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Abstract

We give an existence result for a double eigenvalue problem in Hemivariational Inequal-
ities whose energetic functional is not locally Lipschitz. It is used a finite dimensional
approach based on Kakutani’s fixed point theorem.
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1 Introduction and formulation of the problem

The concept of hemivariational inequality has been introduced by P.D. Panagiotopoulos as a

natural extension of the variational inequalities to the case of nonconvex functionals. This exten-
sion is strongly motivated by many problems arising in Mechanics, Engineering or Economics.
For a comprehensive overview on this subject we refer to the monographs [P] and [NP].

*Correspondence author
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In this paper we deal with a new type of hemivariational inequalities called “double
eigenvalue problems” which has been introduced by D. Motreanu and P.D. Panagiotopoulos in
a paper where there are considered three different approaches: minimization, minimax methods
and (sub)critical theory on the sphere (see [MP]). Other results on this type of hemivariational
inequalities can be found in [BMP] (multiplicity results) and [BPR] (a perturbation result).

Let V' be a Hilbert space and let 2 C R™ be an open bounded subset of R™,m > 1, with
09 sufficiently smooth. We shall suppose that V' is compactly embedded into LP(; RY ), N > 1,
for some p € (1, +00). In particular, the continuity of this embedding implies the existence of a
constant C,(£2) > 0 such that

(%) lullze < Cp(R) - ||ullv, for all uw eV,

where by ||-||z» and |- ||y we have denoted the norms in LP(Q; R") and V respectively. Through-
out the paper the symbols V*, (-,-),, and (-, -) will denote the dual space of V, the inner product
on V and the duality pairing over V* x V, respectively. We suppose that V' N L>®(; RY ) is dense
in V. Let ai,a0 : V XV — R be two bilinear and continuous forms on V which are coercive in
the sense that there exist two real valued functions c;,co : Ry — R, with rli)lglo ¢i(r) = 400,
such that for allv e V

ai(v,v) = ci(||vllv) - lollv, i=1,2.

We denote by A;, Ay : V — V the operators associated to the forms considered above, defined
by
(Aju,v) = a;(u,v), i =1,2.

The operators A; and A, are linear, continuous and coercive in the sense that for each i = 1,2
we have
(Aiu, u)y, 2 ci(ullv) - flullv, for all uweV.

In addition we shall suppose that the operators A; and A, are weakly continuous, i.e., if v, — u,
weakly in V' then A;u, — Au, also weakly in V, for each i = 1,2. Let us now consider two
bounded selfadjoint linear and weakly continuous operators By, B, : V — V. Let j : QxR - R
be a Carathéodory function which is locally Lipschitz in the second variable for a.e. z € 2. Thus,
we can define the directional derivative

3%(z;€,m) = limsup j@,E+h+An) —j@,§+h)

b) for 6’ 77 e RN,
[A,A]—[0,0+] A

and the generalized gradient of Clarke [C]

0j(z;&) = {neRN : n-v<5%,&,7),Vy € RVY,

for a.e. z € Q and for all £ € RY. Here, the symbol “ - ” means the inner product on R".
In order to ensure the integrability of j(-,u(-)) and 7°(;;u(-),v(-)) for any w,v € V N
L>*(Q;R") we admit the existence of a function 3 :Q x Ry — R fulfilling the conditions
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(B1) B(-,7) € LY(Q), for each r > 0;
(B2) if ry <1y then B(x,71) < B(,72), for almost all € 2, and such that

(2, €) = j(@,m)| < Bz, r) - € =nl,V §&n € B(O,r),r 20, (1)

where B(O,r) ={¢ € RN : [¢| <r}, “/-|” denoting the norm in R".
Concerning the conditions above, it is important to point out that in the homogenous case
(when j is not depending explicitely on z € Q) they are negligible (see also [NP], p. 146).
Let 1 < s<pandlet k: Q — R, and a : Q x R, be two functions satisfying the
assumptions:

1 1
k(-) € L)), where —+ - =1, (2)
p q
a(-,r) € LQ), for each r >0, where t = 5 f : (3)
and
if 0<r; <rythen az,r) < alz,r), for almost all x € Q. (4)
We shall impose the following directional growth conditions:
3%z, €, =€) < k(z)- €], for all £ € RN and ae. z€Q; (5)
7(z.&n—€) < alz,r) 1+ [€[°), for all &neRY, (6)

with n € B(O,r),r >0, and a.e. z € .

