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1. Introduction

The well-known Hardy-Sobolev inequality states that for any domain Q@ C RV, N > 3, we

have
N—-2\% 1 ¢2 5
R —dx < Vol|“d
<2> |x|2x—/"’"x
Q Q

for every ¢ € C°(2). Several versions of the Hardy inequality with applications in partial
differential equations can be found, for example, in [5,6,12,14,16,21,22,25,26,35]. This paper
discusses the following generalized Hardy inequality.

Theorem 1.1. Let f : (0, 00) — R\ {0} be a C function with f'(t) > 0 for everyt € (0, o0) and
let Q be a domain in RN . Then for any positive function u € C*(2) we have

_—Au(pde < |V¢|2
f ) J )

dx (1.1)

for every ¢ € CX(Q). In addition, if f(t) > 0 for every t € (0, 00), then for any integer m =2
and any positive polysuperharmonic function u € C*" (), that is, (—A)'u > 0 in Q for every
i=1,...,m—1, we have

e

for every ¢ € CX°(2). In particular, we have

S|-

m m—1 2
Vol

¢2dx) < </|V¢|2dx) ——dx, (1.2)
J J f(w)

1
Ay \ m
J(E5) oar < [wota,
u
Q Q
for every ¢ € CZ°(Q).
We apply the Hardy inequality above to study the existence and behaviour of positive solutions

of higher order elliptic problems involving the polyharmonic operator in exterior domains €2 of
RN, N > 3. More precisely, we consider the problems

(=A)"u > |x]|“g(u) in €, (13)
(—A)u>0, i=1,....m—1, ing, :
and
(=A)"u+ (—A)*u > |x]"g(u) in Q, (1.4)
(=A)u>0, i=1,...,max{m,k}, ing, :
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where m, k > 1 are integers and 2 is an exterior domain in RN, N > 2max{m, k}. We also
consider the higher-order Hardy-Hénon elliptic system

—AY"y > a, R : Q,
( )ku_|x|bv ?n (1.5)
(=AY > |x|Pu? in ,
where u, v are positive polysuperharmonic functions, that is,
(—A)"‘uzo, i‘=1,...,m—l, msz (L6)
(=A)Yv=0, j=1,....,k—1, inQ,

and a, b, Q, R € R, with @, R > 0 and 2 is an exterior domain in RY. More generally, we can
cover multipower systems of the form

{(—A)mu > |x|“uS vk in 2, (1.7)

(—A)Kv > |x|Puo” in Q,
where a, b, S, R, Q, T € R and (u, v) is a positive solution of (1.6).

Remark 1.2. The Hardy inequalities in Theorem 1.1 allow us to consider more general forms of
the aforementioned problems. For instance, we may consider the problem

Pu) > |x|"g(u) in<,

where P = Zf"zl a; (—A)i, a; > 0and m > 1 is an integer. We may also consider a more general
problem

Pu) > |x|"g@) f(—A)u) in L,

where P is as above, k is an integer so that 0 < k < min{i : ¢; > 0} and f, g are positive functions
satisfying suitable conditions. We may also consider nonautonomous systems

O1(u1) = |XI“‘uillu;12...uf,]” in Q,

Oo(uz) > |XI“2u§21u;22...uf,2” in Q,

On(up) > |x|™u™uz?. ™ inQ,
where Q; = ZT:] bij(—A)j, bjj>0,m>1isanintegerandi =1,...,n.

There has been a lot of interest in the nonexistence problem, also known as the Liouville
problem, for

(—A)"u>gu) inQ, (1.8)
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where Q = R" or an exterior domain in R". A relevant special case of (1.8) is g(u) = u”
with p > 0. It is well-known that, if 1 < p < Nivw then (—A)"™u > u? does not admit any
nonnegative polysuperharmonic solution in the whole space, for example, see Corollary 3.6 in
[13], where the authors prove Liouville theorems for supersolutions of the polyharmonic Hénon-
Lane-Emden system and study its connection with the Hardy-Littlewood-Sobolev systems. For
more results on positive solutions to some related problems, we refer to [1,2,11,15,17-19,34]
and the references therein. To the best of our knowledge, this paper is the first attempt to treat
the general equation (1.4). We do not only discuss nonexistence results, but also obtain integral
estimates for solutions in the event of existence, see Proposition 2.1 below.

