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We discuss the existence and uniqueness of the weak solution of the following nonlinear
parabolic problem:

—V-a(z,Vu) = f(z,u) inQr def(

) X 97
(Pr) Su=o0 on 27 ¥ (0,T) x 89,
u(0, ) = uo(z) in Q,
which involves a quasilinear elliptic operator of Leray—Lions type with variable expo-
nents. Next, we discuss the global behavior of solutions and in particular the convergence
to a stationary solution as ¢t — co.
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1. Introduction and Main Results

Let Q@ € R? (d > 2) be a bounded domain with smooth boundary (at least C?). Our
main goal in this paper is to study the existence, uniqueness and global behavior of
the weak solutions to the following problem involving a quasilinear elliptic operator
of Leray—Lions type with variable exponents:

—V-a(z,Vu) = f(z,u) inQr:=(0,T)xQ,
(Pr) u=0 on Xp = (0,T) x 04,
u(z,0) = up(x) in Q.
We assume that f: x R +— R satisfies

(f1) 0 £ f: (z,8) — f(x,s) is a Carathéodory function and ¢ — f(z,t) is locally
Lipschitz uniformly in x € Q;

and a(z, &) = (aj(z,€)); with a;(z,&) = é(x,[€])&;, 7 =1,...,d be defined for all
¢ € R?, such that ¢ is differentiable on © x (0,00) and ¢(z,s) > 0 for (z,s) €
Q x (0,00). We assume that a satisfies the following structural conditions:

A1) aj(z,0) =0, for all a.e. 2 € Q,

(
(A2) a; € CL(Q x (RA\{0})) N cO(Q x RY),
(
(

A3) Yo, 28y > 4l =2 g2, Vo e Q,, V¢ e RA{0}, Yy € RY,
Aq) S |2 < Tiep@2 ya e 0, € € R\ {0},

where p:Q—]1,+00] is a Lebesgue measurable function satisfying 1 < p~ :=
infg p(z) < p(z) < p™ := supg p(r) < oco. More precisely, throughout the paper,
we assume that

peC(Q) NP Q) suchthat 1 <p~ <p < d,
where

. 1 . .
Plos(Q) = def {q e P() : . globally log-Holder contlnuous}.
In particular, for any p € P°8(Q), there exists a function w such that for all
(z,y) € Q2

Ip(z) = p(y)| < w(lz —y|) and litriigp(—w(t) Int) < +o0.

The natural function spaces to study problem (Pr) are the variable expo-
nent Lebesgue space LP(®)(Q) and the corresponding Sobolev space W1hP(#)(Q)
defined by

LP@(Q) = {u | v is measurable on 2 and / JulP@ da < oo}
Q
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and
Whe) (Q) def {u e LP@(Q) : |Vu| € LP®(Q)}.

We recall that LP(*)(Q) and W »(*)(Q) are normed linear spaces equipped respec-
tively with the (Luxemburg) norms

p(x)
Um(z)(g)zinf{)\>0:/ 4] dm<1}
Q

[ullwrpe = llullLre @) + [Vl Loe o)-

and

Under the above assumptions on p, we define W dof VVO1 P (z)(Q) the closure of
Cee(Q) in WHP)(Q). Since Q is a bounded domain, the Poincaré inequality holds
and a natural norm of W is |[ullw = |Vl Lee) q-

Now, we define the even function ® : Q@ x R — R by & fo x,|s|)s ds,

which is increasing on R, and for a.e. z € Q, &€ — A(x, §) dEf ( ,1€D)-
Furthermore, from (Al), (A3) and (A4), A is strictly convex and satisfies for
any fixed x € Q)

r

T 1677 < A, §) < 7 |l for all § € R (1.1)

p+
These inequalities are a direct consequence of Taylor’s formula combined with (A3)
and (A4), which yield

gt

TP < A, — A,0) ~ (06A(,0).€) < ——

for all (z,€) € Q x RZ. Similarly, using (A4), we deduce that there exists a positive
constant ¢; such that

la(z,&)| < ¢, ¢z, [¢]) < erl¢fP) 7 forallz € Qand € R (1.2)
We assume that
(A5) (0,00) >t — ®(x,+/t) is convex for a.e. z € QF Lof {z € Q; p(z) > 2}.

From the above assumption together with ®(z,0) = 0 and ®(z,-) increasing,
we obtain a Clarkson-type inequality for the function ® (see [26, Lemma 2.1] for
the proof). More precisely, we have

% Um <1>(gc,|vu|)dg;+/m bz, |Vv|)dx}
z/{ﬁ@@,@) dx+/ﬂ+¢><x,w) de  (1.3)

for all u, v € W.
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From the pointwise version of ([L3) (see Lemma 2.1, p. 459]) and from (L1,
we deduce that for z € QT A(x,-) is p(x)-uniformly convex (see Definition
2.2]), that is,

for any €, € RY, A@5+”)<<Amo+Awm»—mm—w“> (1.4)

2

N =

; — v

with ¢g = T D)

Remark 1.1. From the Clarkson inequality (see [9, p. 96]), relation (L) is satisfied
by A(z, &) = [£]P(®) with p satisfying p(z) > 2. In the case 1 < p(x) < 2, a similar
inequality (namely, the Morawetz inequality) can be derived (see [22] Lemma 4.1]).

Remark 1.2. (1) Prototype examples satisfying conditions (A1)—(A5) below are:

() d(x,t) = ¢ (x,) L @2 (b) gz, 1) = go(a, 1) & (1412)" 5.

(2) Assumption (A4) can be replaced by (A4’) for the validity of the results in
Sec. [l there exists ¢ > 0 such that |¢(z,s)s| < ¢(1 + |s[P®) 1) for all z € Q
and s € R.

There is an abundant literature devoted to questions on existence and unique-
ness of solutions to (Pr) for ¢(z,&) = |£[P(*)=2 and p(x) = p (see for instance [6]
and references therein). More recently, parabolic and elliptic problems with variable
exponents have been studied quite extensively, see for example [T, 4l 2], [5] 1T, 2T]
27, [3T]. The importance of investigating these problems lies in their occurrence in
modeling various physical problems involving strong anisotropic phenomena related
to electrorheological fluids (an important class of non-Newtonian fluids) [T} 30}, [3T],
image processing [1], elasticity [35], the processes of filtration in complex media [3],
stratigraphy problems [22] and also mathematical biology [19].

Regarding the existing literature on quasilinear parabolic equations with vari-
able exponent, we consider in the present paper a more general class of operators of
Leray—Lions type than the p(z)-Laplace operator and prove new local existence and
regularity results for (Pr) (see Theorems [2land [B.2)). By constructing new barrier
functions, we also provide global existence results (see Theorems and [[4) for
the general class of quasilinear parabolic problems considered in the paper that are
not known in the literature.

A natural issue is to consider the asymptotic behavior of the obtained global
solutions. For this purpose, introducing a homogeneity condition, say (A7), we
prove new uniqueness results for the stationary equation associated to (Pr) (see
Theorem [.5)). The proof of the uniqueness results uses the extension of convexity
properties of the associated energy functional, in the spirit of works [10] and [13],
proved in [23]. Combining Theorems[[.H and [B:2] we are able to prove under suit-
able assumptions the asymptotic convergence to the stationary solution for global
solutions to (Pr) (see Theorem [[6), extending significantly former results proved
in [21]. More precisely, regarding the main results established in [21], we first extend

1750065-4



Qualitative analysis and stabilization

by using monotone methods the local existence results for the general class of oper-
ators satisfying (A1)—(Ab5) (see Theorems and [Tl below). Next, in respect
to [21], using new barrier functions and new uniqueness results for the stationary
equation (see Theorem [ below), we improve essentially global existence results
and asymptotic convergence to a stationary solution (see below Theorems [3], [C4]
and [, respectively). We point out that even if restricting to the p(z)-operator,
these results are new.

We now state the main results that we will prove in the next sections.

We first consider the following problem:

—V-a(x,Vu) = h(x,t) in Qr,
(L) u=0 on X,
u(z,0) = up(x) in Q,

d
where T' > 0, h € L*(Qr) N LY(Q7), q > e
Considering the initial data ug € W N L*°(2), we study the weak solutions of
problem (L) defined as follows.

Definition 1.1. A weak solution to (L) is any function u € L*°(0,7; W) such
that u; € L?(Qr) and satisfying for any ¢ € C5°(Q7)

//utgodxdt—i—// a(z,Vu) - Vo dadt = // (z,t)pdadt

and u(0,.) = ug a.e. in .

We define in a similar way the notion of weak solutions to the problem (Pr) as
follows.

Definition 1.2. A solution to (Pr) is a function u € L*°(0,T; W) such that u; €
L*(@Qr), f(-,u) € L=(0,T, L*(Q)) and for any ¢ € C§°(Qr)

T T T
//utgodxdt—i—//a(x,Vu)-Vgodxdt://f(x,u)godxdt
0JQ 0JQ 0JQ

and u(0, ) = ug a.e. in .

According to the above definitions, we establish the following local existence
result proved in Sec. 2land which extends [21], Theorem 2.3].
Theorem 1.1. Assume that conditions (A1)-(A5) are satisfied and p~ > %,
Let T > 0, ug € WN L>®(Q) and h € L*(Q7) N LYQr), q > 1%' Then prob-
lem (Lt) admits a unique solution u in the sense of Definition [[1. Moreover, u €
C([0,T], W).

