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Abstract

In this paper, we focus on the existence and multiplicity of solutions for the p-Laplacian Schrödinger-

Poisson system

{
−Δpu+ γϕ |u|p−2 u= λ |u|p−2 u+µ|u|q−2u+ |u|p∗−2 u, in R

3,

−Δϕ = |u|p , in R
3,

with a prescribed mass given by

∫

R3

|u|pdx = ap,

in the Sobolev critical case, where, 1 < p < 3, a > 0, and γ > 0, µ > 0 are parameters, p∗ = 3p
3−p is

the Sobolev critical exponent, and λ ∈ R is an undetermined parameter, acting as a Lagrange multiplier.

We investigate this system under the Lp-subcritical perturbation µ|u|q−2u, with q ∈ (p,p + p2

3
), and
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establish the existence of multiple normalized solutions using the truncation technique, concentration-

compactness principle, and genus theory. In the Lp-supercritical regime: q ∈ (p + p2

3
,p∗), we prove two

existence results for normalized solutions under different assumptions for the parameters γ,µ, by employ-

ing the Pohozaev manifold analysis, concentration-compactness principle and mountain pass theorem. This

study presents new contributions regarding the existence and multiplicity of normalized solutions of the

p-Laplacian critical Schrödinger-Poisson problem, perturbed with a subcritical term in the whole space R
3,

for the first time.

 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).

MSC: primary 35J62; secondary 35B65, 35J50

Keywords: p-Laplacian Schrödinger-Poisson system; Normalized solutions; Sobolev critical exponent;

Concentration-compactness principle; Genus theory

1. Introduction and main results

In this paper we investigate the following p-Laplacian Schrödinger-Poisson system

{
−Δpu+ γϕ |u|p−2 u= λ |u|p−2 u+µ|u|q−2u+ |u|p∗−2 u, in R

3,

−Δϕ = |u|p , in R
3,

(1.1)

subject to the prescribed Lp-norm condition:

∫

R3

|u|pdx = ap, (1.2)

where λ ∈ R is an undetermined parameter, 1 < p < 3, a > 0 and µ,γ > 0 are parame-

ters. The term µ|u|q−2u is a subcritical perturbation, where p < q < p∗ = 3p
3−p , and Δpu =

div(|∇u|p−2∇u) denotes the p-Laplacian operator.

The p-Laplacian operator plays a significant role in nonlinear fluid dynamics, where the value

of p is related to the flow speed and the materials involved. The system (1.1) consists of a quasi-

linear Schrödinger equation coupled with a Poisson equation. The Schrödinger-Poisson system

originates from quantum mechanics and semiconductor theory, describing the interaction be-

tween a charged particle and an electromagnetic field, we refer to [9,24–26,42,40] for more

applied background of the Schrödinger-Poisson systems, and p-Laplacian equations.

When p = 2, the system (1.1) reduces to the classical Schrödinger-Poisson system, which

has been extensively studied in recent decades, following the pioneering work of Benci and

Fortunato in [13], we refer to [2,4,5,21,22,15,29,30] for the system with a subcritical term; and

to [5,22,31,46,63] for the system with a critical term. Note that, in [44], Ruiz studied the impact

of the nonlinear local term on the existence of nontrivial solutions for the subcritical system:

{
−Δu+ u+ λϕu= |u|q−2u, x ∈ R

3,

−Δϕ = u2, x ∈ R
3,

(1.3)

2
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In [5], Azzollini and Pomponio established the existence of ground state solutions for the critical

system:

{
−Δu+ u+ λϕu= |u|q−2u+ |u|4u, x ∈ R

3,

−Δϕ = u2, x ∈ R
3,

(1.4)

with 4< q < 6. In a more recent study [24], the authors investigated the subcritical quasilinear

system:

{
−Δpu+ |u|p−2u+ λϕ|u|p−2u= |u|q−2u, x ∈ R

3,

−Δϕ = |u|p, x ∈ R
3,

(1.5)

using variational methods and derived existence results for 1 < p < 3 and p < q < p∗. For

further research on p-Laplacian Schrödinger-Poisson systems, we refer to [25,26,39] and the

references therein.

As mentioned earlier, there has been increasing attention in recent years on nonlinear p-

Laplacian Schrödinger-Poisson systems (1.1), or (1.3)-(1.5), particularly with regard to the

existence and multiplicity of ground state solutions, bound state solutions, and sign-changing

solutions, without prescribed mass. However, from a physical perspective, it is particularly inter-

esting to study solutions to these problems with prescribed Lp-norms. Solutions of this type are

commonly referred to as normalized solutions.

Let us consider the classical Schrödinger equation

−Δu+ λu= f (u), x ∈ R
3, (1.6)

there are many researchers have investigated the existence and multiplicity of normalized solu-

tions, following the pioneering work of Jeanjean [32], by using the minimization methods and

constrained mountain pass arguments. For more recent developments on this topic, we refer the

interested readers to [6,7,12,36,35,47,48,57], among others.

We observe that there are only a few papers addressing the normalized solution of the p-

Laplacian Schrödinger equation. Wang et al. [56] considered the following system:

{
−Δpu+ |u|p−2u= µu+ |u|s−2u in R

N ,∫
RN |u|2 dx = ρ,

where 1<p <N , µ ∈ R, and s ∈
(
N+2
N
p,p∗). They considered the L2-constraint, and by using

the Gagliardo-Nirenberg inequality, the L2-critical exponent is given by N+2
N
p. Moreover, it is

known that L2(RN ) ⊈ W 1,p(RN ), so the working space is W 1,p(RN ) ∩ L2(RN ), which is a

Hilbert space and plays a crucial role in [55,56].

The first paper to study the p-Laplacian equation with an Lp-constraint is [62], where the

system is given by:

{
−Δpu= λ|u|p−2u+µ|u|q−2u+ g(u) in R

N ,∫
RN |u|p dx = ap,

(1.7)

3
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where g ∈ C(R,R) and there exist constants α and β such that p + p2

N
< α ≤ β < p∗, with the

condition that for all t ∈ R, there is

0< αG(t)t ≤ g(t)t ≤ βG(t), G(t)=
t∫

0

g(τ) dτ.

A simple example is g(t) = |t |r−2t with p + p2

N
< r < p∗. Additionally, Wang and Sun [53]

considered both the L2-constraint and the Lp-constraint for the following problem:

{
−Δpu+ V (x)|u|p−2u= λ|u|r−2u+ |u|q−2u in R

N ,∫
RN |u|r dx = c,

where 1<p <N , λ ∈ R, r = p or 2, p < q < p∗, and V (x) is a trapping potential satisfying

V (x) ∈ C(RN ), lim
|x|→+∞

V (x)= +∞ and inf
x∈RN

V (x)= 0.

When the nonlinearity g exhibits critical growth, i.e., g(u) = |u|p∗−2u, Deng and Wang [23],

as well as Feng and Li [27], recently studied the normalized solutions to (1.7), using the

concentration-compactness lemma, Schwarz rearrangement, Ekeland’s variational principle, and

mini-max theorems.

Inspired by the aforementioned works, and recognizing that the Lp-norm is a conserved quan-

tity in the evolution, this paper focuses on searching for solutions to (1.1) with a prescribed

Lp-norm, as given in (1.2). To achieve this, we apply the reduction argument introduced in [44],

which transforms system (1.1) into the following single equation:

−∆pu+ γϕu|u|p−2u= λ|u|p−2u+µ|u|q−2u+ |u|p∗−2u, x ∈ R
3, (1.8)

where

ϕu(x)=
1

4π

∫

R3

|u(y)|p
|x − y| dy.

Next, we aim to find solutions to (1.1)-(1.2) as critical points of the action functional:

Iµ(u)=
1

p
‖∇u‖pp + γ

2p

∫

R3

ϕu|u|p dx − µ

q
‖u‖qq − 1

p∗ ‖u‖p
∗

p∗,

under the Lp-norm constrained manifold:

S(a) :=




u ∈E :

∫

R3

|u|p = ap




.

4
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It is straightforward to verify that Iµ is a well-defined and C1-functional on S(a). This ap-

proach is relevant from a physical perspective, particularly because the Lp-norm is a conserved

quantity in the evolution, and the variational characterization of such solutions is often instru-

mental in analyzing their orbital stability. For more details, see, for example, [19,37,45] and the

references therein.

We note that there are few papers in the literature addressing the existence of normalized

solutions for classical Schrödinger-Poisson systems. Recently, Wang and Qian [54] studied the

existence of normalized ground states and infinitely many radial solutions for the following sys-

tem:





−Δu+ λu+ γϕu= af (u), x ∈ R
3,

−Δϕ = u2, x ∈ R
3,∫

R3 |u|2 dx = c2,

(1.9)

where f is a Sobolev subcritical term. They constructed a specific bounded Palais-Smale se-

quence when γ < 0 and a > 0. Meanwhile, they obtained a nonexistence result in the case γ < 0

and a < 0, and an existence result when γ > 0 and a < 0, using variational methods.

In [34], Jeanjean and Trung Le specialized in the existence of normalized solutions for the

problem (1.9) with f (u)= |u|p−2u, which exhibits L2-supercritical growth:

{
−Δu+ γ (|x|−1 ∗ |u|2)u= λu+ a|u|p−2u, in R

3,∫
RN |u|2 dx = c2.

(1.10)

The authors showed that problem (1.10) admits two solutions in the case (i): γ > 0, a > 0, and

p ∈
(

10
3
,6
]
; one solution which is a global minimizer in the case (ii): γ > 0, a < 0, and p ∈(

10
3
,6
]
; and no positive solution of (1.10) in the case (iii): γ < 0, a > 0, and p = 6.

When γ = 1, p ∈
(

10
3
,6
)
, Bellazzini, Jeanjean, and Luo [11] investigated the existence of

normalized solutions for (1.10) using a mountain-pass argument when c > 0 is sufficiently small,

and they proved nonexistence when c > 0 is not small. In [33], Jeanjean and Luo considered

the existence of minimizers with L2-norm for (1.10) when p ∈
[
3, 10

3

]
, and they obtained a

threshold value of c > 0 separating existence and nonexistence of minimizers. We point out

that Chen and Tang [16] developed an original method for the analysis of normalized solutions

to Schrödinger equations with reaction fulfilling L2-subcritical, L2-critical, or L2-supercritical

growth. For further results on normalized solutions of Schrödinger-Poisson systems, we refer

to [1,20,18,33,34,43,38,60,61,59] and the references therein. For the nonlocal case, we refer to

Chen and Tang [17] who established a multiplicity property of solutions with prescribed mass

and a nonexistence result in the framework of Kirchhoff equations with Sobolev critical exponent

and mixed nonlinearities.

Returning to the problem (1.1)-(1.2), we shall look for normalized solutions using the

truncation technique, concentration-compactness principle, and genus theory under the Lp-

subcritical perturbation, i.e., q ∈ (p,p + p2

3
). While in the Lp-supercritical perturbation case:

q ∈ (p + p2

3
,p∗), we prove two existence results for normalized solutions under different as-

sumptions for the parameters γ and µ, employing the Pohozaev manifold analysis, the moun-

tain pass theorem and the concentration-compactness principle. To the best of our knowledge,

no progress has been made regarding the study of normalized solutions for the p-Laplacian

Schrödinger-Poisson equations with Sobolev critical exponents in the literature.

5
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Before presenting the existence result, we recall the definition of ground states. If ũ is a

solution to (1.1)-(1.2) that has minimal energy among all solutions in S(a), i.e.,

(Iµ|S(a))′(̃u)= 0 and Iµ(̃u)= inf{(Iµ|S(a))′(u)= 0, u ∈ S(a)},

we say that ũ is a ground state of (1.1)-(1.2).

First, we address the existence of multiple normalized ground state solutions in the Lp-

subcritical case, where q ∈ (p, p̄), and p̄ = p+ p2

3
, which can be stated as follows:

Theorem 1.1. Let µ,λ,a > 0, and q ∈
(
p,p+ p2

3

)
. Then, for a given k ∈ N , there exists β > 0

independent of k and µ∗
k > 0 large, such that problem (1.1)-(1.2) possesses at least k couples

(uj , αj ) ∈E × R of weak solutions for µ>µ∗
k and

a ∈
(

0,

(
β

µ

) 1
q
(
1−δq

))
(1.11)

with

‖uj‖pp = ap, λj < 0 for all j = 1, . . . , k.

The second result of this paper addresses the existence and asymptotic behavior of normalized

solutions for the Lp-supercritical perturbation when the parameters λ,µ > 0 are appropriately

small.

Theorem 1.2. Let 1+
√

41
4

<p <
3
√

9, p+ p2

3
< q < p∗, µ> 0, and assume that 0< a < ã, where

ã :=




(Ka)
1− 1

p

4γ C̃
[
C
(

6
5
p
)] 5

3




1
2p−1

,

where Ka is defined in (4.3), constants C̃ and C
(

6
5
p
)

are from (2.9), (2.10), respectively. Then

there exist Γ∗ > 0 such that 0< γ < Γ∗, problem (1.1)-(1.2) has a positive normalized ground

state solution uλ ∈E for some λ < 0.

Finally, we present an existence result for normalized solutions under the Lp-supercritical

perturbation, when the parameter µ> 0 is large.

Theorem 1.3. If q ∈ (p̄,p∗), there exists µ∗ = µ∗(a) > 0 large, such that as µ > µ∗, problem

(1.1)-(1.2) possesses a couple (ua, λ) ∈E × R of weak solutions with ‖ua‖pp = ap, λ < 0.

