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Abstract. We establish regularity results for weak solutions of Robin problems driven by
the well-known Orlicz g-Laplacian operator given by

—Agu = f(x,u), x e

3 P
a(wu|)d—” + b |ulP2u =0, x € 39, (P)
v

where Agu 1= div(a(|Vul)Vu), Q C RN, N > 3, is a bounded domain with Cz-boundary
092, % = Vu-v,vistheunitexterior vectorond2, p > 0,b € CLQ(BQ) withd € (0, 1) and
infycyq b(x) > 0. Specifically, using a suitable variation of the Moser iteration technique,
we prove that every weak solution of the problem (P) is bounded. Moreover, we combine
this result with the Lieberman regularity theorem, to show that every C1(©)-local minimizer

is also a WG (€)-local minimizer for the corresponding energy functional of problem (P).

1. Introduction

In this paper, we study the boundedness regularity for a weak solution and the
relationship between the Holder local minimizer and the Orlicz-Sobolev local min-
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imizer for the corresponding energy functional of the following Robin problem:

—Agu = f(x,u), on

0 P
a(|vM|>d—u + b(x)|ulP"*u = 0, on 3, ®
v

where €2 is a bounded open subset of RY (N > 3) with C%-boundary 92, A gl =
div(a(]Vu|)Vu) is the Orlicz g-Laplacian operator, % = Vu.v, v is the unit

exterior vector on 92, p > 0, b € CcLfQ) with 6 € (0, 1) and inafgb(x) >0
xXe

and the function a(|t])t is an increasing homeomorphism from R onto R. In the
right side of problem (P) there is a Carathéodory function f : 2 x R — R, that
isx —> f(x,s)is measurable forall s € R and s — f(x, s) continuous for a.e.
x € Q.

Due to the nature of the non-homogeneous differential operator g-Laplacian,
we shall work in the framework of Orlicz and Orlicz-Sobolev spaces. The study
of variational problems in the classical Sobolev and Orlicz-Sobolev spaces is an
interesting topic of research due to its significant role in many fields of mathe-
matics, such as approximation theory, partial differential equations, calculus of
variations, non-linear potential theory, the theory of quasi-conformal mappings,
non-Newtonian fluids, image processing, differential geometry, geometric func-
tion theory, and probability theory (see [4-7,11]).

It is worthwhile to mention that the Orlicz-Sobolev space is a generalization
of the classical Sobolev space. Hence, several properties of the Sobolev spaces
have been extended to the Orlicz-Sobolev spaces. To the best of our knowledge,
there is a lack of some regularity results concerning the problem (P). Precisely, the
boundedness of a weak solution and the relationship between the Orlicz-Sobolev
and Holder local minimizers for the corresponding energy functional of (P). Those
results are crucial in some methods of the existence and multiplicity of solutions
for the problem (P).

The question of the boundedness, regularity, and the relationship between
the Sobolev and Holder local minimizers for certain C!-functionals have been
treated by many authors [3,8,9,11,13,15,16,18-20,25-27,29,31-33] and refer-
ences therein. In [25], G. M. Lieberman treated the regularity result up to the
boundary for the weak solutions of the following problem

—Apu = f(x,u), x € Q (E)

where  is a bounded domain in RY with C'"*-boundary. Precisely, under some
assumptions on the structure of the p-Laplacian operator and on the non-linear
term f, he proved that every bounded (i.e. u € L°(£2)) weak solution of the
problem (E) (with Dirichlet or Neumann boundary conditions) belongs to C1-# ().
In [26], G. M. Lieberman, extended the results obtained in [25] to the Orlicz g-
Laplacian operator. In [9], X. L. Fan, established the same results gave in [25] for the
variable exponent Sobolev spaces (p being variable). Note that all the results cited
in [9,25,26] require that the weak solution belongs to L°°(£2). The boundedness
result for weak solutions in the Dirichlet case can be deduced from Theorem 7.1
of Ladyzhenskaya-Uraltseva [24] (problems with standard growth conditions) and
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Theorem 4.1 of Fan-Zhao [10] (problems with non-standard growth conditions).
For the Neumann case, the boundedness result is deduced from Proposition 3.1 of
Gasinski-Papageorgiou [13] (problems with sub-critical growth conditions).

To the best of our knowledge, there is only one paper (see [11]) devoted to
the boundedness result of weak solutions to problems driven by the Orlicz g-
Laplacian operator. Precisely, in [11], F. Fang and Z. Tan, with sub-critical growth
conditions, proved that every weak solution of problems with Dirichlet boundary
conditions belongs to L°°(€2). The approaches used by Fang and Tan in [11] for
the boundedness result don’t work in our case (Robin boundary condition) since
they require that u,, is bounded (u# being the weak solution). To overcome this
difficulty, we apply a suitable variation of the Moser iteration technique.

The question of the relationship between the Sobolev and Holder local minimiz-
ers for certain functionals has taken the attention of many authors [3,8,11,13,15-
17,19,20,22,28,32,33] and references therein. In [8], Brezis and Nirenberg have
proved a famous theorem which asserts that the local minimizers in the space C!
are also local minimizers in the space H'! for certain variational functionals. A
result of this type was later extended to the space WO1 "7 (Q) ( Dirichlet boundary
condition), with 1 < p < oo, by Garcia Azorera-Manfredi-Peral Alonso [16] (see
also Guo-Zhang [19], where 2 < p). The W,}’p (£2)-version (Neumann boundary
condition) of the result can be found in Motreanu-Motreanu-Papageorgiou [28].
Moreover, this theorem has been extended to the p(x)-Laplacian equations (see
[13]), non-smooth functionals (see [3,22,32]), and singular equations with critical
terms (see [17]).

As far as we know, there is only one paper (see [11]) devoted to the result of
Brezis and Nirenberg in the Orlicz case. Precisely, in [11], F. Fang and Z. Tan proved
a boundedness regularity result and established the relation between the C' (Q) and
WOI’G(Q) minimizers for an Orlicz problem with Dirichlet boundary condition.
Since our problem (P) is with Robin boundary condition, many approaches used in
[11] don’t work.