Next, we deal with the local existence of solutions of problem (Pr) proved in
Sec. B (Sec. Bl) which improves [21] Theorem 2.4].
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Theorem 1.2. Assume that conditions (A1)—(A5) are fulfilled. Let f: QxR +— R
satisfying (f1) and:

(fa) there exists so € R such that z — f(z,s0) € L*(Q) N LY(Q), ¢ > z%‘

Assume in addition that one of the following hypotheses holds:
(H1) there exists a nondecreasing locally Lipschitz function Lo such that
|f(z,v)] < Lo(v), a.e. (z,v) € QxR;
(H2) there exist two nondecreasing locally Lipschitz functions Ly and Lo such that
Li(v) < f(xz,v) < La(v), a.e. (z,v) € QxR

Then, for any ug € W N L>(Q), there exists T € (0,400] such that for any T €
[0,T), problem (Pr) admits a unique solution w in the sense of Definition 2.
Moreover, for any r > 1, we have uw € C([0,T]; L"(2)) N C([0,T]; W).

In [Appendix B], using the theory of m-accretive operators, we also provide addi-
tional regularity results for weak solutions to (Pr) (see in particular Theorem [B.2]).

Under additional hypothesis about the growth of f and regularity of the initial
data, we are able to prove the existence of global solutions. Precisely, we have the
following results showed in Sec. Bl (Sec. B:2) which gives sharper conditions on f
than those in [2I] Theorem 2.5].

Theorem 1.3. Assume that conditions (A1)—(A5) are fulfilled. Let f : QxR +— R
satisfying (f1) and:

(f3) there exists s1 € R such that x — f(x,s1) € L>(Q);
(fa) uniformly with respect to x € Q, we have

lim sup |f@,s) < yA? (p.)~

|s|—o0 |S|p771
where A := (SUP ||, =1 ||U||Lp—(9))’1 and (pe)~ = ]Df—:l;
(f5) uniformly with respect to x € ), we have
lim inf |f(x’f)| >TA? (p7).

S el
where (p~)e = ;5.
Assume in addition that

(C1) ug € W such that V - a(x, Vug) € L1(Q2) where ¢ > 1%‘;

Then, for any T > 0, problem (Pr) admits a unique weak solution in the sense of
Definition L2 Moreover, u € C([0,T]; W).
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Furthermore, under the following new hypothesis:

4 19¢(x, 5)

(A6) Y |

"
i=1 Oz;

< Ci1(14 In(s)])p(x,s) for all x € Q, s € (0,00)

and constructing a suitable supersolution, we prove the existence of bounded global
solutions of (Pr) with a regular initial data and releasing hypothesis on f.

Theorem 1.4. Assume conditions (A1)—(A6) and p € CP(Q), B € (0,1). Let
[ QxR R satisfying (f1), (f3) and (f1). Assume in addition

Then, for any T > 0, problem (Pr) admits a unique bounded weak solution in the
sense of Definition [L2. Moreover, u € C([0,T]; W).

Example. A prototype example for f satisfying all conditions (f1)—(f5) is f(z,t) =
h(z)t"®) =1 with 0 # h € L>(Q) nonnegative, r € C(Q) such that 1 < r(z) < p~
for all z € Q.

Remark 1.3. In the case ¢(z,t) = [t[P(*)=2 p belonging to C*(Q) is a sufficient
condition to have (A6).

In Sec. [, we discuss the question of the asymptotic behavior of solutions to
(Pr). For this purpose, under suitable conditions, we prove the existence and the

uniqueness of the positive stationary solution. Precisely, assuming in addition

(fs) the function s — Zp(f—fz is nonincreasing for a.e. x € (2,

we have the following result, even new for the p(z)-operator (i.e. A(z,&) = |£[P(*)).

Theorem 1.5. Assume that p € C?(Q), B € (0,1) such that p(-) # p~. Let
f:Qx][0,400) — [0,4+00) be a nonnegative function satisfying (f1), (fa)—(fe) and
f(x,0) = 0. Assume conditions (A1)—(A4) and (A6). We suppose in addition that

(A7) & A(x,§) is p(x)-homogeneous, that is,
A€ = A (i &) 6P, for atlg €RY\(o)

Then, the stationary problem associated with (Pr) possesses a unique nonnegative
and nontrivial weak solution uw € W N L>(Q). This solution belongs to the class
C1*(Q), for some a € (0,1), and satisfies the Hopf mazimum principle, namely

u(z) >0 forallz € Q and %(x) < 0 for all z € 0N2.
v

The above uniqueness result implies the following result which improves signif-
icantly Theorem 2.10].

Theorem 1.6. Assume hypothesis in Theorem[LHl and (A5) be satisfied. Let ug €
Cy Q) where Cy" () denotes the interior of the positive cone of C§ (). Then, for
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any T > 0, there exists a unique weak solution, u € C([0,T], W)NL>(Qr), to (Pr)
with initial data ug and such that 8“ € L*(Qr) and u > 0 in Q7. Furthermore, u
verifies

u(t) = usw in L°(Q) ast — oo,
where u, s the unique positive stationary solution to (Pr) given in Theorem [LH.

Remark 1.4. Alternatively to the hypothesis p(.) #Z p~ in Theorems [[H and [L6]

we can assume instead of (fs), (f§): the function s — ;[p(f—fz

for a.e. x € Q.

is strictly decreasing

Remark 1.5. Theorems[[hland [T hold for other kind of nonlinearities. Indeed, let
f:Qx(0,00) — R be defined as f(z,t) = h(z)t" @1 —g(z)t*@ 1 with r, s € C(Q)
satisfying 1 < r(z) < p~ < s(z) with »™ # s~ in Q. Suppose that h,g € L>(£),

Theorems[Hl and [[L6 hold and their proofs are similar. We point out that any weak

solution u satisfies the uniform bound u(t, z) < (H h o) + 1) T Q.

Remark 1.6. Under an additional asymptotic super homogeneous growth assump-
tion on f and for initial data large enough, blow up in finite time of solutions can
also occur. For instance, let f(x,v) = v? with ¢ > p™ and define the energy func-

tional
q+1
E(u) déf/ A(z,Vu) dz —/ Y da
Q oq+1

Then, using a well-known energy method and for any initial data ug satisfying
E(ug) < 0, the weak solution to (Pr) blows up in finite time. For further discus-
sions of global behavior of solutions (blow up, localization of solutions, extinction
of solutions) to quasilinear anisotropic parabolic equations involving variable expo-
nents, we refer to [2] Bb].

Remark 1.7. Condition (A7) implies that A(x,§) = p(z yla(z,§), &) Examples
satisfying (A1)-(A5) and (A7) are given by functions of the form ¢(z,t) =
h(z)t?®)=2 where h € L>°(Q) such that h > ¢ > 0.

2. Existence of Solution to (L)

For the proof of Theorem [[1l, we first consider the following quasilinear elliptic
problem:

u—AV-a(z,Vu) =g inQ
u=0 on 0N

with A > 0 and g a measurable function. So we have the following lemma.

1750065-8
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Lemma 2.1. Assume conditions (A1l)-(A4). Let g € LY(Q), ¢ > 1%' Then for
any A > 0, problem (P) admits a unique weak solution w € W satisfying

/ugpdx—i—)\/a(x,Vu)-Vgodx:/ggodx, VoeW.
Q Q Q

Furthermore, u € L>®(£2).

Proof. We define the energy functional Jy associated to (P) given by

JA(u):%/QUde—i—)\/QA(x,Vu)dx—/qudx.

From (LT)), Jy is well-defined and continuously differentiable on W. Indeed, ¢ > 1%
and 1 < p(.) < d a.e. in Q imply that L? C (LP"(®))'. By (@), for ||u|w > 1:

1 A\ )
(1) = §/Qu2dx+/\/QA(ac,Vu)dx—/qudxZ IWH“““% — Clufw.

Thus, Jy is coercive. Hence J) admits a global minimizer v € W which is a weak
solution to (P). By (A3), Jy is strictly convex on W, which guarantees the unique-
ness of the critical point and the uniqueness of the solution to (P).

To conclude, Corollary A2 in [Appendix A] implies u € L>(£2). m|

Proof of Theorem [I.Tl This proof follows the proof of [21, Theorem 2.3]. How-
ever, the steps 3 and 4 are different due to the more general operator a. For the
reader’s convenience, we have included the complete proof.

We perform the proof along four steps.

Step 1. Time-discretization of (Lr).
Let N € N*, T > 0 and set A; = % For 0 < n < N, we define t,, = n4; and for
ne{l,...,N} for (t,z) € [tn_1,tn) x Q

I
ha,(t,z) = h"(x) = A_t/ h(s,x)ds.
tn—1

The Jensen’s inequality implies that [|ha,||Le@r) < |PllLe(@,) and we have ha, —
hin LY(Qr).
Now, we define the iterative scheme

u® = ug and for n > 1,u" is solution of

n_ ,n—1
Lt v a(z,Vu")=h" inQ,
x Ay (2.1)
u™ =0 on ON.

The sequence (u")neqi,...,n} is well-defined because existence and uniqueness of
ul € Wn L*(Q) follow from Lemma 21l with g = Akl +u® € LI(Q) and by
induction we obtain in the same way the existence of (u"), for any n =2,..., N.

