Di fieren tial and In tegral Equations V olume 13 (1 {3) Jan uary {Marc h 2000, pp . 47 {60

A NONSMOOTH CRITICAL POINT THEOR Y APPR OACH TO SOME NONLINEAR ELLIPTIC EQUA TIONS IN R^n

Filippo Gazzola

Dipartimen to di Scienze T.A., via Cavour 84, 15100 Alessandria Italy

Vicent ¸ iu Rădulescu

Departmen t of Mathematics, Univ. of Craio va - 1100 Craio va Romania

(Submitted by: Viorel Barbu)

Abstract. We determine nontrivial solutions of some semilinear and quasilinear elliptic problems on R^n ; we mak e use of two differen t nonsmo oth critical point theories which allow to treat two kinds of nonlinear problems. A comparison between the possible applications of the two theories is also made.

1. In tro duction. Consider a functional J defined on some Banach space B and having a mountain-pass geometry: the celebrated theorem by Ambrosetti- Rabino witz [1] states that if J ∈ C^1 (B) and J satisfies the Palais-Smale condition (PS condition in the sequel) then J admits a nontrivial critical point. In this paper we drop these two assumptions: in order to determine nontrivial solutions of some nonlinear elliptic equations in R^n (n ≥ 3), we use the mountain-pass principle for a class of nonsmooth functionals which do not satisfy the PS condition. More precisely, we consider a model elliptic problem first studied by Rabino witz [13] with the C^1 -theory and we extend his results by means of the nonsmooth critical point theories of Clarke [5, 6] and Degiovanni et al. [8, 9]; one of the purp oses of this paper is to emphasize some differences between these two theories. This study was inspired by previous work on the existence of standing wave solutions of nonlinear Schrödinger equations: after making a standing wave ansatz, Rabino witz reduces the problem to that of studying the semilinear elliptic equation

− Δ u + b(x)u = f (x, u) in R^n (1)

under suitable conditions on b and assuming that f is smooth, superlinear and subcritical.

To explain our results we introduce some functional spaces. We denote by L^p the space of measurable functions u of p-th power absolutely summable on R^n , that

Receiv ed for publication February 1998. AMS Sub ject Classifications: 35D05, 35J20. 47

is, satisfying ‖u‖^p := � R^n |u|

p < + ∞ ; by H^1 we denote the Sobolev space normed by ‖u‖^2_H 1 := � R^n (|Du|

2 + |u|^2 ). We will assume that the function b in (1) is greater than some positive constan t; then we define the Hilbert space E of all functions u : R^n → R with ‖u‖^2_E := � R^n (|Du|

2 + b(x)u^2 ) < ∞ . We denote by E^∗ the dual space of E: as E is continuously embedded in H^1 we also have H^{− 1} ⊂ E^∗.

We first consider the case where (− Δ ) in (1) is replaced by a quasilinear elliptic operator: we seek positive weak solutions u ∈ E of the problem − n� i,j =1

D_j (a_{ij} (x, u)D_iu) + 1 2 n� i,j =1

∂a_{ij} ∂s (x, u)D_iuD_j u + b(x)u = f (x, u) in R^n . (2)

Note that if a_{ij} (x, s) ≡ δ_{ij} , then (2) reduces to (1). Here and in the sequel, by positive solution we mean a nonnegativ e nontrivial solution. To determine weak solutions of (2) we look for critical points of the functional J : E → R defined by

J (u) = 1 2 � R^n n� i,j =1

a_{ij} (x, u)D_iuD_j u + 1 2 � R^n

b(x)u^2 − � R^n

F (x, u) ∀u ∈ E,

where F (x, s) =

�_s 0 f (x, t)dt. Under reasonable assumptions on a_{ij} ,b,f , the functional J is continuous but not even locally Lipschitz, see [3], therefore, we cannot work in the classical framework of critical point theory. Nevertheless, the Gâteauxderivative of J exists in the smooth directions, i.e., for all u ∈ E and φ ∈ C^∞_c we can define

J^′(u)[φ ] = � R^n

�^n�

i,j =1 � a_{ij} (x, u)D_iuD_j φ + 1 2 ∂a_{ij} ∂s (x, u)D_iuD_j uφ � + b(x)uφ − f (x, u)φ � .

