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Abstract
We study the following singularly perturbed (N, g)-equation of Choquard type

—eN Ayu — 1 Agu = 8’“N</ Mdy)]((x)f(u), x e RV,
RV X —y[*

where A,u = div(|Vu| ~2Vu) denotes the usual r-Laplacian operator with r € {¢g, N} and
1 < ¢ < N, & > 0is a sufficiently small parameter, K € C°(R") satisfies some technical
assumptions, 0 < u < N and F is the primitive of f that fulfills a supercritical exponential
growth in the Trudinger—-Moser sense. Due to the new version of Trudinger—Moser type
inequality introduced in Shen and Rédulescu (Zero-mass (N, g)-Laplacian equation with
Stein-Weiss convolution part in RY: supercritical exponential case. submitted), we aim to
derive the existence and concentration of ground state solutions for the given equation using
variational method, where the concentrating phenomenon appears at the maximum point set
of K ase — 0t
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1 Introduction and main results

In this article, we are concerned with the existence and concentration of ground state solutions
for the following singularly perturbed (N, g)-Laplacian equation of Choquard type

— eV Ayu — el Agu = elHV(/ Mdy)[((x)f(u), xeRY, (LD
RN |x — y|#

where A,u = div(|Vu| ~2Vu) denotes the usual r-Laplacian operator with r € {g, N} and
1 < g < N, e > 0is a sufficiently small parameter, K € C O(RN ) satisfies some technical
assumptions, 0 < u < N and F is the primitive of f that fulfills a supercritical exponential
growth in the Trudinger—-Moser sense at infinity.

The problems like Eq. (1.1) are usually utilized to look for stationary solutions of time-
dependent reaction-diffusion systems

ou = div[D(u)Vu] + g(x,u), t > 0and x € RV, (1.2)

where D(u) £ div(|Vu|?~% + |Vu|97?). There are wide range of applications on the sys-
tems in physics and its related sciences, such as biophysics, plasma physics and chemical
reaction (see [18]). In fact, in the applications, the function u# denotes a state variable and
describes density or concentration of multi-component substances, div[ D (u) Vu] represents
the diffusion with a coefficient D(«) and g(x, u) is the reaction term related to source and
loss mechanisms. Especially, g(x, u) has a polynomial form associated with the unknown
concentration symbolized by u.

An interesting phenomenon is that the operator involved in Eq. (1.1) is the so-called
double phase operator behavior switches between two different elliptic situations. According
to the pioneered work [67] considering such operators, the author introduced these classes to
provide models of strongly anisotropic materials; see also the monograph of Zhikov, Kozlov
and Oléinik [68]. Meanwhile, Eq. (1.1) also known as double phase problem can be inspired
by numerous models arising in mathematical physics. For example, it is closely related to
the study of the well-known Born—-Infeld equation

\Y
div<7u) =g(x,u), x € RN,

V1 =2|Vul?
that appears in electromagnetism, electrostatics and electrodynamics as a model based on
a modification of Maxwell’s Lagrangian density, see e.g. [14, 15]. Indeed, by means of the
Taylor expansion formula, that is,
1 3 5 5N 5 (2n —3)!!

-1
—x st Tyttt e o frll< L

=1+ +
- 2

One immediately derives Eq. (1.1) for ¢ = 2 and N = 4 if taking x = 2|Vu/|? and adopting
the first order approximation. Furthermore, the following multi-phase differential operator
3 2n —3)!!
—Au — Agqu — - Aeu — -+ — —————Aru
2 (n—1)!
is driven by the n-th order approximation above.

For the convenience of the interested reader to acquaint more about the double phase
problem, we prefer to suggest Mugnai and Papageorgiou [49], Liu and Dai [41], Ambrosio
and Radulescu [12], Papageorgiou, Radulescu and Repovs [50], Zhang, Zhang and Rédulescu
[65] and their references therein even if these references are far to be exhaustive. In fact,
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among the cited papers, the authors contemplated the existence of nontrivial solutions for
the following elliptic equation

— Apu— Agu 4 V@) ulP2u 4+ W) |ul!u = g(x,u), x e RY, (1.3)

where ] < g < p < Nand V, W : RV — R are external potentials. Very recently,
Pomponio and Watanabe [53] considered Eq. (1.3) with V = 0 and W = 0 which can
be called by the zero-mass case, where N > 3,1 < ¢ < p and ¢ < N. Subsequently,
Carvalho et al. [17] proposed a Trudinger—Moser inequality and established the existence of
nontrivial solutions for a related work in the context of zero-mass (N, ¢)-Laplacian equation
with 1 < g < N of the form

—Anu — Aju = g(u), x € RV,

By introducing a singular version of Trudinger—Moser inequality corresponding to [17], the
authors in [57] obtained the existence of ground state solutions for the following zero-mass
(N, g)-Laplacian equation with 1 < ¢ < N involving supercritical exponential growth

1 G(u) N
—Ayu—A u:—(/ 7dy)g(u), x € RY,
T x B \Urw Iyl — yie

where 8 > 0,0 < u < N with 28 4+ u < N and G is the primitive of g.
Throughout this paper, inspired by [17, 53, 57], we shall define the work space below

E2 [u e L. (RY) :[ IVu|Ndx < +o0 and/ [Vulldx < +oo}
RN RN

which is the completion of C3° (R™) under the norm
lull = |Vuly + |Vuly, Yu € E,

where | - |, stands for the usual norm associated with the Lebesgue space LP(RN) with
1 < p < oo. By means of the Gagliardo—Nirenberg inequality and interpolation, one could
deduce that the imbedding £ — LP(RN) is continuous for all p € [g*, +00), where
q* =Ngq/(N —q).

Indeed, without considering the g-Laplacian operator —A,u in Eq. (1.1), it belongs to a
class of Choquard equations

—AuA4u=(x|"* % uP)|ul”?u, x € RV. (1.4)

arising from the study of Bose—FEinstein condensation. In the relevant physical case, by
supposing N = 3, u = 1 and p = 2 in (1.4), Pekar [51] used it which is called by
Choquard—-Pekar equation to describe a polaron at rest in the quantum field theory. Choquard
exploited it to characterization an electron trapped in its own hole as an approximation to the
Hartree-Fock theory for a one component plasma [37]. Afterwards, Lieb [35] and Lions [39]
obtained the existence and uniqueness of positive solutions to (1.4) by variational methods.
The authors in [42, 45] verified the regularity, positivity and radial symmetry of the ground
state solutions and established the decay property at infinity. We refer the reader to [1, 5, 7,
33, 44, 56, 59, 66] and particularly [46] for a very abundant and meaningful works of the
Choquard equations.

Because of the appearance of convolution operator in (1.4), we would like to recall the
Hardy-Littlewood—Sobolev (HLS in short) inequality as follows.
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Proposition 1.1 (Hardy-Littlewood—Sobolev inequality [36, Theorem 4.3]). Suppose that
m,r>1and0 < u < N with1/m 4+ u/N +1/r =2, ¢ € L"(RN) and ¢ € L"(RV).
Then, there is a sharp constant C = C(m, N, i, r) > 0, independent of ¢ and ', such that

/RN[IXIf“ k@] (x)dx < ClY|mlYlr. (1.5)

Applying the HLS inequality (1.5), one knows that fRN [lx| #*(K(x)F(u))]K (x)F (u)dx
is well-defined provided that K (x)F(u) € L™ (RM) for all m > 1 which is determined by
% + % = 2. This means that we must make sure that

K(0)F(u) € L7 RY)

Let us suppose particularly that K = 1 and F(u) = |u|" for every u € E, preserving the
variational structure, by the continuous imbedding E < LP?(RY) with p € [¢*, +00), it
must have that

. (2N — w)q*
= N

However, in view of the nonlinearity f dealing with in the present paper is of supercritical
growth, it would be far from enough since the spatial dimension of Eq. (1.1) is very special
which prompts us to contemplate it carefully. Briefly speaking, we couldn’t conclude that
the imbedding E < L% (R") is continuous. To handle it in the limiting case, the celebrated
Trudinger—Moser inequality [48, 52, 60] may be a good candidate as suitable substitute of
the above imbedding inequality.

Inspired by the Trudinger—Moser type inequality, it says that a function f (s) has critical
exponential growth if there exists a constant ¢g > 0 such that

| /) [0, Vo> ap,
|s|— 400 e‘“% ~ | Ho0, Ya < ap.

(1.6)

It should be pointed out that the definition above was extensively considered in the
literatures, see e.g. [2—4, 16, 19, 26, 32, 34, 55, 64] for example.

In light of the work space E here, the classic version of Trudinger—-Moser inequality are
unapplicable. So, we shall introduce the particular case of [57, Theorem 1.2] (see e.g. [17,
Theorem 1.1]) as follows.

Proposition 1.2 Suppose that 1 < g < N, then for every @ > 0 and u € E, there holds

Ll Jo—1 Olj Nj
/ (ealulzv— _ Z jl,”ﬁ)dx < +00, (1.7)
RN J:

j=0

where jo £ inf{j € N* : j > g(N — 1)/(N — q)}. Moreover, it holds that

Tl A
S(O() L sup / (eot|u|N71 _ Z 7|u|m)dx < 400 (18)
uek, Jull<1 JRY s J!
1
foralla < ay = Nw;vv:ll and S(a) = 400 if @ > ay, where wy—_1 stands for the volume

of the unit sphere SN =1,
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As one can observe that if u is a solution of zero-mass (N, ¢g)-Laplacian equation (1.1)
and x* € RV then the function v = u(ex + x*) solves

—Anu — Aju = </ Key +x*)F(u(y))dy>K(sx +xMfw), x € RV,
RN lx — y|*

It infers that there is a convergence, as ¢ — 07 of the family of solutions of Eq. (1.1), to the
solution of its associated limiting equation

— Ayu — Agu = [K(x*)]2</ Fue)

T yludy)f(u), x e RN, (1.9)

This phenomenon is regarded as the so-called semi-classical limiting for semilinear elliptic
equations
—&?Au+ V@) =g, x e RV, (1.10)

The reader could refer to [11, 13] for a detailed survey on such topic which should date back
to the pioneering research work by Foler and Weinstein in [28]. Soon afterwards, Eq. (1.10)
and its variants have been investigated extensively under different hypotheses on the potential
and the nonlinearity, see e.g. [10, 21-24, 28, 29, 31, 54, 61] and the references therein.

Let us mention here that the Lyapunov-Schmidt reduction argument has been proved to be
one of the most effective tools in the study of semiclassical problems for local Schrodinger
equations like Eq. (1.10). Whereas, to our best knowledge, little is known about the uniqueness
and non-degeneracy of the ground states of the limiting problem

—Au+u=[]x|""*Gu)lgu), x e RV.

As a consequence, it is quite natural to ask whether the existence and concentration results
for local Schrodinger equations still hold for the nonlocal equation with supercritical growth
in the sense of Trudinger—Moser inequality. We anticipate that our problem exhibits three
conspicuously interesting features:

(1) There are two distinct operators which generate a double phase associated energy;

(2) Due to the unboundedness of the whole space R" and the supercritical exponential
growth, there is a lack of the compactness property of the corresponding variational
functional;

(3) The presences of convolution type term and the nonlinearity involving supercritical
exponential growth together with the potential, the proofs combine dedicated analysis
techniques including regular theory and topological tools.

Now, let us begin defining the supercritical exponential growth on f. Suppose that the
nonlinearity f carries the form of type

F(@0) =h@®)e?", Vi e R (1.11)

fore > Oand v > NL Hereafter, we assume that 2 : R — R is a continuous function

-1
satisfying:

(h)) h € COR) with h(t) = O forall + < 0 and h(t) = 0(t° 1) ast — 0T, where
o > max{N, g*};

(hy) There exists a 6 > % such that 0 < 6H(t) < h(t)t for all t > 0, where H(t) =
Jo h(s)ds;

(h3) There exist some § € (0, %) and y, M > O such that 0 < h(t) < Me"™ for all
t>0.
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Recalling the previous works in [8, 9], there are two ways to understand that the function #,
defined in (1.11) together with (h,), satisfies the so-called supercritical exponential growth
in the following sense:

(D T > N is arbitrary and @ > Ois fixed; (II) « > Ois arbitrary and T > N is fixed. (1.12)

Moreover, one could call Cases (I) and (II) in (1.12) to be the subcritical-supercritical
exponential growth and critical-supercritical exponential growth, respectively.

We study the existence of nontrivial solutions for the supercritical nonlocal equation with
periodic potential, namely we consider the equation

Q) F(u(y)

— Anyu— Ayju =
MRS <RN X — yl#

dy)Q(x)f(u), xeRV, (1.13)

Assume that the potential Q satisfies the conditions

(01) 0 e CORNYyand Q(x) > Q forall x € R for some Qg > 0;
(Q2) Q is ZN-periodic, that is, Q(x) = Q(x + y) forall x € RV and y € ZV.

The first main result can be stated as follows.
Theorem1.3 Let 1 < g < N and 0 < u < N. Suppose that the nonlinearity f defined
in (1.12) satisfies (h1) — (h3) and the potential Q requires (Q1) — (Q2), then for each

T > N/(N — 1), there is a a® = a*(t) > 0 such that Eq. (1.13) has a nontrivial solution in
E forall @ € (0, a™). Moreover, if in addition we suppose that

(hy4) there are constants &€ > 0 and p > % such that H(t) > &t? forallt € [0, 1],

then for each o > 0, there exists a T, = t.(a) > N/(N — 1) and &y > O such that Eq. (1.1)
possesses a nontrivial solution in E for everyt € [N/(N — 1), 7)) and § > &.