REMARKS: 1. We must pay attention to the fact that the growth conditions (5) and (6) do
not ensure the finite integrability of j(-,u(-)) and j°(-;u(-),v(-)) in Q for any u,v € V. We can
remark, also, that they do not guarantee that the functional J : V' — R given by

J() = [ j(e,v(@)dz,

is locally Lipschitz on V. In fact, (5) and (6) do not allow us to conclude even that the effective
domain of J coincides with the whole space V.

2. Notice that we do not impose any coerciveness assumption on the operators B; (i = 1,2),
as done in [MP], Section 4, for the case of a double eigenvalue problem on a sphere. We suppose
however that these operators satisfy the additional hypothesis of weak continuity.

Let us consider two nonlinear monotone and demicontinuous operators C;,Cy : V — V. We
are ready to consider the following double eigenvalue problem:
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(P) Find Ui, Ug € V and )\1, Ao € R such that
a1 (ur, v1) + az(ug, v2) + (Ci(u1), v1)y + (Ca(uz), v2)y +

+/j0($; (Ul - ’LLQ)(.’E), (1}1 - UQ)(Q?))d.T 2 )\1 (Blul, Ul)V + )\2 (BQ’LLQ,’UQ)V ,VUl,UQ ev.
Q

From Remark 1 we derive that in order to find a solution for the problem (P) we cannot
follow the classical technique of Clarke [C] and for this reason, the problem (P) is a nonstandard
one. First of all we have to point out what we shall mean by solution of the problem considered
above.

DEFINITION 1. We say that an element (u1,ug, A1, o) € V XV X R X R is a solution
of (P) if there exists x € L*(; RY) NV such that
aq (Ul, Ul) + az(u2, 1)2) + (C’l(ul), Ul)v =+ (CQ(UQ), UQ)V +
+/X(.T) . (7)1 - UQ)(.T)d.Z‘ = )\1 (Blul, ’Ul)v + )\2 (BQ’LLQ, UQ)V, V’Ul, Vg € VN LOO(Q, RN) (7)
Q

and
x(z) € 0j(x; (uy — ue(z)), for ae. x €. (8)

The aim of this paper is to prove the following existence result concerning the double
eigenvalue problem (P).

THEOREM 1. We assume that the hypotheses considered in this section are fulfilled.
Then the double eigenvalue problem (P) has at least one solution.

The difficulties mentioned in the Remark 1 will be surmounted by employing the Galerkin
approximation method combined with the finite intersection property. For the treatment of finite
dimensional problem we shall use Kakutani’s fixed point theorem for multivalued mappings. This
technique has been introduced by Naniewicz and Panagiotopoulos (see [NP]).

2 A finite dimensional approach

Let A be the family of all finite dimensional subspaces F' of V N L>(Q;R"), ordered by
inclusion. For any F' € A we formulate the following finite dimensional problem

(Pr) Find uip,usr € F, A\, Ay € R and xp € L'(;RY) such that

a1 (uir, v1) + aa(Uar, v2) + (Ci(uir), v1)y + (Cao(uzr), v2)y +

+/XF(.’L') . (U1 — ’1)2)(.’13)(137 = )\1 (Blulp, UI)V =+ )\2 (BQUQF,’UQ)V, Vvl,UQ eF (9)
Q
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and

Xr(x) € 0j(x; (u1p — ugr)(z)), for a.e. z € Q. (10)

Let [ : F — 28 (%RY) defined by

Tr(vr) = {¥ € L'(Q;RY) : /\Iiwdx < /jo(x;vp(x),w(a:))dx, vYw e L®(Q;RM)}.

