Mathematische Zeitschrift (2024) 307:43

https://doi.org/10.1007/500209-024-03520-w Mathematische Zeitschrift
()

Check for
updates

Critical planar Schrodinger-Poisson equations: existence,
multiplicity and concentration

Yiging Li' - Vicentiu D. Radulescu®34>5 . Binlin Zhang'

Received: 13 December 2022 / Accepted: 9 May 2024 / Published online: 30 May 2024
© The Author(s), under exclusive licence to Springer-Verlag GmbH Germany, part of Springer Nature 2024

Abstract
In this paper, we are concerned with the study of the following 2-D Schrédinger—Poisson
equation with critical exponential growth

—?Au+ V() 4 eIy * |u|)|ul92u = f(u),

where ¢ > 0 is a parameter, /, is the Riesz potential, 0 < o < 2,V € C (]RZ, R), and
f € C(R, R) satisfies the critical exponential growth. By variational methods, we first prove
the existence of ground state solutions for the above system with the periodic potential. Then
we obtain that there exists a positive ground state solution of the above system concentrating at
aglobal minimum of V in the semi-classical limit under some suitable conditions. Meanwhile,
the exponential decay of this ground state solution is detected. Finally, we establish the
multiplicity of positive solutions by using the Ljusternik—Schnirelmann theory.
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1 Introduction and main results

In this paper, we consider the existence and concentration properties of solutions to the
following 2-D Schrodinger—Poisson problem:

{ —2Av+ V() + e %I, * [v|D)[v|9%v = f(v) in R?,

v e Hl(Rz), (11)

where ¢ > 0 is a parameter, V : R? — R and f : R — R are continuous functions,
1 < g < oo, while I is the Riesz potential with 0 < o < 2, defined as

Aq ré3%)
I =——, Ay = ——=——. 1.2
o(x) |x|2_a a nZ“F(%) (L.2)
In fact, problem (1.1) is equivalent to the following system
—e2Av+ V(x)v + v ~%v = f(v) in R, (1.3)
£%(—A)i¢ = |v|? inR2. '

This is due to the fact that /, is the Green function of the fractional Laplace operator (— A)%
(see for instance [40, Section 5.1.1]). This is a Hartree-type model with the fractional Poisson
equation. From a physical viewpoint, fractional powers of the Laplace operator play an
important role in many situations in which one may need to consider nonlocal interaction
and anomalous diffusion, see [18, 33] and references therein.

For the nonperturbed case ¢ = 1, let « — 27, then problem (1.3) reduces to the planar
Schrodinger—Poisson system:

{—Av + V@) +¢v|9 %0 = f(v) inR?,

—A¢ = |v]? inR2. (1.4)

This type of system like (1.4) appearing in the physical literature can been seen as an approx-
imation of the Hartree—-Fock model about quantum many-body system of electrons, for
example, see [25] for a mathematical presentation of Hartree—Fock approach. Under this
context, problem (1.1) is known as a Schrodinger—Poisson type system. We refer to [6, 29,
30, 36] for more physical backgrounds. Furthermore, since I, * ¥ — ¥ asa — 0™, for any
Y e Cg° (R?), the following local Schrédinger equations can be viewed as the formal limit
of (1.4):

—Av+V@v+ v % = f(v) inR%

Similar equations have been investigated in [1, 10-12, 15, 16, 19, 22-24, 26, 31, 37, 42] and
further references therein.

Especially, in the two dimensional case, we exhibit some related results. Chen and Tang
in [12] considered the following Schrodinger—Poisson system

{ —Au~+V@u+you = f(u) inR2,

A¢p =u? inR?, (1.5

under the axially symmetric potential, they developed some new variational technique to
verify the existence of nontrivial solution and ground state solution for system (1.5) with
y = 1. Liuetal. in [31] focused on the system (1.5) with V = 1, and proved the existence of
positive solutions by introducing a new variational method. Du and Weth in [19] concerned
the Schrodinger—Poisson system as above with V = 1, f(u) = |u|P~2u, where p > 2.
Based on variational approach, they proved the existence of ground state and high energy
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solutions. Cingolani and Jeanjean in [14] dealt with the Schrodinger—Poisson system with
prescribed mass as follows

_ ) 2\, =2, o w2
{ Au+y (log|-|*|ul*)u=alulP~>u inR?, (16)

Jp2 lul?dx = c,

here ¢ > 0,y,a € R, p > 2. They investigated the existence of standing wave solutions
for system (1.6) by variational arguments. Shen et al. in [39] studied the Choquard-type
Schrodinger equation

—Au+V@u = (x| % (Qx)Fu)) Q(x)F(u) x € R?,

here V and Q decay to O at infinity. Under the critical exponential growth on nonlinearity, the
authors obtained the existence of nontrivial solutions and bound state solutions by establishing
a weighted Trudinger—Moser inequality.

Before the formal statements, we show the critical exponential growth condition here. In
dimension two, we call f has critical exponential growth if the following assumption holds:
(f1) For any a9 > O,

lim

t—+00 eot012

f@ o, Voo > 4,
+00, Voo < 4m.

The above critical exponential growth in dimension two was established under the
Trudinger—Moser inequality sense in Sobolev space, and describes the sharp maximal expo-
nential integrability of the functions. Furthermore, the Trudinger—-Moser inequality can be
used as substitute for the Sobolev inequality, which proposed by J. Moser [35]. Indeed, Cao
gave the first version of the Trudinger-Moser inequality in R? in [9], one can see as follows:

Lemma 1.1 (Trudinger—Moser inequality [9])
(i) Ifag > Oand u € H'(R?),then

/ <e“°”2 - l)dx < 00;
R2

(i) Ifu € H'(R?), ||Vu||% <1, lulla € G < 00, and oy < 47, then there exists a constant
C(G, ap), which depends only on G and oy, such that

/Rz (e"‘)”z - 1) dx < C(G, ap).

Now we recall some achievements about the concentration behavior of solutions when the
nonlocal term is on the right-hand side of equation which is called Charquard type equation.
Moroz and Schaftingen in [34] consider the following nonlocal equation

—&2Au+ Vu =y * [ul?)|u’">u inRV.