According to the nonsmooth critical point theory developed in [8, 9] we know that critical points u of J satisfy J^′(u)[φ ] = 0 for all φ ∈ C^∞_c and hence solve (2) in distributional sense; moreover, since − n� i,j =1

D_j (a_{ij} (x, u)D_iu) + b(x)u − f (x, u) ∈ E^∗

we also have 1 2 n� i,j =1

∂a_{ij} ∂s (x, u)D_iuD_j u ∈ E^∗

and (2) is solved in the weak sense (∀φ ∈ E). We refer to [3] for the adaptation of this theory to quasilinear equations of the kind of (2) and to [7, 10] for applications in the case of unbounded domains and for further references. Under suitable

a nonsmooth critical point theory approach 49

assumptions on a_{ij} ,b,f and by using the above mentioned tools we will prove that (2) admits a positive weak solution. Next, we take into account the case where f is not continuous: let f (x, ·) ∈ L^∞_{lo c} (R) and denote

f (x, s) = lim_{ε↘ 0} essinf {f (x, t); |t − s| < ε}

f (x, s) = lim_{ε↘ 0} esssup {f (x, t); |t − s| < ε};

our aim is to determine u ∈ E such that

− Δ u + b(x)u ∈ [f (x, u),f (x, u)] in R^n . (3)

Positive solutions u of (3) satisfy 0 ∈ ∂I(u), where

I(u) = 1 2 � R^n

(|Du|^2 + b(x)u^2 ) − � R^n

F (x, u^+ ) ∀u ∈ E

and ∂I(u) stands for the Clarke gradient [5, 6] of the locally Lipschitz energy functional I; more precisely,

∂I(u) = � ζ ∈ E^∗; I^0 (u;v) ≥ ⟨ζ,v⟩, ∀v ∈ E � , where I^0 (u;v) = lim sup_{w → u}

λ ↘ 0

I(w + λv) − I(w) λ . (4)

This problem may be reformulated, equivalently, in terms of hemivariational inequalities as follows: find u ∈ E such that � R^n

(DuD v + b(x)uv) + � R^n

(− F )^0 (x, u;v) ≥ 0 ∀v ∈ E, (5)

where (− F )^0 (x, u;v) denotes the Clarke directional derivative of (− F ) at u(x) with respect to v(x) and is defined as in (4). So, when f (x, ·) is not continuous, Clarke’s theory will enable us to prove that (3) admits a positive solution. The two existence results stated in next section have several points in common; in both cases we first prove that the corresp onding functional has a mountain-pass geometry and that a PS sequence can be built at a suitable inf-max level. Then we prove that the PS sequence is bounded and that its weak limit is a solution of the problem considered; the final step is to prove that this solution is not the trivial one; to this end we use the concentration-compactness principle [11] and the behavior of the function b at infinity. However, the construction of a PS sequence and the proof that its weak limit is a solution are definitely different. They highlight the different tools existing in the two theories.

2. Main results. Let us first state our results concerning (2). We require the coefficien ts a_{ij} (i, j = 1,...,n) to satisfy � � � a_{ij} ≡ a_{j i} a_{ij} (x, ·) ∈ C^1 (R) for a.e. x ∈ R^n a_{ij} (x, s),^{∂a ij}_{∂s} (x, s) ∈ L^∞ (R^n × R); (6)

moreover, on the matrices [a_{ij} (x, s)] and [s^{∂a ij}_{∂s} (x, s)] we make the following assumptions:

∃ν > 0 such that n� i,j =1

a_{ij} (x, s)ξ_iξ_j ≥ ν|ξ|^2 for a.e. x ∈ R^n , ∀s ∈ R, ∀ξ ∈ R^n (7) � � � ∃μ ∈ (2,2^∗), γ ∈ (0,μ − 2) such that

