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ABSTRACT. We consider a singular elliptic equation, driven by the non-autonomous
(p, @)-operator and with a resonant perturbation. Using variational tools to-
gether with truncation and comparison techniques, we show that if the L°°-
norm of the coefficient of the singular term is small enough, then the problem
has at least two positive smooth solutions.

1. Introduction. Let Q C RY be a bounded domain with a C2-boundary 052.
In this paper, we study the following nonlinear, non-autonomous singular Dirichlet
(p, 9)-equation

{A#maA$waaww@"+fuwu»mﬂ,} "

upn=0,0<n<1l<g<p, u>0.

For a € C%1(Q) with 0 < & < a(z) for all z € Q and for s € (1,00), by A% we
denote the non-autonomous (weighted) s-Laplace differential operator defined by

A%y = div(a(z)|Dul*"2Du) for all u € W) *(€).

Problem (1) is driven by the sum of two such operators with different exponents
(we have 1 < ¢ < p) and in general with distinct weights ay, as. The differential
operator governing (1) is non-autonomous and non-homogeneous. In the reaction
(right-hand side) of (1), we have the competing effects of a singular term u —
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E(2)u" (with € € L>*(Q) \ {0}, &(z) > 0 for a.a. z € Q and 0 <1 < 1) and of a
Carathéodory perturbation f(z,z) (that is, for all z > 0, z — f(z,x) is measurable
and for a.a. z € Q,x — f(z,x) is continuous). We assume that f(z,-) is (p — 1)-
linear as * — 400 and we can have resonance with respect to the first eigenvalue of
(—Agl,Wol’p(Q)). Moreover, f(z,-) can change sign as we move on Ry = [0, +00).

In the past most works on nonlinear singular elliptic problems, required that
the perturbation of the singular term is positive and (p — 1)-superlinear satisfy-
ing the well-known Ambrosetti-Rabinowitz condition (the AR-condition for short).
In fact in many papers this perturbation is simply of the power type. We men-
tion the works of Giacomoni-Schindler-Takac [6], Giacomoni-Kumar-Sreenadh [5],
Irving-Koch [7], Leonardi-Papageorgiou [8], Papageorgiou-Radulescu-Repovs [11],
Papageorgiou-Smyrlis [14], Papageorgiou-Winkert [15], Perera-Zhang [16] and the
references therein.

In the recent paper [3], Bobkov-Tanaka considered autonomous (p, q)-equation
with Dirichlet boundary condition and employed several minimax variational meth-
ods to determine three generally different ranges of parameters such that the prob-
lem admits a given number of distinct pairs of solutions with a prescribed sign
of energy. For a biharmonic problem with two weights, we refer readers to [18]
where existence and multiplicity of solutions were obtained via an alternative Ric-
ceri’s result. Recently, Arruda-Nascimento [1] and Bieri-Majdak-Papageorgiou [2],
considered nonlinear autonomous singular equations with a (p — 1)-superlinear per-
turbation which can be sign changing (indefinite). Our work here complements the
two aforementioned papers, by considering non-autonomous equations with (p —1)-
linear, resonant perturbation. Using variational tools, we prove two multiplicity
theorems for the non-coercive resonant problem.

2. Mathematical background and hypothesis. In the study of problem (1),
the main function spaces are the Sobolev space I/VO1 P(Q) and the Banach space
C(Q) = {u € CHQ) : ulpo = 0}. On account of the Poincaré inequality, on
WP () we can consider the norm

|ul| = || Dull, for all u € W, ().

The space Cj (Q) is an ordered Banach space with positive (order) cone C =
{u e CL(Q) : u(z) > 0 for all z € Q}. This cone has a nonempty interior given by

13
int Cy = {UEC+I u(z) > 0 for all z € Q, a—Z‘BQ <O},

where 9u = (Du,n)g~y with n(-) being the outward unit normal on 0f.

on

Given o € C%1(Q) with 0 < ¢ < a(z) for all z € 2, we consider the following
nonlinear eigenvalue problem

—Aju(z) = Au(2)|P2u(z) in Q, ulsq = 0. (2)
From the Appendix of Liu-Papageorgiou [10], we know that problem (2) has a
smallest eigenvalue A\¢(p) > 0 which is isolated, simple and admits the following
variational characterization,
Jo (2)|DulPdz

0< AY D :inf{
i) Tl

Cue Wyt (Q), u;«éO} (3)
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The nonlinear regularity theory of Lieberman [9], implies that if u € Wy?(Q)
is an eigenfunction of (2), then u € C3(Q). In particular, if u is an eigenfunction
corresponding to A¥(p) > 0, then u has fixed sign and the nonlinear maximum
principle of Pucci-Serrin [17] implies that v € int Cy or u € —int C; .