Using variational methods and nonlocal penalization technique, the authors obtained that
there exist a family of solutions concentrating to the local minimum of V. In [7], Bonheure,
Cingolani and Secchi performed a semiclassical analysis for the planar Schrodinger—Poisson
system

—&2Au+ V(x)u = E(x)u in R,
—AE = |u]® inR?,
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where E(x) = [p2log |x%yllu(yﬂzdy, V is a bounded external potential. By adapting a
perturbation method [3, 4] and a nondegeneracy result [8], they proved the existence of
solution pairs as ¢ — 0. In [2], Alves et al. investigated the following critical nonlocal
Schrodinger equation with singularly perturbation:

1
—e2Au + V(x)u = gh2 [W * F(u)] f(u) in R?,
X
where 0 < u < 2. They obtained two results by variational methods. Specifically, the first
one they established is the existence of ground state solutions for above equation with periodic
potential and ¢ = 1 under the assumptions as follows:

V1) V(x) = Vp > 0 for some Vy > 0;
(V») V(x) € C(R%, R)isa 1-periodic function;
(f]) (1) f(#) =0forallz <0,and 0 < f(¢) < Ce*™ forall ¢ =0
(ii) there exist 11 > 0, M1 > 0,g € (0, 1] such that 0 < t9F(t) < M f(¢), for any
|t| > t1, where F(s) = [ f(1)dr;
(f2) thereexist p > (2 — w)/2 and Cj > 0 satisfying f (1) ~ Cl;tﬁ, when t — 0;
(f3) thereis K; > 1 suchthat f(t)t > K1 F(t), Vt > 0;
4—pn
tf (OF () e Voph  (4—p)?
871 167r2p8_” Q-mwB-mw’

(f) limy o > B, here B > inf -0

The second one they proved is about the existence and concentration behavior of ground

state solutions with positive and bounded below potential when ¢ — 0, in which they used
the hypotheses ( f1)—(fa) and the following assumptions:

(V) VeCR:R)and 0 < Vg := infpa V(x) < Voo = limjyj 00 V(x) < 00;
(fs) t — f(¢t) is strictly increasing on (0, 00).

There is a result of Schrédinger—Poisson type involving the Riesz potential in R2. As a
particular case, Mercuri et al. in [32] studied the nonlocal equation of Schrédinger—Poisson—
Slater type:

—Au+ gy * |u|P)|u)”2u = [u|9>u inR?,

where p > 1,¢q > 1. They considered the Coulomb-Sobolev function space, and obtained
the existence of solutions to the above equation by proving a family of optimal interpolation
inequalities. The authors also established some qualitative properties of solutions, such as
regularity, positivity, radially symmetry and so on. A natural question is whether there exists
the concentration behavior of ground state solutions. A goal of this paper is to gives an
affirmative answer in the two dimensional case.

In the paper mentioned above, authors always used the Hardy-Littlewood—Sobolev
inequality to handle the convolution term, here we would like to demonstrate as follows.

Lemma 1.2 (Hardy-Littlewood—Sobolev inequality [28]) Let & € (0,2) and s € (1,2/w).
Then for any ¢ € L5 (R2), I, « ¢ € L%(Rz), and

2
s 2—as
/|Ia*¢|ﬁ7dx<6(a,s)</ |¢|de) .
R2 R2
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Remark 1.1 The normalisation constant A, of (1.2) guarantee following property of I, holds:
Iyyy = Iy % I;, where s, t € (0,2),s + 1t < 2, see [20]. Then, one can read the Hardy—
Littlewood—Sobolev inequality as follows:

2+
2 4 7
/(Ia*lulq)lulqu=/ Ig*|u|‘1‘ dxgc(/ |u|2Tqadx>
R2 R2 ! 2 R2

Furthermore, by using the Sobolev embedding inequality, we have

2q
/ (Ig * [u|D)|u|?dx < C(a, q) U (|Vul> + uz)dx] ) (1.7)
R2 R2

In the present paper, we study the existence, multiplicity and concentration behavior of
positive solutions for the Schrodinger—Poisson problem (1.1). Meanwhile, we give some
properties of positive solutions. Firstly, performing the scaling u#(x) = v(ex) in (1.1), we
obtain the following rescaled problem

— Au~+ V(ex)u + (Ig % [u|D|u|?*u = f(u) inR?, (1.8)

One can easily get the corresponding functional as follows:

1 1 1
I (1) = f/ |Vu|2dx+f/ V(sx)uzdx+—/ (Ia*|u|q)|u|qu—/ F(u)dx.
2 Jr2 2 Jr2 2q Jr2 R2
(1.9)

Let H'(R?) denote the Sobolev space endowed with the standard norm

llull := (/ (IVul? +u2)dx)7 .
R2

Denote by E the Sobolev space endowed with the norm

lullg = (/ (IVul? + V(Ex)uz)dx>§ .
R2

It is obvious that ||u| g is equivalent to the standard norm under the assumption (V). Also,
let

1

2 2 : 2 2 2
lullv, == (/ (IVul”+ Vou )dx> s ullvy = (/ (IVul” + Voou )dx> :
R2 R?

It is standard to verify that I, € C!'(E, R) and the critical points of I, correspond to the weak
solutions of problem (1.1).

Inspired by the approach of [2, 32], in this paper we prove the existence and concentration
behavior of positive solutions for problem (1.1). Precisely, by using variational method, we
obtain the existence of ground state solution of (1.1) with ¢ = 1 under periodic potential
hypotheses (V1) and (V). And, compared with the constant potential problem, we get the
existence of ground state solutions for problem (1.1) under bounded potential assumption
(V), and then the concentration behavior of the corresponding ground state solution is proved
by Moser iteration argument. Besides, the exponential decay of this ground state solution is
investigated by maximum principle. Finally, we shows the multiplicity of positive solutions
based on the Ljusternik—Schnirelmann theory. Similar to the case of ground state solutions,
concentration behavior and exponential decay of positive solutions are obtained.
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More specifically, the main results we obtained in this paper are three-fold. The first one we
establish the existence of nontrivial solution for (1.8) under the periodic potential hypotheses
(V1) and (V»). In addition, we suppose ( f1) and the following assumptions about nonlinear
term hold:

(f>) lim,_ o+ ff’) =0, f(t) =0fort <0and f(t) > 0fort > 0;

[1 + C(a, g)Jez"®)?’
2

1f (1)

[t|—>00 gdmt?

(f3) there exists p > 0 such that 8y > and

= Po,

where C(«, g) > 0 is a constant comes from (1.7), V(p) = SUP|yi<p V(x).

)t +2F(t
(fa) t — % is strictly increasing on (0, 00).