It is immediately that if ¥ € ['p(vp) then we have ¥(z) € 0j(z;vr(x)), for a.e. x € Q. Let
vp € F for some F' € A. It is proved in [N] (see Lemma 3.1) that ['(vp) is a nonempty convex
and weakly compact subset of L!(Q; RN). For F' € A, we shall denote by ir : FF — V and by
1y © V* — F* the inclusion and the dual projection mappings respectively. Throughout, by
(-,-)r we mean the duality pairing over F* x F. Let us define vz : L'(Q; RY) — F*, by

(vr¥,v)p = /‘1! -vdx, Yv € F.
We consider the map Ty : F — 2" given by

The main properties of T are pointed out by the following result which has been established in
[N].

LEMMA 1. For each vy € F,Tp(vr) is a nonempty bounded closed convex subset of F*.
Moreover, Ty is upper semicontinuous as a map from F into 2F".

We are now prepared to formulate the existence result for the finite dimensional problem
(Pr)-
THEOREM 2. Suppose that the hypotheses made in Section 1 are fulfilled. Then, for

each F' € A, there exist uip,usp € F, 1,2 € R and xr € LI(Q;RN) which solve the problem
(Pr). Moreover, there exists a positive constant M, independent by F such that

|urrllv + |luzr|lv < M. (11)

Proof. In what follows we shall be able to find a solution of the problem (P) by restraining

the searching area for \;, i € {1,2} on the class of all those numbers A;, \y € R which satisfy
the relation

2
X [(Cilwi), wi)v = Nl Billl|wil 7]

0= inf = > —oo. (12)
w1,w2€EVNL® (GRN) ||U1|| + ||U2||
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Define Aip = i%Ajip, App = 15 Agip, and let G : V x V — V be the map given by

G (v1,v9) = v1 — vs.
Fix F € A. We denote by G the map G restricted to F' x F. Let us consider the multivalued
mapping A : F x F — 2F"%F"_defined by

A(uy, ug) = (Arpur + (Cr(ur), wa)y — A1 (Biug, -),

AQF’LLQ + (CQ(UQ), ‘)V — /\2 (BQ’LLQ, )V) + (G* e} TF e} G) (Ul, ’LLQ),
where by (G* o Tp o G) (u1, u3) we mean the set

{G*(f) + fe€Tr(ug —ug)} C F* x F~.

The first step is to prove the upper semicontinuity of G* o T o GG. For this aim, let us
consider u. — uy,u2 — ug, strongly in F' and ¥,, € G*(Tr(u), — u2)) converging strongly to
U € F* x F*. It must be proved that ¥ € G*(Tr(u! — u?)). First we observe that G fulfills the
set of conditions which permits to apply the theorem II.19 from [B]. From there we draw the
conclusion that R(G*) = {G*0 : 6 € F*} is closed. This implies that ¥ € R(G*) (we have used
the fact that ¥,, € R(G*),Vn > 1 and ¥,, - ¥ in F* x F*). Thus we obtain the existence of a

&* € F* such that ¥,, = G*(yrx,). We have
(G*(YeXn, (v, 0))pxr = (U, (v, W) pxp, for all v,w € F,

which implies that (ypxn,v — w)p tends to (€*,v — w)p, Vv, w € F and thus, due to the fact
that dim F' < +o0o we get the strong convergence of vpy, to £* in F*. Since TF is upper
semicontinuous (see Lemma 1), we obtain that there exists x € I'r(u; — ug) such that & = ypyx.
Thus, ¥ = G*(yrx), which means that ¥ € (G* o TF) (u; —uz). This ends the proof of the upper
semicontinuity of G* o T 0 G.