Let @, denote the positive LP normalized (that is, ||41]], = 1) eigenfunction
corresponding to AY(p) > 0. Then 4; € int C; and realizes the infimum in (3).

We will also consider the following weighted version of (2),
—Aju(z) = Am(2)|u(z) P~ 2u(z) in Q, ulgg = 0, (4)

with m € L>(2)\{0}, m(z) > 0 for a.a. z € 2. We have the same spectral analysis
for (4) as for (3). So, (4) has a smallest eigenvalue A§(p, m) > 0, which is isolated,
simple and has the following variational characterization,

Jo (2)|DuPdz

: uEWol’p(Q),uyéO}. (5)

Again, the corresponding eigenfunctions have fixed sign and belong in +int C'y.
We point out that for both problems (2) and (4), the principal eigenvalue is the
only eigenvalue with eigenfunctions of constant sign. All the other eigenvalues have
nodal (sign-changing) eigenfunctions. Using (5), we obtain easily the following
monotonicity property for the map m — 5\‘1’ (p,m).

Proposition 1. If mi,mg € L>®(Q)\{0}, 0 < my(2) < ma(z) for a.a. z € Q and
mi # ma, then

A(ll(pa m2) < A(ljl(paTnl)

If X is a reflexive Banach space and V : X — X* is a continuous and mono-
tone map, then V(-) is maximal monotone (see [12, p. 117]. We say that V(-) is
“coercive”, if

lullx = co =|| V(u)||x+ — +oc.

We have the following surjectivity result (see [12, p. 135]).

Proposition 2. If X is a reflexive Banach space and V : X — X™* is continuous,
monotone and coercive, then V(-) is surjective.

A useful tool in the study of singular problems, is the so called “Hardy’s inequal-
ity” (see Papageorgiou-Radulescu-Repovs [12, p. 66])

Proposition 3. If cZ(z) =d(z,09) for all z € Q, then

=

< ¢*||Dul, for some ¢* >0 and all u € Wy P(Q), 1< p < 0.
P

For u € L'(Q2), we write 0 < u, if for all K C Q compact, 0 < cx < u(z) for a.a.
z€ K.

Our hypotheses on the weights a1, as and the coefficient £(-) are the following:
Hy : aj,az € C%1(0Q),0 < ¢ < a1(2),a(z) for all z € Q and £ € L>®(2) such
that 0 < €.
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Let V : WyP(Q) - W12'(Q) = (Wol’p(Q)) ,(% + i = 1) be the nonlinear
map defined by

(V(u), h) :/ [al(z)|Du\p_2 + ag(z)|Du|q_2} (Du, Dh)dz, Y u,h€ Wol’p(Q).
Q
This map has the following properties (see Gasinski-Papageorgiou [4, p. 279]).

Proposition 4. If hypotheses Hy hold, then V (-) is bounded (that is, maps bounded
sets to bounded sets), continuous, strictly monotone (thus, mazimal monotone too)
and of type (S)4+, that is,

“Uif iy > win Wy P(Q) and limsup(V (uy,), u, — u) <0,

n—oo
then w, — win Wy P(Q).”
Let X be a Banach space and ¢ € C1(X). We say that o(-) satisfies the “C-
condition”, if it has the following property:
“Every sequence {uy, }neny C X such that {¢(u,)} C Ris bounded
and (1 + |lun||x)¢’ (un) — 0in X* asn — oo,
admits a strongly convergent subsequence.”
Also, we set
Ky, ={ue X : ¢'(u) =0} (the critical set of p(-)).
Our hypotheses on the perturbation f(z,z) are the following:

Hy : f: QxR — Ris a Carathéodory function such that f(z,0) = 0 for a.a.
z €  and

(i) for every p > 0, there exists &, € L°>°(Q) such that
|f(z,2)] < G,(2) for a.a. z € Q,all 0 < a < p;
(ii) there exist I € L>°(Q) and 7 € (¢, p) such that