0 ≤ s n� i,j =1

∂a_{ij} ∂s (x, s)ξ_iξ_j ≤ γ n� i,j =1

a_{ij} (x, s)ξ_iξ_j for a.e. x ∈ R^n ,∀s ∈ R,∀ξ ∈ R^n . (8) We require that b ∈ L^∞_{lo c} (R^n ) and that � ∃b > 0 such that b(x) ≥ b for a.e. x ∈ R^n ess lim_{|x|→ ∞} b(x) = + ∞ . (9)

Let μ be as in (8), assume that f (x, s) ≢ 0 and � � � f : R^n × R → R is a Carath éodory function f (x, 0) = 0 for a.e. x ∈ R^n 0 ≤ μF (x, s) ≤ sf (x, s) ∀s ≥ 0 and for a.e. x ∈ R^n ;

(10)

moreover, we require f to be subcritical � ∀ε > 0 ∃f_ε ∈ L^{2nn +2} (R^n ) such that |f (x, s)| ≤ f_ε (x) + ε|s|^{n +2n − 2} ∀s ∈ R and for a.e. x ∈ R^n .

(11)

Finally, for all δ ∈ (2,2^∗) define q(δ) =^{2 n}_{2 n +(2 − n ) δ} : then we assume^1 � ∃C ≥ 0, ∃δ ∈ (2,2^∗) , ∃G ∈ L^{q ( δ )} (R^n ) such that F (x, s) ≤ G(x)|s|^δ + C|s|^{2 ∗} ∀s ∈ R and for a.e. x ∈ R^n .

(12)

In Section 3 we will prove

1One could also consider the case δ = 2: in such case one also needs ‖G‖_{n/ 2} to be sufficien tly small.

a nonsmooth critical point theory approach 51

Theorem 1. Assume (6)–(12); then (2) admits a positive weak solution ū ∈ E.

Let us turn to the problem (3). We assume that f : R^n × R → R is a (nontrivial) measurable function such that

|f (x, s)| ≤ C(|s| + |s|^p) for a.e. (x, s) ∈ R^n × R, (13)

where C is a positive constan t and 1 < p <^{n +2}_{n − 2} . Here we do not assume that f (x, ·) is continuous: nevertheless, if we define F (x, s) =

�_s 0 f (x, t)dt we observe that F is a Carath éodory function which is locally Lipschitz with respect to the second variable. We also observe that the functional

Ψ (u) = � R^n

F (x, u)

is locally Lipschitz on E. Indeed, by (13), Hölder’s inequalit y and the embedding E ⊂ L^{p +1} , |Ψ( u) − Ψ( v)| ≤ C(‖u‖_E ,‖v‖_E )‖u − v‖_E ,

where C(‖u‖_E ,‖v‖_E ) > 0 depends only on max{‖u‖_E ,‖v‖_E }.

We impose to f the following additional assumptions

lim_{ε↘ 0} esssup � � � � f (x, s) s � � �;(x, s) ∈ R^n × (− ε, ε) � = 0 (14)

and there exists μ > 2 such that

0 ≤ μF (x, s) ≤ sf (x, s) for a.e. (x, s) ∈ R^n × [0,+ ∞ ). (15)

In Section 4 we will prove

Theorem 2. Under hypotheses (9), (13)–(15), problem (3) has at least a positive solution in E.

Remark. The couple of assumptions (11), (12) is equivalent to the couple (13), (14) in the sense that Theorems 1 and 2 hold under any one of these couples of assumptions.

It seems not possible to use the above mentioned nonsmooth critical point theories to obtain an existence result for the quasilinear operator of (2) in the presence of a function f which is discontinuous with respect to the second variable; indeed, to prove that critical points of J (in the sense of [8, 9]) solve (2) in distributional sense, one needs, for all given φ ∈ C^∞_c , the continuity of the map u → J^′(u)[φ ], see [3]. Even if J ∉ C^1 (E), we have at least J ∈ C^1 (W^{1 ,p} ∩ E) for p ≥^{3 n}_{n +1} : this smoothness property in a finer topology is in fact the basic (hidden) tool used in Theorem 1.5 in [3]; however, one cannot prove the boundedness of the PS sequences in the W^{1 ,p} norm. On the other hand, the theory developed in [5, 6] only applies to Lipschitz continuous functionals and therefore it does not allow to manage quasilinear operators as that in (2).

