2.23)
Let 1
A(p) == 3 /Rz(l +20?)|Ve|?dz, V¢ H.
Noting that A(u) = Ag, by and (2.23)), we have

Au + ew) = % / [1+2 (u® + 2euw + €w?)] (|Vul® + 2eVu - Vo + €[ Vw[?) dz
R2

=Ag+e2N\-1) /R2 [Vou — g(u)]wdz 4+ O(€?). (2.24)

We claim that 2\ — 1 < 0. Otherwise, if 2\ — 1 > 0, then there exists ¢y > 0 small enough such that
Py(u+ ew) <0 and A(u+ eow) < Ap (2.25)
due to (2.23) and (2.24). Let ug = v+ eow. Then (2.25) yields Py(ug) < 0 and Py(sug) > 0 for s > 0

small enough as a consequence of (G2). Therefore, there exists s € (0,1) such that Py(soug) = 0,

and so (2.16)) and (2.25)) yield
2

A(soug) = %0/ (1 + 2s2u) | Vug|*dz < s A(ug) < Ao. (2.26)
R2

This shows that sgug € Py and Pg(spug) < Ag, which contradicts to the definition of Ag. Hence, we
have 2\ — 1 < 0 as claimed. Thus,

() = u (ﬁ) for a.e. © € R? (2.27)
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is a nontrivial solution of (Q)o.

(ii) If the infimum Ay is attained by u, then w is a critical point of ®( on the set Py. Applying
the above Conclusion (i), we have ®{ (@) = 0 and Ay = ®o(@) > ¢, where @ is defined by (2.27).
To prove Ay = ®o(@) = cf;, it remains to show that Ay < ¢fj. Note that Lemma [2.1] shows that if
O (v) = 0 for v € H, then v satisfies the Pohozaev identity Py(v) = 0, namely,

{u e H\{0}, | ®)(u) = o} c Po.

This implies that Ay < ¢j. The proof is completed. O

Before studying the attainability of Ay, we give a necessary and sufficient condition for the
boundedness and the compactness of general nonlinear functionals in H, motivated by Ibrahim-
Masmoudi-Nakanishi [27] and Masmoudi-Sani [36].

Lemma 2.4. Suppose that I : R — [0,+00) is a Borel function and define a functional H by
= [go l(u(zx))dz. Then for any K > 0 we have the following properties (B) and (C):

(B) Boundedness: The following (i) and (ii) are equivalent.

(1) Hmsupp_ 4o e’2|t‘4/K|t|4l(t) < o0 and limsupy,_,g [t]=21(t) < oo.

(ii) There exists a constant Cy g > 0 such that
u€ H, |[V(u?)ll2 < 2rK = L(u) < Crx (|ull3 + |lul7) - (2.28)
(C) Compactness: The following (iii) and (iv) are equivalent.

(iif) lim supp)_ 4o e 2K 4)41(¢) = 0 and limy¢ o [t]721(t) = 0.
(iv) For any radially symmetric sequence {u,} C H satisfying ||V (u2)||3 < 27K, u, — u in
HY(R?) and u? — u? in H*(R?), there holds L(u,) — L(u).

Proof. Necessity of (i) and (iii):
To prove the necessity of (i) and (iii), we first consider the much easier case with the condition
as u — 0. Let ¢, (x) be a sequence of radial functions in H defined by

an, if 0 < |z| < Ry,
on(r) =< a,(1—|z|+ Ry) IR, <|z|] <R, +1, (2.29)
0 if 2] > Rn + 1,

for some sequences a,, — 0 and R,, — oo chosen later. We have

V(@25 = O(anRn),  [[Venlls = O(asRy), (2.30)
lenll3 = O(anRy),  llpnllz = O(as R2) (2.31)

and
L(pn) > mR21(ay). (2.32)

If (i) is violated by limsup,_,, [t|72l(t) = oo, then we can find a sequence a, \, 0 such that
l(an) > nla,|?. Let R, = an'’? +a;'n~Y4 Then R, — +oo and a, R, — 0, so (2.30), ([2:3I) and
@32 yied V(213 0. [Viul 0 215~ 0. llul — 0 and L) > onai Ry — o

If (iii) is violated by limsup,_,q [¢|~ 21( ) > 0, then we can find a sequence a,, \, 0 and § > 0
such that l(a,) > 6la,|?>. Let R, = 1/a,. Then R, — oo, a,R, = 1, a2R,, — 0 and L(y,) >
nda R2 > 4.

It remains to treat the case where the condition for || — +oo fails. Choose sequences 1 <

b, /oo and K, ~ K such that

log b,
b,

5— 00

2n(K, — K)+ O ( ) S0, ¢y = e*Qbi/K"ble(bn) — lim sup 67254/1{541(8) (2.33)
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and let R, = e~/Knp2 We define a radial function v, € H'(R2) by

bn, if 0 < |z| < Ry,
b log |z] 1/2 if R < 1
NETT it R, < Jaf < 4,

Un(z) = loga |12 1 (2.34)
20, (1 — |2]) | 055 , if 5 <zl <1,
0, if |2| > 1.

Noting that
b4
log R, = —K—” + 2log by, (2.35)

by straightforward computations, we have for large n € N,
IV@DIE =4 [ 42196, Pda

2t 3] 1287b4 [log 22 [*
n /2 dr—i—M/ T(T—1)2d7’

" [log Ra? Jg, 7 log R.* /s
B 2mbi 4O bt
~ |log R,| |log R, |?

21 K2 log by, bl
=21K, + n +0 n

bt — 2K, logb, ((bjll — 2K, log bn)2
log by,
< 2K, + O ( = ) , (2.36)
V2 = b2 e b2 log 2
nil2 —

2|log Ry| Jr, 7|log 7] " 2|log R, |
_ 7b? log|log Ry| O( b2 )
2| log R,,| |log R, |

o (10§2b") , (2.37)

orbl 3 327b | log 22 [1
lnllf = mbRE + > / rllograr + 27082 / r(r = 1)tdr
R, i

|log R, |? |log R, |?
b 1
=0l —2—|=0{— 2.38
(reree) =0 (&) (239
27b? 3 8rb2 log?2 (!
nl3 = b2 R: " log r|dr + —"—== —1)%d
H’(/} ||2 05, n+ |10an‘ Rnr| Og’l“| T+ |10an| % T(T ) r
b2 1
(mer) = () (239
d
o TR? cneQbi/K"

L) > nR21(by,) = = ey, (2.40)

by,

Then (2.33)), (2.36)), [2.37), (2.38) and (2.39) imply that {1,,} and {2} are bounded in H*(R?) and

[V(¥2)||3 < 2K for large n € N. (2.41)
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If the condition (i) fails at infinity, namely ¢, — oo, then it follows from (2.38), (2.39) and ([2.40)
that

Inlli + 1nll3 — 0 and L(3n) — oo,

which, together with , implies that the condition (ii) does not hold. Note that 1, () — 0 for
a.e. x € R? because [, (z)| < € if |z > e7P» = o(1) for any € > 0. Jointly with the boundedness
of {||tn ||} and {[|12]]}, we get ¥, — 0 in H'(R?) and 42 — 0 in H'(R?). If the condition (iii) fails
at infinity, namely ¢, > 0 for large n, then it follows from that

liminf L(¢,) > 0,
n—r oo
which, together with , implies that the condition (iv) does not hold. This ends the proof for
the necessity of (i) and (iii).
Necessity of (ii) and (iv):
We now prove the necessity of (ii), that is (i) implies (ii). Assume that the condition (i) holds.

Let us define a new Borel measurable function [(t) by

I(t) =1((2nK)Y4), Yt>0. (2.42)
It is easy to check that ) ~
i, U = i e < e (24
and -
%ijr%) li—;) < +o0. (2.44)

From ([2.43)), (2.44)) and the condition (i), we deduce that there exist constants K7, Ko > 0, dependent

on [ and K, such that
dmtt g

~ &
I(t) < Kit? + Kg———
()— 17 + 2(1+t2)2a

By the Trudinger-Moser inequality with the exact growth, we have

Vit>0. (2.45)

‘ 4

4m|v 1
/ v <R =Clullf, Vo?e H'(R?) with [VA)|la <1 (2.46)
2 (L+[0?)

From (2.45) and (2.46)), it follows that for any v € H with ||V (v?)|2 < 1, there holds

- 4ot _ 1
(w)de <Ky v|2+ Ky [ S d
/]R? (U) L= 1||UH2+ 2/]1{2 (1+ |’U|2)2 €L
< Kq|Jv]|3 + KoCllvl|3. (2.47)

Let v = (2nK)~'/*y for w € H. Then (2.42) and (2.47) imply that for any « € H satisfying
IV (u?)||3 < 27K, there holds

D) = [ e = [ T0)de < Cu (Jull + ul) (2.45)

This shows that the condition (ii) holds.