A% (p) < liminf 1 11:) < lim sup @ < I(z) uniformly for a.a. z € ,

z—+4oo P r—+oo ITYT

and if F(z,2) = [ f(z,s)ds, then

0<B< lim inf PE (2 2) = f(z 2)x

- uniformly for a.a. z € §;
Tr—r+o0 X

(iii) there exists ¢ > 0 such that
—€(2) < f(z,z) <y <O0foraa. z€Q, all0 < d <z <4
(iv) for every p > 0, there exists ép > 0, such that for a.a. z € Q, the function
z— f(z,z) + épacp_l

is nondecreasing on [0, p].
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Remark 1. Since we look for positive solutions of (1) and the above hypotheses
concern the positive semiaxis Ry = [0, +00), we may assume that f(z,z) = 0 for
a.a. z € Q, all x < 0. Hypotheses Hy (i), (ii) imply that f(z,-) is (p — 1)-linear
as r — 400, and we can have resonance with respect to the principal eigenvalue
A% (p) > 0 of (=Ag, WyP(€)). As we will see in the process of the proof (see the

proof of Proposition 10), the resonance occurs from the right of A¢*(p) in the sense
that

A (p)aP — pF(z,2) — —oo uniformly for a.a. z € Q, as & — +00.

and this makes the relevant energy functional noncoercive.

3. Auxiliary problems. In this section, we consider two auxiliary problems, the
solutions of which will provide an ordered pair of upper and lower solutions for
problem (1). Then in section 4 using these solutions and truncation and comparison
techniques, we will show the existence and multiplicity of positive solutions for
problem (1).

First we consider the following auxiliary Dirichlet problem:

—ANtu(z) — Ag?u(z) = £(2) in Q, ulan = 0. (6)

Using Proposition 2 (see also Papageorgiou-Radulescu-Repovs [11, Proposition
10]), we have the following result concerning problem (6).

Proposition 5. If hypotheses Hy hold, then problem (6) has a unique solution
ug € int Oy and

ue — 0 in C%1(Q) as ||€]|eo — 0.

On account of this proposition, we can find v; > 0 such that

[€lloe <71 == &(2) < €(2)ug "(2) for a.a. z € Q. (7)

We consider a second auxiliary Dirichlet problem

—Aptu(z) — AY?u(z) = {(2)u”"(2) in Q, ulaq = 0. (8)
For this problem, we have a similar result.

Proposition 6. If hypotheses Hy hold, then problem (8) has a unique solution
tg € int Cy and

g — 0 in C*H(Q) as ||l — 0.

Proof. We know that u, € int C; (see Proposition 5). So, using [12, Proposition
4.1.22, p. 274], we can find ¢; > 0 such that

d< c1ug ( recall that d(z) = d(z,09) for all z € Q). (9)
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Then for every h € W, *(), we have
‘/ £(2)ug "hdz
Q

_, h
sme@"%m

10
< 62||£||Oo/ %dz for some ca > 0 (see (9) and recall that u, € int Cy) (10)
Q
< ¢s]|€llo|IB]] (see Proposition 3),
=E(2)ug" € W () = (Woh (@)
We write problem (8) in the following form
Vi) = €0 in W (@) = (Wr@) (1)

Invoking Propositions 2 and 4, we can find u¢ € WP (€2) solution of (1). More-
over, the strict monotonicity of V(-) implies that this solution is unique. Using (9),
we have

0 <&(2)u"(2) < csd™" for some ¢4 > 0.

Since £(-)u; "(-) € Lis.(2), we can use Theorem Bl of Giacomoni-Schindler-

loc
Tak4c [6] (see also Giacomoni-Kumar-Sreenadh [5], Theorem 1.7) and obtain that

te € C1\ {0}. We have
- Aglﬂf — A?zﬂg <0in Q
=1 € int Cy ( see Pucci-Serrin [17, pp. 111, 120]).

Next we show the last assertion of the proposition. We have

(V (1) , Y = /Q E()us"(2)hdz for all h € WP (Q). (12)

In (12) we use the test function h = ¢ € WP (€). We obtain

éllcl” < [ ote)|Diclaz < esllllic] (see (10) and byporbeses Ho),
Q

= ||te]] = 0 as [[{]loc — 0.

