J. Math. Pures Appl. 136 (2020) 1-21

Contents lists available at ScienceDirect

JOURNAL

MATHEMATIQUES

Journal de Mathématiques Pures et Appliquées

www.elsevier.com /locate/matpur

Positive solutions for nonlinear Neumann problems with singular
terms and convection

L))

Check for
updates

Nikolaos S. Papageorgiou®°, Vicentiu D. Riadulescu ”“%f* Dugan D. Repovs “°

# Department of Mathematics, National Technical University, Zografou Campus, Athens 15780, Greece

Y Faculty of Applied Mathematics, AGH University of Science and Technology, al. Mickiewicza 30, 30-059
Krakoéw, Poland

¢ Institute of Mathematics, Physics and Mechanics, 1000 Ljubljana, Slovenia

4 Institute of Mathematics “Simion Stoilow” of the Romanian Academy, 014700 Bucharest, Romania

¢ Faculty of Education and Faculty of Mathematics and Physics, University of Ljubljana, 1000 Ljubljana,
Slovenia

f Department of Mathematics, University of Craiova, 200585 Craiova, Romania

ARTICLE INFO ABSTRACT

Article history:
Received 10 March 2018
Available online 19 February 2020

MSC:
35B50
35J75
35J92
35P30
47H10
58J20

Keywords:

Singular term

Convection term

Nonlinear regularity

Nonlinear maximum principle
Leray-Schauder alternative theorem
Fixed point theory

We consider a nonlinear Neumann problem driven by the p-Laplacian. In the
reaction we have the competing effects of a singular and a convection term. Using
a topological approach based on the Leray-Schauder alternative principle together
with suitable truncation and comparison techniques, we show that the problem has
positive smooth solutions.

© 2020 Elsevier Masson SAS. All rights reserved.

RESUME

Dans cet article on considére un probléme de Neumann non linéaire décrit par
l'opérateur p-Laplacien. Le terme de réaction admet les effets concurrents d’un terme
singulier et d’un terme de convection. En utilisant une approche topologique basée
sur le principe alternatif de Leray-Schauder ainsi que des techniques de troncature
et de comparaison appropriées, nous montrons que le probleme admet des solutions
régulieres positives.
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1. Introduction

Let © C RY be a bounded domain with a C?-boundary 9. In this paper, we study the following
nonlinear Neumann problem with singular and convection terms

—Apu(z) + E(2)u(z)P! = u(2)™ + f(2,u(z), Du(z)) in €,
g_zzoonag’“>071<p<oo,0<v<1. (1)

In this problem, A, denotes the p-Laplacian differential operator defined by
Apu = div (|DuP2Du) for all u € WHP(Q), 1 < p < o0.

In the reaction (the right-hand side) of the problem, we have the competing effects of the singular term
u~" and the convection term f(z,x,y) (that is, the perturbation f depends also on the gradient Du). The
function f(z,z,y) is Carathéodory (that is, for all (z,y) € R x RY the mapping z — f(z,z,y) is measurable,
and for almost all z € Q the mapping (x,y) — f(z,z,y) is continuous).

An important feature of this paper is that we do not impose any global growth conditions on the function
f(z,+,y). Instead, we assume that f(z,-,y) exhibits a kind of oscillatory behavior near zero. In this way we
can employ truncation techniques and avoid any growth condition at +oo. In the boundary condition, %
denotes the normal derivative of u, with n(-) being the outward unit normal on 0.

The presence of the gradient Du in the perturbation f, excludes from consideration a variational approach
to dealing with (1). Instead, our main tool is topological and is based on the fixed point theory, in particular,
on the Leray-Schauder principle (see Section 2).

Equations with singular terms and equations with convection terms have been investigated separately,
primarily in the context of Dirichlet problems. For singular problems, we mention the works of Giacomoni,
Schindler & Takac [7], Hirano, Saccon & Shioji [1], Papageorgiou & Rédulescu [14], Papageorgiou, Radulescu
& Repovs [17,19], Papageorgiou & Smyrlis [20,21], Perera & Zhang [22], and Su, Wu & Long [25]. For prob-
lems with convection, we mention the works of de Figueiredo, Girardi & Matzeu [1], Gasinski & Papageorgiou
[5], Girardi & Matzeu [8], Huy, Quan & Khanh [11], Papageorgiou, Radulescu & Repovs [18], and Ruiz [24].
Of the aforementioned works, only Gasinski & Papageorgiou [5] and Papageorgiou, Radulescu & Repovs [18§]
go outside the Dirichlet framework and deal with Neumann problems. A treatment of semilinear parametric
elliptic equations with both singular and convection terms and Dirichlet boundary condition can be found
in Ghergu & R&dulescu [6, Chapter 9].

