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Abstract: We considered a nonlinear elliptic boundary value problem driven by the variable
(anisotropic) (p, g)-Laplacian with Robin boundary condition and a superlinear reaction which does not
satisfy the Ambrosetti-Rabinowitz condition. Using critical point theory, truncation and comparison
techniques and critical groups, we showed the existence of five nontrivial smooth solutions all with sign
information and ordered.
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1. Introduction

Let Q € RY be a bounded domain with a C*>-boundary Q2. In this paper, we study the following
nonlinear Robin problem with variable exponents (anisotropic problem):
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—Apyu(2) = Ayyu(z) + E@QMuE)IPP?u(z) = f(z,u(z)) inQ,

B = 0 on 0. (1.D

on,,
Let
D, :{rec@) 01 <minr}.
Q

For r € Dy, by A,,), we denote the r(z)-Laplace differential operator defined by
Ao = div (|Dul"2Du) for all u € W' ()

(anisotropic operator). We mention that in contrast to the isotropic r-Laplacian (that is, (z) is constant),
the anisotropic operator is not homogeneous, and this is a source of difficulties in the study of boundary
value problems since we cannot use scaling arguments. Problem (1.1) is driven by the sum of two
such operators with different variable exponents p, g € C*'(Q) N D, that satisfy 1 < g(z) < p(z) for all
z € Q. There is also a potential term &(x)|u(z)|P~>u(z) that is indefinite, where the coefficient & € L*(Q)
is, in general, sign changing. This means that the differential operator of (1.1) is not coercive. In the
reaction (right hand side) of (1.1), f(z, x) is a Carathéodory function; that is, z — f(z, x) is measurable
and x — f(z, x) is continuous (thus f(:,-) is jointly measurable). If p, = maxg p(-), then we assume
that f(z,-) is (p+ — 1)-superlinear, but need not satisfy the usual in such cases Ambrosetti-Rabinowitz
condition (the AR-condition for short). Instead, we employ a weaker condition which incorporates in our
setting superlinear reactions with “slower” growth as x — +oo, which fail to satisfy the AR-condition. In
the boundary condition, the conormal derivative aﬁl;_q is interpreted using the nonlinear Green’s identity,
which holds in the present variable setting using the results of Fan [1] on boundary trace embedding
theorems for variable Sobolev spaces. In particular, if u € C'(Q), then

du

on

. — [|Du|p(z)—2 + |Du|q(z)—2]
with n(-) being the outward unit normal on 9Q (see also [2] and [ [3], pp. 34-35]).

We prove a multiplicity theorem for problem (1.1), producing five nontrivial smooth solutions, all
with sign information (two positive, two negative, and one nodal (sign changing)). Such a multiplicity
result was proved by [4] for Dirichlet problems. We mention also the works of [2,5-10], which deal
with parametric problems, consider positive solutions, and prove existence and multiplicity theorems
that are global in the parameter 4 > 0.

2. Mathematical background and hypotheses

In the study of problem (1.1), we use variable Lebesgue and Sobolev spaces. These are a particular
case of generalized Orlicz spaces, and their theory can be found in the book of [11].
Given r € C(Q), we set
r-=minr and r, =maxr.
xeQ x€Q
Let L°(Q) denote the space of all measurable functions u : Q — R. As always, we identify two such
functions, which differ on a Lebesgue-null set only. Suppose r € ;. Then, the variable Lebesgue space
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L"@(Q) is defined by
L'9@Q) = {u e L°(Q): f lul"@dz < oo}.
Q

We equip this space with the so-called “Luxemburg norm”, || - ||,(,), defined by

r(z)
||u||r@=inf{4>o: f ['”(;)'] dzgl}_
Q

With this norm, L' () becomes a Banach space that is separable and reflexive (in fact, uniformly
convex). The conjugate exponent ' € D, of r(-) is defined by

r(z)
riz)—1

r'(z) = forall z € Q,

and we know that
LOQ)" = L"9Q).

Moreover, the following Holder inequality is true

f luyldz <
Q
forall u € L'@(Q), y € L"9(Q).

Using the variable Lebesgue spaces, we can define the corresponding variable Sobolev spaces. So,
for r € D, the variable Sobolev space W@ (Q) is defined by

1 1
PR el Iyl o)

Whr(Q) = {u e L' : |Du| e Lr(z)(Q)} ,
where Du denotes the weak gradient of u. We equip W!*®(Q) with the norm || - || defined by
llull = lleellyzy + 1Dullyy  for all u € WHO(Q),

with ||Dull,;y = lllDulll,- Evidently, W'"@(Q) is a closed subspace of LP@(Q) x LF¥(Q,RY) and so
Wr@(Q) is a Banach space that is separable and reflexive (in fact uniformly convex). If r € D, the
Sobolev critical exponent 7*(-) corresponding to r(-) is defined by

Nr(z) .
o [ <N
+o0  if N <r()

forall z € Q.
The next proposition is the “variable” version of the Sobolev embedding theorem. In what follows
the symbol < denotes continuous and dense embedding.