The main novelty of our work is the study of the boundedness regularity for
weak solutions of problem (P) and the relationship between the Orlicz-Sobolev
and Holder local minimizers for the energy functional of problem (P). The non-
homogeneity of the g-Laplacian operator brings us several difficulties in order to
get the boundedness of a weak solution to the Robin Problem (P).

This paper is organized as follows. In Section 2, we recall the basic properties
of the Orlicz Sobolev spaces and the Orlicz Laplacian operator, and we state the
main hypotheses on the data of our problem. Section 3 deals with two regularity
results. In the first we prove that every weak solution of problem (P) belongs to
L*(2), forall 1 <s < oo. In the second we show that every solution of problem
(P) is bounded. In the last Section, we establish the relationship between the local
C'(Q)-minimizer and the local W !¢ (Q)-minimizer for the corresponding energy
functional.
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2. Preliminaries

To deal with problem (P), we use the theory of Orlicz-Sobolev spaces since problem
(P) contains a non-homogeneous function a(.) in the differential operator. There-
fore, we start with some basic concepts of Orlicz-Sobolev spaces, and we set the
hypotheses on the non-linear term f. For more details on the Orlicz-Sobolev spaces
see [1,2,11,12,23,30] and the references therein.
The function a : (0, +00) — (0, +00) is a function such that the mapping,

defined by

a(|t)e, ift £0,

g() :=
0, ifr =0,

is an odd, increasing homeomorphism from R onto itself. Let

t
G(t) := / g(s)ds, VteR,
0

G is an N-function, i.e. Young function satisfying: G is even, pos1t1ve continuous
and convex function. Moreover, G(0) = 0, @ — 0ast — 0and (’ — +00
ast — +oo (see [23, Lemma 3.2.2, p. 128]).

In order to construct an Orlicz-Sobolev space setting for problem (P), we impose
the following class of assumptions on G, a and g:

(G) (g1) :a() e CY0, +00), a(t) > Oand a(t) is an increasing function for r > 0.

. . gt g0t
(g2) 11 <p<g: 1nf f S = <gt:= sup G < N.
(g3) :0<g  —l=a": 1n£ ggz;;t <gh—l=at:=sup ggg;t.
1> t>0
+oo G-l LGl
(g4):/ Lfl)dtzooand/ L+(l)dt<oo
1 t N 0 ¢~

The conjugate N-function of G, is defined by

t
G(t) = / (s) ds,
0

where g : R — R is given by g(¢) = sup{s : g(s) < t}. If g is continuous on R,
then g(t) = g~ '(¢) for all r € R. Moreover, we have

st < G(s) + G(@), 2.1

which is known as the Young inequality. Equality in (2.1) holds if and only if either
t = g(s) ors = g(t). In our case, since g is continuous, we have

'
G(t) :/ g_l(s) ds.
0

The functions G and G are complementary N-functions.
We say that G satisfies the A,-condition, if there exists C > 0, such that

GQ2t) < CG(t), forallt > 0. 2.2)
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We want to remark that assumption (g») and (2.2) are equivalent (see [23, Theorem
3.4.4,p.138] and [12]).

If G| and G, are two N-functions, we say that G| grow essentially more slowly
than G, (G| << G» in symbols), if and only if for every positive constant k, we
have

G (kt)
im =
t=+00 G (1)

(2.3)

Another important function related to the N-function G, is the Sobolev conju-
gate function G defined by

t —1
G;l(t)=/0 8 s =0

N+1
S N

(see [23, Definition 7.2.1, p. 352]).
If G satisfies the A,-condition, then G also satisfies the A-condition. Namely,

there exist g, = NN _gg__ and g} = NN _g; such that
1)t 1)t 1t
g+<g;:=inf&<&< = &<+oo, forallt > 0

< < g, =su
>0 G4 (1) G (1) =0 G« (1)
2.4)
(see [12, Lemma 2.4, p. 240]).
The Orlicz space LY() is the vectorial space of measurable functions u :
Q2 — R such that

o = [ Gluto) dr < oc.
Q
LY(Q) is a Banach space under the Luxemburg norm
. u
lull Gy = inf {A >0 p() < 1} .
For Orlicz spaces, the Holder inequality reads as follows

/ uvdx < ||u||(G)||v||(G), forallu € LG(Q) andu € LG(Q).
Q

Next, we introduce the Orlicz-Sobolev space. We denote by WG (Q) the
Orlicz-Sobolev space defined by

who(Q) = {u e L) : g—” eL9Q),i=1,.., N}.

l
W16 (Q) is a Banach space with respect to the norm
lullg = llull) + IVullG)-
Another equivalent norm is

| =inf[k =0 IC(%) < 1},
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where

lC(u):/ G(|Vu(x)|)dx+f G(lu(x)|) dx. (2.5)
Q Q

If G and its complementary function G satisfied the Aj-condition, then
Ww1G(Q) is Banach, separable and reflexive space. For that, in our work, we also
assume that G satisfies the A»-condition.

In the sequel, we give general results related to the N-function and the Orlicz,
Orlicz-Sobolev spaces.

Lemma 2.1. (see [30]). Let G and H be N -functions, such that H grows essentially
more slowly than G, (where G is the Sobolev conjugate function of G).

“+00 G~ l( ) —l( )
(1) If / = coand / ——~dt < 00, then the embedding W © (Q)
0

N+l N+1
N

— LH (Q) is compact and the embedding WG (Q) < LY (Q) is continuous.

l

+0o0 G 1( )
(2) If/ < 00, then the embedding W6 (Q) — LH(Q) is compact
and the embeddmg WLO(Q) — L®(Q) is continuous.

Lemma 2.2. (see [12])
t
Let G be an N -function satisfying (g1) — (g3) such that G(t) = / g(s)ds =
0

'
/ a(|s|)s ds. Then
0

(1) min{r¢ ", tg*}gu) < G(t) < max{r¢ t{*}G(Q,for all 0 < t;

(2) min{r8 ~1, 18" "Ng(1) < g(r) < max{rs ~1, & ~Yg(1), forall 0 < t;

(3) min{r® 2,8 2}a(1) < a(t) < max{t® 2,18 2}a(l), forall 0 < t;

(4) min{té , 18 }G(z) < G(tz) < max{ts ,t8 }G(2), forall0 <t and 7 € R;

(5) min{t& 1,18 " Ng(z) < g(tz) < max{r® 1, t8 ~l}g(2), forall 0 < t and
zeR;

(6) min{rg’*zjvrg**z}aqm) < a(|m)) < max{r¢ 2,18 2}a(|n|), for all 0 < 1
andn € RY.