For the Hardy-Hénon system (1.5) in the case when m =k = 1, we refer to [7-10,20,28-32,
37,38]. There exists an extensive literature on the Lane-Emden system, see for example [3,4,13,
27,33,39], less is known about the higher order Hardy-Hénon system (1.5). The local or global
behaviour of the solutions of elliptic quasilinear problems has been studied in [9], see also [7].
Among many other results, they proved that the system

{—Auz |x|“uSvR in 2, (1.9)

—Av> |xPu@v”  inQ,

wherea,beR, O, R>0with QR> (1-5)(1-T7),0<S,T < 1, does not admit nonnegative
solutions in exterior domains in RY, N > 2, provided

max{y — (N —2),§ — (N —2)} =0,

where

_(@+2)A-T)+(b+2)R o E—(a+2)Q+(b+2)(1_S)
 OR-(1-5(1-T7) O QOR-(1-501-T)

Notice that if QR # (1 — S)(1 — T) then (1.9) admits a particular solution (u*, v*), given by
u*(x)=A|x|”Y and v*(x)= B*x|¢,

for some constants A*, B* depending on N, p,m,a,b, whenever 0 <y < N —2and 0 < § <

N — 2. For more details see Theorem 5.1 and Theorem 5.3 in [9]. Proposition 2.2 below extends

a result of [9] to the multipower system (1.7). Our proof is based on a Hardy-type inequality.

2. Liouville-type results

For an R > 0 we let Bg denote the ball of radius R centred at the origin in R". For any

function f € L'(Q) we denote
fra=ig [ rd
xX=— X,
|€2]
Q Q

where |€2| denotes the Lebesgue measure of a measurable set €2 with finite and positive measure.
We begin with a result on the behaviour of solutions of the problem (1.4).
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Proposition 2.1. Let g : R. — Ry be a continuous function, h(s) = @ is nondecreasing for

s >0, m >k > 1 are integers and Q2 is an exterior domain in RN, N > 2m.
(i) (Integral estimate) If u € C*"™ () is a positive solution of (1.4) then for large enough R > 0,
we have

a+2k

][ h(u)w dx < CR™“w, 2.1)

BR\B R
2

where C is a constant independent of R, u and g.
(ii) (Nonexistence) Let 0, = % a > —2k. There does not exist positive solutions u €

C?™(Q) to (1.4), if

g(r)

y%a

lim sup
r—0

On the other hand, if there exists o > o, such that

lim sup &:) < 00, 2.2)
r

r—0

then (1.4) admits a particular positive solution

% —(a+2k)
u (x) = Alx|[ o=,

for a suitable constant A > 0 in any exterior domain RN \B_Rofor Ry large enough. In

particular, if g(u) = uP, p > 1, then for any a > —2k, there are no positive solutions to (1.4)

providedlfp<%, ifm>kand1 <p < Iév_"a%y”mzk

Then we state a result for the multipower system (1.7).

Proposition 2.2. Assume that (u, v) is a positive solution of the system (1.7) satisfying (1.6) in
an exterior domain of]RN, N > max{2m, 2k}, m,k>1.Leta,beR, Q,R>0,0<S5,T <1
with QR > (1 — S)(1 —T).

(i) (Integral estimates) For large enough R > 0, we have

OR-(1-T)(1-5) _ (a+2m)(1-T)+(b+2k)R
u m(a-=T)+kR dx <CR m(1-=T)+kR (23)

Br\B R
2

and

QR=(1-T)(1=5)  @2mQ+(b420(1=5)
v mOH-5  dx < CR MOFk(1=S) . 24

Br\BR
2
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Moreover, we have

][ d—x<CR” and ][ 9 _cRe, (2.5)
U ut
Bap\BRr Bor\Bgr
where
_R(QR—(1-8)(1-T))
C (A=8(mA-T)+kR)’
_ . (QR— (1 =)A= 1) (N —2m + BE=20) — (a(1 - T) +bR)
= m(l—T)+ kR ’
and
¢ = Q(OR—-(1-85(1-T))
(A =T)mQ+k(1-2S5))’
(QR—(l—S)(l—T))(Q(N ) 4 N —2k) — (@Q +b(1 - 5))
K=— .

mQ + k(1 —S)

(ii) (Nonexistence) The system (1.7) has no positive solutions u € C*™m-k}(Q) satisfying

(1.6), if

max{ym i — (N —2m),&u x — (N —2k)} > 0. (2.6)
It admits a positive solution satisfying (1.6), if

max{ym i — (N —2m),Emx — (N —2k)} <0
and Y k, Em .k > 0. Here

(@a+2m)(1—T)+ (b+2k)R
OR—(1-T)1-29)

Ym.k =

and

(@a+2m)Q + (b +2k)(1 —S)
OR—-(1-T)1-25)

gm,k =

The following Liouville-type theorem is a consequence of the above result to the higher-order
Hardy-Hénon elliptic system (1.5), which extends the result of Mitidieri-Pohozaev [31] for the
case m = k to the case m > k > 1.

