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Abstract
We investigate normalized solutions of the following Choquard equation perturbed by sat-
urable nonlinearity

— A+ haw = T ul?) [alP 2 Sy inRY,
Jrw u?dx =c¢ > 0,

Mie < p<2%:= 14,

on R¥. Under different assumptions on p, i and g(x), we prove several existence and

nonexistence results. We also describe some properties on the associated Lagrange multipliers

A, including the asymptotic behavior as ¢ — 0 and the relationship with the distribution

potential g(x).

where 2, 1= n € R\{0}, and g(x) is a bounded intensity function
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1 Introduction

In this paper, we consider the Choquard equations with a saturable perturbation

g(x) + 1@

i9,®— AD = (I, * |®|") |[®P 2D+ p—"r
X (I % |27) | @] T

o, Vi, x) eRxRY, (1)

where N > 2,2, < p < 2% (2, = 2532, 2% = N2 if N > 3and 2} = o0 if N = 2), the

parameter ;1 € R\{0} and I, is the Riesz potential of order « € (0, N) defined by

AN @) r(*3) N
1, = W with AN, a) = WO‘F(%) for each x € R™\{0}, 2)
and * is the convolution product on RY. The constant 2, = % is the lower critical

exponent and 2}, = %f% is the upper critical exponent in the sense of Hardy-Littlewood-

Sobolev inequality. g(x) € C(R",R) is a bounded function, which is usually called the
intensity (distribution) function.

In the case u = 0, Eq. (1) becomes the well-known Choquard—Pekar equation. When
N =3 and ¢ = p = 2, this equation has several physical origins, such as the description
by Pekar of the quantum physics of a polaron at rest [26], and the model by Choquard of an
electron trapped in its own hole as a certain approximation to Hartree—Fock theory of one
component plasma [15].

An important topic on Eq. (1) is to study their standing wave solutions. A standing wave
solution of Eq. (1) is a solution of the form ® (7, x) = e~ My (x), where A € R and u satisfies
the stationary equation

2
O RAT—

—AuAru= (IyxuP) P 2u+p—
(a ||)|| M1+g(x)+|u|2

3

A possible choice is then to fix A € R, and to search for solutions to Eq. (3) as critical points
of the energy functional

1 1
E(u) == f/ (\Vul? + Au)®)dx — —/ (Io * |ul?) u|Pdx
2 RN 2p RN

M 2 o
2 /RN ['“' In (1 * 1+g(x)>}dx

Alternatively, one can search for solutions to Eq. (3) with the frequency A unknown. In
this case A € R appears as a Lagrange multiplier and L?-norms of solutions are prescribed,
which are usually called normalized solutions. This study seems particularly meaningful
from the physical point of view, since solutions of Eq. (1 ) conserve their mass along time.
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In this paper we are concerned with this issue. For ¢ > 0 given, we are interested in finding
solutions to

2
{—Au—i—ku:(Ia*lulp)lulp_zu—i-uwu in RV, >
C

f 5 +g(x)+(ul?
ry lul7dx = c.

Solutions of problem (P.) can be obtained as critical points of the energy functional J :
H'(RV) — R defined by

J(u) :l/ |V”|2dx—i-/‘ (1 *|M|P) |M|de_ﬁ/ |M|2—1n 1+£ dx
T2 RN 2p JrN “ 2 Jrw 1+ 200
“4)

on the constraint
S(c) :={ue H'®R") | / lul>dx = c}. 5)
]RN

Note that J is a well-defined and C' functional on S(c) with Fré chet derivative

(J'(n), v) :/ Vu-Vvdx—/ (o * |u|?) Iul"fzuvdx—u/
RN RN R

for any v € H'(RV).
In recent years, there has been much attention on normalized solutions to the Choquard
equation

g(x) + Jul?

— __uvd
v+ g0 + 2

— Au+ru = (Ig % |ulP) |ulP"2u in RV, (6)

When N = 3 and @« = p = 2, the existence and uniqueness of normalized solutions for
Eq. (6) was proved by Lieb [15], and the orbital stability of the normalized ground states set
was studied by Lions [22] . Recently, the existence of normalized solutions for Eq. (6) was
established in [35], depending on the exponent 2, < p < 2%. By considering the minimizer
of constrained on the Pohozaev manifold, Luo [24] obtained the existence and instability of
normalized ground state for Eq. (6) with p := N%‘H < p < 2%.Itis remarkable that p is
called the L2-critical exponent for Hartree type nonlinearity, which is the threshold exponent
for many dynamical properties such as global existence vs. blow-up, and the stability or
instability of ground states. For the generalized Choquard equation, we refer the reader to [2,
14].

Very recently, for Choquard equation with a power perturbation, there are some results
on normalized solutions, see for example, [3, 7, 12, 33, 34]. In particular, Li [12] considered
the upper critical Choquard equation with a power perturbation

— AuA+ = (Ia % |u|23) %20 + pu)92u in RY, %)

where p > 0and 2 < ¢ < 2+ %. He proved the existence and orbital stability of the
normalized ground states for Eq. (7). Moreover, the second normalized solution was found
as well, which is positive, radial symmetric, exponential decay and orbital instable.

We note that in the existing literature there seems no result concerned on the Choquard
equations with a saturable perturbation, i.e. Eq. (3), whether X is fixed or unknown. Inspired by
this fact, in this paper we will exhaustively study the nonexistence and existence of normalized
solutions for this type of equations when the perturbation is focusing or defocusing, i.e.
problem (P.) with u > 0 or u < 0. We will examine how the presence of a saturable
perturbation influences the situation in our context, particularly, when the exponent p is the
lower or upper critical exponent, in view of the fact that Eq. (6) with A = 1 has no nontrivial
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smooth H ! solution [9, 25]. Moreover, some properties on the associated Lagrange multipliers
A, including the asymptotic behavior as ¢ — 0 and the relationship with the function g(x),
are described.

We wish to point out that the saturable nonlinearity is used to describe photorefractive
media [5, 6]. From the mathematical point of view, it is a kind of asymptotically linear term
at infinity. Lin et al. [18] firstly studied normalized solutions for the Schrodinger equation
with saturable nonlinearity

2
—Au—i—)»u:,uwuin]&[v, 8)
1+ g(0) + [uP?
where p > 0. Itis true that the functional I corresponding to Eq. (8) is bounded from below
on S(c). Thus, one may consider the following minimization problem

o(c) = inf I(u) )
ueS(c)

to get normalized ground states of Eq. (8). When g(x) = 0, N = 2 and ¢ > T for some
I' > 0, the existence of minimizer of problem (9) can be proved by Lin et al. [18] via the
energy estimate method. Moreover, Lin et al. [19] got the estimate of A and the minimum
(ground state) energy o (c) by developing a virial theorem. When g (x) becomes nonzero, Lin
et al. [20] employed a convexity argument to obtain the existence of minimizer of problem
(9) when p > 0 is sufficiently large.

Let us get back to the problem what we would like to study. Compared with the study of the
Choquard equation with or without a power perturbation, there seems to be more challenging
for problem (P,). Firstly, when p = 2, and u > 0, we find that the usual method can not be
used to rule out vanishing of the minimizing sequence when the concentration—compactness
principle is applied, due to the special structure of the nonlocal term. Secondly, a convexity
method by Lin et al. [20] can be used to rule out the dichotomy of the minimizing sequence
in studying normalized ground states of Eq. (8). However, for problem (P,), when combined
nonlinearities appear, particularly when u < 0, such an argument is not applicable directly.
Thirdly, as we will see, the functional J will no longer be bounded from below on S(c) when
P < p < 2. When the Pohozaev mainfold approach is used, the fibering map related to the
Pohozaev mainfold has an extremely complicated form arising from saturable nonlinearity,
which seems to have never been concerned before. In order to overcome these considerable
difficulties, new ideas and techniques have been explored. More details will be discussed in
the next sections.

Before stating our main results, we agree that when p = 2}, is involved, we always assume
that N > 3. For the other cases, we require N > 2. Next, we give the definition of ground
state in the following sense.

Definition 1.1 We say that u is a ground state of problem (P,) if it is a solution to problem
(P.) having minimal energy among all the solutions:

J|’S(C)(u) =0and J(u) = inf{J(v) | J|’S(C)(U) =0and v € S(c)}.
We assume that the intensity function g(x) satisfies the following conditions:

(D1) The function g(x) = g; > —1 is a constant function;

(D2) The function g(x) = g(x1,x2,---,xy) is periodic with period 1 with respect to
variables x| to xy respectively, and satisfies —1 < g1 < g(x) < g» forx € RN,
where g1 and g» are constants;
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(D3) The function g(x) satisfies —1 < g(x) < limy|00 g(x) = g1 for x € RY, where
g1 is a constant;

(D4) The function g(x) satisfies g(x) > lim|y|»o00 g(x) = g1 > —1forx € RY, where
g1 is a constant.

Theorem 1.2 Let u > 0. Then the following statements are true.
(i) Assume that p = 2, and one of conditions (D1) — (D4) holds. Then there exists
o > 0 such that for every . > o, the infimum

1 2, Hugic
2. T2
2241102, 115 (I+g1)

o(c) < —

is achieved by w € S(c), which is a ground state of problem (P.) with some

T 1 24—1 HE1
)\. > 722016 Ta
2Ot ” Q2a||2 81

where Q», is given in (13) below;
(i) Assume that 2 < p < p and one of conditions (D1), (D3) holds. In addition, we
assume that if p = p, thenc < || Qp||;(p_l)/(N+a_p(N_2))

Then the infimum

, where Q is given in (14) below.

ngic
o(c) < ————m@—
2(1+g1)

is achieved by w € S(c), which is a ground state of problem (P.) with some % > I’fé}l .