To treat Eq. (1.13) variationally, we must assure that the variational functional J : E — R
defined by

N Jrv q Jrv 2 JrN JrN

lx — y|#

is well-defined in E and of class C!. Unfortunately, it seems impossible because f has
the supercritical exponential growth at infinity. So, we cannot look for critical points of J
directly to consider Theorem 1.3 via Propositions 1.1 and 1.2. Motivated by [8, 9], given a
fixed constant R > 0, we shall study an auxiliary equation which possesses a (sub)critical
exponential growth. Speaking it clearly, introducing a cutoff function f%¢ which is

0, <0,
Ry =L h@®e*™,  0<t<R, (1.14)
h()e*R "+ > R,

where

52 S, if the Case I'in (1.12) is considered,
" | N/(N — 1), if the Case Il in (1.12) is considered,

then we would consider the following auxiliary equation

Q) FR3(u(y))

—ANM—A M:<
1 R lx — y[#

dy) 0x) fR3w), x e RV, (1.15)
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where and in the sequel FR’g(t) = fot fR*g(s)ds. Using (h3), it is ready to observe that fR*‘§
admits a subcritical or critical exponential growth at infinity for all fixed R > 0. So, the
variational functional J®% : E — R below

5 1 1
JRI) = = [VulNdx + = [Vul9dx
N Jgrv q JrN

1 / Q) FR3 (u(x)) 0 (y) FRS (u(y)) p
= xdy
2 Jry JRW [x — y[#

associated with Eq. (1.15) is well-defined and belongs to C L(E). Moreover, we should deduce
that each critical point of it is a (weak) solution of Eq. (1.15). It could obviously conclude that
if every mountain-pass type solution ur € E of Eq. (1.15) satisfying |ur|c < R, then up is
a mountain-pass type solution of Eq. (1.13). Have it in mind, the reader is invited to acquaint
that we shall establish such a solution u g to derive the proof of Theorem 1.3. Thereby, it is
necessary to prove the following result.

Theorem1.4 Let 1 < g < N and 0 < u < N. Suppose that the nonlinearity f defined in
(1.12) satisfies (h1) — (h3) and the potential Q requires (Q1) — (Q2), then for each fixed
R > 0, Eq. (1.15) with § = 8 admits a nontrivial solution in E. Moreover, if we suppose
additionally that (ha), then for each fixed R > 0, there is a &y = &y(R) > 0 dependent of R
such that Eq. (1.15) with § = N /(N — 1) possesses a nontrivial solution in E for all § > &.

Let Q(x) = |x| P with0 < B < N and 28 + u < N for every x € RY in Eq. (1.13),
the authors in [57] investigated the existence of ground state solutions under the assumptions
(h1) — (h4) and

(hs) The function h € C! satisfies ¢ > h(t)/tNTf2 is increasing on ¢ € (0, +00).
Alternatively, we can never repeat the calculations in the cited paper to finish the proofs
of Theorems 1.3 and 1.4. On the one hand, thanks to the fact that the imbedding £ —
LP(RN; x| 75dx) 2 {u € LP(RN) : [pn x| ™|ulPdx < o0} for all s € (0, N) and
p € [g*, +00) is compact in [57, Lemma 2.1], one could easily recover the compactness of
JR:3_On the other hand, if the condition (hs) is absence, it could just show that the energy of
nontrivial critical point of J &9 is smaller than (or equal to) the mountain-pass level whence
(Q1) — (Q2) are satisfied. Considering these facts, we will establish the concentration-
compactness principle with respect to the Trudinger—Moser inequality in Proposition 1.2 and
it should be consistent with the space E.

Theorem 1.5 Suppose that 1 < q < N and let {u,} C E be a sequence satisfying ||u,|| = 1
and up—u # 0in E, then

) Y (el TSR Ni _
sup/ (e”“”'””'Nfl — Z (pa'N) Iu,,IN%l)dx < +00, YO < p < P(u), (1.16)
neN JRN =0 J!

where the sharp constant P (u) is defined by

1
Pu) = { (i) 70 i Bl < 1,
~+o00, if u| = 1.
Remark 1.6 ‘We emphasize that Theorem 1.5 should be viewed as the counterpart of [20, 27,
40, 58], but it is still new in our settings. Moreover, in contrast to [17, Theorem 1.2], even
if we only consider Theorem 1.4 instead of Theorem 1.3, as far as we are concerned, there
exist three main contributions:
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e As one shall see later, we do not depend on the compact imbedding E, < LP(RY)
for every ¢* < p < +o00, where E, = {u € E : u(x) = u(|x|)}. Conversely, this fact
plays an extremely crucial role in [17]. Indeed, in order to circumvent the difficulty, we
establish a new type of Lion’s Vanishing lemma (see Lemma 2.5 below) corresponding
to the work space E and then get the nontrivial solution by the periodicity of Q. Besides,
we are trying our best to remove the periodic assumption on Q and replace it with a more
general restriction, but it would be postponed in a further work;

e We conclude a unified approach to investigate the existence of nontrivial solutions for a
class of zero-mass (N, ¢)-Laplacian equations, like (1.13), with subcritical and critical
exponential growth with the help of mountain-pass theorem. Moreover, one could derive
that the energy of such obtained nontrivial solution equals to the mountain-pass level due
to Theorem 1.5 if the work space E is radially symmetric and (h4) can be weakened to
some extent;

e Because of the appearance of the convolution operator in Eq. (1.13), the considered
problem can be seen as a nonlocal type of zero-mass (N, g)-Laplacian equation, which
is an extension of the local problem studied in [17].

As a supplement of [57], whose detailed proof shall be left to the reader, we could follow
Theorem 1.5 jointly with [57, Theorem 1.1] to derive the theorem below.

Corollary 1.7 Suppose that 1 < g < N and 0 < s < N. Let {uy} C E be a sequence
satisfying ||\u, |l = 1 and u,—u # 0 in E, then for the sharp constant P(u) appearing in
Theorem 1.5, it holds that

Jo—1

— 5 N-T al Nj - -~
sup/ x| s e[?otN\un\N T Z ﬁ|un|1v—1 dx < +o00, YO < p < P(u).
neN JRN =0 J:

Next, we focus on the existence and concentration results for Eq. (1.1). Let us suppose
that the potential K satisfies the conditions

(K1) K € CO(RY) and max K (x) £ K € (0, +00) achieves its maximum at some point

xeRN
x € RV,
(K»2) limsup K (x) £ Ko € (0, Kg) with K(x) > Ko, and the inequality is strict in a
|x|—o00

subset of positive Lebesgue measure.

It should be pointed out that the condition (K3) comes essentially form [54]. Starting from
here, we shall denote by

E={x€RN:K(x)=K0}

the maximum points set of K in RY. Without loss of generality, we always suppose that the
original point O belongs to X, namely K (0) = Ky. Thus, we can establish the following
result.

Theorem 1.8 Let 1 < g < N and 0 < p < N. Suppose that the nonlinearity f defined in
(1.12) satisfies (h1) — (h3) with (hs) and the potential K requires (K1) — (K»), then for
eacht > N/(N — 1), there is a @* = a*(t) > 0 such that Eq. (1.1) admits a ground state
solution ug € E forall a € (0,a*) and ¢ > 0 small enough. Furthermore, we obtain the
following conclusions:

@ Springer



Concentration of ground state... Page9of46 66

(a) ug possesses amaximumpoint ys € RN such that, going to a subsequence if necessary,
e—0*1

andy, — x* € L ase — 0F;
(b) If we set g (x) = uc(ex + ye), going to a subsequence if necessary, we have Uy — U
in E as e — 07 and U is a ground state solution of Eq. (1.9).

Moreover; if in addition we suppose (ha), then for each o > 0, there exists a T, = T,(a) >
N/(N —1)and & > 0 such that Eq. (1.1) possesses a ground state solution us € E for every
T e[N/(N—1),1,), & > & and ¢ > 0 small enough as well as the properties (a) — (b)
remain true in this situation.

Recalling the discussions as before, to contemplate Theorem 1.8, we have to first take into
account its auxiliary equation

K FR,S _
— eV Ayu—elAgu = 8“_N</ Mdy)mx)f“(u), x e RN, (1.17)
RN lx — y[#
where £R is defined in (1.14).
So, we are going to conclude the results below.

Theorem 1.9 Let 1 < g < N and 0 < p < N. Suppose that the nonlinearity f defined in
(1.12) satisfies (h1) — (h3) with (hs) and the potential K requires (K1) — (K2), then for each
R > 0, Eq. (1.17) with § = § has a ground state solution u, € E for all ¢ > 0 small enough.
Furthermore, we obtain the following conclusions:

(a) ug possesses amaximumpoint ys € RN such that, going to a subsequence if necessary,
lim K (ye) = Ko,
e—>071

and y: — x* € X forallfixed R > 0 as e — 07;
(b) If we set g (x) = uc(ex + ye), going to a subsequence if necessary, we have Uy — U
for all fixed R > 0 in E as ¢ — 0 and i is a ground state solution of

FR3(u(y))
[x — y|#

— Anu — Agu = [K(x*)]2</ dy)fR"S(u), x e RV, (1.18)
RN

Moreover, if we suppose additionally (hs), then for each R > 0, there exists a &(R) >0
such that Eq. (1.17) with 8§ = N /(N — 1) admits a ground state solution u® e E for all

- &
& > &) (R) and ¢ > 0 small enough. In addition, we still have the properties (a) — (b) above

by replacing § with N/(N — 1).

Performing the scaling u(x) = v(ex), one could observe that, to study Eq. (1.17), it is
equivalent to consider the problem

RS _
— Anu— Agu = </ Mdy>l((sx)f“(u), xeRY, (119
RN [x — y#

whose variational functional jER’S : E — Ris defined by

5 1 1
TR () = 7/ |Vu|Ndx+f/ |Vul?dx
N Jrw q JrN
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66 Page 10 of 46 L.Shen,V.D.R” adulescu

1 / / K (ex) FR3 (u(x) K (ey) FR4 (u(y))
——= dxdy.
2 Jry JrN [x — y|#

A solution u € E of Eq. (1.19) is called by the ground state if it satisfies ng'g(u) = mf*g,
where _ _
Ré 2 inf gR3(v) (1.20)

veNR?

m

with /\/'ER’S denoting the Nehari manifold

NES = {u e {0} : (TR9Y )lu] = 0.

We note that, up to our best knowledge, it is the first time to deal with the semiclassical
ground state solutions under the zero-mass (N, ¢)-Laplacian setting in the supercritical expo-
nential case, even in the critical exponential case. Although it is standard to contemplate the
singularly perturbed problems by the arguments introduced in [11, 13, 28], we should empha-
size here that there exist two essential difficulties arising in Theorems 1.8 and 1.9. On the one
hand, because of the appearance of critical-supercritical exponential case in Theorem 1.8,
or critical exponential case in Theorem 1.9, we are confronted with the lack of compactness
of JSR 8 To overcome it, we would follow [65, Lemma 4.4] to establish a compact lemma,
see e.g. Lemma 4.6 below. On the other hand, since the operator —Ayu — A4u is nonho-
mogeneous and there is a competition interaction between it and the nonlocal nonlinearity
having (super)critical exponential growth, we cannot apply directly the methods used in [30]
to explore the regular result in our problem. Hence, we prefer to regard it as the most striking
highlight in the present paper. In fact, we proceed as [57, Lemma 4.4] to deduce that every
nontrivial solution of Eq. (1.19) belongs to L>°(RY) and then derive its smoothness. Alter-
natively, the reader would discover some additional and unpleasant barriers in the proofs of
Theorems 1.8 and 1.9.

The outline of the paper is organized as follows. In Sect.2, we mainly present some
preliminary results and obtain the proof of Theorem 1.5. Sections 3 and 4 are devoted to the
proofs of Theorems 1.3—1.4 and 1.8-1.9, respectively.

Notations: From now on in the present paper, otherwise mentioned particularly, we shall
adopt the following notations:

e C,Cy,C,,... denote any positive constant, whose value is not relevant and R™ £
0, +00).

e Let (Z, | - |lz) be a Banach space with dual space @10- [lz-1), and ¥ be functional
on Z.

e The (C) sequence at a level ¢ € R ((C), sequence in short) corresponding to ¥ means
that U (x,) — cand (14 ||V (xp) | x-1)|lxallx — Oin X~lasn — oo, where {x,} C Z.

e Forany o > O and every x € RN, B,(x) L2{yeR":|y—x| <o)

e For each Lebesgue measurable set @ C RY, || stands for the Lebesgue measure of €.

o Given a mensurable function u, we shall denote by u™ and u™ its positive and negative
parts respectively, given by

uT(x) = max{u(x), 0} and ¥~ (x) = min{u(x), 0}.

e 0,(1) denotes the real sequences with 0,,(1) — 0 as n — 4o00.
e “ — "and “—" stand for the strong and weak convergence in the related function spaces,
respectively.
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2 Variational framework and preliminaries

In this section, we shall formulate the variational structure and present some preliminary
results for our problems. To begin it, let us show the following imbedding result.

Lemma21 Let 1 < g < N, then the imbedding E — LP(RN) is continuous for all
q* < p < 4o0.

Proof The proof is standard and we refer the reader to [18, 57]. ]

For every fixed R > 0 and the cutoff function in (1.14), define the functional W SE

R by i i
_ R,3 RS

wRI () = l/ / F°u(x) F (u(y))dxdy. .1
2 Jry JRN lx — y|#

With the help of Lemma 2.1, we can establish the lemmas below.

Lemma2.2 Let 1 < g < N and suppose that the nonlinearity f in (1.11) satisfies (h1) and

(h3), then the functional WR-3 is well-defined in E and of class C! whose derivative is given
by

- R, RS
(\IJR,(S(M))/[U] =/ / f (u('x))v('x)F (u(y))dxdy, Vu, ve E.
RN JRN

lx — y[#

Moreover, if u,—u in E as n — 00, up to a subsequence if necessary, it holds that

R W) [y] — (WY W)yl asn — oo, Vi € CFRY). 2.2)
Ifs = % in (2.2), we should suppose in addition that sup ||u,,||% <
neN

—— o min{2=L, Mok
2(y+aR" N-T)
pendent of R > 0.