Proposition 2.1. If r € Dy, then
(a) WO(Q) — L1O(Q) for all g € C(Q) with q(z) < r*(z) for all z € Q, and the embedding is
compact if q(z) < r(z) for all z € Q (that is g, < r");
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(b) W(Q) < W O(Q) for all T € C(Q) with r(z) < 1(z) for all z € Q.

pr(u) = f Jul"@dz + f |Dul"?dz
Q Q

for all u € W@(Q). This is known as the modular function for the variable exponent (). There is a
close relation between the norm || - || and the modular function p,(-).

Let

Proposition 2.2. If r € Dy, then

@) llull =1 & p, (%) = 1.

b) |lul]l < 1 (resp. =1,>1) © p,(u) <1 (resp. =1,> 1).
©) llell < 1= luell™ < p,(u) < luel|"™

(@) llull > 1 = lull™ < pr(u) < luel|"™.

(e) |lull = 0 (resp. = +0)  p,(u) = 0 (resp. = +o0).

Remark 2.1. The same result is also true for the variable Lebesgue space L' (Q) with the Luxemburg
norm || - ||y and the modular function.

o (u) = f U @dz  forallu e L"(Q)
Q
Consider the C!-functional ¢, : W!*@(Q) — R defined by

1
t(u) = f —|Du|"?dz.
o @)

Then we have
C(u) = A (u) forall u e W"O(Q),

with A, : WHO(Q) — W@(Q)* being defined by
(A,(w), h) = f |Du|"®~2(Du, Dh)gvdz  for all u,h € W O(Q).
Q

This operator has the following properties (see [ [12], pp. 683]).

Proposition 2.3. If r € Dy, then A, : WO(Q) — WO(Q)* is bounded (that is, maps bounded sets to
bounded sets), continuous, monotone (thus maximal monotone) and of type (S )., that is,

if y — win WO(Q) and Tim sup(A,(u,), u, — uy < 0

n—oo

then u, — u in WHO(Q).

Our assumptions on the two variable exponents p, g, the potential function &(-) and the boundary
coefficient 3(-), are the following:

Hy: p,g € CON Q)N Dy, qz) < pz) forall z € Q, p, < A% £ e L®(Q), B e COHQ),B > 0 and
E£QorBz0.
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Let
V=A4,+A,: WPQ) - WIQ)y.

Then from Proposition 2.3, we infer the following result.

Proposition 2.4. The operator V(-) is bounded, continuous, monotone (thus maximal monotone) and of

type (S ).

The space C'(Q) is an ordered Banach space with positive cone

C,={ueC(Q):0<u()forall z € Q).

This cone has a nonempty interior given by
intC, = {u € C, : 0 < u(z) forall z € Q}.
If u € L°(Q), then we set u* = max{+u, 0}. We have
u=u"—u, lul=u"+u

and if u € WH(Q), then u* € W@ (Q).
Given u, v € L°(Q) with u(z) < v(z) for a.a z € Q, then we define

[u,v] = (h € W"(Q) : u(z) < h(z) < v(z) fora.az € Q)

inte, g [u, v] = interior in C'(Q) of [u,v] N C'(Q).

Suppose X is a Banach space and ¢ € C'(X), ¢ € R. We define
K, ={ue X : ¢ (u) =0} (the critical set of ¢),

o ={ueX:pu) <cl
We say that ¢(-) satisfies the “C-condition” if it has the following property:

“Every sequence {u,},en € X, such that
{o(u,)} e € R is bounded and (1 + |Ju,|lx)¢ (1,) — 0in X* as n — oo,

admits a strongly convergent subsequence.”

This is a compactness-type condition on ¢(-) to compensate for the fact that the ambient space X
need not be locally compact (since X is, in general, infinite dimensional).