(iii) Assume that p < p < 2% and condition (D1) with —1 < g <0 holds. Then there
exists ¢ > O such that for every ¢ < ¢, problem (P,) has a solution (w, 1) € Hr1 (RM) x R*.
In particular, we have

_ N+a—p(N-2) I'LC
J(w) > Kj¢c Np=N-e=2 — >
and N
- 2p—2
A > Kgc_NP*Z’*‘Y*2 _ K P — 81>
1481 \Np—N —«

where K1, Ko > 0 are two constants;

Theorem 1.3 Let u < 0. Then the following statements are true.

(i) Assume that p = 24 and condition (D1) holds. Then the functional J has no critical
point on S(c). In other words, there is no solution for problem (P,) for all . € R,

(ii) Assume that 2, < p < p and one of conditions (D1),(D4) with g1 >
2¢ _ 1 holds, where & > 0 is given in (49) below. In addition, we assume that ¢ <
Q1150 VI NH=PN=2D ey — 5 Then the infimum

o) < Hsic
2(1+g1)

is achieved by w € S(c), which is a ground state of problem (P.) with some % > —||.

(iii) Assume that p < p < 2% and condition (D1) with —1 < g1 < 0 holds. Then there
exists ¢ > 0 such that for all ¢ < & problem (P.) has a solution (w, 1) € Hr1 (RM) x RT.
Moreover, we have

_ Nta—pN-2) |M|C Np_a
J(w) > Kz¢c Np=N-e=2 — -g1),
21+ g1) \Np—N —«
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and
2p—2

)\.>K4C NpNDtZ |/“L|’

where K3, K4 > 0 are two constants;

(iv) Assume that p = 2}, and condition (D1) holds. Then there is no solution for problem

(P.) forall A > 7‘”“2}?13;;1)22')-
Remark 1.1 (1) In Theorem 1.2 (i), we require the parameter u > 0 large enough when
p = 24 due to the feature of the lower critical nonlocal term. However, for other cases of p,
i.e. Theorems 1.2 (ii) — (iii) and 1.3 (ii) — (iii), we do not need such assumption by using
the new estimate trick.

(11) From the above two theorems, we find that when p = 2, there are opposite results
if the saturable perturbation is focuing or defocusing;

(I11) In Theorems 1.2 (iii) and 1.3 (iii), we only give the existence results of problem
(P.) when the intensity function g (x) is a constant. When g (x) is not a constant function, such
as g(x) satisfies any of conditions (D2) — (D4), finding normalized solutions of problem
(P.) would be an interesting issue.

2 Preliminaries

For convenience, we set

A(u):/ |Vu|*dx andB(u)z/ (Lo * |u|?) |u|Pdx.
RN R

Then the functional J defined in (4) can be reformulated as

J@) = 2AG) — By -~ [2 (1 W]d
=34, ”_2/ﬂ@w”_“<+1+g<x>) *

In what follows, we recall several important inequalities which will be often used in the
paper.

(1) Hardy-Littlewood-Sobolev inequality ([17]): Let ,» > 1 and 0 < « < N with
1/t+(N—a)/N+1/r =2.For f e L'(RY)and h € L"(RY), there exists a sharp constant
C(t, N, «, r) independent of u and v, such that

F@h() A
/ / T n=gdxdy = C@t, N,a, )l flillnll. (10)
RV JRV |x — y[N ¢
(2) Gagliardo-Nirenberg inequality ([32]): Forevery N > lands € (2, 2*), there exists
a constant Cy ; depending on N and on s such that

N(\ -2) lfN(\ —2)

lully < CnsllVully, ® lul, > , Yue H'RY). (11)

(3) Gagliardo-Nirenberg inequality of Hartree type ([16,35]): Let N > 1. For p = 2,
it holds

1
| e ) e doe < ————|lull3, (12)
102, 115

5 N/2
o= (b+|_|> | -

where
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with C > 01is a fixed constant, @ € RY and b > 0 are parameters. For 2, < p < 2}, itholds

|
2p—2
|Q|p

Np—N—-a  N+a—p(N-2)
IVaelly ™ Yl TP ) (14)
Qs

/ (Lo * |u|”)|ulPdx <
RN

where Q) is a positive ground state solution of the following equation

Np-1) — —(N =2 N
N 2) i+ = )§+ = (L # )P )P 2u in RV
We now recall two known estimates on the saturable nonlinearity.
Lemma 2.1 [2], Lemma2.2] Foreach2 < g < min{4,2*} 2* = o0 if N = 1,2;2* = %
if N > 3), there exists a constant

1/2, ifg =4,
Aq:{/ ifq

G=2)/2(4—g)4—49)/2 .
%, if2 < g <min{4,2*) and q # 4,

such that

2 A
52 —1In (1 + il > < 8(x) s+ d 2sqfor all s > 0.
I+ g(x) I+g(x) (1 + gx))e/

Lemma2.2 [2], Lemma2.3] Foreach2 < g < min{4,2*} 2* = o0 if N =1,2;2* = %
if N > 3), there exists a constant

1, ifg =4
B, = { 326+9/2(5_2)5-9)/2 14—3/g—2)4—2/2 .
a { U A ) if2 < g <min{4,2*} and g # 4,

such that
g +s* 5 _ s 2 B,
I+gx)+s2 ~ 14+gx) (14 g(x))4/?
Next, we show the variant of the classical Brezis-Lieb lemma for Riesz potential as follows.

s? forall s > 0.

Lemma 2.3 [25, Lemma 2.4] Let « € (0, N), p € [1, 00) and {u,} be a bounded sequence
2N,

in LNiﬁt(RN). Ifu, — uae onRY asn — oo, then lim,_, oo B(uty) — By, — u) = B(u).

Lemma 2.4 Assume that the function g(x) is weakly differentiable on RN. Let u € H'(RN)

be a weak solution to the equation:

g(x) + |ul?

—Au4+ru= (I * uP) ulP2u + p—2"2 0y
(a ||)|| M1+g(x)+|u|2

15)
Then u satisfies the Pohozaev identity

N-2 N(A—M)/ 5 N+a ,uN/ lu|?
—CA — dx = Bu)—"— | In(l14+ ——)d
> (u) + 3 . lu|“dx 2 (u) > Jex n(l+ T+ 200) X

g/ Vg ) - x i
2 Jav T+ g+ g + [u®)

Furthermore, it holds

_Np—-N-« I u|>Vg(x) - x
A 2 PWTS /RN A+ e + 5@ + )™
N Jue]? |u|?
= — 1 1 — . 1
2 RN[“( +1+g<x>> 1+g<x>+|u|2}dx (10
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Proof We follow the argument of Lehrer and Maia [11, Proposition 2.1]. By multiplying both
sides of Eq. (15) by x - Vu and integrating on RY, we easily get the Pohozaev identity

N -2 NGo—p) 5 N+a ,LLN/‘ u|?
—CA — dx = Bu)—"— | In(l14+ ——)d
;AT /RN uffdx = = =B === | U T ) &

gf u|?Vg(x) - x
'Y (14 g(0) (1 + g(x) + |ul?)

dx. (17)

Moreover, by multiplying both sides of Eq. (15) by u and integrating on R, we have

g(x) + [ul? 2
A(u +k/ ul?dx — B(u) — / ——— = ul|"dx = 0. 18
(u) RNII (u) RNl+g(x)+|u|2|| (18)
Combining (17) and (18), it follows that
Np—N u?Vg(x) - x
T TORL | 8 .
2p RrY (14 g1+ g(x) + |ul )
N 2 2
=N [1n(1+ Jul )_ Jul z]dx
2 JrNy I+gx) 1+ g(x) + |ul
We complete the proof. O

Following the idea of Soave [27] and Cingolani and JeanJean [4], we will introduce a
natural constraint manifold M(c) that contains all the critical points of the functional J
restricted to S(c). For each u € H'(RV)\{0} and 7 > 0, we consider the dilations

‘ N N
u' (x) :=t2u(tx) forall x € R".

Then a direct calculation shows that ||u'[3 = |lull3, A@w') = t*Aw), B@u') =
tNP=N=2B(y), and

/ ( Ju|? ) / < Nul? )
In(1 + — — dx
RN 1+ g(x) 1+ g(x/t)

Define the fibering map ¢ € (0, 00) — f,(¢) := J(u') given by

Np—N—«a

B 12 t 12 2 N ju®
=G40 == 8 [ wlae i [ (1 i o
(19

2

By calculating the first and second derivatives of f,(¢), we have

N\ Np—N—a—1 N2
£l = tA@u) — NP ZN =)t ! Bu) — ﬂ/N In (1 + t'”') dx
R

2p 2:N+1 14 g(x/t)
uN |ue| de s 1 / u|?Vg(x/t) - x
20 Jry 14 g(c/t) + 1V ul? 2t JrN (1+g(X/t))(1+g(x/t)+tN|u|2)
and
Np—N —a)(Np — N —a — DVp=N-a=2
£ = Ay — NP @ (Np @l B(u)
2p
N(N +1 N |u)? N2 2
+M In{1+ ¢ dx — K / Jul dx
2¢N+2 RN 1+ g(x/t) 212 Jon 14 g(x/t) +tN|ul?
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N u*Vg(x/1) - x

+— dx
262 Jpn (14 g(x/0)(1+ g(x /1) + 1tV ul?)

_,uN lu|? dx + ,uN/ MZVg(x/t)-x
22 Jan T+ g/ + NP T 22 Jan U+ gGe/) + NP2
MNZIN_Z/ |M|4

— dx

2 ry (14 g(x/t) + tV|u|?)?

n /‘ MZVg(x/t)w

- dx
262 Jgv (1 4+ g(x/0)(A + g(x/t) + tV|ul?)
I / ur(Vg(x/1) - x);

+— dx
2t Jgy (14 gx/0)(1 4+ g(x /1) + tV[ul?)
n / u* (Vg (x/1) - x)*

+— dx
262 Jpn (14 g(x/1))2(1 + g(x /1) + 1N |ul?)
L / w}(Ve(x/t) - x)? J
202 Jon (1+ g/0) (1 + gGe/0) + Va2
uNtV-2 / u4Vg(x/t) X

— dx.