There is a simple example of function f satisfying ( f1)—(f1):

fo=1{" =0
- tae4m‘2+ta—2’ t>0,

where a > 2q + 4.
Now we can demonstrate the first main result as follows.

Theorem 1.1 Assume that (Vy), (V) and (f1)—(fa) hold. Then problem (1.1) withe = 1 has
a nonnegative ground state solution in E.

The second part of paper is about the existence and concentration behavior of positive
ground state solutions for (1.8) under the assumption (V). It is worth mentioning that there
are only three papers [2, 7, 34] considering the concentration behavior of solutions for
Schridinger—Poisson problem in R?, to the best of our knowledge. In fact, since the nonlocal
term is fractional, it is difficult to get the upper bound of mountain pass value for semi-
classical limit about problem (1.1). Moreover, we concern the problem with more general
convolution term and nonlinear term. Here is the second main result.

Theorem 1.2 Suppose that (V) and (f1)—(fa) hold. Then, for ¢ > 0, problem (1.1) has at
least a positive ground state solution v, (ex) in H L(R2). Moreover, the following statements
hold:

() let ne € R? be a global maximum point of this positive ground state solution ve(gx) to
(1.1), then

Iim V(ne) = V.
e—0

Meanwhile, for all €, — 0, vg, (exx + 1¢,) converges to a positive ground state solution
of the following equation

(1.10)

—Au 4 Vou + Iy % [u|Du|?2u = fu), inR2,
u € H' (R?).

(i) there exists C > 0, k > 0 independent of n such that

[ve(X)] < Ce™ €Wl vy e R2,
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In the third part, we concern the multiplicity and concentration behavior of positive solutions
for problem (1.8) under the assumption (V). In order to correlate the number of solutions
with the topology of the set of minima of the potential V', we present the sets

=xeR?:Vx) =V
and
= {x € R? : dist(x, ®) < 8} for§ > 0.

Note condition (V) introduced by Rabinowitz in [38] guaranteers that the set ® is compact.
In addition, we recall that, if Y is a closed subset of a topological space X, caty(Y) is the
Ljusternik—Schnirelmann category, that is, the number of closed and contractible set in X
which cover Y. The third main result can be stated as follows.

Theorem 1.3 Suppose that (V) and (f1)—(fa) hold. Then, for any § > 0, there exists s > 0
such that problem (1.1) has at least cate;(®) positive solutions for € € (0, &5). Moreover,
the following statements hold:

() let 7z € R? be a global maximum point of vs(ex) which is one of these positive solutions
to problem (1.1), then

lim V(i) = Vp.
e—0

(ii) forall g, — 0, Vg, (6nx + 7),) converges to a positive solution of Eq. (1.10). Moreover,
there exists C > 0, k > 0 independent of 1, such that

[0:(x)] < Ce™ el vy e R2,

Compared with [2], we impose mild hypotheses on nonlinear term f, such as, we do not
suppose ( fl)(u) and ( f’;) hold. In addition, Alves et al. in [2] considered the problem with
the convolution term on the right-hand side, that is, this type of equation is a Choquard-type
problem which has been investigated extensively in recent years. In this paper, we consider
the convolution term on the left-hand side, which makes the problem more delicate.

This paper is organized as follows. Section 1 proves Theorem 1.1. Section 1 and Sect. 4 give
the proof of Theorem 1.2, exactly, Sect. 1 illustrates the existence of ground state solutions
for problem (1.8), Sect.4 explains the concentration behavior and exponential decay of the
ground state solution for problem (1.1). Section 5 shows the proof of Theorem 1.3.

Here we state some notations used in this paper:

e L*(RY)denotes the Lebesgue space equipped with the norm ||u ||, = (IRN |u |de) s , 2<
s < +00;

e Br(y) denotes the open ball centered at y with radius R > 0;

e C,C and C denote different positive constants in different places.

2 Proof of Theorem 1.1

In this section, we are dedicated to the proof of Theorem 1.1. First of all, we investigate
some technical lemmas which will be used later.
Lemma 2.1 Assume that ( f1)—(f3) hold. Then

(i) there exists p > 0 such that I¢|s,(u) > 0,Vu € S, = {u € H'(R?) : |ullg = p};
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(i) there is e € H'(R?) with |le||g > p such that I,(e) < 0.

Proof (i) From (f1) and (f3), forany € > 0, p > 2 and B8 > 1, there exists Cc > 0 such
that

\F()| < €|t + Celt|? [e“”ﬂ’z _ 1] . VieR. 2.1

As in [13, Lemma 2.1], let £ € (0, 1) and 2ﬂ||u||% =& < 1, for some C(¢) > 0, one
has

1
2
/RQ Fdx < ellull} + C@lul},. for flullz = (%) :

Then, using Sobolev embedding inequality, we have

1 1 1
I (u) = / |Vu|2dx+f/ V(ex)uzdx—i——/ (10,*|u|q)|u|‘1dx—/ F(u)dx
2 Jr2 2 Jr2 2q Jr2 R2
1
> Sl = ellulls = C@lull3,
1
> ~ulf — eCllully — C@lull,

2

where constant C > 0. We can choose p = (%) * with & ~ 07 such that (i) holds.

(i) From (f3), for any &€ > 0, there exists Rz > 0 such that
F(s) > (fo — 8¢, Vs > Rs. 22)

By (f2) and the Taylor’s expansion, we obtain

/ F(tu)dx > / (Bo — B)e* (10 4y
R2 R2
o0 4 2. .2\n
Z/Rz(ﬂo—é);( ’”n!”) dx. 2.3)

Note that

1? 5 1? 5 124
I.(tu) = 5/}}@ [Vul“dx + 5/1;2 V(ex)u“dx + Z/RZ(IO[ * |u|?)|ul?dx

—/ F(tu)dx.
R2

It follows from ( f2), (f3) and (2.3) that lim;_, , I.(fu) = —oo. Then we can choose
T >Osuchthate = Tu € {u € H'(R?) : |lullg > p} and Iee) < 0. ]

Now we verify that the nontrivial weak solution of (1.8) is nonnegative.

Lemma 2.2 Assume that (V) (or (V1)) and (f2) hold. Then any nontrivial critical point of
I, is nonnegative.