Lemma 2.3. (See [12]). Let G be an N-function satisfying (g») such that
t

G(t) = / g(s) ds. Then
0

. _

(1) if llullGy < 1 then |lulifs) < p(u) < llulfs);
- +

(2) if llullGy = 1 then ull{s, < pu) < lullfs);

(3) if llull < 1 then ull™ < K@) < ul®
(4) if llul) = 1 then lulls” < K@) < Juls”.

Lemma 2.4. Assume that 2 is a bounded domain with smooth boundary d<2. Then
the embedding W'-P(Q) — L"(Q) is compact provided 1 < r < p*, where
p* = NN—_pp if p < N and p* := +00 otherwise.
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Lemma 2.5. Assume that Q is a bounded domain and has a Lipschitz boundary
3. Then the embedding WP (Q) < L"(dR) is compact provided 1 < r < p*.

Theorem 2.6. The Orlicz-Sobolev space W6 (Q) is continuously and compactly
embedded in the classical Lebesgue spaces L' (S2) and L" (0Q2) forall1 <r < g_.

Proof. By help of the assumption (g»), the Orlicz-Sobolev space W !¢ () is con-
tinuously embedded in the classical Sobolev space W!¢™ (). In light of Lemmas
2.4and 2.5, we deduce that W18 () is compactly embedded in L" (€2) and L" (32)
forall 1 <r < g, .Hence, W!:%(Q) is continuously and compactly embedded in
the classical Lebesgue space L"(2) and L™ (9€2) forall 1 <r < g . |

Lemma 2.7. [11, Lemma 3.2, p. 354]

(1) If a(t) is increasing for t > 0, there exists constant dy depending on g~, g™,
such that

la(lnDn — a(15§D&] < diln — &la(inl + 151, (2.6)

foralln, ¢ e RV,
(2) If a(t) is decreasing for t > 0, there exists constant dp depending on g~, g%,
such that

la(ilnDn —a(|§DE] < dag(In — &), 2.7
foralln, ¢ e RV,

t
Lemma 2.8. Let G be an N -function satisfying (g1)—(g3) suchthat G(t) = / g(s)
0
t
ds = / a(|s|)s ds. Then for every &€, 11 € RN, we have
0

(a(lnhn —a(§Ds, n —&)ry =0
where (.)pn is the inner product on RN

Proof. Letn, & € RV, Since G is convex, we have

G(nh <G (‘#D + (a(nhn, 2 fm
and
G(EN <G ( %D +{a(gDE, & .
Adding the above two relations, we find that
%(a(lnl)n — a(EDE, 0 — E)ay = G(In) + GED — 2G (‘%D
forall n,& € RV. (2.8)

On the other hand, the convexity and the monotonicity of G give

1
G ( #D < 216 (D +G (ED] forall 1.6 cRY.  (29)
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From (2.8) and (2.9), we get
(ainhn —a(&D&, n — E)gny = 0, forall n,& € RY.
The proof is now complete. O
Definitions 2.9. (See [2])
We say that u € W19 (Q) is a weak solution for problem (P) if

/ a(|Vul) Vi Vodx + / b()|ul?2uvdy = / £, wydx, Yo € WO Q)
Q Q2 Q
(2.10)

where dy is the measure on the boundary 9€2.
The energy functional corresponding to problem (P) is the C'-functional J :
W9(Q) — R defined by

J(u):/ G(|Vu|)dx+l/ b(x)|u|pdy—f F(x,u)dx, 2.11)
Q P Jao Q

t
forall u € WG (). Where F(x, 1) =/ f(x, s)ds.
0
Definitions 2.10. (1) We say that ugy € WG (Q) is alocal C!(€2)-minimizer of J,
if we can find r¢ > 0 such that
T (o) < J(ug +v), forall v e C'(Q) with [[v]|c1 g, < ro.

(2) We say that ug € WLG(SZ) is a local Wl'G(Q)-minimizer of J, if we can find
r1 > 0 such that
J(ug) < J(ug + v), forallv € W6 (Q) with ||v]| < r.
Now, we set the assumption on the non-linear term f as follows.

(H) f(x,0) = 0 and there exist an odd increasing homomorphism 4 € C (R, R),
and a positive function @(z) € L*°(£2) such that

| fx, ) <ax)d +h(t]), YieR, Vx e Q

and
G << H << Gy,
h(t)t h(t)t -
1<g+<h7::inf @) §h+::supL§g_*’
>0 H(t) ) H([) g_
K (0t n (1)t
1<h*—1:=inf—() §h+—1:=sup—(),
>0 h(r) =0 h()
where

t
H(t) :=/ h(s) ds,
0

is an N-function.
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Remark 2.11. Some assertions in Lemma 2.2 are remain valid for the N-function
H and the function &

(1) min{t"", " YH(1) < H(@t) < max{t"", " YH(1), forall 0 < t;

@) min{t" =1, "R < k() < max{t" 1 1 a(1), for all 0 < ¢

G) min{t" ", " YH(z) < H(tz) < max{t" ,t""VH(z), forall0 <t and 7 € R;

@ min{t" 1, " "Nh(z) < h(tz) < max{t" ~!, " ~1h(z), forall 0 < ¢ and
zeR.

The main results of this paper are:

Theorem 2.12. Under the assumptions (G) and (H), ifu € W' (Q) is a non-
trivial weak solution of problem (P), then u € L*®°(Q) and |ullco < M =
M(|[alloo, h(1), g7, 19, llullp+)-

Theorem 2.13. Under the assumptions (G) and (H), if ug € WbL6(Q) is a local
C(Q)-minimizer of J, then ug € CY%(Q) for some a € (0, 1) and ug is also a
local W-C (Q)-minimizer of J.