2. Mathematical background and hypotheses

As we have already mentioned, our method of proof is topological and is based on the fixed point theory,
in particular, on the Leray-Schauder alternative principle.

Let V, Y be Banach spaces and g : V — Y a map. We say that g(-) is “compact” if g(-) is continuous
and maps bounded sets of V into relatively compact subsets of Y.

We now recall the Leray-Schauder alternative principle (see, for example, Gasinski & Papageorgiou [2,
p. 827] or Granas & Dugundji [9, p. 124]).

Theorem 1. If X is a Banach space and g : X — X is compact, then one of the following two statements is
true:

(a) g(-) has a fized point;
(b) the set K(g9) ={u € X :u=1tg(u), 0 <t <1} is unbounded.
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In what follows, we denote by (,-) the duality brackets for the pair (WP(Q)*, WP(2)) and by || - || the
norm on W1P(Q). Hence

llull = ([ull2 + || Dul[2) /" for all u € WP(5),

In the analysis of problem (1), we will make use of the Banach space C1(£2). This is an ordered Banach
space with positive (order) cone

Cy={uecC Q) :u(z) >0 forall z € Q}.
This cone has a nonempty interior which is given by
Dy ={u€ Cy:u(z) >0 forall z € Q}.

In fact, Dy is also the interior of C'; when the latter is furnished with the relative C'(Q)-norm topology.
Let A: WP (Q) — WLP(Q)* be the nonlinear operator defined by

(A(u),h) = / |Du|P~2(Du, Dh)g~dz for all u, h € WhP(Q).
Q
The next proposition summarizes the main properties of this operator (see Motreanu, Motreanu & Pa-
pageorgiou [13, p. 40]).

Proposition 2. The operator A : WHP(Q) — WP(Q)* is bounded (that is, A maps bounded sets to bounded
sets), continuous, monotone (hence also mazimal monotone) and of type (S)y, that is,

Up = w in WHP(Q) and limsup (A(uy), u, —u) <0 = u, — u in WHP(Q).

n—oo

For the potential function £(+), we assume the following:
H(¢): £ € L™(Q), &(z) > 0 for almost all z € Q, £ 0.

The following lemma will be helpful in producing estimates in our proofs.

Lemma 3. If hypothesis H(&) holds, then there exists ¢c; > 0 such that

I(u) = |[Dul[b + /f(z)|u|pdz > ci|[ul|P for all u € WHP(Q).
Q

Proof. Evidently, ¢ > 0. Suppose that the lemma is not true. Exploiting the p-homogeneity of ¥(-) we can
find {u,}n>1 € WHP(Q) such that

[lun]| =1 and H(uy,) <

S|

for all n € N. (2)
We may assume that

Up = win WHP(Q) and u,, — u in LP(Q) as n — oo. (3)
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Clearly, 9(-) is sequentially weakly lower semicontinuous. So, it follows from (2) and (3) that

=u=neR.

If n = 0, then u, — 0 in W1P(Q), which contradicts (2). So 1 # 0. Then

0=|n|” /f(z)dz > 0 (see (3) and hypothesis H(£)),
Q

which is a contradiction. This proves the lemma. 0O

Let # € R and 2% = max{+x,0}. Then for all u € WHP(Q), we set u™(-) = u(-)*. We have
uFeWP(Q), u=u" —u", jul=u" +u".
We denote by | - |y the Lebesgue measure on RY. Given u,v € WP(Q) with u < v, define

[u,v] = {y € WHP(Q) : u(z) < y(z) < v(z) for almost all z € Q}.

Also, we denote by intci (g)[u, v] the interior of [u, v] N C1(Q) in the C*(Q2)-norm topology.

Finally, if 1 < p < oo, we denote by p’ > 1 the conjugate exponent of p > 1, that is, % + 1% =1.

Now we can introduce our hypotheses on f(z,z,y):

H(f): f: QxR xRY — R is a Carathéodory function such that f(z,0,y) = 0 for almost all z € Q and
all y € RV, and the following properties hold:

(i) there exists a function w € WP(2) N C(Q) such that Ayw € L¥' (Q) and

0 < é<w(z) foral z € Q,—Ayw(z) +&(2)w(z)P~! > 0 for almost all z € Q,

w(2)™7 + f(z,w(z),y) < —c* <0 for almost all z € Q and all y € RV,
and if p = ||w||c, there exists a, € L>(Q) such that
[f(z2,9)] < ap(2)[1+ |ylP~]

for almost all z € Q, all 0 < z < p, and all y € RY;
(i) there exists 89 > 0 such that f(z,z,y) > & > 0 for almost all z € Q and all 0 < § < x < g, y € RY;
(iii) there exists ép > 0 such that for almost all z € Q and all y € RY the mapping

v f(z,2,y) + {pat
is nondecreasing on [0, p], and for almost all z € 2, all 0 <z < p, y € RY and t € (0,1), we have

