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1. INTRODUCTION

Let © € RY be a bounded domain with a Lipschitz boundary 0€2. In this paper we study
the following parametric double phase problem

(1) —Ap(2) — Aqu(z) = Aa(2)|u(2)[P~?u(z) + B(2)|u(2)]"?u(2) in Q,
uogn=0,A>0,1<g<p<r.
Here, A} denotes the weighted p-Laplacian with weight a € C%(Q),a > 0,a # 0, defined
by
Aju = div(a(z)|DulP~2Du).

When a = 1, we recover the standard p-Laplacian. Equation (1) is driven by a weighted
p-Laplacian and a standard ¢-Laplacian with ¢ < p. So, the differential operator of (1) is
not homogeneous and is related to the so-called double phase integral functional

o /Q[a(z)|Du]p—|— | Dul7dz.

Let n(z,t) denote the density of this integral functional, that is
n(z,t) = a(2)t! +t1,2 € Q,t > 0.

We do not assume that the weight a(-) is bounded away from zero (that is, we do not
assume that 0 < ming a). So, this density exhibits unbalanced growth in ¢, that is,

t9 <mn(z,t) < co(1+tP) for some ¢y >0, all £ >0.

This is a new class of functionals, which were first investigated by Marcellini [12, 13] and
Zhikov [22, 23], in the context of problems of the calculus of variations and of nonlinear
elasticity. The unbalanced growth of the density 7(z, -) leads to a setting that uses general-
ized Orlicz spaces. For boundary value problems driven by the double phase operator, there
is no global regularity theory as for balanced growth problems (see Lieberman [9]). There
are only local regularity results. A comprehensive account of the known regularity theory
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for double phase problems can be found in the papers of Marcellini [14, 15] and of Mingione
& Radulescu [16]. Double phase operators provide a valuable framework for explaining the
behavior of highly anisotropic materials whose hardening properties, which are linked to the
exponent governing the propagation of the gradient variable, differ considerably with the
point in space, with the modulating coefficient a(-) dictating the geometry of a composite
made of two different materials.

Problem (1) can be viewed as a perturbed version of an eigenvalue problem for the double
phase operator, with the perturbation being 3(z)|u|"~2u. The novel feature of (1), is that
the coefficient (-) is sign-changing, that is, the perturbation term is indefinite. Recently
there have been existence and multiplicity results for parametric double phase problems. We
mention the works of Colasuonno & Squassina [2], Gasinski & Papageorgiou [4], Joe, Kim,
Kim & Oh [7], Leonardi & Papageorgiou [8], Liu & Papageorgiou [10, 11], Papageorgiou,
Vetro & Vetro [20, 21]. None of the aforementioned works studies the case of an indefinite
perturbation.

2. MATHEMATICAL BACKGROUND

As we already mentioned in the introduction, the appropriate space framework for double
phase problems is provided by generalized Orlicz spaces. A detailed account of the theory
of these spaces can be found in the book of Harjulehto & Hésto [6].

Let L°(€2) denote the space of all measurable functions u : Q — R. As usual we identify
two such functions which differ only on a Lebesgue—null set. Recall that

n(z,t) =a(z)t’ +t1,2 € Q,t >0,
with a € C%1(Q)\{0},a > 0,1 < ¢ < p < N. Then the generalized Orlicz space L"(Q2), is
defined by

L"(Q) = {u € L) : py(u) < oo},
where

pul) = /Q 0z, Jul)dz = /Q (a(2)[uf? + [ul7]d

is the modular function corresponding to . We equip L"(£2) with the so-called Luxemburg
norm || - ||n defined by

ull, = inf{)\ >0 py (%) < 1}.

With this norm L7(€2) becomes a Banach space which is separable and reflexive (in fact,
uniformly convex). The corresponding generalized Orlicz-Sobolev space W7(Q), is defined
by

Wh(Q) = {u € L"(Q) : |Du| € L"(Q)}.

This space is endowed with the following norm

[ell1n = lllly + 1 Dully,

with | Dul, = |||Dul||,. Also we set Wol’"(Q) = CgO(Q)H'”L". We know that the Poincaré
inequality holds on WO1 (), namely we can find ¢ = ¢(Q) > 0 such that

ull, < &) Dul, for all u e W, "(Q)

(see Crespo Blanco, Gasinski, Harjulehto & Winkert [3]). So, on WO1 (), we can consider
the equivalent norm
ul| = || Dull, for all u e W,"(Q).

The spaces W17(Q) and WO1 "1(Q) are separable and reflexive Banach spaces (in fact,
uniformly convex).
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Let A, be the p-Muckenhoupt class (see Harjulehto & Hésto [6, p.106]). Our hypotheses
on the data of (1) are the following:

(H):a € COY Q)N Ap,a(z) >0forall z€ Q1 <g<p<N,BELXQ),p<r<qg-=

Ngq P 1
N—q and p <1l+5.