1750065-9
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Forn=1,...,N and t € [ty_1,t,), we define the functions

t—1t,— _ _
us ()= and s, ()= E gty s (29)
t
which satisfy
i, ,
9% V-a(zx,Vua,) =ha, in Q7. (2.3)

Step 2. A priori estimates for ua, and a,.
Multiplying the equation in @II) by (u™ — «"~!) and summing from n = 1 to
N’ < N, we get

N’ u™ unfl 2 N’

— n n n—1
E At/Q(T) dz + E /Qa(x,Vu ) V" —u" ) de
n=1 n=1

o
=y /Q A" (u™ — w1 da, (2.4)

hence by Young’s inequality, we obtain
1 Al u” —utL 2 N 1
§;At/g<T) dx+7;/ﬂa(x,Vu)-V(u —u" ) de

1
< SN0l 2 (n-

Thus, we obtain

(agtAt) is bounded in L*(Qr) uniformly in A,. (2.5)
At

Since A is strictly convex and from (III), we obtain for any N’

N/
1 n n n—
Sl iom > :/Qa(ac,Vu ) V(" — 1) dz
n=1

N/
> Z/QA(x,Vu") — Az, Vu" ) dz
n=1

:/A(x,VuN/)dx—/A(x,Vuo)dx
Q Q

vy N’ p(x) / 0
> Vu p dx — A.’IJ, Vu~)dx.
E— 1/ | | ( )

We conclude that

(ua,) and (@a,) are bounded in L*(0, T, W) uniformly in A;. (2.6)
Furthermore, using (25), we have
sup |lua, —a,llz2Q) < o max |lu™ — u”’1||L2(Q) < CA;L/Q. (2.7)

3
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Therefore, for Ay — 0, we deduce that there exist u,v € L*°(0,T, W) such that (up
to a subsequence)

ia, —uin L0, T, W), wua, —vin L>(0,T,W), (2.8)
and
oua ou . o
s — L . 2.
ot ot m (QT) ( 9)
Inequality (27) implies that v = v. By (23], for any r > 1
un,, upn, —=u in L"(0,T,W). (2.10)

Step 3. u Satisﬁes (LT).

Since p~ > d+2, Theorem [Ad] gives the embedding Wol p(x) (Q) — L2(Q) is com-
pact. Hence, plugging (23)), (2:0) the compactness Aubin—Simon’s result (see [32])
implies that (up to a subsequence),

ia, — u € C([0,T], L*(Q)). (2.11)
Equation (Z3) multiplied by (ua, — u) yields

// 8uAt (up, —u dxdt—|—// x,Vua,) - V(ua, —u)dedt
// ha,(ua, —w)dzdt.

Rearranging the terms in the last equations and using (Z7)—(Z1I0), we have

[T (%20 i |

—a(z,Vu)) - V(ua, —u) dedt = oa, (1),

where oa, (1) — 0 as Ay — 0. Thus, we get

3 | fsm) —umpas+ [ T/Q (alz, Vus,)

—a(z,Vu)) - V(ua, —u)dzdt = oa, (1).
Using (21T]), we obtain
/ T/Q (a(z, Vua,) — a(z, Vu)) - V(ua, —u)dadt — 0 as Ay — 0. (2.12)
We now prove that
/OT/Q IV(ua, —u)P@ dzdt — 0 as Ay — 0V, (2.13)

To establish [(ZI3), the general form of a do not allow to use the algebraic inequali-
ties of [33] as in the proof of [2I] Theorem 2.3]. The convexity of ® and assumption
(A3) bring the arguments to conclude.
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Indeed for this purpose, we distinguish two cases: (i) p < 2 and (ii) p > 2. Let
us first consider the case p < 2. Setting ¢(x) = M and @~ = {z € Q:
p(z) < 2}, since u, ua, € L>°(0,T, W) we have from the Hélder inequality

/ V(1 — ua,)P® do

< H : |V (u—ua,) P

[Vul + [Vua,])1®) [Vl + [Vua )]

2

2
LP(I) (Q*) LQ_P('T) (Q_)

|V (u —ua,) P
(IVul + [Vua, [)2)

e &1

o

_2
Lr@) (Q—)

Integrating in time the previous inequality and splitting the integral of the right-
hand side, we obtain

T
/ / IV (u—ua,)[P™ dzdt
o Jo-

_ 2 2~ sup p(x)
<C </ IV(u—un,)| dx> o w
7<1 \Ja- (|Vu[ +|Vua,|)?=r@)

|V (u—ua,)|? -
¢ d dt. 2.14
- I>1 </Q (|Vu| + |[Vua,|)2—») . ( )

In the other hand, using assumption (A3), we deduce that

[V (u—ua,)P?
IY/Q— (Vul + [Vaa, ) 2—7@ dz < Q(a(x,VuAt) —a(z,Vu)) - V(ua, —u) de.

(2.15)
Hence, plugging (Z14)), (Z15) and Holder’s inequality, (212) implies
T
/ / IV(t—un,) P dzdt — 0 as Ay — 0. (2.16)
0 _

We now deal with the case p(x) > 2 and proceed as in [28] (see also [29] for other
related issues). From the convexity of ®, we obtain

1
/ O(x, |Vul)dz < / @(ac, M) dz + —/ a(z,Vu) - V(u—unp,)dx
Q+ o+ 2 2 O+
and similarly

/ (2, [Vua,|) dz
O+

1
< / i) (ac, M) dz + —/ a(z,Vua,) - V(ua, — u)dz.
o+ 2 2 Jo+
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Adding both above relations, we get

1

: /Q (@, V) — a(@, Vua,)) - (Vu — Vus,) do

> [ e IVupde+ [ 8 Vus,))ds

—2/ / ( [Viu+ ua, ”) da. (2.17)
ot 2
Using (L3), we have

/@(x,|Vu|)dx+/ O(z, |Vua,|) dz
Q+ Q+

22/ @(m,M> dx+2/ ¢<x7M) de.
o+ 2 Q+ 2

Therefore, plugging the two last inequalities and (L1I), we deduce that

/Q+ (a(z, Vu) — a(z, Vua,)) - V(u — ua,) dz

IV (u—ua,)| dry /
> LI ALY > " (1 — p(x) .
4/Q+ ® (967 2 ar 2rt (pt—1) Jo+ V(= ua,) dx

(2.18)

Now from (2.12)), (2:18) combining with (2:16)), we obtain (2.13]). This implies that
Vun, converges to Vu in LP(®)(Qr) and ua, converges to u in W. Furthermore,

a(x,Vua,) — a(z, Vu) in (LP)(Qp))? (2.19)

with p.(z) = p(pm()wll the conjugate exponent of p. Indeed, we observe that from

2:13) we get
[Vua,|P® — [VulP®  in LY((0,T) x Q) as A, — 0%,
Using [9, Theorem 4.9], we have for a subsequence {A,,, },
Vua,, — Vuae. in (0,T)xQ and |Vua,, [P©® <ge L((0,T) x Q).

Using the dominated convergence theorem and observing that from (L2)):

(z)—1
a(z, Vua,,)| < e1|Vua,, |11 < g"507 € 1@,

we obtain
a(x, VUAtn) - a(x, vu) (ch (QT))

from which together with a classical compactness argument we get (219).
Finally, Step 1, (Z3) and (I9) allow to pass to the limit, in the distribution
sense, in Eq. (Z3) and we conclude that u is a weak solution of (Ly).
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Assume that there exist u and v weak solutions of (Lr). Thus,

/ / ou—v), v) dadt — /OT(a(x» Vu) — a(x, Vv)) - V(u —v)dt = 0.

Since u(0) = (O) the above equality implies that u = v and we deduce the unique-
ness.
Step 4. u belongs to C([0,T]; W).

Since u € C([0,T]; L?(2)) N L>=([0, T]); W) and p € P'8(Q), w: t € [0,T] — W
is weakly continuous.

Define U:W > u — [, ®(x,|Vu|)dz = [, A(z, Vu)dz. Then W is differentiable
and ¥'(u) = =V - a(z, Vu) € W. Note that ¥ is a semimodular on W and thus is
weakly lower semicontinuous (see [14] Theorem 2.2.8]). Hence, fixing ¢y € [0, 7], we
have

/A (x, Vu(ty))de < hmlnf Az, Vu(t)) de.
Q

From 24) with Z N,/ for 1 < N” < N’ and the convexity of ¥, it follows that
u satisfies for any ¢ € [to, T:

/to/ <8t> dxds—l—/AxVu
g/to/ﬂh% dxds+/QA(x,Vu(to))dac. (2.20)

Passing to the limit, we obtain

limsup/A(ac,Vu(t))dxS/QA(JU,Vu(tO))dx.

t—ty
Thus, we get lim, .+ Jo Az, Vu(t = [o A(z, Vu(ty)) dz. Hence from (TI)
i [Vu@®)[P 4
and the dOfn)lnated convergence theorem, we also obtain hthtar fQ upT dr =
[Vu(to)| "™
Jo =t — da.