1 1
f(Z, zxay) S tp,1

f(z2,y). (5)

Remark 4. Our aim is to produce positive solutions and all the above hypotheses concern the positive

semi-axis R = [0, +00). So, for simplicity, we may assume that
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f(z,z,y) = 0 for almost all z € Q and all z <0, all y € RV, (6)

Hypothesis H(f)(4) is satisfied if, for example, there exists n € (0,+00) such that n=7 + f(z,n,y) <
—c* < 0 for almost all z €  and all y € RY. Hypotheses H(f)(i), (ii) together determine the oscillatory
behavior of f(z,-,y) near 0. Hypothesis H(f)(iii) is satisfied if we set f(z,x,y) = 0 for almost all z € Q
and all z > w(z), y € RN and require that the function z — £Z%:9)

—2=y~ is nonincreasing on (0, w(z)] for almost
all z € Qand all y € RV,

Example 5. The following function satisfies hypotheses H(f). For the sake of simplicity we drop the z-
dependence and require £(z) > ¢fy > 0 for almost all z € Q:

fzy) = (7 =™ H(+ [yP7 )
forallOSmS1,yERN,with1<p<7'<oo,andc<2f_i1.

Finally, we mention that 0 < v < 1. When the differential operator is singular (that is, 1 < p < 2), we
require that v < (p — 1)2, which is equivalent to saying that 1 + p%l <np.

3. A singular problem
In this section we deal with the following purely singular Neumann problem:
—Apu(z) + £(2)u(2)P~! = u(2)™7 in Q,

%2001189, u > 0.
on

Recall that ¢ : W1P(Q) — R is the C!-functional defined by

I(u) = || Dul[h + /{(z)|u|pdz for all u € WHP(Q).
Q

Proposition 6. If hypotheses H() hold, then problem (7) has a unique positive solution u € D .

Proof. Let € > 0 and consider the C'-functional ¥, : W1P(Q) — R defined by

() — —— [ [P + e 7 dz for all u € WHP(Q).

1
pelw) =3 1—v

Q

Using Lemma 3, we obtain
C1 1 N1—
Ye(u) > —|u||P — —— [ (u™) 7 7Vdz — o for some co > 0
p 1—WQ

= 1).(+) is coercive.

Using the Sobolev embedding theorem, we can easily see that the functional () is sequentially weakly
lower semicontinuous. So, by the Weierstrass-Tonelli theorem, we can find u. € W1P(Q) such that

() = inf {e(u) :w € W) (8)
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Let s € (0,1). Then

st

L=y

w4@<(ijw )mm«%mem%mH@»

sP 1 1—y 1=y
— —(? — Q|n.
<<p|£||oo+1_ﬂy(6 s ))| v

If s > 2¢'/P then

1 1—v
1—

sP si—7 1
— — 1-— = .
<Zlelly - 3 (1- 55 ) =)

sP
—[l€lloo +
p

(10)

Recall that s € (0,1) and note that 0 <1 —+ <1 < p. So, we can find small enough § € (0, 1) such that

7(8) < 0.

@

Then (9), (10), (11) imply that for small enough e € (07 (E)p), we have

Yel8) < 6e0) =~ T 10,
= Pe(ue) < 1e(0) (see (8)),
= ue # 0.
From (8) we have
w; (ué) = 07
émw&m+/ame%mw:/@ﬂwwww+JﬁMMk
Q Q

for all h € W1P(Q).
In (12) we choose h = —u_ € WHP(Q). We obtain

= c1||u ||” <0 (see Lemma 3),
= ue >0, ue #0.
From (12), we have

1—(v+p)

—Apuc(2) + €(2)ue(2)P™! = ue(2)PHue(2)? + €] »  for almost all z € Q,

Ou,

o =0 on 0N

(see Papageorgiou & Réadulescu [15]).
By (13) and Proposition 7 of Papageorgiou & Rédulescu [16], we have

ue € L(0).

(1)

(13)
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Then, invoking Theorem 2 of Lieberman [12], we obtain
Ue € C+\{O}
From (13) and hypothesis H(), we have

Apue(2) < |[€]|oote(2)P ! for almost all z € Q,

= u. € Dy by the nonlinear maximum principle

(see Gasinski & Papageorgiou [2, p. 738] and Pucci & Serrin [23, p. 120]).
So, for small enough € > 0, say € € (0,¢), we obtain a solution u. € D, for problem (13).