Proof Setu € HI(RZ)\{O} is the critical point of I, u™ = max{u, 0}, u~ = max{—u, 0}.
Since (I (u), —u~) = 0, we know
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/ [Vu| - |V(—u")|dx —I—/ V(ex)u(—u)dx
R2 R2
+/ (I * [u|D)|u|? ' (—u™)dx 2/ fu)(—u")dx.
R2 R2
From (f2), one has f(u)(—u~) =0 a.e. in RZ. Moreover,
/ Viex)u(—u")dx = / V(sx)|u_|2dx,
RrR2 R2

f<1a*|u|q>|u|q—‘(—u—)dx=/ (o # [l [*dx.
R2 R2

From above equations, we conclude that

/ IV () 2dx +/ V(ex)|u™ |*dx +/ Iy * lu|))|u"|9dx = 0.
R2 R2 R2

Using the fact that V (¢x) > 0, one has u~ = 0, which implies that u > 0 a.e. in RZ.

O
From Lemma 2.1, there exists a Palais—Smale sequence {u,} C H (R?) such that
Ie(up) — ¢, 1L(uy) — 0,
where c is characterized by
0<c:= ;Iéili tlg%&)i] I (y (1)) 24
with

= {y ec (0, 11, H'(R?) : y(0) = 0, I:(y (1)) < 0}.
Lemma 2.3 Suppose that ( f1)—(f3) hold. Then

1
c< =

7

Proof Define V(p) = SUP <, V() for any p > 0, then V(p) is a positive continuous
function. By ( f3), fixed p > 0 satisfying

o> L + Cla, q)lerV @’
0

, 2.5
) (2.5)
where C(a, g) from (1.7). Now we consider the following Moser type functions
Jogn,  0<|x| <2,
- 1 log(p/Ix)
= ) ” < X < )
"= Umm | Jlogn o n S ISP
0, lx| = p.

By direct calculation, one has

[l 1% =/ |vwn|2dx+/ V ()|, |*dx
B

13 By
o dr " ? log(p/r)
< / + V(,o)/ rlogndr + V(,o)/ r————dr
£ rlogn 0 o logn
=1+ (Sn»
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where

1 1 1
8n = V(p)p? - - —|>o.
" (P)p |:4logn 4n2logn 2n2] ~

Let w, = w,/|lw,| E, we can easily get that ||w,||g = 1. Now, we just need to prove that
there is n € N such that max;>o I (fw,) < % With the reduction to absurdity, we assume

that there exists #, > 0 such that foralln € N, max;>o I, (tw,) = L (t,w,) > % From (f3),
there exists Rz > 0 such that

sf(s) = (Bo— 8)e*™, Vs > Re. (2.6)

Since % I (twy) |t=4,= 0, using Hardy-Littlewood—Sobolev inequality and Sobolev embed-
ding inequality, one has

2 2
L, = [2 ftwy)tw,dx — tnq /2(101 * |wn|q)|wn|qu
R R

2, 2,
= S tnwp)tqwydx — Cry! lwn |l Zq
Bp 2ta
_ 2 1
> [ (Bo— &)t losngy _ C(a, q)1y
Bp
n

2 -
wp“(Bo — &) 212148, logn

2
> — C(a, )ty
n

_ 2 —1_ 2,
— 77102(,30 _ 8)elogn[2tn(l+8n) 2] _ C(a, Q)tnq,

thus, by means of taylor’s expansion, #, is bounded and

logn[2t2(146,)"' =21 < C, 2.7
also, lim sup,, _, o t, < 1.
Define
Ap={y € B, : tywa(y) > Rz}, By = By\A,.
Applying (2.2), we have

2 2
L, = /2 ftwy)t,wydx — tnq /2(101 * |wn|q)|wn|qu
R R

2
= ftwp)tyw,dx — tnq /2(1a s |wp |7 |w,|9dx
B, R

=[Sty =i [ s o,
Au+By R?
From (f1) and (f>), forany € > 0, p > 2 and 8 > 1, there exists Cc > 0 such that
Isf(s)| < els|? + Cels|? [e“”ﬁsz - 1] ., VseR. 2.8)

Then, using Holder’s inequality, we know

2,2 2
/2 S tnwp)tywydx < Ethwn”% + Ce ”tnwn”é)p [/2(687#%” Wi — 1)dxi| . 2.9
R R
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From Lemma 1.1 and (2.7), note that | Vw2 =1, u'),% < 27 logn, one has

2.2 2.2
(e8nﬂtn wy, l)dx < / eSnﬁtn w"dx < /
R2 B B

» 2

C -2 -
STPUH g Wi gy / CeS™Pidx < C.
B,

(2.10)

Dueto f,w, — Oa.e.in R2, and 7, w, is bounded in B,, it follows from Lebesgue’s dominated
convergence theorem that

ftwp)tywydx = o(1).
By
Consequently, by the Hardy—Littlewood—Sobolev inequality and sobolev embedding inequal-

ity, we know

2
tr% = ftywy)tywydx — tnq /2(104 s |wy |1 w,|9dx 4+ o(1)
R

An

2
= f(tnwn)tnwndx - C(O{, q)tnq'
Ay

Analogous to [43, Lemma 2.4], one has
lim 12 > (o — &)wple”V VP12 _ C(a, q) lim 127,
n—oo n—oo
Since lim sup,,_, o, t; < 1, we obtain
14 Cla,q) = (Bo — B)mple” PP/,
Because of the arbitrariness of &, one has

_ L+ Ca glezV 0
X 7T,02 >

which contradicts (2.5). The proof is completed. O

Bo

As the argument in [13, Lemma 2.3], we can conclude the following lemma. For reader’s
convenience, we sketch the proof here.

Lemma 2.4 Assume that (f1)—(f4) hold. Let {u,} C H'(R?) be a (PS) sequence for I, that
is

I (uy) — ¢, 1(uy) — 0 in (HI(RZ))*, as n — oo.
Then, up to subsequence, there exists u € H L(R?) such that, u,—u weakly in H L(R?),
F(u,) — F(u) in L}, (R?) (2.11)
and u is a weak solution of (1.8).