Next, we turn to prove the necessity of (iv), that is (iii) implies (iv). Assume that the condition
(iii) holds. Obviously, the condition (ii) is true because (iii) yields (i). For any radially symmetric
sequence {u,} C H satisfying |V (u2)|| < 27K and u,, — v in H'(R?), we will verify that

lim [L(u,) — L(uw)] = lim [[(un) — l(u)]dx = 0. (2.49)

n— oo n—oo [p2
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By the radial Sobolev inequality, we have

Up||2|| Vg,
fun(r)? < ¢ ltnl2lVeunllz ||2|L l2 (2.50)
and hence, u,(r) — 0 as r — oo uniformly in n. This, together with (2.50) and the fact that

I(t) = o(t?) as t — 0, implies that for any £ > 0 there is R > 0 independent of n such that

/ Uup)da = 27r/ [(up)rdr < 2775/ [, |2rdr < el|uy,||2 (2.51)
R2\Br R R
and
/ l(u)dz < e. (2.52)
R2\Br

Moreover, using the condition (ii) and the fact that I(s) = o(e2s"/K|s|~4) as s — oo, there is L > 1
independent of n such that

/I - Uup)dz < 6/ » egui/K|un\_4dx < eCy ([lunll3 + llunll2) (2.53)
Un, | > Up | >

and
/ l(u)dz < e. (2.54)
|u|>L

Combining (2.51f), (2.52)), (2.53)) and (2.54)), we get
[ )~ e+ [ i) - zwndx]
R2\BR Br
< Che + limsup / l(up)dz + / l(u)dz
n—o00 |un|>L |u|>L

+ lim sup / l(un)dxf/ l(u)dz
n—roo lun|<L,|z|<R lu|<L,|z|<R

S 0367

lim [L(u,) — L(u)] < lim

n—oo n—oo

where we have used the Lebesgue dominated convergence theorem in the last step. This accomplishes
the proof for the necessity of (ii) and (iv). O

Now, we establish a relation between the attainability of Ay and the Trudinger-Moser inequality

with the exact growth. From (2.1)), (2.2]), (2.28]), (2.46) and the Gagliardo-Nirenberg inequality, we
deduce that

/R2 G(u)dz < Cy (full3 + lullz) < Callull3 (1 + IVul),

4
Ve H with 2|Vul2 + [V@?)|2 < L < ai (2.55)
0

For this purpose, inspired by Ibrahim-Masmoudi-Nakanishi [27] and Masmoudi-Sani [36], we
introduce the Trudinger-Moser ratio

Ch(G) = sup { Glu)ds | u e 1\ {0h 21 ull + 19 < L} (2.56)

[ull Jra

the Trudinger-Moser threshold:

R(G) := sup {L >0 ‘ Chu (@) < +oo} (2.57)
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and we denote by C4y(G) the ratio at the threshold, i.e.
* G
Ciul(G) = CRP(G). (2.58)

By (2.55) and Lemma we have R(G) = 47/ «p.
In this section, to apply Schwarz symmetrization to (Q)g, as usual we let

2.59
—g(—t), forallt <O0. (2.59)

a(t) = {g(t), for all t > 0,
Observe that g satisfies the same conditions as g. Furthermore, by the maximum principle, solutions
of (Q)o with g are also solutions of (Q)o with g. Hence there is no loss in generality in replacing g
by g, and we will always adopt the convention that g has been replaced by g; we keep however the
same notation g in the following discussion of this section.
Let
H,:=HnN{ueH | u(x)=u(lz]) ae in R?}.

In the following, we will solve the constrained minimization problem Ag, given by (2.14)).

Lemma 2.5. Assume that g satisfies (G1)-(G3). If Ag < 7/, then Ag is attained and Ag = Pg(u),
where u € H, is, under a suitable change of scale, a positive least energy solution of equation (Q)o.

Proof. We may always assume that there exists a sequence {u, } C Py N H, satisfying

1
5/ (14 202) | Van [2dz — Ao < - and [[un||s = 1 (2.60)
R2 Qo

by Schwarz symmetrization and Lemma [2.2] Then there exists some function u € H, such that
up — uw and u2 — u? in H'(R?).
Picking up 2 > ayp satisfying lim,_,o || V(u2)[|3 < 27K, then (2.2)) yields

t'G{) _
i =0 (2.61)

From (2.1)), (2.61) and (C) of Lemma [2.4] we derive that
lim G(up)dx = G(u)dz. (2.62)

n—oo R2 R2

Since Py(uy) =0 and ||uy||2 = 1, by (2.62), we have
0< Vo= lim Vpllup3 =2 lim [ G(uy)dz =2 [ G(u)dz, (2.63)
n—oo n— oo R2 R2

which implies that u # 0. Now, we prove that the infimum Ag is attained by u. By the weak lower
semicontinuity of the norm and ([2.62)), we have

Po(u) = Vlul2 —2/ Glu)dz < lim (V0|un§ —2/ G(un)dx> —0 (2.64)
R2 n—o0o R2
and ) .
0< 7/ (1+2u?)|Vul?dz < lim = [ (14 2u2)|Vu,|*dz = A,. (2.65)
2 Jpe n—oo 2 Jp2

Next, it remains only to show that u € Py, namely Py(u) = 0. Set

h(t) = Py(tu) = t*Vyl|ul|3 — 2/ G(tu)dz.
R2
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Then h(1) < 0 by (2.64), and from (2.3), we can deduce that h(t) > 0 for ¢ > 0 small enough.
Consequently, there exists tg € (0,1] such that Py(tou) = 0, namely tgu € Py. This together with

(2.65) leads to
t2
Ap < 50 /]R2(1 + 2t3u?) | Vul?de < t2A,.

The above inequality and show that to = 1 and % [o.(1 + 2u?)|Vu|?dz = Ay. Combining
with the fact that Py(u) = 0, we have |[u|2 = 1. Applying Lemma[2.3] we have that this u is a
least energy solution of (Q)o under a suitable change of scale. Noting that (®((u), —u~) = 0, where
ut = max{+wu, 0}, it follows that 4~ = 0 and so u = u™ > 0. Arguing as in the proof of [22, Page

3368], we can derive that v > 0 in R?. The proof is completed. O

Lemma 2.6. Assume that g satisfies (G1)-(G3). Then Ay < m/ag if and only if Vo < Ciy(G),
where Ciy (G) is given by (2.58]).

Proof. First, we verify that Vy < Chy(G) yields Ay < m/ag. We distinguish two cases: Chy(G) <
+oo and Chy(G) = +o0. In the case Chy (G) < +00, since Vo < Ciy (G), then Vi < Chy(G) — €
for some ¢y > 0. By the definition of C},,(G), there exists some ug € H \ {0} such that

2

2[[Vuol3 + [IV(u)) [ < R(G) = 4r/ag and Vo < Cin(G) — €0 < TaolB Js
2 2

G(ug)dz.  (2.66)

Then
Po (o) = Voluo||2 — 2/ Glug)da < 0. (2.67)
R2

Let ho(t) = Py(tug) for t > 0. Since ho(1) < 0 by (2.67), and ho(t) > 0 for ¢ > 0 small enough by
(2.3)), there exists tg € (0,1) such that ho(tg) = Po(toug) = 0, namely toug € Py. Therefore, we have

£ 1 1
Ap < —0/ (1 + 2t2ud) | Vug |2 dz < 7/ (1 + 2ud)|Vug|*dz < ~R(G) = l,
2 R2 2 R2 4 (7))
which shows that Ay < 7/ag in the case Cty\(G) < +0o. In the case Cfy\(G) = +oo, for any
Vo > 0, there exists some ug € H \ {0} such that

2|[Vuol3 + IV (ud) |13 < R(G) and Volluol3 <2/ G(ug)dz.
R2

Hence we can repeat the same arguments as above to get the desired conclusion.

Now, we prove that Ag < - yields Vy < Cf\(G). Clearly, if C1y(G) = +o00, then Vy <
Ciy(G) and the proof is completed. Therefore, without loss of generality, we may assume that
Cim(G) < +00. Applying Lemma we know that Ag is achieved by some function v € H,., that
is

Po(u) = Vollul|? — 2/ G(u)dzr =0 (2.68)
R2
and )
f/ (1+ 202)|Vulde = Ag < . (2.69)
2 R2 @

Define the function )

Y0 = B Je

Then (2.68)) yields (1) = V. Note that 1 (¢) is monotone increasing by (G3). Define the function

G(tu)dz, Vit>0.

o(t) = t2/ |Vul?dz + t4/ 202 |Vu|*dz, Vt>0.
R? R2
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By (2.69) and the continuity of ¢, we know that there exists ¢y > 1 such that

b(to) = /R 1+ 2(t0w)?] [V (o) P = L (2.70)

Qg

Set v = tou. Then we have

47
2||Voll5 + V(0?5 = —,
Qo

and so 5
Cim(G) > —
03 Jr2

This completes the proof. O

G(v)dz = (to) > ¥(1) = Vb.

2.2 Maximum characterization of the least energy solution

In order to finish the proof of Theorem in addition to proving the existence of a least energy
solution, we also need to establish the maximum characterization. For this purpose, we make the
change of variable by v = f~1(u), where f is defined by . After the change of variable, we
obtain the following functional:

Iy(v) = Po(u) = Po(f(v)) = %/Rz [[Vo]? + Vo f?(v)] dz — [ G(f(v))da. (2.71)

R2

About the change of variable f(t), we have the following lemma, see [131|18}32].