2 Y (14 g(x/D)(1+ glx/t) + 1V [u|?)?
Notice that £ J(u') = f1(t) = 2% where
Np—N—a 2z [u>Vg(x) - x
=A(u)— — B =
Q) = A 2w Wty /R (42000 + g0+ D™

uN [u|? ||
- In(1+ — 5 | dx.
2 Jrv I+ g(x) I+ g(x)+ |ul

Actually Q(u) = 0 corresponds to the Pohozaev identity (16). Then we define

M(e) = {u € S(c) | Q) =0} = {u € S(c) | f,,(1) =0},

which appears as a natural constraint. We also recognize that for any u € S(c), the function

u' = tN2u(tx) belongs to M(c) if and only if € R* is a critical point of the fibering map

Sfu(®), namely f(t) = 0.In particular, u € M(c) if and only if f; (1) = 0. Thus, it is natural
to split M(c) into three parts corresponding to local maxima, local minima and points of

inflection. Following [29], we define

M) == {u e S | f(1)=0, f/(1) >0},
M) :={u eS| f,(1)=0, f;(1)=0},
M (c):={ueSE | fi(1)=0, fI'(1) <0}.

If we assume that g(x) = g1 > —1 is a constant, then for each u € M(c), we have

Np—N—-—a)(Np—N—a—1 N(N + 1 2
f,;/(l) :A(u)—( P a)(Np (02 )B(u)+ﬂ (N+1) nf1+ [u]
2p 2 RN 1+¢
_ NN +1) > RN it
20 v lta T2 JRY (14 4+ up?)?

Np—N—-a)(Np—N—-a—2 N(N +2 2
__Wp ) (Np o )B(u)+” N+2) (14 7 gy

2p 2 RN 1+ g1

)dx
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2 2 4
_UN(N +2) |ue] Sdx - uN / |u Sdx (20)
2 RV 1+ g1+ |ul 2 RN (14 g1+ uP?)
pLN(Np—Ot)/ Ju? Jul?
= (Np—N—-a—-2)A Al In{1 - d
(Np a—2)A(u) + 5 RN{H<+1+g1> E—m X
2 4
_ﬂ/ dex @21
2 RN (14 g1+ ul?)
_ _ _ 2 4
— (V4 2Aw) — NP OWNp =N =) p N7 / S U M Sdx. (22)
2p 2 RN (14 g1+ lui?)

Furthermore, following the argument of Soave [27], we have the following lemma.

Lemma 2.5 If./\/lo(c) = 0, then M(c) is a submanifold of codimension 2 ofH] RN and a
submanifold of codimension 1 in S(c).

Next, we shall give a general minimax theorem to establish the existence of a Palais-Smale
sequence.

Definition 2.6 [8, Definition 3.1] Let ® be a closed subset of a metric space X C HY(RM).
We say that a class F of compact subsets of X is a homotopy-stable family with closed
boundary ® provided that

(a) every set in F contains ©;
(b) for any set H € F and any n € C([0, 1] x X, X) satisfying n(s, x) = x for all
(s,x) € ({0} x X) U ([0, 1] x ®), we have that n({1} x H) € F.

Lemma 2.7 [8, Theorem 3.2] Let ¢ be a C'-functional on a complete connected C'-Finsler
manifold X (without boundary) and consider a homotopy stable family F of compact subsets
of X with a closed boundary ®. Set

0 =6(p, F) = inf
(o, F) ,}2;3‘2,3‘9”(”)

and suppose that sup ¢(®) < 0. Then for any sequence of sets {H,} in F such that
limy, o0 SUpy, @ = 0, there exists a sequence {u,} in X such that
(@) limy, s 00 @(uy) = 0; (i) lim,— o0 ”(P/(un)H = 0; (iii) limy— oo dist(uy, Hy) = 0.
Furthermore, if ¢’ is uniformly continuous, then u, can be chosen to be in H, for each n.

Lemma 2.8 Assume that ;v € R\{0}, p < p < 2% and condition (D1) with 1 < g1 <0
holds. Let {u,} C M~ (c) N Hr1 (RN) be a bounded Palais-Smale sequence for J restricted
to S(c) at level B. In addition, we assume that one of the two following conditions holds:

i) B> 2’(‘“1‘115) and ¢ < c§ for some ¢ > 0if u > 0;
(ii) B > % and ¢ < ¢y for some c; > 0if u < 0.
Then up to a subsequence, u, — ug strongly in H'(RN) and ug € S(c) is a solution of

problem (P,) for some x> 0.

Proof Since {u,} C M~ (c) is bounded and the embedding Hr1 (RN) — L5(RV) is compact
for s € (2,2%), there exists ug € H}(R") such that u,—uo weakly in H'(R™), u, — uo
strongly in LS (RV) for s € (2,2*), and a.e. in RY. By the Lagrange multipliers rule, there
exists A, € R such that for every ¢ € H LRN),

/ Vup Vo + Aupp)dx — / (Ia * |un|p) |un|p72un§0dx
RV RV
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gl+|”n|2
— ——————uypdx = o(1 , 23
M/RN A s = ol (23)
where o(1) — 0 as n — oo. In other words, u,, solves
_ g1+ lupl? N
— Ay + gty = (Iy % |un|?) lun|?2up + p———"y, in RV. 24
o et = (R ltn ) ltn P2t 4+ e st 24)
In particular, we have
+ |un|?
Anc=—A(un)+B(un)+uf SR Ry o). (25)
RV 1+ g1+ |un|

‘We note that

gl+|un|2 2 / 2 .
——|u,|%dx < Uy|“dx = pcif u > 0, 26
M/RN1+g1+|un|2|”| MRN|n| peif u (26)

and

+ |unl?
H/ 81+ |uy| 2|un|2dx
R

1 2
C — —= U dx
N1+ g1+ [un . “A~1+g1+|un|2' nl

81 .
— cifu <O. 27
T+ lleif p 27)
Then it follows from (14) and (25-27) that {, } is bounded, since {u,} C M~ (c) is bounded.
So we can assume that A, — A € Rasn — oo. In the following we shall determine the sign
of A by considering two seperate cases.
Case (I) : p > 0. By Lemma 2.2 one has

IA

s s4

<
(1414527 ~ (I+g+52) 1 +g)

g1+52 2 81 2
25 — N
14+g1+s 14+ g1

< msq for s > 0, (28)

where 2 < ¢ < min{4, 2*}. For {u,} C M~(c) N H!(R"), by (14), (22) and (28), we have

N? |t |*

Np —a)(Np — N —«
A(un)<( p 2)( p )B(u,,)+ 1 sdx
(N 12) 2N +2) JrN (1 4 g1 + lunl?)
A (Np —a)(Np — N — @)
N — — — o Np—N-—«
- c p—a 21;72 Aluy) 2
2(N +210pll3
2N—g(N-2)
MBqNZC,‘{,’chf Ng=2)

A 21 1 gnar A

For the convenience of calculation, we choose ¢ = g = 2 + %. Then the above inequality
becomes

cw(Np—a)(Np—N—a) Np—N—a MBqNZC?;, _cHN
Alun) < ) Alun)™ 2 e Alun),
2(N +2)11Qp 13 2N +2)(1+g1)
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which implies that

_ 2
101377 (2N +2)(1 + ) — uBNChy ;2N |7
Auy) > A = Nta—p(N—2) _ >0,
¢ 2 (14+gD¥*(Np—a)(Np—N —a)

(29

since
- N/2
2(N +2)(1 q
c<cyi= W +2)d + 1) . (30)

uB;N2CY, ;

It is clear that A, — oo as ¢ — 0. By the facts of Q(u,) = o(1) and of In(1 + x) < x for
x > 0 and (29), we have

+ un|?
A,,c:—A(un)+B(u,,)+u/ 81+ [un] 2dx + o(1)

—= U
rV 1+ g1 +|un|2| d

2p g1+ lun|? 2
= —A(u,) + ————Au,) + / - |u,|"dx
(un) Np—N—« (un) + 1 o 1+g1+|un|2| al

N 2 2
. HINp / [ln <1 + |15 ) _ [ty 2] +o(l)
Np—N —a Jry I+ g1 L+ g1 + lupl

N —p(N=2 N 4
+a—p( )A(un)— wNp / |itn] _dx
RV (I + g (1 + g1 + [unl?)

Np—N -« Np—N -«

+ un|?
+u/ _ st |2|u,,|2dx+0(1)
R

N 1+81+|Mn
N+a—p(N —2) 1Np ||
> Auy) — sodx
Np—N—«a Np =N —a Jry (1+g0)1+ g1+ uanl?)
2 4 2 2 4
+ + +
n / g1lupl 174 g]|”n| 2gl|”n| dx + o(1)
RN (I'+ g+ g1 + |ugl?)
N+4+oa—pN-=2
— PN =2) 4y + 181 / |2 dx
Np—N -« 14+ g1 Jrw
N 4
_ HN + o) 1] 2dx—l—()(l)
(I+g)(Np—N —a) Jry 1+ g1 + |ug|
N+a—p(N-2 N
_ N+« p( )A “gi w(N +a) e+ o(l),

c—
Np—N-a ~° 1+g (+g)(Np—N-—a)
which implies that there exists a positive constant ¢ < co such that

N+Ot—p(N—2)A ner w(N + )
c(Np—N—-a) ° 14+g (1+g)Np—N—a)

Case (I1) : < 0. Since Q(u,) = o(1), by (14) and the fact of

x>

> 0 for ¢ < cj.