On the other side, the weak continuity of A; and A, implies the continuity of A;r and
Ao from F into F*. The hypotheses on B; and C;(i = 1,2) and the above considerations lead
us to the upper semicontinuty of A from F' x F to 2F"*F". By using again Lemma 1 and the
hypotheses made on B;, C; and A;, we can simply derive that for each (u1,us) € F X F, A(u1, us)
is a nonempty, bounded, closed and convex subset of F* x F*. Moreover, from the coercivity of

a; and ay and from the definition of Tr we have
(Alur, uz), (ur,u2)yrxr = cr((luallv)llurlly + ca([[uzllv)lluzlly + (Cr(u1), u1)y + (Co(uz), uz)y —
M| Bill - [l = Aol Bal| - [luall, +/‘1’(U1 — up)dz,
Q
where U € I'p(u; — uz). By (*) and (5) we obtain
(A(u, ug), (u1,u2))rxr > cr([|ua|lv)lluallv + ca(lluzllv)[[uzllv + (C1(u1), Ul)v + (Ca(u2), U2)v -
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Al Bi]| - luallf — Al Bel| - [|uelly — /jo(iﬂ; (ur — ug) (), —(ur — up)(x)dz >
Q

> 01(||U1||v)||ul||v + C2(||U2||v)||u2||v + (C1(U1),’LL1)V + (Cz(uz)aW)v - )\1||B1|| : ||U1||%/—
Aol Ba|l - [luzlls = Co() 1kl e (ually + lluzllv) -

Taking into account the relation (12) we easily obtain the coercivity of A. Thus, A fulfilles
the conditions which allows us to apply Kakutani’s fixed point theorem (see [BH|, Proposition
10, p. 270). Thus R(A) = F* x F*, which implies the existence of uip,usr € F such that
0 € A(uyp, ugp). From the definition of A we have that there exists xp € L'(Q; R"Y) such that
(9) and (10) hold. In order to prove the final part of Theorem 2 we use the estimates:

/\1||B1||U1F||%/ + /\2||B2||U2F||%/ > A (Byugr, UlF)V + A2 (Baugp, U2F)V = a1 (up, urr)+

+ag(ugp, uzr) + (C1(urr), uir)y, + (Ca(uor), vor), + /XF(UlF — Upp)dr >
Q

> ci([lurrllv)lluiellv + co([[uar|lv) luze|lv + (Ci(uir), uir)y, + (Co(uar), var), —

- /jo(x; (urr — ugr)(2), —(urr — ugr)(z))dz.
Q
Taking into account the relations (5) and (12) we get

c(llurellv)lluarllv + ea(([uarllv)]

lugr|lv
< Cp(Q)||K| e — 6,
luir|lv + |luer|lv < Co() |14z

which by the properties of ¢; and ¢y implies the existence of a positive constant M such that
(11) holds.

LEMMA 2. For every F € A, let uyp,uor € F, A1, X € R and xr) € L'(Q;RY) which
solve the peoblem (Pg). Then the set {xr : F € A} is weakly precompact in L*(;RY).

Proof. The proof is based on the well-known Dunford-Petis theorem. We have to prove
that for each € > 0, a 6. > 0 may be determined such that, for any w C 2 with meas(w) < o,

/|Xp|dx <e FeA.

Fix r > 0 and let n € R" be such that |n| < 7. From xp € 0j(z; (uyp — ugr)(x)), for a.e.
x € ) we derive that

Xr - (1 = (uar — ugp)(2)) < 3°(; (urr — ugr)(2), N — (urp — ugr)(7)).
Taking into account the relation (6) it follows that
Xr(z) -1 < xp() - (up — uer)(x) + a(z,7) (1 + |urp(x) — ugp(z)|?), for ae. z€Q. (13)

305



Let us denote by xri(z),i =1,2,---, N the components of xr(x) and set
r
z) = — (sgnxri(z), -, sgn z)).
77( ) \/ﬁ( g XFl( ) g XFn( ))
We can easily verify that |n(z)| < r a.e. x € Q and that

xe (@) (@) 2 —= - ()]

ﬂ

From (13) we obtain

# “Ixr(2)] < xp(2) - (urr — uor)() + oz, 7) (1 + [urp () — var(2)]°)

Integrating over w C () the above inequality yields
VN .
/m\m«—hF (e = uze)(@)dw + =, [ - meas(w) s+

VN
+ T”a("’r)”LQ'(w) Nlurr — uQF”ii’(w)
Thus, from (*) and (11) we obtain

[1xr@dz < X [ vo(@) - nr = ar) @ + L a1y - meas@)f = (14)

w

Pl (GO e = gl < Y [ o) = ) e
+@Mmmmmmﬁﬂgwan@®ﬁw.