3. Boundedness results for weak solutions of problem (P)

In this section, by using the Moser iteration technique, we prove a result concerning
the boundedness regularity for the problem (P). Our method, inspired by the work
of Gasinski and Papageorgiou [13]. Considering the following problem

—div(A(x, Vu)) = B(x, u), in Q
(A)
A, Vu).v + ¢ (x,u) =0, in 9Q

where €2 is a bounded subset of RN (N > 3) with Cz—boundary, A:QxRY — RV,
B:QxR— Rand ¢ : 92 x R — R. We assume that problem (A) satisfies the
following growth conditions:

A, mn > G(|n|), forallx € Qandn € RV, 3.12)
A(x,n) < cog(In]) +c1, forallx € Qandn € RY, (3.13)
B(x,t) < cy(1+ h(t])), forallx € Qandr € R, 3.14)
Y(x,t) >0, forallx € 0Q and t € Ry, (3.15)

where ¢y, c1, ¢z are positive constant and 4 is defined in assumption (H).
We say that u € W16 (Q) is a weak solution of problem (A) if

/A(x,w)wdx+/ ¥ (x, u)vdy =/ B(x, u)vdx, forallv e Wh9(Q).
Q Elo) Q
(3.16)
Let us state the following useful result

Proposition 3.1. Suppose that (G), (H) and (3.12)-(3.15) are satisfied. Then, if
u € WH6(Q) is a non-trivial weak solution of problem (A), u belongs to L°(S2)
forevery 1l <s < oo.
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Proof. Letu € WG (Q) be a non-trivial weak solution of problem (A), u™ :=
max{u, 0} € W9 (Q) and u~ := max{—u, 0} € W'9(Q). Since u = ut —u",
without loss of generality we may assume that u > 0.

We set, recursively

& (Pn— ht
=g+ —|——|), foralln >0,
Pn+1 8 = < e )
such that B
PO=8=g, = g (recall that g— < g+ < N).
N —g~
- o : pn —ht
It is clear that the sequence {p,}n>0 € Ry is increasing. Put 6, = T > 0,

{6, }n>0 1s an increasing sequence.
Let

ur = minfu, k} € WHG(Q)NL®(Q), forallk > 1 (since ug < k, forallk > 1).

In (3.16), we act with ue”+1 e WLG (), to obtain
/.A(x Vu). Vue”de—l—/ ¥(x, u)u9"+1dy —/ B(x, u)ue”de
It follows, by conditions (3.12), (3.15) and Lemma 2.2, that

@, + 1) ul" G(|Vug)dx + (6, + 1)G(l)f ul" |\ Vug |8 dx
(IVugl=1) (IVug|>1)

<O+ 1) / W G (Vg dx

< 6, + 1)/ uy n [A(x, Vu).Vuy]dx

/A(x Vu). Vu9"+1dx

S/B(x,u)uz"+ldx. (3.17)
Q
Therefore
(9,,+1)G(1)/ U |\ Vug|® dx < / B(x, wyul dx, (3.18)
{IVug|>1)
this gives,

O + I)G(l)/ U | Vg |8 dx
Q

=@, + DG |:/ uZ"|Vuk|g7dx +/ uZ”|Vuk|gdxi|
{IVug|>1} {IVug|<1}

/B(x u)uk”+1dx+(9 + l)G(l)/ Z”|Vuk|g_dx
{IVu| <1}
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/B(x wuy ™ dx 4 (6, + l)G(l)/ Ul dx. (3.19)
Q
Thus
o - +1
u,"|Vug|® dx < —/ B(x, u)u” dx
/Q g 6.+ DG(D) ¢
+ f uldx. (3.20)
Q
Since 6, < p,, and by the continuous embedding L (2) — L (), then
6n 1-bn 0,
updx < [ P fluglly, forallk > 1. (3.21)
Q

Combining (3.20) and (3.21), we infer that

/“k |Vigl® dx < —f B, wyuldx + 120" el
Q 6 + DG (1) o

(3.22)
Let us observe that
Ontg™ On On
E— (T+l) 0 -
Vu,*  =vu?t = (g—’i + Duf Vuy
and
Ont+g— & g
- o _
Vu, © = (—'i + 1) uZ” [Vup|$ .
8
Integrating over €2, we get
g™ |8 0 8 _
/ Vu, ¢ dx = <_f + 1) / U |Vug |8 dx. (3.23)
Q g Q

Putting together (3.22) and (3.23), we conclude that

J

On & Gut+1 -t P
_— 1 _— B d Q n n
< (g_ + ) [(9 +1)G(1)/ (e, Wy dx £+ (2] » IIMkllp,,}

/B(x wuy M dx + 121" z o ]

Ontg™ 8

Vu, & dx

g |\ -
= Ot D [(en TG0

< Co </ B, wyuldx + (1 + ||uk||f’")> (3.24)
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- 1 1=
where Cop = (6, + 1)8 <—+Q ) > 0.
0=t G, nem T
On the other side, using the condition (3.14) and Remark 2.11, we see that

/B(x,u)u,f“dx
Q
5c2/ (14 h(lul) "+ dx
h™—1 ht—1 On+1
502/ (1+h(l)max{|u| ul })uk dx
Q

0,+1 h——1 ht—1y, 6,+1
<o (Iluk||92+1 +h(1)/ max{|u| ul® T " dx)
Q

< &2 | Nl + B () <f W1 6”+1dx+/ u“—luzn“dxﬂ
{u<l1} {u>1}

<o |1 +h() ||uk||§:i}+h(1)f uh+_luzn+1dxi|

I On+1 - On+1
< e [ (U A(D) gl 5]+ R a3 k||(9j+1)h+]
+

ht —1
= ca [ (1 RO a7 53+ ROl a5 ]

(Holder with 2+ and (A1) = )

1— ntl _
5c2[<1+h<1))|9| P g% (1) ] 1||uk||f;;“]
(since LP"(Q) — Lot1(Q))

< e[+ IR + ROl it

since = —
Pn ht
< Cr (14 lluxllpy) - (3.25)

where C; = ¢ [(1 + ()Y 19175 4 h() ful —‘] > 0. In (3.25), we used the

factthat 6, + 1 < (6, + Dh+ = p,.
Using (3.24) and (3.25), we find
A

.
dx < Gy (1 + llug ||§g) +/
Q
Pn s 9n+87
< Co (1 Nl ) +1920" ™7 g,

1_9n+37 n
= (ca+io' ™) (1 ey

= C3 (1+ luglfy) (3.26)