Corollary 2.3. Consider the system (1.5) in an exterior domain Q of RN, N > max{2m, 2k},
m,k>1. Let a,b e R, Q,R > 0 with QR > 1. The system (1.5) does not admit any positive
solution satisfying (1.6), if
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ax{a+2m+(b+2k)R (N —2my, @F2MQ b2k —(N—Zk)}zO. @7
OR —1 OR—1

In particular, when m =k the claim holds, if

2m(R + 1 bR 2 D+b
ax |2 RA Drat bR 2m@+Db+adl o, 2.8)
OR — 1 OR —1
Example 2.4. Consider positive poly-superharmonic solutions of the weighted higher-order el-
liptic problem

—A(Ix[*(=A)"u) = |x’u? in Q, 2.9)

where Q is an exterior domain in RY, N > 2m, Q > 1, m > 1is an integer and a, b € R satisfy
2m+1)—N<a<2(m+1)+b.

Equation (2.9) withm =1, Q2 = RN, N >4and4— N < a <min{N, b+4}, has been consid-
ered by Guo et al. [23] where they obtained Liouville type results for nonnegative radial solutions
provided 1 < p < ps = %. Huang and Wang in [24] obtained partial classifications of
positive radial solutions of the same equation for some special cases, see also [18] for more
results. This equation is closely related to Caffarelli-Kohn-Nirenberg-type inequalities (CKN)

2
/|x|“|Au|2dx2C(/|x|bqux)Q
RN RN

for every u € C2° (R™), see [10]. Equation (2.9) is related to the Hénon-Lane-Emden system

{(—A)mu=|x|“v inQ, 210

—Av = |x[Pu? in .

The above system is a special case of the multipower system (1.7) with k=1, R=1and S =
T = 0. By Proposition 2.2, there does not exist any positive polysuperharmonic solution for (2.9)
in an exterior domain Ry, N > 2m, if

max{%flb—i_z—(N—Zm), (—a+2£1)_Q1+b+2_(N_2)}20’ 2.1

or equivalently, using the assumption 2(m + 1) — N <a <2(m + 1) + b,

N+2+b—a N+b
1 < O <max )
N —2m N—-2m+1)+a
N+b
_ :N—Z(m+1)+a’ as<2,
) N+2+b—
N—Zma’ aiz'
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3. Hardy-type inequalities
The proof of Theorem 1.1 is based on the following lemma.

Lemma 3.1. Let Q be a domain in RN, F € C*(Q) and A be a locally bounded function on Q
with A(x) > 0 for every x € Q. Then

2
/( AF — A(0)|VF|?)¢? dx </|A(¢|) X, 3.1)
Q

for every ¢ € CZ°(Q).

Proof. Let ¢ € C2°(2) and ¢, = \/|¢|> + €2 — ¢, € > 0. Then ¢, € C3°(R2) and, by the diver-
gence theorem, we have

/(—AF)¢82dx=2/VF¢8~V¢de 52/|VF|¢8|V¢8|dx. (3.2)
Q Q Q

Since 0 < ¢ < ||, we have

[pIVAeD

By the fact that |V (|¢|)| < |V¢| almost everywhere in €2, we have

Vo, =

PeIVeel < 1lIV(IPDI =< |9]IVI.

Young’s inequality implies that

. 1 Vol
|VF|¢p:| Vel < [VF|IlIV| = (A(x)2|VF|l¢])—
A(x)2

AX) o oo VO

§T|VF| ¢ +T(x)

and by (3.2) we obtain

2
/ AF¢ dx</A(x)|VF| ¢ dx +/|A(¢|)
Q Q

This proves (3.1). O

Proof of Theorem 1.1. First we prove (1.1). Let u > 0 be a C? function on 2 and let F(x) =

u(x) _dt
f m Then
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AFu) = F"w)|Vu)? +F(u)Au—A——f( )'V”|2
S @) fw?

and by (3.1) we get

—Au |Vu|2) \Y <z>|2
—Alx , 3.3
!(j,(u) ('@ ())f A()x (3.3)

for every ¢ € C;°(£2). By setting A(x) = f'(u(x)) in (3.3) we obtain

Ve
f(u) f'(u)
Q

This proves (1.1).
Let m > 2 be an integer and assume that u is a C?™ positive function with (—A)'u > 0 in Q
fori=1,...,m— 1. Applying (1.1) for (—A)”]u, i=2,...,m,gives

(=A)'u

= NEP — 7 %dx </|v¢| dx, (3.4)

for every ¢ € CS°(£2). We note that
1
(=A)"u\m 5 ( (—A)'u >
(f(u)>¢ H(A)luﬁ
and by Holder’s inequality and (3.4) we obtain
1 1
(=A)"u (-Au o, )m(/—Au2 >m
dx d d
/( ) ) + <H< Cayi Fa "
Q Q
5 T —Au , h
<(frveras) " (e er)
Q Q

m—1

m 2 %
< (/|V¢|2dx) ( Vel dx) :
f'@w)
Q Q

S|

—Au \"
(f(u)¢)

This proves (1.2). O

As an immediate application of (1.1) we have the following generalization of the Hardy in-
equality.
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Corollary 3.2. Let Q be a domain in RN and a e R. If 0 € Q we assume a > 2 — N. Then

N-—2 2
(%) / Ix[*"2¢? dx < / Ix|“|Vo|* dx, (3.5)
Q Q

for every ¢ € C2° ().