}, where ay, y,o,0, N and p are positive constants inde-

Proof By (1.14), one sees that f R.8 admits the subcritical and critical exponential growth at
infinity for § = § and § = N 7> respectively. Thanks to (1.5) and (1.8), one could easily
conclude the first part of this lemma and the details are left. If 5§=235¢€ (0, N l) in (2.2), as
explained before, it is the subcritical exponential case, thus the conclusion is immediate. Let
us just consider the case § = % in (2.2). Applying (k1) and (h3) to (1.14), we could argue
as in the proof of [57, Lemma 2.2] to find a constant C(R) > 0 (that depends on R > 0)
such that N

ROl < 117 + CRI T @ v (), VieR, 2.3)

y

+aR"TTN-T jo

where v > 1 is arbitrary. We denote 2 by the support of ¥, then |2| < oo and so there is
N
a sufficiently large Q > 0 such that & C By/2(0). Setting &, L |x|7* % FR’W(un) and

Eg 2 |x|7H % FR el (u), to get (2.2), we firstly claim that
Claim. &, is uniformly bounded in n € N and &, — & a.e. in RV.
Verification. After some simple calculations, there holds

R4 " " 2\ #
/’ f;JiiﬁiﬁﬁldyS!/ fﬁi&@ldy+,<,> /" Fuy (3)dy
RV X —y# By©) X — yl¥ e/ U
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N

FRao
5/ FR’iNIXI(Mn(y))dy-i‘/‘ (”n(y))d
B, (0) Bo)N{lx—y|<1}  [x —yI*

2 12
+<—> f Flun())dy. 2.4)
Y B5(0)

Letting v = "TH in (2.3), by (1.8), we have

o+1 0-21—1 UZ;I
lun| 2" ® N (up)dx < |uplo .0 N (up)dx
RV y+aR N-T, jo RV G (y+aR N-T)jo

o—1

o+l

o+l 20
= |uy 02 </ ® N N (un/llun “)dx) < Cluy 02 .
RN 22 (v R I ) g | VT

Ly
> "j‘%,’|u|m for all + € R as well as the
j=0 "

2.5)
N
Here and in the sequel @, j (1) £ e¥I™™" —

inequality (see e.g. [63, Lemma 2.1]):
(Po, jo ()" < Do, jo(®), V1 €R, @ > 0andm > 1.

It follows from the Holder’s inequality that

FR %( ) N e
*N-1(u N Ntp "

/ gy < C( / [FR 7T (uy) |V dy) :
Bo)N{lx—yl<1} X —yI* B, (0)

From this inequality, we choose v = % in (2.3) and exploit (1.8) to get

/ | |a<N+m® (,)d
Uy | 2N-10) __N_ Up)ax
RN N4t (4@ RTTNAT), o

N—p
e :
< lunl Nj‘ <f ) N (un)dx>
g((}l\\lﬂru) % g((}l\\[’+u>>
= [un| Niu) (f @ _N_ N (un/””n”)dx> < Clup| Niu .
TR NSy 2 (o RN ) | T o e
(2.6)

Combining (2.3), (2.4), (2.5), (2.6) and Lemma 2.1, we would easily see that &, is uniformly
bounded in n € N. Since u, — u in L7 (B,(0)) for every p > g*, with (2.5) and (2.6) in
hands, we tend n — oo by the generalized Vatali’s Convergence Dominated theorem and
then o — +o00 in (2.4) to reach the Claim. With the help of the Claim above,

| W R ()Y 9] < fR 60 55T ) dx = fg 0 £ )y

< C/Q }fR’%(un)Hw‘dx < c(/Q ‘fR'%(u,,)yzdx)2</Q|1ﬁ|2dx>2

which together with (2.3) and (2.6) indicates that {§, f Rt (un)¥} is uniformly integrable.
Adopting the Claim again, we can derive the proof of (2.2). The proof of this lemma is
completed. O

In the following, we establish a nonlocal version of the Brézis—Lieb type lemma in E for
nonlinearities of (sub)critical exponential growth.
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Lemma 23 Let 1 < g < N and suppose that the nonlinearity f in (1.11) satisfies (h1) and
(h3). If up—u in E as n — 00, up to a subsequence if necessary, there holds

WA ) — R, — ) — WRS W) — 0asn — oo, Q2.7)
N
Moreover; if in addition we assume that sup ||u, || VT < ——~—— min{?>!, %—;“},
neN 18(y+aR*F-T) "
there holds
R -N_ RN RN
WONT (uy) — W N1 (4, —u) — WO -1(u) > 0asn — o0. (2.8)

Proof Since the proof of (2.7) is simple, we show (2.8) in detail. Obviously,
2[WR AT () — URFT (0, — )] £ By + B + Es

= / [l « FR AT )] FR 5T (u, — w)dx
RN

[ s PR W] PR ds
RN

+/ [l % FR AT ) |[FR 55 ) — FRAT (uy — ) — FRAT (u)]dx
RN

+ / (16174 % FR Ty — )][FR T () — FRFT (uy — ) — FRRT (1) |dx
RN

2N
We claim that {F R (up,)} is uniformly bounded in L2V-« (RM). In fact, exploiting v =
N5 > 1in (2.3) and arguing as (2.6), it suffices to show that

2N
|up|” @ N (up)dx
/R " #(V+ R N"),jo "

Nt
= |un|(N+p.)a D,y N (uy)dx
2(N+/1) y+a R “N= 1)
_N_
N+n
< lunl (N+u)a ( 2(N+/l.) )/+0(R -3 )”MnHNL (un /|l un ”)dx)

=< Cl”f’l'(NJru)a <C.
m

In view of (1.5), one has |x|™# % F™"¥-T(u) € L » (R") jointly with F™ 7T € C" implies
that

ul—)/ |x| “*FRil(u)]FR (u)dx—Z\I/RN T(u)asn — Q.
From it and the claim, to get (2.8), it is enough to verify that
RN RN RN . 2NN
FoN=T(up) — F5NT(uy, —u) — FVN¥-T(u) > 0in LZV-#(R") asn — oo, (2.9)
whose proof has been left in the Appendix. The proof is completed. O

As a byproduct of Lemma 2.3, we immediately have the following results whose proof
are omitted.
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Lemma 24 Let 1 < g < N and suppose that the nonlinearity f in (1.11) satisfies (h1) and
(h3). If u, — u in LPRN) for some p € (g*, +00) as n — 00, up to a subsequence if
necessary, there holds

WRI ) - wRI () asn — oo. (2.10)
N
Moreover; if we assume additionally that sup ||u,|| V=T < ——~—— min{?>!, %;ZL }
neN 18(y+aR" N-T) !
then N N
WR YT (1,) > ¥ () asn — oo. (2.11)

The following lemma which is crucial in the proofs of Theorems 1.3 and 1.4 is an another
type of Vanishing lemma in [40].

Lemma25 Let1 < q < N andr > 0. If {u,} is bounded in E and suppose that

lim sup sup / lun|? dx =0,
B.()

n—00 yeRN
then u, — 0in L?(RN) for all g* < p < +o0.

Proof For all p € (¢*, +00), there exists a s € (¢, N) which is very close to N so that
p < s*, where s* = AI,V_SS. Thus, we have ¢ < s < N and ¢* < p < s*. Applying the

Holder’s inequality to get

([ |Vun|5dx) < (/ |Vun|qu> (/ |Vun|Ndx> ,
B:(y) Br(y) Br(y) (2.12)

o

1 1-o k24

7 " E3 " ¥

(/ |un|"dx) 5(/ 0] dx)" (f 0 dx) ,
B, B, B,()

wherew = =L - Y and w = ‘fi__qq** . % Combining (2.12) and the Sobolev’s imbedding

inequality, we have that

1—w) p(l-w)w pw

p(
* * N
/ un|Pdx < c(/ l1n]? dx) ! (/ |Vun|qu> (/ |Vun|Ndx>
Br(y) Br(y) Br(y) Br(y)
pl—=)
= C(/ |un‘q*dx)
Br(y)

Let us contemplate that p > w + g*, namely Cl(f’;:q*) +g* < p < s* and so

pw —q > 0. Covering RV by balls of radius r in such a way that each point of R" is
contained in at most N + 1 balls, we obtian

(7 L / [Vin|?dx.
Br(y)

pl-—m)
/RN lunlPdx < C(N +1) sup (/ ()|un|q*dx) I
yeRN Br(y

Under the assumption of the lemma, it holds that #,, — Oin L? (RM) foreach % +q* <

p < s*. The remaining part is u, — 0in L?(RY) for all ¢* < p < 26" —4") + ¢*, but it is

s*
trivial by means of the Holder’s inequality again. So, the proof is completed. O

We conclude this section by showing the proof of Theorem 1.5.
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Proof of Theorem 1.5 Due to ||u|| < liminf |lu,|| = 1, we can split the proof into two cases.
n—oo

Case 1: ||u|| < 1. Arguing it by contradiction that for some 0 < p; < P (u), where P(u)
is given by (1.16), there holds

sup / Doy .o (Un)dx = +00. (2.13)
neN JRN

In light of a constant L € (0, +00) which is determined later and v € E, set

L, ifv>1L,
Grwv)=4{ —L,ifv<—L, andTp(v) =v—Gp(v).
v, ifjv| <L,
)N_l < —L - Obviously,

T—ulV -
IGr(w)| — |lu]l as L — +oo, then one can choose a sufficiently large L > 0 such that

Plainly, there exists a constant € € (0, 1) such that (pl 1+ 6)2

V! ! (2.14)

1 2 _ .
(P47 < TG i

We claim that

1

3 v 1 N-
li;rl,i%p |:</RN |VTL(un)|Ndx) + (/I;N |VTL(Mn)|qu) ] < (m) .

(2.15)
Otherwise, going to a subsequence of {77, (u,)} if necessary, we have

1

1 1_N
ITL (un) 1Y = [(f |VTL(un>|Ndx)N + (/ |VTL<un)|qu)q}
]RN ]RN

1 N—-1
> — , Vn e NT
- <p1(1+6)2)

which together with the fact VT (u,) VG (u,) = 0 yields that

1 N—1
1= llun IV > 1T @)Y + 1GL )| > (m) +1IG L) Y.

Since {G [ (u,)} is bounded in E and G (u,)— G (1) in E, by using the above formula, we
derive

1 21\N—-1 1
(P07 = TG i

which is in contradiction with (2.14). Thus, (2.15) holds true. Up to a subsequence if neces-

sary, we can suppose that ay p1 (1 + €)2[| Tz (un) | FT < ay for all n € N. In view of (1.8),
we obtain

Jo—1 N
Sup/ (eaNp.(1+e)2|un—L|N/<N*“ -y npd ey, - L|<N—1>1/N>dx
neN Qn L jIO .]'

< SUP/ Dy o1 (1421w [N/ _jo (1 TL )1/ T2 () ||)dx < 400,
neN JRN

(2.16)
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where Q.1 = {x € RY : |u,(x)| = L}. By means of Lemma 2.1, we derive

1 . Cllun || C
|2, | é/ dx < —; / lunl? dx < M = —5 < to0, (2.17)

where C > 0 is a constant independent of n by the imbedding of E — L2(R""). To geta
contradiction, let us write

/ Py pi.jo (n)dx :/ qDaNm,jo(un)dx-f—/' Doy pr.jo (Un)dx.
RN QL Q¢

n,L

Combining (2.16) and (2.17), we apply the following two type Young’s inequalities
Jun YN < (4 Ol — LYY 4 ALY
with A(e) = (14 e)((1 + )N —1)~V/V=Dand
At < 1+ ) lelltea 4 e(1+ e)_le(l"'(l)b, Ya,b > 0

to conclude that for all n € N*

_ 7 INJ(N=1) N/N-1)
/ Doy py.jo Un)dx < / eV P1(1+e)lun—L| +anprA(e)|L] dx
QL Q.1

o / NP1+ —LIN/ND / v (e HA@ILIN/N-D
- 1 + € QmL l + € Qn,L
C €l Ll 4 -1 N/(N=1)
— ; pi1(1+€ )A(e)|L]
<1 /QM Puy ot in = Ldx + e
< C < 4o0.

On the other hand, since Njo/(N — 1) > p*, we apply Lemma 2.1 to get

/ Doy py,jo (Un)dx :/ Do i, jo (Un)dx
o, {lun ()<L}
/ i (Ole1LN/(N_1))j Uy Nj/(N=1)
= - — dx
(lun0)1<L) 25 J! L
o N/(N=1)yj p*
o L u
< Z (anp1 - ) / % dx
. N
J=io J R
p* N/(N=1)\Jj
Uy (anpiL )
<oy 3 ntl
J=Jo
0 N/(N=1)yj
" L
<CLP Z —(Ol/vpl - ) < C < +o0.
j=o 7!

The above two formulas reveal a contradiction to (2.13). So, the theorem in this case holds
true.

Case 2: ||u|]| = 1. Since u,—u in E, using the lower semicontinuity of norm, we can
derive that u,, — u in E. Recalling that the Lebesgue theorem, there is a function v € E
such that |u,| < v a.e. in R? which together with (1.7) yields (1.16).

@ Springer



Concentration of ground state... Page 17 0of46 66

Next, we turn to focus on the sharpness of P(u), that is, there is a sequence {u,} C E
satisfying ||u, =1 and u,—u # 0 in E such that the supremum given by (1.16) is infinite
for each p’ > P (u). To this aim, for some constants r > 0 and ¢ = 3r, we define w, (x) as

N—-1 N-1

! N~ % nw, if0 < |x| <re ¥,
w, (") = —7 { NV log(r/|xn™ ¥, if re™ ¥ < |x| <r,
“n-1 |0, if [x| > r,
andu € E as
A, if 0 < |x| < 3o
w2134 (1-8) if 30 < v <o,
0, if |x| > o,

respectively. Here, the constant A > 0 is chosen in such a way that ||u|| = o < 1. We set

u, = vV1—oNw, +uckE.

It is simple to calculate that

N 1 N [ 1
/ |vﬂn|Ndx n 7Ndx = — 7d,0 =1,
RN ON-11 Jre™ N <|x|<r 1X] n Jye=n/N p
N4/NpN—q
05/ |Vw, |9dx =
RV oy naN (N — )

(1—e W-D/Ny 25 0asn — oo.