1n(1+5)—L30fors30anda>o, G1)
a a—+s

we have

Np— N — N 2 2
Auy) = uB(un)—i-M—/ [m <1+ Jun| )— ] z]dx
2p 2 Jry 1+gi 14+ g1+ lunl
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Np— N —
< uB(un)
2p
Np— N — N(p— 1) o« Nta—p(N-2)
= 721,2 Auy) c 2 ,
2[10,15
which implies that
2
2p-2 Np—D—a—2
2[10,15 _ Nia—pN-2)
A > — 2 . 32
(””)—<N —N-af .

Then it follows from (25), (31), (32) and the fact of Q(u,,) = o(1) that

g1+ lun|? 2
e = —Aup) + Buy,) + / — __|u,|Pdx +o(1
n (un) (un) + 1 RN1+81+|n|2|n| ()

N+ao—p(N=2) 1+ Jup|?
= P A(up) +p / _SL el 2| n|2dx
Np—N -« RV 1+ g1+ |unl

N r 2 2
_ HIND / In <1+ 1] )_ 17 2j|+0(1)
Np—N —a Jry | 1+ g L+ g1+ |unl
>N—i—oz—p(N—Z)
- Np—N —«a

Aup) — |ple +o(1)

_ L

U N+a—p(N=2) [ 210l53" " _-w-apiwsa |77
C

- Np —N—«u N[)— N —«

— |ple 4 o(1),

which implies that A > 0 for

. |:N+ot—p(N 2)]‘ 210,157
c<cC| = - s
[u|(Np = N — ) Np—N—«

Next, we claim that ug # 0. Assume on the contrary. Then by ( 10), we have B(u;,) = o(1).
Next we consider two separate cases depending on .

Case (i) : © > 0. By Q(u,) = o(1) and the fact that In(1 + s) < s forall s > 0, we
deduce that

B +o(1) = J(un)

- A(u,,) ! 3, Bl = / lun|? — In nl? ) |
RN 1+g1
Np—N—-a—-2
= uB(un)— E/ |un\2 —In(14+—— |Mn| dx
4p 2 JrN 14+ g1
N 2 2
+L 1+ ity | _ [un | . dx
4 JrN 1+g 1+ g1+ |unl

2 \ n| uN ( 1 1 ) 2
- X+ — - up|“dx + o(1)
[ [I " } e T " T w2 ™

___ Msic uN ( gitlul®

A

[tn?dx + o(1)
21+g) 4 1+ g1 + lun? 1+g1> "

~ NB
o __ksc 1NBg 2/ unldx + o(1)
20+g0) 41 +gn9/? Jry
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mlgile
~2(1+g1)

+ o(1),

where we have used Lemma 2.2 with 2 < ¢ < min{4, 2*}. Clearly, this is a contradiction

; mlgile
with 8 > 2+e) and so ug # 0.

Case (ii) : u < 0. Using the fact of Q(u,) = o(1) and (31) gives
B+ o) = J(un)

Np—N—-a-2 2
= uB(un) — ﬁ/ |:|u,1|2 —1In (1 + [4n] >:| dx
2 RN —|—

4p
N 2 2
+L |:1n<1+ |un| )_ |un| 2i|dx
4 JrN I+g1 L+ g1 + lupl
< M/ lun|?dx + o(1)
2 RN

|ilc
== 1),
> +o(1)

which contradicts with g > %, and so ug # 0.

Finally, let us prove that u, — uoin H'(RV). Since u,—ugin H'(R¥)and %, — A € R

as n — 00, by (23) one has

/ (VuoVe + rugp)dx — / (Ia * |uo|p) luol? 2ugpdx
RN RN

g1 + luol?
— —— —uppdx = o(1),
M/Rlvl—i—gl-f—luolz 0¢ W

for every ¢ € H'(RV). Taking ¢ = u, — ug in (23) and (33), and subtracting, we get

o(l) = /RNW(un —ug)|? + Aluy — ugl?)dx — (B'(u) — B' (1)) (un — uo)

_M/ ( gitlunl® gl u())(u o)
'Y \ 1+ g1 + 2" 14 g1 + luol? ! '

By [13, Lemma 2.4], we have

(B'(un) — B'(u0)) (un — ug) = o(1).

Next, we claim that

g1+ lun|? g1 + luol?
/ < L Fln — U0 (uy —ug)dx = o(1).
RV \ L+ g1 + |unl 1+ g1+ uol
We observe that if —1 < g < 0, then there exists C > 0 such that
+ 52 -
glisz < Cs*fors > 0.
I+g1+s

Then by (37) and the Holder inequality, we have
2
J RS
r3 1+ g1+ |unl

1/p
< </ Iu,,—uolpdx> /
R3 R3

g1+ |"tn|2 u
1+ g1+ lua 2"

q 1/q
dx)
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1/p q 1/q
< </ [ty — u0|de (/ Iunl"dx>
R3 R3
i 1/p 1/q
<C (/ lun — u0|pdx> ( |un|2q|un|qu>
R3
_ 1/p 1/q
=C </ [ty — uol? dx) ( ity |3qu>
R3

<e, (38)

gl‘|'|’/‘n|2
1+ g1+ lunl?

where p € (2,6) and g = % IS (g, 2). Similarly, we also have

+ Juo|?
/ 8L IOE i — wo)dx
r3 1+ g1 + |uo]

Thus, using (38) and (39) leads to

< g1+ lunl? g1 + luol?
2Un — 2
1+ g1+ unl 1+ g1+ luol

|+ unl?
< /R3 71ig1+r|lu |2un(un—uo)dx +
n

<e. (39)

u) (uy — ug)dx

2
/ sl U0 (un — uo)dx
k3 1+ g1+ |uol

< 2e.

Since ¢ > 0 is arbitrary, we complete the claim of (36). Hence, it follows from (34-36) that
/RN(IV(un — u0)* + Alup — uo)dx = o(1),

which implies that i, — ug in H'(RV), since 2 > 0. We complete the proof. o

3 Thecaseyu >0
3.1 Thesubcase2, <p <p

In this subsection, we consider the case of 2, < p < p. As we will see, the functional J is
bounded below on S(c). We have the following result.

Lemma 3.1 Assume that @ > 0,24 < p < p and one of conditions (D1) — (D4) holds. In

=D/ (N+a—p(N-2) if p

addition, we assume that ¢ < || Q p||2( = p. Then the functional J is

bounded from below and coercive on S(c).

Proof For u € S(c), it follows from (12) and (14) that

J(u) = fA(u) ! B(u)——/ |:|u|2—ln (1+|“|2)]dx
RN 1+ g(x)

— - 204 —_ & 1 =
Aw) 22aHQaH22"C 2’ ifp=2a.
> N+a— p(N 2) Np—N—c . . .
()_Czngu == =5 2 <p=p
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which implies that J is coercive and bounded from below on S(c). We complete the proof. O

Now we are ready to prove Theorem 1.2 (i) — (ii). In the following, we only give the
proof when g(x) satisfies condition (D1), since the other cases are similar.

Let {u,} C S(c) be a minimizing sequence for o (c) on H L(RM). Then {u,} is bounded
on H'(RY) by Lemma 3.1. First of all, we claim that

n:= lim sup/ lun|?dx > 0. (40)
Bi(y)

n—oo
yeRN

We consider two seperate cases.
Case (i) : p = 24. There exists a constant g > 0 such that for all u > uo,

1 20 _ _ M8IC

o(c) < — c .
22,1102, 15> 2(1 +g1)

(41)

Indeed, we can fix some u € S(c) and choose a constant g > 0 such that

1 1 1 2 2
fA(u)— = | BW) - ——— ) — @/ |: ] —1In <1—|— ] )]dx <0,
102,115 2 JrvL1+g1 I+g

where we have used the fact of In(1 + x) < x for all x > 0. Using the above inequality,
together with (12) gives

<4 ' B 2 11 jul? d
o(c) 2(”)—5()—*/@\/ [u|” —In +1+g1 X

1A( ) 1 (B( - 1 2) 1 5
< Uu) — — u —— )| - —————; ¢
2 22, 102, 115> 22,1102, 15>

2 2
_Ho |: Jul —ln<1+ ] )}dx—A/ |u|2dx
2 Jrv L1+g1 1+ g1 2(1 + g1) Jrw

1 2, M8iI€
2.5 T 21+ g1)
22, 02,113 81
For u > po fixed, we assume on the contrary that = 0. By Lions’s lemma [31], one has

lunlls = 0 asn — oo forany 2 < s < 2*. Then it follows from (12) and Lemma 2.1 with
2 < g < min{4, 2*} that

for all ;& > wo. 42)

o(c)+o(l) = J(up)

=1A<un) lB(ur» / ln|> — In 1+‘“"'2 dx
2 224 RN 1+g1

1 A

> Alun) - e — A lun2dx — Aﬂ/ Jun | dx

2 2261102 115> 2(1 +g1) Jr¥ 2(1 + g1)4/2 Jrn

1 1 2, MnE1 2
> A(up) — [ [un|“dx +o(1)

2 2241105, 5% 2(1+g1) Jrwy

1 .
> - s — 8o, (43)
226102, 113 2 +g1)

which contradicts with (42). Thus, (40) holds.
Case (ii) : 24 < p < p. Fixu € S(c), by the fact of In(1 4+ x) < x for x > 0 we have

2 Np—N—«o

ot t N |u|?
a(c)§J(u):EA(u)—TB()—f+2tN In 1+1+g1 dx
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2 Np—N—«o 2

t t
< Aaw-"—Bw - ﬂjuﬁ/ ul”

2 2p 2 2 Jev 14 g
__HEIC st 0,

2(1+ g1)

which implies that
ngic
o(c) <— (44)
2(1+ g1)