Lemma 2.7. The following properties involving f(t) and its derivative hold:
(f1) f is uniquely defined, C*>° and invertible;

(f2) 0< f'(t) <1 for allt € R;

(f3) |f (@) < |t| for allt € R;

(f4) f(t)/t > 1 ast—0;

(f5) f(t)/VE— 2% ast — +o0;

(f6) f(t)/2 <tf'(t) < f(t) for allt >0 and f(t) <tf'(t) < f(t)/2 for allt <O0;

(£7) |f(t)] < 2Y4t[Y/2 for all t € R;

() |£(5)f/() < 1/ for all t € R;

(9)

there exists a positive constant 6y such that
Oolt], — Jt| <1,
> =
|f(t)| = { 490|t|1/2, |t| > 1

(f10) t — f(t)f'(t)/|t] is strictly decreasing on (—oo,0) U (0,400);

t7
£8
19

(f11) t — f3(t)f'(t)/|t] is strictly increasing on (—oo,0) U (0, +00).

By (2.3) and Lemma we have for any € > 0, « > «g and g > 0, there exists C = C(e,a,q) > 0
such that

2G(1(1)) < g(F (1) < ef* (1) + CIFR)|7 (2O 1)
< et + CJt) (62“2 - 1) , VteR. (2.72)
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Using (2.72)), Lemmas [1.1] and one can check that Iy € C'(H!(R?),R), moreover,

ow)0) = [ [VoP+Vos@r @] do— [ gl@)fGde, Voe H'E) (213

and

(T, (0)/ ' (0)) = /

R2

2f%(v)
(1 + mﬁ(”)) |Vol2dz + /]Rz Vof?(v)dz

- [ otrnse)da. oe B ED). (2.74)
RZ
As in [13], critical points of Iy are solutions of the semilinear equation

—Av + Vo f(0)f'(v) = g(f () ' (v). (S)o-

Then v is a solution of (S)g if and only if u = f(v) solves (Q)o, see [13}32].
We define the following Mountain Pass level for Ij:

o= inf max o(7(1)) with o= {7 € C(0.1). H(R) :9(0) =0.h(2(1) <0} (275)

Remark 2.8. As in |20, Proposition 3.1], we can get the geometric hypotheses of the Mountain Pass
theorem for Iy. Then the Mountain Pass level cq in (2.75)) is well-defined. Moreover, the following
proof will yield co < cf, where ¢ is the least energy for ®q¢ defined by (1.13]).

Proof of Theorem[[2l If Vy < Cfy(G), then Lemmalf2.6]leads to Ay < m/ap. Hence the assumptions
of Lemma are fulfilled. This, jointly with (ii) of Lemma shows that (@) has a positive least
energy solution ug € H satisfying

1
Ag=ch = 3 /11&2(1 + 2ud)|Vuo2dr < 7/ . (2.76)

Next, we give the maximum characterization of the least energy solution. Let w = f~!(ug). Then
¢y = Po(uo) = Po(f(w)) = Ip(w), P4(up) =0 and Ij(w)=0. (2.77)

We define a curve «, constituted of the three pieces given by:

Lo, if 0 € [0,t1],
V(0) = Wit (0—t1)+(ta—0)ta]/(ta—tr),  1f 0 € [tr, T2], 27
Ifz(e—t::z#wtg7 if 0 € [ta, 3],

where wy(z) = w(z/t) and 0 < t; < 1 < t3 < t3 are determined later. It is easy to check that

v € C([0,1], H'(R?)). Since (I}(w),w) = 0 by (2.77)), then yields
[ oty = Vasw) Fwpuds = [ [Vofds >0,
R2 R2
Then we can find ¢5 > 1 such that
[ s 6w) ~Var(€w) 1 (€uuda > 0, V€1t (279)

Note that for any fixed ¢ > 0,

d%fo@wt) = (I)(Ews), we)
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- w2 — W) — Vi (e L EWWe 4
— {93 - [ lotriew) - ostew) s

¢
¢ {nw% — [ lo(stew) - ostew) L (i?”)“’dx} | (2.80)

R2

Choosing t; € (0,1), we have

IVulg— [ fatsun - vasew) N ar > 0, vee il (2.81)

By , we can also choose t3 > to such that
IVulg -2 [ lotrten) - Vostew) ZE M ar < -2 jvulg, veelnl. @8

R2 £ t2 -1

Thus we can see by (2.81)) that the function I (%wtl) is increasing on 6 € [0,¢1] and takes its

maximal at 0 = ¢1, namely
To(1(0)) = Io (flwt> < Ip(ws), ¥ 0€[0.h]. (2.83)
Since @ (ug) = 0 and ug = f(w), then Lemma [2.1| gives
Fofuo) = [ | Vi = 26(u)] do = [ [Vof(w) = 26(s(w)] do = 0. (2.8)

From (1.4), (2.76]) and (2.84)), we derive that

2

1 t
In(w) = §||V’LU||§ + b

[, a2 w) =26 () da
1 o 1 2 2
= 5IVwlz =5 [ (14 2u5)[Vue|"dz
2 2 Jao
=®g(ug) =c¢§, Vt>0, (2.85)
which implies
Lo (Wity (0—t1)+(t2—0)t1)/ (t2—t1)) = Lo(w) = Po(uo) =5, V0 € [t ta]. (2.86)
Next by (2.80) and (2.82), we have Iy(wy,) is decreasing on & € [1,¢2]. Noting that

to(0 —ty) + 13— 0
ts — to

S [l,tg] & 0 [tg,tg],

we know that I (%wm) is decreasing on 6 € [to, t3]. Therefore,

10(7(9» < Io<’7(t2)) = Io(tgwt3)7 Voe [tg,tg]. (287)

Moreover, ([2.82) yields

ta

Io((ts)) = To(tatwn,) = To(uwn) + | 2 Io(Ew,)de
BT

ta 2§
IVl - [~ 71wl
1 2

<

| —

1
= —§||Vw\|§ <0. (2.88)
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Combining (2.77)), (2.83), (2.86) and (2.87)), we have

Io((0)) < Io(w) = ¢, ¥ 0 €[0,ts]. (2.89)

Let v0(0) = ~(t30) for all 8 € [0,1]. Then vy € I'y by (2.88), where the definition of I'g is given in
(12.75). From this, (2.75)), (2.77) and (2.89)), we derive

co < max Io(30()) = To(w) = i, (2.90)
t€[0,1]
Hence, (1.17) follows from (2.77)), (2.90) and Lemma 2.7} and so Theorem is proved. O

Lemma 2.9. Assume that g satisfies (G1)-(G3) and (M2'). Then Ay < ¢y < w/ag where Ay and
co are given by (2.14)) and (2.75), respectively.

Proof. Arguing as in the proof of Lemma 3.5], we can get the following estimate on the Mountain

Pass level: )
q-—

co < ——=—5759(Vo)?, (2.91)

2qC¢gq72)/2 q

replacing (M2) used in by (M2'). By (1.10)) and (2.91)), we have ¢y < 7/ap. Based on the general
minimax principle Proposition 2.8] (see also [28]), we can construct a Cerami sequence {v,, } with

Iy(v,) — co and with the extra property that Py(v,) — 0. By modifying the proof of 7 we
can deduce that there exists vo € H*(R?) \ {0} such that I}(vp) = 0 and Io(vg) = co. In particular,
we can take advantage of the additional information Py(v,) — 0 to get the boundedness of {|v, |}
without the condition (AR) required in [20,/37], which is the main difference from those. Hence,

Ap < ¢p < m/ag follows from the definition of Ay, since Py(vg) = 0. The proof is completed. O

Remark 2.10. (i) Recalling (2.1) and in light of (B) of Lemma we can easily derive that
2

Cim(G) = 400 if and only if limy_s 4 o teiiﬁ) = +o00. Hence, if g satisfies (M1'), then Vo <

Ciym(G) = 400 is obvious.

(ii) From Lemmas[2.6) and[2.9] we can easily derive that (M2') implies the inequality Vo < Cip(G).

3 Modified problem

Under (V1), we know that E, defined by (1.18)), is a Hilbert space with the inner product
(u,v) = / [Vu-Vo+V(z)w]dz, VYuveE
R2

and the induced norm denoted by ||u| = (u,u)'/2. Then E < H'(R?), and so for s € [2, 00), there
exists vs > 0 such that
[olls <7slloll, Ve k. (3.1)

Observe that formally (Q). is the Euler-Lagrange equation associated to the following functional

52

O (u) = 5 /Rz(l + 2u?)|Vu|*dz + /R2 V(z)u*de — . G(u)dz. (3.2)

As in Section 2.2, we make the change of variable by v = f~1(u), and get the functional:

52

J(0) = 0un) = @S = G [ [VoPdrt [ V@@ [ G0, 33)
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where f is defined by (1.4). Using (2.72]), Lemmas and one can check that J. € C}(E,R).
Then v, is a critical point of J.(v) if and only if u. = f(v.) is a solution of (Q)., see [13}[32].