(2.18)
Since B, (0) N 359/3(0) =@ by o =3r,one has Vw, Vu = 0 forall x € R¥ and then

f |Vgn|Ndx=(1—aN)/ |Vyn|Ndx+f [Vu|Ndx
RN RN RN

—(1—oM +f \VulVdx 2.19)
]RN

By using (2.18), there is a constant C‘q > 0 such that

N N N
(/ |w,,|qu>q <, —oN)(/ |an|qu>q T (/ dex)q
RN RN RN
:
=Co(1 —o™M)sy + (/RN |Vu|‘1dx> . (2.20)

Thereby, it indicates that [lu, [V < 1+ C,(1 —oa™)8y/? 2 1 4z, with 7, — 0 by (2.18).
Actually, one could also verify that ||u,|| — 1 via (2.19) and (2.20). So, without loss of
generality, we could suppose that |lu,| = 1 4 z,. Now, we define u, = u,/(1+ L”)I/N.
Clearly,

lupll =1 and up—u # 0asn — oo.
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Thereby, for all g9 > 0 and pe, = (1 + &9) P(u) = (1 + &9)/(1 — o™M)/N=D > P(u), we
obtain

/]RN Pay pey. jo (Un)dx = /RN Loy (1+¢0)/(1-aM)1/N=D_jy (Un)dX

>/ oo (o) (1= ™)~V =D (A4 (1= )N w, )N/ N=D 5
Br(ﬂz/N(O)

%

/ N Coa(1e0) (1= ™)~V =D (1, WIND
B, ,—n/n (0)

o Ny—1/(N=1) (N=1)/NyN/(N=1)

> g Coa(l+e0)(1—0™) (I+n ) | B, y—n/n (0)]

_ ON-L N o0 Co,a(1+e0) (1= M)~V =D (Apn(N=DINNIV=D
N

where Cy 4 = min{(1 — oMV/WN=1 AN/IN=Dy 5 (. The proof is completed. o

— +ooasn — oo,

Remark 2.6 When verifying the sharpness of P («) in the proof of Theorem 1.5, we contem-
plate the space E withnorm || - ||, = |V - |% + |V - |£1V insteadof || - [| = [V - |nv + |V - y4.
It would never cause an essential impact on the results since they are equivalent. Indeed,

N1
efls <U-N<277 01 Iy

3 The periodic problem (1.13): proofs of Theorems 1.3-1.4

In this section, we show the detailed proof of Theorems 1.3—1.4. When there is no misun-
derstanding, we shall always suppose that 1 < g < N,0 < u < N, (Q1) — (Q2) and
(h1) — (ha) throughout this section. Firstly, let us give some observations on the shape of the
functional J&-3.

Lemma3.1 Let1 < g < N and R > 0 be fixed, then there exists a constant { > 0 such that
m, = inf {JR~5(u) cu€E, |ul=p}>0,Vpe(,2] 3.1)

and B
ne 2 inf {(JRY )u] 1 u € E, |lull = p} > 0, Yo € (0, ¢]. (3.2)

Proof In view of Remark 2.6, we show that (3.1) and (3.2) hold under the norm || - ||4.
LJsing (1.5), (1.8) and arguing as calculations in the proof of Lemma 2.2, there is a constant
¢ € (0, 1) such that

1 2N—p
S 2No N
TRy = —Jlully —C(/ |un|fz~fudx)

N RN

2N—p
4Nv _
—C(/ |u,1|2N*udx> whenever |ju| < <.
RN

Here, we are aware of the fact that [[ulll = [Vul§ + [Vul) < |Vully + [Vu|§ provided

lulls < 1. In view of o > max{g™, N} in (k1), choosing v = o in (2.3), then we apply
Lemma 2.1 to get

5 1
TR ) > Nnuuf — Cllul|?® whenever |lu]| < g.
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So, there is a constant ¢ € (0, <) such that (3.1) holds true. Since

Q) £ R (u(x))u(x) Q(y) FR4 (u(y)) J
xd

[x — y#

)

(R @lul = |Vuly + [Vulg —f
RN JRN
we can obtain (3.2) as before. The proof is completed. O

Lemma3.2 Let1 < g < N and R > 0 be fixed. Suppose that u € E\{0} and consider

t > 0, then we have
JR"S(tu) — —ooast — +oo.

In particular, the functional J® 3 is not bounded from below.
Proof For any fixed positive function u € E\{0} and ¢ > 1, we have that

J@u) 1 1 1 Q) FR3 (tu(x)) Q(y) F®- 5<ru<y))
N ff'w'%ﬁ'v“"q’_ﬁ/w o oyl

Due to (h3) and Lemma 3.4 below, F RS ) > Ct? with 6 > % for all sufficiently large

t > 0. Hence, using the Fatou’s lemma, we derive JR"S(tu)/tN — —oo ast — +oo, and
the claim follows. O

Relying on Lemmas 3.1 and 3.2, we shall exploit the following critical point theorem
without the (C) condition introduced in [30, 43] to find a (C) sequence for J RS

Proposition 3.3 Let X be a Banach space and ¢ € C' (X, R) Gateaux differentiable for all
v € X, with G-derivative ¢’ (v) € X~ continuous from the norm topology of X to the weak
s topology of X! and ¢(0) = 0. Let S be a closed subset of X which disconnects (archwise)
X. Let vg = 0 and vi € X be points belonging to distinct connected components of X\ X.
Suppose that

il;f(ng > 0and p(v)) <0

andletT' ={y € C([0, 1], X) : y(0) and y (1) = v1}. Then

= inf 1) > 0
c= ;relrtrer[lg)} p(y@®) =0 >

and there is a (C). sequence for ¢.

Combining Lemmas 3.1 and 3.2 as well as Proposition 3.3, there is a sequence {u,} C E
such that

TR ) — R and (1 + i DI R3@a)) 1 g1 — 0, (3.3)
where _
RS L inf max JR 5(y(t)) >0 3.4
yerk.é1€(0,1

with TR = {y € C([0, 1], E) : y(0) = 0 and JR4(y (1)) < 0}.

Lemma 3.4 The function fR X defined in (1.14) satisfies the Ambrosetti-Rabinowits condition
with the constant 0 > % appearing in (h3), that is,

0 <0FR3(r) < FRI(1)r, Wr > 0.
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Proof We refer to reader to [8, 9] and omit the deatils. O

Lemma3.5 Let1 < g < N and R > 0 be fixed, then every sequence {||u,||} satisfying (3.3)
is uniformly bounded in n € N. Moreover, it holds that

o N
||”n||% < max 299 Nfl, 20 \4®-D
- 20—¢q 20— ¢
N
5 5 N-T
(C/CM +on(l) + {’/0“ +0n(1)) . (3.5)

Proof Firstly, we can invoke from (3.3) and Lemma 3.4 as well as (Q1) that

- - ] -
ROt 0,(1) = TR (uy) — %(JR’B)’(umm
20 — N N 20—

= T|Vun|N 240 |vun|q
/ f £ 5 n ) = 0F R ()] 2 0 3)
xdy
Jer o =1
2 20 —q

q
| Vit | (IVun|§ + |Vunld)

> >
= ONo n|N 240 n|q_

which reveals that |Vu,|y < N/%cﬂhon(l) and [Viuyl, < "/%c’?vg—}—on(l).

Taking || - | =| - |[v + | - |4 into account, we obtain
2q0 2¢6
luall < dwq ckS 4o, <1>+\/29" ek 4 0,(1)
which yields the desired result. O

Before presenting the proof of Theorem 1.4, we need the following result.

Lemma3.6 Let1 < g < N and R > 0 be fixed. Suppose, in addition, that (hs), then there
exists a &y = &y(R) > O such that for all £ > &,

o—1 N-— ;L
N, N q, N aN mln { »'N 29 —q
Ry 1 \/ Ry 1< g +’L K/ .
c +1+vc + 1= 2q9 ) 246

2(y +aR™™ NeT )

Proof Choosing a cutoff function ¢y € C5°(B1(0)) satisfying 0 < ¢p < 1; go(x) = L if
|x|] < 1/2; @o(x) = 0if |x| > 1; and |Vgg| < 1 for every x € RY. Recalling the definition
of FR%T and (hy), FR %7 (1) > &P with p > & forall £ € [0, 1]. Thus,

1 1
1 (go) = Voltdx+ 2 [ Vet
N B1(0) 4 JB;1(0)
N N
_! / / Q) FE T (o) QW FH ¥ (po(y)) i
B1(0) J B1(0) lx — y|*
212 2 212, 2
_ Zon—1 §70% oolPdx) < 20y-1  § Qo@h_ _0 36
%o = ANTIN2
Ng 4 Bi2(0) Ng N
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if &€ > &, where £ = Qa] qj:’ ] 2N+1 In particular, invoking from (3.6) that

| v §£03 ?
— VooV dx + — [Voolldx < =— lpolPdx | . (3.7)
N Jg 0 q JB,©) 4 Bi,2(0)

. R’L RyL RN
Setting ¥, "' (t) = t@o, one has that y, "' € T™"FT = {y € C([0,1],E) : y(0) =
0, JR'% (y (1)) < 0} by (3.7). Therefore, we have that

2wn— 20303
e IR Nl(f¢0)<maX:leq_$ 0N12p}

t€[0.1] 0,1 | Ng AN+ N2
2092,,2
< max 2oN-1 4 _S Qowy 1 2p
~ >0 | Ng AN+ N2
_(zp—q)wN_l[ 4N+ N ]zpq/
Ngp poN-16203

Due to the definition of CR'%, we let the constant &y = &y(R) > &; be such that

max;e[o,1] J R’%(wo) satisfies the desired inequality for all £ > &p. The proof is
completed. O

Proof of Theorem 1.4 Due to Lemmas 3.1 and 3.2 as well as Proposition 3.3, there is a
sequence {u,} C E satisfying (3.3). Using Lemma 3.5, {||u, ||} is uniformly bounded in
n € N. Going to a subsequence if necessary, by adopting Lemma 2.1, there exists au € E
such that u,—u, u, — u in LIOC(RN) for all p € [¢*, +00) and u, — u a.e. in RY. We
claim that (J ® ‘S) (1) = 0 which is obvious when § = § by (2.2). Now, we shall contemplate
the case § = N 7- Combining Lemmas 3.5 and 3.6, we could conclude that the additional

assumption in Lemma 2.2 is satisfied, so (J X NeT ) (u) = 0. Finally, we finish the proof by
showing u # 0. Arguing it indirectly, since {||u,||} is uniformly bounded, we have either
{un} is vanishing, that is, for any r > 0, it holds that

lim sup / lun|? dx =0
N0 yeRN J B (y)
or it is non-vanishing, i.e. there exist r, ro > 0 and a sequence {z,} C ZN such that

lim lun|? dx > r. (3.8)

n—00 By (zn
If {u,} is vanishing, thanks to Lemma 2.5, we can derive that u, — 0 in L?(R") for all

q* < p < 4o0. Since the additional assumption in Lemma 2.2 holds true, using (1.5), (1.8)
and (2.3), we obtain

fim | [x 7 % Q) FR AT )] Q) FR ¥ (uy)dx = 0
n—oo RN

and

lim [Ix]7 * (Q(X)FR’%(un))]Q(X)fR’%(un)undx =0

n—o0 RN
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. . R -N_ RN R.-N_., .-
which together with J™ %1 (u,) — ¢ N¥-T and (J"'N-T) (u,)[u,] — O indicate that
R =S = 0. It contradicts with (3.4). So, (3.8) holds true and we can define v, = u, (- — z5).

Thus
ro

/ [oa [P dx > = (3.9)
B,(0) 2

Due to (Q>), both JR'S_ and (JR’S)/ are translation-invariant in Z" and so {v,} is again a
(C) x5 sequence of J PR3 Then, up to a subsequence if necessary, v,—v in E with v # 0 by

(3.9). Repeating the arguments above, one knows that (J R’S)’ (v) = 0 finishing the proof. O

Next, we shall present the proof of Theorem 1.3. According to the discussions as before,
we must take the uniform L°°-estimate for the nontrivial solution obtained in Theorem 1.4.
Letug € E be anontrivial solution associated with Eq. (1.15), with the help of the definition
of f&?% which is defined as in (1.12), then it is a nontrivial solution for Eq. (1.13) provided
[urloo < R. So, the key idea is to find a constant Cyp > 0 which is independen_t of R >0
satisfying |ug|so < Co. To this aim. we must firstly verify that the constant c¢®9 and &(R)
appearing in Theorem 1.4 do not depend on R. Let us recall the two cases in Theorem 1.4, to

proceed it clearly, we would split it by two subsections: (I) 5§=248¢€ (0, %); (In s = NAl i
In the Cases (I) and (II), we shall choose a* = 5 > O and 7. = 5 + 5 > 0,

respectively.

3.1 Thecase (I)in (1.12): 6 = & € (0, )

In this Subsection, we suppose that the nonlinearity f defined in (1.11) requires (k1) — (h3).
Firstly, we have the following result.

Lemma3.7 If1 < q < N and let {u,} C E be a (C) sequence of J®® at the level c®,
then {||uy ||} is uniformly bounded in n € N and R > 0, that is, there is a constant K > 0
independent of n € N and R > 0 such that

sup [luy | 77 < K < +o0. (3.10)
neN
Proof We claim that there are constants Ag > 0 and ¢ > 0 independent of R > 0 such that

A()<CR’8§C<+OO, VR > 0. 3.11)

Indeed, recalling the definition of f R.3 one has that FR:3(r) > H(r) for all t € R and so

JR3w) > I(u) for all u € E, where the variational functional I : E — R is defined by

1 / H(u(x))H (u(y))
R

1()—1/ [VulNd +1f |Vulld
M—NRN u X q Jan u X 2

Choosing the constant d > 0 to be a mountain-pass level associated with 7, the existence
of such number follows from Lemmas 3.1 and 3.2. So c¢®? < ¢. Similarly, one can derive a
constant Ag > 0 satisfying ¢®% > Ag. Combining (3.5) and (3.11), we can get the desired

———dx. (3.12)
N xlPlx — yl#ylP

result (3.10). The proof is completed. O
With the choice of ¢* = R,I,(; > (in this subsection, there is aconstant C > 0 independent
of R > 0 such that
N — - N
PR3O < 117 + Cle" ' Duyr . (1) with T 2 min il , Vi €R,
—K +Jo 4N o

(3.13)
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where v > 1 is arbitrary and K > 0 independent of R > 0 appearing in (3.10). In fact,
motivated by [57, Lemma 2.2], for every o € (0, «*) and |¢| > 1, there are My > M| > M
independent of R > 0 such that

N
5k pT—8).|8 s AN NoT
|fR"S(t)| < MVl g™ RE N < Mev Dl < Mje K I£]

v—1
< M2¢%’j0(l‘) < Mt q’%’jo(f)
jointly with f®3(r) = 0(t°~!) uniformly in R as r — 0 by (h), we have (3.13) at once.