-
dx

Ontg™

Ontg—
- I
Vu,

)=
dx—i—/ u, ©
Q

On+g—

8
k Ug
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On+g~
where Cy = Co(Cy 4+ 1) and C3 = Cy + ||~ "o .
The inequality (3.26) gives
Onte— g_

u, ¢ < C3 (1 + lluglhr). (3.27)

wls™ (@)

Recall that p, 1] =g + gi,@n and so

On+ 8~ Pn+1

) (3.28)

g g
Since g7 < g = NN_—gg: = g, , then the embedding whe (Q) — Lg(Q) is
continuous.
Hence, there is C4 > 0 such that

Ont+g— - Ont+g— 8
u € <Cylu, (3.29)
z whe™ ()
Combining (3.27), (3.28) and (3.29), we obtain
@ﬁg7
lugllp,t ™ < Cs (1 + luellhr). (3.30)

where C5 = C4C3. Next, let k — +o00 in (3.30) and applying the monotone
convergence theorem, we find that

P+l —

S
lullpl” < Cs(1+ llullpy)- (3.31)

Since pp = g and the embeddings whé(Q) — whe (Q) — L§(Q) are contin-
uous, from (3.31), we get

u e LP(Q), foralln > 0. (3.32)

Note that p,, — +o00 as n — 4-00. Indeed, suppose that the sequence {p,},>0 C
[g, +00) is bounded. Then we have p, —> p > g asn — +o0. By definition we
have

. g —ht
Pn+1=g-|-i Pn 0 foralln > 0,
g ht
with pg = g, so
F (Pt
_g+g_( o )

thus
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which gives us a contradiction since g~h™ < g = g, (see assumption (H)). Recall
that for any measurable function u : Q@ —> R, the set
Su={p=1:lul, < +oo}
is an interval. Hence, S, = [1, +00) (see (3.32)) and
ue L*(Q), foralls > 1. (3.33)

This ends the proof. O

In the following, we prove that, if u € WG (Q) is a weak solution of problem (A)
such that u € L5(R2) forall 1 < s < oo, then u is a bounded function.

Proposition 3.2. Assume that (G), (H) and (3.12)-(3.15) hold. Let u € W% ()
be a non-trivial weak solution of problem (A) such thatu € L*(Q2) forall 1 <s <
00, then u € L>(Q) and ||ullc < M = M(c2, h(1), 87, |, lullp+).

Proof. Letu € WG (Q) be a non-trivial weak solution of problem (A), u™ :=
max{u, 0} € W9 (Q) and u~ := max{—u, 0} € W'9(Q). Since u = ut —u",
we may assume without loss of generality that u > 0.

Letop =2 =g, = A],V & — and we define by a recursively way

Op+1 = <G—n -1 —I—g_) (g;i*’ forall n > 0.

We have that the sequence {0, },>0 C [g, +00) is increasing and 0,, —> +00 as
n — +00. Arguing as in the proof of Proposition 3.1, with 6, = Z—i — 1 and

Z”H e WhO(Q) N L>®(Q) as a test function in (3.16). So, we find the following
estimation

J

&

I n+1 6,
dx <(6,+1) |:(9 TG / B(x, u)u; dx+f dx:|
(3.34)

Ontg—

=
Vu,,

Using the assumption (3.14), (3.33), Remark 2.11 and Holder inequality (with
htand (ht) = h++ 77> we deduce that

/B(x,u)ui"_"ldx:/ B(x,u)ulfjdx
Q Q
on
- +-1 T
562/ 1+ A(1) max ul l,uh u;' dx
o { )l

< cz/ (@A) + A1) uf™ dx (since h™ < i)

<o [(H—h(l))/ dx+h(1)/ Wl h+dx]
o e %
<o [(Hh(l»uuku‘;ﬁ +h(1) (f u"*dx) " ([ uk"dx> }
nt Q
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Un In
_ o+
<o <<1+h<1)>|sz W gl + Rl ‘|uk||#n>

(‘since Lo" (Q) — L%" (Q))

<o ((1+h(1>>\sz| W h(1)lu ||Z;1> llu kna,l

on

< Collugll 2" (3.35)

forall n € N, where Cs = ¢ ((1 + RODIQI A + A1) )7 —1).
Using the fact that L (2) — Ll%l_1 (2), we obtain

-1
0, _ h+
/uk”dx—/ uy dx
Q Q

Ul
< 19"

<7n

= Cyllug| k", foralln e N, (3.36)

i

1 1
where C7(n) = |Q|1_F+7ﬂ.
By Holder’s inequality (with exponents 2+ and (h*) = h*/(h™ — 1)) and the

A

)
embedding L (Q) < L w1 (Q) (since g~ < h™), we infer that

On+g—
/ uk I / 911+1 g _1
Q
< [ Oty 1y (since ux < u, forallk > 1)
L+ Bl 1
h (g~ =1 —1) h + ht
=< ( Thter ) (/ u,ie"H)h dx)
Q
nt—g” g —1 %
- h
< QI ol luklle,
on
= Cglluy||2", foralln e N, (3.37)
nt—

where Cg = Q| 7 ull, .
Putting together (3.34), (3.35), (3.36) and (3.37), we find that
I

dx+/ u
Q

- Ce
8 - -
<@, +1 |:<(0n DG + C8> luglll + Colluglld ]

Ontg— & &

=
Vuk

Ont+g—
I

k dx

_ on on _1
< (B +1)8 [(C6+C8) lugllar + Crlluglls’ } (since (6, + DG(1) > 1)
(3.38)
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foralln € N. Since g~ < g = NNfg_ = g, then the embedding W!¢(Q) —

whe ™ (Q) — L§(Q) are continuous. Moreover, there is Cg9 > 0 such that
.