3. Pro of of Theorem 1. Throughout this section we assume (6)–(12). From (6) and (8) we have

u ∈ E =⇒ n� i,j =1

∂a_{ij} ∂s (x, u)D_iuD_j uu ∈ L^1 (R^n ) (16)

and therefore J^′(u)[u] can be written in integral form.

We first remark that positive solutions of (2) corresp ond to critical points of the functional J_+ defined by

J_+ (u) := 1 2 � R^n n� i,j =1

a_{ij} (x, u)D_iuD_j u + 1 2 � R^n

b(x)u^2 − � R^n

F (x, u^+ ) ∀u ∈ E,

where u^+ denotes the positive part of u, i.e. u^+ (x) = max(u(x),0). Lemma 1. Let u ∈ E satisfy J^′_+ (u)[φ ] = 0 for all φ ∈ C^∞_c ; then u is a weak positive solution of (2).

For the proof of this result we refer to [7]; without loss of generalit y we can therefore suppose that

f (x, s) = 0 ∀s ≤ 0, for a.e. x ∈ R^n

and, from now on, we make this assumption; for simplicity we denote J instead of J_+ .

Let us establish the following boundedness criterion which applies, in particular, to PS sequences^2 : Lemma 2. Every sequence {u_m } ⊂ E satisfying

|J (u_m )| ≤ C_1 and |J^′(u_m )[u_m ]| ≤ C_2 ‖u_m ‖_E

is bounded in E. Pro of. Consider {u_m } ⊂ E such that |J (u_m )| ≤ C_1 , then by (10) we get

I_m := 1 2 � R^n n� i,j =1

a_{ij} (x, u_m )D_iu_m D_j u_m − 1 μ � R^n

f (x, u_m )u_m + 1 2 � R^n

b(x)u^2_m ≤ C_1 ;

2We refer to [3, 8, 9] for the definition of PS sequences in our nonsmo oth critical point framew ork.

a nonsmooth critical point theory approach 53

by (16) we can evaluate J^′(u_m )[u_m ] and by the assumptions we have � R^n n� i,j =1

a_{ij} (x, u_m )D_iu_m D_j u_m + 1 2 � R^n n� i,j =1

∂a_{ij} ∂s (x, u_m )D_iu_m D_j u_m u_m − � R^n

f (x, u_m )u_m + � R^n

b(x)u^2_m � ≤ C_2 ‖u_m ‖_E .

Therefore, by (8) and computing I_m −^1_μ J^′(u_m )[u_m ] we get

μ − 2 − γ 2μ � R^n n� i,j =1

a_{ij} (x, u_m )D_iu_m D_j u_m + μ − 2 2μ � R^n

b(x)u^2_m ≤ C_3 ‖u_m ‖_E + C_1 ;

by (7) this yields C_4 > 0 such that C_4 ‖u_m ‖^2_E ≤ C_3 ‖u_m ‖_E + C_1 and the result follows. □

Let us denote by E_{lo c} the space of functions u satisfying � ω (|Du|^2 + b(x)u^2 ) < ∞ for all bounded open set ω ⊂ R^n and by E^∗_{lo c} its dual space; we establish that the weak limit of a PS sequence solves (2):

Lemma 3. Let {u_m } be a bounded sequence in E satisfying � R^n n� i,j =1

a_{ij} (x, u_m )D_iu_m D_j φ + 1 2 � R^n n� i,j =1

∂a_{ij} ∂s (x, u_m )D_iu_m D_j u_m φ = ⟨β_m ,φ ⟩

∀φ ∈ C^∞_c with {β_m } converging in E^∗_{lo c} to some β ∈ E^∗_{lo c} . Then, up to a subsequence, {u_m } ⊂ E converges in E_{lo c} to some u ∈ E satisfying � R^n n� i,j =1

a_{ij} (x, u)D_iuD_j φ + 1 2 � R^n n� i,j =1

∂a_{ij} ∂s (x, u)D_iuD_j uφ = ⟨β,φ ⟩ ∀φ ∈ C^∞_c .