Claim 7. {uc}ec(o,e5) © WHP(Q) is bounded.

We argue by contradiction. So, suppose that the claim is not true. Then we can find {e,}n>1 C (0, ¢€9)
and corresponding solutions {u,, = ue, }n>1 € Dy of (13) such that

[|tn|| — oo as n — . (14)
[lyn|] =1 and y,, > 0 for all n € N. (15)
From (12), we obtain
(A(yn), h) +/£(z)y£’f1hdz = /yg*[ug t e "7 hdz (16)
Q Q

for all h € W'P(Q), n € N,

In (16) we choose h =y, € WHP(Q). Then

Yn
Hyn) = / p—wp_ldz for all n € N. (17)
Q [un + En]

From the first part of the proof, we know that these solutions wu,, can be generated by applying the direct
method of the calculus of variations to the functionals ¢ (-) and we get

e, (uy) < 0 for all n € N,

éﬂ(un)—%/[ufb+en]%dz<0for all n € N. (18)
Q

Tt follows from (17) and (18) that

1—v
4 I e
/ oo 5 dz < 1 P / [ + En]p dz
4 [uh + €] ® _’YQ [[unl]

1—v

1—v P
P /un + €n
< dz — 0 as n — 0o (see (14)). 19
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Then by (17) and Lemma 3, we have

yp
01|yn||p§/[p+—"p+ S dz,
u

n en] P

=y, — 0 in WHP(Q) as n — oo (see (19)),

which contradicts (15). This proves the claim.

Consider a sequence {€,},>1 C (0,€p) such that €, — 0. As before, let {u, = e, }n>1 € D4 be the

corresponding solutions. On account of the claim, we may assume that
U = @ in WHP(Q) and u,, — u in LP(Q) as n — oo, @ > 0.

We know that

ub~ !

(A(un), by + [ €(z)ul hdz = | —————+hdz
e |

[u% + 671] P

for all h € WHP(Q), n € N.

Choosing h = u,, € WHP(Q) in (18), we obtain

D pty—1
Un + €p P

uP
—9(un) + / [—"dz —0forall n€N.

Moreover, from the first part of the proof (see (11)), we have

I ug) — IL /[uﬁ + en]l__z’ldz < —cg < 0 for all n € N.
73
We add (22) and (23) and obtain
uP P 1—~
Og/ﬁdzg—q—i——/[uﬁ—i—en] 7 dz
A L=~
Q
P 1- =
< —co+ i [up"" + e, |dz for all m € N.
Q

If u =0 (see (20)), then

1=y
/[u}f"’ + e |dz — 0 as n — oo.
Q

This together with (24) leads to a contradiction. Therefore

0.

On account of (20) and by passing to a further subsequence if necessary, we may assume that

*>
0 < upn(2)

u(z) for almost all z € Q as n — oo,
< k(z) for almost all z € Q and all n € N, with k € LP(9).

(20)

(21)

(22)

(23)

(25)
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We can always assume that

max{1, e} < k(z) for almost all z € Q.

For every n € N, we introduce the following measurable subsets of (2

QL ={2€Q: (u, —u)(2) >0} and Q2 = {2 € Q: (u, —u)(z) <0}, ne€N.

Then we have

Ql Q2

From (25) we know that

(%

Q3

/i

—— (up — u)dz

uh +ep]

)p71 (un, —u)dz for all n € N (see (25), (26)).

0 < u(z) < k(z) for almost all z € €,

—up(2)77 < —k(2)77 for almost all z € Q and all n € N.

It follows from (28), (29) that

—(2)un(2)”7 < —k(2)'7 for almost all z € Q and all n € N.

Then for all n € N we have

Ql

for all n € N (see (25), (30)),

n

— 00

Also, from (25) and (20), we infer that

[ (

Q7

We return to (27), pass to the limit as n — oo, and use (31) and (32). We obtain

lim sup
n—oo

Un

k

[

. Uy — U
:>hmsup/ nv
U

n

0l

U’ZI)L + en}

pty—1
P

dz < 0.

-1
—)p (up, — u)dz — 0 as n — oo.

(up, —u)dz < 0.

(26)

(27)

(30)

(31)

(32)
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In (21) we choose h = u,, —u € W1P(). Then
up~1

. (Un
[ub, + €] =t

(Atn), un — @) + / E()uP (i — B)d = /
Q Q

forallm € N,
= limsup (A(u,), u, — @) < 0 (see (20), (33)),

n—oo

= u,, — % in WP (Q) (see Proposition 2), @ > 0, @ # 0.