3.1 Penalized nonlinearity

To find a critical point of J.(v), defined by , we introduce the penalized nonlinearity,
following the idea of del Pino-Felmer [16]. We may suppose, without loss of generality, that the
boundary OA is smooth and 0 € A and V(0) = inf,ep V() by the translation invariance of the
problem. To simplify the notation, in what follows, we let mingep V(z) = Vp. Using (V1), (V2),
(G2) and (G3), we can choose numbers k > 2 and 5y > 0 such that

9(Bo) = BoVok 1, inf V(x) > 2Vok ™!, (3.4)
Tre
and set 0 8
- R g t ) 0 S t S 0>
We consider the modified nonlinearity that is the Carathéodory function
— J xa(@)g(t) + (1 —xalz))g(t), t=0,
et ={ o (3.6)
where y, is the characteristic function on A defined by
1, z €A,
xal@) = { 0, z€R2\A. (37)
Let G(t fo s)ds and G(z,t) fo z,5)ds. We have the following properties on g.

Pr0p0s1t10n 3 1. Assume that g satzsﬁes (Gl) (G5). Then
(g1) g(x,t) = o(t) uniformly in x ast — 0 and g(x,t) < g(t) for all z € R? and t > 0;
(g2) 0 <4G(w,t) < g(x,t)t forallz € A andt >0, or x € R2\ A and 0 < t < By;

(g3) 0 <2G(z,t) < g(z,t)t < Vok™12 and 0 < g(z, f()) f' ()t < Vok=Lf(t) f(t)t for all z € R2\ A
and t > 0.

This proposition and (2.72)) imply that for any € > 0, > a9 and ¢ > 0, there exists C =
C(e, e, q) > 0 such that

Gz, f(t)) < glz, F()F(t) < ef?(t) + C|f ()4 (eaf‘*(t) _ 1)

< et? + Clt) (ezat” - 1) .V (z,t) R xR (3.8)
For every ¢ € (0, 1], we introduce the penalized functional I, : E — R as follows:
1
I.(v) = 5/ [£2Vv]? + V() f2(v)] da 7/ G(z, f(v))dx. (3.9)
R2 R2

Using (3.8)), Lemmas and one can check that I. € C1(E,R), and

(IL(v), ¢) :/ [62Vv Vo + V() f(v)f'(v)¢] da
K2 (3.10)
- [ s s@)r ©)sds, v oer.

Moreover, the critical points of I. are solutions of the modified problem:

—*Av = f'(v) [g(z, f(v) = V(2)f(v)], =eR™. (S)-

In this section, we try to find a positive ground state solution for modified problem (S)..
Precisely, we are going to prove the following theorem.
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Theorem 3.2. Assume that (V1), (V2) and (G1)-(G5) hold. Let Vo = mingep V(z) < Chy(G),
where Ciy (G) is given by (L.16). Then there exists eg > 0 such that (S). possesses a positive ground
state solution for any € € (0,&¢).

In this paper, we say that a solution of (S). is a ground state solution if it has the least energy
on the Nehari manifold defined by

N :={ve E\{0}: (I.(v),v) =0}. (3.11)

3.2 Mountain pass geometry

In this subsection, we verify that I.(u) has a mountain pass geometry, and then obtain a Cerami
sequence of I.(u) for every fixed e € (0,1]. To this end, for p > 0, we define

Av) := /]R? [[Vu]* + f?(v)]dz and S, :={u€ E: A(v) = p}. (3.12)

Clearly, S, is a closed subset and disconnects the space E. We have the following properties:
Proposition 3.3. Assume that (V1), (V2) and (G1)-(G4) hold. Then for any e € (0,1],
(i) there exist ps,0. > 0 such that I.(v) > 6. for allv € S,_, where S, is given by ;
(ii) there exists vo € C§°(R?) with A(vo) > pe such that I.(vg) < 0.
Proof. (i) From (3.8), we know that for given o > a, there exists C; > 0 such that

G(z, f(1))

IN

%fQ(t) + Oy (e"‘f4(t) - 1) 30
< %fQ(t) +C (62at2 _ 1) f3(t), YV (2,t) € R2 x R. (3.13)

In view of Lemma we have

/ (64"”2 - 1) de = / (e4a‘|V“|‘2<”/|‘V“|‘>2 - 1) de <C, VYveE AW <r/2a.  (3.14)
R2 R2

Note that ||V f(v)||3 < 2||Vo||3 for all v € E. Then (3.1) (3.13), (3.14) and the Holder inequality

give

Gl fo)de < PIF@IE+Cr [ (& = 1) )

R2 2
% R 1/2
< plfol+on | [ (e =1)a] e
< Z*ZHJC(U)HS + Cz[A(U)]S/Q’ VoveE Aw) <7/ (3.15)

Hence, it follows from (3.4)), (3.9) and (3.15) that

I.(v) = % . |Vol2dz + %/]R? V(x)f?(v)da — /R2 G(z, f(v))dz

= % min{1, Vo} A(v) — C2[A()*/?, Vv e E,A(v) < 7/2a. (3.16)

Therefore, there exists . > 0 and 0 < p. < 7/2c such that I.(v) > 6. for allv € S,_.
(ii) By (G1)-(G4), there exist K, K3 > 0 and po > 4 such that

G(t) > K tho — Kot?, VY t>0. (3.17)

Using (3.17)), a standard argument shows the desired conclusion. O]
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Using Proposition [3.3|and applying the Mountain Pass Theorem, we know that for any € € (0, 1],
there exists a Cerami sequence, reads as follows.

Lemma 3.4. Assume that (V1), (V2) and (G1)-(G4) hold. Then for any € € (0, 1], there exists a
sequence {v.,} C E such that

Ie(ve,n) — Ce, HIQ(UE,H)”(I + ”Ue,nH) -0, (3.18)
where

Ce = wlglf tren[gui] I.(y(t)) > . with T.={y€C([0,1],E) : v(0) =0, I.(v(1)) < 0}. (3.19)

3.3 Characterization of the mountain-pass level

In this subsection, we establish the characterization of the mountain-pass level ¢, for any ¢ €
(0,1], where c. is defined by (3.19).

Arguing as in |18, Lemma 3.7], we can easily show the following lemma.
Lemma 3.5. Assume that (V1), (V2) and (G1)-(G4) hold. Let e € (0,1]. Then for any v € E\{0},
there exists t, > 0 such that t,v € N, where N; is defined by .

Lemma 3.6. Assume that (V1), (G1), (G2), (G4) and (G5) hold. Let e € (0,1]. Then

1—¢2
2
Proof. For any v # 0, (f10) of Lemma yields

L.(v) > L(tv) + (I'(v),v), YveE, t>0. (3.20)

1—1¢2

' {f(v)f’(v) _ f(s0)f'(sv)

% [f2(v) — f(tv)] — f)f (v :/ v sV

] sv?ds > 0, (3.21)
1

moreover, (G5) and (f11) of Lemma [2.7) imply

1 —¢2
2

G(f(tv)) = G(f(v) + g(f @) f () = /1 lg(f (sv)) f'(sv)v — g(f(v)) f'(v)sv] ds

_[[eUts) | Penfe o) | LEre] o
- [ ey T i T sraszo (322)
By (3.4), Proposition [3.1] (f2) and (f11) of Lemma [2.7, we have

L v 370 - 57 -5 rwron)

2

+G(o,f(10) - G (0) + 25 gl @) P00 o
= [ {low a0 - TP - ot o) - P )]

_ 42

+ 15 oo ) = VW] (0 f o

/ / [ 9(z, f(sv)) f(sv)f'(sv)
R2\ A Sv) s
V@) - g f0) FOFO]
o) : } dsdz > 0. (3.23)

Hence, it follows from (3.9)), (3.10)), (3.21), (3.22)) and (3.23)) that

I.(v) — I.(tv)
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= 1 _2t /]Rz |VU|2dx + % /R2 V() [fQ(v) — fQ(tv)} dz

+/R2 [G(m,f(tv)) - G(l’; f(v))] dw

— 2 _ 42
= o+ [ ve |50 - g - 55w e
1—t2 ,
+ [ 6t st - 6o ) + 15 ot 1) 0] a
1—¢? 1 1—¢2

- ) o)+ [ V) |2 - ) - L2 ) |
\ 2 2 2

2
1—t2 ,
+ [ oten) - 6t + 5ot ] as

+ [ vo 5o - sre - S5

>

This shows that ((3.20]) holds. O
Corollary 3.7. Assume that (V1), (V2) and (G1)-(G5) hold. Let € € (0,1]. Then

¢ = inf I.(v) = inf I (tv). 3.24
e B = ) R ) 324

Lemma 3.8. Assume that (V1), (V2) and (G1)-(G5) hold. Let ¢ € (0,1]. Then m. = c., where cc
is given by (3.19).

Let
mo = inf Io(v) with Ny = {ve H'(R?)\ {0} : (I}(v),v) = 0}. (3.25)

veNo

Clearly, the results in the above lemmas on modified problem (S). still work for the autonomous
problem (S)p. Combining with the result obtained in Section 2, we have the following theorem.