Pro of. As b is uniformly positive and locally bounded, for all bounded open set ω ⊂ R^n we have � ω (|Du|^2 + b(x)u^2 ) < ∞ ⇐ ⇒ � ω (|Du|^2 + u^2 ) < ∞ ;

therefore, the proof is essentially the same as Lemma 3 in [7]. The basic tool is Theorem 2.1 in [2] which is used following the idea of [3]. □

The previous results allow to prove

Prop osition 1. Assume that {u_m } ⊂ E is a PS sequence for J ; then there exists ū ∈ E such that (up to a subsequence)

(i) u_m ⇀ ū in E (ii) u_m → ū in E_{lo c} (iii) ū ≥ 0 and ū solves (2) in weak sense.

Pro of. By Lemma 2, the sequence {u_m } is bounded and (i) follows. To obtain (ii) it suffices to apply Lemma 3 with β_m = α_m + f (x, u_m )− b(x)u_m ∈ E^∗ where α_m → 0 in E^∗: indeed, if u_m ⇀ u in E, then β_m → β in E^∗_{lo c} with β = f (x, u) − b(x)u. Finally, (iii) follows from Lemmas 1 and 3. □

In order to build a PS sequence for the functional J we apply the mountain-pass Lemma [1]in the nonsmooth version [dm], see also Theorem 2.1 in [9]. Let us check that J has such a geometrical structure.

First note that J (0) = 0; as the function F is superquadratic at + ∞ , we may choose a nonnegativ e function e such that

e ∈ C^∞_c , e ≥ 0 and J (te) < 0 ∀t > 1.

Moreover, it is easy to check that there exist ρ,β > 0 such that ρ < ‖e‖_E and J (u) ≥ β if ‖u‖_E = ρ: indeed by (12) we infer � R^n

F (x, u) ≤ ‖G‖_{q ( δ )} ‖u‖^δ_2 ∗ + C‖u‖^{2 ∗}_2 ∗ ;

hence, by (7) we have J (u) ≥ C_1 ‖u‖^2_E − C_2 ‖u‖^δ_E − C_3 ‖u‖^{2 ∗}_E and the existence of ρ,β follows.

So, J has a mountain pass geometry; if we define the class

Γ := {γ ∈ C([0,1]; E); γ(0) = 0, γ(1) = e} (17)

and the minimax value α := inf_{γ∈ ¡} max_{t∈ [0 , 1]} J (γ(t)), (18)

the existence of a PS sequence for J at level α follows by the results of [8, 9].

We have so proved

Prop osition 2. Let Γ and α be as in (17),(18); then J admits a PS sequence {u_m } at level α.

As we are on an unbounded domain, the problem lacks compactness and we cannot infer that the above PS sequence converges strongly; however, by using Prop osition 1, the weak limit ū of the PS sequence is a nonnegativ e solution of (2): the main problem is that it could be ū ≡ 0. To prove that this is not the case we make use of the following technical result:

a nonsmooth critical point theory approach 55

Lemma 4. There exist p ∈ (2,2^∗) and C > 0 such that ‖u^+_m ‖_p ≥ C. Pro of. Using the relations J^′(u_m )[u_m ] = o(1) and J (u_m ) = α + o(1), by assumptions (8) and (10) we have

2α = 2J (u_m ) − J^′(u_m )[u_m ]+ o(1) = � R^n � f (x, u^+_m )u_m − 2F (x, u^+_m ) �

− 1 2 � R^n n� i,j =1

∂a_{ij} ∂s (x, u_m )D_iu_m D_j u_m u_m + o(1) ≤ � R^n

f (x, u^+_m )u_m + o(1).

Then, by (11), for all ε > 0 there exists f_ε ∈ L^{2nn +2} (R^n ) such that

2α ≤ � R^n

|f_ε (x)u^+_m (x)| + ε‖u^+_m ‖^{2 ∗}_2 ∗ :

as ‖u_m ‖_2 ∗ is bounded, one can choose ε > 0 so that α ≤ � R^n

|f_ε (x)u^+_m (x)|. (19)

Now take r ∈ (^{2 n}_{n +2} ,2): then for all δ > 0 there exist f_δ ∈ L^r and f^δ ∈ L^{2nn +2} such that f_ε = f_δ + f^δ and ‖f^δ‖ 2n_{n +2} ≤ δ.