Proof. First we apply (1.1) with f(u) = “t—t, t #£ 0, to obtain

—A Vol|?
t/_tquzdxg/' ij|1 dx,
u u

Q

for every ¢ € C2°(2). Note also that in the case N — 2 + a = 0, (3.5) is obvious. Now assume
that a # N — 2 and 0 & Q2. We apply the estimate above with

~(N-2-a N-2
u() = x| 7 and = =T4
N—-2-—a
Noting that
N—-2—a)(N-2 —N-2+a
—Au(x)z( a)( +a) x| N-2+ ’
4
we find that

t—Au _(N—Z—i-a

2
: )|x|“—2 and '~ = x|

ut
This proves (3.5). If a > 2 — N and 0 € 2, we may apply a similar argument with

N—-2—a

u@x)=(x*+e)” "4, &>0,

and then pass to the limit as & — 0 using the fact that |x|¢~? € LIIOC(Q). Whena =N — 2 we

may apply (3.5) with a # N — 2 and the result follows by lettinga — N —2. O
4. Proofs of Liouville-type results
We start with recalling the following result, see Proposition 2.7 and Theorem 3.1 in [8].
Lemma 4.1. Let N > 2. Assume that u is a nonnegative solution of
—Au>Clxl* inRN\ By

for some L € R and C > 0 with u # 0. Then X + 2 < 0 and there exists a constant C > 0 such
that

192



A. Aghajani, J. Kinnunen and V.D. Rddulescu Journal of Differential Equations 424 (2025) 183-207

u(x) > Clx**2, A#—N,
u(x)>C|x|*Nn|x|, r=-N

for |x| > 2. Assume that u is a nonnegative solution of
—Au>|x|°u? inRV\ B,
where Q < 1, o € R. Then there exists a constant C > 0 such that
240 . N\ 5
u(x)>Clx|=¢ inR™\ Bj.

In the following we extend the above results for the higher order case with a different proof
based on the maximum principle.

Proposition 4.2. Let N > 2m. Assume that u € C*" (RN \ By) is a positive polysuperharmonic
function.

W If
(=A)"u>Clx|* inRN\ By, 4.1)
for some C > 0and a <0, then a +2m < 0 and
u(x) > C@)|x|*t?  in RN\ B. 4.2)

Moreover, if a + N > 0, we may choose C(a) = min{C, [} P (a), where

I= min [;, [ =min(—A) ux)
1<i<m-—1 |x|=1
_ 1
P(a)=minj1, ——— ¢,
maxi<j<m Pi(a)

Pi(a)=[]l@a+2/)(N +a+2j-2).
Jj=i

(i) If
(=AN)"u>Clx|™ inRV\ By, (4.3)
then
u@x)>Clx|”" Nn|x| inRY\ Bs. (4.4)
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(iii) Assume that u is a positive solution of
(—=A)"u > |x[*u?  in RV \ By, 4.5)

v;/lhere aceRand Q > 0. Then Q > K,tzz";l Moreover, ifa+2m <0and Q < Q, = A‘ffévm,
then

ta
u(x)>Clx|=¢ inR"™\ Bj. 4.6)

Proof. (i) Let u be a positive solution of (4.1). Then we have —Aw > C|x|%, where w =
(—Au)’”_1 > 0. Lemma 4.1 implies that a 4+ 2 < 0 and thus

(_Au)mfl Z C|x|2+d.

We apply this recursively m times to conclude that a + 2m < 0 and to obtain (4.2). However, in
order to prove (4.6) in (iii) we need more information on the constant C above and thus we give
a different proof for (4.2) including a lower bound for C. First assume that —N < a < —2 and
—Au>Clx|in RN\ By. Let g = minj =1 #(x) and

C 1
Ci=minily, ——— > min{lp, C}min{l, ———}.
: {O —(a+2><N+a)} th, €} { (a+2)<N+a>}
‘We show that
u(x) > Cilx>* in RN\ B. 4.7

Note that u(x) > C; |x|“+2 on |x| = 1. For every ¢ > 0 there exists R, > 1 such that
u(x)+e>e>Cix|"7, xeRV\ Bg,.
We have
—Aw+e)=—Au>Clx|*>—Ci(@a+2)(N +a)|x|* = —A(C;|x]*T?)
and, by the maximum principle on Bg \B_l, R > R, we conclude that
ux)+e>Cilx)>* inRY\ B.
By letting ¢ — 0 we arrive at (4.7).