LetY, C Y, C X and k € Ny = NU {0}. By H;(Y}, Y>), we denote the k"*-relative singular homology
group with integer coeflicients. If ¢ € K, is isolated and ¢ = ¢(u), then the critical groups of ¢(-) at u
are defined by

Ci(p,u) = H(¢* NU, ¢ N U \ {u}) for all k € Ny,

with U being a neighborhood of u such that K, N ¢° N U = {u}. The excision property of singular
homology, implies that this definition is independent of the isolating neighborhood U (see [3]).
The hypotheses on the reaction f(z, x) are the following:
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(Hy): f: QXR — Ris aCarathéodory function such that f(z,0) = 0 for a.a z €  and

() |f @z ] < a@I[1 +|x'@ '] foraaz € Q,all x € R, witha € L*(Q) and r € C(Q), such that
p+(2) <r(z) < p: = A],v_—’; for all z € Q;
@) if F(z,x) = fox f(z, s)ds, then

F(z, x)

X—+00 |x|17+

= +oo uniformly for a.az € Q
and there exists y € C (ﬁ), such that
N . —
v(2) € ((r_ — p_) max {— 1} ,p+) for all z € Q,
p-

.
0 < B < liminf L&P* ~ P+F@X)

X—+c0 | x|r@

uniformly for a.a z € Q;
(iii) there existn_ <0 < n,, 7€ D, with 7, < ¢g_ and 9, ¢ > 0, such that
f@n) — €@ < -0 <0 <0< fz,n) + £ IO foraaze Q;
clx™@ < f(z, x)x < 7(2)F(z, x) fora.az € Q all |x] < 6;
(iv) if p = max{n,, [n_|}, then there existsgO > 0 such that, for a.a z € Q, the function
x = f(z,x) +gp|x|p(1)_2x
is nondecreasing on [—p, p].

Remark 2.2. Hypotheses H,(ii) implies that f(z,-) is (p, — 1)-superlinear, that is,
1- f(Z’ x)

X—=+00 |x|17+ —2x

= +oo uniformly for a.a z € Q.

We do not assume the AR-condition, which is common in the literature when dealing with superlinear
problems. We recall that the AR-condition says that there exist 8 > p, and M > 0, such that

0 <,§F(z, x) < f(z,x)x fora.az € Q, all |x| > M, 2.1
0< essginf F(-,=M). (2.2)
Integrating (2.1) and using (2.2) we obtain

Axf < F(z,x) fora.az € Qall |x]| > M, some > 0,

= f(z, x) has at least (,E— 1)-growth as x — +oo.

Consider the following function

Flex) = {IxIT(Z)_zx —x|@2 ifly <1

Ix|P+2xIn x| — plx|P@2x  if 1 < |af.”
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If s € C(Q) satisfies 7(z) < s(z) for all z € Q and 77 > ||€||, then this function satisfies hypotheses Hj,
but fails to satisfy the AR-condition.

In what follows, for notational economy, we define y, : W!'?@(Q) — R to be the C'-functional
defined by

1 &(2) B()
— —|DulP@q 2222 1P@q 2 ulP@d ]
7o) fgp(z)l WEder | e ) et

with o(-) being the surface measure on 9€). We know that
WIPE(Q) «— LPPD(AQ) compactly (via the trace map, see [1]). (2.3)

The energy functional for problem (1.1) ¢ : W@ (Q) — R is defined by

(1) = 7, (1) + €4(Du) - f F(z,wdz forallu e WO(Q),
Q
with ]
¢,(Du) = f ——|Du|"@dz for all u € W""9(Q).
2 q(@)

3. Solutions of constant sign

Let k > ||€||l». To produce solutions of constant sign for problem (1.1), we also introduce the
C'-functionals @, : W'""@(Q) — R, defined by

Bou) = 7,(u) + £,(Du) + f %w)p@dz— fg Fe. 21 )dz

o p(2)

for all u € WP (Q).
First, we produce two constant sign solutions located in the order intervals [0, 7, ] and [5_, 0].

Proposition 3.1. If hypotheses H, and H, hold, then problem (1.1) has at least two constant
sign solutions
ug € intC, local minimizer of ¢, ¢,

vo € —intC, local minimizer of ¢, ¢,
n- <vo(2) <0 <uy(z) <n, forall z € Q.

Proof. For k > ||¢]|, we introduce the Carathéodory function ﬁ(z, x) defined by

- + +\p(2)—1 :
T = {f(z,x )+ k(x*)? ifx <n, G

f@n) + k@ ifg, < x

We set F(z, x) = fox f(z, s)ds and consider the C'-functional ¥, : W'*@(Q) — R defined by

k —
W (1) = y,(u) + £,(Du) + f ——[u|PPdz - f F.(z,u)dz for all u € W'""P(Q).
o p(@) Q
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Since k > ||€||, using Proposition 2.9 of [6] and (3.1), we infer that
W, (+) 1s coercive.
Also using Proposition 2.1 and (2.3), we see that
W, (+) 1s sequentially weakly lower semicontinuous.
Then by the Weierstrass-Tonelli theorem, we can find uy € W'P@(Q), such that
Y. (o) = inf {s () : u € WOQ). (3.2)
Let u € intC, and choose ¢ € (0, 1) small, such that
0 < tu(z) < min{6, n,} forall z € Q.

Using hypothesis H,(iii), we have

T+

lu(z)| < F(z,tu(z)) fora.az € Q.