Remark 1.4. (i) We note that, in [24–26] and [56], the authors studied the existence of positive

solutions to the quasilinear Schrõdinger-Poisson systems (1.4) and (1.5) without the prescribed

6
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mass. In this paper, to the best of our knowledge, we present new contributions regarding the ex-

istence and multiplicity of normalized solutions of the p-Laplacian critical Schrödinger-Poisson

problem, perturbed with a subcritical term in the whole space R
3.

(ii) We extend and improve the results concerning normalized solutions of the classical

Schrõdinger-Poisson systems from the references [11,18,33,34,43,54,59–61] to the p-Laplacian

cases with the Sobolev critical nonlinearities.

Finally, let us outline the ideas and methods used in this paper to obtain our main results.

For the Lp-subcritical perturbation, where q ∈ (p,p + p2

3
), it is challenging to establish the

boundedness of the (PS) sequence using the approach from [32]. To overcome this issue, we

apply the truncation technique to restore the loss of compactness in the (PS) sequence caused by

critical growth. To apply the concentration-compactness principle and obtain the multiplicity of

normalized solutions for (1.1)-(1.2), we utilize genus theory. For the Lp-supercritical perturba-

tion, where q ∈
(
p+ p2

3
,p∗

)
, we employ the Pohozaev manifold and mountain pass theorem to

prove the existence of positive ground state solutions for (1.1)-(1.2) when µ> 0 is small. When

µ> 0 is large, we use a fiber map and the concentration-compactness principle to show that the

(PS) sequence is strongly convergent, thereby obtaining a normalized solution to (1.1)-(1.2).

Structure of the paper, and notation. This paper is organized as follows. In Section 2 we

provide some preliminary results that will be frequently referenced in the sequel. Section 3 is

concerned with the multiplicity of normalized ground state solutions for system (1.1)-(1.2) when

q ∈ (p,p+ p2

3
), and the proof of Theorem 1.1 is completed. Section 4 is dedicated to prove the

existence of normalized positive ground state solutions for problem (1.1)-(1.2) when q ∈ (p +
p2

3
,p∗), and Theorem 1.2 is established if µ,γ > 0 are suitably small. In Section 5, we provide

another existence result for problem (1.1)-(1.2) with q ∈ (p+ p2

3
,p∗), when the parameter µ> 0

is large, and complete the proof of Theorem 1.3.

Throughout this paper, we denote Br (z) the open ball of radius r with center at z in R
3, and

‖u‖p is the usual norm of the space Lp(R3) for p ≥ 1. Moreover, we denote by C,Ci > 0, i =
1,2, · · · , different positive constants whose values may vary from line to line and are not essential

to the problem.

2. Preliminary stuff

In this section, we first give the functional space setting and introduce some notations and

useful preliminary results, which are important to prove the main results. Let E :=W 1,p
(
R

3
)

be

the completion of C∞
0 (R

3) with respect to the norm

‖u‖E =



∫

R3

|∇u|p + |u|pdx




1
p

.

And the homogeneous Sobolev space D1,p(R3) is defined by

7
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D1,p(R3)=




u ∈ Lp∗

(R3) :
∫

R3

|∇u|pdx <+∞




,

endowed with the norm

‖u‖p := ‖u‖p
D1,p(R3)

= ‖∇u‖pp =
∫

R3

|∇u|pdx.

The work space Er :=W
1,p
r

(
R

3
)

is defined by

Er :=W
1,p
r

(
R

3
)

=
{
u ∈W 1,p

(
R

3
)

: u is radially symmetric and decreasing
}
.

The standard norm in Lp(Ω) is denoted by ‖ · ‖p,Ω and by ‖ · ‖p if Ω= R
3.

Let us now comment on the critical problem in the whole space, namely

−Δpu= |u|p∗−2u in R
3, u ∈D1,p(R3). (2.1)

We know that all the regular radial solutions to (2.1) are given by the following expression:

Uε(x)=
CN,pε

3−p
p(p−1)

(
ε

p
p−1 + |x|

p
p−1

) 3−p
p

(2.2)

with ε > 0, and CN,p a normalized constant. Note that, by [52], it follows that the family of

functions given above are minimizers to

S = inf
u∈D1,p(R3)\{0}

‖∇u‖pp
‖u‖pp∗

. (2.3)

Let us set

uε(x)=ψ(x)Uε(x),

where ψ ∈ C∞
0 (R

3) satisfies

ψ(x)=





1, for |x| ≤R,
0 ≤ψ(x)≤ 1, for R < |x|< 2R,

0, for |x| ≥ 2R,

with R > 0. By the direct calculations as in [14,53], we can obtain the following important

estimates:

∫

R3

|∇uε|p dx = S
3
p
p +O

(
ε

3−p
p−1

)
, (2.4)

8
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∫

R3

|uε|p
∗
dx = S

3
p
p +O

(
ε

3
p−1

)
, (2.5)

∫

R3

|uε|pdx =





O

(
ε

3−p
p−1

)
,

√
3<p < 3,

O (εp)+K1ε
p| ln ε|, p =

√
3,

O

(
ε

3−p
p−1

)
+K2ε

p, 1<p <
√

3,

(2.6)

∫

R3

|uε|qdx =





O

(
ε
q(3−p)
p(p−1)

)
, q <

3(p−1)
3−p ,

O
(
ε

3
p

)
+K3ε

3
p | ln ε|, q = 3(p−1)

3−p ,

O

(
ε
q(3−p)
p(p−1)

)
+K4ε

3− q(3−p)
p , q >

3(p−1)
3−p ,

(2.7)

where ε > 0 is small and Ki (i = 1,2,3,4) denote positive constants independent of ε. For

1<p < 3, if
6p
5
<

3(p−1)
3−p , then 1+

√
41

4
<p < 3. Combining this with (2.7), we deduce that

∫

R3

|uε,p|
6p
5 dx =





O

(
ε

6(3−p)
5(p−1)

)
+K4ε

3− 6(3−p)
5 , 3

2
<p < 1+

√
41

4
,

O
(
ε

3
p

)
+K3ε

3
p | ln ε|, p = 1+

√
41

4
,

O

(
ε

6(3−p)
5(p−1)

)
, 1+

√
41

4
<p < 3.

(2.8)

In the following, we recall some useful inequalities, which play an important part in the proof

of our main results.

Proposition 2.1. (Hardy-Littlewood-Sobolev inequality [41]) Let l, r > 1 and 0 < µ < N

be such that 1
r

+ 1
l

+ µ
N

= 2, f ∈ Lr(RN ) and h ∈ Ll(RN ). Then there exists a constant

C(N,µ, r, l) > 0 such that

∣∣∣∣∣∣∣

∫

RN

∫

RN

f (x)h(y)|x − y|−µdxdy

∣∣∣∣∣∣∣
≤ C(N,µ, r, l)‖f ‖r‖h‖l .

From Proposition 2.1, with l = r = 6
5
p, we have that:

∫

R3

ϕu |u|p dx ≤ C̃‖u‖2p
6
5
p

(2.9)

Next, we introduce the following Gagliardo-Nirenberg-Sobolev inequality.

9
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Lemma 2.2. ([62]). Let q ∈ (p,p∗). Then there exists a constant C(q) > 0 such that

‖u‖qq ≤ C(q)‖∇u‖qδqp ‖u‖q(1−δq )
p , ∀u ∈E, (2.10)

where δq = 3(q−p)
pq

.

Lemma 2.3. (Sobolev inequality [23]). Let 1 < p < 3. Then there exists an optimal constant

S > 0 such that

S‖u‖pp∗ ≤ ‖∇u‖pp, ∀u ∈D1,p(R3). (2.11)

Lemma 2.4. ([24]). If un⇀u in Er , then

∫

R3

ϕun |un|p dx →
∫

R3

ϕu |u|p dx, (2.12)

and

∫

R3

ϕun |un|p−2 unφdx →
∫

R3

ϕu |u|p−2 uφdx, ∀φ ∈Er . (2.13)

In the sequel, we define a useful fiber map (e.g. [62]) preserving the Lp-norm

(t ⋆ u)(x) := e
3t
p u(etx), x ∈ R

3, t ∈ R. (2.14)

By simple calculation, we can infer that

‖(t ⋆ u)‖pp = ‖u‖pp, (2.15)

‖(t ⋆ u)‖qq = eqδq t‖u‖qq , (2.16)

and

‖∇(t ⋆ u)(x)‖pp = ept‖∇u(x)‖pp. (2.17)

Next, we introduce an auxiliary functional Ψ
µ
u (t) := Iµ (t ⋆ u) by

I (u, t) := Iµ(t ⋆ u)

= 1

p
ept‖∇u‖pp + γ

2p
et
∫

R3

ϕu|u|p dx − µ

q
eqδq t‖u‖qq − 1

p∗ e
p∗t‖u‖p

∗

p∗ .
(2.18)

Besides, we have the fact that

qδq




<p, as p < q < p̄;
= p, as q = p̄;
>p, as q̄ < q < p∗,

10
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where p̄ := p+ p2

3
, p∗ := 3p

3−p .

The Pohozaev manifold plays an important role in the proof of our main results, which can be

derived form [62] and [63].

Proposition 2.5. Let u ∈E ∩L∞(R3) be a weak solution of (1.1), then u satisfies the equality

3 − p

p
‖∇u‖pp + 5γ

2p

∫

R3

ϕu |u|p dx = 3λ

p
‖u‖pp + 3µ

q
‖u‖qq + 3 − p

p
‖u‖p

∗

p∗ . (2.19)

Lemma 2.6. Let u ∈ E be a weak solution of (1.1)-(1.2), then we can define the following Po-

hozaev manifold

P(a)= {u ∈ S(a) : Pµ(u)= 0},

where

Pµ (u)= ‖∇u‖pp + γ

2p

∫

R3

ϕu |u|p dx −µδq‖u‖qq − ‖u‖p
∗

p∗ . (2.20)

Proof. Since u is the weak solution of (1.1)-(1.2), by (2.19), we have that

3 − p

p
‖∇u‖pp + 5γ

2p

∫

R3

ϕu |u|p dx = 3λ

p
‖u‖pp + 3µ

q
‖u‖qq + 3 − p

p
‖u‖p

∗

p∗ .

Moreover, since u is the weak solution of system (1.1)-(1.2), we have

‖∇u‖pp + γ

∫

R3

ϕu |u|p dx = λ‖u‖pp +µ‖u‖qq + ‖u‖p
∗

p∗ .

Combining with (2.20) and the above equality, we obtain that

‖∇u‖pp + γ

2p

∫

R3

ϕu |u|p dx = µδq‖u‖qq + ‖u‖p
∗

p∗ .

The proof is completed. 2

We consider, for any u ∈ S(a) and t ∈ R, the fiber Ψ
µ
u introduced in (2.18), and note that

(
Ψµu
)′
(t)= ept‖∇u‖pp + γ

2p
et
∫

R3

ϕu |u|p dx −µδqe
qδq t‖u‖qq − ep

∗t‖u‖p
∗

p∗

= ‖∇ (t ⋆ u)‖pp + γ

2p

∫

R3

ϕt⋆u |t ⋆ u|p dx −µδq‖t ⋆ u‖qq − ‖t ⋆ u‖p
∗

p∗

= Pµ(t ⋆ u).

(2.21)

11
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Moreover, by direct calculation, we have

(
Ψµu
)′′
(t)= pept‖∇u‖pp + γ

2p
et
∫

R3

ϕu |u|p dx −µqδ2
qe
qδq t‖u‖qq − p∗ep

∗t‖u‖p
∗

p∗ . (2.22)

Therefore, we have the following lemma:

Lemma 2.7. For any u ∈ S(a), t ∈ R is a critical point of Ψ
µ
u (t) if and only if (t ⋆ u) ∈ P(a).

Particularly, u ∈ P(a) if and only if 0 is a critical point for Ψ
µ
u (t).

Now, we recall the following known results.

Lemma 2.8. ([49]). Let N ≥ 2. The embedding W
1,p
r

(
R

3
)

→֒ Lq
(
R

3
)

is compact for any p <

q < p∗.

Lemma 2.9. ([27]). (i) The map (u, t) ∈E × R → (t ⋆ u) ∈E is continuous.

(ii) For u ∈ S(a) and t ∈ R, the map φ 7→ t ⋆ φ from TuS(a) to Tt⋆uS(a) is a linear isomor-

phism with inverse ψ 7→ (−t ⋆ ψ), where

TuS(a) :=




φ ∈ S(a) :

∫

R3

|u|p−2uφ = 0




.

Finally, we need a version of linking theorem, see Section 5 in [28].

Definition 2.10. Let X be a topological space and B be a closed subset of X. We say that a

class F of compact of subsets of X is a homotopy-stable family with extended boundary B if for

any set A in F and any η ∈ C([0,1] ×X;X) satisfying η(t, x)= x for all (t, x) ∈ ({0} ×X) ∪
([0,1] ×B) we have that η({1} ×A) ∈F .

Lemma 2.11. ([28]). Let ϕ be a C1-functional on a complete connected C1-Finsler manifold X

and consider a homotopy-stable family F with an extended closed boundary B . Setm=m(ϕ,F)

and let F be a closed subset of X satisfying

(1) (A∩ F) \B 6= ∅ for every A ∈ F ;

(2) supϕ(B)≤m≤ infϕ(F ).

Then, for any sequence of sets (An)n in F such that limn→∞ supAn ϕ = m, there exists a

sequence (xn)n in X such that

lim
n→∞

ϕ(xn)=m, lim
n→∞

‖dϕ(xn)‖ = 0, lim
n→∞

dist(xn,F )= 0, lim
n→∞

dist(xn,An)= 0.