Ontg™ 8

Ontg—
u ©

u < Cy , foralln e N. (3.39)

whe™ (Q)

g
From (3.38) and (3.39), we obtain

P

Ont+g” on On _
u <Gy, +1* [(Cé + Cy) lluglld, + Crlluglls, } (3.40)
g
0 _
foralln € N.From the definition of the sequence {0, },,en, We have Un—jl = g
8

It follows, by (3.40), that

Ol i _ In. 9n |
lurllons, © < Bn+1DE Co [(CﬁJrCs) lulld” + Colluglla } (3.41)

foralln € N.
Let k — +o0 in (3.41), and using the monotone convergence theorem , we
get

On+1 %

_ on on
lullg,sy © < @+ 1DE Co [(Cé +Cs) llullg, + Crllulls, } (3.42)

We distinguish two cases.
Case1:If {n € N, |lu|ls, < 1} is unbounded. Then, without loss of generality,
we may assume that
lulls, <1, foralln e N. (3.43)

Hence,
lulloo <1

since, 0, —> +ooasn —> 4oo and u € L*(2) for all s > 1. So, we are done
with M = 1.
Case 2: If {n eN, llully, < 1} is bounded. Then, without loss of generality,
we can suppose that
llulls, > 1, foralln e N. (3.44)

From (3.42) and (3.44), we find that

o;
On+ e i

lullosy © < Crollulldy . foralln € N (3.45)

On+

where Cio(n) = (6, + D8 Co (Ce + C7 + Cy).
We want to remark that

Co (Ce+ C7+ Cyg)
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1—L +_ ht— -1 1—L 4 1L
=C9[62<(1+h(1))|9| () 1>+|s2| Pl e R

-1 Wt -1 k
=Co|ca(A+rM)IQE 2T + D) llull),+ + 12

g
nt

-1
lully " + 190 + 1}

=Cyy, foralln € N. (3.46)

Hence C1; > 0 is independent of n. Moreover, we have that
On+ DS = (Z—i)g_ < (on)® < (ont1)® , foralln e N. (3.47)

From (3.45), (3.46) and (3.47), we obtain

n

On+1 % - =
lulloys & < (0n+1)® Crillullg, , foralln € N. (3.48)
Therefore, from [14, Theorem 6.2.6, p. 737], we find that
lullg,,, <M, foralln e N (3.49)

for some M (c2, h(1), g7, 19I, llully+) = 0.
On the other hand, by the hypotheses of the proposition, we have that

uel®(Q), foralll <s < oco. (3.50)

Exploiting (3.49),(3.50) and the fact that 0, —> 400 as n —> 400, we deduce
that

lulloo < M.

This ends the proof. O
Proof of Theorem 2.12. Let

A(x,n) =a(n))n, forallx € Qandn e RY

B(x,t) = f(x,1), forallx € Qandt € R

V(x,t) =bx)|t|P7%, forallx € 9Q andr € R
in problem (A). Then, A, B and v satisfy the growth conditions (3.12)-(3.15)
and the problem (A) turns to (P). By the Propositions 3.1 and 3.2, we conclude

that every weak solution u € W% () of problem (P) belongs to L>(£2) and
lulloo < M = M(cy = |[@lloo, £(1), g, ||, |||l ;+). This ends the proof. O
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4. WI’G(SZ) versus C 1(ﬁ) local minimizers

In this section, using the regularity theory of Lieberman [26], we extend the result
of Brezis and Nirenberg’s [8] to the problem (P).

Proposition 4.1. let ug € WLG(Q) be a local CY(Q)-minimizer of J_(see Defini-
tion 2.10), then ug is a weak solution for problem (P) and ugy € che(Q), for some
a e (0,1).

Proof. By hypothesis u is a local C!(2)-minimizer of J, for every v € C'(Q)
and ¢t > 0 small enough, we have J(ug) < J(ug + tv). Hence,

0< (J/(uo), v) forallv e C1(Q). 4.51)
Since C1() is dense in W9 (), from (4.51) we infer that J/(uo) = 0. Namely,

/a(|Vuo|)Vu0.Vvdx+/ b(x)|uo|” 2ugvdy
Q a2
= / f(x, up)vdx, forallve who(Q). (4.52)
Q
By the nonlinear Green’s identity, we get

/ a(|Vugp|)Vug.Vodx =—/ div(a(|Vuo|)Vu0).vdx+/ a(|Vuo|)Vug.v vdy,
N N " (4.53)
for all v e WO (Q). It follows that,
f a(|Vuo|) Vuo.Vodx = —/ div(a(|Vuo|)Vuo).vdx, forall v € W, % ().
¢ N (4.54)
Hence, by (4.52)

—/ div(a(|Vuo|)Vu0).vdx:/ f(x,up)vdx, forallv e WOI’G(Q),
Q Q

which gives,
—div(a(|Vuo(x))Vuo(x)) = f(x,uo(x)), foralmostx € Q. 4.55)
From (4.52), (4.53) and (4.55), we obtain

9
<a(|Vuo|)$ + (o) |uol P uo, v> —0 forallve W'O(Q).  (4.56)
v aQ

It follows that
3”0 )
a(|Vuo|)a— + b(x)|ugl’“ug =0 on IQ.
v

So, ug € Wl'G(Q) is a weak solution for the problem (P). From Theorem 2.12, we
have that ug € L*°(Q2).
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Wedefine A: Q xRY - RV, B: QxR — Rand¢: 3Q x R — Rby
Ax, m) = a(lnhn;
B(x,t) = f(x,1); (4.57)
¢(x. 1) = b(0)|r|P2r.

It is easy to show that, forx, y € Q, n e RV \ {0}, & e RV, ¢ € R, the following
estimations hold:

A(x,0) =0, (4.58)
N
J(A);

> i g = S e, (4.59)
o o ul

M 1ac4);

> o n)' Inl < (1 +g(nl), (4.60)
ij=1 !

|AGx, ) — A(y, m| < e(1+ g(nD)(Ix — y|?), for some 8 € (0, 1),(4.61)
|B(x, )| <c(1+ h(t))). (4.62)

Indeed: inqualities (4.58), (4.61) and (4.62) are evident.
Forx € Q, n € RM\{0}, £ € RV, we have

Dy(A(x,m)§ = a(|n)é + a'(Inl) m’é)lRN (4.63)
and
2
(Dy(A(x, m)§, &gy = a(In])(§, E)py + a/(IUI)M (4.64)

7]

where (, )p~ is the inner product in R Hence, we have the following derivative

da'(Inl)
0]