+

Hence, we have

T+

P- q-
i) < 7 [0 + k0] + (D) -

} P (1)

+
T

q,
< = [yt + ko0 + p0w)] -

p-(u) (sincet € (0,1)and g_ < p_)
+
= ¢1t9 — ¢pt™ for some ¢y, ¢y > 0.

Since 7, < ¢g_ (see hypothesis H,(iii)), for t € (0, 1)) small, we have

W+(tu) < Oa
= Y. (o) <0 =y.(0) (see (3.2)),
= Uy * 0.

From (3.2) we have
(W' (), hy = 0 for all h € W'"PO(Q),

= (V(uo), h) + f [£() + k] luol”O*uohdz + | B@)luol"® *uphdor,
o 20 3.3)
_ f Fi(z ughdz  for all h € W"(Q).
Q
For (3.3), we first use the test function & = —u; € W'"9(Q). Then
c3 minf||ug |17+, ||y |IP-} < O for some c3 > 0

(see (3.1) and Proposition 2.9 of [6]).
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Next in (3.3), we choose the test function & = (uy — n,)* € W'"P@(Q). We have

WW&WwaW+fE@+HP®Ww—ka+ Bul? (o — ) dor
\L;[f(z,n+)4-knp@) o=tz (see (3.1)

< f [£() + k] 7”@ (o — 7.)*dz  (see hypothesis H, (iii)),
Q

:wmrvmmm—mﬂ+fﬁw+ﬂwwl 779 Y - ny)*dz

ﬁ@f@%w—mﬁw
= uy < 1, (see Proposition 2.4 and recall that k > ||€]|.,8 > 0).

We have proved that
ug € [0,7.1, up # 0. (3.4)

From (3.4), (3.1) and (3.3), we see that u is a positive solution of problem (1.1).

The regularity theory of Fan [13] (the anisotropic counterpart of the theory of Lieberman [14]),
implies that uy € C,\{0}.

Let p = |Juollo and let/éo > () be as postulated by hypothesis H;(iv). We can always takegP > [|€ oo
Then

= Apoytto = Agotio + | & + €@ | uf®™ 2 0in Q,

= U € intC,

using Proposition 4 of [4] (see also [ [15], pp. 120], for the corresponding isotropic result).
Moreover, we have

— Apytto — Aypytto + [gp +& (Z)] P
= f(z,up) + é:p ul@!
< flz,ny) + fp P@O-1 (see (3.4) and hypothesis H;(iv))
< =Dy = Dyrts + [& + £@ |2
(see hypothesis H,(iii) and recall &, > [|£]]o)

= up(z) <n, forall z € Q (see [4], Proposition 5).

Finally, we can say that

Uy € intcl@[O, 7]+] (35)
It is clear from (3.1) that
Yilona = P+lion- (3.6)
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From (3.6), (3.5), and (3.2), we see that

uy is a C'(Q) local minimizer ofg, (-),
= 1y is a WH9(Q) local minimizer of @, -

(see [16], Proposition 3.3).

Since ¢|c, = @+lc,, we conclude i is also a local minimizer of ¢.
For the negative solution, we start with the Carathéodory function f_(z, x) defined by

= | fG@n) —Kp @t if x <o
S = {f(z, 9= kO it < x & Wk

We set F_(z, x) = f()xf:(z, s)ds and introduce the C!-functional y_ : W*@(Q) — R defined by

k —
W_(u) = y,(u) + £,(Du) + f ——|uP@dz - f F_(z, u)dz for all u € W@ (Q).
o pP@) Q

Working with /_(-) as above, we generate a negative solution
Vo € intc.@ [n-,0].
Moreover, vy is a local minimizer of ¢, @_.

Next, using tools from the critical point theory, we generate two more constant sign smooth solutions
for problem (1.1).

Proposition 3.2. If hypotheses Hy and H, hold, then problem (1.1) has two more constant sign solutions
uecintC,, ve —intCy, u # uy, v+ .
Proof. The regularity theory of Fan [13] and Proposition 4 of [4] imply that
Kz, CintC, U {0}.

Since the critical points of ¢..(-) are positive solutions of (1.1), we see that we may assume that K3,
is finite (otherwise, we already have an infinity of positive smooth solutions).

Claim: ¢, (-) satisfies the C-condition.