Theorem 3.9. Assume that (G1)-(G5) hold. Let 0 < Vo < Ciy(G), where Chy(G) is given by
(L.16). Then (S)o has a positive solution vo € H'(R?) such that

m
Io(vo) = co = mo = inf Io(v)=  inf Io(tv) < = 3.26
ov) =co=mo = inf (o) = _ faf . suplo(tv) < (3.26)

3.4 Local Cerami condition

In this subsection, we will prove that I. satisfies the Cerami condition in a certain level. For
simplicity, we denote the Cerami sequence {ve,,} given by Lemma by {v,} in this subsection.
Lemma 3.10. Assume that (V1), (V2) and (G1)-(G5) hold. Lete € (0,1]. Then any sequence {v,}

satisfying (3.18) is bounded in E.
Proof. Note that (3.10) yields

2 v
] g2 (1 + 1?;;220)) |Vol2dz + /R V(x)f2(v)da

- /]R2 gz, f(v)f(v)de, VoveE.

(IL(v), f(0)/f'(v)) =
/R (3.27)
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Moreover, by Lemma [2.7, we have

2(y,,
/sl = [ {14 25| 9o + 1+ 2 )] 2 |
< 5l (3.29

Using (Gb), it is easy to see that

1

Zg(t)t -Git)>0, Vt>0. (3.29)
Using (G3) and (G4), it is easy to check that for each § > 0, there exists Rs > 0 satisfying

g(t)t > 6G(t), V |t| > Rs. (3.30)

Then it follows from (3.4), (3.9), (3.18), (3.27)), (3.28), (3.29) and (3.30)) with § > 4 that

ce +o(1) = I (vy,) — i([é(an Flon)/f (vn))
= i/u@ [V f(va)? + V() f?(vy)] dz — —/ 29 £2(v,)dz

1

_ Un Un -G Up, dz
+[{I€Ar|f(vn)|<Ra} ng(f( ))f(on) = G ))}

1

— Un Un -G U, dz
+/{weAz|f(vn>|>Ré} LM( )f (o) — G ))}

[Eglvf(vn)‘g + %fg(vn)] dz +— g(f(Un))f(Un)dJ;

27
Ak Jge 40 J{wenilf(on)I>Rs}

The above inequality implies that

[1f (o)l < C, 9(f(vn))f (vn)dz < Cs. (3.31)

/{I€A1|f(vn)|>Ra}
Since (I.(vy),vn) = o(1), it follows from (3.31)), (f6) of Lemma [2.7] and Proposition [3.1] that
Vol < 2IT0lE + [ V@@ aoads = [ gle 1) (0n)onde + of1)

R? R?

< Cyllfn)E + / 9(f (0))f(vn)dz + o(1) < Ci. (3.32)

(el F(va)> Rs}

Moreover, by (3.31)), (f9) of Lemma [2.7 and the Sobolev embedding theorem, we have

1 1
/ vide = / vide —|—/ vidr < — [ fPlop)dz+ — [ fHva)dz <G5 (3.33)
R? {Jval<1} {Jvn]>1} 05 Jre 0o Jre

Combining (3.32)) with (3.33)), we get the boundedness of {||v,||}, and the lemma is proved. O

Lemma 3.11. Assume that (V1), (V2) and (G1)-(G5) hold. Let e € (0,1] and {v,} be a Cerami
sequence satisfying (3.18). Then for given € > 0 there exists Re > 0 such that

lim sup/ [€2[V,|? 4+ V() f(vn) f (vn)vn] dz < €. (3.34)
|z|>Re

n—oo
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Proof. We choose R > 0 suitably large such that
A C Bg»(0), (3.35)

and take a cut-off function g € C>(R?, [0, 1]) such that ng = 0 on Bgr/2(0), ng = 1 on R?\ Br(0)

and [Vng| < 3/R. Then nr = 0 on A. By (3.10), (3.18), (g3) of Proposition [3.3|and Lemma we
have

o(1) = (IL(vn), NRVn)
[2|an\ +V(x)f(v )f’(vn)vn]anx+52/ (Vo - Vngr) vpda

R2 R2
/ g(z, f(v)) f (vn)vanrde
]RQ
1 o2 2 / 3¢?
25 |Vun|® + V(x)f(vn) f (Un)vn] nrdz — —- |V, ||vy, |de
2 Rz R R2
1 Crc2
25 ) IR Ve s o] d - S
2 R
which implies
2 2 ’ 20662
[£2|Von|? + V(@) f(vn) [ (vn)vy ] do < =——— + o(1). (3.36)
le|>R R
Hence, for given € > 0, there exists R, > 0 such that (3.34)) holds . O

From |14} Lemma 2.1] and Lemma we can get the following lemma.
Lemma 3.12. Assume that (G1) and (G2) hold. Let v, — v in H'(R?).

i) If fR2 lg(x, vy,)vp|de < Ky for some constant Ky > 0, then
litts00 o 9, v ) ke = [ 9(2, 0)écda for any 6 € 3= (B2).

(ii) If Jpo l9(z, f(vn))f(vn)|dz < K§ for some constant K > 0, then

limy o0 [z 9(2, f(va)) ' (vn)dda =[5 g(x, f(0))f'(0)¢dx for any ¢ € C3°(R?), if further (G4)
holds, limy, o0 [ G(z, f(vn))dz = [, G(x, f(v))dz for any compact set Q@ C R2.

Lemma 3.13. Assume that (V1), (V2) and (G1)-(G5) hold. Let € € (0,1]. If c. < e%m/ag, then
there exists ve > 0 such that I.(v.) = cc and IL(v:) = 0.

Proof. Applying Lemmas and for any € € (0, 1], there exists a bounded sequence {v,} C F
satisfying (3 . We may thus assume, passing to a subsequence if necessary, that v,, — v, in E,
Up — Ve in LIOC(}RQ) for s € [1,00) and v,, — v. a.e. in R?. Then (3.31) gives

/ (9, (o)) f (0n)|dz = / 9, f(vn))F(on)de < Cr. (3.37)
RQ RZ

From (3.37) and (ii) of Lemma [3.12) we can deduce that I’(v.) = 0. Let c. < e2m/ag. The rest of
the proof of Lemma consists of several steps.
Step 1: We prove that v. > 0.

First, we claim that v. # 0. For this, we suppose by contradiction that v. = 0. Then v, — 0 in
LfOC(RQ) for s € [1,00) and v,, — 0 a.e. in R%. From (f3) and (f6) of Lemma [2.7| and Lemma
we then deduce that

. fon) f' (vp)vpda = o(1), F2(vp)dz = o(1). (3.38)

R2
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Noting that R? \ B(0) C R?\ A by (3.35), it follows from (3:38) and (g3) of Proposition [3.1] that
Vi
/ G, f(on))da < 2| f(va)]3 = o(1). (3.39)
lz|>R 2k
Moreover, (ii) of Lemma yields
/ Gz, f(va))dz = o(1). (3.40)
2| <R

Combining (3.39)) with (3.40)), we have

. G(z, f(vp))dx = o(1). (3.41)

Since c. < £27/ay, it follows from (3.9), (3.18)), (3.38) and (3.41) that

2|V, |3 < 2¢. + 2/ G(z, f(vp))dx + o(1) := 522—7T(1 —3€) +o(1) (3.42)
R2 Q)

for some € > 0. Let us choose g € (1,2) such that

1—¢

<1 (3.43)
Then (G1) and (f7) of Lemma [2.7] yield

lg(z, f(t))|7 < Cs [eao<1+€>qf“<t> - 1] < Cy [62a0<1+€>qt2 - 1] LY > L (3.44)

By (3.42), (3.43), (3.44) and ii) of Lemmall.1] we have

[ sl <cs [ et 1] o

1f(vn)]>1 R

_ Cs/ |:e2a0(1+€)q(||vvnH§+27r€/ao)vi/(”VUn||§+27r€/010) _ 1} dz < Cy. (3.45)
R2

Note that f(v,) — 0 in L¥(R?) for any s > 2 by (3.38) and the Sobolev embedding theorem. Let
¢ =q/(qg—1). Then it follows from (3.45), the Holder inequality and (f6) of Lemma 2.7 we have

/ 92, F(0n)) ' (wn)vnde < / oz £ (02))f (o) dz
[f(vn)[21

[f(vn)|>1
1/q
< [/ Ig(x,f(vn))lqul 1f (wn)llgr = o(1). (3.46)
[f(vn)|>1
Moreover, using (G1), (G2), (£3) of Lemma [2.7 and (3.38)), we can check easily that
[ @ ) ede < Cuol ()] = o). (347
| (vn)I<1
Combining (3.10)), (3.38), (3.46) and (3.47)), we derive that

o(1) = <I;(vn)»”n> = 52”vvn”§ + /R? V(@) f(vn) f'(vn)vndz + o(1),

which, together with (3.9), (3.18), (3.19), (3-41) and (f6) of Lemma [2.7] leads to

0 < e +o0(1) = I.(v,) = o(1).
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This contradiction shows that v, # 0. Noting that (I’(v.), —v7) = 0, where v¥ = max{=+wv.,0}, it

€

follows that vZ = 0 and so v. = v} > 0. Arguing as in the proof of |22, Page 3368], we can derive
that v, > 0 in R2.