Then assume that u is a solution of (4.1) with m =2 and —N < a < —4. We have —Aw >
Clx|%, where w = —Au > 0. As above, we obtain

—Au>C)x* inRM\ By, (4.8)
where

194



A. Aghajani, J. Kinnunen and V.D. Rddulescu Journal of Differential Equations 424 (2025) 183-207

C' =min {!;, < , 11 = min —Au(x).
—(a+2)(N +a) lx|=1

Again from (4.8) and (i) (note that —N < a + 2 < —2) we obtain

u(x) > Colx|**  in RV \ By,

where
Cr = mi {z ¢ }
2EMM T O Fat2)
=min { [y, ,
—(@a+4N+a+2) (a+2)(a+4)(N+a)N+a+2)
zmin{lo,ll,C}min{l, ! , : }
—(@+H(N+a+2) @+2)@a+4HN+a)(N+a+2)

We apply this recursively to obtain (4.2).
(i) Assume that u satisfies (4.3). Then —Aw > C|x|™" in RV \ By, where w = (—A)" " lu.
By Lemma 4.1 we have

(A" u>Clx>Vn|x] inRY\Bs.

Note that [x[2~N In|x| > =A(Cx|x|[* " In|x|) when |x| > 2, fora positive constant C . Indeed,
for |x| > 2 we have

~A(x*Ninlx]) =2(N = H[x* NV In|x| + (N - 6)[x >V

N-6
<ClxI*¥In|x| for C> 2N =4,
n

Hence, (—A)" 'y > —A(C|x|* ¥ In|x|) in RV \ B, and applying the maximum principle
again, as the proof of (i), we get

(=AY 2u>Clx* Vn|x] inRY\B,.
By applying the argument recursively m times we arrive at (4.4).

(iii)) Assume that u > 0 is a positive polysuperharmonic solution of (4.5). Then w =
(—A)Y""'y > 0and —Aw > 0. It is well-known that

wx) = (=A)"ux) > clx>V,

for |x| > 1 (for example, see Lemma 2.1 in [36]). Since —N <2 — N < —2(m — 1), from (i) we
getu(x) > C0|x|2’”_N. Applying this estimate in (4.5) gives

(—A)"u > [x]°u? > € |x|® inRY\ By,
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where ag = a + Q(2m — N). First note that by (i) we have ag + 2m < 0 or Q > 1‘\‘,t22”"’l Let
a 4+ 2m < 0 or equivalently Q, < 1, then we have —N < ap < —2m, which is equivalent to
0 < Q4 < 1. Hence we may apply (i) to obtain

u(x) > C(ag)|x|t",  C(ag) = min{COQ, I} P (ag). (4.9)
By (4.9) in (4.5) we have
(—A)"u = C(ap)2|x|* in RV \ By,

where a; = a + Q(ap + 2m). Again we have —N < a; < —2m thus we can apply (i) to the
estimate above and obtain

u(x) = Clanlx|™", C(ar) = min{C(ao)?, [} P(ar).
Recursively, for every integer j > 2, we obtain
u(x) > C(a)|x[4 " in RV \ By, (4.10)
where
aj=a+ Qaj—1 +2m), C(a;)=min{C(a;-)?, 1}P(a;).
Since O > 0 it is easy to see that (a;) is a monotone nondecreasing sequence and

2mQ +a .
aj— ———— as j— oo.
1-0
Then P(a;) — P(%) as j — oo, which implies that C(a;) > C > 0 for every j > 1. We
obtain the desired result by letting j — oo in (4.10). O

Proof of Proposition 2.1. For simplicity let @ = R™ \ Bg,, for some R > 0. Let u be a smooth

positive solution. Then dividing (1.4) by u and raising to the power % we get

((—A)mu N (—A)ku

1
m a 1 .
> |x|mh(u)m in Q.
u u

By the elementary inequality (x + y)% < xm + yi for positive numbers x, y and m > 1 we infer
that