Proof Since {u,} is a (PS) sequence for I, one has
1 2 1
Slunlly + 5= | o * lun|Dlupl?dx — | Fun)dx — c, (2.12)
2 2q Jr2 R2

< énllunllE, (2.13)

IIun||25+/ (Lo * |n|?)|un|?dx —/ S un)updx
R2 R2
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where €, — 0 as n — 0o. We claim that for any u, € H'(R?),

Sun)un —2q F(uyp) = 0. (2.19)
Indeed, for r > 0, set
— [2+2q
G(t) = t*F(tu) — F(u) + ———[fu + 2F )], Yu € H'(R?).
2+2gq

Then, it follows from ( f4) that

G'(t) = 2tF(tu) + 1> f (twyu — t "2 f () + 2F ()]

e O e
=20,t>1,
<O,t< 17

which implies G(¢) > G(1) = 0,lett — 0in G(¢), we get the claim. Thus, using this claim,
we get

c+o(l) = Is(up) — i(lé(un), Un)

_(i_L 2+i/[() 2 F (uy)]d
—<2_2q>””n”E 2 sz”n Up — 2q ' (Uy)|dx

11 5
> (5 - Z) litn - (2.13)

Above inequality means that ||u,| g is bounded. Hence, it follows from (2.12) and (2.13)
that

/ Fun)undx < C, / F(up)dx < C.
R2 R2

Since u, —u in Hl(]Rz), we have u,, — u in Lfoc(Rz), 2<s <00, U, —> uae.in R2.
Analogous to [17, Lemma 2.1], one can conclude that

}/ F(u,,)dx—/ F(u)dx
Q Q

Furthermore, the proof that u is a weak solution of (1.8) can be obtained similarly to [13,
Lemma 2.3], we omit it here. ]

-0, VQ Ccc R2

Proof of Theorem 1.1 In terms of Lemmas 2.1, 2.2 and 2.4, it remains only to prove that the
weak solution u is nontrivial. Argue by contradiction, we assume that # = 0. Since {u,} is
bounded, we distinguish two cases: {u,} is vanishing or non-vanishing.

If {u,} is vanishing, applying Lion’s concentration compactness lemma (see [41, Lemma
1.21]), for any s > 2, we have

up, — 0 in L*(R?), asn — oo. (2.16)
Repeating the proof of (2.11), one can get that

F(up) — 0 in L'(R?),as n — oo.
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Since {u,} is a (PS). sequence, it follows from Lemma 2.3 that

lim
n—o0

1 1 1
|:§||un||% + % /RZ(Ia * |Mn|q)|un|qu:| =c< 5
Hence, there is K > 0 and § > 0 small enough, such that

1 1 1-96 —_
5”“1’!”% + Z/]%z(la * |un|q)|un|qu < Ta vn > K.

From line by line [13, Lemma 2.4], we get

‘/ Sfun)updx
R2

Then, u,, — 0in H'(R?), I, (u,) — 0, which implies ¢ = 0. That is impossible.
If {u,,} is non-vanishing, then there exist §1, ro > 0 and a sequence {y,} € 77 such that

— 0 asn — oo.

lim lun)>dx > 6.
00 J Bry (yn)

Set v, := u, (x — yp), one has
/ [vn|2dx > 8. (2.17)
By (0)

Since I, and I/ are invariant by Z? translations, then {v,} is also a (PS) sequence. Therefore,
we can obtain that v,—v in H!(R?). By (2.17) and v, — v in L? (R?), we have v # 0.

loc
Thus, v is a nontrivial critical point of /., the proof of Theorem 1.1 is now complete. O

3 Existence of ground state solutions

Now, we consider the problem (1.1). Define the Nehari manifold associated to I, as
follows:

Ne={ue H(R?) :u #0, (I/(u), u) = 0}.

Lemma 3.1 Assume that (f1)—(f3) hold. Then there exist C > 0 and oy > 0 independent of
&, such that

lulle = o1, u € Ne.

Proof By (2.8)—(2.10), we obtain

/Rz faudy < elul +Cllul},, p>2 (3.1

for some positive constant C. Since u € N,
fulfy + [ (G attiutoar = [ | famar,
R2 R2
then, using Sobolev embedding inequality, we have
lull} < fR Fudx < elull3 + Cllull5, < eClluly + Clully. (3.2)

Thus, ||u| £ is bounded from below. The proof is thus complete. ]
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In view of Lemma 2.1, the functional I, satisfies the Mountain Pass geometry. Thus, there
is a sequence {u,} C HY(R?) satisfying

L (up) = ce,  Il(up) — 0,
where

Ce 1= inf max I (tu), 3.3)
ueHL(R2)\{0} 1=0

and 0 < C < c¢,. From (fy), for all u € HI(RZ)\{O}, there exists a unique ¢ = #(u) such
that

I, (t(w)u) = max I, (su), t(uw)u € Ng.
s>0

=

Then, by standard argument as in [41, Theorem 4.2], one has

Ce = uler}f/’g I (u).

Lemma 3.2 Assume that (V) and ( f1)—(fs) hold. Then

lim ¢, = cy, < cv,,,
e—0

where cvy,, is defined as (2.4).

Proof 1t follows from Theorem 1.1 that there is a ground state solution w € H L(R?), namely
lwlig, +/ (I * |w|D)|w]dx =/ f(w)wdx. (3.4)
R2 R2

For all § > 0, setting ws € C3° (R?) satisfying
ws € Ny,, ws — win HY(R?), Iy, (ws) < cy, + 8.

Fix n € CSO(RZ, [0, 1]) such that n = 1 on B1(0) and n = 0 on RZ\BQ(O). Now define
v, (x) = n(epx)ws(x) with g, — 0, we have

v, — ws in HI(RZ), asn — oo.
Since the definition of N, there is a unique #, satisfying ,v, € N, . Then,

2 2q
1 1,
Ce, < [sn(tnvn) = %”l)n“%«j + 2’17 /};(Ia * |Un|q)|vn|qu - Az F(t,v,)dx.

Note that (Ig/n (thvn), tyv,) = 0, using (f2)—(f3) and Taylor’s expansion as (2.3), we have
2
Blualk 40 [ s lon®oattax = [ o
R2 R2
> / (Bo — D)
thvp 2> Rz

then {#, } is bounded. Up to a subsequence, we suppose that 1, — 7o > 0. Sincec;, > C > 0,
we know 79 > 0. Let n — oo in above inequality, one has

15 llwsll, +z§qf2(1a * [ws|9) lws|?dx = /2f<rowa)rowadx. (3.5)
R R
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Thus, combining (3.4) with (3.5), we have asn — oo
2-2 f(tow)tow
2wl — w3, = / Jniowy, / Flwywdx,
R 1y R

from (f4), when 79 > 1, the right-hand side of above equality is more than zero, while the
left side is less than zero, which is impossible. We consider 7y < 1 by a similar way. Then
we conclude that fp = 1. Hence, analogous to [2, Lemma 3.3], we obtain lim;_,¢ c; = cy,.