Step 2: We prove that lim,,_, ||[Vv,|3 < % + || Vwe|3, up to a subsequence.
Suppose, by contradiction, that limsup,,_, . ||V, |3 > Z—Z + || Vve||3. Note that

(IZ(vn), f(vn)/f'(vn)) = 0(1) and (I[(ve), f(ve)/f'(ve)) = 0. (3.48)
Then and give

/ [9(f(vn)) f(vn) = g(f(v)) f (ve)] da + == / [£2(vn) = £2(ve)] da
A R2\A
_ 2 2f2(1}n) 2 ZfQ(Ue) 2
= [\ (o gt ) or = () 9
+ /}R2 Vix) [fz(vn) — f2(v5)] dz + o(1). (3.49)

Using Lemma and (ii) of Lemma it is easy to see that

/A (C(f(1m)) — C(f(v2))] dz = 0. (3.50)

Then it follows from (3.9), (3.18), (3.27), (3.48), (3.49), (3.50) and Fatou’s lemma that, up to a
subsequence,

ee 4 0(1) = I(tn) — ~ (I'(wa), f(v)/ ' (1)

4
1 [ %[ Vu,|? o
= Z . _WQ(U”) + V(Jj)fQ(vn)] dz — @ /RQ\A f2('un)d1‘

+

e —

/A (907 (o)) (0n) — g(F(0)) f(v2)] da

+
s

I (w0) = 60| ds

[ 52\V0n\2 2 Vo 2
/W m +V(z)f (Un)] dz — 1 Rz\Af (vp)dx

e? 2f2 (Un) 2f2 (Ue)
- 4 R2 [(1 - 1+2f2(vn)) |v”n|2 - (1 - 1 +2f2(vs)) |VUE|2:| dr

Yol 12w - )] de+ / V(@) [f2(0n) — f2(0r)] da

- 4k R2\A R2

o Bg(f(vs))f(ve) - G(f(vs))} dz + o(1)

52 52 sz(’()e)
> 5/]11{2 |V’Un|2dx — Z/W [(1 + 1—1_2]02(,05)) |V1}5|2] d$+0(1)

: : 2/ ()
> 4 = 2 —E—/ _2ve) 2
>e o t3 - Vo |*dz T e 1+ T4 272(0n) [V || dz + o(1)

-

2
s 9
= T 4 VAl + o(1).

This contradicts to the assumption c. < e2m/ag. Hence, lim,, o [|[Vu,||3 < i—’; + || Ve |3

Step 3: We prove that v,, — v. in E, up to a subsequence.
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For this, we first verify that ||v, — vc]]2 — 0. From Lemma and the Gagliardo-Nirenberg
inequality, we can deduce that for € > 0 small enough, there exists R. > 0 large enough such that

/ [fz(vn) + f4(vn)] dr < e (3.51)
R2\Bp,
Jointly with (f9) of Lemma[2.7] we have
1 1
[ sy e+ g [ FHon)da
RA\Bp/ 0 J{z€R?\Bp: :|vn|<1} 0 J{zE€R?\Bp :|vn|>1}
03 +1
<l (3.52)

Combining (3.52)) and the fact that v,, — v. in L? (Bry), we get

/ v, — v |2dx = /
R? B

which, together with the arbitrariness of ¢ > 0, yields ||v, — ve|l2 — 0. From this, the Sobolev
embedding theorem and Lemma we can derive

v, — ’UE|2d.T —|—/ |vp, — UE\de < o(1) 4+ Ci1e,
R\ By,

’
Re

[lvn —vells = 0 and || f(vn) — f(ve)|ls = 0, Vs>2. (3.53)
By Step 2, we know that there exists € > 0 such that, up to a subsequence,
2m(1 — 3¢
IV (vn, — ve)|3 = % for large n € N. (3.54)
0
Let us choose ¢ € (1,2) such that
(1+6)2(1—26)¢*
1—¢
Noting that A is a bounded domain, it follows from (3.54)), (3.55)), the Young’s inequality and the
Trudinger-Moser inequality in bounded domains that

/|g(f(vn))|qu§C12/ea0(1+€)‘3f4(”")dx
A

A

<1 (3.55)

SCIZ/62a0(1+€)2€71ﬁvfe2a0(1+€)2tj(vn—v5)2dm
A

< (4 — })012 / 62a0(1+é)2e*1q2(q—1)*1vgdx+07}2/ 62a0(1+é)2q2(vn—v5)2dx
A A

q

S 013 + 07}2 620‘0(14‘6)242(Hv(vn,_vs)H§+27"€/O‘O)(vn,_vs)z/(”v(vn_vz)Hg“l‘QWé/ao)dx S 014. (356)
q Ja

Let ¢ = /(¢ —1). Then by Lemma (3.56) and the Holder inequality, we get

1/q

1/4
[ ot - featas| < | [latsrias] | 1700 - e <o, @7
Noting that f(v,) — f(ve) in H'(R?), by and (i) of Lemma[3.12] we have
[ 1907 @) = a( o) (w2)de = o). (3.58)
Combining with (3.58), we get
[ 6@ 00) = a0 (o) o
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=/Ag(f(vn))[f(vn)—f(va)]der/[g(f(vn))—g(f(va))]f(ve)dx=0(1)- (3.59)

A

Therefore, it follows from (3.48)), (3.49), (3.53) and (3.59) that

= (¥ v — v v x E 2 (Y — 72 v x
o) = [ w(f@)F ) =g el de+ 32 [ ) = o] d

=¢? /R2 [(1 + %) |V, |* — (1 + 1?:}%) |Vv€|2] dx
+ [ V@) [0 = )] da+ o),

which, together with Fatou’s lemma, implies that ||V (v, —v¢)|l2 = 0. This, jointly with (3.53]), shows
that v, — v. in E up to a subsequence, and so I.(v.) = c. and I’.(v.) = 0 provided c. < &27/a.
The proof is completed. O

Now, to end the proof of Theorem using Lemmas [3.8] and [3.13] it suffices to establish
the desired estimate of the mountain-pass level. Hereafter, we always assume that (V1), (V2) and
(G1)-(G5) hold, and let Vy = mingep V(z) < Ciy(G), where Ciy (G) is given by (2.58)).

3.5 Estimate of the mountain-pass level

In this subsection, we give the estimate of the mountain-pass level c., defined by (3.19)), and
finish the proof of Theorem
Lemma 3.14. There exists g > 0 such that c. < &2 /aq for all & € (0, &0).

For the proof of Lemma [3.14] we need to work with stretched variables, because of the presence
of €2 before the component-||Vu||3 in I.(u). Precisely, we change the variables as z = ez, and
consider the following energy functional:

I.(v) = %/RZ [[Vu]* + V(ez)f?(v)] da — . G(ex, f(v))dz (3.60)

associated to the equation:
—Av = f'(v) [g(ex, f(v)) = V(ex) f(v)], x€R? (S)e

and defined on the Banach space

E. = {v € H'(R?) : [ V(ex)v?dx < oo} : (3.61)

R2

It is easy to see that Z. € C!(E.,R), and

T0)0) = [ [T0- 96+ VEn) ) (0)6]da

R2
_ / glew fW)f Wpdz, ¥ 6 € B (3.62)
R
For every ¢ € (0, 1], we consider the Nehari manifold

N. = {v e E.\ {0} : (T.(v),v) = 0} (3.63)

Arguing as in Lemmas and Corollary for any ¢ € (0, 1], we have
me := inf Z.(v) = inf supZ.(tv). 3.64
o= o L= nl, s Lelto) (3.64)

The following lemma is crucial in the proof of Lemma
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Lemma 3.15. limsup,_,o m. < my.