' 1
™ +a(nDiy = a(n) {1y + L0 L o
a1l

(4.65)

Dy(a(lnhn) =

for all n € RV\{0}, where 57 is the transpose of 7, Iy is the unit matrix in My (R)
and
nomm e N
;[ w3y
My@,m) =nm" =] . oo ) (4.60)
INTL N2 e Ny
for all n € RV.
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Note that, for all n € RY, we have

N N 2 N
1My G, Mgy =Y Ininj| = (Zm) SNY ImPP=Np? (467

ij=1 i=1 i=1

where ||.||g~ is @a norm on My (R).
From (4.64) and assumption (g3), we have

N 9(A) ;
Z %(x’ ME&E; = (Dy(A(x, ), £)
ij=1 "M
2
= a(In)(&, &)y +a’('"')%
, 2
— atlnD | (€. £y + 07D [00: O]
a(lnl) Il
_ %Iélz (4.68)

forallx € Q, n € RV\{0}, £ e RV,
Moreover, from (4.65), (4.67) and assumption (g3), we find that

N

2

i,j=1

(A

—Bn?f (. n)’ Il = 1Dy (AGe, m)llg 1]

a(nhinl 1
—_— M s N
TTIRTTELE )g(lnl)

< (14 DY ey
a(|nl)

<atNg(n))

< a*N(1 + g(InD) (4.69)

< (”IN”RN +

forall x € Q, n € RV\{0).
The non-linear regularity result of Lieberman [26, p. 320] implies the existence
of € (0, 1) and My > 0 such that

uo € CH(Q) and [lullc1eg < Mo.
This ends the proof. O
Proposition 4.2. Under the assumptions (G) and (H), ifug € W9 () is a local

CY(Q)-minimizer of J (see Definition 2.10), then ugy € WL6(Q) is also a local
W LG (Q)-minimizer of J (see Definition 2.10).
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Proof. Let ug be alocal C'(€2)-minimizer of J, then, by Proposition 4.1, we have
ug € L°°() and ug € Cl’“(ﬁ) for some a € (0, 1). 4.70)

To prove that u is a local W!C ()-minimizer of J, we argue by contradiction.
Suppose that u( is not a local WG (€)-minimizer of J. Let ¢ € (0, 1) and define

Blug, &) = {v e WhO(Q): K —ug) < s},

recall that (v — ug) = / G(V( — ug)|dx + / G(|v — ugl)dx.
We consider the followslzing minimization pl‘ObleinlZ
me = inf {J(v) : v € B(uo, &)} . 4.71)
By the hypothesis of contradiction and assumption (H), we have
—00 < mg < J(ug). 4.72)

The set B(uy, €) is bounded, closed and convex subset of W ¢ (Q) and is a neigh-
bourhood of ug € W16 (Q). Since f(x, t) satisfies the assumption (H), the func-
tional J : W9 (Q) — Ris weakly lower semicontinuous. So, From the Weier-
strass theorem there exist v, € B(ug, ¢) such that m; = J(vs). Moreover, by
(4.72), we deduce that v, 7#~ 0.

Now, using the Lagrange multiplier rule [21, p. 35], we can find A, > 0 such
that

(J/(vs), v) + )»(S(IC/(U‘E —ug),v) =0 forallv € Wl’G(SZ),
which implies
(J' (). v) + Ae (K (v — u0). v)

:fa(|Vv8|)Vv8.Vvdx+f b(x)|v5|p_2v8vdy

Q Q

+?»a/ a(|V(ve — uo) DV (ve — up).Vodx —/ S (x, ve)vdx
Q Q

+)\s/ a(lve — ug|)(ve — up)vdx
Q
-0 4.73)

forallv e WHO(Q).
In the other side, from Proposition 4.1, we see that ug € WG (Q) is a weak
solution for the problem (P). Hence,

/ a(|Vuo|)Vug.Vvdx +/ b(x)|u0|p72uovdy —/ f(x,up)vdx =0
Q Q Q
4.74)

forallv e WLG(Q).
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Next, we have to show that v, belongs to L°°(£2) and hence to Cl*(Q). We
distinguish three cases.

Case 1: If A, = 0 with ¢ € (0, 1], we find that v, solves the Robin boundary
value problem (P). As in Proposition 4.1, we prove that v, € C Le(Q) for some
a € (0, 1) and there is M| > 0 (independent of ¢) such that

”Us”Cl.a(ﬁ) < M.

Case 2: If 0 < A, < 1 with ¢ € (0, 1]. Multiplying (4.74) by 1. > 0 and adding
(4.73), we get

/ a(|Vve|)Vue.Vodx

Q

+ )\8/ a(|Vuo|)Vug.Vodx + kS/ a(|V(ve — ug))V(ve — ug).Vodx
Q Q

+ A f b(x)|uol”2uovdy + / b(x)|ve P v udy
Q2 2

:)»5/ f(x,uo)vdx+/ f(x, vg)vdx—kgf a(|ve — ugl)(ve — ug)vdx
Q Q Q
4.75)

forall v e W!4(Q). B
LetA, : QxRY >RV B, : QxR — R and ¢, : 92 x R — R defined by

Ag(x,n) = a(Inhn + Aea(In — Vuo|)(n — Vug) + Aea(|Vuol) Vug;
Be(x, 1) = f(x,1) + Ae f(x, up) — Aea(|t — uo|)(t — uop); (4.76)
G (x, 1) = b(x) (1117721 + eluol?uq) .

It is clear that A, € C(Q x RN RY). Hence, the equation (4.75) is the weak
formulation of the following Robin boundary value problem

—div(A¢ (x, Vvg)) = Be(x, ve) on Q,

Ag(x, Vvg).v + ¢ (x,v.) =0 onaf2,

where v is the inner normal to 9£2.
From Lemma 2.8 and assumption (G), for n € R"” and x € 2, we have

(Ae(x, m), mgy = (a(nDn, Mgy + Aela(ln — Vuol)(n — Vuo), n — Vug
— (—=Vug))gy — Aela(l — Vuo)(—Vuo), n — Vug — (—=Vuo)) gy
> g(nDIn
> G(Inl) 4.77)

and

[Ae e, mI < a(lnDInl + Aea(ln — VuoD)In — Vuol + rea([Vuol)[Vuol
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< g(nD + g(n — Vuo|) + g(IVuol) (since0 < A, < 1)

= g(nDh +g(nl + Vuol) + g(IVuol)

< cog(In]) + c1 (using Lemma 2.2 and the monotonicity of g).
(4.78)

Then, A, B, and ¢, satisfy the corresponding growth conditions (3.12)-(3.15). So,
using the Propositions 3.1 and 3.2, we obtain that v, € L*°().