Assume on the contrary that n = 0. By Lions’s lemma [31], one has |Ju,|s — O as
n — oo for2 < s < 2%, which implies that B(u,) = o(1) by (10). Using this, together with
Lemma 2.1 with 2 < ¢ < min{4, 2*}, yields

o(c) +o(l) = J(up)

1 1 2 2 |un|2
—A — —B - = —In|1 d
) (un) 2 (un) B /]RN |:|un| n( + 1+ X

1 HE1 2 uA, /
= —-A(u s a—— u dx — ———— uqu—i—ol
3 (un) 20+ RNI nl 30 1 g)i” RNI nl )]
ugic
> ——————+o(l),
2(1+g1)

which contradicts with (44). Thus, (40) holds.
According to (40), there exists y, € R¥ such that

lim sup / up2dx > 1. (45)
Bi () 2

n—oo

Let wy,(x) := u, (x + y,). Then it holds A(w,) = A(u,), B(w,) = B(u,), and

2 2
/ [Iw,,|2_1n<1+ [wy | )}u:/ [|un|2—1n<1+ |1t >]dx.
RN 14+ g1 RN 1+a

Moreover, {w,} is also a bounded minimizing sequence for o (¢) on S(c), and

limsup/ lwy2dx > 2.
B1(0) 2

n—oo

Then, we can assume that w,—w in H'(RN), w, — w # 0in L?(B1(0)) and wj, (x) —
w(x) # 0 a.e. on B1(0). By Egoroff’s theorem we can find a constant § > 0 such that

wy (x) = w(x) uniformly in E, and meas(E) > 0, (46)

where E C {x | |lw(x)| > 8, x € B1(0)} C B1(0).

Next, we prove that ||w||% = c¢. Assume on the contrary that p := || w||% € (0,c). Let
. w 4 wy, —w
W=——and U, = ——.
JTra T TR e
From (46) it follows that
) w2 82 .
T > >0 inE (47)
14+ g1 1+g1
and 5
2= W=7 G, (48)
1+ g1
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Let i(s) = s — In(1 + 5) for s > 0. By (46-48), applying [20, Lemma 5.2], we can find a
constant £ > 0 such that

) _ ~ 2
[ (2 ey | e=p (e’ )
E \c \ lwl; ¢ w, —wl3
=12 _ ~ 32
s—s+8[h (‘/sz) dx + & p/h (Vetn) 2 dx, (49)
¢ JE lwll3 ¢ Je \lwy, —wl3

as n — o0. Using this, together with Brizes-Lieb lemma and Lemma 2.3, one has

5(¢) = J(wy) + o(1)
Dy — L py 2 2 [
_ZA(wn) 2pB(wn) 2/RN[IwnI ln<1+]+g1)]dx+0(1)
S La(E) ey (LE )

2wz ) T 72c 2\ ww — wi
)L () )
2p \e i) " 2p \ ¢ lwn — w2
_E/ wl? <ﬁ|w2|>2 +<c—p> <ﬁ|ﬁn|>22 i
2 Jeov "\ e \ w2 ¢ ) Twn —wl?
—“—h/ (1 + [5a1P)dx + o(1)
2 JrN
o))
2wz ) T 72¢ 2\ ww — wi
() L ()
2pc Uwlz) ~2p e lwn — wlh
~\2 _ ~ \2
_g/ Wl” (ﬁwz) +<c p) («/EUn)2 i
2 S "\ e w2 ¢ ) lhwn — w3
—“—h/ (D1 + [5aP)dx + o(1)
2 JrN
_pJ(ﬁw)_l_c—pJ(\/E(wn—w))_}_ué+0(1)
\wia) " e T o —wi ) 2
> 0(c) + “75 +o(1),

which is a contradiction. Thus, we have w, — w in LZ(R"). Using this, combining with
the generalized Lebesgue dominated convergence theorem [30, Lemma 2.22] and (14), we
deduce that

. 2 w2 2 lwl?
lim lwp|“ —In {1+ dx = lw|*—=In{1+ dx. (50)
n—00 JRN 1+g RN 1+

and lim,,—, oo B(w, — w) = 0 for 2, < p < p, which implies that

nli)néo B(w,) = B(w) S
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via Lemma 2.3. Moreover, since w,—w in H'(R"), we have

A(w) < liminf A(wy). (52)
n—oo

Hence, it follows from (50-52) that

o(c) = lim J(wy,)

n—oo

. 1 1 “u 2 |wn|2
nlgr;Q <§A(w") - %B(w,,) —5 /RN |:|wn| —1In <1 + T+ dx

I I " ) Jw]?
—A(w)— —Bw) — = —In(1 d
24 = 3 Bw) Z/RN [|w| n( e | &

o (o),

v

which indicates that o (c) is achieved at w # 0 and ||lw, — w| g1 — Oasn — oo. )
Since w is a critical point of J restricted to S(c), there exists a Lagrange multiplier 4 € R
such that J/'(w) + Aw = 0. In particular, we have

- g1+ (w]? 2
re = —A(w) + B(w) + / ——|w|“dx
)+ B +p [l
p—1 /' [ ( IWIZ) lwl? ]
= —20(c) + —B(w) + In({1+ — dx
© p W) +p RN 1+ g1 1+ g1+ |wl?
> —20(c),

where we have used (31). This indicates that

Y 1 2,—1 H“E81
A > - C + Tx o0 mn
241192, 115 81
by (42) when p = 2, and
= MnE1
A >
1+ g1

by (44) when 2, < p < p. We complete the proof.

3.2 Thesubcasep < p < 27,

In this subsection, we consider the case of p < p < 27. For this case, the functional J is
unbounded from below on S(c), and it is not possible to look for a global minimizer on S(c).
So we shall use the Pohozaev manifold M (c) defined in Section 2 to find critical points of
J.

Lemma 3.2 Assume that @ > 0, p < p < 2} and condition (D1) holds. Then the functional
J is coercive and bounded from below on M(c) for all ¢ > 0. Furthermore, there exists a
constant ¢ > 0 such that for 0 < ¢ < ca, J is bounded from below by a positive constant

on M~ (c).

Proof For each u € M(c), we have

Np—N — N 2 2
A(u)—uB(u)—L/ |:ln (1+ ] )— lu] 2i|dx:0.
2p 2 Jrv 1+ g1 1+ g1+ |ul
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Using this, together with (31), leads to

1 1 n 2 Jul?
Ju) = -A(u) — —B(u) — — [u]*—=In {1+ dx
2 2p 2 JrN I+
1 1 2
Y A(u)_ﬁ/ wmﬁdx
2 Np—N-u 2 Jrv 14+ g1+ |ul?

Iz N Jue|? Jul?
+—(1+— In{1+ — 5 |dx
2 Np—N—a) Jpn 1+ g 14+ g1+ |ul

_ (l ;) A — % (53)

which implies that J is bounded from below and coercive on M(c).
For u € M~ (c), similar to the argument in Lemma 2.8, we have

A(u) > A. > 0forc < cg, (54)
where A, and cq are as (29) and (30), respectively. Note that A(u) — +o00 as ¢ — 0. Then
it follows from (53) that there exist two constants c» < c¢g and D := Dy(u) > 2‘&"1‘&"?) such
that J(u) > Dg for all ¢ < c;. ]

Lemma 3.3 Assume that u > 0, p < p < 2% and condition (D1) holds. Then we have
MO(e) = 0 for ¢ < cp.

Proof Suppose on the contrary. Let u € M°(c). Similar to the argument of Lemma 3.2, we
deduce that for ¢ < cg,

2
2p=2 q q Np—N—a=2
10,15" (2(N+2)(1 1 g1)i/? _MB&NZC%CZ/N) Np=N=a=2
Alw) Nto—p(N=2) _
¢ 2 (14+g)iI2(Np—a)(Np—N —a)
— t+ooasc — 0if p < p < 2. 55)

On the other hand, by (21) and the fact of In(1 + x) < x for all x > 0, we have

N(Np — 2 2
(Np— N —a —DA@w) = NP =0 [1n(1+ ] )— lul 2]dx
2 RN L+g1 I+ g1+ |ul

usz Ju|*
— 2d)c
2 JRY (1+ g1+ [ul?)

1N (Np — ) Ju|* .
2(14+g1)  Jrv 1+g1+ [ul?
UN(Np —a)c
2(1+g1)
which implies that
AQ) < UN(Np —a)e ~ 0asc— 0. (56)

2(Np =N —a=2)(1 +g1)

Thus, from (55-56) we arrive at a contradiction on A(«#). We complete the proof. ]
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According to Lemma 3.3, it holds M (c) = M (c)UM™ (c¢), which is a natural constraint
manifold. Next, let us prove that the submanifold M ™ (c) is nonempty. Set

. (+g)?
Cz = 74,
1€y
where C» 4 is the best constant in (11) with N = 2 and s = 4.

Lemma 3.4 Assume that u > 0,p < p < 2% and condition (D1) holds. In addtion, we
further assume that ¢ < c5 if N = 2. Then for any u € S(c), there exists a constant t,; > 0

such that u'v € M~ (c). In particular, t is a local maximum point of f,(t).