Using in (12) as a test function

Uﬁil 1,p
h:(p+ )P+w_1/6W’(Q)
ub + €,

P
p

(recall that u, € D) and our hypothesis on v, we can infer that

pty—1
Ug +€n) P

’U,pi1 ’
T C L7 (Q) is bounded.
( n>1

Also, we have

p
N n ——— — u ! for almost all z € Q (see (25)).

(U%_ +6n) P

Then Problem 1.19 in Gasinski & Papageorgiou [4, p. 38] implies that

u’lr)l_l w - . /
ey @
up—1 . )
= [ ————hdz — [ u"hdz for all h € WP (Q).
5 [ul, + €] )

P

Passing to the limit as n — oo in (21) and using (34) and (35), we obtain

(A(a), h) + /f(z)ﬁp’lhdz = /a”hdz for all h € WP ()
Q Q

In (36) we first choose h = —2-—+ € W1P(Q),§ > 0. Then

[ar+s) v

qp—1 T
/f(z)u—wdzz/uiﬂdza
[ar + )% R

-
o rde < ||Ell |y (see hypothesis H(€)).
pr=

[aP + 0] P

@\D

We let § — 07 and use Fatou’s lemma. Then

1
/Wdz < €[00 [ -
Q

—u)dz
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Next, we choose in (36) h = ————r= € WHP(Q). Reasoning as above, via Fatou’s lemma as § — 0%,
L R
we obtain

u 1 T
/r[ﬂ(pfl)ﬂdz:/a2(p+%1)dz < /g(z)m(pfl)ﬂdz
Q Q

Q
1
Q
< [[€ll3 192 (see (37)).

Continuing in this way, we obtain

1
/Wdz < |I€][%. |9 for all k € N. (38)
Q

Therefore we can infer that

a~ P e L7(Q) for all T > 1,

lim sup ||~ @~V < +oc.
T—+00

Then Problem 3.104 in Gasinski & Papageorgiou [3, p. 477] implies that
a~ Pt e L (Q).
Note that
4~ = g~ (ety—Dgp-1
Therefore from (36) and Proposition 7 of Papageorgiou & Radulescu [16], we have
u € L2(Q).
Invoking Theorem 2 of Lieberman [12], we have
u € Cy\{0}.

Tt follows by (36) that

—Apu(z) + £(2)u(2)P~ = u(z) "7 for almost all z € €, g—z =0 on 90 (39)

(see Papageorgiou & Rédulescu [15]),
= A,i(2) < |[€]|ooti(2)P™F for almost all z € €,

=« € D, (by the nonlinear maximum principle (see ([2, p. 738] and [23, p. 120]))).

Finally, we show that the positive solution is unique. Suppose that @y € W1P(Q) is another positive
solution of (7). Again we have g € D,. Also
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0 < (A(@) — Alfio), @ — uo) + /5(2)(#*1 — @Y (@ — do)d=
Q

—uy )(u—1ug)dz <0,

Il
SR
=
5

1
= u = U (the function = — — s strictly decreasing on (0, +00)).
x
This proves the uniqueness of the positive solution u € Dy of (7). O
4. Existence of positive solutions

Let u € D4 be the unique positive solution of (7) produced by Proposition 6. We choose ¢ € (0, 1) small
enough such that

@ = tu < min{é, o} on Q (see hypotheses H(f)(i), (1)) (40)
Then given © € W1P(Q), we have

—Ayi(z) + E(2)u(2)P7 = P = Apu(2) + E(2)u(z)P ]
=P 1(2) 77 (see (39))
<a(z)”" + f(z,1(z), Dv(z)) for almost all z € Q (41)

(see (40) and hypothesis H(f)(i7)).
Given v € C*(Q), we consider the following nonlinear auxiliary Neumann problem:

—Apu(2) +&(2)u(2)P~ = u(2)7 + f(z,u(z), Dv(2)) in Q,
{%zOon@Q,u>O. } (42)

Proposition 8. If hypotheses H (&), H(f) hold, then for every v € C*(Q) problem (/2) has a solution u, €
[@, w] N CY(Q), with w(-) being the function from hypothesis H(f)(i).