Then, by (19) and Hölder’s inequalit y we infer α ≤ ‖f_δ‖_r ‖u^+_m ‖_p + δ‖u^+_m ‖_2 ∗ , where p =^r_{r − 1} ; as ‖u_m ‖_2 ∗ is bounded, one can choose δ > 0 so that α 2 ≤ ‖f_δ‖_r ‖u^+_m ‖_p

and the result follows. □

By the previous Lemma we deduce that {u^+_m } does not converge strongly to 0 in L^p. Taking into account that ‖u^+_m ‖_2 and ‖∇ u^+_m ‖_2 are bounded, by Lemma I.1 p. 231 in [11], we infer that the sequence {u^+_m } “do es not vanish” in L^2 , i.e., there exists a sequence {y_m } ⊂ R^n and C > 0 such that � y_m + B_R

|u^+_m |^2 ≥ C (20) for some R. We claim that the sequence {y_m } is bounded: if not, up to a subsequence, it follows by (9) that � R^n

b(x)u^2_m → + ∞

which contradicts J (u_m ) = α + o(1). Therefore, by (20), there exists an open bounded set ω ⊂ R^n such that � ω |u_m |^2 ≥ C > 0. (21)

So, consider the PS sequence found in Prop osition 2; by Prop osition 1, it converges in the L^2_{lo c} topology to some nonnegativ e function ū which solves (2) in weak sense; finally, (21) entails ū ≢ 0.

The proof of Theorem 1 is complete. 4. Pro of of Theorem 2. In this section we assume (9) and (13)–(15); moreover, we set f (x, s) ≡ 0 for s ≤ 0.

To prove Theorem 2, it is sufficien t to show that the functional I has a critical point u_0 ∈ C, C being the cone of positive functions of E. Indeed, ∂I(u) = − Δ u + b(x)u − ∂Ψ( u) in E^∗, and, by Theorem 2.2 of [4] and Theorem 3 of [12], we have ∂Ψ (u) ⊂ [f (x, u(x)),f (x, u(x))] for a.e. x ∈ R^n , in the sense that if w ∈ ∂Ψ( u) then f (x, u(x)) ≤ w(x) ≤ f (x, u(x)) for a.e. x ∈ R^n . (22) Thus, if u_0 is a critical point of I, then there exists w ∈ ∂Ψ( u_0 ) such that − Δ u_0 + b(x)u_0 = w in E^∗.

The existence of u_0 will be justified by a nonsmooth variant of the mountain-pass Lemma (see Theorem 1 of [14]), even if the PS condition is not fulfilled. More precisely, we verify the following geometric hypotheses: I(0) = 0 and ∃v ∈ E such that I(v) ≤ 0 (23) ∃β, ρ > 0 such that I ≥ β on {u ∈ E; ‖u‖_E = ρ}. (24) Verification of (23). It is obvious that I(0) = 0. For the second assertion we need

a nonsmooth critical point theory approach 57

Lemma 5. There exist two positive constants C_1 and C_2 such that f (x, s) ≥ C_1 s^{μ− 1} − C_2 for a.e. (x, s) ∈ R^n × [0,+ ∞ ). (25) Pro of. From the definition we clearly have f (x, s) ≤ f (x, s) a.e. in R^n × [0,+ ∞ ). (26) Then, by (15), 0 ≤ μF (x, s) ≤ sf (x, s) for a.e. (x, s) ∈ R^n × [0,+ ∞ ), (27) where F (x, s) =

�_s 0 f (x, t)dt.

By (27), there exist R > 0 and K_1 > 0 such that F (x, s) ≥ K_1 s^μ for a.e. (x, s) ∈ R^n × [R,+ ∞ ). (28) The inequalit y (25) follows now by (26), (27) and (28). □ Verification of (23) continue d. Choose v ∈ C^∞_c (R^n ) \ {0} so that v ≥ 0 in R^n ;

we obviously have �

R^n

(|Dv|^2 + b(x)v^2 ) < + ∞ . Then, by Lemma 5,

I(tv) = t^2 2 � R^n

(|Dv|^2 + b(x)v^2 ) − Ψ( tv) ≤ t^2 2 � R^n

(|Dv|^2 + b(x)v^2 ) + C_2 t � R^n

v − C^′_1 t^μ � R^n

v^μ < 0, for t > 0 large enough.