Proof Note that for u € S(c) and t > 0, u' € M(c) if and only if f,(r) = 0. By the fact of
In(1 + x) < x for all x > 0, a direct calculation shows that

Np—N—0 Np_N—og— uN NV ju)?
’ _ _ Np—N—-a—1 _
£1() = tA) ST BW) ~ Sy /RNln (1+ el K2
N Jul? dx
2t Jry 1+ g1 + 1NV |ul?
2
> tA(u)—7Np_N_ath_N_a_lB(u)—M/ g
- 2p 2t Jry 1+ g1
pN w?
2t Jry 1+ g1 +tN|uf?
2 2
— A - NP =N = Np-N-a-1p,y _ #N ul lul dx
2p 20 Jryv | T+g1  1+g +tVuf?
N—1 4
=tA(u)—L_N_“r’vp—f"—“—lg(u)—ﬂf Tl dx
2p 2 Jry (14 gD+ g1 +1Vu?)
Np—N — N1
ztA(u)—uth_N_“_lB(u)—uif u*dx. (57)
2p 201+ g1)% JrY

If N > 3, then it is clear that f;(t) > 0 forr > 0 small enough by (57). If N = 2, then from
(11) and (57) we have

c,uCg4 Np—N —« D—a—
fL:(t)Z [I_W tA(M)_TtN(P D—a lB(M),

which implies that f,, (t) > 0 for > 0 small enough, since ¢ < c3.
On the other hand, it follows from (31) that

Np—N—o n) N uN Nul?
(1) = tA(u) — —L— T "% Np-N-a—lp —7/1 1 d
fL0) = tAG) 5 @ = sover [ (14 T )&
uN |ul?
Lok N o N
2t Jry 1+ g1 + Y |u)?
Np—N—
— (A@) — L T X Np-N-a—l g
2p

N V2 N |u?
—7MN1 |:ln<l+ ||>— ||N 2]d}c
2N+ g 1+g1 1+ g1+ tV|u|
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Np—N —
< A@w) - P TS N Na gy,
2p
which implies that f, (1) < 0 for r > 0 large enough, since p > p. Therefore, there exists
a constant 7,7 > 0 such that f(s,) = 0 and f;/(z;) < 0, which means that u’s € M™(c)
and 7, is a local maximum point of f, (¢). We complete the proof. O

Remark 3.1 From Lemma 3.4 one can see that it is difficult for us to prove the uniqueness of
t, , due to the complex form of fibering map arising from saturable nonlinearity. Moreover,
we even can not prove that the submanifold M™ (c) is nonempty.

‘We now define

S (c) :== S(c) N HYRY), M, (c) := M(c) N HY(RY) and M; (¢) :== M~ (c) N H'(RY).

(58)
By virtue of Lemmas 3.2 and 3.4 one has
m,(¢):= inf J@)> inf J(u)>0.
ueM; (c) ueM=(c)

Next we apply Lemma 2.7 to construct a Palais—Smale sequence {u,} C M, (c) for J
restricted to S(c). Our arguments are inspired by [1, 4]. Observe that ® = ) is admissible.
First of all, we introduce the following lemma.

Lemma 3.5 The map u € S,(c) — t, € Risof class cl.

Proof Consider the C! function ¢ : R x S,(¢c) - Rdefined by ¢(r,u) = f,(t). Since
¢t u) =0,9¢, ,u) = f/(t;7) < 0and M(c) = @, the proof is complete by using
the implicit function theorem. O

Now we define the functional G~ : S, (c) — R by G~ («) = J (u'v ). Clearly, it follows
from Lemma 3.5 that the functional G~ is of class C'!. We also need the following result.

Lemma3.6 ThemapV : T,S,(c) — Tu,; S, (c) defined by vy — ' is isomorphism, where
T, S (c) denotes the tangent space to S(c) in u.

Proof For yy € T, S,(c), we have
/ u'e ()Y (x)dx = f N u )N Pyt x)dx = / u(y (y)dy =0,
RN RN RN

which implies that VATI Tu,; S, (c), and thus the map W is well defined. Moreover, for
Y1, ¥ € T, S, (c) and Yk € R, it holds

Y(i+vn) = W +¥2)' = )N Wt 1)+, x) = Iﬁf“_ﬂﬁé“_ =V (D+Y ()
and W (k) = (k) = kl/fi; = kW (yr). This shows that the map W is linear. Finally,

let us claim that the map W is a bijection. For Vi1, ¥ € T, S, (c) with 1 # ¥, by the fact
of t; > 0, we have

W) = ()N PP x) £ EGON 2Pty x) = W ().

ty
Moreover, let x € T - S:(c). Clearly, ((tu_)_N/QX(t%)) = x(x) and
o X _ _ —
R (—_)u(x>dx= [ x0 Pu vy =[x oy =o.
RN [u RN RN
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leading to (tu’)’N/zX (%) € T, S:(c). So, W is a bijection. We complete the proof. ]

Lemma 3.7 It holds (G™) (w)[¥] = J'(u' Y[y | for any u € S,(c) and ¥ € T, S, (c).

Proof The proof is similar to that of [4, Lemma 3.15] (or [1, Lemma 3.2]), and we omit it
here. ]

Lemma 3.8 Assumethatju > 0, p < p < 2% and condition (D1) holds. Let F be a homotopy
stable family of compact subsets of S, (c) with closed boundary ® and let
er:= inf max G~ (u).
HeF ueH
Suppose that © is contained in a connected component of M (c) and that max{sup G~ (®), 0}
< e < 00. Then there exists a Palais-Smale sequence {u,} C M, (c) for J restricted to
Sy (c) at level e

Proof First of all, we take {D,} C F such that max,ep, G~ (u) < er + % and define
n :[0,1] x S(c) — S(c) by
n(s, u) — ulfs+stu_.
Note that 7 is continuous. Since 7,7 = 1 for any u € M (c) and ® C M (c), we have
n(s,u) = u for (s, u) € ({0} x S,(c)) U ([0, 1] x ®). Then, according to the definition of
F, one has
A, =n{1} x D,) ={u'" |u e D,} e F.

Clearly, A, C M, (c) foralln € N. Letv € A, thatisv = u'« for some u € D,. Then
G (u) = J'«) = J(v) = G~ (v), which shows that maxa, G- = maxp, G™. Thus,
{An} C M, (c) is another minimizing sequence of e~. By Lemma 2.7, we obtain a Palais-
Smale sequence {v,} for G~ on S, (c) at level e satisfying dist(v,, A,) — 0 asn — oo.
For v,, € S, (c), there exists a constant ty, > 0 such that u,, := t, vn € M, (c).

Next we claim that there exists a constant Cy > 0 such that

1
— < (t;)* < CoforneN. (59)
CO n
Indeed, it holds
-
_ A(v,")
(tvn)z — n .
A(vy)

Since J (v,i”:’) = G~ (vy) — ey, it follows from Lemma 3.2 that there exists a constant
My > 0 such that
1 -

— < A(v") < Mp. 60

Mo = (vn") = Mo (60)
On the other hand, since {A,} C M, (c) is a minimizing sequence for e~ and J is coercive
on M~ (c), we have {A,} is uniformly bounded in H' (RY). Note that dist(v,, A,) — 0 as
n — oo. Then sup, A(v,) < o0o. Also, since A, is compact for every n € N, there exists a
v, € A, such that dist(v,, A,) = [|v, — vull 1. Then by Lemma 3.2, we obtain that for a
constant § > 0,

A(vy) = A(vy) — A(vy — Up) > (61)

YRS

Thus, by (60) and (61), we prove the claim.
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Next, we show that {u,} C M, (c) is a Palais-Smale sequence for J on S,(c) at level
e . Denote the norm of space T, (S (c)) and dual space of T, (S,(c)) by || - || and || - ||+,
respectively. Then we have

I/ ) [l = sup (I (), ¥)| = sup (I ), (" "on )l
VET, S, 1Y l1<1 VET, S, 1Y lI<1
(62)

By Lemma 3.6, we know that the map W : T, S, (c) = T - Sr(c) defined by ¢ — Yl is
v

isomorphism. Moreover, it follows from Lemma 3.7 that ((G ™)' (v,,), Y ) = (J (up), W),
Then by (62), we have

I )l = sup (I (), ¥)| = sup (G (wn), ¥ ~"um).
1/f€Tu,,Sr(C)7||WH51 ‘/feTun MNIGN AR
(63)

Note that ||y "w || < C||¥/|| < C by (59). Thus, from (63) it follows that {u,} C M, (c) is
a Palais-Smale sequence for J on S; (c) at level e . We complete the proof. O

Lemma 3.9 Assume that u > 0, p < p < 2% and condition (D1) holds. Then there exists a

Palais-Smale sequence {u,} C M (c) for J restricted to S, (c) at level m_ (c) > 2’(‘1@;).

Proof By Lemma 3.8, we choose the set F of all singletons belonging to S, (c) and ® = ,
which is clearly a homotopy stable family of compact subsets of S, (c) (without boundary).
Note that e = inf ;.7 maxyey G~ (1) = infyes,(0) G~ (u) = infueM:(c) J(u) =m; (c).
Then the lemma follows directly from Lemma 3.8. We complete the proof. O

Now we are ready to prove the Theorem 1.2 (iii). By Lemma 3.9, there exists a Palais—

Smale sequence {u,} C M; (c) for J restricted to S(c) at level m; (c) > 2’(‘1"3;‘;'), which is

bounded in H,1 (RM) via Lemma 3.2. So, for p < p < 2%, according to Lemma 2.8, for

[9]]

< im min{cg, c2, c5} it N =2,
= | min{c{, c2} if N >3,
wlgile
2(1+g1)

Problem (P.) admits a radially symmetric solution w satisfying J(w) = m, (c) >

for some A > 0. )
Next, we give the asymptotic behavior of J(w) and A as ¢ — 0. Since w € M (c), by
(54) one has

2

101377 (2N +2(1 + )17 — uBN2C ;2N 7
Aw) > Ac = Nta—p(N—2) N
¢ 2 (14 g)¥?(Np —a) (Np =N —a)
(64)
It follows from (53) and (64) that

Jw) = (1 1 Aw) - °

W= 2 Np—N-« v 2

_ N+a—p(N-2) MC

>K1C W_T’

where

K] =

_ 2
[Np N—o— 2] 10515772 (2N + 201 + )T — uBgN>C, 1V ) 1777
2(Np— N —a) (1+g1)%?(Np—a) (Np — N —a)
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[Np ~N—a— z] [ 210,137 2N +2)(1 + g1)7/? }
asc — 0.