Then as before, invoking Theorem B.1 of [6] (see also Theorem 1.7 of [5]), we
can find o € (0,1) and ¢5 > 0 such that
e € Cp™(Q), gl gy < cs. (14)
We know that Cy*(Q) < CA(Q) compactly (Arzela-Ascoli theorem). Then from
(13) and (14), we infer that
g — 0in C5(Q) as [|€]|c — 0.
This completes the proof. O
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Propositions 5 and 6 imply that we can find 0 < 2 <y, (see (7)) such that

1

1\~ O
2) , 0 < <§forall z€Q, (15)

with § > 0 as postulated by hypothesis Hq (iii).

€]l < 12 = Ilelloo < (

Proposition 7. If hypotheses Hy hold and ||{]|cc < 72, then ug(2) < tg(z) for all
z €.

Proof. On account of (7), we have
Viug) = £() < €0)ag" = V(ag) i W7(Q).

By the weak comparison principle (see Pucci-Serrin [17, Theorem 3.4.1, p. 61]),
we conclude that ue < Ug. O

4. Positive solutions. In this section, using the results from section 3, we prove
existence and multiplicity of positive solutions for problem (1). In what follows

ue, 1] = {u e WP (Q) : ue(2) < u(z) < tg(z) for aa. z € Q},

and intgy (q) [gg, ti¢| = interior in C{(2) of [@5, ue] N Cy(Q).

Proposition 8. If hypotheses Hy, Hy hold and ||£||c0 < 72, then problem (1) has
a solution ug € intcy(g) [@5, ﬂf].

Proof. From Proposition 7, we know that
ue < g (recall 0 < o < 1) (16)
So, we can introduce the Carathéodory function §(z,z) defined by
E(2)ug "(2) + fzue(2)  if 2 <we(z),
9(z,x) = { £(2)2™" + f(z, @) if ug(z) < < ug(2), (17)
E(2)ug "(2) + flz ue(2)  if ug(2) < a.
We set G(z,2) = Jy 9(z,5)ds and consider the functional ¢ : W, P() — R
defined by
1

1 R
o(u) = 7/ a1 (2)|DulPdz + f/ a2(2)|Du|qdz—/ G(z,u)dz for all u € WyP(Q).
P Ja q.Ja Q
From Papageorgiou-Smyrlis [14, Proposition 3], we know that ¢ € C* (W&’p(Q)).
From (17) and hypotheses Hy, we see that ¢(-) is coercive. Also using the Sobolev

embedding theorem, we see that ¢(-) is sequentially weakly lower semicontinuous.
So, by the Weierstrass-Tonelli theorem, we can find ug € T/VO1 P(Q) such that

$(ug) = inf {gﬁ(u) Lue W(}"”(Q)} :
= ('(uo), h) = 0 for all h € Wy™(%), (18)

= (V(ug), h) = / §(z,up)hdz for all h € W, (Q).
Q
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In (18) first we use the test function h = (ug — @)t € WyP(Q). We have
(V(uo), (uo — ue)™*)
- /Q (€)™ + f(2,0)| (o — ) = (see (17))
A €(2)ug " (uo — ti¢)Tdz (see (15) and hypothesis Hq (iii))

= (V(tg), (uo — ug)™) (see Proposition 6)
=ug < e (see Proposition 4).

Next we test (18) with b = (u, —uo)* € Wy?(Q). We have
(V (uo), (ug —uo) ™)
:/ (€205 + £(2. )] (e — wo)*dz (see (17))
/ £z u5 - } (ue — o) Tdz (see (15) and hypothesis Hi (i)

/ §(2)(ug —uo)"dz (since u; " — 1> 1, see (15))

(uf) (u§ —ug)") (see Proposition 5)
=ue < ug (see Proposition 4).

We have proved that

uo € [ug, U] -

The nonlinear regularity theory of Lieberman [9], implies that

Ug € [@5,’(_1,5] N O&(Q) (19)

Let p = ||fi¢||oo and let €, > 0 be as postulated by hypothesis Hj (iv). We have

— Aftug — AFPug + Epuf T = €(2)ug”
= f(z,u0) + &ub !
< f(z,ae) + épﬂ’g*l (see (19) and hypothesis H;(iv))
< fpﬁg_l (see (15) and hypothesis H; (iii))
= —Aj U — AY*ug + épﬂg — &(2)u, "(see Proposition 6).