Proof. We introduce the following truncation of the reaction in problem (1):

a(z)™7 4 f(z,a(z), Dv(z)
(

fo(z,z) =< a7 + f(z,2, Dv(2)) if @ (z) (43)

Evidently, f,(-,-) is a Carathéodory function. We set F,(z,z) = foz fu(z,8)ds and consider the C-
functional @, : WP(2) — R defined by

Gop(u) = 119(u) - /Fv(z, u(z))dz for all u € WHP(Q).
Q

It is clear from (43) that ¢, () is coercive. Also, it is sequentially weakly lower semicontinuous. So, by
the Weierstrass-Tonelli theorem, we can find u, € WP(Q) such that
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@o(uy) = Inf{@, (u) : u € WHP(Q)},

= @;(uv) =0,

= (A(uy), h) + /f(z)|uv|p72uvhdz = / (2, uy)hdz for all h € WhHP(Q).
Q

In (44) we first choose h = (@ — u,)* € WHP(Q). We have
(A(uy), (@ /f Yty [P~ 21y (@t — uy ) Tdz

_ / [ + f(2, @, Do)](it — wp)Fd= (see (43))

Q

> (@), @@= ) ) + [ €)@ ) ds (seo (41),
Q

= 0> (A(a) — Auy), (@ —uy)") + /E(Z)(ﬂ”’1 = [P ?u) (@ — uy) *dz,
Q
= U < Uy.

Next, we choose in (44) h = (u, —w)™ € W1P(Q). Then
(Al (o =)+ [ € (= w) d (see (15))
Q

= /[w‘” + f(z,w, Dv)|(u, — w)Tdz (see (43))

Q

< (A(w), (uy —w)™) +/£(z)wp*1(uv —w) T dz (see hypothesis H(f)(i)),
Q

= (Afuwn) = Aw), (0, = w)") + [ €@ = wr ) (w —w)Tdz <0,
= Uy < W. "
It follows from (45) and (46) that
Uy € [T, w].

On account of (47), (43) and (44), we have

—Apuy (2) + E(2)uy (2)P1 = uy (2) 77 + f(2,u,(2), Du(z)) for almost all z € Q,

(see Papageorgiou & Réadulescu [15]).
From (48) and Papageorgiou & R&dulescu [16, Proposition 7], we have

Uy € L(0).

13

(45)

(46)

(48)
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Then Theorem 2 of Lieberman [12] implies that w, € Dy. Therefore
u, € [, w] N CHQ).

The proof is now complete. 0O

We introduce the solution set

S, = {u € WHP(Q) : u is a solution of (42), u € [, w]}.
By Proposition 8, we have
0 #S, C [a,v]NnCHQ).

In fact, we have the following stronger result for the elements of S,,.

Proposition 9. If hypotheses H(E), H(f) hold and u € Sy, then u € intc (q)[@, w].

Proof. Let p = mina > 0 (recall that @ € Dy). So, we can increase ép > 0 postulated by hypothesis
Q

H(f)(#4i) in order to guarantee that for almost all z € 2, the function

x—= 27V + f(z,x,Du(z)) + fpmp_l

is nondecreasing on [ +
) 0 € Dy. Then

Let § > 0 and set

0, (6() + €)@

< A+ (E(2) + E,)aP ™+ A\(8) with A(6) — 0 as § — 0F

<a 7+ f(z,4,Dv) + épﬂp_l for § > 0 small enough

(since f(z,u,Dv) > é; > 0 for almost all z € Q, see H(f)(4))

<u 7+ f(z,u,Dv) + épupfl (since @ < u)

= —Apu+ (£(2) + &,)uP~* for almost all z € Q (since u € S,,),
= @ < u for small enough § > 0,

=u—u€Dy.
Similarly, for § > 0 let u® = u + 6 € Dy. Then

g+ (6(2) + €y

< —Apu+ (E(2) + E)uPE+ A(N) with A() — 0T as § — 0

= u”Y + f(z,u, Dv) + E,uPt 4+ A(0) (since u € S,)

< w7 + f(z,w, Dv) 4+ £uP~ 4+ X(6) (since u < w)

< —¢* + A(0) + E,uP! (see hypothesis H(f)(i))

—-A,w+ (£(2) + ép)wp_1 for almost all z € 2 and for small enough § > 0
(since A(§) = 0" as 6 — 07 and due to hypothesis H(f)(i)),

IN
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= < w for small enough § > 0,
= (w—u)(z) >0 for all z € Q.
Therefore we conclude that
u € inton g, wl.
This completes the proof. O

We can show that S, admits a smallest element, that is, there exists 4, € S, such that 1, < u for all
u € Sy.

Proposition 10. If hypotheses H (&), H(f) hold, then for every v € CY(Q), the solution set S, admits a
smallest element

iy, € Sy.