Verification of (24). First observe that (13) and (14) imply that, for any ε > 0, there exists a constan t A_ε such that |f (x, s)| ≤ ε|s| + A_ε |s|^p for a.e. (x, s) ∈ R^n × R. (29) By (29) and Sobolev’s embedding Theorem we have, for any u ∈ E Ψ( u) ≤ ε 2 � R^n

u^2 +

A_ε p + 1 � R^n

|u|^{p +1} ≤ εC_3 ‖u‖^2_E + C_4 ‖u‖^{p +1}_E , where ε is arbitrary and C_4 = C_4 (ε). Thus, by (9) I(u) = 1 2 � R^n

(|Du|^2 + b(x)u^2 ) − Ψ( u) ≥ C_5 ‖u‖^2_E − εC_3 ‖u‖^2_E − C_4 ‖u‖^{p +1}_E ≥ β > 0, for ‖u‖_E = ρ, with ρ,ε and β sufficien tly small positive constan ts. Denote Γ = {γ ∈ C([0,1],E); γ(0) = 0, γ(1) ≠ 0 and I(γ(1)) ≤ 0} and c = inf_{γ∈ ¡} max_{t∈ [0 , 1]} I(γ(t)). Set λ_I (u) = min_{ζ∈ ∂I ( u )} ‖ζ‖_E ∗ .

Then, by Theorem 1 of [14], there exists a sequence {u_m } ⊂ E such that I(u_m ) → c and λ_I (u_m ) → 0; (30) since I(|u|) ≤ I(u) for all u ∈ E we may assume that {u_m } ⊂ C. So, there exists a sequence {w_m } ⊂ ∂Ψ( u_m ) ⊂ E^∗ such that − Δ u_m + b(x)u_m − w_m → 0 in E^∗. (31) Note that for all u ∈ C, by (15) we have Ψ( u) ≤ 1 μ � R^n

u(x)f (x, u(x)). Therefore, by (22), for every u ∈ C and any w ∈ ∂Ψ( u), Ψ( u) ≤ 1 μ � R^n

u(x)w(x). Hence, if ⟨·,·⟩ denotes the dualit y pairing between E^∗ and E, we have I(u_m ) = μ − 2 2μ � R^n

(|Du_m |^2 + b(x)u^2_m ) + 1 μ ⟨−Δ u_m + bu_m − w_m ,u_m ⟩ + 1 μ ⟨w_m ,u_m ⟩ − Ψ( u_m ) ≥ μ − 2 2μ � R^n

(|Du_m |^2 + b(x)u^2_m ) + 1 μ ⟨−Δ u_m + bu_m − w_m ,u_m ⟩ ≥ μ − 2 2μ ‖u_m ‖^2_E − o(1) ‖u_m ‖_E .

a nonsmooth critical point theory approach 59

This, together with (30), implies that the Palais-Smale sequence {u_m } is bounded in E: thus, it converges weakly (up to a subsequence) in E and strongly in L^2_{lo c} to some u_0 ∈ C. Taking into account that w_m ∈ ∂Ψ( u_m ) for all m, that u_m ⇀ u_0 in E and that there exists w_0 ∈ E^∗ such that w_m ⇀ w_0 in E^∗ (up to a subsequence), we infer that w_0 ∈ ∂Ψ( u_0 ): this follows from the fact that the map u → F (x, u) is compact from E into L^1 . Moreover, if we take φ ∈ C^∞_c (R^n ) and let Ω := suppφ , then by (31) we get � › (Du_0 Dφ + b(x)u_0 φ − w_0 φ ) = 0;

as w_0 ∈ ∂Ψ( u_0 ), by using (4) p.104 in [4] and by definition of (− F )^0 , this implies � › (Du_0 Dφ + b(x)u_0 φ ) + � › (− F )^0 (x, u_0 ;φ ) ≥ 0.