1

—A)Yy\ m “ A\ a
<7( 2) ”) +(( A”) > x|"h@)"  in Q.
u

u
By multiplying the inequality above by ¢ and integrating over §2 we obtain
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1
m, k
/(( Au) ) o dx +/<%> p dx>/|x|mh(u) ¢ dx, @.11)
Q Q

for every ¢ € C2°(2). From Theorem 1.1 we have

1
A m
/ (Q) $*dx < / V| dx.
u
Q Q
Assume that m > k. By Holder’s inequality and Theorem 1.1, we have

1

A)K —A) n

(=20 e [ (20
u u
Q Q
(—A)ku t 5 = 2(m—1) o
(5 ) o) (o)
u
Q Q
k m—k
) m 2m—1) m
([ (o=
Q Q
By using the estimate above in (4.11) we arrive at

k m—k
a m 20m—1 m
/|x|ﬁh(u>%¢2dx5/|v¢|2dx+(/|v¢|2dx) (/qﬁ_sn—k)dx) , 4.12)
Q Q Q

for every ¢ € C2°(RQ2).

Let R > 4R0 and let ¢ be a smooth function in Qsuchthat) <¢r <1,x € 2, pg =0 when
Ry<|x| <7 Rand |x| >2R, ¢pr=1in & < |x| < R and |V¢g| < & in Q. We apply (4.12) with
the test function ¢g and obtain

CR / h(u)m dx < / x| () 2 dx

Br\BR Br\B R
2 2

C(RN -2 + Rm(N 2)+mmkN)
for R > 4Ry. This implies that
/ h@u)m dx < CRVN=5*

Br\BRr
2

for every R > 4Ry, where C is a constant independent of u, g and R. This proves (i).
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To prove (ii) we use the fact that since u is polysuperharmonic we have u(x) > c|x|*"~V for
|x] > Ro (see for example [13]) and the assumption that % is a nondecreasing function to get

/ h(clx| Ny dx < CRN=53,
Br\BpR
2
and
RVh(cR*Nym < CRN-*5*

for any large R. Taking cR*"~N = r implies that

g(r)
N—-2(m—k)+a S C’
r N—-2m

for any small r > 0. Thus there does not exist a solution if

I gr)
1m sup TN 2m—ta o0
r—0 r N—-2m

If g(u) =u?, p > 1, then we have

N—=2(m—k)+a

limsupr?™ " ¥-2n =00,
r—0
which is the case if
N+a-2(m—k
I1<p< ( ).
N —2m

When m = k we can easily show that the nonexistence result holds also for the case p = Iév_%
Indeed in this case from the equation of u and that we have u(x) > c|x|?”~" we obtain

—(&)"u > Clx| ™57 > Clx| ™V,
then by Proposition 4.2
u(x) > Clx|”"Nn|x|.
Also from (4.16) (here we have h(u) = u?~1)
/ upT_l dx < CRNJW:%,
Br\BRr
2
implies that for large R
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p—1

(RN R)"™ RN < CRN=*w*

s

or equivalently In R < C for large R. This is a contradiction.
Then we assume (2.2) holds. This implies that

gr)<Cr°, r<rng (4.13)
for some constants C, ro > 0. We show that for a suitable A > 0 the function

_2k+a

u(x)=Alx|"", ¢ p—

>0

solves (1.4)in RV \ B—RO for Ro large. We notice that

(=N u(x)=AC;|x|7%7", i=1,...m,

where
i
Ci=[Je+20G-1))WN-2j-1
j=1
and note that by the assumption o > o, = W wehavet < N—2jforevery j=1,...,m

thus C; > 0, means that (—A) u(x) >0,i =1, ..., m. Substituting u(x) = A|x| ™" in (1.4) we see
that we need

ACy |x| 72" + ACkIx |77 = |x|“g(Alx|™"),  |x| > Ro, (4.14)
which holds if
ACy > |x|“P g (Alx|™"),  |x|> Ro.
Note that by (4.13) we have
g(Alx|™) < C(Alx|™)7,  Alx|™" <ro.
So it suffices to have

A
AlfO'CK z C|x|a+2k7t(071) — (/w7 |x| - <_>t — RO,
ro

Thus for suitable A > 0 we see that u(x) = A|x|™ solves (1.4) for [x| > Ry. O
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Proof of Proposition 2.2. Let (u, v) be a solution of system (1.7) satisfying (1.6). Then

(4.15)

Adding the above inequalities and using Young’s inequality, for any 0 < A < 1, we have

1 1
— A"y \ —A)p\* « S= 0 7-
<7( ”) +(—( )U> > [x|wun v + |x|fuf o T
v

u

a S=1 R\) b QO T—1y]—)
ch(|x|;u m vm) (|x|kukv k )

b b 0 Q,1=-58 -7 , R 1-T
= Cy|x [P m BT Ry & M E T T T )

in Q. By letting

— 51T mQ+k(1-5)