Now, we prove the left continuity. Let 0 < k < ¢ — to. Multiplying (Lr) by
Ti(u)(s) = M and integrating over (tg,t) x 2, the convexity gives

t t+k to+k
//Tk(u)g—?dxds—k/ /deds—/ /wdxds
to JQ t Q to Q
t
Z/ /Tk(u)hdxdt. (2.21)
to JQ

By the dominated convergence theorem as k — 0%, we have

/tHk/Q deds - /QA(:c,Vu(t))dx
/tt+k/9 wdxds . /QA(x,Vu(to))dx,
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Hence, ([2:21) yields

t 2 t
/ / (8_u) dxds+/A(ac,Vu(t))dx2/ /ha—udxds—F/A(x,VU(to))dx.
to Jao \ Ot Q o Ja Ot Q

From the above inequality, we deduce that we have the equality in (2:20). Using
the dominated convergence theorem, we obtain that

lim A(x,Vu(t))dx:/QA(x,Vu(to))dx

thQ Q
and thus
lim / V()P dz = / V(o)) da.
t—to O Q
Then from the uniform convexity of W we deduce that v € C([0,T]; W). O

3. Existence of Solutions to (Pr)
3.1. Existence of a local solution

In the first part, we prove Theorem [[2. For this purpose, we proceed as in the
proof of Theorem [Tl splitting the proof in several steps. The proof of Theo-
rem is almost similar as the proof of [2I, Theorem 2.5]. Several differences
appear in Step 3 due to the general form of a. For sake of clarity, we give the entire
proof.

Step 1. Existence of barrier functions.
Consider the equations, for 7 € {0,1,2}

d’l)i
= L;(v;),
ar = k) (3.1)

vi(0) = (-1)'v,

where v = ||uo||oo-

For i € {0,1,2}, the Cauchy-Lipschitz theorem gives the existence of T/"** ¢
(0, +o0] and a unique maximal solution v; to (B) on [0, T;X).

If (H1) holds, we take T € (0,T{") otherwise, if (H2) holds, we take T' €
(0, min (e, Tpax)).

Let N € N*. Set Ay = % and consider the family (v!') defined by v!' = v;(t,) =
vi(nAy) for n € {1,..., N}. Hence for any i € {0,1,2}

tn+1
M ZU?"‘/ L;(vi(s))ds, Vne{0,...,N—1}.
t

(2
n

Replacing Ly (respectively, Lo) by min(Lq,0) (respectively, max(Ls,0)) in (H2), we
can assume that Ly < 0 and Ly > 0. We get for n € {0,..., N}, v1(T) <o} < —v
and for i =0ori=2, v <ol <u(T).
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Step 2. Semi-discretization in time of (Pr). Introduce the following iterative
scheme (u") defined as
u® — AV -a(z, Vu™) = u "t + A f(z,u” ) in Q,

u? =wuy and 3.2
0 u™ =0 on 0f2. (3:2)

We just prove the existence of u'. The conditions (f1) and (f2) insure that f(.,u°) €
L1(Q) with ¢ > 1%" Thus, Lemma ] applied with g = u® + A, f(z,u%) € LY(Q)
gives the existence of u! € W N L>(Q).

Let ua, and ua, be defined as in ([22) and for ¢ < 0, ua,(t) = up. Thus, ([Z3)

is satisfied with ha, () def flzyua, (t — Ay)).
Step 3. (u") is bounded in L*°(£2) uniformly in A,.

We first consider the case where (H1) is valid. We claim that for all n, |u"| < v}
in 2. We just prove it in case of n = 1. Since Ly and vy are nondecreasing, we get

Ay
ut — vy — AV -a(z, Vul) = / (f(x,u0) — Lo(vo(s)))ds + ug — vg < 0.
0

Multiplying the previous inequality by (u! —v})* = max(u! —v{,0) and integrating
onw = {z € Qlut(z) >vl}, we get

/(u1 —vé)de—f—CAt/ |Vu! P da

< /(u1 —ug)? dx—|—At/ a(z, Vu')Vu' dz < 0.

Hence, u' < vé and by the same method we have —v% < ul
For (H2), we claim that for all n, v7 < u™ <% in Q. Let n = 1. Since Ly, Lo,
—v1 and vy are nondecreasing:

Ay
ut — v — AV -a(z, Vu') = / (f(x,u0) — L1(v1(s))) ds 4+ ug — o) >0,
0

Ay
ul — v% — AV - a(x,Vul) = / (f(z,up) — La(va(s)))ds 4+ up — vg <0.
0

Multiplying the first inequality by (vi —u!)* and the second inequality by (u! —vi)*
and integrating respectively on w1 = {z € Q|v] > u'(2)} and we = {z € Q| v} <
ul(x)} and using (2, we get

—/ (u' —ov})2dz — CA; [ |VurP® da
w1

w1

> —/ (ut —v})? do — At/ a(z, Vu')Vu' dz > 0,

/ (ut —v3)? dx + CA, |Vt [P da:

w2

< / (u* —vd)*da + At/ a(z, Vu')Vu' dz < 0.

w2
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Then v} < u! < wvd. By induction, we deduce that for n € {0,..., N}, v} < u" <ol
in €.
Therefore,

(ua,), (@a,) are bounded in L°°(Qr) uniformly in A, (3.3)

and
(ha,) is bounded in L?(Q7) uniformly in A,.
Indeed, either (H1) holds which implies
(2, u™)] < Lo(u") < Lo(vo(T))
or (H2) holds, we have
[, um)] < max(— L (u"), La(u™)) < max(—Li (1 (7)), La(v(T)).

Hence

N
a7z = A6 D If (@, u" |7y < C.
n=1
Step 4. End of the proof.
By the same computations of Step 2 of the proof of Theorem [I-I] we obtain
estimates and we prove that there exists u € L°°(0, T, W) such that
% - ‘Z—ZL in L*(Qr).
Relation (2H) implies that (@a,) is equicontinuous in C([0,T]; L™(Q)) for 1 < r < 2.
By the interpolation inequality and (B3), we obtain that (@a,) is equicontinuous
in C([0,T); L"(§2)) for any r > 1.
By (Z4) and Step 3, we deduce applying the Ascoli-Arzela theorem that (up to
a subsequence) for any r > 1

ua, —u in C([0,T]; L"(2)).

Un,, upa, —u in L°°(0,7,W) and

Since (ua,) is uniformly bounded in L*°(Qr), (f1) implies

1ha, () = Fu@®)llzz@) < Cllua,(E = Ay) —u(t)] L2()-
Hence we deduce that ha, — f(-,u) in L>(0,T, L?(£2)). Next, we follow Step 4 of
Theorem [[LT] and obtain that u is a weak solution to (Pr).

Now, we prove the uniqueness of the solution to (Pr). Let w be another weak
solution of (Pr). By (f1), for t € [0,T7:

%Hu(t) - w(t)||2L2(Q) — /0 (a(z,Vu) — a(z, Vw),u —w)ds

T t
= [ [ = s = w)dsds < [ uls) = w()lFaq ds

Since v — —V - a(x, Vu) is a monotone operator from W to W, the second term
in the left-hand side is nonnegative. Then, by Gronwall’s lemma, we deduce that
U= w.
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Step 5 of the proof of Theorem [Tl again goes through and completes the
proof. O

3.2. Existence of global solution of (Pr)

Now, we prove Theorems and [I.4] To ensure the existence of barrier functions,
we will need the following lemma.

Lemma 3.1. Assume conditions (A1)—(A4). Let f : Q x R — R be a function
satisfying (f1), (f3)—(fs) and h € LY(Q) with ¢ > 1%' Assume that f and h are
nonnegative functions. Then the stationary problem

(s) -V -a(x,Vu) = f(z,u) +h inQ,
u=0 on 02
admits a nontrivial weak solution uw € W. Furthermore, u € L*(€2).

We define the notion of weak solution to (S) as follows.

Definition 3.1. Any function w € W is called a weak solution to (5) if for all

pew,
/ a(z,Vw) - Vodr = / (f(x,w) + h)pdx.
Q Q
Proof. Consider the energy functional E associated to (S) given by

/AacVudx—/qudx—/hudx

where F(x,t) fo x,5)ds.
Define

: s)|
Qoo := sup lim sup — and [y := inf liminf .
00 2€Q [s]|—ro00 |5|P -1 zeQ) s—0 |3|P —1

By (f3) and (f4), for € > 0, there exists a constant M = M (e) large enough
such that for any (x,t) € Q x R, |F(x,t)] < M|t| + C“‘;)‘+_+5|t|p7 and such that

Qoo +& < yAP (p.)”. Hence, F is well-defined and continuous on W. Moreover, by
([TI), for ||u|lw > 1, there exists C' > 0 such that

> +’y /|Vu|’"(”3)dac—M/|u|dac—0l°°j—8
pt—=1Jg Q p

x / ful?™ dz — Cl[A]| ey lullw

E(u)

y Oo + €

> L ulfy - — MJulw

el o

y Qo + € = ~
- M .
(7 - S )u Jullw
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Condition (fy4) implies that E is coercive. Thus, E admits a global minimizer v € W
which is a weak solution of ().
We claim that u # 0. We need to consider two cases f(.,0) +h #Z 0 and h = 0.
In the first case, this is obvious. For the second case, we establish that there
exists v € W such that E(v) < 0. Consider ¢ > 0 and v, € C}(£2) such that

B> DA+l (7)o locllw =1 and [ocll,, - > (3.4)

1
A+e’
By (fs), for n > 0, there exists s, > 0 small enough such that for any = € Q and
0<s<sy

[f(,8)] = (Bo —m)lsl” .
Hence we obtain using (LI) and @), # = 6(n) > 0 small enough such that

E(fv.) < 67~ ( 3 /|Vv5|p(”) dz — 50—j”/ vl d:c)
Q p Q

p~—1

<o r _ﬂo-ﬁ( 1 )p
- p~—1 P A+e '

Choosing 1 small enough and using the first inequality in (3.4]), we conclude
that E(Av.) < 0 and we deduce that u # 0. Finally, by Corollary [AZ2, v € L>(Q).
O

Lemma 3.2. Letp € C?(Q), B € (0,1). Assume conditions (A1)—(A4) and (A6).
Let A € RT such that

* Y(pe)”
A> N = —
- 2|Q|1/d00

where Cy is the best embedding constant of Wy (Q) C Ld_il(Q) Let wy € WnN
L (Q) be the unique solution of

—V-a(x,Vwy) =X in€Q,
(Ex)
wy =0 on 0f).
Then, there exist two constants Cy and Co which do not depend to X such that
lwxllLe < Cl)\@‘l—l) and  wy(x) > Cg)\f’—llﬂp(x) (3.5)
where p € (0,1) and p(x) = d(x, 08) denotes the distance of v € Q to the boundary
of Q.