Consider a sequence {u,},er € W@ (Q), such that

[0, (u,)| < ¢4 forall n € N, some ¢y > 0, (3.7
(1 + |[unD@, () = 0 in WHPD(Q)* as n — oo. (3.8)

From (3.8) we have

‘(V(un)’ h)y + ff(z)(u:[)p(z)_lhdz - f [£(2) + k] )" hdz
Q Q

EnllAll
1+ {juy|

(3.9)

v [ B uphdor - f feuhds] <
oQ Q

for all h € WP@(Q), all n € N, with g, — 0*.
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In (3.9) we choose the test function & = —u; € W'P®(Q) and obtain

0p,(Duy,) + py(Du,) + f

Q

[£G2) + K] (1)PPdz + f B do| < &,
oQ
for all n € N. Since k > ||¢||., from Proposition 2.9 of [6], we have
w, — 0in W'"9(Q) as n — oo. (3.10)

Next in (3.9) we choose the test function & = ut € WP (Q) and obtain

0,(Duy) + py(Duy) + ff(z)(u::)p@dz+f B Y Vdo
- o G.11)

_ ff(z, u;)u;dz‘ <eg,
Q

for all n € N. From (3.7) and (3.10) we have
1
—[Pp(DMZ ) + pg(Duy,) + f EQ)uHPPdz + f B Odo
P+ o 0

—fp+F(z, uZ)dz] < ¢4y
Q

for all n € N. Moreover, we can infer that

pp(Duy) + py(Duyy) + ff(Z)(M;)p(Z)dZ + BRuH"Odo
- o (3.12)

- f p+F(z,u,)dz < picy,
Q

for all n € N.
From (3.11) and (3.12) we obtain

f [f(z,u)u; — p.F(z,u))]dz < c5 for some ¢s > 0 all n € N. (3.13)
Q

On account of hypotheses H,(i), (if) we can find 8, € (0,8y) and c¢¢ > 0, such that
Bix’ @ —cs < f(z,x)x — p.F(z,x) foraaz € Q, all x > 0. (3.14)
We use (3.14) in (3.13) and obtain

0,(u) < ¢; for some ¢; > 0, alln € N,

\ o - (3.15)
= {u, },en C L79(Q) is bounded (see Proposition 2.2).

From hypothesis H,(iii), we see that we can always assume that

Y(z) < 1(z) < p(z)* forall z € Q,
=>y_.<r.<p.

Electronic Research Archive Volume 33, Issue 11, 6844—-6864.
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Let ¢ € (0, 1) be such that
I 1-t

r V- pr
Using the interpolation inequality (see [ [12], pp. 116]), we have

(3.16)

et |l < et 115 et |1
nr niy- e lpn (3.17)

for some cg > 0, all n € N.

= lluy II7- < colluag I

Here, we have used (3.15), that L"@(Q) — L’-(Q) and that W'*@(Q) «— LP~(Q).
In (3.9) we choose the test function # = ut € W'*9(Q) and obtain

pp(D”;) +Pq(Du;) + ff(z)(u;)p@dz + f ,B(Z)(M;)p@d(f
Q oQ
(3.18)
- ff(Z, uHu'dz < &,, foralln e RY.
Q

If - — (p*)7, then y_ > p, (see hypotheses Hy). Thus, we may assume that p, < y_, and so
from (3.15) and since
LY(Z)(Q) — [7(Q) = [P+ (Q) — LP(Z)(Q)’

we infer that {i},en C LPP(Q) is bounded. Then from (3.17) and (3.18), we have
pp(Duy) + p,(Duyy) < co[1 + ||uy||™] for some cg > 0, all n € N. (3.19)

First suppose that p* # N. Then

Np_
pr=—P itp <N, pP =coifp.>N.
N-p_
From (3.16), we have
tr_zwifp_<N and tr_=r_—vy_if p_ >N,
Pt =y

= tr_ < p_ (see hypothesis H(ii)),

= (U }ye € WPE(Q) is bounded  (see (3.19) and Proposition 2.1). (3.20)
Then (3.10) and (3.20) imply that

{Un )y € WHPD(Q) is bounded.
Thus, we may assume that
u, — uin WrQQ),  u, — uin L'@(Q), L’(4Q). (3.21)

In (3.9) we choose the test function & = u, —u € WP (Q), pass to the limit as n — oo and use (3.21).
Then

Lim(V (u,), u, —uy =0,

= u, — uin W"9(Q) (see Proposition 2.4).
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Therefore, ¢, (-) satisfies the C-condition, and this proves the Claim.
Recall that K5, is finite and u is a local minimizer of ¢, (see the proof of Proposition 3.1). Thus,
using Theorem 5.7.6, of [3], we can find p € (0, 1) small such that

@4(uo) <inf {@,(u) : [lu — uoll = p} = m,. (3.22)
Additionally, if u € intC,, then on account of hypothesis H(ii), we have
0, (tu) > —co as t — +o0. (3.23)

Then, from (3.22), (3.23), the “Claim” and the mountain pass theorem imply the existence of
u € WP@(Q), such that

ue K3, < intC, U{0}, @.(uo) <m, <.(u),

>U+ Up.