We shall continue by observing that (5) implies
Xr(z) - (u1p(z) — uer(z)) + k(z) - (1 + |urr(x) — ugr(x)]) > 0, for a.e. z €.
Thus we have

/(XF( ) - (urr — o) (x) + k(z) (1 + |urp(z) — uar(x)])) dz <

< / (xr(z) - (uir — u2r)(z) + k(2)(1 + |uir(z) — uor(z)|)) dz
and we derive that

/XF (urp — ugp)(z)dx < /XF (urp — ugp)(x)dx + ”k”Lq(Q) - Cp(2) - |urr — uar|lv+
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+||&|| oo -meas(Q)% < /XF(ac) (urp — uop) (w)dz + ||k La(o) -meas(Q)alv7 + ||k La(a) - Cp(£2) - M.
Q

We have

/XF(UlF - UQF)d$ = - (A1U1F; UlF)V - (AzuzF, UZF)V -
Q

— (Ci(urp), ur1r)y — (Co(uzr), uar)y + A1 (Biuip, ur1r)y + Az (Bauop, tsr),y, -

Taking into account that C; are monotone operators and that A;, being weakly continuous maps
bounded sets into bounded sets, the relation

2
/XF(ulF —ugp)dz <Y {|Ailllluirlly + Nl Billllwir|[y: — (Ci(uir), wir)y },
Q

i=1
imply that there exists a positive constant C' such that

/XF(U1F — ugp)dx < C. (15)
Q

Now, from (14) and (15) we obtain

O+~ |la(, 1)l ) - meas(w)> + (16)

+ — -l )l ey - (Co(2)T - M7,
where we have denoted
C := C + ||kl o(ay - meas()7 + ||kl Lo - Cp(€2) - M.

Let € > 0. We choose r > 0 such that ‘/TN -C < £. Since a(-,7) € L7 (Q2) we can determine J. > 0
small enough such that if meas(w) < d, we have

\/N 8 \/N €
——llaC )l (@) - meas(@)? + ——lla(, Ml - (Cp(V)° - M® < 5.

By the relation (16) it follows that

[ Ixe@)lde < e,

for any w C Q with meas(w) < J.. This means that the weak precompactness of {xr : F € A}
in L'(Q; R") is established.
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3 Proof of Theorem 1

We are ready to prove Theorem 1, which is our main existence result. We shall follow a
procedure introduced by Z. Naniewicz and P.D. Panagiotopoulos (see, for example [NP]). For
every F' € A let

Wg = U {(ulFI,UQFI,XFI)} CV xVx LI(Q;RN),

FleA
FIOF

with (uypr, ugpr, xp) being a solution of (Pgr). Moreover, let

Z = J{xr} C L' RY).
FeA
Denoting by weakcl(Wr) the weak closure of Wy in V x V x L*(Q; RY) and by weakcl(Z) the
weak closure of Z in L'(€; R") we obtain, taking into account the relation (12)

weakcl(Wrg) C By (O, M) x By (O, M) x weakcl(Z), for every F € A.

Since V is reflexive it follows that By (O, M) is weakly compact in V. Using Lemma 2 we get
that the family {weakcl(Wr) : F € A} is contained in a wekly compact set of V xV x L' (; RY).
It follows that this family has the finite intersection property and we may infer that

() weakcl(Wp) # 0

FeA
We choose (u1,us, X) belonging to the nonempty set above. In what follows we shall prove that
this is the searched solution for the problem (P).