Proof. We first prove the upper bound of (BH]). For that we follow closely the proof
of [T6] Lemma 2.1], Let u be the solution to (E)) for a fixed X satisfying assumptions
of the lemma. By the maximum principle, v > 0. Using classical regularity results
(see [15,18]), v € C*(Q) and from [34] u > 0 in 2 and satisfies the Hopf maximum
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principle. Now, for k > 0, set Ay = {x € Q : u(z) > k}. Using (u— k)™ as a testing
function together with (1) and the Young inequality, we obtain for any ¢ > 0:

ij 1/ |Vu|p(w)dx§/ a(x,Vu) -Vudz =X [ (u—k)dz
—1 /4,

Ak Ak
< N =7y ) < NG [ [Tula
k
1/d
< M/ 6p(I)|vu|p(ﬂv) dx
b Ay,
)\|Ak|1/d00/ ,
+— e 7@ dg, 3.6
(p+)0 A ( )

Taking € = (3°)Y/?", we have

1/d
A Ag[V4C, / ) 7y [P@) 4y < — / VP de
P Ay T 2(pt —1) Ja,

which implies together with (3.6))

2) 1) Ay 2\ +_1
/ Tup® gy < 2200 +>| il / re) gy < PG -1 iy
Ak Y(pt)e A ’Y(p+)ce(p )e

(3.7)
From (L2), (3.8) and B.7), we get
/ (u—k)de = l/ a(z,Vu) - Vudz < c_1/ [Vul[P@®) dz < K|Ag|"Fa, (3.8)
Ap A Ay A Ak

where K = 2aCoe’ -1 By in [25] Lemma 5, Chap. 2] and B8], we deduce that

A (pH)ee® e
d+

~ 1
lull () < K(d+1) 7 Q¢

from which we easily obtain that [u|| ) < C’lz\flfl where C; does not depends
on A. Next, we show the lower bound estimate. Since 92 is C2, there exists £ € (0, 1)
small enough such that p is C? and

[Vpl=1 in{zef: plx) <3} (3.9)

(see [24, Lemma 14.16, p. 355]). As in [34], we introduce the following function: let
Kk >0,
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Next, we show that for a suitable value of x, v; € C1(Q) is a subsolution to
(E\). Precisely,

V -a(z, Vo) Z (x,Vor) Z %(x Vo )ﬂ(x)
) a ) L= 06 Y om0,
Using the definition of vy, (B:9) and noting that for any 7, j € {1,...,d}
8ai 1 8¢
e Ly = T A \L, i&; + €, (;’L'H
S 5.6) = 1 e @ DG + o €Dby

where §;; is the Kronecker symbol, we get

¢ dp _
V- a(z, Vi (z)) = K , 8_aci(x’ |fi|)8—%($) + ko(x, [k])Ap  if p(x) < ¢,

i=1
0 if 20 < p(x)
and in {x € Q : £ < p(x) < 20},
d

ol () 32 0) + 5 3 T

V-a(z, Vi) = sm(p (x, sm(p)Vp)

HM&

i,j=1

dp . Op 0?%p

/

x (m ()5 ) g a) 4 i) 5o =) ).

Then, using hypotheses (A4), (A6) and relations (L2) and (39), we obtain that
|Va(z, Voi(z))] < CkP®) =11 ae. on Q, for any p € (0, 1), where C' = C(¢, 1, p, Q)
and independent of k. Choosing k such that 20KP —1HH = A, we have that v; is a
subsolution to (E)) and since wy > vy, the lower bound in (33)) is proved. O

Remark 3.1. About the Ch%(Q)-regularity of the solution of (E)), we apply [L5,
Theorem 1.2]. More precisely, we need the condition on a: for § € (0, 1), there exists
¢ > 0 such that for any z, y € Q, n € R%:

~ +_
la(z,n) — a(y,n)| < éaz—y/P(1+|nP 10,

where 3 is the Holder exponent of p. Obviously, condition (A6) implies the above
inequality.

Now, we give the proof of the existence of global solutions.

Proof of Theorems and 4. We consider the stationary quasilinear elliptic
problem associated to (Pr):

(Pu) {—V-a(x,Vu) = f(z,u) in Q,
u =0 on 0f).

Thus, we claim that if (C1) or (C2) hold then there exist uw,w € WN L>(Q), a sub-
and a supersolution of (Ps) such that u < ug <.
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First, consider that (C1) holds. For (z,s) € @ x R, define
G(z,s) = |V -a(z, Vug(z))| + | f(z, s)|.
Consider the following problems:
{—V -a(z,Vu) = —G(z,u) in Q, and {—V -a(z,Vu) = G(z,u) in Q,
u=0 on 0N} u=0 on O€.
Lemma [3] implies the existence of u and w € W N L>°(2). Moreover,
—V-a(x,Vu) = -G(,u) < -V -a(z,Vug) and
-V -a(z,Vu) = G(-,u) > =V -a(x,Vug) a.ein (.

Hence the weak comparison principle implies u < ug and u is a subsolution of (Px).
Similarly, we have that @ > ug and @ is a supersolution of (Px).

Now, if (C2) holds, we use Lemma above. Precisely, from assumptions (f3)
and (f1), for € > 0 there exists My = My(so,€) > 0 such that for any M > My

If(2,8) < M + (a0 +¢)|s[P =1 for any (z,5) € 2 x R.
From Lemma BJ], there exists a positive solution, wy. € WN L*(Q) to

— -1
{—V ca(z, Vw) = M + (ase +€)|wf? in Q, (3.10)
w =0 on 0.
Moreover, we have Wy . € C1(Q) (see [I5, Theorem 1.2; I8, Theorem 4.4]).
Fix 0 < A < M, let wy be the solution of (E)). By Lemma B2 we deduce that
lwa|l L) — o0 as A — oo. From the weak comparison principle, wy < W .
Therefore,

lWnrellLoe(o) — 00 as M — oc.

Moreover, since ug € C3(2), there exists K > 0 such that for any = € Q, |ug(z)| <
Kdist(z,09). Hence choosing A\ and M large enough, we have by Lemma
Whpe = Wy = |ug| in Q.

Set w = wy and u = —wp.. We deduce for M large enough,u and u are
respectively a super- and a subsolution of (Ps) such that v < ug < .

Now, we proceed as in the proof of Theorem We define the sequence (u™)
as follows:

u” — AV -a(z, Vu') = u 1+ Ayf(z,u™t) in Q,
u™ =0 on JN)

for n =1,2,..., N with u® = ug. we prove for n > 1, u < v" < 7 in Q. Indeed for
n = 1, we have

u—ul — AV -a(z,Vu) — V-a(z, Vu')) <u—u® + Ay(f(2,u°) — fz,u).

Since s — f(x,s) is Lipschitz on [—M;, M;] uniformly in = € , where M is the
maximum of ||ul|p~ and ||@|| L thus, for A; small enough, the function Id — A f
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is nondecreasing. Then we have
u—u' — Ay(V-a(r,Vu) — V-a(z, Vu')) < (Id — Arf)(u — u°).

Hence the right-hand side of the above inequality is nonpositive and thus by the
weak comparison principle we have u < u'. Similarly, we prove u!' < .

By induction, for n > 1, u < «” < @ in . Thus, (u") is uniformly bounded
in L>(€2). The rest of the proof follows from steps 3 and 4 of the proof of
Theorem [[2] O

4. Stabilization

4.1. Existence and uniqueness of the solution of the
stationary problem

In the purpose of investigating the behavior of the global solution to (Pr) as t — oo,
we consider the stationary problem:

-V -a(x,Vu) = f(z,u) in Q,
(Py) u>0 in Q,
u=0 on 0N).

We define the notion of a weak solution as follows:

Definition 4.1. Any positive function w € W N L*>(Q) is called a weak solution
to (Py) if for any ¢ € W,

/a(x,Vw)-V<pdx = / flz,w)pde.
Q Q

We first discuss the existence and the uniqueness of the weak solution to (P). In
the proof of Theorem [[LH, we will use the following ray-strict convexity result on
the energy functional proved in [23]. We start by a definition.

Definition 4.2. Let X be vector space. A functional W: V % {v: Q@ —

(0,00): v € X} — R will be called ray—strictly convex (strictly convex, respectively)
if it satisfies for all vy, v € V and for all 6 € (0,1)
W((1 = 6)vy + 0vg) < (1—0) - W(v1) + 0 - W(va), (4.1)

where the inequality is strict unless vy/v; is a constant (always strict if v1 # vs,
respectively).