From Theorem 6.5.6, of [3], we have
Ci(os,u) #0. (3.24)

On the other hand, on account of hypothesis H,(iii), we have
Ci(¢4,0) = 0 for all k € Ny, (3.25)

(see [4], proof of Proposition 10). Then from (3.24), (3.25) we infer that

—_

u+0.

Thus, u € intC, is the second positive solution of (1.1) distinct from .
Similarly, working with @_(-), we produce a second negative solution v € —intC, distinct from vy.

We can show the existence of extremal constant sign solutions, that is, we have a smallest positive
solution and a largest negative solution. These extremal constant sign solutions will be used in Section 4
to produce a nodal solution.

To obtain the extremal solutions, we consider the following auxiliary anisotropic Robin problem

{—AP(Z)M(Z) — Au(2) + [E@)Nu@)PD2u(z) = clu@)"@u(z) in Q, (3.26)

A + BRI u(z) = 0 on 6Q.
Here, ¢ > 0 is as in hypothesis H, (iii).

Proposition 3.3. If hypotheses Hy hold, T € D,, with 7. < q_, then problem (3.26) has a unique
positive solution
u € intC,

and since the problem is odd, then
v=-uc-intC,

is the unique negative solution of (3.26).
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Proof. Let o, : W'P®(Q) — R be the C'-functional defined by
T (u) = ¥,(u) + €,(Du) — ct(u*) for all u € WO(Q),

with

_ 1 1£(2)I B(z)
— — |DulP@d f S P4 B ulP@d :
7o) fgp(z)l ude o pP(2) ™ de 1oy p(z)lu| U

1 1
ty,(Du) = f —|DM|Q(Z)dZ and C.(u) = f —|u+|T(Z)dz.
Q Q(Z) Q T(Z)

Since 7, < ¢_ (see hypothesis H;(iii)), we see that o,(-) is coercive. Additionally, using
Proposition 2.1, we show that

o .() is sequentially weakly lower semicontinuous.
By the Weierstrass-Tonelli theorem, we can find u € W*@(Q), such that
7. (@) = inf (G(u) : u € WO(Q)},
= 0.(u) < 0 =0,(0) (since 7, < g_, see the proof of Proposition 3.1),
=u+0.

We have

(V(u), hy + f lE@IuPPuhdz + | B[P *uhde
° o (3.27)

=c f [u|P@2uhdz for all h € WPO(Q).
Q

In (3.27) we choose the test function 7 = —u € W'"@(Q) and obtain u > 0, u # 0. Thus, u is a
positive solution of (3.26) and u € C,\{0} (regularity theory). We have

— Apt = Ayt + € @9 > 0in Q,
= u € int C, (see [4]).

Next, we show the uniqueness of this positive solution. Suppose that y € W'P@(Q) is another
positive solution of (3.26). Again, we have that y € intC,. Evidently,

Yer®@Q and e L*@).
u

Thus, we can use the variable Diaz-Saa inequality of [17] (Theorem 2.5) and have

A u—Ayjou Ay + Ayny
0< f [ p(2) q(z) + p(2)Y )Y ] (ﬁqf _ iq’) dz
Q

—q_—1 —gq-—1
I/tq yq

1 1
_ _ —q- _ —q_
N f ¢ [ﬁq——f(z) yq——f(z)] (u y')dz

=u=y.

Here we have used that 7, < ¢_ and so x — x™@74- is strictly decreasing on I[(’%Jr = (0, +00). Therefore, we
have uniqueness of the positive solution for problem (3.26). The problem is odd and so v = —u € —intC,
is the unique negative solution of (3.26).
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Now let
S, = set of positive solutions of (1.1),

S _ = set of negative solutions of (1.1).

We know that
O0+S.CintC, and 0+ S_C —-intC,.

Moreover, from [18], we know that S, is downward directed (that is, if u;,u, € S, then we can find
u € S, such that u < uy, u < up) and S _ is upward directed (that is, if v, v, € S_, then we can find
v € S_suchthatv; <v,v, <v).

Now we can show that problem (1.1) admits extremal constant sign solutions.

Proposition 3.4. If hypotheses Hy and H, hold, then there exist u, € S, and v. € S _, such that
u, <uforallueS,, v<v,forallveS§_.
Proof. Invoking Theorem 5.109 of [19], we can find {u,},av C S+ decreasing, such that

inf S, =infu,.
neN neN

We have
V), by + f £ hdz + [ BWO hdor = f F(zw)hdz (328)
Q oQ Q

for all h € WP (Q), all n € N.
0<u, <uforallneN. (3.29)

In (3.28) we choose the test function 2 = u,, € W'P@(Q). Then from (3.29) and hypothesis H, (i), we
infer that {u,},en € WP@(Q) is bounded. From [12] (Proposition A1), we have that {u,},en € L¥(Q)
is bounded. Then the anisotropic regularity theory of Fan [13] implies that there exist @ € (0, 1) and
c10 > 0, such that

Uy € C(Q),  Nuallcrogg, < c10 forall n € N.