Let v1,v, € L®(Q;R"Y) and let F be an element of A such that (v;,v5) € F x F. We
note that such an F exists, for example we can take F' = span{vi,vo}. Since (u1,us,x) €
Nrea weakel(Wr) it follows that there exists a sequence {(uig,,usr,, Xr,)} in Wg, simply de-
noted by (t1n, Ugn, Xn) converging weakly to (ui, ug, x) in V x V x L*(Q; RY). We have u;, — u;,
weakly in V(i = 1,2) and x,, — x, weakly in L'(Q; RY). Since (u1n, Usn, X») is a solution of (Pr)
we get

(A1tin, v1)v + (Agton, v2)v + (C1(Uin), v1)y + (Co(uzn), v2)y +

+/Xn(U1 — v9)dx = Ay (BiUin, v1)y + A2 (Balon, v2)y,
Q

The hypotheses on A;, B;, C;(i = 1,2) and the convergenses above imply the equality
2

> {{Awui, viyy + (Ci(ug), vi)y — A (Biug, vi)y ) + /X(U1 — vg)dz = 0,

=1

which is satisfied for any vy, v, € V N L®(; RY). By the density of V N L®(Q;RY) in V we
draw the conclusion that the relation (7) is valid for any v;, v € V.
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In what follows we shall prove the relation (8). Due to the compact embedding V' C
LP (% RY ) it results from the weak convergences u;, — u; in V that we have

Uip — u; strongly in LP(Q; RY), for each i=1,2.
So, by passing eventually to a subsequence we have
Uin — U; .. in D,

From the Egoroff theorem we obtain that for any ¢ > 0 a subset w C  with meas(w) < € can
be determined such that for each i € {1, 2}
Uin — u; uniformly on Q\w,

with u; € L= (Q\w; RY) for every i € {1,2}. Let v € L=(Q\w; R") be arbitrarily chosen. The
Fatou’s lemma now implies that for any p > 0 there exists J, > 0 and a positive integer N, such
that

/ J(@; (uan — ugn) (x) = 0 + M (@) — j(@; (Uan — Uan)(z) — 6)

;) dz < (17)

Q\w
< [ 5@ (n = w) (@), v(@))da + p
QN\w

for every n > N, |0| < §, and X € (0,9,). Taking into account that x, € 0j(z; (u1n, — U2n)())
for a.e. z € €2 we have

/ Xn (@) - v(2)dz < / 70(; (urn — on) (2), 0(2))da. (18)

QN\w Q\w

Passing to the limit as A — 0 in (17) and employing the relation (18) it follows that

[ xnl@)-v(@da < [ (a5 (w1 = w) @), v(@))do +

Q\w Q\w
From the relation above and the weak convergence of x, to x in L'(Q; RY ) we derive that

[ xt@) - v@)dz < [ 15 (w1~ ua)(@), v(@))do + p

Q\w QN\w

Since p > 0 was chosen arbitrarily ,
/ x(z) - v(z)dx < / 7°(z; (w1 — ug) (w),v(z))dz, Yo € L®°(Q\w; RY).
Q\w Q\w
The last inequality implies that
x(z) € 0j(x; (uy — ug)(x)), for ae. z € Q\w,
where meas(w) < €. Since € > 0 was chosen arbitrarily we have that
x(x) € 0j(x; (uy —ug)(x)), for a.e. z € Q,

which means that the relation (8) holds. The proof of Theorem 1 is now complete.
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4 Application: The Multiple Loading Buckling

We consider two elastic beams (linear elasticity) of length [ measured along the axis Oz of the
coordinate system yOzx, and with the same cross-section. The beams, numbered here by 7 = 1, 2,
are simply supported at their ends z = 0 and z = [. On the interval (I1,ls), l; <l <[, they are
connected with an adhesive material of negligible thickness. The displacements of the i-th beam
are denoted by x — u;(z), ¢ = 1,2, and the behaviour of the adhesive material is described by a
nonmonotone possibly multivalued law between — f(z) and [u(x)], where z — f(z) denotes the
reaction force per unit length vertical to the Oz axis, due to the adhesive material (cf. [P] p.87
and [NP] p.110) and [u] = u; — uy is the relative deflection of the two beams. Recall that u; is
referred to the middle line of the beam i (the dotted lines in Fig. 1) and that each beam has
constant thickness which remains the same after the deformation. The adhesive material can
sustain a small tensile force before rupture (debonding). In Fig. 1 a rupture of zig-zag brittle
type is depicted in the (—f,u) diagramm. The beams are assumed to have the same moduli of
elasticity E and let I be the moment of inertia of them. The sandwich beam is subjected to the
compressive forces P, and P, and we want to determine the buckling loading of it. This problem
is yet open problem in Engineering. From the large deflection theory of beams we may write the
following relations which describe the behaviour of the i-th beam:

w"@)+ (@) = @) on (00); (19)

u;(0) = u;(1) =0, u;(0)=u(l)=0 i=1,2. (20)