With the above definition, we have the following theorem.

Theorem 4.1. Let r € [1,00) and p: Q@ — (1,00) satisfy 1 < p~ < pt <
oo and r < p~. Assume that A: Q x R — R, is continuous satisfying (A7) and

(AB) & — N(x,¢§) def Az, &)"/P@): RY - Ry is strictly convex for every x € Q.
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Then (the restriction of) the functional Wy: X ef {v € LP@/MQ) : ||/ €

W} — Ry defined by

Wa(v) / Az, 9 (|o(z)[/7)) da

to the convex cone V is ray-strictly convex on V.
Furthermore, if p(z) Z r in Q, i.e. if r = p~ = p(x) = p™ does not hold in Q,
L]

then W4 s even strictly convex on V.

Remark 4.1. We note that the function ¢ +— A(z,£) = N(z,6)P@)/7: R —
R, is strictly convex for each fixed z € 2, thanks to the power function ¢ +—
tP(@)/7: R, — R, being strictly monotone increasing and convex. Consequently,
A(x,€) > A(z,0) = 0 for all z € Q and ¢ € RN\{0}, and A: O x S¥~! — R, is
bounded below and above on the compact set Q x S*~1 ¢ R? x R? by some positive
constants; hence, the “coefficient” A(z, %), if € = V(|v|*/") # 0, is bounded from
below and above by some positive constants. Consequently, we recover that the ratio
of the functionals in [, A(z, Vu)dz and [, |Vu|P®) dz is bounded from below and
above by the same positive constants as in (ICI).

Conversely, if we assume that £ — A(z,§) is strictly convex for each fixed
x € Q, then for any 1 < r < p~, £ — N(z,€) is strictly convex if r # 1. Indeed
applying [§, Lemma 2.1] to the function F(¢) = A(x,£)V/?(*) | we deduce that F is
convex and thus, for any r > 1, £ — N(x,§) = (F (&))" is strictly convex.

For the reader’s convenience, we give the proof.

Proof of Theorem H.d]. Recalling Definition [£2] let us consider any vi,vs € V
and 6 € (0,1). Let us denote v = (1 — 0)v; + Ouvz; hence, v € V. We obtain easily

1/r
Vo .
V(v (x)¥") = UlTU—U fori=1,2

and

l (1 —0)Vuy + 0V
7 (1= 0)vy + Gug)t—(/7)

V7 (1 - 0)Vuy + Vv,

V(v(z)'") =

T v
1/r

_ v <(1_g)”_1.ﬂ+9”_2.ﬂ) (4.2)
T v V1 v V2

with the convex combination of coefficients (1 — ) 2+ and 6 “2,
1-0)2Lro2 =1
v v
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Now, let © € Q be fixed. Since £ — N(x,€) is strictly convex, by our hypothesis,
we may apply the identities from above to conclude that

N( (1_9)”1.V”1 9”_2@)
v V1 v V2
<(1—9)U—I-N<x V”1)+e—- @E) (4.3)
v V1 ]

The equality holds if and only if

Voui(x)  Vug(z)
vy () va(x)

Note that the homogeneity conditions (A7) and (A8) yield

,  which is equivalent to V ( 2

(4
—
&
N
~__
Il
o
—
N
~
S~—

N(xz,t€) = [t|" N(x,£) forallt € R, £ € RL (4.5)

Consequently, plugging (£2)), (£3)) and (&3)), we obtain

N(z, V(o)) = rir "N (w, (1-10) v Vuy Lel2. E)

v (% v (%)

(1_9)”_1.N<x,ﬂ>+9@-zv<x,@)
rr U1 rr Vo

—(1-6)-N (x V(v (x)l/r)) 10N (:c V(vg(x)l/r)) (4.6)

IN

Finally, by Remark 1] we conclude that inequality (£6) entails
Az, V(o(@)V™) < (1 —0) - A(z, V(o1 (2)Y7)) 4+ 60 - Az, V(va(x)/7)). (4.7)

We integrate the last inequality ([77) over © to derive the convexity of the restriction
of the functional W4 to the convex cone V C X.
To derive that W, is even ray-strictly convex on V', let us consider any pair

V1,02 € 1./ with v; Z vy in Q. We observe that the equality in the convexity
inequality (ET) forces both conditions, (E4) and p(z)/r = 1, to hold simultaneously
at almost every point z € Q. These conditions are then equivalent with vy /v; =
const (# 1) in 2 and p(z) = r in Q. Thus, if p(x) # r in ©Q, then Wy is even strictly

convex on V. O

A consequence of Theorem ETlis the following extension of Diaz—Saa inequality
also proved in [23] in a weaker form.

Theorem 4.2. Let r € [1,00) and p: Q@ — (1,00) satisfy conditions in Theo-
rem Bl Assume that A: Q x RY — R, satisfies (A1)-(A4), (AT). Then the
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following inequality:

/Q (_ diva(e, V() | diva(z, VU2($))) (o — o) de > 0 (4.8)

’Ul(.’IJ)T71 02(:17)7“71

holds (in the sense of distributions) for all pairs vi,vs € W, such that vy > 0, va >0
a.e. in Q and both vy /ve, va/v1 € L®(Q). Moreover, if the equality in [ES8) occurs,
then we have the following two statements:

(a) va/v1 = const > 0 in Q.
(b) If also p(x) # r in Q, then even vi = vo holds in Q.

Proof. Recalling Definition @2, let us consider any pair wy,ws € W, such that
wy > 0, wy > 0 a.e. in Q and both wy /wa, we/wy € L=°(N). Consequently, there is
a sufficiently small number ¢ € (0, 1) such that

v 1wt oy eV and v €W forall e (5,1 +0).
The function
def

00— W(O) = W) =Wa((1l —0)w] + 0wy): (—0,14+9) — Ry

is convex and differentiable with the derivative

W(0) :/Qa(ac,V(v(ac)l/T))-V (@) dz.

v

The monotonicity of the derivative 6 — W'(0): (=d,1 + 0) — R yields W'(0) <
W'(1), which is equivalent with

/Qa(ac,le(ac)) v <w1 - wlfil) dz > /Qa(x,ng(ac)) v (% - wQ) dz,
(4.9)

thanks to v = w] if § =0, and v = w} if § = 1.

It is now easy to see that inequality (48] is a distributional interpretation of
@) after integration by parts.

Finally, let us assume that the equality in (.8) is valid. This forces W'(0) =
W'(1) above; hence, W’(0) = W’(0) for all # € [0,1], by the monotonicity of
W’:10,1] — R. It follows that W: [0,1] — R must be linear, i.e. W(0) = (1 —
)W (0) + W (1) € R for all 6 € [0, 1]. Recalling our definition of W, Remark (1]
assumption (A3) (which implies the strict convexity of & — A(x, &) for each fixed
x € Q) and Theorem 1] we conclude that ws/wy = const > 0 in Q. This proves
statement (a).

To verify statement (b), suppose that the constant above wy/w = const # 1 in
Q. Then the equality in both inequalities, ([E6) and (), is possible only if p(z) = r
in 2. Statement (b) follows. m|
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Remark 4.2. An alternative proof of Theorem 2 is to show a Picone inequality
in a similar fashion as in [8] (see Proposition 2.9 and Remark 2.10). Precisely, we
can derive the following Picone inequality:

A(x,VUQ)p(r)—T/p(z)A(I,vvl)r/p(z) > <$8§A(x,vvz),v(ﬁ/”£1)>
(4.10)
= La x, Vv o Job Tt
~ (=Ll Vua) Ve /7))

for any vy, ve satisfying assumptions in Theorem and each fixed z € Q. Com-
bining (&I0), Remark [[7 and the Young inequality, we then easily derive (E9)
and (£3)). Note that inequality (@I0) being pointwise is stronger than the Diaz—
Saa inequality (E8)) and is of independent interest.

Proof of Theorem Let u be a weak solution to (Py). From (f1), (f3) and
(f6), there exists M > 0 large enough such that

0< flz,s) < M+|sP ! Vs>0 andzcQ. (4.11)

Hence, from [I8, Theorem 4.1, p. 312], it follows that w is bounded and from [I5,
Theorem 1.2], belongs to C*(Q). From the Hopf boundary point lemma in [34]
(see Theorems 1.2), u satisfies du/dv < 0 on 9. Therefore, for any pair u, v of
weak solutions to (P4 ), u/v and v/u belongs to L>°(2). Then let 7, defined in

‘./' by
Tp- (w) dZEf/ A(x,V(wl/p_))dx—/ F(z,w? ) dz,
Q Q

where F(z,t) = fg f(x,s)ds.

From Theorem E1 and (fs), J is strictly convex on V. Let w; = uP  and
wy = vP . Hence, the function J,-:t — J,- (w2 + t(wy — w2)™) is well defined,
convex and differentiable on [0, 1]. Since u, v are weak solutions to (P4 ), J, - (0) =
J,-(1) =0.

According to Theorem with v1 = wy + t(w; — wa)T and vy = ws, assertion
(b) implies (w; —wsz)™ = 0, that is u < v. Interchanging the role of u and v, we get
u = v. This proves the uniqueness of the weak solution to (P ).