3. Proof of Theorem 1.1

In this section, we aim to prove the multiplicity of normalized solutions to equations

(1.1)-(1.2). To start, we recall the definition of a genus. Let X be a Banach space, and let A

12



ARTICLE IN PRESS
JID:YJDEQ AID:113570 /FLA [m1+; v1.377] P.13 (1-51)
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be a subset of X. The set A is called symmetric if, for every u ∈ A, it holds that −u ∈ A. We

define the set

Σ := {A⊂X \ {0} :A is closed and symmetric with respect to the origin}.

For each A ∈Σ, we define the genus G(A) as follows:

G(A)=





0, if A= ∅,
inf{k ∈ N : ∃ an odd φ ∈ C(A,Rk \ {0})},
+∞, if no such odd map exists.

Additionally, we denote Σk = {A ∈Σ : G(A)≥ k}.
To address the issue of compactness loss in the (PS) sequences, we need to make use of the

concentration-compactness principle.

Lemma 3.1. ([50], [51]) Let {un} be a bounded sequence in D1,p(R3) that converges weakly

and a.e. to some function u ∈D1,p(R3). Then, the sequences |∇un|p and |un|p
∗

converge in the

sense of measures, with |∇un|p⇀ω and |un|p
∗
⇀ζ . Moreover, there exists a countable set J , a

family of points {zj }j∈J ⊂ R
3, and families of positive numbers {ζj }j∈J and {ωj }j∈J such that

the following relations hold:

ω ≥ |∇u|p +
∑

j∈J
ωj δzj , (3.1)

ζ = |u|p∗ +
∑

j∈J
ζj δzj , (3.2)

and

ωj ≥ Sζ
p

p∗
j , (3.3)

where δzj denotes the Dirac delta mass at the point zj ∈ R
3.

Lemma 3.2. ([50],[51]) Let {un} ⊂ D1,p(R3) be a sequence as in Lemma 3.1, and define the

quantities

ω∞ := lim
R→∞

lim sup
n→∞

∫

|x|≥R

|∇un|pdx, ζ∞ := lim
R→∞

lim sup
n→∞

∫

|x|≥R

|un|p
∗
dx.

Then, the following inequalities hold:

ω∞ ≥ Sζ
p

p∗
∞ , (3.4)

lim sup
n→∞

∫

R3

|∇un|pdx =
∫

R3

dω+ω∞, (3.5)

13
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and

lim sup
n→∞

∫

R3

|un|p
∗
dx =

∫

R3

dζ + ζ∞. (3.6)

For u ∈ Sr(a), based on Lemma 2.2 and the Sobolev inequality, we have that

Iµ (u)=
1

p
‖∇u‖pp + γ

2p

∫

R3

ϕu |u|p dx − µ

q
‖u‖qq − 1

p∗ ‖u‖p
∗

p∗

≥ 1

p
‖∇u‖pp − µ

q
C (q)aq

(
1−δq

)
‖∇u‖qδqp − 1

p∗ S
− p∗

p ‖∇u‖p
∗
p

:= g
(
‖∇u‖p

)
,

(3.7)

where

g(r)= 1

p
rp − µ

q
C(q)aq(1−δq )rqδq − 1

p∗ S
− p∗

p rp
∗
.

Recall that p < q < p̄, and we have qδq < p. There exists a constant β > 0, such that if

µaq(1−δq ) ≤ β , the function g attains its positive local maximum. More specifically, there ex-

ist two constants 0<R1 <R2 <+∞, such that

g(r) > 0, ∀r ∈ (R1,R2); g(r) < 0, ∀r ∈ (0,R1)∪ (R2,+∞).

Let τ : R
+ → [0,1] be a nonincreasing, smooth function satisfying

τ(r)=
{

1, if r ∈ [0,R1],
0, if r ∈ [R2,+∞).

In the sequel, we consider the truncated functional

Iµ,τ (u)=
1

p
‖∇u‖pp + γ

2p

∫

R3

ϕu |u|p dx − µ

q
‖u‖qq −

τ
(
‖u‖p

)

p∗ ‖u‖p
∗

p∗ .

For u ∈ Sr(a), again using Lemma 2.2 and the Sobolev inequality, we observe that

Iµ,τ (u)≥
1

p
‖∇u‖pp − µ

q
C(q)aq(1−δq )‖∇u‖qδqp −

τ
(
‖∇u‖p

)

p∗ S
− p∗

p ‖∇u‖p
∗
p

:= g̃
(
‖∇u‖p

)

where

g̃(r)= 1

p
rp − µ

q
C(q)aq(1−δq )rqδq − τ(r)

p∗ S
− p∗

p rp
∗
.

14
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By the definition of τ(·), when a ∈
(

0,
(
β
µ

) 1
q(1−δq )

)
, it follows that

g̃(r) < 0, ∀r ∈ (0,R1); g̃(r) > 0, ∀r ∈ (R1,+∞).

For the remainder of the discussion, we will always assume that

a ∈
(

0,

(
β

µ

) 1
q(1−δq )

)
.

Without loss of generality, we assume the following conditions hold:

1

p
rp − 1

p∗ S
− p∗

p rp
∗ ≥ 0, ∀r ∈ [0,R1] (3.8)

and

R1 < S
3

p2 . (3.9)

Lemma 3.3. The functional Iµ,τ possesses the following properties:

(i) Iµ,τ ∈ C1(E,R);

(ii) Iµ,τ is coercive and bounded from below on Sr(a). Furthermore, if Iµ,τ (u) ≤ 0, then

‖∇u‖p ≤R1 and Iµ,τ (u)= Iµ(u);

(iii) The functional Iµ,τ restricted to Sr(a) satisfies the (PS)c condition for all c < 0, provided

that µ>µ∗
1 > 0 is sufficiently large.

Proof. The conclusions of items (i) and (ii) can be derived using standard arguments. To prove

item (iii), let {un} be a (PS)c sequence of Iµ,τ restricted to Sr(a) with c < 0. From item (ii),

we know that ‖∇un‖p ≤R1 for large n, implying that {un} is a (PS)c sequence of Iµ
∣∣
Sr (a)

with

c < 0. This gives us the following:

Iµ(un)→ c < 0 and ‖I ′
µ

∣∣
Sr (a)

(un)‖ → 0 as n→ ∞.

Thus, the sequence {un} is bounded in E. Therefore, up to a subsequence, there exists a function

u ∈E such that





un⇀u in E,

un → u in Lq(R3), ∀q ∈ (p,p∗),

un → u a.e. in R
3.

From the facts p < q < p̄ < p∗ and using Lemma 2.4, we obtain the following limits:

lim
n→∞

‖un‖qq = ‖u‖qq , lim
n→∞

∫

R3

ϕun |un|p dx =
∫

R3

ϕu |u|p dx.

15
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Moreover, we claim that u 6≡ 0. To show this, assume by contradiction that u ≡ 0. In this

case, we would have limn→∞‖un‖qq = 0. From (3.8) and the definition of Iµ,τ , we deduce the

following:

0> c= lim
n→∞

Iµ,τ (un)= lim
n→∞

Iµ(un)

= lim
n→∞




1

p
‖∇un‖pp + γ

2p

∫

R3

ϕun |un|p dx − µ

q
‖un‖qq − 1

p∗ ‖un‖p
∗

p∗




≥ lim
n→∞

[
1

p
‖∇un‖pp − µ

q
‖un‖qq − 1

p∗ S
− p∗

p ‖∇un‖p
∗
p

]

≥ −µ
q

lim
n→∞

‖un‖qq = 0,

which leads to a contradiction. Therefore, u 6≡ 0.

Additionally, applying the Lagrange multiplier rule, there exists a sequence {λn} ⊂ R such

that

‖I ′
µ(un)− λnΦ

′(un)‖ → 0, as n→ ∞.

Hence, we have that

−Δpun + γϕun |un|p−2 un −µ|un|q−2un − |un|p
∗−2un = λn |un|p−2 un + on (1) in E−1

r ,

(3.10)

where E−1
r is the dual space of Er . Thus, we have for φ ∈Er , that

∫

R3

|∇un|p−2∇un∇φ dx + γ

∫

R3

ϕun |un|p−2 unφ dx −µ

∫

R3

|un|q−2unφ dx

−
∫

R3

|un|p
∗−2 unφdx = λn

∫

R3

|un|p
∗−2 unφ dx + on (1)

. (3.11)

and if we choose φ = un, we get

‖∇un‖pp + γ

∫

R3

ϕun |un|p dx −µ‖un‖qq − ‖un‖p
∗

p∗ = λn‖un‖pp + on (1) . (3.12)

From (3.12) and the boundedness of {un} in D1,p(R3), we can infer that the sequence {λn}
is bounded in R. Therefore, we can assume, without loss of generality, that λn → λ for some

λ ∈ R, up to a subsequence. Consequently, using (3.11), we deduce that u satisfies the following

equation:

−Δpu+ γϕu|u|p−2u−µ|u|q−2u− |u|p∗−2u= λ|u|p−2u. (3.13)

16
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Indeed, for any φ ∈Er , it follows by un⇀u in Er and λn → λ, that

∫

R3

|∇un|p−2∇un∇φdx →
∫

R3

|∇u|p−2∇u∇φdx;

and

λn

∫

R3

|un|p−2 unφdx → λ

∫

R3

|u|p−2 uφdx,

as n → ∞. Since {|un|p
∗−2un} is bounded in L

p∗
p∗−1 (R3), and {|un|q−2un} is bounded in

L
p∗
q−1 (R3), and un → u a.e. in R

3 we obtain that

|un|p
∗−2un⇀ |u|p∗−2u in L

p∗
p∗−1 (R3), and |un|q−2un⇀ |u|q−2u in L

p∗
p∗−q+1 (R3),

and so,

∫

R3

|un|p
∗−2unφdx →

∫

R3

|u|p∗−2uφdx and

∫

R3

|un|q−2unφdx →
∫

R3

|u|q−2uφdx,

as n→ ∞. Recall from Lemma 2.4 that

∫

R3

ϕun |un|p−2 unφ dx →
∫

R3

ϕu |u|p−2 uφ dx, ∀φ ∈Er .

Thus, we have

∫

R3

|∇u|p−2∇u∇φ dx + γ

∫

R3

ϕu |u|p−2 uφ dx −µ

∫

R3

|u|q−2uφ dx

−
∫

R3

|u|p∗−2 uφdx = λ

∫

R3

|u|p∗−2 uφ dx

. (3.14)

Therefore, u solves equation (3.13).

In the sequel, by the concentration-compactness principle, we can prove that

∫

R3

|un|p
∗
dx →

∫

R3

|u|p∗
dx. (3.15)

In fact, since ‖∇un‖p ≤ R1 for sufficiently large n, by Lemma 3.1, there exist two positive

measures, ζ and ω in M(R3), such that

|∇un|p⇀ω, |un|p
∗
⇀ζ in M(R3) (3.16)

17
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as n→ ∞. Then, by Lemma 3.1, either un → u in L
p∗

loc(R
3), or there exists a (at most countable)

set of distinct points {xj }j∈J ⊂ R
3 and positive numbers {ζj }j∈J such that

ζ = |u|p∗ +
∑

j∈J
ζj δxj .

Moreover, there exists a (at most countable) set J ⊂ N , a corresponding set of distinct points

{xj }j∈J ⊂ R
3, and two sets of positive numbers {ζj }j∈J and {ωj }j∈J such that items (3.1)-(3.3)

hold. Now, assume that J 6= ∅. We divide the proof into three steps.

Step 1. We now prove that ωj = ζj , where ωj and ζj are the measures from Lemma 3.1.

Let φ ∈ C∞
0 (R

3) be a cut-off function with φ ∈ [0,1], such that φ ≡ 1 in B1/2(0), and φ ≡ 0

in R
3 \B1(0). For any ρ > 0, define

φρ(x) := φ

(
x − xj

ρ

)
=
{

1, if |x − xj | ≤ 1
2
ρ,

0, if |x − xj | ≥ ρ.

By the boundedness of {un} in Er , we know that {unφρ} is also bounded in Er . Hence, it follows

that

on(1)=
〈
I ′
µ (un) , unφ

〉

=
∫

R3

|∇un|p−2 ∇un∇
(
unφρ

)
dx + γ

∫

R3

ϕun |un|p φρdx

−µ

∫

R3

|un|qφρdx −
∫

R3

|un|p
∗
φρdx.

(3.17)

It is easy to check that

∫

R3

|∇un|p−2 ∇un∇
(
unφρ

)
dx =

∫

R3

|∇un|p φρdx +
∫

R3

un |∇un|p−2 ∇un∇φρdx

:= T1 + T2

(3.18)

where

T1 =
∫

R3

|∇un|p φρdx, T2 =
∫

R3

un |∇un|p−2 ∇un∇φρdx.

For T1, by (3.16), we obtain

lim
ρ→0

lim
n→∞

T1 = lim
ρ→0

lim
n→∞

∫

R3

|∇un|p φρdx = lim
ρ→0

∫

R3

φρ dω= ω
({
xj
})

= ωj . (3.19)

Using the Hölder inequality, we obtain the following expression:

18
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lim
ρ→0

lim
n→∞

T2 = lim
ρ→0

lim
n→∞

∫

R3

un |∇un|p−2 ∇un∇φρdx

≤ lim
ρ→0

lim
n→∞



∫

R3

∣∣un∇φρ
∣∣pdx




1
p


∫

R3

|∇un|pdx




p−1
p

≤ C lim
ρ→0

lim
n→∞



∫

R3

|un|p
∣∣∇φρ

∣∣pdx




1
p

≤ C lim
ρ→0

lim
n→∞



∫

R3

|un|p
∗




1
p∗ 

∫

R3

∣∣∇φρ
∣∣ pp∗
p∗−p




p∗−p
pp∗

= 0.