It remains, using the regularity theorem of Lieberman, to show that v, €
Cclo(Q) for some a € (0, 1). So, we need to prove that A, and B, satisfy the
corresponding (4.58)-(4.62). The inequalities (4.58) and (4.62) are evident. The
inequality (4.61) follows from Lemma 2.7 and the fact that Vu( is Holder contin-
uous.

Asin (4.63) and (4.64), we have

Dy(a(ln — Vuol)(n — Vug))§

Za(|77—VuoI)€+a/(|n—Vu0|)<'7 uo, E)gy

0

and

(Dy(a(ln — Vuol)(n — Vuo))§, §)gn

[tn — Vuo, €)pn ]’

= a(|n — Vuo)) (&, &gy +a (In — Vugl)
[n — Vug|

(4.80)

forall x € Q, n € RV\{Vug}, € € RV,
Exploiting (4.68), (4.80) and assumption (g3), we infer that

Z ( 775)/ (x ?7)%'15] <Dn(A)(x, n)$’§>RN

i,j=1

a'(In — Vuol)ln — Vuol [(n — Vuo, 5>RN]2>

+ Aea(|n — Vuol) ((E,QRN a(ln — Vo)) In — Vug|?

(D (A)(x’ 77)5’ E)RN

> g(l"ﬁ')|s| @381)

forallx € Q, n € R¥\{Vug}, &£ e RV,
Note that the derivative of A, has the form
Dy (Ag(x, m) = Dy(A(x, m) + Aea(ln — Vuol)

a'(In — VuoDln — Vugl 1
Iy + 5
a(ln — Vug)) In — Vuo|

My —Vug,n— Vuo))

(4.82)
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forallx e Q, n e RN\{VMO}, where My (n — Vug, n — Vug) is defined in (4.66).
As in (4.67), we have

1M (n — Vo, n = Vuo)llgy < Nln — Vuol*. (4.83)

In light of (4.69), (4.82), (4.83) and assumption (g3), we see that

N

2

i,j=1

d(Ay);
an;

(x, 77)‘ Inl = 1Dy (Ag(x, m)llgn 7]

<atNa(nDnl + rea(ln — VuoDInlll Iy llgy
+ Aea(ln — Vugl)In|

(a’un — Vuol)ln — Vol | My (n — Vo, n — Vo) [ gw

a(|n — Vuol) In — Vuo|?
< a*Na(In)nl + rea™ Na(ln — Vuol) )

< a*Ninl(a(nl) + a(In — Vugl))
< c(1+gnh) (4.84)

Ss~—

forall x € Q, n € R¥\{Vuo).
So, from the regularity theorem of Lieberman [26, p. 320], wecanfind o € (0, 1)
and M, > 0, both independent from &, such that

v € CM(Q). Nlvellcrag < Mz foralle € (0, 11. (4.85)

Case3:If 1 < A, withe € (0, 1]. Multiplying (4.74) with —1, setting y. = v. —ug
in (4.73) and adding, we get

/ a(|V(ye +uo))V(ye + up).Vudx
Q
—/ a(|Vu0|)Vuo.Vvdx+X€/ a(lVy:)Vy..Vvdx
Q Q
—/ b(X)Iuol”’zuovdVJr/ b(x)|ye + olP > (ve + uo)vdy
1Y Q2
=/Qf(x,ye+uo)vdx—/9f(x,uo)vdx—M/Qa(lyel)ysvdx (4.86)
forall v e W4(Q).

DeﬁningagainAg:ﬁxRN—HRN,ég:ﬁxReRand@:anR—)R
by

Ae(x,m) = a(lnhn + s-a(ln + Vuo) (7 + Vuo) — 5-a(|Vuol) Vuo;
Be(x, 1) = 3= [f (x, 1 4 u0) — f(x, u0)] — a(t])z; (4.87)

€

e (x, 1) = 3-b(x) (It + uolP~2(t + uo) — Juol”2uo) .
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It is clear that A, € C(Q x RV, RY). Rewriting (4.86), we find the following
equation
—div(As(x, Vye)) = Be(x, ye) on €2,

Ap(x, Vye).v + de(x, ye) =0 on 9,

where v is the inner normal to 9€2.

Again, from Propositions 3.1 and 3.2, we conclude that y, € L°°(Q2). By the
same arguments used in case 2, we prove that A, and B, satisfy the corresponding
inequalities (4.58)-(4.62). So, the regularity theorem of Lieberman [26, p. 320]
implies the existence of « € (0, 1) and M3 > 0 both independent of ¢ such that

e € CH(Q), and |Iyellcracg) < M.
Since y; = vy — up and ug € C1*(), we infer that

ve € CH(Q), and [|vellcreg) < Ms.

Let &, \( 0 as n —> +o00. Therefore, in the three cases, we have the same
uniform C'1-% (Q) bounds for the sequence {ve, tn>1 € W16 (Q). Hence, the Arzela-
Ascoli theorem guarantees that, up to a subsequence,

ve, — v in C'(Q) (4.88)

for some v € C1(Q).
Recalling that ||vs, — u0||ng < &y, forall n € N. So,

ve, —> up in WHO(Q). (4.89)

Therefore, from (4.88) and (4.89), we obtain v, — ug in C'(Q). So, for n
sufficiently large, say n > ng, we have ||v,, — M0||C|(§) < ro (where rg > 0 is
defined in Definition 2.10), which provides

J (o) < J(vg,) foralln > ng. (4.90)
On the other hand, we have
J(ve,) < J(up) foralln e N. 4.91)

Comparing (4.90) and (4.91), we reach a contradiction. This proves that ug is a
local W6 (Q)-minimizer of J. This ends the proof. |

Proof of Theorem 2.13:. The proof follows by applying Propositions 4.1 and
4.2. |
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