Now, supposing that (f1), (f5) and f(x,0) = 0 are satisfied. Extending f by
f(z,8) = 0 for s < 0, we apply Lemma [3.I] with h = 0 to obtain the existence
of a solution u € W N L>°(Q). From the strong maximum principle given by [34,
Theorem 1.1], u is positive in  and then a weak solution to (P4 ). This completes
the proof of Theorem [T25] O

4.2. Proof of Theorem

Let T > 0. Note that from assumptions (f1), (fs), f(2,0) = 0 and since f is locally
Lipschitz in respect to the second variable uniformly in = € €, there exists M > 0
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large enough such that (I])) is still valid. The existence of u € W2(0,T; L?(Q2)) N
C([0,T],W) N L>(Qr), unique weak solution to (Pr) with initial data ug € WnN
L>(Q) and T small enough follows from Theorem [[L21 The L* bound is provided
by the barrier function v solution to

dv -
—=M+o" 7t T
L +v , te(0,7),

0(0) = luolloo-
Note that the uniqueness of the weak solution and the statement v < v in Qr
follow from the local Lipschitz property of f and the monotonicity of V - a(z, V-).
To get the existence of global weak positive solutions to (Pr), we need to construct
a subsolution u and a supersolution @ independent of ¢:

~V-a(z,Vu) = ¥ ~! inQ,
u=~0 on Of)

and 4 = Wy defined in ([BI0) where A > 0 is small enough and M > 0 large
enough. From [18 Theorem 4.1], u and @ are bounded. From Theorem 1.2]
and [34) Theorems 1.1 and 1.2], they belong to Cy'H(Q) N C*(Q) for some
a € (0,1). Hence, it is easy to prove that [lullci — 0 as A — 07. From
Lemma [3:2] we have that there exist C,Cy > 0 independent of M such that
ClevJ’—;H"p(x) < a(z) for some 0 < v < 1. Therefore, from (f4) and (f5) for A
small enough and M large enough we have that u (respectively, ) is a subsolution
(respectively, a supersolution) to (Py) and u < ug < @. Thus, u is a global weak
solution to (Pr) and using the weak comparison principle on the discrete time-
approximated scheme ([B:2) we obtain u < wu(t) < @ for any 0 < t < oo. Using
Theorem [B:2] we obtain that uj (respectively, us) the weak solution to (Pr) with
initial data u (respectively, @) is a mild solution. Then, u; (respectively, us) belongs
to C([0,00),Co(Q)) and since u (respectively, @) is a subsolution (respectively, a
supersolution) [0,00) 3 t — wuy(t) (respectively, [0,00) > t — wu2(t)) is nonde-
creasing (respectively, nonincreasing). Hence, u; and ug converge (pointwise) to a
positive steady state as t — co. From Theorem [[L5], (Pr) admits a unique positive
and continuous stationary (weak) solution u, and hence by Dini’s theorem we infer
that

lui(t) — voollL=@) — 0, |luz(t) — vuso|lL=~@) — 0 ast— oo

which reveals [[u(t) — ool Lo () — 0 as t — oo since uy () < u(t) < ua(t).

Appendix A. Regularity Result

We begin by recalling the following compactness embedding.

Theorem A.1. Let p € P'8(Q) satisfies 1 < p~ < pt < d. Then, WHP(#)(Q) —
Le@)(Q) for any a € L>(Q) such that for all z € Q, a(z) < p*(z) = ddinggﬁw)). Also,
the previous embedding is compact for ax) < p*(x) — e a.e. in Q for any e > 0.
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Next, we recall the regularity result due to Fan and Zhao :
Proposition A.1 ([18, Theorem 4.1]). Assume conditions (A1)—(A4). Let p €
C(Q) and u € W satisfying

/ a(z,Vu) - Vedx = / flzyu)pdr, YVeoeW,
Q Q

where f satisfies for all (z,t) € Q xR, [f(x,t)] < c1 + co|t|" @~ with r € C(Q)
andVx € Q, 1 <r(z) < p*(z). Then u € L>=(Q).

For f(z,-) = f(x), we have the following proposition.

Proposition A.2. Assume conditions (A1)—(A4). Let p € C(Q) with p~ < d and
u € W satisfying

/a(x,Vu) -Vepdr = / fodz, YypeW, (A1)
Q Q

where f € L1(Q), q > 1%" Then u € L*>(Q).

To prove Proposition [A.2] we have the following regularity lemma (see Fusco
and Sbordone [20] and Giacomoni et al. [21])

Lemma A.1. Let u € Wol’p(Q), 1 < p < d, satisfying for any Br, R < Ry, and
for allo € (0,1), and any k > ko >0

/ Vul? de < C / TR a0 Al 4+ | Al E
Ak,oR Air R(l - U)
u—k a "
+ / —| dzx | Ak r|°
( Ak R R(1—o0) )

where Ay p = {x € BpNQu(z) >k}, 0 < a < p* = ddTpp and €, 0 > 0. Then
u € L>®(Q).

Proof of Proposition[AZ2l We follow the idea of the proof of [18, Theorem 4.1].
Let 29 € Q, Bg the ball of radius R centered in zy and Kp := QN Br. We
define

+ . - mi
pTi=maxp(x) and p~:=minp(z)
and we choose R small enough such that p* < (p7)* := dd_p;,. Fix (s,t) € (R7)?,

t < s< Rthen K; C Ky C Kg. Define ¢ € C*(Q2), 0 < ¢ < 1 such that

1 in B,
p= o
0 in R"\B,
satisfying |Vp| < 1/(s — t). Let k > 1, using the same notations as previously

Apa ={y € Ky |u(y) > k} and taking ¢ (u— k)T € W in ([(KJ) as test function,
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we obtain

/ a(z, Vau) - Vug? dz+p* / a(z, Vu) - Vo (u— k) Te? ~tdz
Ak s Ak‘,s

= foP (u —k)dx. (A2)
Ap.s

Hence by Young’s inequality, for € > 0, we have

p*/ a(z, Vu) - V(u — k)(pf*l dz
Ak,s

p(z) p(z)
< E/ la(x, Vu)|Wgo(p+fl)W do +ce™ / (u — k)P |V P@)
Ak,s

Since \Vgo\ < ¢/(s —t) and for any z € Kg, pt < (pT — 1)p(p()$21, we have
(r*=1) 3¢

© p(T) 1 <(pp .

Hence using (T2), this implies

p+/ a(z,Vu) - Ve (u— k:)<pp+_1 dz
Ak,s

56/
Ay

e, s

(“ —k )M da. (A.3)

|Vu|p(9“)ap’”+ dz +e! /
s—1

Ak,s

Using Holder inequality, we estimate the right-hand side of ([A2]) as follows:

¥ (u— k) dz < | ]| o (/ (u—k)qqldx>
Ag.s Ak.s
( )

q—1

q

Since g > —_, we have 2=1 > 1. So, applying once again the Holder inequality,

we obtain

)" )
foP (u —k)da < (/ (u—Fk) » dx) |Ak,s|5, (A4)
A, s Ag.s

where § = Tl_(p 7= > 0. Set {fu—k>s—t}={x € Kr|ulx)—k>s—1t}and

its complement as {u —k < s —t¢}. Now, we split the integral in the right-hand side
of (&) as follows:

AN .
/ (u ) ! (s —1t) Y ds
Apon{u—k>s—t} \S—1

(r—)*

—E\ o )"
+/ (u ) ! (s—t) »= dx
A, sN{u—k<s—t} s—1

o (p7)"
5/ (“ ’“) dz + |Ap| = T. (A.5)
Ag.s

s—t
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In the same way, the second term in the right-hand side of ([(A3]) can be estimated
as follows.

_ 1\ P@) _ 1\ P®)
/ (“ k) dac+/ (“ k) dr <7I. (A.6)
A, sN{u—k>s—t} s—1 Ap,sN{u—k<s—t} s—1t

Moreover, we have

/ a(z, Vu) - VugoP+ dz 2 / |Vu|p(””)g0p+ dz > 0. (A7)
Ak75 Ak‘,s
Finally, plugging (A3)-(AZ) and we obtain for £ small enough
/ IVuP@ P de < T + |Ag ST
Ak,s

where the constant depends on p, R and . Moreover, we have

D
- _ N\ (@) > -
VAT s (/ <Z f) dx) + | Ak, s Tl
Ag.s -

Hence using the Young’s inequality, we obtain the following estimate:

[ovarde < [ VP do s A
Ag.t k

e, s

—k ()" -
< / (u ) Az + [Aps| + [Ap |77
Ag.s s—t

_E\®)T )~
+ ] Agl? (/ (“ - ) dx) .
Ak,s S t

By Lemma [A1] we deduce that u bounded in €. O

Combining Propositions [A1] and we have the following corollary.

Corollary A.2. Let p € C(Q) such that p~ < d and u € Wol’p(z)(Q) satisfying
/ a(z,Vu) - Vedr = / (f(z,u) +g)pdz, YVopeW,
Q Q

where f satisfies |f(x,t)| < ¢1 + co|t|" @~ with r € C(Q) andVz € Q, 1 < r(z) <
p*(x) and g € L9, q > 1%, Then u € L*>(2).