By density, this hemivariational inequalit y holds for all φ ∈ E and (5) follows; this means that u_0 solves problem (3).

It remains to prove that u_0 ≢ 0. If w_m is as in (31), then by (15) (recall that u_m ∈ C) and (30) (for large m) we get c 2 ≤ I(u_m ) − 1 2 ⟨−Δ u_m + bu_m − w_m ,u_m ⟩ = 1 2 ⟨w_m ,u_m ⟩ − � R^n

F (x, u_m ) ≤ 1 2 � R^n

u_m f (x, u_m ).

(32)

Now, taking into account its definition, one deduces that f verifies (29), too. So, by (32), we obtain c 2 ≤ 1 2 � R^n

(ε|u_m |^2 + A_ε |u_m |^{p +1} ) = ε 2 ‖u_m ‖^2 +

A_ε 2 ‖u_m ‖^{p +1}_{p +1} ;

hence, {u_m } does not converge strongly to 0 in L^{p +1} . From now on, with the same argumen ts as in the proof of Theorem 1 (see after Lemma 4), we deduce that u_0 ≢ 0, which ends our proof. Ackno wledgmen ts. This work was done while V.R. visited the Università Cattolica di Brescia with a CNR-GNAF A grant. He would like to thank Prof. Marco Degiovanni for many stimulating discussions, as well as for introducing him to the critical point theory for continuous functionals. F.G. was partially supported by CNR-GNAF A.

REFERENCES

[1] A. Ambrosetti and P.H. Rabino witz, Dual variational metho ds in critical point theory and applications, J. Funct . Anal ., 14 (1973), 349–381.

[2] D. Arcoya and L. Boccardo, Critical points for multiple integrals of the calculus of variations, Arch. Rat . Mech. Anal ., 134 (1996), 249–274.

[3] L. Boccardo and F. Murat, Almost everywhere convergence of the gradien ts of solutions to elliptic and parab olic equations, Nonlin . Anal . TMA, 19 (1992), 581–597.

[4] A. Canino, Multiplicit y of solutions for quasilinear elliptic equations, Top. Meth . Nonlin .

Anal ., 6 (1995), 357–370. [5] K.C . Chang, Variational metho ds for non-di fferen tiable functionals and its applications to partial differen tial equations, J. Math . Anal . Appl ., 80 (1981), 102–129.

[6] F.H . Clark e, Generalized gradien ts and applications, Trans . Amer . Math . Soc., 205 (1975), 247–262.

[7] F.H . Clark e, Generalized gradien ts of Lipschitz functionals, Adv . in Math ., 40 (1981), 52–67. [8] M. Conti and F. Gazzola, Positiv e entire solutions of quasilinear elliptic problems via nonsmooth critical point theory , Top. Meth . Nonlin . Anal ., 8 (1996), 275–294 [9] J.N . Corv ellec, M. Degiovanni, and M. Marzo cchi, Deformation prop erties for contin uous functionals and critical point theory , Top. Meth . Nonlin . Anal ., 1 (1993), 151–171.

[10] M. Degiovanni and M. Marzo cchi, A critical point theory for nonsmo oth functionals, Ann .

Mat . Pura Appl ., 167(4) 1994, 73–100. [11] F. Gazzola, Positiv e solutions of critical quasilinear elliptic problems in general domains, Abstract Appl . Anal., 3 (1998), 65–84.

[12] P.L. Lions, The concen tration-compactness principle in the calculus of variations. The locally compact case, Ann . Inst . H. Poincar é (A.N.L .), 1 (1984), I, 109–145; II, 223–283.

[13] P. Mironescu and V. Rădulescu, A multiplicit y theorem for locally Lipschitz periodic functionals, J. Math . Anal . Appl ., 195 (1995), 621–637.

[14] P.H. Rabino witz, On a class of nonlinear Schrödinger equations, Zeit . Angew . Math . Ph ys., 43 (1992), 270–291.

[15] V. Rădulescu, Moun tain pass type theorems for non-di fferen tiable functions and applications, Pro c. Japan Acad ., 69A (1993), 193–198.