The compact embedding of C"“(ﬁ) into Cl(ﬁ) (Arzela-Ascoli theorem), implies that we may
assume that B
U, = u, in C'(Q). (3.30)

Suppose that u, = 0. From (3.30), we see that we can find ny € N, such that
0 < u,(z) < §forallz€Q, alln > ny,
(here, 6 > 0 1s as in hypothesis H, (iii))
= cu,(z)7 ! < f(z,u,(2)) for all z € Q, all n > ny. (3.31)
(see hypothesis H, (iii)).

Fix n > nj and introduce the Carathéodory function e : X R — R defined by

+\7(2)—1 .
e(z, %) = {C(x ) i < w2) (3.32)

cu, ()™ ifu,(z) < x.
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We set E(z, x) = fox e(z, s)ds and consider the C!-functional b : W'*@ — R defined by
b(u) = 7,(u) + €,(u) - f E(z,u)dz for all u € WP@(Q).
Q

Evidently, 75(-) is coercive (see (3.32)) and sequentially weakly lower semicontinuous (use
Proposition 2.1). Thus, we can find # € W@ (Q)

b(@) = inf {b(u) : u € W'P(Q)} < 0 =b(0) (since 7, < g.),

=>u+0.

(3.33)

From (3.33) we have

(V(w), hy + f E@QIPO2uhdz + | BE@)PP % uhdo
) ~ (3.34)
= f e(z,u)hdz forall h € W"P(@(Q)
Q

Choosing h = —u~ € WH@(Q), we show that > 0, # 0.
Next, in (3.34), we choose the test function & = (# — u,))* € W?@(Q). Then

V@. G- 1))+ [ ET G+ [ BTG ) do
= fg @ '@ —u)tdz  (see (3.32))
< fg f(@ u,) @ —u,)"dz  (see (3.31))
< (V(uy), 0 —u,)™) + L €@ ea”O" @ = ) dz
+ | B@Iu " @ = uy)*do (since u, € S.,)
=>uc< :jforalln > ny.

This contradicts the hypothesis that u, = 0 (see (3.30)). Thus, u. # 0 and using (3.30), we
conclude that

u, €S., u., <u forallues.,.

Similarly, we produce v, € S _, such that v < v, for all v € S_. In this case, there is an increasing
sequence {v,} C S _, such that

supS_ = supv,.
neN

The proof is now complete.

Electronic Research Archive Volume 33, Issue 11, 6844—-6864.



6860

4. Nodal solutions—multiplicity theorem

We use the extremal solutions from Proposition 3.4 to generate a nodal (sign changing solution).
The idea is simple. Using truncations of the reaction f(z,-), we restrict our attention to the order
interval [v,, u.]. Any nontrivial solution of (1.1) in this order interval that is distinct from v, and u., is
necessarily nodal.

. Thus, we consider the two solutions u, € S, and v, € S_ and introduce the Carathéodory function
J(z, x) defined by
[z, v.(2) + k. @O0, (2)  if x <v.(2)
7(Z, x) =4 f(z, x) + k|x|P@2x if v.(z) < x < u.(2) 4.1)
J (@ u.(2) + ku. ()P if u.(2) < x,
with k£ > [|€]|c- .

In addition, we introduce the positive and negative truncations of j(z, -), namely the Carathéodory
functions j.(z, x) defined by . .

Je(z, x) = j(z, £x). (4.2)

We set . .

J(z,x) = f J(z, s)ds and J.(z, x) = f Ju(z, $)ds,
0 0

consider the C'-functional w, w, : W'*@(Q) — R defined by
w(u) = Yp(u) + €,(u) + k€, (u) — f f(z, u)dz
Q

Wi () = y,(u) + £,(Du) + k€,(u) — f J.(z, u)dz for all u € W"P(Q).
Q
Proposition 4.1. If hypotheses Hy and H, hold, then
K, C[v.,u.]NC'(Q), K,, = {0,u.}, K, = {0,v.}.
Proof. Letu € K,,. Then

V@), hy + f [£) + K PO 2uhdz + | Bl 2uhdor
Q oQ
(4.3)
= f j(z,u)hdz  for all h € WPO(Q).
Q

In (4.3), we first choose the test function 4 = (u — u,)* € W'"P@(Q). Thus, we have

V@), (u—u)"y + f [€@) + kw7 @~ w) dz+ | B@u" (u—w) do

Q oQ
= f [f(z, u,) + kuf@_l] (u—u,)"dz (see (4.1))
Q
= (V(u,), (u — u)") + f [£@) + k] u? P (u — u,)*dz
Q

+f Bu"O ™ (u — u) do
80

=u<u, (sincek > ||¢lw).
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Similarly, using the test function & = (v, — u)* € W'*@(Q) we show that v, < u. Therefore,
ueE[v,ulnN Cl(ﬁ) (from Fan [13]).