Remark 3.8 From now on, one could observe that both (3.10) and (3.13) are independent
of R > 0. Moreover, by using (3.13) and (3.10), one sees that (2.2) with § = § holds true
independently with respect to R > 0.

Lemma3.9 If1 < g < N and let ug € E be a nonnegative ground state solution of Eq.
(1.17) with § = § established by Theorem 1.4 for all fixed R > 0, if «* = % > 0, then

RT-
foralla € (0,a*) and t > we have

_N_
N-1’
0 < Mgr(x) 2 |x|™* % (QFR*ug)) < €1, VR > 0.

for some C| > 0 independent of R > 0.

Proof Recalling the proof of Theorem 1.4, we deduce that the nonnegative solution ug 7 0 of

Eq. (1.15) is established by looking for the weak limit of {u,,} C E which s a (C) sequence of
N

J 3 at the level ¢®-%. Thereby, combining the Fatou’s lemma and (3.10), ||ug||¥-T < K for

all R > 0, where K > 0 is a constant independent of R > 0. From (3.13) and (Q1) — (Q2),

there is a C > 0 independent of R > 0 such that

RS lur(MN + Crlur W' Payr . @r(Y))
nR<x>=f Mdys|Q|oo/ ot
RN |x RN

dy
—yl* lx — y|#
- YOuyr . (uR(y))
ur(y) lug(y)l ant
=|Q|oo/ ﬂdwczmm/ L dy
N =yl RN lx — y|i

= Qo' + C2| Qoo T2

The next goal of accomplishing the proof is, therefore, to verify that both IT' and IT? are
uniformly bounded with respect to R > 0.

For I}, since 0 < u < N, we can pick ¢ > 1 such that Br < N and ut’ < N, where
% + tl, = 1. By means of the Holder’s inequality and o > ¢™* by (h1),

1

1
ur(y)|°® " B 1 7
nl:/ lerI 4 < / lur(y)|" dy) (/ ——dy
RN |x — y|* RN RN |x — y|H

(N-Do
s

< Cllugll” <CK ¥

where C > 0 depends on the imbedding constant in Lemma 2.1.
For T2, we rewrite it as 12 = 12! + 1?2, We continue to choose v = ¢ > q* by (hy)
and then

[ur" oyt . (ur(Y))
Hz,l :/ K /0
[x—y|>1 |x — y[#

dys/ lurI" @ayr . (wr(y))dy
RN K Jo
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1 1

2v 2 2
< (/R lur ()l dy) (/RN d%a,ﬂ“ Ry (uR(y)/IIuRII)dy)

< Cllugl® Sz( ay) < C,

where the constant C > 0 is independent of R > 0 by exploiting (1 8) and Lemma 2.1. It

2Np
follows some elementary calculations that ( f‘x yi<1 lx —y|” Mredy) i < C for a constant
C > 0 which is independent of R > 0. Using (1.8) and Lemma 2.1 again,

urDI"@ayr . Ur()) N—p
2a R\Y 0‘1;/( Jo Ry I\Z]N‘;L N
= = m dy<C lur(yl @ onayr . (UR())dY
—yl<1 lx =yl RN K- 90
N— N—
v N\ o
so [ uron®ma) ™ ([ @ v wro)/lukbay
R RY NN Ty BT o

- N—pn ~
< Clugl°S™ (ay) < C,
where C > 0 is independent of R > 0. So, we can finish the proof of this lemma. O

Now, we shall exploit the Nash—-Moser iteration procedure [47] to conclude the uniform
L°-estimate of u g which is a key point is this paper.

Lemma 3.10 Under the assumptions of Lemma 3.9, for the nontrivial nonnegative solution
of Eq. (1.15), there is a constant Cy > 0 independent of R > 0 such that |ug|eo < Cop.

Proof Let L > 0 and ¥ > 1 determined later, we shall contemplate up 1, 2 (up), € E
and zg 2 uguly'; " € E, where (ug)y = min{ug, L} and r € {g, N}. Obviously,

VurVzp,L > up (0 D |Vug |2 in RN . Therefore, taking zg 1 as a test function of Eq. (1.17),
there holds

fN(lwm + [ Vug|?)uy Vdx <fN<|VuR|N‘2+|VuR|q—2)VuRvZR,de
R R

_ / ey WREDzRLE) |
RN |x|P

FROup(x))zR 1 (x)

RN |X|ﬂ

=G dx,

(3.14)
where C1 > 0 is a constant (appearing in Lemma 3.9) which is independent of R > 0. Then,
let us define wg | = uRu?‘, Ll which indicates that [Vwpg 1| < l‘i‘IVuRluR . Using (3.14),
it holds that

fR S(MR)MRML]( 1)

/ |Vwg,|9dx < 19‘1/ IVugl7ud) Vdx < Clﬂq/ dx,
RY RN ’ RN |x|# N1

IR ug)uru
/ IVwg L|Ndx519N/ \VuglNuy§Vdx < € 19N/ RL__ax.
RN ’ RN RN |x|P
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For all * > o, combining the above formulas and Lemma 2.1, we obtain

N
* o* N
(/N lwg,L|” dx) < O (IVwr.Lly + [Vwr.Lly)" < C3(IVwgLl) + [Vwg LIY)
R

N

< cm”[(/ fRs‘S(uR)uRu?e“’L*“dx> !
RN ’

N@-1
+wa R upu gy )dx].

(3.15)
With (3.15) in hands, we are left the detailed calculations in the Appendix to conclude that

1 1
Yoo 1 o
(/RN |uR|X‘”9dx>X < cg’ﬁ(/RN |uR|f”’dx> (3.16)

where Cs > 0 is independent of R > 0 and x = 0*/0 > 1. As a special case of (3.16),

there holds
L 1
X0 o
(/ |uR|X“dx) §C5</ |uR|”dx).
RN RN

For © = x™ withm e Nt in (3.16), we derive

1 1
1 | J
m+1 Xm+]0 wm m xMo
lugl* “dx <G xa" lugl* 7dx -
RN RN

From it, proceeding this iteration procedure m times and multiplying these m + 1 formulas,

T, YL s L 5

m+1 X o Jj= j i

/ lug|®" “dx O / lugl®dx ) .
RN RN

. o 1 _ _x o o _ X imi
Since 72 27 = = and P 57 = oz We could take the limit as m — +o0 to get
the desired result. The proof is completed. m}

3.2 Thecase (Il)in (1.12): 6 =

In this Subsection, we always suppose that the nonlinearity f defined in (1.11) requires

(h1) — (h3) and (ha4).
With the choice of 7, = % + % > 0 in this subsection, we improve (2.3) in the sense:
there is a constant C’ > 0 independent of R > e such that

|fR%(l‘)| < |t|¢7*1 + C’|t|u71d) 1’j0(l‘), VvVt € R. (317)

ytaet

1 1
Firstly, one can observe that R lim RZ% = 1 and the function RZ is strictly decreasing in
—+00

R € (e, +00), then 0 < R% < eé for each R € (e, +00). For all || > 1, by means of (h4),
there are M> > M; > M independent of R > e such that

1

R %5 P aR™ ™ FT || VT 1)’ ,aRR |t|N=1 P e || N1
|fON-T(1)] < MeV'" e = Me"" ¢ < Me¥"'"e

| |NN—1 l| |NN—1 y+o¢etl’ \thle
<M eyt ea“ t =M e( ) < M d -
= 1 1 = M2 y+aet l,j()(t)
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<Mt o L)

ytae jo
which together with f T (1) = o(t° 1) uniformly in R > O ast — 0.

Lemma3.11 Let 1 < g < N and suppose additionally that (hs4), then there are some
constants Ag > 0 and & > 0 independent of R > e such that for all ¢ > &, there holds

Ao SCR’% and
N g N qf p.N_ ay min{%— ’N+u} R
cVNT + 0, (1) + V¢ VT +0,(1) <
2(y +aee
~ 20 —q J20 — q (3.18)
2q60 290 |’ '

Proof Applying (3.17) to Lemma 3.1, one can find such a Ag > 0 and the details are left. By

the definition of f R, ~N-T, then cR’% < ¢, where c¢ is a mountain-pass level corresponding
to the variational functional / defined by (3.12). Let ¢ be as in Lemma 3.6,

1 v 1 .
e N-T (o) = [Vool" dx + — [Veol?dx
N Jp0 q JB,0)
RN RN
B 1/ / Q(x)F™ =T (po(x)) Q(y)F™ N-T (wo(y))dxd
B1(0) /B (0) [x — y|#
2 B 212 2 o) 3 w
< le—EQ()(f |<ﬂ0|pdx> < le_$l%$1N21=O
Nq 4 B1/2(0) Ng 4 N

(3.19)

if &€ > &, where & = Qal [ —==— qu ; N_oN+1 In particular, invoking from (3.19) that

1 N 1 £2032 2
= |VoolNdx + — |Vgolddx < 2120 lgolPdx ) . (3.20)
N JB,©) q JB,0) 4 B1/2(0)

N

N
Setting v, ™7 () = t¢o. one has that y; V" € [RFT = {y € C(10,1]. E) : y(0) =
0, JR’% (y (1)) < 0} by (3.20). Therefore, we have that

2wn- 2%,
max J® Nl(t<p0)<max{leq 5 lep}

t€[0.1] 01| Ng = 4N+IN?
2 2
< max 261)1\,711“1 — STy £2p
~ =0 | Ng 4AN+IN2Z
_(@p —q)wN_l[ AN+ N }m
Ngp poN-1£?

N
In view of the definition of ¢® ¥, there exists a constant & > &) independent of R > e

such that max;¢o,1] / Ry (t@o) satisfies the desired inequality for all £ > &j. The proof is
completed. O
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Remark 3.12 With Lemma 3.11 in hands, it holds that

N
sup [[u, | V=T <

neN 2()/ + ae%

an |o—1 N—pu
min ,
) o N+pu

}, VR > e, (3.21)

where {u,} C E is a (C) sequence of JRJVT?I at the level cR‘NTfl. Indeed, using (3.5) and

(3.18), itis obvious. Moreover, it follows from (3.17) and (3.21) that (2.2) holds independently
with respect to R > e.

Lemma3.13 [f1 < q < Nandletugr € E be anonnegative nontrivial solution of Eq. (1.15)
with § = % established by Theorem 1.4 for all fixed R > e, if T, = % + % > 0, then

foralla > 0andt € [%, T4), We have

0 < Flp(0) £ x| % (Q) FR ¥ (up)) < C}, YR > e.
for some C{ > 0 independent of R > e.
Proof In light of Lemma 3.9, it suffices to prove that

}/+(x€“371 aj() (”R()’))

OMur(M"®
/ dy < C} (3.22)
]RN

lx — y|#

for some Cé > 0 independent of R > e. Firstly, due to the Fatou’s lemma, ||ug|| e <
N

—en©@=D and |lug||¥T < —2NN=W _ by (3.21) for every R > e. On the one hand,

20 (y+aee) 2(N+p)(y+aee)

choosing v = "TH and then adopting (1.8) as well as Lemma 2.1,

ey ROy

/ OWMNurI® et @RO))
x—yl>1

[x — y[#

dy < |Q|00/RN ()]’ ®

o+l o—1

20 20
< |Q|oo(/ |uR<y>|”dy) (/ o, ,(uR<y>/||un||>dy)
RN RN 75 (y+aet Hual V-1, jo
o—1 ~
< ClOIsllun IS T (a) < G

or C, > 0 independent of R > e. On the one hand, since e = _wd <C,we
for C, > 0 independ f R On th hand v y‘<1| vl y

derive

/ Q(y)luR(y)l"d>y+Me—1,jo(uR(y))dy
lx—yl=<I1

[x — y|#

N—p

N+up

(letu)v
<10k [ 1RGN FH s, o)y

N—p

2(N+p)v 28]\’71‘:1)
< 1ok [ e ¥ ay
RN
N—p

@ d 2N+
/R y Cavengrasty, ity RO Ty

N—pn N
< ClQloollun||” ST (ay) < €5

for some é‘é > 0 independent of R > e, where v = ¢. Thus, we can finish the proof of this
lemma. O
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Arguing as a very similar calculations in Lemma 3.10, we could follow Lemma 3.13 to
conclude the following L*°-estimate with respect to ug.

Lemma 3.14 Under the assumptions of Lemma 3.13, for the nontrivial nonnegative solution
of Eq. (1.15), there is a constant C{, > 0 independent of R > e such that |ug|s < Cj.

Now, we are in a position to present the proof of Theorem 1.3.

Proof of Theorem 1.3 Due to Theorem 1.4, we have established a nonnegative nontrivial solu-
tion for Eq. (1.15) under the suitable assumptions. Let us denote the obtained nontrivial
solution by u g. According to the explanations in Remarks 3.8 and 3.12, it follows from Lem-

mas 3.10 and 3.14 that we could choose R = Cp and R = max{C(’), e} ford =6 € (0, %)

1 1

S N . P . N
and § = o1 respectively. In this situation, ¢ = o) and 7, = w1 T+ 7 So, up

i max{C.e
is a nonnegative nontrivial solution of Eq. (1.13). The proof is completed. O

4 Existence and concentration for Eq. (1.1): proofs of Theorems 1.8
and 1.9

In this section, we mainly contemplate the existence and concentrating behavior of ground
state solutions of Eq. (1.1). As explained in the previous section, we first pay our attention
to Eq. (1.17). Actually, according to the classic theory in [11, 13, 28], we shall focus on Eq.
(1.19). Before proceeding it, we introduce the following equation

R,$ _
— Awi— Ay = (/ wdy)Bf“m), ceRY, @)
o X

where B > 0 is an arbitrary constant. Let us denote J g‘g : E — R by the variational
functional corresponding to Eq. (4.1)

5 1 1
Ty = 7/ |Vu|Ndx+f/ |Vul|9dx
N Jgrv q Jr¥

B2 / / FRSu(x)) R (u(y))
- dxdy.
2 RN JRN

lx — y|#

and m§'5 = infveNg,g jg’s(v) by its ground state energy with Ng,s = {u € E\{0} :
(T l;e,s), (w)[u] = O}, respectively. In the sequel, we shall replace B with K, and K directly
just for simplicity.