So we have

lim
ρ→0

lim
n→∞

∫

R3

|∇un|p−2 ∇un∇
(
unφρ

)
dx = ω

({
xj
})

=wj .

Again by (3.16), we have

lim
ρ→0

lim
n→∞

∫

R3

|∇un|p
∗
φρdx = lim

ρ→0

∫

R3

φρdζ = ζ
({
xj
})

= ζj . (3.20)

By the definition of φρ , and the absolute continuity of the Lebesgue integral, one has that

lim
ρ→0

lim
n→∞

∫

R3

|un|qφρ dx = lim
ρ→0

∫

R3

|u|qφρ dx = lim
ρ→0

∫

∣∣x−xj
∣∣≤ρ

|u|q φρdx = 0. (3.21)

Thus, by Proposition 2.1 and Lemma 2.8, we have

∫

R3

ϕun |un|p φρdx ≤ C



∫

R3

|un|
6p
5 dx




5
6


∫

R3

|upnφρ |
6
5φdx




5
6

≤ C‖un‖p6
5p



∫

R3

|un|
6p
5

∣∣φρ
∣∣ 6

5 dx




5
6

≤ C1



∫

R3

|un|
6p
5 φρdx




5
6

.

(3.22)

19
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Therefore,

lim
ρ→0

lim
n→∞

∫

R3

ϕun |un|p φρdx ≤ lim
ρ→0

lim
n→∞

C1



∫

R3

|un|
6p
5 φρdx




5
6

= lim
ρ→0

C1



∫

R3

|u|
6p
5 φρdx




5
6

= lim
ρ→0

C1




∫

∣∣x−xj
∣∣≤ρ

|u|
6p
5 φρdx




5
6

= 0.

(3.23)

In summary, by combining (3.17)-(3.19) and (3.21), taking the limit as ρ → ∞, and subsequently

taking the limit as n→ ∞, we conclude that

ωj = ζj .

Step 2. We now prove that ω∞ = ζ∞, where ω∞ and ζ∞ are defined in Lemma 3.2. Let

ψ ∈ C∞
0 (R

3) be a cut-off function with ψ ∈ [0,1], ψ ≡ 0 in B1/2(0), and ψ ≡ 1 in R
3 \B1(0).

For any R > 0, define

ψR(x) :=ψ
( x
R

)
=
{

0, if |x| ≤ 1
2
R,

1, if |x| ≥R.

Using the boundedness of {un} and {unψR} in Er , we have

on (1)=
〈
I ′
µ (un) , unψR

〉

=
∫

R3

|∇un|p−2 ∇un∇ (unψR)dx + γ

∫

R3

ϕun |un|pψRdx

−µ

∫

R3

|un|qψRdx −
∫

R3

|un|p
∗
ψRdx.

(3.24)

It is easy to derive that

∫

R3

|∇un|p−2 ∇un∇ (unψR)dx =
∫

R3

|∇un|pψRdx +
∫

R3

un |∇un|p−2 ∇un∇ψRdx

:= T3 + T4

,

where

20
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T3 =
∫

R3

|∇un|pψRdx, T4 =
∫

R3

un |∇un|p−2 ∇un∇ψRdx.

For T3, by (3.16) and Lemma 3.2, we infer to

lim
R→∞

lim
n→∞

T3 = lim
R→∞

lim
n→∞

∫

R3

|∇un|p ψRdx = ω∞.

By virtue of Hölder’s inequality, we get

lim
R→∞

lim
n→∞

T4 = lim
R→∞

lim
n→∞

∫

R3

un |∇un|p−2 ∇un∇ψRdx

≤ lim
R→∞

lim
n→∞



∫

R3

|un∇ψR|pdx




1
p


∫

R3

|∇un|pdx




p−1
p

≤ C lim
R→∞

lim
n→∞



∫

R3

|un|p |∇ψR|pdx




1
p

≤ C lim
R→∞

lim
n→∞



∫

R3

|un|p
∗




1
p∗ 

∫

R3

|∇ψR|
pp∗
p∗−p




p∗−p
pp∗

= 0.

Hence,

lim
R→∞

lim
n→∞

∫

R3

|∇un|p−2 ∇un∇ (unψR)dx = ω∞.

By Lemma 3.2, we have

lim
R→∞

lim
n→∞

∫

R3

|un|p
∗
ψRdx = ζ∞. (3.25)

Analogous before, we infer that

lim
R→∞

lim
n→∞

∫

R3

|un|qψR dx = lim
R→∞

∫

R3

|u|qψR dx = lim
R→∞

∫

|x|> 1
2R

|un|q ψRdx = 0 (3.26)

Moreover, we can obtain
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lim
R→∞

lim
n→∞

∫

R3

ϕun |un|pψRdx ≤ lim
R→∞

lim
n→∞

C1



∫

R3

|un|
6p
5 ψRdx




5
6

= lim
R→∞

C1



∫

R3

|u|
6p
5 ψRdx




5
6

= lim
R→∞

C1



∫

|x|≥R
2

|u|
6p
5 ψRdx




5
6

= 0

(3.27)

Summing up, from (3.24)-(3.27), taking the limit as n→ ∞, and then the limit as R → ∞, we

have

ω∞ = ζ∞.

Step 3. We claim that ζj = 0 for all j ∈ J and ζ∞ = 0.

Assume, by contradiction, that there exists j0 ∈ J such that ζj0
> 0 or ζ∞ > 0. From Step 1,

Step 2, and Lemmas 3.1 and 3.2, it follows that

ζj0
≤ (S−1ωj0

)
p∗
p = (S−1ζj0

)
p∗
p , (3.28)

and

ζ∞ ≤
(
S−1ω∞

) p∗
p =

(
S−1ζ∞

) p∗
p
, (3.29)

Consequently, we get ζj0
≥ S3/p or ζ∞ ≥ S3/p . If the former case occurs, we have

R
p

1 ≥ lim
n→∞

‖∇un‖pp ≥ S lim
n→∞



∫

R3

|un|p
∗
dx




p

p∗

≥ S lim
n→∞



∫

R3

|un|p
∗
φρdx




p

p∗

= S



∫

R3

φρdζ




p

p∗
(3.30)

Taking the limit ρ → 0 in the last inequality, we get

R
p

1 ≥ S
(
ζj0

) p

p∗ = S
(
S

3
p

) p

p∗
= S

3
p ,

which contradicts (3.9). If the last case happens, we have
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R
p

1 ≥ lim
n→∞

‖∇un‖pp ≥ S lim
n→∞



∫

R3

|un|p
∗
dx




p

p∗

≥ S lim
n→∞



∫

R3

|un|p
∗
ψRdx




p

p∗

≥ S lim
n→∞



∫

|x|≥R

|un|p
∗
dx




p

p∗

.

(3.31)

Taking the limits n→ ∞ and R→ ∞ in (3.31), we infer that

R
p

1 ≥ S(ζ∞)
p

p∗ ≥ S(S3/p)
p

p∗ = S3/p.

This leads to a contradiction with (3.9). Therefore, we conclude that ζj = 0 for all j ∈ J and

ζ∞ = 0. As a result, by Lemma 3.1, we obtain that un → u in L
p∗

loc(R
3); and by Lemma 3.2, we

know that un → u in Lp
∗
(R3).

Next, we prove that there exists a constant µ∗
1 > 0, independent of n ∈ N , such that if µ>µ∗

1 ,

the Lagrange multiplier λ < 0 in (3.13). Indeed, observe that {un} ⊂ Sr(a) and ‖∇un‖p ≤R1, as

shown in the previous part of this proof, along with (2.9)-(2.10), which imply that there exists a

constant Q1 > 0, independent of n, such that

Q1 ≤ ‖un‖qq ≤ C (q)‖∇un‖
qδq
p ‖un‖

q
(
1−δq

)
p ≤ C (q)Rqδq1 aq

(
1−δq

)
. (3.32)

and

∫

R3

ϕun |un|p dx ≤ C̃‖un‖2p
6
5
p

≤ C̃
[
C

(
6p

5

)] 5
3

‖∇un‖p‖un‖2p−1
p

≤ C̃
[
C

(
6p

5

)] 5
3

R1a
2p−1

:=Q2,

(3.33)

where Q2 =Q2(R1, a) > 0. We define the constant

µ∗
1 = γ (2p− 1)Q2

2p
[
1 − δq

]
Q1

. (3.34)

By (3.32)-(3.34), we have
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µ∗
1 > lim

n→∞
γ (2p− 1)

∫
R3 ϕun |un|p dx

2p
(
1 − δq

)
‖un‖qq

=
γ (2p− 1)

∫
R3 ϕu |u|p dx

2p
(
1 − δq

)
‖u‖qq

> 0. (3.35)

Recall by (3.13) and its Pohozaev identity Pµ(u)= 0, we infer that

λ‖u‖pp = 2p− 1

2p
γ

∫

R3

ϕu |u|p dx +µ
(
δq − 1

)
‖u‖qq . (3.36)

Now, if µ>µ∗
1 , we conclude from (3.35), that

µ>
γ (2p− 1)

∫
R3 ϕu |u|p dx

2p
(
1 − δq

)
‖u‖qq

Thus, from (3.36), we infer to limn→∞ λn = λ < 0. Hence, taking into account (3.12), we derive

lim
n→∞


‖∇un‖pp + γ

∫

R3

ϕun |un|p dx − λ‖un‖qq




= lim
n→∞

[
µ‖un‖qq + ‖un‖p

∗

p∗ + on (1)
]

= µ‖u‖qq + ‖u‖p
∗

p∗ = ‖∇u‖pp + γ

∫

R3

ϕu |u|pdx − λ‖u‖pp.

(3.37)

Since λ < 0 for µ>µ∗
1 large, we obtain by Fatou’s Lemma,

lim
n→∞

‖∇un‖pp + γ

∫

R3

ϕun |un|pdx − λ‖un‖pp

≥ ‖∇u‖pp + γ

∫

R3

ϕu |u|pdx + lim inf
n→∞

(
−λ‖un‖pp

)
.

(3.38)

and from (3.37)-(3.38), one has

−λ‖u‖pp ≥ lim inf
n→∞

(−λ‖un‖pp). (3.39)

But by Fatou’s Lemma, we see that

lim inf
n→∞

(−λ‖un‖pp)≥ −λ‖u‖pp. (3.40)

Combining (3.39) with (3.40) we get

lim
n→∞

(−λ‖un‖pp)= −λ‖u‖pp;
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that is,

lim
n→∞

‖un‖pp = ‖u‖pp.

Thus, by (3.37) we have

lim
n→∞

‖∇un‖pp = ‖∇u‖pp.

Therefore, un → u in Er and ‖u‖p = a. The proof is complete. 2

For ε > 0, we define the set

I−ε
µ,τ = {u ∈Er ∩ S(a) : Iµ,τ (u)≤ −ε} ⊂Er .

Since Iµ,τ (u) is continuous and even on Er , it follows that the set I−ε
µ,τ is both closed and sym-

metric.

Lemma 3.4. For any fixed k ∈ N , there exist constants εk := ε(k) > 0 and µk := µ(k) > 0 such

that, for 0< ε ≤ εk and µ≥ µk , the following inequality holds:

G(I−ε
µ,τ )≥ k.

The proof of Lemma 3.4 is similar to that of Lemma 3.2 in [3], so we omit it here. In the

following, we define the set

Σk := {Ω⊂Er ∩ S(a) :Ω is closed and symmetric,G(Ω)≥ k},

and, by Lemma 3.3-(ii), we know that

ck := inf
Ω∈Σk

sup
u∈Ω

Iµ,τ (u) >−∞

for all k ∈ N . To prove Theorem 1.1, we introduce the critical value and define

Kc := {u ∈Er ∩ S(a) : I ′
µ,τ (u)= 0, Iµ,τ (u)= c}.

From this, we can derive the following conclusion:

Lemma 3.5. If c = ck = ck+1 = · · · = ck+ℓ, then we have G(Kc)≥ ℓ+ 1. In particular, Iµ,τ (u)

admits at least ℓ+ 1 nontrivial critical points.

Proof. For ε > 0, it is straightforward to verify that I−ε
µ,τ ∈ Σ. For any fixed k ∈ N , by

Lemma 3.4, there exist constants εk := ε(k) > 0 and µk := µ(k) > 0 such that, if 0 < ε ≤ εk
and µ≥ µk , we obtain

G(I−εk
µ,τ )≥ k.
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Thus, I
−εk
µ,τ ∈Σk , and furthermore,

ck ≤ sup

u∈I−εk
µ,τ

Iµ,τ (u)= −εk < 0.

Assume that 0> c = ck = ck+1 = · · · = ck+ℓ. Then, by Lemma 3.3-(iii), Iµ,τ (u) satisfies the

(PS)c-condition at the level c < 0. Consequently, Kc is a compact set. By Theorem 2.1 in [3],

or Theorem 2.1 in [35], we know that the restricted functional Iµ,τ |S(a) possesses at least ℓ+ 1

nontrivial critical points. 2

Proof of Theorem 1.1. Let µ≥ µ∗ = max{µ∗
1,µk}. From Lemma 3.3-(ii), we observe that the

critical points of Iµ,τ (u) found in Lemma 3.5 are the critical points of Iµ, which completes the

proof. 2

4. Proof of Theorem 1.2

In this section, we focus on the Lp-supercritical regime: p̄ < q < p∗, and complete the proof

of Theorem 1.2. To proceed with our arguments, we first present some useful lemmas and define

a function I : Er → R by I (u, t) := Iµ(t ∗ u). From Lemma 2.6, we observe that any critical

point of Iµ|S(a) belongs to P(a). Consequently, the properties of the manifold P(a) are closely

related to the mini-max structure of Iµ|S(a).