Proof. Invoking Lemma 3.10 in Hu & Papageorgiou [10, p. 178], we can find a sequence
{tn}n>1 C S, such that

essinf S, = inf wu,,.
n>1

For every n € N, we have

(A(up), h) + /f(z)ufjlhdz = /[u;“Y + f(z,upn, Dv)]hdz (49)
Q Q

for all h € W'P(Q), n € N,

i <wu, <wfor all n € N. (50)

It follows from (49) and (50) that
{tn}n>1 € WHP(Q) is bounded.
So, we may assume that
Up > 1y in WHP(Q) and u,, — G, in LP(Q) as n — oo, i, € [, w)]. (51)
In (49) we choose h = u,, — @, € W1P(Q), pass to the limit as n — co and use (51). Then
nhHrr;o (A(up), up — Gy) = 0 see (50),

= U, — 1, in WP(Q) (see Proposition 2). (52)

Therefore, if in (49) we pass to the limit as n — oo and use (52), then

(A(@iy), ) + / £(2)iPLhdz = / [0 + f(2, 1y, Dv)]hdz
Q Q
for all h € WHP(Q),

= U, € Sy, € D4 and essinf S, = 4.
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The proof of Proposition 10 is now complete. O
We can define a map o : C*(Q) — C1(Q) by
o(v) = .

This map is well-defined by Proposition 10 and any fixed point of o(-) is a solution of problem (1). To
generate a fixed point for o(-), we will use Theorem 1 (the Leray-Schauder alternative principle). For this
purpose, the next lemma will be useful.

Lemma 11. If hypotheses H(&), H(f) hold, {vy}n>1 € C1(Q), v, = v in C*(Q), and u € S,,, then for every
n € N there exists u, € Sy, such that u, — u in C1(Q).

Proof. We consider the following nonlinear Neumann problem

—Apy(2) + £ ()P ?y(2) = u(z) ™7 + f(z,u(2), Dvn(2)) in Q,

53
@2001189. (53)
on

Since u € S, € D, we have

kn(2) = u(2)™" + f(z,u(z), Dv,(2)) > 0 for almost all z € Q and all n € N,
{kn}n>1 € L>(Q) is bounded, k,, # 0 for all n € N (54)
(see hypotheses H(f)(1), (i1)).

In problem (53), the left-hand side determines a maximal monotone coercive operator (see Lemma 3),
which is strictly monotone. Therefore, on account of (54), problem (53) admits a unique solution y° €
WP(Q), y # 0. We have for all n € N

(A(2),n) + /5(z)|y2\P—2y2hdz = /kn(z)hdz for all h € WhP(Q). (55)
Q Q

In (55) we choose h = —(y2)~ € W!P(Q). Then

F((y9)7) <0 (see (54)),
= cl||(y2)_\|p < 0 (see Lemma 3),

=92 >0, y2 #0 for all n € N.
Also, it is clear from (54) and (55) that
{y2},,>1 € WHP(Q) is bounded.
Invoking Proposition 7 of Papageorgiou & Radulescu [16], we have
y2 € L>°(Q) and ||y2||s < c5 for some ¢ > 0 and all n € N. (56)

Then (53) and Theorem 2 of Lieberman [12] imply that there exist @ € (0,1) and ¢ > 0 such that

y2 € 01 (Q) and Hy2||cl,a@) < ¢g for all n € N. (57)



N.S. Papageorgiou et al. / J. Math. Pures Appl. 136 (2020) 1-21 17

Recall that C1%(Q) is compactly embedded in C*(Q). So, from (57) we see that we can find a subsequence
{yn tr=1 of {yp}n>1 such that

yn — 3" in C*(Q) as k — oo, y” > 0. (58)
Note that
kn, — k in Lp/(Q) with k(z) = u(z)”" + f(z,u(z), Dv(2)). (59)

Using (55) (for the 5 ’s) and (58), (59), we obtain

(A(y°), h) + /g(z)(yo)l’*lhdz = /k(z)hdz for all h € WP(Q),
Q

Q
= —Ay°(2) +€(2)y° (2)P~ = u(z) "7 + f(z,u(z), Dvu(2)) for almost all z € Q, (60)
oy _
o = 0 on 09.

Problem (60) admits a unique solution. Since u € S,,, u solves (60) and so y° = u. Therefore for the

initial sequence we have
Y2 — win C1(Q) as n — oo. (61)
Next, we consider the following nonlinear Neumann problem

=Dy (2) + E() ()P 2y(2) = yn(2) 77 + f(2,9n(2), Dvn(2)) in Q,

%:Oonéﬂ.