Repeating the arguments in the proof of Theorem 1.4, one could conclude that Eq. (4.1)
admits a ground state solution if the assumption (hs) is additionally satisfied. Indeed, we
obtain the following result.

Lemmad4.1 Let 1 < g < N and 0 < u < N. Suppose that the nonlinearity f defined in
(1.12) satisfies (h1) — (h3) and (hs), then for each fixed R > 0, Eq. (4.1) with § = 8 admits a
ground state solution in E. Moreover, if in addition we suppose that (hs), then for each fixed
R > 0, there is a éo = .§~o(R) > 0 dependent of R such that Eq. (4.1) with § = N/(N —-1)
possesses a ground state solution in E for all & > &.

Proof Since the constant B > 0 trivially satisfies (Q1) — (Q>) in Sect.3, we could follow
Theorem 1.4 to prove that Eq. (4.1) has a nontrivial solution ug € E for all R > 0 under the
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assumptlons above and so ug € N 1mply1ng that 7% B (u R) > m* B The remainder is to
verify .73 (uR) < mg ‘S.

On the one hand, we know that ug is a weak limit of a (C) sequence {u,} C E of J, lf .8
at the level ~ B
Cg,a £ inf m(a)uij jg’s(y(t)) >0

RS te[
vely

with TR? = {y € C([0, 11, E) : y(0) = 0 and 75 (y(1)) < 0}. In view of Lemma 3.4
and the Fatou’s lemma,

¢y’ =timinf 7, @) = liminf [ 7,5 (,) - 9(J§*S>’<un>[unl]

> 73 ) - %wg’a)’(mw = T8 up). 4.2)

On the other hand, we show that cg 8 < mg"s. In fact, thanks to (h5), we can verify that

RS R,8
cg’=mg’ = UEIEITI\f{O} 1}1%( -73 (tv) >0, 4.3)

whose detailed proof is omitted and we should refer the interested reader to [56, 57]. As a
consequence of (4.2) and (4.3), the desired result is obvious. The proof is completed. ]

Lemmad4.2 Let1 < g < N and 0 < u < N. Suppose that the nonlinearity f defined in
(1.12) satisfies (h1) — (h3) and (hs), then for each fixed R > 0, we could derive the following

properties on the Nehair manifold N g S below.

(i) Givenafunctionu € E\{0}, there exists a unique constantt, > 0 such thatt,u € Ng’(s
and jg’a(tuu) = max;>0 jlf"s(tu);
(ii) Foranyu € Ng"s, there exists C®% > 0 independent of u such that ||u| > CcRS > 0;

(iii) The functional Jlf’s is coercive on Ng’a, namely Jlf’s(u) — oo as ||lul] — oo if

ue/\fg’s;
. N
() IF sup |77 < —— o min{=L V=) (TF0) )]~ 0 and
neN 18(y+aR" - N-T)

lun|l = ao > O, then, passing to a subsequence if necessary, there exists a constant
t, > 0 such that

(TR (g tattn] = 0 and t, — 1.

Proof (i). Proceeding as the proofs of Lemmas 3.1and3.2, one can easily find such a number
t, > 0 such that r,u € /\/'R 5 and jB (tuu) = max;>( JB (tu) To get the uniqueness of

such t,, we argue it indirectly and suppose that there is ; > 0 such that f;u € N, g 5 for
i €{1,2}.By[57,(3.9)],

gt"n —Nt14+ N —g¢q
Ng
Vt >0andu € E. 4.4)

TRy — TR (1) — —(Jﬁ%( )ul >

IVulg,
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As a consequence of (4.4) and tju € Ng,é fori € {1, 2}, we obtain

g 3 q
TR () — TR (tou) = ;Hq(%)N - N(3)"+ N —q]IVulf,
T () = T ) = 2 [a(8)Y = N(8) + N — ]| Vul}.

We would derive a contradiction by adding the above two formulas., which gives the desired
result. <

(ii). Supposing it by a contradiction, i.e. there exists a sequence {u,} C Ny’ R such that
lunll — O as n — 00. Because f RS in (1.14) is of subcritical exponential growth if
5§ =6 e (0, N 1) the proof would be very simple and we should omit it here. Let us
consider the case § = N—l . Choosing v = o in (2.3), then we apply (1.5) and Lemma 2.1 as
well as the Holdser’s inequality to derive

BFRNT (uy) Bf B %1 (u)u . o Tyt
/ / . ~dx dysC(/ |fR*8(un>un|2~fudx)
RN JRY |x — y|* RN
2N—p
2 f @ o/ Itz )
<C - C(R - N N u
|Mn| 2NN7“ + C(R)|un |, 21v7“ v zﬁﬁ’u(wa’ Nl!')llunl\lel,jU n/llUn
< C(R>|un| Tve < CR)lunll®,
4.5)

where the last second inequality holds since ||u,| — O infers (1.8) is workable. Moreover,
we can assume that ||u, || < 1 which implies that |V, |V < IVunIZ, thus
NV = (IVunly + 1Vunly) <281 (1Vua | + (Vi)
< 2V (IVunly + [Vunlg) 4.6)

N
Recalling {u,} C N , we could get a contradiction by (4.5) and (4.6) since 20 > N.
(iii). The proof is standard, see Lemma 3.5 for example.

iv). By Point-(i), there exists a constant 7, > 0 such that #,u,, € N, R’B, that is,
y B

1
Vi, |Ndx + —— |Vuy|?dx
RV N4 Jry

B FRD a0 52 (st )yt ()
TN RN JRN e

lx — y|#

We claim that {#,} is uniformly bounded. Otherwise, passing to a subsequence if necessary,

we can assume f, — +oo and t, > 1 for all n € N. Since (jg’s)/(un)[un] = 0,,(1), using
(hs), we obtain

RS RS
N N N
R un |2 [un|?
RS RS
_ <|x|_,u % F (tnun)) f (tnun)tnuni||un|1vdx

N N
|thun] 2 |thun |2

1
= < N_q>|Vun|Z +on(1) = |Vun|z +0,(1) = 0,(1)

n
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yielding that |Vun|3 — 0. Due to the Sobolev inequality, one gets |u, |4+ — 0. Hence, all
assumptions in Lemma 2.4 are satisfied, Combining (2.10)~(2.11) and (75°) (un)[un] =
05, (1), we could conclude that |Vu,,|% — 0, which is impossible since ||u, | — ag > 0. By

thu, € Ng,a, then ||t,u,| > CR3 = 0 and so {tn} is uniformly bounded from below by a
positive constant. Up to a subsequence if necessary, thereis afy € (0, +00) such thatt, — fo
asn — 00.If 0 < 7y < 1, without loss of generality, we can suppose that 0 < 7, < 1 for all

n € N. So, by adopting (h5) and (Jlf’s)’(un)[un] = 0,(1) again, there holds

R,8 RS
0< BZ/ [<|x|7“ % F (’;\jn)) S (uz)un
RN lun|2 lunlz

_ (|x|_“ % FR’E(tnun)> fR’B(tn”n)tnun]wn'Ndx

N N
[thun| 2 |thun| 2

(1 - #)wmq + ou(1) < 0n(1),
to

a contradiction as before. Alternatively, if 1 < #y) < 400, we can also suppose that 1 <
t, < 4oo for all n € N which infers a contradiction. Consequently, it must hold that #y = 1
showing the proof. O

Lemma43 Let1 < g < N and 0 < u < N. Suppose that the nonlinearity f defined
in (1 12) satisﬁes (hl) — (h3) and (hs), let {u,} be a sequence such that {un} C NII;’S and
jB (u,,) — mB , then we can assume that {u,} is a (PS) sequence oij atthe levelmB
((PS)mg,SfOr short) for each fixed R > 0, namely jB (u,,) — mB and( (u,,)) —-0
in E7L.

Proof Exploiting the Ekeland’s variational principle in [62, Theorem 8.5], there exists {A,,} C
R such that

(TR un)) = 1 (TR () + 0n (1), (4.7)

where jg’g : E — Ris given by
Ty @) = |Vull +|Vuly - B2 / 7 FRO )1 G yundx.
R

Since Jg’g(un)[un] = 0, we use (h5) and Lemma 3.4 to derive
(TR @) ln] = NIVun Y + q|Vun |9 — B2 fR | L7 R ) |2
- B f [ s FRS ) [[ R )y 2 + £ gy Jdx
]RN
< NIVun ¥ + g Vun§ - %(29 +N)B? f L7 PR )] R G«
R

N —26 2g — N —26
= 5Vl + T ——

[Vunld < 0. (4.8)

Let us suppose that lim sup jg’g(un)[un] =[] < 0andso!/ < 0. Otherwise, one knows that

n—oo

llunll — Osince g < N < 26 in (4.8). Combining [ < 0 and (4.7), we accomplish the proof
of the lemma. O
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Remark 4.4 We note that, by adopting (K1) — (K3), the same conclusions in Lemmas 4.2
and 4.3 remain true for the Nehari manifold A/ R.$ agsociated with I, R.$ definedin (1.20). From
now on, we shall employ Lemmas 4.2 and 4.3 for .7ER J directly if there is no misunderstanding.

Now, let us concentrate ourself on the compactness of (P.S) sequence of 7% 5 . Proceeding

as the proofs of Lemmas 3.1 and 3.2, there is a (P S) sequence {u,} of 7, R.5 at the level CR 5
Moreover, it is similar to (4.3) that

RS = RS = mflmij%w)>o (4.9)
veE\{0} ¢
In view of (K1) — (K32), we can argue as Lemmas 3.5 and 3.6 to derive the following
result which is crucial in our problems.

Lemma45 Let1 < g < N and 0 < u < N. Suppose that the nonlinearity f defined in
(1.12) satisfies (h1) — (h3) and (hs) as well as (K1) — (K?2). Let {u, } be a (PS)CR,S sequence
for each fixed R > 0, then {u,} is uniformly bounded in n € N. If in addition we assume that
(h4), there exists a & = Ey(R) such that
sup [lu, | VT < L nﬁn{
neN ]8(y _{-O[RI*W)

U_lN_“} (4.10)

"N+

forall & > &.

Next, we start verifying the (PS) &35 condition of J R.6 , that is, each sequence (P S ) k3
sequence {u,} admits a strongly convergent subsequence.

Lemma4.6 Let1 < g < N and 0 < u < N. Suppose that the nonlinearity f defined in
(1.12) satisfies (h1) — (h3) and (hs) as well as (K1) — (K?2). Let {u, } be a (PS) RS sequence
with up,—u in E for eachﬁxed R > 0, then one ofthe alternative holds: elther u,, —uinE
along a subsequence or c - J; R, 5(u) > mf K . Moreover, we shall suppose additionally
that (4.10) if § = m.

Proof Denoting v, £ u,, — u and assume that v, - 0 in E. Without loss of generality, we
could suppose that v, # 0 for all n € N. According to Lemma 4.2-(i), there exists a unique
t, > 0 such that ¢, v,, € J\/’R’JS Because the case § = & € (0, Nl) is much simpler, we just
show the case § = N - Let us divide the proof into intermediate steps.

Step 1. {#,} is uniformly bounded in R. Indeed, we derive it trivially by following the
calculations in the proof of Lemma 4.2-(iv).

R, N

Step 2. {\IJR’ =] (vp)} given by (2.1) is uniformly bounded in R and W/ | \xIZ; (vp) = 0, (1).

For each fixed o > 0, passing to a subsequence if necessary, we can suppose that v, — 0
in L?(B,(0)) for all p > p*. By (4.10), after very similar calculations in (4.5), we obatin

N _
R, FRw= FR3S
ql||x‘5gl (Un) :/ (Un(x)) (Un(y))d dy < C(R)|Ltn| o 0asn — 0.
lxl<p lx — y[# by

Step 3. Conclusion.
Firstly, adopting the definition of K, for all € > 0, there is a ¢ = o(¢) > 0 such that

K(ex) < Kx + €, Vx| > 0.
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From this inequality, using the Step 2 to obtain

R. Y5 R R+ R. 5
Koo F7'N=T (vp (x) Koo FF" V=T (v () — K(ex)F" N=T (v (x)) K (ey) F ' N 1(vn(y))dx

RY =T
N
- 2/ [Koo — K(0)]F ¥=T (0, (x)) Ko F* e I(Un(y))
- JrY lx — y|#
L
_ 2/ [Koo — K(e0)F ¥ (0, ) Ko F© l(v”(y))dxdy 4Kk Lo ()€
|x|<p [x — y|*

> on(1) — C(R)e.

Similarly, we can conclude that

/ KoofR’%(Un(x))vn(x)KooFRY%(vn(y))dx
RN

lx — y[#

. / K(ex) £ 0T 0, 0)0 K @) F* VT i) | o (D — CRY.
RN

lx —yl#
In view of (4.4), we apply the above two formulas as well as Step 1 and Lemma 2.3 to get

R R+ —tN o,
T . =T
my = jK (tnvn) = jK (Un) N ( K ) (va)[vn]

< 75T () + 0,(1) = CRYE = T = RS w) + 04(1) = C(R)e.

Letting n — oo and then € — 0", we would accomplish the proof of this lemma. O

Due to the appearances of critical exponential growth and convolution operator in the
variational functional J/-%, the proof of Lemma 4.6 seems much more complicated than the
counterpart in [65], but the reader could find that our method is definitely comprehensible and
delicate. It depends on the significant inequality (4.4) which enables us to avoid considering

the relation between lim sup #,, and 1. So, it is a powerful tool when the monotone assumption

n—oo
(hs) is satisfied
As weknow, if {i, } isa (P S) r. sequence with u, —u in E, it deduces that (78-%) (u) =0

by (2.2). Suppose additionally that (4.10) if§ = N 1> then (Jg e ) (1) = 0 by (2.2) again.
Therefore, under the assumption of Lemma 4.6 and Lemma 3.4, we have

— — 1 —
TRy = 7R (u) - %(J“)’(u)[u] > 0. 4.11)

With (4.11) in hands, to derive u, — u in E by Lemma 4.6, it suffices to conclude that

R <

c; my R To reach it, we prove the following lemma.

Lemma4.7 Letl < g < N and 0 < u < N. Under the assumptions of Lemma 4.6, then we
have that lim cf § = mK for each fixed R > 0.

e—0
Proof By (K1) and (4.3) with B = Ky, we derive cR 5> is = mK for all ¢ > 0 which
indicates that ligrl)inf CSR X > mg"s. So, we end the proof by showing lngn j(l)lp cR X < mﬁf.