Appendix B. Existence of Mild Solutions to (L) and (Pr)

We use the theory of maximal accretive operators in Banach spaces (see [7} Chaps. 3
and 4]), which provides the existence of mild solutions. More precisely, observing

that the operator Ag(-) f . a(z,V(-)), with Dirichlet boundary conditions, is
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m-accretive in L () with
D(Ap) ={ue WNL>®(Q)| Aou € L*>(Q)},

we get the following properties, which essentially follow from Theorem [[I] with
Theorem 4.2 (p. 130) and [7, Theorem 4.4, p. 141]:

Theorem B.1. Assume conditions (A1)—(A5). Let T > 0, h € L>(Qr) and let
ug be in WN D(AO)L . Then,
(i) the unique weak solution u to (L7) belongs to C([0,T];Co(f2));

(i) #f v is another mild solution to (L) with the initial datum vo € WND(Ay)
and the right-hand side k € L (Qr), then the following estimate holds:

oo

lu®) = v(8) =)
t

< o — ol + [ Ih(5) — Kliwyds, 0<<T5 (B1)
0

(iii) if ugp € D(Ap) and h € WHL(0,T; L>°(Q)) then u € WH°(0,T; L>(2)) and
V- a(z,Vu) € L=(Qr), and the following estimate holds:

Oh

ou T
< . oo —_— .
H 5 (t) < IV -a(z, Vug) + h(0)]| Lo (o) —|—/0 5 (t) o) dr

L ()
(B.2)

The m-accretivity of Ay follows from the following proposition.

Proposition B.1. Assume conditions (A1)-(A4). Let f : QxR — R be a function

satisfying (f1) and nonincreasing with respect to the second variable. Assume further
that © — f(x,0) belongs to L>(Q2). Then, Ay defined by Af(u) _v. a(-, Vu) —

f (-, u) is m-accretive in L™ ().

Proof. First, let h € L>*(Q2) and A > 0. Then,

u+AAf(u)=h inQ,

u =0, on 02
admits a unique solution, v € W N L*>(Q). Indeed, for p > 0 large enough u
and —pu are respectively supersolution and subsolution to the above equation and
then from the weak comparison principle, u € [—pu,p] and u is obtained by a
minimization argument and a truncation argument. The uniqueness of the solution

follows from the strict convexity of the associated energy functional. Next, we prove
the accretivity of Ay. Let h and g € L*°(2) and set w and v the unique solutions to

u+Ayu=~h in Q,
v+ AApp =g in Q.
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Subtracting the two above equations and using the test function w of (u—v—|h-—
gllzoe()) ™, we get u—v < [|h — g[| L () and reversing the roles of u and v, we get
that [|u — v|| 1) < ||h — gl L(q). This proves the proposition. O

The proof of Theorem [BI] similar to the proof of [21, Theorem 2.8], is given
below.

Proof of Theorem [B.1l We follow the approach developed in the proof of [7,
Theorems 4.2 and 4.4]. Let ug, vy be in D(AO)L @ For 2 € D(Ap) and r,k in
LOO(QT)a set

V(t,s) = |r(t) — k(s)llL=(o) V(ts)€[0,T]x[0,T];

b(t,?‘, k) = ||’LLO — ZHLOO(Q) + HUO — Z”LOO(Q) + |t|||Aoz||Loo(Q)

“J,

+

B
(7 | e sy A + / 1E() |z dr, &€ [-T,T),
and

/1925—5+7'7')d7' if0<s<t<T,
Y(t,s)=0bt—s,rk)+
/19Ts—t+7')d7' f0<t<s<T,

the solution of

N s+ %(u s)=9(t,s) (ts)e0,T] % [0,T],

ot
Y(t,0) = b(t,r k) t e 0,7, (B.3)
Y(0,s) =b(—s,7,k) s€0,T).

Moreover, let us denote by (u?) the solution of @II) with A; = ¢, h = r,

€

o= 1 (26_1)67‘(7',~)d7' and (uy) the solution of @) with A, = n, h = k,

k™ = % (Z:’_l)n k(7,-) dr, respectively. For (n,m) € N* | elementary calculations
lead to

€7)
n__,m Anu™ — Aqu™
ul — up +€+77( oug — Aguy")

€

7 n—1_ _,m
™ )+ o

n m—1 €1 n m
_ —k ,
- u (uf = ™) + = = k™)

i €+n

and since Ay is m-accretive in L>(Q) we first verify that f 3,7, = [[uf — u}'|| L~ ()
obeys

n , € , n
it € el e b I

’ €+
F:L’;’)Sb(tn,re,k:n) and FO"7 < b(—Sm,Te, k),
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and thus, with an easy inductive argument, that f 57, < Y37 where T3 satisfies

n,m —

Yol = Xt X+ = K e
Y0 = b(tn, e, ky) and  YG7 = b(—8m, 7, ky).
For (t,s) € (tn—1,tn) X (Sm—1, Sm), set
0, 5) = [Ire(t) — ky(s)]l oo
Tt s) = T30,
be(t,r k) = b(tn,re, ky)
and
bey(—s5,7, k) = b(—8m, e, ky).
Then Y¢" satisfies the following discrete version of (B3):
Te(t,s) — Tt — ¢, 8) n T (t,s) — T (t, s — 1)
€ n
TN(t,0) = ben(t,r, k) and Y7(0,s) = bey(s, 7, k),
and from b, (-, 7, k) — b(-,r, k) in L>°([0,T]). Furthermore,

N, tn
Z/ |7(s) = 1n|loc ds — 0, ase— 0T,
n=1 tn—1

= 99" (t, s),

N, Sm
3 [ 1K) bl 0 a5y 0",
=1YSm—1

The above statements follow easily from the fact that r,k € L1(0,T; L>(2)) and a
density argument.

We deduce that pc, = [|[T7 — Y| oo (o, 1)x[0,7]) — O as (,7) — 0 (see for
instance [7, Chap. 4, Lemma 4.3, p. 136] and [7, Chap. 4, proof of Theorem 4.1,
p. 138]). Then from

[ue(®) = un(s)lloe = F7(t,5) < T(t,5) S T(L, ) + pen, (B.4)
we obtain with t =s, r =k = h, vg = ugp:
l[ue(t) — un(t)llL=() < 2[luo — 2l|L=(q) + Pens

and since z can be chosen in D(Ap) arbitrary close to ug, we deduce that u. is a
Cauchy sequence in L>®(Qr) and then that v, — u in L>(Qr). Thus, passing to
the limit in (B4) with r = k = h, vo = up we obtain

[t—s]
la(t) — (s ey < 2o — 2l + 1t — sl Aozl (e + / () e e d
max(t,s)
+ / 1A([t — s+ 7) — (7]l =gey d7,
0
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which, together with the density D(Ag) in L>(2) and h € L1(0,T; L>(R)), yields
uw € C([0,T]; L*°(£2)). Analogously, from (B4l withe =n = A, r =k =h, vo = uo

and t = s + A, we deduce that
ua,(t) —da,()|lL=@) < 2[ua,(t) —ua,(t — At)llL= (@)

< Alug — 2| o) + 20¢[[ Aoz | L= ()
Ay
2 [ o)y
0

t
+2/ 7(As +7) — h(r)]| o dr,
0

which gives the limit ua, — w in C([0,T]; L>=(Q)) as Ay — 0. Note that since
aa, € C([0,T]; Co(R)), the uniform limit u belongs to C([0,T]; Co(Q)). Moreover,

passing to the limit in (B4 with ¢ = s, we obtain

t
Ju(t) = o) L(@) < lluo = 2llzoe@) + [[vo = 2l () +/0 l7(7) = k(1) | oo dr,

and (B)) follows since we can choose z arbitrary close to vg. Finally, if Aqug €
L>(Q) and h € WHL(0,T; L>°(Q2)) and if we assume (without loss of generality)
that ¢t > s then with z = vy = u(t — ) and (r, k) = (h, h(- +t—s)) in the last above

inequality, we obtain

[u(t) —u(s)l[L @) < [Juo — ul(t — s)||L=(q)

/ 1A(r) — h(r +t — 8)|| (s dr-

From (BJl) with v = ug, k = Aguo:

t—s
Juo = u(t = )z < | [Aoto = A7) <o) &
0

Using (B6) and gathering Fubini’s theorem and

T4+t—s
h(r) — h(r 4+ — 5) :/ %(a)da,

the right-hand side of (B.5) is smaller than

t—s
(t — 9)]| Aotio — h(0) | () + / 15(0) — h(r) | 1 (e d

/ Ih(r) — h(r +t — )| g (e dr.
Thus,
lu(®) — u(s) ]l (o

dh

T
< (t = 5) oo — hO) =) + (t =) [ G
0
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Dividing the expression (B7) by |t — s|, we get that u is a Lipschitz function and

since 2% € L*(Qr), passing to the limit [t — s| — 0 we obtain that u®)-uls) _, du

t—s ot
as s — t weakly in L?(Qr) and *-weakly in L>(Qr). Furthermore,
t) — oo
2] <0t
Lo (Q) s—t |t — 8|
Therefore, we get u € WH°(0,T; L>=(2)) as well as inequality (B.2). O

Concerning problem (Pr), we deduce the following similar result.

Theorem B.2. Assume that conditions in TheoremIB_TI and hypothesis on f in

Theorem [[.2 are satisfied. Let ug € W N D(Ao) . Then, the unique weak solution
to (Pr) belongs to C([0,T]; Co(Q)) and

(i) there exists w > 0 such that if v is another weak solution to (Pr) with the initial
datum vy € WN D(Ao) then the following estimate holds for T < T

Ju®) = v(t)|| L) < e*luo — vollLe(), 0<t<T.

(ii) If ug € D(Ag) then u € WH>°(0,T; L>=(Q)) and V - a(z, Vu) € L>=(Qr), and
the following estimate holds:
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