It follows from H,(iii) and (15) that 0 < —f(z,@¢), then from Proposition 7 of
Papageorgiou-Radulescu-Repovs [11], we obtain

Ue —up € int Cy. (20)
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Also we have
— AJtug — Ag?ug + fpuf;*l —&(2)ug "
ug) + épug_l
2, U) +§:py’£7 (see (15), (16) and hypothesis Hy(iv))
> —£(2) + épg’g_l (see (15) and hypothesis Hq (iii))
> €(2) [1 - ug"| +€ul " (see (15))
—Ap ug — AJtug + Euf ! — E(2)ug -

Note that —£(2) — £(2) [1 —ue } =£(2) [ - 2} > 0 and so Proposition 7 of
[11] implies that
up — g € int C. (21)

From (20) and (21), we conclude that

ug € inby (g [ug, U] - (22)

The proof is now complete. O

We will use ug to produce a second positive smooth solution of (1).

We introduce the Carathéodory function g(z,z) defined by

5 z) = §(Z)Q§_n(2) + f(z,ue(2))  if 2 <we(2),
e {f(z)x_” + f(z,2) if ug(2) <. (23)

We set G(z, ) fo z,s)ds and consider the functional ¢ : T/V1 Q) —- R
defined by

1 1
o(u) = —/ a1 (2)|DulPdz+ f/ ozg(z)|Du|qdz—/ G(z,u)dz for all u € WyP(Q).
pJo qJa Q

We have p € C* (Wol’p(Q)) (see [14]). In what follows we define

[ue) = {u e W) : ug(2) <u(z) for a.a. z € Q} )

Proposition 9. If hypotheses Hy, Hy hold, ||€]lcc < 72 and up € int Cy is the
solution of (1) from Proposition 8, then

Ky C [ue, ] N CH(Q), K, C [ue) N C3(Q) and ug is a local minimizer of ¢(-).

Proof. That Ky C [gé,ﬂg] NC(Q) and K, C [ ) N C (), follow from (17) and
(23) as in the proof of Proposition 8. Note that

@’[E€7u£ = SD| g,’U,5 (24)
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From the proof of Proposition 8, we know that ug is a minimizer of the functional
. From (22) and (24), we infer that
ug is a local C} (Q)-minimizer of (-),
=g is a local W, (€)-minimizer of o(-), (25)
(see Papageorgiou-Radulescu-Zhang [13, Proposition A3]).
This completes the proof. O

On account of Proposition 9, we see that we may assume that
Ken [@@ﬂd = {uo} and K, is finite. (26)
Otherwise it is clear from (23) that we already have at least one more nontrivial
positive smooth solution. Moreover, from (25), (26) and Papageorgiou-Radulescu-

Repovs [12, Theorem 5.7.6, p. 449], we see that we can find p € (0,1) small such
that

¢ (uo) <inf{p(u) : |lu—wuoll = p} =mo. (27)
Proposition 10. If hypotheses Hy, Hy hold and ||€|loo < 72, then

o(tly) = —oc0 as t — +oo.

Proof. Hypothesis Hj (ii) implies that given By € (0, B), we can find M = M(ﬁo) >0
such that

Box™ < pF(z,2) — f(z, @)z fora.a. z €, allz > M. (28)
Note that
d F(z,z) _ f(zz)2? — paP” ' F(z,)
de zp x?p
_ f(Z,.’E).’I} —pF(Z,.’I?)
= e
- o for a.a. z € Q, all x > M (see (28))
— xp+177. b ) P )
F F 3 1 1
= (z2) (Z’x)g bo [ — — — } fora.a. 2 € Q, allv >z > M. (29)
VP xP p—T |VPTT xP—T

Hypothesis H;(ii) implies that

uniformly for a.a. z € Q. (30)

T—r+o0 X

1. F
- AT (p) < liminf (2,2)
p

So, if in (29) we pass to the limit as v — 400 and use (30), we obtain
S'p)  Fa) G 1
P P T p—TaPT’
NCE D pBO T
=T (p)aP — pF(z,z) < —Ex for a.a. 2 € Q, all 2 > M.