In view of Lemma 4.1, there exists a vy € N such that JX Ko (vo) =mk Ko Let o(x) :
RY — [0, 1] be a cut-off function satisfying (p(x) = lwhen [x| < 1,¢(x) = Owhen |x| > 2
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and |¢’(x)| < 2 on RV For each o > 0, we define Vo (x) £ ¢(x/0)vo(x). By the definition
of ¢ and the Lebesgue theorem, one has v, — vo in E as o — oo. Using Lemma 4.2-(i),

there exists a t, , > 0 such that 7, ,v, € N RS 4
TR (1, 0v,) = max TR (11, yv,) = max TR (1vy). (4.12)

Employing a very similar calculations in the proof of Lemma 4.2-(iv), {t; o} is uniformly
bounded from above and below in ¢ > 0, up to a subsequence if necessary, we may suppose
that 11m teo = tp € (0, +00). Recalling the facts suppv, C B2,(0) and hm K(ex) =

K (0) Ko for all x € B, (0), we proceed as the proof of Step 2 in the proof of Lemma 4.6
to derive
i, td
|VUQ|Ndx+ﬂ/ [Vo|9dx
B2 (0) 4 JBy0)

_ 1/ / K(sy)FR“(rfgvg)K(sx)fR‘*(rsgvg)fwvgdxdy
B2, (0) /B2y (0) lx — y|*

..7 (ts oVo) = 0

tN tq
N [VuelVdx + ﬁf |V dx
N JBy,(0) q By,

KO)FR8(1,0,)K ©) FRS (1,0,)1
_ l/ / ) (QUQ) O f (QUQ) S.QUdedy (ase — 0+)
B (0) /By (0) [x — y|*

= T8 tgup). (4.13)

Similar to (4.13) and by using #; ,v, € /\ng’g, there holds

KoFR3(t,0,) Ko FR3(t,0,)t0 o0
N | (VupNdx + 18 [ |Vu,l9dx = 0F T tve) Ko™ Wlgve)le.ote
Y Q 4 e W

RN RN RN JRV lx — ¥l

which implies that 7,0, € /\/R"S and hence j,f’a(tgvg) = max,>0 j,f’s(ttgvg) =

max;>o JK (th) On the other hand, because the facts vy € N , szQ ./\/'11;(;‘S and
vo —> v in E as ¢ — 00 are clear, we have that 7, — 1as ¢ — o0 by Lemma 4.2-(iv). As
a consequence, it holds that

ltovg — voll < 17p — 11 - llvgll + llvg — voll = O as ¢ — oo.
It follows from (4.9) and (4.12)—(4.13) that

lim supc = limsup inf max JR ‘S(tv) < lim sup max J (th)
e—0F e—0+ VEENO e—o+ 120

= lim supJ(E ' (ta,gvg) = jlgds(tgvg).

e—>071
Letting 0 — oo and adopting the above two formulas, we have lim sup,_, o+ cX 5 < mggs
finishing the proof of this lemma. O

Proposition 4.8 Let1 < g < N and0 < p < N. Suppose that the nonlinearity f defined in
(1.12) satisfies (h1) — (h3) and (hs) as well as (Kl)_— (K>»). For eachﬁxed R > 0, there is
a sufficiently small &' > 0 such that Eq. (1.19) with § = § € (0, e 1) admits a nonnegative

ground state solb_ttionfor all & € (0, ). If in addition (hy), there exists a & > 0 such that
Eq. (1.19) with § = % has a nonnegative ground state solution for all ¢ € (0, ') and

£ > &.
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Proof For simplicity, we shall take into account the cases § = 8 € (0, N 1) and § = —_
in a unified way. Let {u,} be a (PS) &5 sequence of jR 5. Due to Lemma 4. S,uptoa

subsequence if necessary, there exists a u € E such that u, —~u. Combining (2.2) and (4.10),
there holds (JER 3) (u) = O By means of (4.11), thanks to Lemma 4.6 and (4.9), we are
done provided ¢ S < mK . It follows from Lemma 4.7 that for alle > 0 thereisae! > 0
such that cR 5 < mK + eforalle € (0 e!). We claim that mK < mK . Indeed, there is a
ugy € N % such that JX Ko (uo) =m® K >0 by Lemma 4.1. Via Lemma 4.2-(i), there exists

aty >0 such that toug € /\/'K satisfying jK (touo) = max;>( jK (tuo) Therefore,

Kz K2 - - —
miS = TR tgug) = TR (o) = TR (o) + T2 ) > T o) = mi
showing the claim. The proof is completed by choosing € = mii g(f > 0. O

Afterwards, we shall investigate the concentrating behavior of nonnegative ground state
solution obtained in Proposition 4.8. For short, from now on until the end of this article, all
of the assumptions in Theorem 1.9 would not exhibit any longer.

As a consequence of Proposition 4.8, there exists ¢! > 0 such that for any & € (0, ¢'),
Eq. (1.17) possesses a nonnegative ground state solution ug(x) = ve(e/x) € E satisfying
JSR*‘S(UE) = 05’5 > (, where v is a nonnegative ground state solution of Eq. (1.19). Before
contemplating the concentrating behavior of i, we need the following key lemma.

Lemma4.9 If {u,} C ./\/K satisfies jK (u,,) — mi and u,,—\uo #0in Easn —

00, then u, — ug in E along a subsequence. In particular, (jKO Y(up) = 0 in E and

RS
JKO (uo) = My,

Proof Employing Lemma 4.3, we could suppose that {u,} is a (P.S) sequence of 7 I? .8 at the
level m®% Ko 5 Thanks to (h4), we are able to make sure that Lemma 4.5 holds true. Using (2.2)
and (4.10), we obtain that (j,ff) (uo) = 0.

On the other hand, one has ug € N, II;(;S since ug 7# 0 and so

mkS < TR (ug) — Q(J,ff)’(uo)[uo]

. 5 1 5.
< lgglor(l)f [J,’(e(;a(un) - %(J,ﬁ;‘s) (un)[un]] = mK‘S

0
yielding that u,, — ug in E and then j};o‘g(uo) = mﬁf. The proof is completed. ]

Recalling the definition of v, , that is, 783 (v) = &% > 0.and (77%)'(v,) = 0. With the
help of (4.10), we can follow the proof of (3.8) to find a a family {y.} C RN and 7, 7y > 0
such that

/ lve|” dx > 7y > 0. (4.14)
B (5%)

Lemma 4.10 The family {ey.} constructed in (4.14) is uniformly bounded in €. Furthermore
if we take x* as the limit of the sequence of {e,ye,}, then one has x* € X, where {&, Y, } is
a subsequence of {€y.}.
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Proof Arguing it by contradiction, we suppose that ¢, — 0 and |e,y,,| — +00 asn — oo.
Let us take ¥, = ., and v, = v, for simplicity and define w,(-) = v,(- + ¥,) > 0, then

K (eny + &n3n) FR3 (3 (1))

—ANwp—Aqwp = < o dy)K(Enx‘f‘snyn)fR’g(wn)s X € RNs (4.15)

lx — yl#
and from (4.14), one has
/ lwa|? dx > 7o > 0. (4.16)
B (0)
Obviously, ||lw, || = ||v,|l, thereby {w,} is uniformly bounded in n € N and w,—wg in E

along a subsequence. Moreover wo > 0 and we can see that wo # 0 from (4.16). According
to Lemma 4.2-(i), there exists a t,, > 0 such that r,w,, € NR3 and so lim inf JR"S (tywy) >
Ko n—oo = Ko

mllgf. On the other hand, as a consequence of (K) and Lemma 4.7,

_ N q
RS 4 N In
TR tnwn) = 1 unl) + 21Vl

/ K (60X + £050) FR (t,w) K (60% + £50) FR3 (1,w)
- dxdy
RZN

lx — y[#

_ 7RjS RS _ RS _ RS _ R3S
= LZ;” (tavn) < I}l>aOX k7gn (tvp) = jgn (vp) = Ce, = mKO +0,(1),

which indicates that 11m sup j Ko (tn wy) = m§ and so 11m .,7 Ko (tn wy) =m Ky R.3 . Proceed-

ing as the proof of Lemma 4.2-(iv), there isa g > 0 such that lim 7, = tp > O along

n—oo
a subsequence. Adopting the uniqueness of the weak limit, we derlve thwy—towo 7# 0 in

E. In summary, we have concluded that t,w, € N, RO , hmn%ooj Ko (t,,w,,) = mllgo‘s and

thwy—fowo 7# 0. By means of Lemma 4.9, one gets 1, w, — fowo # 0 in £ which implies
that fowg € N ,?(;5. Using Fatou’s lemma and (/5), one has

R

my JK (towo) < JK 3 (towo) = JK (towo) - *(JKO ) (fowo)[fowo]
_N-q.n q
Sl /RNWwol dx
1 / / Ko 2 towo () towo () KoF*2 owo () |
— xdy
N Jrv Jry lx — y|*

1 / / Koo F 2 (towo () Koo F* (t0w0 ()
RN JRN lx — y|#*

< 11m1nf{ —4 ,ﬁV/ IVw,|?dx
qN RN

n—oo

RS R,S
T if / Ko [0 (thwn (X))t wy (x) Ko F (tnwn(Y))dxdy
N RN JRN

lx — y|#

_ 1/ / K (g,x +8n§n)FR"§(tnwn(X))K(€ny+8n§n)FR’g(tnwn(y))dxd
RN JRN [x — y|# Y

L. 5 1 R,§ L. 5
= liminf [ 7,1 (tvn) = 5 (Tigo) (tewn)tnwn]] = lim inf T (1 0n)
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§

< lim inf max 7% 3(tv) = liminf 7X° (vn)—hmlnfc =mp’,
n—>o00 > n— 00

which is impossible, where we have used the formula whose detailed proof is left in the
Appendix

lim
n—oo

/ / K (en + €n3n) FR (1w () K (eny + 8nﬁn)FR’S(tnwn(y))d d
X
RN JRN

N
=l (4.17)

Koo F R (19w (x)) Koo FRS (t0w0 (1))
= dxdy
RV JRN |x — y|*

So, {¥:} is bounded in R". Passing to a subsequence if necessary, we could suppose that
&nYe, — x¥in RN asn — 00. Finally, we verify that x* € X. To the end, let us denote the
variational functional J%° by J X with B = K(x*) > 0. If x* ¢ %, then K (x*) < Ko by
the definition of X in (K>). In this situation, arguing as before,
- - - - 1 -
m? < T& (towo) < T (towo) < T (towo) — —(J,’;(;“)’(zowo)[mwo]
< lim inf maxj s(tv,,) = hm 1nfj (vn) = hm 1nfc J mﬁg

n—>o00 >

a contradiction. The proof is completed. O

Lemma 4.11 Up to a subsequence if necessary, w,, — wy in E as n — oo, where {w,} and
wo are given by Lemma 4.10. Furthermore, there exists a &2 > 0such that limy 500 we (x) =
0 uniformly in e € (0, €2).

Proof In view of the proof of Lemma 4.10, that is, t,w, — fowg #% 0in E and #, — o with
to > 0, then we can conclude that

tollw, —woll = lltown —tywy +tyw, —towo |l < [ty —tol - llwy ||+ [ty w, —towpll — 0 (4.18)

which implies that w,, — wp in E as n — o00. By (4.15), one has

* RS _
— Awwo — Aquip = (/ K&*F (w"(y))dy>K(x*)fR’5(wO), x e RV,
RN lx — y|*

shaoing that wg € /\/',I;(;S. Recalling fowq € N,?(;S by Lemma 4.10 and using Lemma 4.2-

(i), we have f9p = 1. Again Lemma 4.10 exhibits us that lim jR’S(tnwn) = mR’S, then
n—o0 "~ Ko Ko

J, Ifo’g(wo) = J, Ilgo’g(towo) = m,lgf which reveals that wq is a ground state solution of Eq.
(4.18). We claim that |w;, |~ is uniformly bounded in n € N. Indedd, due to (4.15), {w,} is
a sequence of solutions of

K S FR,S _
A= A = (/ (eny + &n3n) (”(y))dy>1((enx+e,,yn)fR*3(u), X €RV,
RN

lx — y|#
. 4.19)
Since Koo < K(gpx+e,yn) < Koforanyx € R¥ and fR"S(t) > Oforall# € R, proceeding
as the very similar calculations in Lemmas 3.10 and 3.14 to look for a constant C(R) > 0
independent of n € N such that |wy |, m+1, < C(R)|wp|s foreverym € N*. Thus, we derive
the claim by m — 4-0o0. Moreover, thanks to the results found in the works of DiBenedetto
[25] and Lieberman [38], there holds that w, € C-7 (RM) for some y € (0, 1). Finally, we
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shall focus on verifying the decay property at infinity of w, when ¢ > 0 is sufficiently small.
For simplicity, we continue to use the notation wy,.
Letxg € RN,QO >1,0<t<s<l<popandn e CgO(RN) such that

2
0<n<1, suppn C Bs(x0), n = 1on B;(xg) and |Vn| < —
5 —

Forall ¢ > 1, we define A, ; , = {x € By(xo) : w,y(x) > ¢} and
0r= [ VIl + 1V,
An.{,s

Therefore, taking n, = nV(w, — &)1 as a test function of Eq. (4.19), there holds

N / (Vw2 4 (V20" (wy — &) Vw, Vi
A

n,g,s

+/ (Vw4 [Vw, [N dx
A

n,g,s

< K2 fA el % FR5 (w1 £ 5 wn)n™ (wy — £)*dx
n,g,s

=cm | FRS wan™ (w, — o)t dx,
n,g,s

where we have adopted (5.3) below and argue as the Claim in Lemma 2.2. Because |w |0
is uniformly bounded, letting v = o in (2.3), we obtain

/ IR wan™ (w, — 0)Fdx < c<R)< /
An.[,.\'

An,[,x

[(wy, — ;)+|odx + §G|An,§,s|)
which implies that

0, < N/ (Vw2 4 [V 720N (w, — )|V, [Vl
A

n,g,s

+C(R)</ I(wn—§)+|“dX+C“|An,c,s|>-
An.{.s
Exploiting the definition of 1 and Young’s inequality, we can infer that

/ IVw,|Ndx < Q, < c<R>(/
An.t,t An.[,.&'

where C(R) does not depend on n and ¢ > 1. So far, we could argue as [6, Lemma 3.5] step
by step to accomplish the proof of this lemma. O

wp — ¢

g
dx, +§U|A,,,;,S|>.