I

we arrive at

1
(=A)Y"u\m (=A)ku\*® aQ+b(1=5) QR-(1-T)(1=S)
- 7 + -7 ZC|x|n1Q+k(1—S)U mQ+k(1-5) in Q
v

u

Multiply the inequality by ¢, ¢ € C 2°(2), integrate over €2 and apply the Hardy-type inequality
in Theorem 1.1 to obtain

aQ+b(1-8) QR-(1-T)(1-5) , (—=A)"u % 2 (—A)ku % 2
C |x|mQ+k(17$)v mQ+k(I-5) ¢ dxf - 7 ¢ dx+ - ¢ dx
u v
Q

Q Q

< 2/|v¢|2dx.
Q

We apply the same test function ¢ as in the proof of Proposition 2.1 to get

aQ+b(1-5) OR—(1-T)(1=5) N2
C R mQ+k(1=3) v moFRI- dx <R ,

BR\B g
2
or equivalently
QR—(1-T)(1=5) N—n_ aQ+b(1=5)
v mOHaI=8 dx <CR mQ+k(I=5) (4.16)

Br\B R
2
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By letting
- 1 __m(-T)

T—1 R _
o m(l—T)+kR

we arrive at

(( A"y ) <(_ )k ) a(I=T)+bR  QR—(1-T)(1=S)
- - > C|x|m(1—T)+kR u mA-T)+kR in Q
u

We multiply the inequality above by the test function ¢g, integrate over 2 and as above we
obtain

a(1-T)+bR QR—(1-T)(1-5) N—2
Rm(=T)+kR u mU-D+E  dx <R ,
BR\BR
2
or equivalently
QR-(1-T)(1-5) i, a(1-T)+bR
u ma-T)+kR dx S CR m(I-T)+kR (417)
BR\BR
2

Hence, we see that (4.16) and (4.17) prove (i).
In order to get an integral estimate for the negative power of u, v, let

R R
a_Q—+S and ,B—Q——i-T
1-— S
and note that we have «, 8 > 1 by the assumption QR > (1 — S)(1 — T'). Then we divide in-
equalities in (1.7) by «® and v# and raising to the power % and I_T)‘, 0 < X < 1, respectively. We
arrive at

—A)™ ky\ T _
(( 4) u) (( Ay >k Z|X|M%_%)+%u%_}‘(%+ %) A( =+ &)L inQ. (4.18)

u® vh

We first choose A so that % — k(% + ﬂ) =0, that is,

m
_ mQ _ m(=T)
T mQ+k(@—S8) m(1—T)+kR’
to get
1 N a0+b(a=S$)
(=A)Mu\m ((—A)v\ F - |x | mOFR@=$)
u“ U'B — T’
where
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_RQR-(1-850-T))
T (1=8(m(1=T)+kR)’

We multiply the inequality above by ¢% and integrate over 2 to get

A"\ F (=)o) Ix P
/( e ) ( = ) ¢%dx2/ Sk dx. 4.19)
Q Q

Holder’s inequality implies that

(=AY \ 7 (A0,
[(5) (557) oo
Q
A 1-1
[ ED N (DN 56
_/<4ua ) ¢R)L< Uﬂ ) ¢R dx
Q
1 1
AR AT AL
=(J(5) e (J(55) o)
Q

From our Hardy-type inequality in Theorem 1.1, with f(u#) = u®, we obtain

1 m—1
(=A)"u\m -1 T ([ Vér|?
/(u—) prdx <am (/|V¢R|2dx) ( uafl dx
Q Q Q

(m—1D(N=2) _ N=2+(@—D(N—2m) 5 (@e=D(N—2m)
<CR =» R T =CRN 2w .

N———"
I|-

Similarly we also obtain

Ko\ L
/<(_Aﬂ) U)k(ﬁ]%deCRNerMsz/()'
v

Q

Therefore, we have

A\ (A T
[ () (=) s
Q

N2y B=DN=20

< ¢ RMN=2+ =020 L (1-2) (R

Q(a—1)(N=2m)+(a—=S)(B—1)(N—2k)
— C‘RN72+ mQ+k(a—S)

0 k) QR
(N=2m) =7 (N=2k) =1 {=5)
— CRN_2+(QR_(1_S)(1_T))( mOTk@—3) T mO+k@=-5) )

N—2my RNV
— CRN72+(QR*(1*S)(1*T))W
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Using the above estimates in (4.19) we obtain

R(N—2k)

0+b(a—S) N- 2m+7
RO a=5) / dx < CRN-2HQR—(1=8)(1=T) —rr—pirr—
Wl = ’