Proof. Let vy be a positive ground state solution of (S)g involved in Theorem Without loss of
generality, we may assume that vg maximizes at zero. Consider the function w. = ¢(ex)vg, where

¢ € C§°(R?,[0,1]) is defined by
o(x) = {1’ v € By, (3.65)

0, zeR? \ Ba,
with p > 0 such that Egp C A. Tt is easy to see that w. — vy in H! (R2) as ¢ = 0. Furthermore,
supp we C A. := {x € R? :ex € A} (3.66)

and
/ V(ex)w?da < / V(ex)w?dx < sup V(x)|jw.||3 < sup V(z)]||vol|3. (3.67)
R2 Ac zeA zeA

Then (3.66]) and (3.67) imply that w. € E.,

G(ex, f(we))dx = G(f(we))dx (3.68)
R2 R2
and
/ g(ex, f(towe)) f (tewe)tew.dz = / g(f(tewe)) f/ (tewe)tewedz. (3.69)
R2 R2

Similarly as in Lemma we derive that for each e € (0, 1], there exists t. > 0 such that t.w. € J\Z,
ie.,
<Ié(t€’w5)7t€’w5> =0, (3.70)

and so T (tewe) > me by (3.64). By (G4), (3.17) and (3.70)), arguing as in the proof of Lemma

19], we can deduce that {t.} is bounded. We claim that, up to a subsequence,
/]Rz [V(ez)f*(we) — Vof?*(vo)] dz — 0 as e — 0 (3.71)
and
/RZ [V (ex) f (we)we — Vo f'(vo)vo] dz — 0 as e — 0. (3.72)
Next, we just give the proof of , because the other is similar. Since

sup V(ex) <supV(z), Vee(0,1]
rEA: TEA

and we — v in Hl(Rg) as ¢ — 0, we have
V(ex) f2(w.) — Vof*(vg) — 0 for ae. x € R? (3.73)
and there exists h € L!(R?) such that

0 < V(ex)f*(we) < sup V(z)w? < sup V(z)h(z) for a.e. x € R (3.74)
TEA TEA

Hence, (3.71)) follows from (3.73)), (3.74)) and the Lebesgue dominated convergence theorem. As in

the proof of Lemma [3.6] we have

1—¢?
2

Z.(v) > I.(tv) + (ZL(v),v), VYwveEE,t>0. (3.75)
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Since {t.} is bounded, it follows from (2.71)), (2.73), (3.25), (3.60), (3.62), (3.66), (3.67)), (3.71),
(3.72) and (3.75) that, up to a subsequence,
1

mo + 06(1) = Io(’l}()) + 06(1) = IQ(U()) + 5 /]R2 [V(gx)f2(w€) — ‘/bf2(’1}0):| dzx

2

= () > Taltows) + - % (TL(w2), )

> i+ 220 (an)on) + 155 [ V) e = Vo (ohue) o

=m. + o0:(1),
where 0.(1) — 0 as € — 0. This completes the proof. O
Proof of Lemma[3.14] It is easy to see that m. = e2m, for all € € (0,&0]. Then Lemma follows
directly from Lemmas and in the same way as that of . O
Proof of Theorem[3.2] Theorem [3.2] follows directly from Lemmas and O

By performing the scaling x — ex, Theorem also yields a one parameter family of critical
points {v.} of Z. for any € € (0, o], namely

Uo(z) == v.(ex) for 2 € R?, T/(v.) =0 and Z.(v.) = m., Ve € (0,e) (3.76)

This gives
—AT, = f'(0.) [g(ex, f@.) — V(ex)f([@.)], VxeR? e€(0,¢&). (3.77)

In the next section, we will give the L*°-estimate and the behavior of v, as € — 0, to relate to
critical points of J., defined by (3.3)). In what follows, we denote o(1) — 0 as € — 0.
4 [*-estimate and behavior of v. as ¢ — 0

Lemma 4.1. There is a constant K > 0, independent of €, such that ||U¢|co < K for all € € (0, o).

Proof. With Lemma [3.15] using similar arguments as that of Lemma [3.10] we can prove that there
exists a constant K > 0, independent of ¢, such that ||v.|| < K; for all € € (0,¢0]. As in the proof
of Proposition 22], we can conclude this lemma. O

Lemma 4.2. There exist {y.} C R? and E,B > 0, independent of €, such that
| PEazh vee sl
Bﬁ(ys)

Proof. Suppose by contradiction that the lemma does not hold. Using a result by Lions, we have
f(@e) = 0in L*(R?). By (3.8) and Lemma we can derive that

/ Glex, f(7))dz = / g(ez, (@) @) ' (T)0da = o1). (4.1)
R2 R2
By (3.62), and (f6) of Lemma [2.7, we derive that

0 = (T/(3.), ) = | V|3 + / V() (@) £/ (@)td + o{1)

2

which, jointly with (3.60)), yields that m. = o(1). On the other hand, by a standard argument, we
can prove that there exists o > 0, independent of €, such that m. > o > 0 for all € € (0, g¢], since
inf,crz V(2) > 0. This a contradiction, and thus the lemma is proved. O]

> Vo3 + 1 /]R V(ex) f2(v)dz + o(1), (4.2)
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As in [18, Lemma 25, Remark 26], we have the following lemma and remark:
Lemma 4.3. The family {ey: }o<e<e, has the following property dist(ey., A) < eR.

Remark 4.4. The family {eye}o<e<e, can be taken in such a way that ey. € A for all 0 < e < gg.

Indeed, since dist(ey.,\) < 2eR for all 0 < ¢ < &, there exists x. € A satisfying |y. —e ‘o | < 2R.
Thus,

0<fB< /Bﬁ@s) f2(U)dz < / f2(ve)da.

335(5*115)
Replacing R by 3R in Lemma we can replace Yy by e 'x..

For all € € (0, ], we let

we(z) =V (z +eye), VaeR2 (4.3)
Then Theorem and (3.76) give that
—Aw, = f'(v) [g(ex + eye, f(we)) = V(ex + ey f(w.)], = € R (4.4)

Lemma 4.5. lim. .oV (ey.) = Vo = mingep V(x). Moreover, w. — w in HY(R?) and w. — w in
C2*(R2) for some o € (0,1), where w € H*(R?) is a positive ground state solution of (S)o.

loc

Proof. Let {e,} be a sequence such that ¢, € (0,eq] verifying ,y., € A by Remark We may
assume that, up to a subsequence,

EnYe, — To € K, V(‘TO) > V. (45)

To simplify the notation, set v,, = v, and w,, = w,,. Since {||w,||} is bounded due to ||wy,| = ||U.l,
we may assume that there exists w € H'(R?) such that

w, = w in H*(R?), w, —w in L{ (R?) forall s>1 and w, — w ae. inz€R%  (4.6)

By Lemma [4.2] we have w # 0. Next, we divide the proof into the following steps.
Step 1: We prove that w € H'(R?)\ {0} is a ground state solution of (S)o.
We define

x(z) = nh_)ngo XA (EnT + €nye,) ae. in z € R? (4.7)
and
glz,t) = x(2)g(t) + (1 = x(2)) g(t) ¥ (z,t) € R* x R. (4.8)
Then we have
9(en® + enye, , f(wn)) fwy) — gz, f(w)) f(w) ae. in z € R? (4.9)
and
Glent + enye, , fwn)) = Gz, f(w))f(w) ae. inz e R, (4.10)

where G(xz,t) = fot g(z,s)ds. By (£.4), we have
[ IV V64 Views + e, ) ) 1))
_ /R 9(ent + Entiey, Swa)f (w)odz, Y 6 € C(RE), (4.11)

Noting that Lemma and (4.3)) give

lwn]loo < Co with some constant Co, > 0 independent of n, (4.12)
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it follows from the Lebesgue dominated convergence theorem that

/Rz 9(ent + nle,,, f(wn)) f'(wn)pdz = /

- gz, f(w)) [ (w)pdz = o(1), V ¢ € C5°(R?).  (4.13)

Taking the limit in (4.11), using (£.5) and (£.13)), we see that w satisfies
[, w0+ Vi) ) elde = | Gl f) w)ode, Vo eGEED. (@414)

Therefore, w is a critical point of the functional given by

~ 1 ~
I(v) = 5/ [[Vo]? + V() f?(v)] d —/ G(z, f(v))dz, Vove HY(R?). (4.15)
R2 R2
To end this step, it remains to show that
o € A and V(zg) = Vp. (4.16)

Indeed, if zy € A can be proved, we then get €,y., € A for n € N sufficiently large. Hence, x(z) =1
for all x € R? and w is a critical point of the following functional

L, (v) = %/R [[Vo]* + V(zo) f3(v)] dz — /R G(f(v))dz, Vwve HY(R?), (4.17)

and so the conclusion follows if further V(z9) = V5. We next prove that holds. Denoting
by ¢z, the mountain-pass level associated to the functional I, and by ¢ the mountain-pass level
associated to the functional Z, we claim that ¢,, < ¢ In fact, since G(z,t) < G(t) for all z € R?
and t € R, we obtain I, (v) < Z(v) for all v € H'(R?), and this implies that ¢,, < ¢. Arguing as
in Corollary and Lemma we can get Z(w) > ¢ since Z'(w) = 0. Moreover, using the fact
V(zg) > Vo, it is easy to check that ¢y < ¢g,. Thus, we have

mo =co < gy <€ < f(w), (4.18)
where ¢y and mg are given by and (3.25)). Let us define the set
A, = {m ER? e x4 enye, € A} . (4.19)
If x € A, then and imply that

Vienw + 5nysn)f2(wn) +9(en® + enYe,, f(wn)) f(wn) — 4G (enz + e, , f(wn))
=V (ent + enye,) 2 (wn) + g(f(wn)) f(wn) — 4G (f (wy)) > 0. (4.20)

If ¢ ¢ A, then (3.4), (3.5) and (4.8) imply that
V(enz + 5nyan)f2(wn) + 9(enT + enye,, f(wn)) f(wn) — 4G (en® + e, , f(wn))

>V (ent + enie, )2 (w0n) — -2 (1) 2 0. (4.21)

Noting that
EnT + EnYe, —+ To a.€. N T € R?,

then it follows from (3.76), (4.6), (4.9), (4.10), (4.14), (4.15), (4.18), (4.20), (4.21]), Fatou’s lemma

and semicontinuity of the norm that

mo < E(w) = Tw) — ¢ (T (w), fw)/f'w))
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1 2 2
=1 LIV 5 @R + V(o) )] ar
-1 L [ rw)sw) 4G, )] da

< iliminf |V f(wy)|dx + iliminf/ [V (enz + enye, ) 2 (wn)
R2

n—oo  Jp2 n— oo

+ g(ent + enYe,, fwn)) f(wn) — 4G (en® + enye,,, f(wn))] dz

1 1
— L liming / IV f@)|de + ~ liminf / [V (ena) £2(50)
4 R2 4 n—oo R2

n—roo

+ g(en, f(Un)) f(0n) — 4G(ena, f(0n))] dz

<timsup |7, (5,) - § (7, @), 1)/ £/5)]

n—oo

= limsup m. < my, (4.22)
e—0

which, together with (4.18]), implies
flw,) = f(w) in HY(R?*) and mg = cy = cpy = E:f(w). (4.23)

Using and the fact that the mountain pass level ¢y on the constant potential Vj is continuous
and increasing, we can obtain holds. This completes this step.