We are in a position to present the proof of Theorem 1.9.

Proof of Theorem 1.9 Setting £* = min{e’, £2, &3}, then it follows from Proposition 4.8 that

Eq. (1.19) admits at least a nonnegative ground state solution v, for every ¢ € (0, £*), and so
ug = vg(-/¢) is nonnegative ground state solution to Eq. (1.17) for each ¢ € (0, ¢*). Next,
we shall complete the proof one by one:

(a) Due to the proof of Lemma 4.11 and w, (x) = v (x + yg), there exists a o > 0 such
that we (x) has a global maximum point k; € B, (0) and hence we can deduce that the global
maximum point of v, is given by z, £ Ve + k. Notice that u, (x) = v.(x/¢), one could easily
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derive that u.(x) possesses a global maximum point ¥, = €z,. Since k; € B,(0) has been
chosen and Lemma 4.10 tells us that ey, — x* as ¢ — OV, it holds that y, = sz, — x*.
Recalling K (x) € C(RV) and x* € %, we have

lim K(y:) = K(x*) = Ky.
e—01
(b) It follows from the above facts that
e (x) = ug(ex + ye) = ue(ex +£2¢) = Ve (X + 2¢) = ve(x + ¥e + ko) = we(x +ke).
Since |k¢| < 0, we may suppose that k, — kg along a subsequence as & — 07. In view of

the proof of Lemma 4.11, there holds &, — wo(x + ko) £ %in E. Thanks to the translation-

invariance of 7. Ifo’g and (7, II;;S)’ , we could conclude that Z is a ground state solution of Eq.
(1.18). The proof is completed. O

With Theorem 1.9 in hands, now we can give the proof of Theorem 1.8.

Proof of Theorem 1.8 Inspired by the proof of Theorem 1.3, it suffices show that the solution
ve of Eq. (1.19) obtained in Theorem 1.9 is uniformly bounded in R > 0. To reach it,
by choosing some suitable @* and T,, we could verify that £ admits the similar growth
condition to (3.13) and (3.17), respectively. Then, the remaining parts would be trivial and
we omit the details. O

As one can find that Theorems 1.8 and 1.9 only exhibit the existence of ground state
solutions, it is natural to wonder that whether Egs. (1.1) and (1.17) always have ground state
solutions. Actually, it would not be true if we slightly modify the conditions (K1) — (K>).
More precisely, let us replace them with the assumption below

(K) K € CORN) satisfies 0 < K (x) < Ko for every x € RY and the strict inequality
holds true on a positive measure subset.

Firstly, we derive the following surprising result.

Lemma4.12 Let 1 < g < N and0 < pu < N. Suppose that the nonlinearity f defined in
(1.12) satisfies (h1) — (h3) and (hs), then for each fixed R > 0, mﬁi = cgmfor everye > 0.

Moreover, if § = N/(N — 1), we should suppose in addition (hy) with € > O sufficiently
large.

Proof For all € > 0, there exists u¢ € NERS such that RS < RO < R34 e Tn
particular, one deduces JER"S (ue) = max;>o jSR"S (tue) by Lemma4.2-(i). Using Lemma 4.2-
(i) again, there is . > 0 such that fcu, € ./\f,lé;:s and j};;f (tette) = max;>o jli’f (tteue) =
max;>0 J (tue). By (K),

RS RS _ RS R.5 _ RS R,5
M, = Jiy, Uette) = max Jyg (tue) = max J"(tue) = Jo"(ue) < ¢g7" + ¢

indicating that mg’i < cf"s by tending n — oo. Next, we show that 05,6 < mllg;‘z for all

e > 0. _
By Lemma 4.1, the problem (4.1) with B = K has a ground state solution u, € N,?Oj

verifying Jlfo’j(uoo) = m§£ Let {x,} ¢ RV satisfy |x,| — oo as n — oo and set

Uy (X) £ oo (X —Xy,). Thanks to the translation-invariance of 7 Ilgj and (J If;f)’ , we conclude
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thatu, € N,foj and j,f;f (up) = mﬁo‘i By means of Lemma 4.2-(i), there exists ¢, > 0 such

that r,u, € /\/ER*S. In view of Lemma 4.5, we can show that {u,} satisfies (4.10). So, up to
a subsequence if necessary, it holds that lim,_, #; = 1 by Lemma 4.2-(iv). Arguing as the
calculations in Subsect. 5.3 in the Appendix, we have that

i Koo F R (1,000 () Koo F R (1,000 (1))
im o Jon dxdy

n—o00 |)C _y|ll«

. K (x4 £5,) FR3 (1,000 (1)) (Y + £52) FR3 (1,000 (7))
lim dxdy.
n—>00 Jgn JrN |x — yl#

It follows from all the discussions above that

; 5 1 Koo FR3(1 Ko FRO(
JSR’B(tnUn) _ J]I(e’é(fnvoo) + 7/ / 00 (th Voo (X)) Koo (nvoo()’))dx
°° 2 JrN JRN lx — y|#

~ / / K (ex + e50) F* (13050 (0)) ey + £50) FR oo (7))
RV JRN lx — y[#

dy

dy
= Joo(Voo) = Moo,

showing that cf"s < mg’o‘z. Therefore, we can derive c® S = mgoi The proof is completed.

[m}

Proposition4.13 Let 1 < g < N and O < u < N. Suppose that the nonlinearity f defined
in (1.12) satisfies (h1) — (h3) and (hs), then for each fixed R > 0, Eq. (1.19) with §=35
does not admit ground state solution for all ¢ > 0 in E. Moreover, if we suppose additionally
that (hy), then for each fixed R > 0, there is a &y = £y(R) > 0 dependent of R such that Eq.
(1.19) with 8§ = N /(N — 1) does not possess ground state solution in E for all & > & and
e>0.

Proof Arguing it by contradiction, we could suppose that there exist &9 > 0 and ug € E such
that 7R%(vg) = & and (78%) (v9) = 0. Using Lemma 4.2-(i), one knows 7% (vg) =
max;>( jel(f S (tvp). Taking Lemma 4.2-(i) into account again, there is a constant fo > 0 such

RS _ RS
Koo = &0

that fgvg € leoj Recalling Lemma 4.12, that is, m c one has

RS RS RS R,8
myg < Jg! (tovo) < Tpy" (fovo) < max Tey * (tv0)

R,§ RS RS
=T (o) = P = my?

showing that j,fo’f (tovg) < jglg*g(tgvo). While, we shall exploit (K) to get

5 5 1 Koo F R (1900 (x)) K oo F R (1900 (1))
T (tvo) = TR (19v0) — */ / = = Y dxdy
e 2 RN JRN |x — y|M

! / / K (0x) F 2 (tovo (1) K (e0y) F** (towo(y))
2 JrN JrN lx — y[#

dy

RS R,8
< Jgy " (tov0) = Tk (tovo),

a contradiction. The proof is completed. O
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Remark 4.14 As one can find in Proposition 4.13, we have showed that Eq. (1.17) does not
have ground state solution. However, one cannot demonstrate that there is no ground state
solution for Eq. (1.1). As far as we are concerned, it is interesting to consider it further.

5 Appendix

In this section, we mainly accomplish the detailed proofs of some facts that are left in the
previous sections.

5.1 The validity of (2.9)

Define v, = u, — u and w,, = |v,| + |u/, then we have that

o—1 o2 e ' s
(lvn|® 7 |ul + ul”)?N=rdx < Cy [vn| |u|2V=rdx + |u|2N=rdx
RN RN RN

2No UT7] 2No Ul 2No
< C1[</ |vn|421v—udx) </ |u|‘zzv—udx) +/ |u|721v—,ldxj|
RN RN RN

WD 2o 3 N
< C1| @sup ) T / W ax)” + / | 5
neN RN RN

and sup, .y [|wn |71 < 35T sup, .y lunl| T which is appled in (1.8) to get

2N
[ ot w5y s
R g v +aR N=T), o
N—n N
o—1 o 2N 2N-p 2N—u
< (vnl® ™ lul + u|”) V=1 dx N N N (wnl/llwalDdx
RN RV 2(y+aR" N=T)[lwa | N-T jo

1) N—pn

2No % 2No IN—1) 2No 27\/;#
2No = 2No  \ @N- 2No i
< C2|:</ |vn\N—udx> e (/ |M|N—udx> 7y (/ |u|N—udx> ]
RN RN RN

N—pn N—p
2N(o—1) 2No Q@N=wo 2No 2N
<Cp (sup [lvn H) 2N—p || N=H dx + |lu| N-r dx .
neN RN RN

Letting v = o in (2.3), one has

RN RN bR
(PR = PR 0] < [ 15
0

< C(Jval”ul + |ul)
+ CR)Y(Jva " || + u”) @ v (wal)
y+a

R N-T jy

which together with the above two formulas implies that

R.§% _ FR¥S W
|F5N=T (up) — F7N=T () |2V -1 dx
RN

1 N—
2No 3 2No 2No (2N—f:)a
<Cz lu|2N-rdx ) + |u|2N-rdx + |u|V-rdx
RN RN RN
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N—p

2No. 2N—u

+(f |u|~wdx> ]
RN

From this inequality, we could exploit the generalized Vitali’s Dominated Convergence
theorem to finish the proof of (2.9).

5.2 The validity of (3.16)

We begin verifying the validity of (3.16) which is a crucial gradient in the L°°-estimate of
nontrivial solution. It infers from the Holder’s inequality that

N N
@-1) a ¥ 7
(/RN M%MCIIQ,L dx) < (/I‘QN lur|® dx) (/RN |uR|de)

and we apply the constant Y > 0 in (3.13) together with (1.8) to deduce that

(c—q)N
g

(o=¢)N

N N
@-=1) q o o o4q
gDyt (ug)u dx) s(f lug| dx) (/ ® 0yt .(LlR)dx>
(/RN wr g RL RN RN Fhe—ayJo

N (c—q)N
o
- |uR|‘“’dx) (/ o N <uR/nuRn)dx)
</RN RV 2NTO L WT

K(o—q)

Letting v = ¢ in (3.13), by the above two formulas as well as Lemma 2.1 and (3.10), we

obtain v
( / fR*5<uR>uRu‘§e‘i")dx)”56< / |uR|“’dx> 5.1)
RN ’ RN

for some C > 0 independent of R > 0. Similarly, we can derive

N a=N
/ uGuy 'y Vdx < </ IuRI"ﬁdx) </ IuRI"dx)
RN ’ RN RN

N
/ gl Payr . (run s Vdxdx < (/ |uR|‘”’dx) (/ D wyro .(uR)dx)
RN K »Jo ’ RN RN  K-N)'J0

a—N

N =N
= IuRIGﬁdx> </ D v (up/llu ||)dx>
(/]RN RN 2 | VT o !

which together with v = N in (3.13) indicate that

/ FROuRugu Y Vax < c(/ |uR|f”’dx> (5.2)
RN ’ RN

for some C > 0 independent of R > 0. With the help of (5.1) and (5.2), we immediately get
(3.16) by tending L — +o0 in (3.15).

Q=

and

af=

Remark 5.1 The estimate which is vear similar to (3.16) in the proof of Lemma 3.14 would
occur, thanks to £y > 0 which is independent of R > e in Lemma 3.11, we could make
sure that ||u, || is sufficiently small. In other words, by means of some trivial adjustments in
Remark 3.12, all of the calculations in Subsection 3.2 are true and we can still get the desired
estimate.
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5.3 The validity of (4.17)

Let us denote w,, = f,w, and wo = fowy for short. In view of the proof of Lemma 4.10, we

deduce that {w,} is a minimizing sequence of mﬁf and w, — wo # 0 in E. Because the

case§ = & € (0, 37 is simple, we only consider the case § = ;. Exploiting Lemma 4.5,
there holds .
sup ||, || VT < W min{a_ , _“}. (5.3)
neN 18(y + aRTF-T) o N+u

So, we can apply it jointly with (1.8) and (2.3) with v = ¢ in (1.5) to get

R oo N o :
/ (/ Fli(w"(y))dy>FR’m(J}n(x))dx < (/ Iwnl%do
RN RN |)C - y|'u RN

2No
Recalling w, — wg in L2V-r (RV), for all € > 0, there is a sufficiently large 0 > 0 such
that

N—p

RS
/ ( / Mdy)ﬂ%(w»dxscwk
x|z \ JRN

lx — y[#
Given € > 0, for all y € B,(0), there is ng € N such that K (g,y + £,y,) — Koo < € for
n > ngp, thus

N

- R’ = —
/ (/ [K(gny + 8ﬂyl’l) - KOO]F N-1 (wﬂ(y))dy)KOFR,%(an(x))dx S C(R)f
|x|<o RN |x - y|“

As a consequence, there holds

/ K (e + £n3) FRS (10, () K (60 y + 20 5n) FRD (10 (1)) — Koo FR (10, (x)) Koo FRS (10, ()
]RZN

dxdy
lx — y|#
_ R-N_ R-N_
52/ [K (enx + &nyn) — Kool F>N=1 (0, (x))KoF " N-1 (w"(y))dxdySC(R)e.
R2N lx — y|#

On the other hand, W, = w, — wo — 0 in LP(RY) for all p > ¢*, using a very similar
arguments in Step 2 of Lemma 4.6, we obtain

Koo FR9 (i, (1)) Koo F R (i),
lim /RN fRN oo 1% (W (X)) Koo F™° (w0 (y))dxdy _o

n— 00 [x — y|H

From them, letting n — oo and then € — O™, it must have that

. K (0% + £230) FRD (0, 00) K (€0 + €0 30) FRS (10, ()
lim dxdy
n—o00 JrN JRN lx — y[#

; / / Koo F R (1, () Koo F R (10, (7))
= lim dx
RN JRN |x — y|#

dy

n—oo

/ / Koo F R (100 (x)) Koo F R (100 (1)) dxdy
RN JRV |x — y|*

showing the desired result.
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