Next, let u € K5, . Thus, we have

(V(u), h) + f [£@) + k] ul"@?uhdz + | @)Ul uhdor
Q 0Q
(4.4)
- f ji(z,u)hdz  for all h € W'P9(Q).
Q

In (4.4), we first choose the test function 4 = —u~ € WH"@(Q). Then

pp(Du”) + f [£(z) + K] (u_)p(Z)dZ+f BRW)Pdo =0
Q 00
=u>0 (sincek > [|£]|w)-
Moreover, as before using the test function & = (u — u,)* € W'P@(Q) we show that u < u,. Hence

ue [0,u.],
=u=0 oru=u, (duetotheextremality of u.),
= Ky, = {0, u.}.

Similarly, we show that
Ky =1{0,v.}.

This completes the proof.
Next, we determine the nature of the critical points u*, v* € K5.

Proposition 4.2. If hypotheses Hy and H, hold, then
u, € intC, and v, € -intC, are local minimizers of w(-).
Proof. From (4.1) and (4.2), and since k > ||£||., we infer that
w,(+) is coercive.
Additionally, using Proposition 2.1, we see that
w.(+) is sequentially weakly lower semicontinuous.
Thus, we can find u, € W'*@(Q), such that
w. (@) = inf {w, (u) : u € WOQ)). (4.5)
Since 7, < ¢_ as before, we have

wi(u,) <0 =w,(0),
=u, #0.
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From (4.5) we have
u. € Ky, ={0,u.} (see Proposition 4.1),
=u, = u, €intC,.
Since wlc, = wilc, (see (4.1),(4.2)), we see that
u, is a C'(Q)-local minimizer of w(-),
= u. is a W"9(Q)-local minimizer of w(-) (see [16]).
Similarly, working with w_(-) we show that
v, is a WHP@(Q)-local minimizer of w(-).

The proof is now complete.

Now we are ready to produce a nodal solution.

Proposition 4.3. If hypotheses Hy and H, hold, then problem (1.1) admits a nodal solution
Yo € [V, .10 C'(Q).
Proof. From Proposition 4.1 and the extremality of u, and v, we see that we may assume that
Kz C [v.,u.] N C'(Q) is finite. (4.6)
Otherwise, we already have an infinity of smooth nodal solutions.
Without any loss of generality, we may assume that
wv,) < wu,).

The reasoning is similar if the opposite inequality holds.

From Proposition 4.2, we know that u, is a local minimizer of w(-). The functional w(-) is coercive
(see (4.1)). Thus, from Proposition 5.1.15 of [3], we can see that w(-) satisfies the C-condition. Then on
account of (4.6) and Theorem 5.7.6 of [3], we can find p € (0, 1) small, such that

—

w(v.) <wu,) <inf{w@) : lu —w.ll=p} =m, [v.-ul >p. 4.7)
Then, through (4.7), and since w(-) satisfies the C-condition, the use of the mountain pass theorem is
permited, so we can find y, € W' (Q), such that
Yo € Ky € [ve, ] N C(Q), < W(yo),
= yo ¢ {u.,v.} (see (4.7)).

Theorem 6.5.8 of [3] implies that
Ci(w,y) # 0. 4.8)

Note that O € int. g, [vs, u.]. Thus, the anisotropic regularity theory and the homotopy invariance
property of critical groups imply

Ciw,0) = Ci(p,0) forall k € Ny,

4.9)
= Ci(w,0) =0 forall k € N.

From (4.8) and (4.9), it follows that y, # 0, and so y, € C! (ﬁ) is a nodal solution for problem (1.1).

Thus, we can state the following multiplicity theorem for problem (1.1). Note that we have sign
information for all the solutions, and they are ordered.
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Theorem 4.1. If hypotheses Hy and H, hold, then problem (1.1) has at least five nontrivial
smooth solutions

u,u, €intC,, u,<u,
v, v, € —intC,, V<,
Yo € [V, u ] N Cl(ﬁ) is nodal.
Remark 4.1. It will be interesting to extend this result to double phase problems, that is, problems

driven by
u— =A7u—Aypu

with —A;(Z)u = —div (a(z)lDulp(Z)‘zDu), where a € Co’l(ﬁ)\{O} and ming a = 0. For such problems ,there

is no global regularity theory. Thus, many of the tools used in this paper are not available for double
phase problems.
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