O

In what follows, one can get that /. satisfying (PS),, condition for ¢ € [0, &¢).

Lemma 3.3 Assume that (V) and ( f1)—(fs) hold. For any ¢ € [0, o), let {u,} be a (PS).,
sequence and up—u,, then u, — ug in H'(R?).

Proof The proof of this lemma is analogous to [13, Lemma 3.3], for convenience to the
reader, we sketch the pro_of Prieﬂy. Similar to (2.15) and Lemma 3.1, for functional 7, with
V(ex) = Voo, there are C, C > 0, we have

C < |lunllv, <C. (3.6)

Then we can obtain that u, # 0 by Lion’s concentration compactness lemma. For this
purpose, we give the proof as follows.

Fix t, > Osatisfying t,u, € Ny, ,now we prove that {,,} isbounded. Set v, = u,, (x+yn),
passing to a subsequence, we may assume that v,—v in H'!(R?). Moreover, since u, > 0
for n € N, we get that there exists C > 0 and Q C R? with positive measure, such that, for
any x € 2, v(x) > C. With the reduction to absurdity, we suppose

lim inf [ty

n—o0o [}3‘

=400, a.e.in Hl(Rz). 3.7

Since (I’ (uy), u,) = 0, one has

2 2 2
1, ”’/ln”voo + tnq /Rz(la * |un|q)|un|qu = /]RZ ftun)tyu,dx,

Consequently, we have

2 2 2
Iy ”’/‘n”VoO + tnq fz(la * |un|q)|un|qu = / f(tv)tyvdx.
R Q

Using (3.7) and Fatou’s lemma, we get

lim inf [4%—2‘1““” ||%,30 +/ (Iy * Iun|‘1)|un|’1dx] = 00,
n—oo Rz
which contradicts (3.6). Then we may assume that
lim ¢, =1 > 0.
n—o00

We divide the following proof into three steps, thatis, fo < 1, o = 1 and 7y < 1, we conclude
that u, # 0 by make a contradiction in above three steps. Hence, using Fatou’s lemma, one
can get that u,, — u, in H'(R?). Thus the proof is complete. O

Lemma 3.4 Assume that (V) and (f2) hold. Let u be the nonnegative solution of problem
(1.8), then u > 0 for all x € R2.
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Proof Set W(x) = V (ex) + (Ig * [ul!)[ul?~2 — L1 then
—Au+ W)u =0 in R%.

As (3.6), we have |lu||g < C, then by Sobolev embedding theorem, |u||; < C|lu||g. Con-
sequently, from (V), (f2) andu € L* (R?), s € [2, 00), we have W € L* (]Rz). Using strong
maximum principle [21, Theorem 8.19], one has u > 0 for all x € R2. ]

From Lemma 3.3 and Lemma 3.4, we have the following corollary.

Corollary 3.1 Assume that (V) and (f1)—(f4) hold. Then for ¢ > 0 small enough, c; is
achieved and problem (1.8) has a positive ground state solution.

4 Proof of Theorem 1.2

To obtain the concentration behavior from ground state solution of problem (1.8), we first
recall the following lemma.

Lemma 4.1 Assume that (V) and ( f1)—(fs) hold. Let &, — 0 and {u,} C N, be such that
Ig, (un) — cv,. Then, there is a sequence {y,} C R? such that v, = uy(x + yn) has a
convergent subsequence in H'(R?). Moreover, up to a subsequence, y, — y € ©.

Proof Analogous to [2, Proposition 4.2], we can prove Lemma 4.1, so we omit the proof
here. O

Lete, — Oasn — oo, and let u,, be the ground state solution of (1.8). Using Lemma 3.2,
we have

Ig, (uy) — cy,.
Hence, there is {y,} C R such that v, = u, (x + Yn) 18 a solution of the following equation
— Avy + V(enx + €4 Yn)vn + (g * |Un|q)|Un|q_zvn = f(vy), 1in Rz- 4.1)

Furthermore, {v,} has a convergent subsequence in H 1(R?)and y, — y € ©. Consequently,
there exists g € H'(R?) satisfying

lun(x)] < g(x), ae.inR?, Vn e N. (4.2)

Lemma 4.2 Assume that (V) and ( f1)—(f1) hold. Then there is a constant C > 0 and$§ > 0
such that § < ||vyll o2y < C, for any n € N. Moreover,

lim v,(x) =0 uniformlyinn e N.
[x]—o00

Proof Forany R > 0,0 <r < R/2,setn € C®(R?),0 < n < 1withnx)=1if |x| > R
and n(x) =0if |[x| < R —rand |Vy| < 2/r.Forany L > 0, fix

S v (x), v(x) <L,
Le=11L, vp(x) > L,

and

2. 2(y—1 y—1
ILn =NV, Uny, WL = N0V,
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where y > 1 to be determined later. Setting z;. ,, as a test function, i.e. (I.(u,), z1.n), We
know that

/ o Vo dat / Vel rtvg, " dy + / (o a0 707%™V
R2

/ f(up)n v,le(y Dy — 2(y — 1)/ vnvLyn_ UZVUanL,n dx
R2 ’

—2/ nvi(y v, Vv,V dx.
R2

(4.3)

Leto = /s, h > g2f >2andy = h(a D forany 8 > 0, 8 > 1, there exists C(8, 1, B)
such that

fu < ou + €6 b, Blul” [ 1], vu e R.
For § small enough, from (4.3) and Young’s inequality, for any T > 0, one has
/R o7 V|V, dx +/ Volva v " dx
< CA;{ v”nzvi(z 1)[ 4mBlonl? _ 1] dx +2A nvi(y l)vnVUnVndx
< C/2 vhnZUZ(V i) [ AnBlo,> 1] dx + 2, /2 vﬁvffZ_I)IVnIde
R R

+2r/ oYV, dx.
R2
Choosing T = }T, we get

/ n vz(y 1)|Vv,,|2 dx—i—Z/ V0|vn| n vL(y D dx

gzc/ oo D [ Arplun? _ l]dx—i-C/ 2D vpdx. (44
In addition, using Sobolev embedding inequality, we know
2(y—1) 2(y—-1
||wL,,||h Cy v2 W UL n |Vn| dx + n v [V, | dx 4.5)
R2 R2

Combining (4.4) with (4.5), we obtain
2(y—1 2(y—1
lweally < Cy? [/zvﬁvaﬁ )|Vn|2dx+/ P >[ 4mBlu? _1]dx]
R