2(Np—N—a) || (1+gD)I?(Np—a)(Np—N — )

Moreover, since Q(w) = 0, by (64) and the fact of In(1 + x) < x for all x > 0 one has

- N+4+a—p(N-=2 + w|?
_ PO p iy [,

e = ———w
Np—N -« RN 1+ g1+ |w]

N 2 2
S - / In{1+ el - Ll 5 | dx
Np—N —a JrN 1+g1 1+ g1+ |wl|
2p—2

_ N
> Kjc 7 e A P —81)- (65)
1+g1 \Np—N —«

where

2
2p—2 ; 7 Np—N—a=2
o [Nta—pv -2 [ 121" (2N +2)(1 + g — uBgN2CY (V) T
T Np-N—a (1 + g2 (Np —a) (Np — N —a)

2
[N+a—p<N—z>][ 200,172 (N +2)(1 + g1)7/2 }”“’““
asc — 0.

Np—N—-u«a (1+g1)4*(Np —a)(Np = N — a)

This indicates that

_ _ 2p—2 N
A > Kjc vz _ K P —-g1)-
1481 \Np—N —«

We complete the proof.

4 Thecaseu <0

4.1 The subcasep = 2,

Proof of Theorem 1.3 (i). Letu € S(c¢) and r > 0. Since p = 2, and u < 0, it follows from
(31) that

|uIN / N Ju? |uIN Jul?
'(t) = 1A saer [ Il dx = ¢
Ju(®) (u)+2tN+l RN A L+gi ! 2t Jrv 1+ g1+ 1N ul? *
RIN N ju? N uf?
(u)+2tN+] RN n +1+gl 1+g1—|—ZN|M|2 *

> 0,

which implies that the fibering map f,, (t) = J (u") is strictly increasing on ¢. This means that
the functional J has no critical point on S(c). In other words, problem (P,) has no solution
for any A € R. We complete the proof. O

4.2 Thesubcase2, <p <p

Lemma 4.1 Assume that u < 0,2y < p < p and one of conditions (D1), (D4) holds. In
addition, we assume that ¢ < || Qﬁllg(p_l)/(N-m_p(N_z)) if p = p. Then the functional J is

coercive and bounded from below on S(c).
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Proof For u € S(c), by (14) and the fact of In(1 + x) < x for x > 0, we have

2
Jw) = %A(“)— 7, B H% RV [uz_ln (H#él'(x))]dx

I e el [ P
> SAW) = ——— 5 A( ————dx
210, 2 Jen T+ g(x)
1 Nta— p(N 2) e
> JAW) = S AT T —
210,15 2(1+g1)

which implies that J is coercive and bounded from below on S(c). We complete the proof. O

Now we give the proof of Theorem 1.3 (ii). In the following, we proceed our argument
only under condition (D1), since the other case is similar. For u € S(c) fixed, by (31) and
Lebesgue’s dominated convergence theorem one has

o(c) < Jw') = ﬁA(u)_&B( )+ |“| c_ Il i1+ N ul? dx
- 2 2p th 1+g1
2 Np—N—« 2
t
<—A(u)—73(u)+ﬂ_ﬂ Lx
2 2p 2 2 Jrv 1+ g1 +Vu?
_silule o
2(1+g1)

which implies that
gilule
0(0) < o
2(1+g1)

Let {u,} C S(c) be a minimizing sequence for o (c) on H L(RM). Then {u,} is bounded on
HY(RN) by Lemma 4.1. Next we claim that

(66)

n:= lim sup / lun|?dx > 0. (67)
n=>00 L jN JB ()

Assume on the contrary that n = 0. By Lions’s lemma in [31], one has ||u,||s — Oasn — oo

for 2 < s < 2*, which implies that B(u,) = o(1) by (10). Using this, together with the fact

of In(1 4+ x) < x for all x > 0, leads to

2
o (c) +o(l) J(un) = lA(un)_ LB(Mn)'i‘ |§7| RN |:|Mn|2—ln (1 + l|,:’—l| >]dx

81
1 llgi )
=-A _— d
) (un) + 21+ g1) Jan lup|“dx
] [ |un)? ( |utn]? )]
+— —In(1+ dx + o(1
2 RN 1 + g1 1 + g1 M
- lulgie +o(l).
2(1+g1)

which contradicts with (66). Thus, (67) holds. Now we define translations of {u, } by w, (x) =
U, (x + y,). Clearly, {w,} is also a minimizing sequence for o (c) on S(c) and w,, is bounded
in H'(RV). By (67), we have

lim sup/ |wp | 2dx ﬁ
n—o0 JBy(0) T2
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Thus, we can assume that w,—w in H'(RV), w, — w # 0in L>(B;(0)) and w, (x) —
w(x) # 0 a.e. on B1(0).
Next, we prove that ||w||% = c. Otherwise, assume that p = ||w||% € (0,c). Let

- w 45 Wy — W
W=—=and v, = ———.
Vita T VTEa
Similar to the argument of Theorem 1.2(i) — (ii), it follows from ( 49) that
o(c) +o(l) = J(wy)
= lA(wn) - LB(wn) + M |wn|2 —In(1+ |wn|2 dx
2 2p 2 Jry 1+g
— L By - 2 s (1t
= S — 3 B~ | |:|wn| In (1 + 1+g1)]‘”

+|u|/ |:|w,,|2—1n<1+ lwnlz)}dx
RN 1+g1

CLa() gt ()

2c \llwll2 2c lwn — wli2

= (&2 () - (%) O

~\2 _ ~ N2
_lul h(p ((*/Ew) >+C p_/eh) )dx—l“zlllf (D + |5a*)dx
RN RN

2 e\ lwl3 ¢ lwy —wl}

2 |wn|2
+lul [wp|=In{ 1+ dx
RN I+g

- La() ey (S

= 2¢" \lwlz) " 2¢ 7 Ulhww — w2
_ﬂB(ﬁw>_V(C—p)B(ﬁ(wn—w)>_|M|g1/ (D + (6, P
2pc” \wlz 2pc lwn — wl2 2 Jp

Clul o, (\/Ea}2>2 Lemhy (ﬁﬁn)zz x4
2 Jew [ e\ w3 e \llwy —wli3 2

) |wa]?
+lpl [wp|” —In | 1+ dx 4+ o(1)
RN 1+g1

_ £A<ﬁw)+c—pA(«ﬁ(wn—w)>

2c llwll2 2c lwn — w2
_QB(ﬁw> _ve—p), (ﬁ(wn —w))
2pc lwll2 2pc lwy — wll2

; 2 - 2
+IMIP/ <ﬁ|w|> Y 1 <ﬁ|w|> dx
2¢ Jgw lwlla I+ \ w2
2 2
+Iltl(C—/O) (\/E|wn_w|) Y 1 (ﬁlwn—w|> dx
2c RN lwp — wll2 I+g1 \ llwy, —wl2
+K (w,, w) + o(1)

) (NE) y emp (Setomw

) + K (wy, w) +o(1)

>
c \lwl2 c lwn — wll2
B] (\/Ew> + C_pj <\ﬁ(wn _w)> +o(1),
c \lwl2 c lwn — wll2

@ Springer



61 Page280of 34 J.Sunetal.

> o(c) +o(1).

Clearly, this is a contradiction. Here note that

. % |wn|2
K (wp, w) := +lu |/ |:|wn| —In <1+ 1+g1)j|
2
N (e R )
c Jrv |\ llwllz I+g1 \ lwla

lule=p) <ﬁ|wn—w|>2_ln ! (ﬁ|wn—w|)2 i
c RN lwn — wll2 I+g1 \ llwp —wll2

- [l + lnlgie

— C

2 1+g1 el
_ g ule
2 1+ g1

. 2¢
201fg12€—1.

So we have w,, — w in LQ(RN). Hence, it follows from (50-52) that

o(c) = nlgn;o J(wy)

i, (340~ 5 [t (1+ ) ] )
lim | -A(w,) — — B(w,,)——/ lwal> =In 1+ dx
n—00 RN ]+g1

1 s s ) |w|?

EA(w) 2pB(w) 2/RN |:|w| In <1+]+g1)]dx

o (o),

\Y

which indicates that o (c) is achieved at w # 0 and [|lw, — w| zg1 — Oasn — oo. .

since w is a critical point of J restricted to S(c), there exists a Lagrange multiplier A € R
such that J/(w) + Aw = 0. In particular, by (66) and the fact of In(1 + x) < x forallx > 0
one has

g1+ |wf?

— = |w |2dx
rY 1+ g1+ |wf?

c=—A(w)+ B(w) — |u|
= —2p0(0) + (p = DAW) + ul(p — 1) /RN wPdx

ul / 1 <1+ wi? )d +ul e,
— n X —_—=aX
HIP Jon T+a M v T+ g1 + [wP?

|l pe
14+ g1

\%

—2po(c) + |ul(p — e —
> —|ule,

leading to A > —|u|. We complete the proof.

4.3 The subcasep < p < 27,

Lemma 4.2 Assume that u < 0, p < p < 2} and condition (D1) holds. Then the functional
J is coercive and bounded from below on M(c) for all ¢ > 0. Furthermore, there exists
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c3 > 0 such that for every ¢ < c3,

J(u) > % on M~ (c).

Proof For u € M(c), it holds

Np—N — N 2 2
A(u)—uB(u)+%/ In(1+ Jul — Jul 5 |dx=0
2p 2 Jry 1+ g1 1+ g1+ |u|

Using this, together with the fact of In(1 4+ x) < x for x > 0, leads to

1 1 2
fA(u)——B(u)+M ul>—In {1+ Jul dx
2 2p 2 JrN 1+ g1

J(u)
Np—N—-—a—2 + |u)?
_Np A(“)-I-M g1+ |ul i
2(Np — N — ) 2 Jry 14 g1+ |ul

Np — 2 2
__pl(Np —a) [ln<1+ |ul )_ |ul z]dx
2(Np — N —a) Jrvy 1+ g1 I+ g1+ lul
Np—N—-a-2 || (Np — @) |u|?