Evidently, this problem has a unique solution y} € D, and
yl — win C1(Q) as n — oo (see (61)).
Continuing in this way, we produce a sequence {yﬁ}kmeN such that

—Apyn(2) +E(2)yn ()P = 4 (2) 77+ f2, 98 (2), Dua(2))
for almost all z € 2, (62)

k
On _ 0 on 90, kn e N
on

and y* — win C*(Q) as n — oo for all k € N. (63)
From (59), (60) and Theorem 2 of Lieberman [12], we can deduce as before that
{yF}ren € CH(Q) is relatively compact.
So, we can find a subsequence {y*"},,en of {y¥}ren (n € N is fixed) such that

yPm — g, in C1(Q), n € N,
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From (62) in the limit we obtain

—ApTn(2) + £(2)Gn(2)P7 = 90(2) ™7 + f(2,9n(2), Dv,(2)) for almost all z € Q,

5 64
% _ o on o0, (64)
on

Then, using Theorem 2 of Lieberman [12] as before, (63) and the double limit lemma (see Gasinski &
Papageorgiou [3, Problem 1.175, p. 61]) we obtain

Gn — u in C1(Q) as n — oo,

and g, € S, for n > ng (see Proposition 9).
The proof is now complete. 0O
Using this lemma we can show that the minimal solution map o(-) is compact.

Proposition 12. If hypotheses H (&), H(f) hold, then the minimal solution map o : C1(Q) — C1(Q) defined
by o(v) = 4, is compact.

Proof. We first show that o(-) is continuous. To this end, let v, — v in CY(Q) and @, = t,, = o(v,),
n € N. We have

(A@n), h) + / £(2)arhdx — / [0 + £(2, @, Dvg)]hdz (65)
Q Q

for all h € WHP(Q), n € N.

Choosing h = i, € W1P(Q2), we obtain

[ D |7 +/§(Z)ﬁ£dz < /07[11_7 + 1]dz for some ¢; > 0 and all n € N
Q Q
(since @ < @y, < w for all n € N and due to hypothesis H(f)(ii)),

= ¢1||tn||P < cg for some cg > 0 and all n € N (see Lemma 3),

= {in }neny € WHP(Q) is bounded.
Invoking Proposition 7 of Papageorgiou & Radulescu [16], we have
|tin]|co < cg for some cg > 0 and all n € N.
Then Theorem 2 of Lieberman [12] implies that we can find 8 € (0,1) and ¢19 > 0 such that
iy, € CHP(Q) and ||| ¢r6q) < c10 for all n € N. (66)
The compact embedding of C14(Q2) into C'(Q) and (66) imply that at least for a subsequence, we have
ty, — @ in C1(Q) as n — oc. (67)

Passing to the limit as n — oo in (65), we can infer that @ € S,,.
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We know that o(v) € S, and so by Lemma 11, we can find u,, € S,,, (for all n € N) such that
U, — o(v) in C1(Q) as n — +oc. (68)
We have

Uy < un for all n € N,
=14 <o(v),

= o(v) =4 (since 4 € Sy).
So, for the original sequence {i,, = o(v,)}nen € C1(Q), we have

o(vy) = Gp — @ = o(v) in C1(Q),

= o(+) is continuous.
Next, let B C C1(2) be bounded. As before, we obtain

o(B) C WHP(Q) is bounded,
= o(B) C L*(Q) is bounded (see [16]).

Then by Lieberman [12] we conclude that

o(B) C CY(Q) is compact.
This proves that the minimal solution map o(-) is compact. O

Now using Theorem 1 (the Leray-Schauder alternative principle), we will produce a positive smooth
solution for problem (1).

Theorem 13. If hypotheses H (&), H(f) hold, then problem (1) admits a positive solution u* € D, .

Proof. We consider the minimal solution map o : C1(2) — C*(€). From Proposition 12 we know that o(-)
is compact. Let

K={uecC' Q) :u=to(u),0 <t<1}.

We claim that K C C'(Q) is bounded. So, let u € K. We have

%u =o(u) with 0 < ¢ < 1.
Then
—1 1 t"/ 1
(A(u),h) + | &(z)uP™ hdz = tP e + f(z, T Du) | hdz (69)
Q Q

for all h € WhP(Q).

From (15) (see hypothesis H(f)(ii7)), we have

f(z, %u(z)7 Du(z)) < tp%f(z, u(z), Du(z)) for almost all z € Q. (70)
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Using (70) in (69) and recalling that @ < u, 0 <t < 1, we obtain
1
(A(u), h) + /f(z)upflhdz < / [5 + &g(z)] hdz (71)
Q Q

for all h € WP(Q) and some ag € L>(2) (see hypothesis H(f)(i)).
In (71) we choose h = u € WHP(Q). Then

Hu) < eqq for some ¢y; > 0 (recall @ € D),
c1|u]|P < e1q for all uw € K (see Lemma 3),

= K C WHP(Q) is bounded.
Next, as before, the nonlinear regularity theory implies that
K C C'(Q) is bounded (in fact, relatively compact).

So, we can apply Theorem 1 (the Leray-Schauder principle) and produce u* € C'(Q) such that u* =
o(u*). Therefore u* € Dy is a positive smooth solution of problem (1). O
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