(31)

Note that since ||i1]/, = 1, we have

AP (pr

o(tin) L8 / ()| Dity |7dz — / Gz, tin)dz for all t > 0. (32)
p q Jo Q
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We estimate the integral [, G(z,tt1)dz. From (23), we have
/ G(z,ttq)dz
Q

= N 0 f(Z) N — 1—
- /{mlgug} {f(Z)Egn -l-f(%ﬂg)} (tU1)dZ+/{u§§m1} - [(tul)l 7wl de

+/ £(2)E"dz +/ [F(z,tiy) — F(z,u)] dz
{!ggtﬂl} {ngtal}

+ / [z, ue)uedz
{ug<tai}

> / F(z,tt1)dz — cg(t + 1) for some ¢ > 0 (see hypotheses Hi (i), (iii)).
Q
(33)

p(thr) < 1 [;\?1 (p)(td1)? — pF(z,tﬁl)] dz + ¢7(t? + 1) for some ¢7 > 0,all t > 1.

PJa

tu : c
:>('0( ) < — Po [ |7 + ®_ for some cg >0, allt>1,

¢ p— tr—a

i .
= lim sup pltin) = —9 <0,
t—otoo LT
=p(tiy) = —oo as t = +0o0,
which completes the proof. O

Remark 2. Included in the above proof is the fact that the resonance at A (p)
occurs from the right of the principal eigenvalue, that is

A (p)aP — pF(z,z) — —oc uniformly for a.a. z € Q as & — 400 (see (31)).

This means that the functional ¢(-) can not be coercive and so the second solution
can not be obtained using the direct method of the calculus of variations.

Proposition 11. If hypotheses Hy, Hy hold and ||{]| < 72, then the functional
©(-) satisfies the C-condition.

Proof. We consider a sequence {uy nen C WO1 P(Q) such that
|o(un)| < cg for some cg > 0, all n € N, (34)
(1 + ||tnl]) @ (un) — 0 in W2 (Q) as n — oco. (35)

From (35) we have

<V(un),h>—/g(2,un)hdz§ enllP]

i T3 Tul for all h € WP(Q), with e, — 07. (36)

In (36) we choose h = —u;, € Wy?(€). Then

u, ||” < en —/Q {f(z)gg" +f (z,gg)} u,, dz

< en + c1o||u, || for some c19 > 0, all n € N,

d
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= {u, fnen C Wol’p(Q) is bounded. (37)

We will show that {u}}, oy € W, P (£2) is bounded, too. We argue by contradic-
tion. So, suppose that at least for a subsequence, we have

lul || — oo as n — oo. (38)

+
We set y, = ﬁ, n € N. Then ||y,|| =1, yn > 0 for all n € N. Hence we may

assume that
Yn <>y in WP (Q), yn — y in LP(Q), y > 0. (39)

From (36) and (37), we have
(V(ub),h)y — / g(z,u,)hdz < c11 ||| for some ¢1; > 0, all n € N. (40)
Q

Let At : Wy P(Q) — R and A2 W, %) — R be the bounded, continuous,
strictly monotone, (S)-type maps defined by

<Ag‘1(u), h) = /Qal(z)\Du|p72(Du,Dh)RNdz, Vu,h e Wol’p(Q),

(Ag?(u), h) = /Qa2(z)\Du|q72(Du,Dh)Rwdz, Y ou,h € Wy P().

Evidently, V = Agt 4 Ag?. From (40), we obtain

Qaq 1 a2
<Ap (yn) > h> + W <Aq (yn) s h>
c11 g (z,utb) » (41)
,H e ———||hll + thz for all h € W,P(Q), all n € N.
Note that
/ ||U+||p 1
E(2)ue "+ f (z,ue) | hdz
|| +H /{uxgus} [ ¢ } (42)

1 _ f(zud)
+7/ £(2)(u?) ”hdz—i—/ STt g,
HU+|| {ug <ut} {ug <ut} Hu+||p !

for all n € N, all h € W) "P(Q) (see (23)).