Remark 1. The last condition on the exponents p, g, implies that they can not be far apart
and that p < ¢* = NN—fq. So the condition on r makes sense and in addition we have compact
embeddings of some relevant spaces (see Proposition 2 below).

There is a close relation between the norm | - ||, and the modular function p,(-).

Proposition 1. If hypotheses (H) hold, then

u
(@) lully =9 < py (5) = 1;
(b) ||ull, < 1(resp. =1,>1) < py(u) < 1(resp. =1,>1);
(¢) ull, <1= HUI|§ < py(u) < IIUHi;
(d) Nully > 1 = lully < py(u) < llully;
(e) ||ull, = 0 (resp. = +00) < py(u) — 0 (resp. = +00).
There are some useful embeddings between the spaces introduced above.
Proposition 2. If hypotheses (H) hold, then

(a) L"(Q) < L7(Q) and Wy " (Q) — W, (Q) continuously and densely for all T € [1,q];
(b) Wy(Q) < L7(Q) continuously and densely for all T € [1,¢*] and Wy (Q) < L™(Q)
compactly for all T € [1,q*];
(c) LP(Q2) — L"(Q) continuously and densely.
Let no(z,t) = a(z)tP for all z € , all t > 0. As we did for 7(-,-), we introduce the spaces

L™ (§2) and VVO1 "19(Q)). These are separable and reflexive Banach spaces (see Harjulehto &
Hasto [6, pp.52,66]). Additionally, we have the following properties:

(i) Wy (Q) < W,™(Q) continuously and densely;
(ii) VVO1 Q) — L™ () compactly (see Papageorgiou, Radulescu & Zhang [19]).
We consider the following eigenvalue problem
—A%u(2) = Aa(2)|u(z) P 2u(z) in Q,
(2) P
u|3Q = 0.
Exploiting the compact embedding of VVO1 10(Q) into L™()), Papageorgiou, Pudelko &
Rédulescu [17], proved that problem (2) has a smallest eigenvalue A\§ > 0 which is isolated
and simple. Moreover, we have the following variational characterization of A{ > 0

A¢ = inf {pnO(Du) cu e Wy™(Q), u # 0}
Pro (1)
= inf{py, (Du) : py,(u) = 1} (by p-homogeneity).
For a measurable function u : Q — [0,00), we write 0 < w, if for all K C Q compact,
0 < cx < u(z) for a.a. z € K. We write u < 0 if 0 < —u. Now let 4; be the positive
eigenfunction corresponding to A with |t1][n, = 1. We know that 0 < 1.
We introduce the following quantity

(4) A* = inf {’m cue W™(Q),u # 0,/Qﬁ(z)\u|’"dz > o} .

Proposition 3. If hypotheses (H) hold and [, f(z)0idz > 0, then \* = A9,

3)
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Proof. From (3) and (4), we see that 5\‘11 < A*. On the other hand, the hypotheses imply
that

P (Dal)
Pno (al)
=2 = Ag

A* <

__3a
_>\17

The proof is now complete. O

In the sequel we will also use the following strengthened version of hypotheses (H).
(H’): Hypotheses (H) hold and in addition [, 8(z)uajdz > 0.

For every A > 0, let ¢ : Wo "1(Q) — R be the energy functional for problem (1) defined
by
1 o0 A , .
eau) = (D) + CIDul = > pny(0) = 1 [ Bl)lal'ds for all e Wy"(@),

Evidently, o\ € CH(W,(Q)).
We also consider the positive and negative truncations of ¢y (+), namely the C'! functionals
£ Wy — R defined by

1 1
Py (u) = I;pno(Du) + §|\Du||g *Pno / B(2)(wF)dz for all u e W, "(Q).

Using the Nehari method we will show that for all A € (0,A%) problem (1) has at least
three nontrivial solutions, one positive, one negative and the third nodal (sign-changing).

So, for the functionals ¢y, cpf introduced above, we define the corresponding Nehari
manifolds. We have

Ny = {u € Wy™(Q) : (h(u),u),u # 0},
Ny = {u € W(9) : {(¥3)']ul,u), u # 0}
Note that
ueNA@queNJr,u*eN; and ueN;L@)—ueN/\_.

The properties of these sets are linked to the behavior of the fibering function t — @y (tu)

for given u € W, (), all t > 0.
3. MULTIPLICITY THEOREM

We start by proving some important properties of the Nehari manifolds Ny, N ;\—L
Proposition 4. If hypotheses (H) hold, w € W,"(), u # 0, [,B8(2)[u["dz > 0, and
A€ (0, 5\‘11), then there exists unique t, > 0 such that t,u € Ny.