Here a? := [E/P;. We assume that the (—f,[u]) graph results from a non locally Lipschitz
function j : R — R such that

—f(z) € 0j([u(z)]), Vz e (li,l), (21)

where 0 denotes the generalized gradient of Clarke. We set
V= H*(Q)N H;(Q) Q=(0,1). (22)

It is a Hilbert space with the inner product (see [DL], p. 216, Lemma 4.2) a(u, v) := [\ u"(2)v" (z)dz.
Let L : V — V* be the linear operator defined by

!
(Lu,v) ::/ o' (z)v'(x)dx, VYu,veV. (23)
0
We observe easily that L is bounded, weak continuous and satisfies

(Lu,v) = (Lv,u), for all u,v e V.
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The superpotential law (21) implies that

3 (u@)]y) > ~f@)y, Ve (lb),¥yeR. (24)
Multiplying (19) by v;(z) —u;(x), integrating over (0,!) and adding the resulting relations for i =

1,2, implies by taking into account the boundary condition (20), the hemivariational inequality

w=fump Vv, 3 [l - @ -3 % [ @) - v

+/l1l2 °([u(@)]; v(z)] — [u(@)]))dz >0,  Vo={v,}eVxV. (25)

Thus buckling of the beam occurs if \; := 1/a? (i = 1,2) is an eigenvalue for the following
hemivariational inequality

;ai(ui,vi — u;) —;A Ui, v; — +/ (@)]; [v(2)] = [u(z)])dz > 0, (26)

for all v = {v1,v9} € V x V. According to the Theorem 1 the present problem admits at least
one solution {uy,us, A1, A2}, provided that j fulfills the growth assumption given in Sect. 1, i.e.,
(1), (5) and (6).

Acknowledgments. We are grateful to Professor Dumitru Motreanu for his interesting
comments on this work.

References

[BMP| Bocea M.F., Motreanu D. and Panagiotopoulos P.D., Multiple Solutions for a Double
Eigenvalue Hemivariational Inequality on a Spherelike Type Manifold, Nonlinear Analysis,
T.M.A., to appear.

[BPR] Bocea M.F., Panagiotopoulos P.D. and Radulescu V.D., A Perturbation Result for a
Double Eigenvalue Hemivariational Inequality with Constraints and Applications, J. Global
Optimization, to appear.

[B] Brezis H., Analyse fonctionnelle. Théorie et applications, Masson, 1992.

[BH] Browder F. and Hess P., Nonlinear mappings of monotone type in Banach spaces, J. Funct.
Anal., 11(1972), 251-294.

[C] Clarke F.H., Optimization and Nonsmooth Analysis, Willey, New York, 1983.

311



[DL] Duvaut G. and Lions J.-L., Les Inéquations en Mécanique et en Physique, Dunod, Paris,
1972.

[MP] Motreanu D. and Panagiotopoulos P.D., Double Eigenvalue Problems for Hemivariational
Inequalities, Arch. Rat. Mech. Analysis, 140(1997), 225-251.

[N] Naniewicz Z., Hemivariational Inequalities with functionals which are not locally Lipschitz,
Nonlinear Analysis, T.M.A., 25(1995), No. 12, pp. 1307-1320.

[NP] Naniewicz Z. and Panagiotopoulos P.D., Mathematical Theory of Hemivariational Inequal-
ities and Applications, Marcel Dekker, 1995.

[P] Panagiotopoulos P.D., Hemivariational Inequalities. Applications in Mechanics and Engi-
neering, Springer-Verlag, Berlin-Heidelberg, 1993.

312