Step 2: We prove that w,, — w in H!(R?).

By and (f9) of Lemma we know that there exists hy € L'(R?) such that

1 1
lw,|* < 9—2f2(wn) + 0—4f4(wn) < hy(x) for a.e. x € R?. (4.24)
0 0

Using (4.24) and the Lebesgue dominated convergence theorem, we have ||w, — w||2 — 0, which,
jointly with the Sobolev embedding theorem, gives ||w, — w|s — 0 for all s > 2. From this, (3.8),
(4.12), Holder inequality and the Lebesgue dominated convergence theorem, we have

- V(gnm + Enysn)f(wn)f/(wn)(wn - w)CL’L' = 0(1) (425)

and

[ e+ catiey S ), — w)de = o). (1.26)
R
Therefore, it follows from (4.4)), (4.25) and (4.26) that

o(l) = Vuwy, - V(w, —w)dz + V(enz + enye, ) fwn) f/(wy)(w, —w)dz
R? R?

= [ glent+ e £ (), = wia

= Vwy, - V(w, —w)dz + o(1),
R2

which implies that ||V (w, — w)||2 — 0. This shows that w, — w in H*(R?).
Step 3: We verify that w, — w in Clzof (R?) for some a € (0,1).
The previous two steps imply

~A(w, —w) = Hy(z) in R? (4.27)

where

Hy,(z) =Vof(w)f'(w) = V(enz + enye, ) f(wn) ' (wn)
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+g(ent + EnYe, s f(wn))f/(wn) - g(f(w))f,(w)

By (4.6) and (4.12)), we have H,,(x) — 0 for a.e. x € R2. Note that for each compact subset D of R?
we have |H,|, |lw| < Cp for some positive constant Cp dependent on D due to (4.12)) and the fact
that {|en® + €nye, |}n>1 is bounded for all € D . Thus, it follows from the Lebesgue dominated

convergence theorem that H, — 0 in Lj (R?) for all s > 1. The rest of the proof is the same as
the one in . Indeed, using Theorem 9.11], we can conclude that w,, — w in W5 (R?) for all
5> 1, and so w,, — w in C2%(R2) for some « € (0,1). Now, by Theorem 6.2], we have w,, = w

loc

in C2:%(R?) for some a € (0,1) and the lemma is proved. O

Lemma 4.6. There is a constant My > 0, independent of x € R? and e € (0,¢¢], such that
0 <we(z) < Mo/ we(y)dy, Vee€(0,e), v€R2 (4.28)
Bl(x)

Proof. Let € € (0,20). By (G1), (G2), ([#.12), Lemma[2.7 and Proposition 3.1} there exists a constant
01 > 0 such that

Since w, > 0, then it follows from (4.4) and (4.29)) that

—Aw, = fl(wf) [9(ex + eye, f(we)) — V(ex 4 eye) f(we)]
<ow., =zeR? (4.30)

which implies that w, is a sub-solution of the equation (—A — g;)w = 0, and hence (4.28)) follows
from the sub-solution estimate (see Theorem C. 1.2]). O

Lemma 4.7. There exists €* € (0,&0] sufficiently small such that the family v.(z) — 0 as x| = oo
uniformly in € € (0,e*].

Proof. To prove this, it suffices to show that there exists e* € (0, £¢] such that w.(z) — 0 as |z| = o0
uniformly in e € (0,e*], since v.(x) = w.(x — ey.) and {ey.} is bounded by and Lemma
Suppose by contradiction that there exists §; > 0, &, € (0,&*] and {z,,} C R? with ¢, — 0 and
|| — oo such that we, (z,,) > d1. From Lemma we have w., — w in H'(R?), where w is given
by Lemma Hence, it follows from and the Holder inequality that

51 < we, (zn) < My / we, (y)dy
Bl (In)

< M, /B e 0) iy + Mo /B o (y)|dy

1(mn)

< Mov/rw., — wls + Mo / o (y)|dy = o(1),
Bl(xn)

which is a contradiction. This completes the proof. O
Lemma 4.8. There exist Iy, ko > 0, independent of x € R? and € € (0,¢*], such that
0 < U.(2) < Hpexp(—kolz]), Veec(0,e], xR (4.31)
Proof. Using Lemma [4.8] (f2) and (f4) of Lemma[2.7 and (g1) of Proposition we have
1AL N (A t5))

— ~ =0, iformly i € (0,e"]. 4.32
2|00 V() |z| o0 Ve(z) uniformly in & € (0,7 (4:32)

Then there exists a constant R; > 0, independent of z € R? and ¢, such that

3

0<70e(2) < f(ve(2)) =1, glez, f(0e(2))) <

<

0%.(z), Vee(0,e], v eR?with || > Ry,

=
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where k > 2 is given by (3.4). This, together with (3.4) and (3.77)), implies

AT, = f(3.) [V(ex) f(3.) — g(ez, f(@))] > %m, Vee (0,67, z € R? with |z| > Ry.  (4.33)

Vi
Set @, (z) = . (2) — Ke VI 775 yhere K is given in Lemma Then

Aw,(z) > Z—zag(m V x € R? with |z| > R;.

By the maximum principle (see [39]), we conclude that w.(x) < 0 for |z| > Ry, i.e.,

5. (2)] < Ke"Vat(=l=B) v 4 ¢ R? with || > R,.

Therefore, there exist Iy, kg > 0, independent of x and ¢, such that (4.31)) holds. O

5 Proof of Theorem [1.4l

Let v.(z) = U.(z/e) for all £ € (0,£*], where U, and &* are given by (3.76) and Lemma [4.7}

Lemma 5.1. There exists iy € (0,e*] sufficiently small such that u. = f(v.) is a nontrivial solution
of (@)e for all € € (0,&5].

Proof. In view of Lemma there exists R* > 0 such that

where S, is given by (3.5). Since A, = {x € R? : ex € A} and A is bounded, we have |A.| is large
enough provided that ¢ is small enough. Thus we can choose €fj € (0,¢*] sufficiently small such that
Bpr+ C Acx. Jointly with (3.77) and (5.1)), we conclude that for all € € (0,¢7], v. satisfies:

—AT: = /(W) [9(f (%)) = V(ex) ()], = €R”

which implies that v.(x) = v.(x/e) satisfies

—e?Ave = f'(ve) [9(f(ve)) = V(@) f(ve)], = €R®. (5-2)

Hence, u. = f(v.) is a positive solution of (Q). for all € € (0, ], and the proof is completed. [

Proof of Theorem[1.4] Let ef be given in Lemma 5.1} With Lemma[5.1} to end the proof, it remains
to verify that u., obtained in Lemma satisfies (i)-(iii) of Theorem [I.4, We first prove that (i)
holds. From Lemma we know that for all ¢ € (0,¢f], w. possesses a global maximum point
ze € B, for some p > 0. Considering the translation w. = w.(- + x.), we may assume that the
function w, achieves its global maximum at the origin of R? without of loss of generality. Using the
fact that w is spherically symmetric, dw/dr < 0 for all 7 > 0 and w,, — w in Co.¢ (R?), by |38, Lemma
4.2], we can conclude that w. possesses no critical point other than the origin for all e € (0,&§].
Notice that the maximum value of v.(z) = v(ex) = v.(x) = we(r — y.) is achieved at the point
ze = €Ye € A. As the function f is strictly increasing, the maximum value of u.(z) = f(ve(?)) is
also achieved in this point. As Vu. = f/(v.)Vo., u. possesses no critical point other than z., and
so the item (i) of Theorem [1.4]is proved. The item (ii) is a consequence of Lemma Finally, by
(f3) of Lemma [2.7] and Lemma [4.8] we have

0 < ue(z) = f(v:(2) S vel2) = . (2)

€
< Iy exp (—%|z|> , VzeR? £€(0,¢], (5.3)
and thus the item (iii) of Theorem is proved. O
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