Byr\Br
which implies
dx
v
Bap\Br
with

(QR—(I—S)(I—T))(N 2m + BE=20Y a1 - T) +bR)
m(l1 —T)+kR '

n=-

We can also choose X in (4.18) so that A(ﬂ%T + %) — ’S_TT = 0 or equivalently

__mB-1T) _ mQ
m(B—T)+kR mQ+k(1-S5)
Then
A 1-1r a(B=T)+bR
(—A)Y"y\ m (—A)kv T - |x | mB=T)kR
u® vB = ul ’
where

QOR—-(1-850-1))
A=T)mQ+k(1=215))"

=
We may proceed as above to arrive at
][ x < CR*,
ut —
Bop\Br

where

(OR— (1 =851 —T)(L= + N —2k) — (@Q +b(1 - S))
+ mQ +k(1—S) ‘

Thus completes the proof of (i).
To prove (ii) we first use the fact that v(x) > c|x|2k’N in (4.16) to get

N—p_ aQ+b(1=5)

QR-(1-T)(1-5)
N+ @k=N) CR mOFR(I=5) |

R MOFR(1—3)
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or equivalently, Rém«~(N=25) < C_This is impossible if
Emk >N —2k. (4.20)

We next use the fact that u(x) > ¢|x|*"~ in (4.17) to obtain

_p_ aU=T)+bR

QR-(-T)(1-5)
N+ @m=N) - c RN =2~ =ik

R m(I—T)+kR
which implies that RY»+~(N=2m) < C_which is impossible if
Ymk > N —2m. 4.21)

Hence, there does not exist a positive solution in the case of (4.20) or (4.21). It remains to
consider the case

max{&m k — (N = 2k), Yk — (N —2m)} =0

We only discuss the case &, x = N — 2k and y,,, x < N — 2m, since the other case is similar. By
applying the estimate v(x) > C|x|*~V we get

(=A)"u > |x|uSvR > Clx|*RomkyS, (4.22)

Note also from the definition of &, k, .k We have

{Rém,k —(=8Ymk=a+2m, (4.23)

OvVmk — (A =T)&, r =b+2k.
If $ =0 in (4.22), then by Proposition 4.2 (i) we have
u(x) > Clx|?Rémit2m — C|x|7¥mk,
If § #0 then if ¥, < N — 2m, then

a—Répir+N N-2m—1-=8yYuxr N-2m—(1—-S8)(N —2m) s
= > =
N —2m N —2m N —2m

Hence we may apply part (iii) of Proposition 4.2 to (4.22) and get

a—R&y, (+2m
u(x)>Clx|” 1= =C|x]| /m*,

Also, if S #0 and y,, x = N — 2m we have from (4.22)
(—A)"u > |x|*uSvR > C|x|a—R$m,k—SVm,k — Clxl_zm_)/m,k’
and again by Proposition 4.2 (i)
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u(x) > Clx|Vmk,
Next we use the above estimate in the second inequality in (1.7) and obtain
(=Afv > xPuvT > Clx|p~Qrmky T,
If T =0 then from (4.23) b — Qy k = —N, hence from Proposition 4.2, part (ii),
v(x) > Clx* N n|x| = Clx| ¥ In|x|

and using this in (4.16) gives In R < C for any R large, a contradiction. If 7" # 0 then from the
second equality in (4.23) we get b — QyYm r = —N + T&,, k and then

(=2 v > Clx [P QvmiyT > x|~V

gives a contradiction as before.
To complete the proof of the proposition we show that if

Ymd&mk >0 with max{yur — (N —2m), &uir— (N —2k)} <0, (4.24)
then there exists a positive polysuperharmonic solution (i, v) for (1.7). Let
u(x)=Alx|7"* and wv(x)= B|x| 5"k,
where A, B > 0. We have

(=N u(x) = AC;|x| 727 mk i=1,...m,

and
(=AY v(x) = BC)[x| 726k, i=1,..k,
where
i
Ci= [k +2G = DIN =2j = ymi), i=1,oem
j=1
and

Ci=T1Gnk+20G - D)N=2j —&np), i=1 .k
j=1

By (4.24) we have 0 < ymx <N —2m < N —2j for every j =1, ...,m, thus C; > 0, means
that (—A)'u(x) > 0,i=1,...,m. Similarly by 0 < &, x < N — 2k we have C;. > 0 for every
j=1, ...,k hence (—A)'v(x) > 0,i =1, ..., k. Substituting the above (u, v) in (1.7) we see that
it will be a solution if
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Acm|x|—2m—)/m,k > ASBR|x|a_S}’m,k_R§m,k’

BC]/Clxl—Zk—Em,k > AQBT|x|b—Q)/m,k—T§m,k’

or equivalently, using (4.23), AC,, > ACBT and BC,’C > A2 BT which hold for any A,B >0
such that A9~!'BT < C,, and AYBT1 <C}. O
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