> Au) —
2(Np — N — ) 2(Np — N —oa) Jry 1+ g1

el Ju|? . pele

2 Jrv 14+ g1+ |ul? 2

Np—N—-—a—-2 |it|c ( Np —«a )
—81)

> Au) —
2(Np — N — @) 214+ g1) \Np—N —«

which implies that J is bounded from below and coercive on M(c) , since p > p.
For u € M~ (c), it follows from (14) and (22) that

|u|2dx

dx

(68)

_ N — 2 4
Alw) < (Np—a)(Np— N oz)B(u)Jr unN |ue] dx
2p(N +2) 2IN+2) JrY (14 g1+ |u|?)

N+a—p(N-2)

< (Np —a)(Np — N — QZ)ET AG) N,,szfa’
2(N+200,15

which implies that

2
2p-2 Np=N=a=2
2N 42 _ Nia—p(v-2)
A > (N+2)12,l; ==l (69)
(Np—a)(Np =N —a)

Note that A(u) — 400 as ¢ — 0, and together with ( 68), there exists a constant ¢3 > 0
such that

_ Nta—p(N-2) Np —
J(u) > Ksc Ny N _ e " —81) = %
20+g) \Np—N —a 2

for all ¢ < c¢3, where

2

N 2p—2 Np—N—a—2
% :=|:Np N-a 2][ 2N +2)10, 12 }” _o. a0
2(Np — N — ) (Np —a)(Np — N — )

We complete the proof. O
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Lemma 4.3 Assume that @ < 0, p < p < 2% and condition (D1) holds. Then MOc) = 9.

Proof Suppose on the contrary. Let u € MO(c). By (14) and ( 22), similar to the argument
of Lemma 4.2, we have

2
2N+ 210,137 }N  Neapivd)

Au) > ¢~ Np—N-a—2
(Np —a)(Np =N —«)

and further
A(u) - +ooasc — 0. (71)

On the other hand, using (21) and (31) gives

N(Np — 2 2
(Np—N —a—2) Aw) = — NP = @) [1n<1+ Jul )_ Jul z]dx
2 RN 1+ 1+ g1+ [ul
N? 4
L / Jue| dx
2SRV (14 g1+ luP)
N? 4
< ] / |u] dx
20 JoY (14 g1+ JuP?)
|uIN?c
T 21+ g
that is )
N
Aw) < |u|N=c 7
204+g)(Np =N —a—2)
which implies that
A() - 0asc— 0.
Clearly, this contradicts with (71). We complete the proof. O

By virtue of Lemma 4.3, it holds M(c) = M ™ (c) UM~ (c), which is a natural constraint
manifold. Next, let us prove that the submanifold M~ (c) is nonempty.

Lemma 4.4 Assume that u <0, p < p < 2% and condition (D1) holds. Then for u € S(c),
there exists a constant t,, > 0 such that u's € M~ (c). In particular, t;; is a local maximum

point of f,(t).

Proof Note that foru € S(c) andt > 0, u’ € M(c) if and only if fu(t) = 0.1t follows from
(31) that

Np—N — N N |u|?
£ = tA@) — Y2 =N = NpNam gy 4 1 / In <1+ el )dx
RN

2p 2N+ 1+g1
|M|N/ u?
— dx
2t Jrv 14+ g1 +tVul?
Np—N —
= 1A@) — LS I NNl gy
2p

N V2 N |u?
+|MI\|/1 |:ln<l+ ||>— ||N 2]d}c
2N+ g 1+g1 1+ g1+ tV|u|

@ Springer



Choquard equations with saturable reaction Page310f34 61

Np — N —
> 1A() — %r”‘”‘““mm,
P

which implies that f,(#) > 0 for # > 0 small enough, since p > p. On the other hand, by
the fact of In(1 + s) < s for all s > 0, we deduce that

Np—N — N Niu?
fit) = tA®w) — AP N =@ Np-N-a—lp@y) 4 il / In (1 N Jue] )dx
RN

2p 2N+ Tt
_Iule Ju|? "
2t Jry 14 g1 41N |uf?
Np—N —« N 2
<iAw) — PN T NpN—a-t g,y o N |l ul®
2[7 2t RN ]+g1
[N u? d
- X
2t Jrv 1+ g1+ tVu?
N N N 2 2
§tA(u)_uNpNalB()+|M| |: lu™ |u| i 2:|dx
2 2 T+g T+gi+Vul
Np— N — N N-1p,4
Ay — PN T Np Nl gy el |u1|v _ix
2p 2(0+g1) Jry 1+ g1+ tVul?)
Np—N — Ne
<tA(u) — u,Np—N—an(u) " |'“|7L
2p 201+ g1t

which implies that f(r) < 0 for t > 0 large enough, since p > p. Therefore, according to
the continuity of f, (), there exists a constant 7,7 > O such that f;,(z,;) = Oand f,/(z,) <0,

that is u’« € M~ (c). We complete the proof. O
By virtue of Lemmas 4.2 and 4.4 one has

m,(c):= inf J(@)> inf J(u)> % > 0,

ueM; (c) ueM=(c)
where M, (c) is defined as (58). Similar to the arguments in Sect. 3.2, we also apply
Lemma 2.7 to construct a Palais-Smale sequence {u,} C M, (c) for the functional J
restricted to S, (c) defined as (58). Here we only give the conclusions without proof.

Lemma4.5 The map u € S,(c) > 1, € Ris of class C.

Lemma 4.6 The map T,S,(c) — Tu;; S, (c) defined by v — l/fl_‘: is isomorphism, where
T, S (c) denotes the tangent space to S,(c) in u.

Lemma 4.7 It holds (G™) (u)[¥] = J'(u' )[y' ] for any u € S,(c) and ¥ € T,S,(c),
where the functional G~ : S,(c) — R is defined by G~ (u) = J (u'v ).

Lemma 4.8 Assumethatjn <0, p < p < 27 and condition (D1) holds. Let F be a homotopy
stable family of compact subsets of S, (c) with closed boundary ® and let

er:= inf max G~ (u).
F HeF ueH

Suppose that © is contained in a connected component of M, (¢) and thatmax{sup G~ (©), 0}
< e < 00. Then there exists a Palais-Smale sequence {u,} C M, (c) for J restricted to
Sr(c) at level e

According to Lemma 4.8, similar to the argument of Lemma 3.9, we have the following
result.
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Lemma 4.9 Assume that u < 0, p < p < 2% and condition (D1) holds. Then there exists a
Palais-Smale sequence {u,} C M, (c) for J restricted to Sy(c) at level m; (c) > %

Now we are ready to prove Theorem 1.3 (iii). It follows from Lemma 4.9 that there
exists a Palais-Smale sequence {u,} C M, (c) for J restricted to S,(c) st level m (c) >
%, which is bounded in H! (]RN ) via Lemma 4.1. According to Lemmas 2.8 and 4.2, for
¢ < ¢ := min{cy, c3}, problem (P.) admits a radially symmetric solution w satisfying

_Nta—p(N-2) lmle Np —« lulc
— — g1 > —

J — - K Np—N—-a-2
(W) =m, () > Kse 2(1+g) \Np—N —a )

for some A > 0, where K3 > 0 is as in (70). Moreover, since Q(w) = 0, by (31) and (69)
one has

- N+a—p(N-2) g1+ |wl?
AC = A(w) — |ul R
Np—N —« RV 1+g1+w

N 2 2
4 NP / |:ln<1+ lw] )_ lwl 2]dx
Np—N —a Jry I+g1) 1+gi+w

N+4+a— p(N —2)
>

|w|?dx

A(w) — |u|e
Np—N —a (w) — [l
22 g
> Kyco Mp=N==2770 —|pu]c,
leading to
- ___2p=2
A > Kyqc Np=N=e=2 — ||,
where

2
2p—2

(N +a—p(N— 2)) [ 2N +2)10,1; } Np=N=a-2
Ky = .

Np—N —« (Np —a)(Np — N —«a)

We complete the proof.

4.4 The subcase p = 27,

Proof of Theorem 1.3 (iv). Assume on the contrary. Let u € H!(R") be a nontrivial solution
of Problem (P,) for some A > WIIN=2=281) Thep we have

2(1+g1)
- g1+ ul? 2

A() + A ul*dx — B(u) + ——|u|*dx =0

() /RNH () + |l RN1+g1+|M|2||
and
N -2 N(5~+|M|)/ 2 N+a |M|N/ |u?
—A —_— dx— B(u)— In(1 dx =0.

;AT I TR N Ve i gy o

Using the above two equalities, together with the fact of In(1 4+ x) < x for x > 0 gives

_ N N 2
A/ uzdx=—&/ |u|2dx+%/ In <1+ ] )dx
RN 2 RN 2 RN 14+ g1

LIV =2) g1+ lul? |
2 rY 1+ g1+ [ul?

2dx
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[N g1 |L|(N —2)

<o lu)?dx + lu|>dx
2(1+g1) Jry 2 RN
IV —2) w?
2 Ry 1+ g1+ |uf?
N—-2-2 N-2 2
_ Inl g1) u2dx — lel( ) |u dx,
2(1+ g1) RN 2 rV 1+ g1+ |ul
which implies that
- N-2-2 N -2 2
(A_ I C g1)>/ wPds < N =2 .
2(1+g1) RN 2 rV 1+ g1+ |ul
This is a contradiction, since A > % and u € S(c). We complete the proof. O
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