Lemma 4.1. Let p̄ < q < p∗, µ,γ > 0 and u ∈ S(a), then

(i) ‖∇(t ⋆ u)‖p → 0+ and Iµ(t ⋆ u)→ 0+ if t → −∞;

(ii) ‖∇(t ⋆ u)‖p → +∞ and Iµ(t ⋆ u)→ −∞ if t → +∞.

Proof. Using (2.17), we have

‖∇(t ∗ u)‖pp = ept‖∇u‖pp.

It follows that

‖∇(t ∗ u)‖p → 0+ as t → −∞,

and

‖∇(t ∗ u)‖p → +∞ as t → +∞.

Next, we note that

I (u, t)= Iµ(t ∗ u)=
1

p
ept‖∇u‖pp + γ

2p
et
∫

R3

ϕu|u|p dx − µ

q
eqδq t‖u‖qq − 1

p∗ e
p∗t‖u‖p

∗

p∗ .

Moreover, since

qδq >p if p̄ < q < p∗,
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we can infer that

Iµ(t ∗ u)→ 0+ as t → −∞,

and

Iµ(t ∗ u)→ −∞ as t → +∞.

This completes the proof. 2

Lemma 4.2. Let p̄ < q < p∗, µ,γ > 0. There exist K =Ka > 0 and ã > 0, where

ã :=




(Ka)
1− 1

p

4γ C̃
[
C
(

6
5
p
)] 5

3




1
2p−1

,

such that for all 0< a < ã,

Pµ(u) > 0, Iµ(u) > 0 for all u ∈ Aa and 0< sup
u∈Aa

Iµ (u) < inf
u∈Ba

Iµ (u) , (4.1)

where

Aa := {u ∈ Sr(a) : ‖∇u‖pp ≤Ka} and Ba := {u ∈ Sr(a) : ‖∇u‖pp = pKa}.

Proof. Suppose u,v ∈ Sr(a) such that ‖∇u‖pp ≤ Ka ‖∇v‖pp = pKa . By Proposition 2.1,

Lemma 2.2, and Lemma 2.3, we conclude that for u ∈ Sr(a), the following holds:

Pµ(u)= ‖∇u‖pp + γ

2p

∫

R3

ϕu |u|p dx −µδq‖u‖qq − ‖u‖p
∗

p∗

≥ ‖∇u‖pp −C (q)µδqa
q
(
1−δq

)
‖∇u‖qδqp − S

− p∗
p ‖∇u‖p

∗
p ,

and

Iµ(u)=
1

p
‖∇u‖pp + γ

2p

∫

R3

ϕu |u|p dx − µ

q
‖u‖qq − 1

p∗ ‖u‖p
∗

p∗

≥ 1

p
‖∇u‖pp −C (q)

µ

q
aq
(
1−δq

)
‖∇u‖qδqp − 1

p∗ S
− p∗

p ‖∇u‖p
∗
p .

Moreover, we have
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K. Liu, X. He and V.D. Rădulescu Journal of Differential Equations ••• (••••) ••••••

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

Iµ(v)− Iµ(u)≥
1

p
‖∇v‖pp − 1

p
‖∇u‖pp − γ

2p

∫

R3

ϕu |u|p dx − µ

q
‖v‖qq − 1

p∗ ‖v‖p
∗

p∗

≥ 1

p
‖∇v‖pp − 1

p
‖∇u‖pp − γ

2p
C̃

[
C

(
6

5
p

)] 5
3

a2p−1 (Ka)
1
p

− µ

q
C (q)aq

(
1−δq

)
(pKa)

qδq
p − 1

p∗ S
− p∗

p (pKa)
p∗
p

≥Ka − 1

p
Ka − γ

2p
C̃

[
C

(
6

5
p

)] 5
3




(Ka)
1− 1

p

4γ C̃
[
C
(

6
5
p
)] 5

3


 (Ka)

1
p

− C (q)µ

q




(Ka)
1− 1

p

4γ C̃
[
C
(

6
5
p
)] 5

3




q
(
1−δq

)

2p−1

(pKa)
qδq
p − 1

p∗ S
− p∗

p (pKa)
p∗
p

=8p− 9

8p
Ka −




p
qδq
p C (q)µ

q

(
4γ C̃

[
C
(

6
5
p
)] 5

3

) q
(
1−δq

)

2p−1

(Ka)
q(p+2)−2p(p+1)

p(2p−1)



Ka

−


p

p∗
p

p∗ S
− p∗

p (Ka)
p∗−p
p


Ka ≥ 8p− 9

8p
Ka > 0,

(4.2)

for 0< a < ã, and we denote by

Ka := min








q

(
4γ C̃

[
C
(

6
5
p
)] 5

3

) q
(
1−δq

)

2p−1

8p
p+qδq
p µC (q)




p(2p−1)
q(p+2)−2p(p+1)

,


 p∗

8p
p∗+p
p

S
p∗
p




p

p∗−p





. (4.3)

Then we deduce by (4.2) that (4.1) holds. 2

Next, we examine the characterizations of the mountain pass levels for I (u, t) and Iµ(u).

Denote the closed set I dµ := {u ∈ Sr(a) : Iµ(u)≤ d}.

Proposition 4.3. Assume that p̄ < q < p∗, µ,γ > 0. Define

σ̃µ(a) := inf
ξ̃∈Γ̃a

max
t∈[0,1]

I (̃ξ (t)),

where
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Γ̃a = {̃ξ ∈ C([0,1], Sr(a)× R) : ξ̃ (0) ∈ (Aa,0), ξ̃ (1) ∈ (I 0
µ,0)},

and

σµ(a) := inf
ξ∈Γa

max
t∈[0,1]

Iµ(ξ(t)),

where

Γa = {ξ ∈ C([0,1], Sr(a)) : ξ(0) ∈Aa, ξ(1) ∈ I 0
µ}.

Then we get

σ̃µ(a)= σµ(a) > 0.

Proof. Since Γa ×{0} ⊂ Γ̃a , it is easy to know that σ̃µ(a)≤ σµ(a). Then we only need to verify

σ̃µ(a)≥ σµ(a). For ξ̃ (t)= (̃ξ1(t), ξ̃2(t)) ∈ Γ̃a , one has,

ξ̃ (0)= (̃ξ1(0), ξ̃2(0)) ∈ (Ak1
,0) and ξ̃ (1)= (̃ξ1(1), ξ̃2(1)) ∈ (I 0

µ,0).

So, set ξ(t)= (̃ξ2(t) ⋆ ξ̃1(t)), we have ξ(t) ∈ Γa , and so,

max
t∈[0,1]

I (̃ξ (t))= max
t∈[0,1]

Iµ(̃ξ2(t) ⋆ ξ̃1(t))= max
t∈[0,1]

Iµ(ξ(t)),

which implies that σ̃µ(a)≥ σµ(a) > 0, and the proof is completed. 2

Next, we will show the existence of the (PS)σ̃µ(a) sequence for I (u, t) on Sr(a)×R, which is

demonstrated by a standard argument by using Ekeland’s variational principle and constructing

pseudo-gradient flow (Proposition 2.2 [32]).

Proposition 4.4. Let p̄ < q < p∗, µ,γ > 0. There exists a Palais-Smale sequence {wn} ⊂ Sr(a)

for Iµ|S(a) at level σµ (a) and Pµ (wn)→ 0 as n→ ∞.

Proof. Let

X = S(a)× R, F = {ξ̃ ([0,1]) : ξ̃ ∈ Γ̃a}, B := (Aa,0)∪ (I 0
µ,0),

F := {(u, t) ∈ S(a)× R | I (u, t)≥ σµ(a)}, A= ξ̃ ([0,1]), An = ξ̃n([0,1])= ξn([0,1])× {0}.

We need to verify that F is a homotopy stable family of compact subsets of X with extended

closed boundaries B and F , satisfying the assumptions (1) and (2) in Lemma 2.11. Specifically,

for each ξ̃ ∈ Γ̃a , since ξ̃ (0) ∈ (Aa,0) and ξ̃ (1) ∈ (I 0
µ,0), we have ξ̃ (0), ξ̃ (1) ∈ B . For any set

A ∈F and any η ∈ C([0,1]×X;X) such that η(t, x)= x for all (t, x) ∈ ({0}×X)∪ ([0,1]×B),
it follows that η(1, ξ̃ (0)) = ξ̃ (0) and η(1, ξ̃ (1)) = ξ̃ (1). Therefore, we obtain η({1} × A) ∈ F .

Combining (A ∩ F) \ B 6= ∅, we conclude that the assumptions (1) and (2) in Lemma 2.11 are

satisfied.
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K. Liu, X. He and V.D. Rădulescu Journal of Differential Equations ••• (••••) ••••••

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

Thus, there exists a sequence {(un, tn)} ⊂ S(a)× R such that as n→ +∞, ... ,

(|tn| + dist(un, ξn([0,1]))→ 0, (4.4)

I (un, tn)→ σµ (a) , (4.5)

(I |S(a)×R)
′(un, tn)→ 0. (4.6)

Moreover, we can obtain that I (un, tn)= I (tn ⋆ un,0) and

〈(
I |S(a)×R

)′
(un, tn) , (φ, s)

〉
=
〈(
I |S(a)×R

)′
(tn ⋆ un,0) , (tn ⋆ φ, s)

〉
, (4.7)

for (φ, s) ∈ E × R with
∫

R3 vnφ = 0. Recording that wn = tn ⋆ un ∈ S (a), we know from (4.5)

that

Iµ (wn)= I (tn ⋆ un,0)= I (wn, tn)→ σµ (a) , as n→ ∞.

Taking (0,1) as a test function in (4.7), we deduce from (4.6) that

P (wn)=
(
Iµ|S(a)

)′
(wn)→ 0, as n→ ∞. 2

Remark 4.5. From Proposition 4.4, we can say that there exist a sequence {un}, which is a (PS)

sequence for Iµ with the level σµ (a), that is

Iµ(un)→ σµ(a) as n→ +∞, (4.8)

and

(Iµ|Sr(a))′(un)→ 0 as n→ +∞. (4.9)

Lemma 4.6. The (PS) sequence {un} discussed in Remark 4.5 is bounded in Er . Furthermore,

assume that σµ(a) <
1
3
S

3
p and γ < γ ∗

1 for some γ ∗
1 > 0. Then, we have

lim
n→∞

λn = λ < 0.

Proof. From Remark 4.5, we see that Iµ(un) is bounded. In fact, by Pµ(un)→ 0 as n→ ∞, we

have

|2Iµ(un)+ Pµ(un)| ≤ C,

which implies that,

2‖∇un‖pp + p+ 1

2p
γ

∫

R3

ϕun |un|p dx −
µ
(
p+ qδq

)

q
‖u‖qq − p+ p∗

p∗ ‖u‖p
∗

p∗ ≥ −C. (4.10)

In view of (4.10) and Iµ(un)≤ C, we have
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p+ 1

2p
γ

∫

R3

ϕun |un|p dx +
µ
(
p+ qδq

)

q
‖un‖qq + p+ p∗

p∗ ‖un‖p
∗

p∗ ≤ (2p+ 1)C,

which implies that

∫

R3

ϕun |un|p dx, ‖un‖qq , ‖un‖p
∗

p∗ , ∀ n ∈ N,

are all bounded. Thus, ‖∇un‖p ≤ R2 for some R2 > 0, independent of n ∈ N . Since {un} ⊂
Sr(a), we conclude that {un} is bounded in Er . Therefore, by passing to a subsequence, we may

assume that un⇀u for some u ∈ Er , and consequently, un → u in Lq(R3) for all q ∈ (p,p∗).
As a result, it follows from Proposition 5.12 [58] that there exists a sequence {λn} ⊂ R such that

I ′
µ(un)− λnΦ

′(un)→ 0 in E−1
r as n→ ∞.

That is, we have

−∆pun + γϕun |un|p−2 un −µ |un|q−2 un + |un|p
∗−2 un = λn |un|p−2 un + on (1) in E−1

r .

(4.11)

Similar to the proof of Lemma 3.3, we know that u solves the equation

−∆pu+ γϕu |u|p−2 u−µ |u|q−2 u+ |u|p∗−2 u= λ |u|p−2 u. (4.12)

Moreover, u 6≡ 0. In fact, argue by contradiction that u ≡ 0. Then un → 0 in Lq(R3), ∀q ∈
(p,p∗), and by Pµ(un)= on(1), (2.9) we have

on (1)= ‖∇un‖pp + γ

2p

∫

R3

ϕun |un|p dx −µδq‖un‖qq − ‖un‖p
∗

p∗

= ‖∇un‖pp − ‖un‖p
∗

p∗ + on (1) .