— 2
< Cy? [/ V2o ])dx—i-/ ooy 1)[ AmBlunl” _ l]dx].
RZ|x|Z>R—r ’ |x|=R—r ’

(4.6)
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Hence, by the Holder inequality, we have

”wL,n ”% < C)/2 |:/ v’%de +/ UZ—ZUI%V I:e47'[ﬂ|vn|2 _ 1] dx:|
R>|x|Z>R—r x| =R—r
e\ F i
< Cy? </ v,i’ldx> </ 1dx>
RZ|x|ZR—r RZ|x|ZR—r
) t % 2yt %
+ ( / o2 [ttt ] dx> ( / vy dx)
[X|>R—r |x|>R—r
e N\ i
< Cy2 <f vl dx) </ 1dx>
RZ|x|ZR—r RZ|x|ZR—r
52 N
+ (/ v’hdx) e </ [e4nﬂ\vn\2 _ 1]% dx>th
lW>R—r | >R
e N\
</ vl dx) . 4.7
[x|ZR—r

Furthermore, from (4.2) and Trudinger—Moser inequality (see Lemma 1.1), we know that
/ [e“”ﬁ‘vn‘z - 1]S dx < / [e“”ﬁ'g‘z - 1]‘Y dx=C<oo, VneN, s>1. (48)
R2 R2

On the other hand, set y = h/2 > 1, it follows from (4.6), (4.8) that,

2
h_q n
</Rz(nvnvz’n )hdx>

2k 2k
<cy? (/2 vy 2 [Vnfdx +/ vtz [ - l]dx)
R
h

R
[x|=5

<2 226D g 240 4 002 n[ Al _ 172 4
X J/ Rz UnUL, | 77| x+ y ‘ |>R Un e X
x|>7

1 1
h B h h
h,on hG=1) non h(5-1
(/ LA dx T UV, dx
lx[>5 RS

h=2 P
2041
< CVZ/RZ viv 2 IVPdy + €y </|>
Xz

h=2
h

k3 h ﬂ_l n
vffdx) </ nhvfl’va; )dx) ,
R2

Since v, > vin H 1 (Rz), for R sufficiently large, let € < ﬁ we have

ol

vfl’dx < €1 uniformly in 7.
x> &
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Then, by the definition of wy ,, we have

2
( 3
(/ (v,,szn ) dx> < Cy2/ u,%uLn |V 2dx
WIZR R?
< C)/2/ vﬁdx < C.
R2

Applying Fatou’s lemma, when L — 0o, we get

h2
/ v,2 dx < oo,
[x|=R

2
which means v, € L (]x| > R).
Together (4.7) with (4.8), applying Holder’s inequality, set y =t = h/2 > 1, one has

=1

2yr -
”wLn”h CV (/ Un ldx>
[X|=R—r
% 2
2y hy h(y—=1)
”UL,n”hqu‘}R) < (/ UL,ndx) < (/ 7] U UL dx)
x| =>R—r R2

t—1

2yt e
— wpal < Cy> (/ vé"dx>
[x|=R—r

= Cy? w2 2

Thus,

r(xI=R-r)’

By Fatou’s lemma, we derive that

||U””hy(|x|>R) CV I n” 2yT

(x|=R-r)"
From line by line of [27, Lemma 4.5], let x = h(’z:l), s = t%’], we conclude that
onll st a0y < CZ= X 22 o a5 Rr),

which means

lvellzoexi=r) < Cllvnllngxi=Rr-r)- 4.9)

For X € B, using the same argument as above, let € C°°(]1§2), 0<n<lwithnkx) =1
if |[x — x| 2 Rand n(x) = 0if [x — x| > 2R and |Vn| < 2/R, one can get that

||Un||Loc>(|X —F=R) X C||Un||h(|x —%|<2R) (4.10)
By (4.9) and (4.10), it follows from a standard covering argument that
” Uy ||L°°(R2) < C.

In addition, using v, — v in H'(R?) and (4.9), for fixed § > 0, there is R > 0 satisfying
llvallLoo (x> k) < 8. Hence,

hm v, (x) =0 uniformly inn € N.
|x|]—o00
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Thus, following the similar arguments of [2, Lemma 4.4], one can get that
§ < ||Un||Loo(R2)~

This completes the proof. O

Proof of Theorem 1.2 From Corollary 3.1, we obtain that problem (1.8) has a positive ground
state solution.

For item (i), set b, is the maximum of v,. Note that b, is a bounded sequence, that is, there
is R > O such that b, € Bg(0). Then, we can get the global maximum of u,, , we denoted it
by z, = b, + y, and €,z, = enby + €,Yn = €nby, + yu. Since {b,} is bounded, one has

lim z, =y
n—00
and
lim V(e zn) = Vo.
n—oo

Fix u. be the ground state solution of (1.8), then w,(x) = ug(g) is a ground state solution
of (1.1). Hence, the maxima points of w, and u., denoted by 71, and ¢, respectively, such
that n, = e¢, and

lim V(5,) = Vp.
e—0

Thus, from (4.1), we can get that (i) holds.

Now we prove the statement (ii). Indeed, note that u, is the ground state solution of (1.8),
for convenience, we denoted it by u, let ¢, be the maxima point of u, we have |u(¢;)| =
max g2 |u(x)]. Since g, is bounded, it follows from Lemma 4.2 that

u(x) - 0 as|x — g.| — oo.
Using assumption (f), there is R > 0 such that
Fa) < Celul, Vix— gl = R
Combining the above inequality with the boundedness of |u| in H! (R?), one has

u-Au V(ex)u? 4+ Iy * u|D|ul? — fuu
|u Jut]
2 (Vo — Co)lu| := olul.

Alu| =

Fix w = |u(x)| — Ce_ﬂ(”'_g@'_’é), where C is given by Lemma 4.2. Thus, we have
AD > o, |x — gl = R.
Applying the maximum principle, we obtain
<0, Vx—gl >R,
namely,
()] < Ce™vVeB=s =R vy — 1> R,

which means that (ii) holds. ]
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5 Proof of Theorem 1.3

In this section, we denote by w the ground state solution of problem (1.8) with V = V),
let ¢ € C*®(R™, [0, 1]) be a smooth non-increasing cut-off function such that ¢(¢) = 1 on
[0, %] and ¢(r) = 0 on [1, 00). For any y € ®, we define the function

ex —y
Ve y () = g(lex —yhw { —

and t; > 0 verifying

I (t: W, y) = I (tWe ).

e (te s,y) r;l;é( e ( s,y)
Furthermore, we define ®, : ® — N by

D (y) = teWe y.