We see that
1

[T

/{ ) [g(z)gg" + f (z,gg)] hdz — 0 as n — oo (see (10), (38)). (43)
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Also, we have

0< Hu+1||”_1 /{ oy () " hd=
< Hu*lH’” /{ o SN

< Hu;Hp_l /Q £(=)ug "hdz

< thn (see (10)) for all n € N,
e

Tt P

it e € )tz 0 o (a4)

Hypotheses H; (i),(ii) imply that

{f(,uf{())} - Lp/(Q) is bounded.
neN

"
So, we may assume that

with A (p) < I(2) < I(2) for a.a. z € Q (see H(ii)).
Recall that y > 0 (see (39)). On {z € Q: y(z) > 0} we have u; (2) — +oo and

+ N
Mhdz — [ 1(2)y*"'hdz as n — occ. (45)
fue<uf) [|ud||” ! Q

SO

In (41) we choose the test function h =y, —y € Wol’p(Q), pass to the limit as

n — oo and use (43), (44), (45), we obtain
nhigo <A§1 (Yn) > Yn — y> =0, (46)

=y —y in Wy P(Q), [lyll =1, y >0.

If in (41) we pass to the limit as n — oo and use (43), (44), (45), (46), we obtain

(A% (y), h) = / i(2)y?'hdz for all h € WiP(Q),
Q (47)

= — Apiy(z) = i(2)y(2)" " in Q, ylon = 0.
First suppose that [ # 5\‘111 (p). We have
A (p, ) < A (p, 5\(1“(17)) =1 (see Proposition 1).

Then from (47) we infer that y = 0 or y is nodal (sign changing). Both possibilities
contradict (46).
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Next suppose that [ = A% (p) for a.a. z € Q. From (47) and (46) it follows that
y = 600, with 6 > 1,
=Yy € int C+.

We infer that u;(z) — +oo for a.a. 2z € Q, as n — oo. From (34) and (37), we
have for some c12 > 0,

—/ ay(2)| Dyt [Pdz — g/ as(2)|Dut|9dz + / pG(z,uf)dz < ¢19 for all n € N.
Q Q Q
(48)
Also, if in (36) we use the test function h = u; € W, P(Q), then

/ 041(2)|Du,f|pdz+/ az(z)|Duft|7dz 7/ g(z,u ) utdz < e, for all n € N. (49)
Q Q Q

We add (48) and (49) and obtain

/ [pG(z,uI) — g(z,u:)u,ﬂ dz < c13+ (p — 1) / as(2)|Dut|9dz
Q q Q

(50)
for some c13 > 0, all n € N.
We have
[ GG - gteudut] dz
Q
[ et ek [ [Pl - Pleag] ds
urt <ue} {ue<ui}

b feuguds - [ e+ S ds
{Eg <unp } {un Sﬂ{}

- / ) () dz — / f(z,u)ufdz for all n € N (see (23)),
{ug<ui} {u<uf}

> [ PGed) - e ut]ds - e (L 7)
{£5<u$}
for some c14 > 0,all n € N,

> / [PF (2 u) — f(zutul] dz — exs (14 1)
Q

for some c15 > 0,all n € N (see hypothesis H(i)).
(51)

Using (51) in (50), we obtain
/ [PF(z,uf) — f(z,u})uf] dz < e16 (1 + [|u;f]|?) dz for some ¢16 > 0,all n € N,
Q

PF (2, uy) = f (2w Juy ( 1 1 )
:>/ Ypdz < ci6 + for all n € N.
e (un) (25 O 7Y
(52)
In (52) we pass to the limit as n — co. Using Fatou’s lemma, hypothesis H (ii)
and (38), we obtain

0< B0y <0,
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a contradiction (here | - |y denotes the Lebesgue measure on RY). Therefore
{ut},.en © Wy P(Q) is bounded. So, we infer that {u,}, .y € Wy™(Q) is bounded
(see (37)).

We may assume that
Uy > win WyP(Q), u, — uin LP(Q) as n — oco. (53)

In (36), we choose the test function h = u,, — u € W, ?(Q) and pass to the limit
as n — 0o. We obtain

nhﬁnolo (V(up), unp —u) =0,

=, — u in W,P(Q) (see Proposition 4).

This proves that the functional o(-) satisfies the C-condition. O

Now we are ready for the multiplicity theorem.

Theorem 1. If hypotheses Hy, Hy hold and ||| is small, then problem (1) has
at least two positive solutions

ug, 4 € int Cy, ug # 4.

Proof. From Proposition 8, we already have one positive solution

up € int C.

Also (27) and Propositions 10 and 11 permit the use of the mountain pass theo-
rem. So we can find @ € W, *(€) such that

u € ICL,O C [@{) N C&(Q), QD(’U,()) <mg < (p('LAL)

Therefore @ € int C is a second positive solution of (1) (see (23)) and ug # 4. O
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