We may assume that limn→∞‖∇un‖pp = limn→∞‖un‖p
∗

p∗dx = l ≥ 0. Thus, we have

σµ (a)+ on (1)= Iµ (un)

= 1

p
‖∇un‖pp + γ

2p

∫

R3

ϕun |un|p dx − µ

q
‖un‖qq − 1

p∗ ‖un‖p
∗

p∗

= 1

p
l − 1

p∗ l + on (1)

= 1

3
l + on (1)

(4.13)

On the other hand, by the Sobolev inequality (2.11), we have l ≥ Sl
p

p∗ . This gives rise to two

possible cases: (i) l = 0; (ii) l ≥ S
3
p .
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If l = 0, then by (4.13), we obtain Iµ(un)→ 0, which contradicts Iµ(un)→ σµ(a) > 0. Now,

if the second case, l ≥ S
3
p , holds, then by (4.17), we get Iµ(un)→ 1

3
l ≥ 1

3
S

3
p , which contradicts

Iµ(un)→ σµ(a) <
1
3
S

3
p . Thus, u 6≡ 0. Moreover, from (4.11) and Pµ(un)= on(1), we obtain

λn‖un‖pp = 2p− 1

2p
γ

∫

R3

ϕun |un|p dx −µ
(
δq − 1

)
‖un‖qq + on (1) . (4.14)

Since {un} ⊂ Sr(a) is bounded in Er , by Lemma 2.8 and (4.14), we conclude that the sequence

{λn} is bounded and that limn→∞ λn = λ ∈ R. Using an argument similar to that in (3.32) and

(3.33), for all n ∈ N , we have

W1 ≤ ‖un‖qq ≤ C (q)‖∇un‖
qδq
p ‖un‖

q
(
1−δq

)
p ≤ C (q)Rqδq2 aq

(
1−δq

)
, (4.15)

and

∫

R3

ϕun |un|p dx ≤ C̃‖un‖2p
6
5
p

≤ C̃
[
C

(
6

5
p

)] 5
3

R2a
2p−1 :=W2, (4.16)

where W1 > 0,W2 =W2(R2, a) > 0. We define the positive constant

γ ∗
1 := 2pµ(1 − δq)W1

(2p− 1)W2
. (4.17)

Therefore, if γ < γ ∗
1 , we get

γ (2p− 1)W2 < 2pµ(1 − δq)W1.

Hence, by (4.15), (4.16), we see that

2p− 1

2p
γ

∫

R3

ϕun |un|p dx <
(
1 − δq

)
µ‖un‖qq . (4.18)

Taking the limit in (4.17) as n→ ∞, and applying Lemmas 2.4, 2.8, we obtain

2p− 1

2p
γ

∫

R3

ϕu |u|p dx <
(
1 − δq

)
µ‖u‖qq . (4.19)

Consequently, passing the limit in (4.14) as n→ ∞, and using (4.19), we deduce that

λap = 2p− 1

2p
γ

∫

R3

ϕu |u|p dx −µ
(
δq − 1

)
‖u‖qq < 0. (4.20)

Thus, we have that λ < 0, if γ < γ ∗
1 is small. 2
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K. Liu, X. He and V.D. Rădulescu Journal of Differential Equations ••• (••••) ••••••

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

Lemma 4.7. Let 1+
√

41
4

< p <
3
√

9, p̄ < q < p∗, µ> 0, and suppose that 0< a < ã. Then there

exists γ ∗
2 > 0 such that σµ(a) <

1
3
S

3
p for γ ∈ (0, γ ∗

2 ) small enough.

Proof. Let us define the function

vε = a
uε

‖uε‖p
∈ S(a)∩Er ,

and introduce the function

Ψµvε (t) := Iµ(t ∗ vε)=
1

p
ept‖∇vε‖pp + γ

2p
et
∫

R3

ϕvε |vε|p dx

− µ

q
eqδq t‖vε‖qq − 1

p∗ e
p∗t‖vε‖p

∗

p∗ .

(4.21)

It is easy to see that Ψ
µ
vε (t)→ 0+ as t → −∞, and Ψ

µ
vε (t)→ −∞ as t → +∞. Therefore, we

conclude that Ψ
µ
vε attains its global positive maximum at some tε > 0, and the critical point tε is

unique. By the condition (Ψ
µ
vε )

′(tε)= Pµ(tε ∗ vε)= 0, we have

ep
∗tε‖vε‖p

∗

p∗ = eptε‖∇vε‖pp + γ

2p
etε
∫

R3

ϕvε |vε|p dx −µδqe
qδq tε‖vε‖qq

≤ eptε‖∇vε‖pp + γ

2p
etε
∫

R3

ϕvε |vε|p dx

= eptε


‖∇vε‖pp + γ

2p
e(1−p)tε

∫

R3

ϕvε |vε|p dx




≤ 2eptε max





‖∇vε‖pp,
γ

2p
e(1−p)tε

∫

R3

ϕvε |vε|p dx




.

(4.22)

Now, we distinguish the following possible cases.

Case 1. ‖∇vε‖pp > γ
2p
e(1−p)tε ∫

R3 ϕvε |vε|p dx. In this case, we have

ep
∗tε‖vε‖p

∗

p∗ ≤ 2eptε‖∇vε‖pp,

that is,

e
(
p∗−p

)
tε ≤ 2

‖∇vε‖pp
‖vε‖p

∗
p∗
. (4.23)

By (Ψ
µ
vε )

′(tε)= 0, we obtain that
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e(p
∗−p)tε

= ‖∇vε‖pp
‖vε‖p

∗
p∗

+ γ

2p

e(1−p)tε ∫
R3 ϕvε |vε|p dx
‖vε‖p

∗
p∗

−µδqe
(
qδq−p

)
tε

‖vε‖qq
‖vε‖p

∗
p∗

≥ ‖∇vε‖pp
‖vε‖p

∗
p∗

−µδq

(
2‖∇vε‖pp
‖vε‖p

∗
p∗

) qδq−p
p∗−p ‖vε‖qq

‖vε‖p
∗
p∗

= ‖uε‖p
∗−p
p ‖∇uε‖pp

ap
∗−p‖uε‖p

∗
p∗

−µδq

(
2‖uε‖p

∗−p
p ‖∇uε‖pp

ap
∗−p‖uε‖p

∗
p∗

) qδq−p
p∗−p ‖uε‖p

∗−q
p ‖uε‖qq

ap
∗−q‖uε‖p

∗
p∗

=
‖uε‖p

∗−p
p

(
‖∇uε‖pp

) qδq−p
p∗−p

ap
∗−p‖uε‖p

∗
p∗

[(
‖∇uε‖pp

) p∗−qδq
p∗−p − µδq2

qδq−p
p∗−p aq

(
1−δq

)
‖uε‖qq

‖uε‖
q
(
1−δq

)
p

(
‖uε‖p

∗
p∗

) qδq−p
p∗−p

]

=
‖uε‖p

∗−p
p

(
‖∇uε‖pp

) qδq−p
p∗−p

ap
∗−p‖uε‖p

∗
p∗

[(
‖∇uε‖pp

) p∗−qδq
p∗−p − µδq2

qδq−p
p∗−p aq

(
1−δq

)

(
‖uε‖p

∗
p∗

) qδq−p
p∗−p

‖uε‖qq
‖uε‖

q
(
1−δq

)
p

]
.

(4.24)

Recall some important estimates in (2.4)-(2.8), and from 1+
√

41
4

< p <
3
√

9, we have that there

exist positive constants C1, C2 and C3 depending on s and q , such that

C1 ≤ ‖∇uε‖pp ≤ 1

C1
, (4.25)

C2 ≤ ‖uε‖p
∗

p∗ ≤ 1

C2
, (4.26)

and

‖uε‖qq
‖uε‖q−pp

= C3ε
3− (q−1)(3−p)

p−1 . (4.27)

By virtue of (4.24)-(4.27), we get

e(p
∗−p)tε ≥ C ‖uε‖p

∗−p
p

ap
∗−p

[
C1 −µδqa

q
(
1−δq

)
2
qδq−p
p∗−p

C3

C2
ε

3− q(3−p)
(
p−δq

)

p(p−1)

]
≥ C ‖uε‖p

∗−p
p

ap
∗−p . (4.28)

Case 2. ‖∇vε‖pp ≤ γ
2p
e(1−p)tε ∫

R3 ϕvε |vε|p dx. In this case, we get

ep
∗tε‖vε‖p

∗

p∗ ≤ 2eptε
γ

2p
e(1−p)tε

∫

R3

ϕvε |vε|p dx,

that is
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e
(
p∗−1

)
tε ≤ γ

p

∫
R3 ϕvε |vε|p dx

‖vε‖p
∗
p∗

. (4.29)

Again using (Ψ
µ
vε )

′(tε)= 0, (4.29), (2.9) and Hölder inequality, we derive as

e(p
∗−p)tε

= ‖∇vε‖pp
‖vε‖p

∗
p∗

+ γ

2p
e(1−p)tε

∫
R3 ϕvε |vε|p dx

‖vε‖p
∗
p∗

−µδqe
(
qδq−p

)
tε

‖vε‖qq
‖vε‖p

∗
p∗

≥ ‖∇vε‖pp
‖vε‖p

∗
p∗

−µδq

(
γ

p

∫
R3 ϕvε |vε|p dx

‖vε‖p
∗
p∗

) qδq−p
p∗−1 ‖vε‖qq

‖vε‖p
∗
p∗

≥ ‖∇vε‖pp
‖vε‖p

∗
p∗

−µδq



γ

p

C̃‖vε‖2p
6
5p

‖vε‖p
∗
p∗




qδq−p
p∗−1

‖vε‖qq
‖vε‖p

∗
p∗

≥ ‖∇vε‖pp
‖vε‖p

∗
p∗

−µδq

(
γ

p

C̃‖vε‖2p−1
p ‖vε‖p∗

‖vε‖p
∗
p∗

) qδq−p
p∗−1 ‖vε‖qq

‖vε‖p
∗
p∗

≥ ‖∇vε‖pp
‖vε‖p

∗
p∗

−µδq

(
γ C̃

p

) qδq−p
p∗−1

a
(2p−1)

(
qδq−p

)

p∗−1

(
1

‖vε‖p
∗−1
p∗

) qδq−p
p∗−1 ‖vε‖qq

‖vε‖p
∗
p∗

≥ ‖uε‖p
∗−p
p ‖∇uε‖pp

ap
∗−p‖uε‖p

∗
p∗

−µδq

(
γ C̃

p

) qδq−p
p∗−1

aα
‖uε‖qq‖uε‖

p∗−p+qδq−q
p

‖uε‖
p∗−p+qδq
p∗

=
‖uε‖p

∗−p
p

(
‖∇uε‖pp

) qδq−p
p∗−p

ap
∗−p‖uε‖p

∗
p∗

[(
‖∇uε‖pp

) p∗−qδq
p∗−p

−µδq

(
γ C̃

p

) qδq−p
p∗−1

aα−p∗+p ‖uε‖qq‖uε‖
qδq−q
p

‖uε‖
qδq−p
p∗

(
‖∇uε‖pp

) qδq−p
p∗−p

]

=
‖uε‖p

∗−p
p

(
‖∇uε‖pp

) qδq−p
p∗−p

ap
∗−p‖uε‖p

∗
p∗

[(
‖∇uε‖pp

) p∗−qδq
p∗−p

−µδq

(
γ C̃

p

) qδq−p
p∗−1 aα−p∗+p

‖uε‖
qδq−p
p∗

(
‖∇uε‖pp

) qδq−p
p∗−p

‖uε‖qq
‖uε‖

q−qδq
p

]
,

(4.30)

where α = (2p−1)
(
qδq−1

)

p∗−1
+ q − qδq + p − p∗. By (2.4)-(2.5), we conclude that there exists

constant C4 > 0 such that
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K. Liu, X. He and V.D. Rădulescu Journal of Differential Equations ••• (••••) ••••••

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

C4 ≤
(
‖∇uε‖pp

) qδq−p
p∗−p ‖uε‖

qδq−p
p∗ ≤ 1

C4
. (4.31)

So, by (4.25)-(4.27) and (4.31), we have

e
(
p∗−p

)
tε ≥ C ‖uε‖p

∗−p
p

ap
∗−p


C1 −µδq

(
γ C̃

p

) qδq−p
p∗−1

am−p∗+pC3

C4
ε

3− q(3−p)
(
p−δq

)

p(p−1)




≥ C‖uε‖p
∗−p
p

ap
∗−p .

(4.32)

In what follows we focus on an upper estimate for Ψ
µ
vε (t). We split the argument into two

steps.

Step 1. We estimate Ψ̂
µ
vε (tε) as follows:

Ψ̂µvε (t)=
1

p
ept‖∇vε‖pp − 1

p∗ e
p∗t‖vε‖p

∗

p∗ .

By direct calculation, we deduce that the function Ψ̂
µ
vε (tε) has a unique critical point t̂ε , which is

a strict maximum point and is given by

et̂ε =
(

‖∇vε‖pp
‖vε‖p

∗
p∗

) 1
p∗−p

. (4.33)

Applying the fact

sup
θ≥0

(
θp

p
a − θp

∗

p∗ b

)
= 1

3

(
a

b
p

p∗

) 3
p

,

for any fixed a, b > 0. We can deduce by (2.4), (2.5), that

Ψ̂µvε (t̂ε)=
1

3




‖∇vε‖pp
(
‖vε‖p

∗
p∗

) p

p∗




3
p

= 1

3




‖∇uε‖pp
(
‖uε‖p

∗
p∗

) p

p∗




3
p

= 1

3




S
3
p +O

(
ε

3−p
p−1

)

(
S

3
p +O

(
ε

3
p−1

)) p

p∗




3
p

= 1

3
S

3
p +O

(
ε

3−p
p−1

)
.