By construction, one can easily get that ®.(y) has compact support for any y € ©.

Lemma 5.1 Assume that (V) and (f1)—(f1) hold. Then, uniformly for y € O, the following
limit

lim I (®:(y)) = cv,.
e—0
holds.

Proof Arguing by contradiction, we suppose that the lemma is false. Thus, there exist J,
{yn} C ® and &, — 0 such that

| Ie,, (e, (yn)) — cvp| = So. (5.1

Now, we claim that lim, . #;, = 1. Indeed, it follows from Lemma 3.1 and the definition
of t,, that

o} = /Rz [12 Ve, 12 + V(enx) (te, e, .y,) | dx + 124 fRz(la W, 3 [DIWe, y, 1 9dx

= f(t&‘n \Ilen,yn)tgn \Ijen»yn d'x
R2

Using (3.1), one can get that #,, > ¢ > 0 for some 7. If 7,, — 00, in view of the boundedness
of qlfna)’n and (f4), one has

1272 W, I E + / (Lo * W, 3, DV, y, 19dx

f(t n ns n)t ll\IJ nsJyn f(t n(p(|8 Z|)w(z))
e e plenzhw (2)dz
R? e, By © te
! 1
=/ f(;”lf) wdx 2/ f(ze”l:}) wdx — o0,
By () 15! Bi(0) 5!

where w = inf ¢ B, ) w(x). Since t;, — o0 as g, — 0, the left side of above inequality

tends to fRZ Iy * |w|’1 )|w|9dx, that is a contradiction. Thus, f,, < C. We may assume that
t;, — fo. Repeating the proof of Lemma 3.2 line by line, we can verify that 7o = 1.

@ Springer



43 Page 22 of 25 Y. Lietal.

Note that
12 2 2
@@@@»ﬁ=7/>0vwwﬂwm\+w%pnw¢wﬂm4>m
R
fgz,? q q
(1 # otlenzbuw] ") [oenzhw|"ax = [ Fiae,p(ezhwds.

2q R2 R2
Let n — oo in above equation, one has lim,_, « I, (P¢, (y2)) = cy,, which contradicts
(5.1). This ends the proof. ]

For any 6 > 0, set p = p(§) > 0 satisfying ®s C B,(0). We define v : R? - R? as
follows: ¥ (x) = x for |x| < p and ¥ (x) = px/|x]| for |[x| > p. Now, we consider the map
Be : No — RZ?, and

Jr2 ¥ (ex)u4dx
Jg2 u?4dx

Be(u) =
By using ® C B,(0) and the Lebesgue’s theorem, one has

lim Be (P (y)) =y uniformly iny € ®.
e—0

Lemma 5.2 Assume that (V) and ( f1)—(fa) hold. Then, for any 6 > 0,
lim0 sup dist(B: (1), ®s) =0,

=
€ ueN,

where/\z ={u € N : I,(u) < cyy +a(e)},a: RY — RT is a positive function such that
a(e) > 0ase — O.

Proof Fix {e,} C R satisfying &, — 0. In fact, there is {u,} CTA_f;n/such that

dist(Be, (un), ©5) = sup dist(B,, (1), Os) + o(1).
ueNs,

Hence, we only need to prove that there is a sequence {y,} C ®; such that
|Be, (tn) — yu| = o(1). (5.2)
By using {u,} CI/\STC N, , we obtain
cvy K Ce, < Ig, (y) < cyy +alen).

Then we have I, (u,) — cv,. Applying Lemma 4.1, one can get that there is a sequence
{yn} C R2 such that Yn = &nYn € O, for n large enough. Thus,

+&AW%HWM—MWWQ+%Mx

:8811 (uy) = Yn f]Rz MZq(Z n in)dx

It follows from €,z +y, — y € ©g that B¢, (u,) = y, +o(1). Therefore, {y,} verifies (5.2).
This completes the proof. O

Lemma 5.3 Assume that (V) and (f1)—(fs) hold. Let {u,} be the (PS)., sequence for I; in
Ne. Then, {u,} possesses a convergent subsequence in H L(RY).
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Proof By hypotheses, we have
Loun) = e ML)l gy = o(1).
Consequently, there is {A,} C R satisfying
L (un) = ApJ L (un) + o(1), (5.3)
where J, : H! — R is given by

Jg(u):/ (|Vu|2+V(sx)u2)dx+/ (Ia*lulq)lulqu—/ F(u)udx.
RZ RZ RZ

Thus, from ( f4) and Holder’s inequality, one has

(I 1) thn) = 2/2 (1Vunl? + V(ex)u2) dx + 2 /z(la # lun )t
R R
- / f(un)updx — f f (un)udx
R2 R2

< - [ / fun)uidx — (2q — 1) / f(unmdx}
R2 RZ

3 3
< - (/ [f/(un)un - (2q — 1)f(un)]2dx> </ |un|2dx>
R2 R2

< 0.

We assume that (J/(uy), u,) — [ < 0. Now we claim that / # 0. Indeed, if I = 0, the
above inequality shows that u, — 0 in L?(R?), then u,, — Oin H! (Rz), which contradicts
to Lemma 3.1. Hence, [ # 0, and so, A, = 0,(1). By using (5.3), one has I/(u,) = o(1).
Then, {u,}isa (PS)., sequence in H'(R?). From Lemma 3.3, we obtain that {u,,} possesses
a convergent subsequence in H ' (R?). O

By the similar arguments explored in above lemma, we get the following result.

Corollary 5.1 Assume that (V) and ( f1)—(f4) hold. Then, the critical points of I, on Ny are
critical points of I, in H(R?).

Proof of Theorem 1.3 Applying Lemmas 5.1-5.2, we obtain that 8, o @, is homotopically
equivalent to the embedding map ¢ : ® — ®;. Consequently, from Lemma 4.3 in [5], we
conclude that

catgy (N;) > cate, (©).

Because I, satisfies the (PS)., condition for ¢ € (cy,,cy, + a(e)), according to the
Ljusternik—Schnirelmann theory [41], I, possesses at least cate; (®) critical points in N;.
Then, by Corollary 5.1, I, possesses at least cate, (®) critical points in H! (R?). Repeating the
proof of Theorem 1.2, we can also conclude that the positive solutions satisfy concentration
behavior and exponential decay. Hence we complete the proof. O
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