(4.34)

Step 2. we next estimate for Ψ
µ
vε (t). By (2.9), (4.22)and Hölder inequality, we can deduce

that
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e(p
∗−p)tε = ‖∇vε‖pp

‖vε‖p
∗
p∗

+ γ

2p
e(1−p)tε

∫
R3 ϕvε |vε|p dx

‖vε‖p
∗
p∗

−µδq
‖vε‖qq
‖vε‖p

∗
p∗

≤ 1

‖vε‖p
∗
p∗


‖∇vε‖pp + γ

2p
e(1−p)tε

∫

R3

ϕvε |vε|p dx




≤ 1

‖vε‖p
∗
p∗

(
‖∇vε‖pp + γ

2p
e(1−p)tε C̃‖vε‖2p

6
5
p

)

≤ 1

‖vε‖p
∗
p∗

(
‖∇vε‖pp + γ

2p
e(1−p)tε C̃‖vε‖2p−1

p ‖vε‖p∗

)

= 1

ap
∗−p‖uε‖p

∗
p∗

(
‖∇uε‖pp‖uε‖p

∗−p
p + γ

2p
e(1−p)tε C̃ap‖uε‖p

∗−1
p ‖uε‖p∗

)
.

(4.35)

In view of (2.4), (2.5), (2.7) and (4.35), we know tε can not go to +∞, namely, there exists some

t∗ ∈ R such that

tε ≤ t∗, for all ε > 0.

Hence, by (2.6)-(2.7), (2.9)-(2.10), (4.27), (4.31)-(4.33), and above inequality, we get

sup
t∈R

Ψµvε (t)=Ψµvε (tε)

= Ψ̂µvε (tε)+
γ

2p
etε
∫

R3

ϕvε |vε|p dx − µ

q
eqδq tε‖vε‖qq

≤ 1

3
S

3
p +O

(
ε

3−p
p−1

)
+Cγ ‖vε‖2p

6
5
p

− µ

q
eqδq tε‖vε‖qq

≤ 1

3
S

3
p +O

(
ε

3−p
p−1

)
+Cγ

a2p

‖uε‖2p
p

‖uε‖2p
6
5
p

− Cµaq
(
1−δq

)

q

‖uε‖qq
‖uε‖

q
(
1−δq

)
p

≤ 1

3
S

3
p +C1ε

3−p
p−1 +C2γ

‖uε‖2p
6
5p

‖uε‖2p
p

−C3

‖uε‖qq
‖uε‖

q
(
1−δq

)
p

= 1

3
S

3
p +C1ε

3−p
p−1 +C2γ

ε
2(3−p)
p−1

ε
2(3−p)
p−1

−C3ε
3− q(3−p)

(
p−δq

)

p(p−1)

= 1

3
S

3
p +C1ε

3−p
p−1 +C2γ −C3ε

3− q(3−p)
(
p−δq

)

p(p−1)

<
1

3
S

3
p ,

(4.36)

if we take γ = εα for some constant α ≥ 3−p
p−1

, and using the fact 0< 3 − q(3−p)
(
p−δq

)

p(p−1)
<

3−p
p−1

.
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Since vε ∈ Sr(a), from Lemma 4.2 we may take t1 < 0 and t2 > 0 such that t1 ⋆ vε ∈ Aa and

Iµ(t2 ⋆ vε) < 0, respectively. We construct a path as:

η∗
vε

:m ∈ [0,1] 7→ ((1 −m)t1 +mt2) ⋆ vε ∈ Γa .

Thereby, there exists some γ ∗
2 > 0, such that

σµ(a)≤ max
t∈[0,1]

Iµ(η
∗
vε
(t))≤ sup

t∈R

Ψµvε (t) <
1

3
S

3
p ,

for γ ∈ (0, γ ∗
2 ) small enough, which completes the proof. 2

Lemma 4.8. Let {un} be the (PS) sequence in Sr(a) at level σµ(a), with σµ(a) <
1
3
S

3
p . Assume

that un⇀u. Then u 6≡ 0.

Proof. To argue by contradiction, suppose that u≡ 0. Since {un} is bounded in Er , by passing

to a subsequence, we may assume that ‖∇un‖pp → ℓ≥ 0. By Lemma 2.8, we know that un → 0

in Lq(R3) for all q ∈ (p,p∗). From Proposition 4.4 and Lemmas 2.4 and 2.8, it follows that

Pµ(un)→ 0, such that,

‖un‖p
∗

p∗ = ‖∇un‖pp + γ

2p

∫

R3

ϕun |un|p dx −µδq‖un‖qq

= ‖∇un‖pp + on (1)

= ℓ+ on (1)

as n→ ∞. Then, using Sobolev inequality, one has ℓ≥ Sℓ
p

p∗ , and so, either ℓ≥ S
3
p or ℓ= 0. In

the case ℓ≥ S
3
p , from Iµ(un)→ σµ(a) and Pµ(un)→ 0, we obtain:

σµ(a)+ on(1)= Iµ(un)= Iµ(un)−
1

p∗Pµ(un)

= 1

3
‖∇un‖pp + p∗ − 1

2pp∗ γ
∫

R3

ϕun |un|p dx − p∗ − qδq

p∗q
µ‖un‖qq

= 1

3
ℓ+ on(1),

which implies σµ(a)= 1
3
ℓ, and thus σµ(a)≥ 1

3
S

3
p , contradicting the assumption σµ(a) <

1
3
S

3
p .

In the case ℓ= 0, we have

‖∇un‖pp → 0, ‖un‖p
∗

p∗ → 0,

and, combined with
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∫

R3

ϕun |un|p dx → 0, ‖un‖qq → 0,

we obtain Iµ(un)→ 0, which contradicts σµ(a) > 0. Therefore, u 6≡ 0. 2

Lemma 4.9. Let {un} be the (PS) sequence in Sr(a) at level σµ(a), with σµ(a) <
1
3
S

3
p . Assume

that Pµ(un)→ 0 as n→ ∞, and that γ < γ ∗
1 is sufficiently small. Then, one of the following

alternatives must hold:

(i) There exists a subsequence such that un⇀u weakly in Er , but not strongly, where u 6≡ 0

is a solution to

−Δpu+ γϕu|u|p−2u= λ|u|p−2u+µ|u|q−2u+ |u|p∗−2u, in R
3,

where λn → λ < 0, and

Iµ(u) < σµ(a)−
1

3
S

3
p .

(ii) Alternatively, passing to a subsequence, un → u strongly in Er , Iµ(u)= σµ(a), and u is

a solution to (1.1)-(1.2) for some λ < 0.

Proof. By Lemma 4.6, the sequence {un} ⊂ Sr(a) is a bounded (PS) sequence for Iµ in Er , and

therefore, un⇀u in Er for some u. By the Lagrange multiplier principle, there exists a sequence

{λn} ⊂ R satisfying

∫

R3

|∇un|p−2∇un∇φdx − λn

∫

R3

|un|p−2unφdx + γ

∫

R3

ϕun |un|p−2 unφdx

−µ

∫

R3

|un|q−2unφdx −
∫

R3

|un|p
∗−2 unφdx = on (1)‖φ‖,

(4.37)

for any φ ∈Er . Moreover, one has limn→∞ λn = λ < 0. Letting n→ ∞ in (4.37), we have

∫

R3

|∇u|p−2∇u∇φdx + γ

∫

R3

ϕu |u|p−2 uφdx

−µ

∫

R3

|u|q−2uφdx −
∫

R3

|u|p∗−2 uφdx − λ

∫

R3

|u|p−2uφdx = 0,

which implies that u solves the equation

−∆pu+ γϕu |u|p−2 u= λ |u|p−2 u+µ |u|q−2 u+ |u|p∗−2 u, in R
3, (4.38)

and we have the Pohozaev identity Pµ(u)= 0.

Let vn = un − u, then vn⇀ 0 in Er . According to Brezis-Lieb lemma [58] and Lemma 2.3,

one has
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‖∇un‖pp = ‖∇u‖pp + ‖∇vn‖pp + on (1) ,

‖un‖p
∗

p∗ = ‖u‖p
∗

p∗ + ‖vn‖p
∗

p∗ + on (1) ,
(4.39)

and
∫

R3

ϕun |un|p dx =
∫

R3

ϕu |u|p dx + on (1) ,‖un‖qq = ‖u‖qq + ‖vn‖qq + on (1) , (4.40)

Then, from Pµ(un) > 0, un → u in Lp(R3), one can derive that

‖∇u‖pp + ‖∇vn‖pp + γ

2p

∫

R3

ϕu |u|p dx = µδq‖u‖qq + ‖u‖p
∗

p∗ + ‖vn‖p
∗

p∗ + on (1)

By Pµ(u)= 0, we have

‖∇vn‖pp = ‖vn‖p
∗

p∗ + on (1) (4.41)

Passing to a subsequence, we may assume that

lim
n→∞

‖∇vn‖pp = lim
n→∞

‖vn‖p
∗

p∗ = ℓ≥ 0. (4.42)

It follows from the Sobolev inequality that ℓ ≥ Sℓ
p

p∗ , and thus, either ℓ ≥ S
3
p or ℓ = 0. In the

case ℓ≥ S
3
p , since Iµ(un)→ σµ(a) and Pµ(un)→ 0, we deduce that

σµ (a)= lim
n→∞

Iµ (un)

= lim
n→∞

Iµ (u)+
1

p
‖∇vn‖pp − 1

p∗ ‖vn‖p
∗

p∗ + on (1)

= Iµ (u)+
1

3
ℓ≥ Iµ (u)+

1

3
S

3
p .

(4.43)

which means that item (i) holds.

If ℓ = 0, then ‖un − u‖ = ‖vn‖ > 0, and we have un → u in D1,p(R3), which implies that

un → u in Lp
∗
(R3). To prove that un → u in Er , it remains to show that un → u in Lp(R3).

Fix ψ = un − u as a test function in (4.37), and use un − u as a test function in (4.38). We then

deduce that
∫

R3

(
|∇un|p−2 ∇un − |∇u|p−2 ∇u

)
∇ (un − u)dx

−
∫

R3

(
λn |un|p−2 un − λ |u|p−2 u

)
(un − u)dx

+ γ

∫

R3

(
ϕun |un|p−2 un − ϕu |u|p−2 u

)
(un − u)dx (4.44)
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= µ

∫

R3

(
|un|q−2un − |u|q−2u

)
(un − u)dx

+
∫

R3

(
|un|p

∗−2 un − |u|p∗−2 u
)
(un − u)dx + on (1)

Passing the limit in (4.44) as n→ ∞, we have

0 = lim
n→∞

∫

R3

(
λn |un|p−2 un − λ |u|p−2 u

)
(un − u)dx = lim

n→∞
λ

∫

R3

|un − u|p dx,

and then un → u in Lp(R3). Therefore, item (ii) holds. 2

Now, with the help of the above preparation, we are ready to accomplish the proof of Theo-

rem 1.2.

Proof of Theorem 1.2. Let γ < Γ∗ := min{γ ∗
1 , γ

∗
2 }. By Lemmas 4.1-4.2, 4.6-4.7, and Proposi-

tions 4.3-4.4, there exists a bounded (PS)σµ(a)-sequence {un} ⊂ Sr(a) with σµ(a) <
1
3
S

3
p , and

u ∈ Er such that one of the alternatives in Lemma 4.9 must hold. We now claim that case (i) in

Lemma 4.9 is not possible. To argue by contradiction, assume that case (i) holds. Then u would

be a nontrivial solution to (4.37), and applying Lemmas 4.9 and 4.7, we conclude that

Iµ(u) < σµ(a)−
1

3
S

3
p < 0.

On the other hand, we have

Iµ (u)= Iµ (u)−
1

p
Pµ (u)

= p− 1

2p2
γ

∫

R3

ϕu |u|p dx + qδq − p

pq
µ‖u‖qq + 1

3
‖u‖p

∗

p∗ ≥ 0

which leads to a contradiction. Thus, un → u strongly in Er with Iµ(u)= σµ(a), and u is a so-

lution to (1.1)-(1.2) for some λ < 0. Moreover, we have u(x) > 0 in R
3. In fact, all the preceding

calculations can be repeated verbatim, simply replacing Iµ with the functional

I+
µ (u)=

1

p
‖∇u‖pp + γ

2p

∫

R3

ϕu |u|p dx − µ

q
‖u+‖qq − 1

p∗ ‖u+‖p
∗

p∗ . (4.45)

Then u is the critical point of I+
µ restricted on the set Sr(a), it solves the equation

−∆pu+ γϕu |u|p−2 u= λ |u|p−2 u+µ
∣∣u+∣∣q−2

u+
∣∣u+∣∣p∗−2

u. in R
3, (4.46)

Using u− = min{u,0} as a test function in (4.46), and recalling that (a−b)(a∗ −b∗) > |a∗ −b∗|
for all a, b ∈ R, we conclude that
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‖∇u−‖pp ≤ ‖∇u−‖pp + γ

∫

R3

ϕu|u−|p dx − λ‖u−‖pp = 0.

Thus, u− = 0, and consequently, u≥ 0 for all x ∈ R
3. This implies that u is a solution to (4.46).

By the strong maximum principle, we conclude that u(x) > 0 for all x ∈ R
3. 2

5. Proof of Theorem 1.3

In this section, we consider the Lp-supercritical case p̄ < q < p∗, where the parameter µ> 0

is large. Due to the fact that qδq > p, the truncated functional Iµ,τ defined in Section 4 remains

unbounded from below on Sr(a), and therefore, the truncation technique is not applicable for

analyzing the problem in (1.1)-(1.2).

From Lemmas 4.1, 4.2 we have the mountain pass level value σµ(a) by

σµ(a) := inf
ξ∈Γa

max
t∈[0,1]

Iµ(ξ(t)) > 0,

where

Γa = {ξ ∈ C([0,1], Sr (a)) : ξ(0) ∈Aa, ξ(1) ∈ I 0
µ}.

In the following, we define g(t)= µ|t |q−2t + |u|p∗−2u and G(t)= µ
q
|t |q + 1

p∗ |u|p∗
, for any t ∈

R. From Proposition 4.4, we know that there exists a (PS)σµ(a)-sequence {un} ⊂ Sr(a) satisfying

Iµ(un)→ σµ(a), ‖I ′
µ|Sr (a)(un)‖ → 0, Pµ(un)→ 0, as n→ ∞,

where

Pµ (un)= ‖∇un‖pp + γ

2p

∫

R3

ϕun |un|p dx + 3

∫

R3

G(un) dx − 3

p

∫

R3

g (un) undx.

Moreover, by Proposition 5.12 in [58], there exists λn ∈ R such that

‖I ′
µ(un)− λnΦ

′(un)‖ → 0, as n→ ∞.

That is, we have

−∆pun + γϕun |un|p−2 un − g (un)= λn |un|p−2 un + on (1) in E−1
r . (5.1)

Therefore, for any φ ∈Er , one has

∫

R3

|∇un|p−2 ∇un∇φ dx + γ

∫

R3

ϕun |un|p−2 unφ dx −
∫

R3

g (un)φdx

= λn

∫

R3

|un|p−2 unφ dx + on (1) .

(5.2)
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In the following, we analyze the asymptotic behavior of the mountain pass level σµ(a) as

µ→ +∞, and investigate the properties of the (PS)σµ(a)-sequence {un} ⊂ Sr(a) as n→ +∞.

Lemma 5.1. The limit limµ→+∞ σµ(a)= 0 holds.

Proof. Recalling Lemmas 4.1 and 4.2, we observe that for a fixed u0 ∈ Sr(a), there exist two

constants t1 and t2 satisfying t1 < 0 < t2, such that u1 := t1 ∗ u0 ∈ Aa and u2 := t2 ∗ u0 with

Iµ(u2) < 0. We can then define a path

η0 :m ∈ [0,1] 7→ ((1 −m)t1 +mt2) ∗ u0 ∈ Γa .

Thus, we have

σµ (a)≤ max
t∈[0,1]

Iµ (η0 (t))

≤ max
r≥0




rp

p
‖∇u0‖pp + γ

2p
r

∫

R3

ϕu0
|u0|p dx − µ

q
rqδq‖u0‖qq





:= max
r≥0

h(r) .

Since qδq >p, we know that

lim
r→+∞

h(r)= 0+ and lim
r→+∞

h(r)= −∞.

Therefore, there exists a unique point r0 > 0 such that

max
r≥0

h(r)= h(r0) > 0.

Thus, we distinguish between two cases: r0 ≥ 1 and 0 ≤ r0 < 1.

If r0 ≥ 1, we have that

max
t∈[0,1]

Iµ (η0 (t))≤ h(r0)≤
r
p

0

p
‖∇u0‖pp +

r
p

0

2p
γ

∫

R3

ϕu0
|u0|p dx − µ

q
r
qδq
0 ‖u0‖qq

≤ max
r≥0





2rp max





1

p
‖∇u0‖pp,

γ

2p

∫

R3

ϕu0
|u0|p dx





− µ

q
rqδq‖u0‖qq





= 2a (rmax)
p − µb

q
(rmax)

qδq

=
(

2a − 2ap

qδq

)[
2ap

µbδq

] p
qδq−p

.

where
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rmax =
[

2ap

µbδq

] 1
qδq−p

, a = max





1

p
‖∇u0‖pp,

γ

2p

∫

R3

ϕu0
|u0|p dx




, b= ‖u0‖qq .

Therefore, for p̄ < q < p∗, we have a positive constant C1 independent of µ such that

σµ(a)≤ C1µ
− p
qδq−p → 0, as µ→ +∞.

If 0 ≤ r0 < 1, we infer that

max
t∈[0,1]

Iµ (η0 (t))≤
r
p

0

p
‖∇u0‖pp + r0

2p
γ

∫

R3

ϕu0
|u0|p dx − µ

q
r
qδq
0 ‖u0‖qq

≤ max
r≥0





2rmax





1

p
‖∇u0‖pp,

γ

2p

∫

R3

ϕu0
|u0|p dx





− µ

q
rqδq‖u0‖qq





= 2ar̃max − µb

q
(rmax)

qδq

=
(

2a − 2a

qδq

)[
2a

µbδq

] 1
qδq−1

.

where

r̃max =
[

2a

µbδq

] 1
qδq−1

.

Then there exists a positive constant C2 independent of µ such that

σµ(a)≤ C2µ
− 1
qδq−1 → 0, as µ→ +∞.

This completes the proof. 2

Lemma 5.2. There exists a constant C = C(q) > 0 such that

lim sup
n→∞

∫

R3

G(un)dx ≤ Cσµ(a) , lim sup
n→∞

∫

R3

g(un)undx ≤ Cσµ(a).

and

lim sup
n→∞

∫

R3

ϕun |un|p dx ≤ Cσµ (a) , lim sup
n→∞

‖∇un‖pp ≤ Cσµ (a) .
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Proof. Since Iµ(un)→ σµ(a) and Pµ(un)→ 0 as n→ ∞, we have

3σµ (a)+ on (1)= 3Iµ (un)+ Pµ (un)

= p+ 3

p
‖∇un‖pp + 2γ

p

∫

R3

ϕun |un|p dx − 3

p

∫

R3

g (un)undx

= p+ 3

p


pσµ (a)−

γ

2

∫

R3

ϕun |un|p dx + p

∫

R3

G(un) dx + on (1)




+ 2γ

p

∫

R3

ϕun |un|p dx − 3

p

∫

R3

g (un) undx (5.3)

= (p+ 3)


σµ (a)+

∫

R3

G(un) dx + on (1)




− p− 1

2p
γ

∫

R3

ϕun |un|p dx − 3

p

∫

R3

g (un)undx

Hence,

pσµ (a)+ on (1)=
p− 1

2p
γ

∫

R3

ϕun |un|p dx + 3

p

∫

R3

g (un)undx − (p+ 3)

∫

R3

G(un) dx

≥ 3q

p

∫

R3

G(un) dx − (p+ 3)

∫

R3

G(un) dx

= 3q − p (p+ 3)

p

∫

R3

G(un) dx

which implies that

lim sup
n→∞

∫

R3

G(un) dx ≤ p2

3q − p (p+ 3)
σµ (a)≤ Cσµ (a) . (5.4)

and then

lim sup
n→∞

∫

R3

g (un)undx ≤ Cσµ (a) . (5.5)

Then, from (5.3)-(5.5), we have
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lim sup
n→∞




p+ 3

p
‖∇un‖pp + 2

p
γ

∫

R3

ϕun |un|p dx





= lim sup
n→∞





3σµ (a)+
3

p

∫

R3

g (un)undx + on (1)





≤ Cσµ (a) .

(5.6)

Consequently, the proof is completed. 2

Lemma 5.3. There exists µ∗
1 := µ∗

1(a) > 0 such that u 6≡ 0 for all µ≥ µ∗
1 .

Proof. From Lemma 4.6, it follows that the sequence {un} is bounded in Er . Moreover, by

Lemma 2.8, passing to a subsequence, there exists u ∈ Er such that un ⇀ u weakly in Er ,

un → u strongly in Lq(R3) for q ∈ (p,p∗), and un → u a.e. on R
3. Given that p̄ < q < p∗, and

applying Lemmas 2.4 and 2.8, we conclude that

lim
n→∞

‖un‖qq = ‖u‖qq ,
∫

R3

ϕun |un|p dx =
∫

R3

ϕu |u|p dx. (5.7)

Suppose by contradiction that u≡ 0. Then, by the (5.7) and Pµ(un)= on(1), we deduce as

on (1)= ‖∇un‖pp + γ

2p

∫

R3

ϕun |un|p dx −µδq‖un‖qq − ‖un‖p
∗

p∗ = ‖∇un‖pp − ‖un‖p
∗

p∗ + on (1) .

Without loss of generality, we may assume that

‖∇un‖pp → ℓ , ‖un‖p
∗

p∗ → ℓ,

as n→ ∞. By Sobolev inequality we get ℓ≥ Sℓ
p

p∗ , and so, either ℓ≥ S
3
p or ℓ= 0.

If ℓ≥ S
3
p , then from Iµ(un)→ σµ(a), Pµ(un)→ 0, we have

σµ (a)+ on (1)= Iµ (un)

= Iµ (un)−
1

p∗Pµ (un)

= 1

3
‖∇un‖pp + p∗ − 1

2pp∗ γ
∫

R3

ϕun |un|p dx − p∗ − qδq

p∗q
µ‖u‖qq + on (1)

= 1

3
ℓ+ on (1) ,

which implies that σµ(a)= 1
3
ℓ, and so, σµ(a)≥ 1

3
S

3
p , but this is impossible since by Lemma 5.1,

there exists some µ∗
1 := µ∗

1(a) > 0 such that σµ(a) <
1
3
S

3
p as µ>µ∗

1 .
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If ℓ = 0, then we have ‖∇un‖pp → 0, thus Iµ(un) → 0, which is absurd since σµ(a) > 0.

Therefore, u 6≡ 0. 2

Lemma 5.4. The sequence {λn} is bounded in R, and lim supn→∞ |λn| ≤ C
ap
σµ(a) with the fol-

lowing estimate:

λn = 1

ap




2p− 1

2p
γ

∫

R3

ϕun |un|p dx + (δq − 1)µ‖un‖qq


+ on(1).

Moreover, there exists a constant µ∗
2 = µ∗

2(a) > 0 such that

lim
n→∞

λn = λ < 0 if µ≥ µ∗
2 large.

Proof. From (5.1) and the fact that un ∈ Sr(a), we obtain

‖∇un‖pp + γ

∫

R3

ϕun |un|p dx −
∫

R3

g (un) undx = λn‖un‖pp + on (1)

= λna
p + on (1) ,

which indicates that

λn = 1

ap


‖∇un‖pp + γ

∫

R3

ϕun |un|p dx −
∫

R3

g (un)undx


+ on (1) .

By Lemma 4.6, we know that {un} is bounded in Er , and thus {λn} is also bounded in R. From

Lemma 5.2, we obtain that lim supn→∞ |λn| ≤ C
ap
σµ(a). Furthermore, along with Pµ(un)→ 0

as n→ ∞, we conclude that

λn = 1

ap


‖∇un‖pp + γ

∫

R3

ϕun |un|p dx −
∫

R3

g (un)undx − Pµ (un)


+ on (1)

= 1

ap




2p− 1

2p
γ

∫

R3

ϕun |un|p dx +
(
δq − 1

)
µ‖un‖qq


+ on (1)

By (5.7) and similar arguments to that of (3.32)-(3.35), we see that there exists µ∗
2 := µ∗

2(a) > 0,

such that
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λ= lim
n→∞

λn

= lim
n→∞

1

ap




2p− 1

2p
γ

∫

R3

ϕun |un|p dx +
(
δq − 1

)
µ‖un‖qq + on (1)




= 1

ap




2p− 1

2p
γ

∫

R3

ϕu |u|p dx +
(
δq − 1

)
µ‖u‖qq


< 0,

(5.8)

for µ>µ∗
2 large. 2

Subsequently, by applying the concentration-compactness principle, we obtain the following

lemma, the proof of which follows similarly to that of Lemma 3.3 in Section 4, and we omit the

details here.

Lemma 5.5. For µ>µ∗ := max{µ∗
1,µ

∗
2}, it holds that ‖un‖p

∗

p∗ → ‖u‖p
∗

p∗ .

With the aid of the above technical lemmas, we can now proceed to prove Theorem 1.3 as

follows.

Proof of Theorem 1.3. Let µ > µ∗ := max{µ∗
1,µ

∗
2}. From Lemmas 4.1 and 4.2, we know that

the functional Iµ satisfies the mountain pass geometry. According to Proposition 4.4, there exists

a (PS)σµ(a)-sequence {un} ⊂ Sr(a) that satisfies (5.1) and (5.2), and this sequence is bounded

in Er . Furthermore, there exists a function u ∈ Er such that un⇀u weakly in Er , and un → u

strongly in Lq(R3) for q ∈ (p,p∗). In addition, by Lemmas 5.1-5.4, we deduce that λn → λ < 0

as n→ +∞. From the weak convergence un⇀ u in Er and the equations (5.1) and (5.2), we

conclude that u satisfies the equation

−∆pu+ γϕu |u|p−2 u−µ |u|q−2 u− |u|p∗−2 u= λ |u|p−2 u. (5.9)

Therefore, from (5.7) - (5.9) and Lemma 5.5, it follows that

‖∇u‖pp + γ

∫

R3

ϕu |u|p dx − λ‖u‖pp = µ‖u‖qq + ‖u‖p
∗

p∗ = lim
n→∞

[
µ‖un‖qq + ‖un‖p

∗

p∗

]

= lim
n→∞


‖∇un‖pp + γ

∫

R3

ϕun |un|p dx − λn‖un‖pp




= lim
n→∞

[
‖∇un‖pp − λn‖un‖pp

]
+ γ

∫

R3

ϕu |u|p dx.

Since λ < 0, following the reasoning in the proof of Lemma 3.3, we can conclude that

lim
n→∞

‖∇un‖pp = ‖∇u‖pp and lim
n→∞

‖un‖pp = ‖u‖pp.
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Thus, un → u in Er and ‖u‖p = a. This completes the proof. 2
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