Proof. We consider the fibering map ¢ — ¢ (tu),t > 0. We have

P t4 . AP .
pa(tu) = ;pno(DU) + EHDUHq Pno ﬁ )|ul"dz,
oa(tu) _ P A tr=a /
= > —(1 - — Du) + —||Dul|? — z)|lul"dz (see (3
” " ( /\%)pn( ) qH I3 =~ Qﬂ( )|ul"dz (see (3))

Since1<q<p<rand0</\<5\‘11,weseethat
pa(tu)
q

1
(5) lim inf;_, o= > gHDuHZ > 0.
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On the other hand dividing with t", we have

oa(tu) 11 1 1
e ];tr,ppno(DU) + g 1Dullg = — QB(Z)IUITdZy

(6)

t 1
=limsup;_,, 4,0,\t(ru) < —/ B(2)|ul"dz < 0 (by hypothesis).
T Ja

From (5) we see that
(7) ox(tu) > 0, for t >0 small,
while from (5) we have
(8) ox(tu) <0, for t >0 large,

The fibering function is continuous. So, from (7) and (8) we infer that these exists ¢,, > 0
such that

oa(tyu) = I?;g( oa(tu).
Then we have

d
&cp)\(tu)\t:tu = (p\(tyu),u) =0 (by the chain rule),

={ph (tyu), tyu) = 0,
=t,u € Ny.

We show that ¢, > 0 is unique. Suppose for some ¢t > 0, we have tu € N, then
Pl (D) = gy ()] + 91 Dully =17 [ Bl
(9) 1 1
S o (Du) = Apyo (u)] + = (| Dul|§ = /Qﬂ(Z)IUI’“dz,
Since X € (0, A%), we have Pro (Dw) — Apy, (u) > 0 and so in (9) we see that the left-hand

trp
side is a strictly decreasing function of ¢+ > 0, which goes to +oo as t — 0T and to zero as
t — +o0. Since [, B(2)|ul"dz > 0 (by hypothesis), we conclude that ¢, > 0 is unique. [

tr—a

An immediate consequence of the above proposition, is the following result concerning
the Nehari manifold Ny.

Corollary 1. If hypotheses (H’) hold and X\ € (0, \?), then Ny # @.

In a similar fashion, we prove analogous results for the Nehari manifolds N f
Proposition 5. If hypotheses (H) hold, u € W,™"(Q), [,, B(z)(u*)"dz > 0, and X € (0,A9),
then there exist unique t= > 0 such that

ttu e N)jf and so N)jf # 0.
Remark 2. Therefore if hypotheses (H’) hold, then NAi # & for all A € (0, 5\‘1‘)

Next, we show that the functionals ¢y and <pf are bounded away from zero when evalu-
ated on the corresponding Nehari manifolds.

Proposition 6. If hypotheses (H) hold and X € (0, \%), then

(a) for all u € Ny, px(u) > c1(A) min{||u||P, ||ul|9} with ¢ (M) > 0;
(b) for all u € N, @5 (u) > ca(N\) min{||u||?, |[ul|?}  with ca(\) > 0.
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Proof. (a) If u € Ny, then

(10) (D) + [Dully = Mo () = [ Blulra
Then we have

o(W) = o (D) + [ Dully = Moy (w)] = [ f@ul"dz (since 4 < p)
p rJa

= []1? - i] (Pno (Du) + [ Dul| — Appo (1)) (see (10))

S ((1 - ;m(Du) + ||Duug> (see (3))

1
r—p
rp
r—p
rp
(b) The proof of this part is similar to that of (a). O

>

c1(N)pny (Du) for some ¢ (\) > 0 (since A € (0,A9))

>

c1(A) min{||u||?, ||u||?} (see Proposition 1).

From this proposition, we infer the following result.
Corollary 2. If hypotheses (H’) hold and A € (0,)%), then ox|n, and (Pf\t’Ni': are all
coercive.

Remark 3. This corollary highlights the significance of the Nehari manifold. Note that
since r > p > ¢, we can not have coercivity of ¢y(-) on all of Wol’n(Q). However ¢,|n, is
coercive (similarly for @f)

Next we show that the elements of the Nehari manifolds are bounded below away from
ZETO.

Proposition 7. If hypotheses (H’) hold and A € (0,\%), then we can find ¢(\) > 0 such
that
0 < e\ < |lu|| for all w € Ny,u € N)j\[.

Proof. If u € N, then

puo (D) + [ D[ = Apyy (1) + /Q B(2)luf dz

)\ T
< foom (D) + /Q B()luldz (see (3)),

A T
>pno(DU)+HDUIIZ < /QB(Z)IUI dz,

(11)
=1-=
(5
= ¢3(A\)py(Du) < ||ul|"(for some c3(A) > 0)
(recall that I/VO1 Q) < L"(Q) continuously, see Proposition 2).
If Jul| < 1, then from (11) and Proposition 1 we have
0 <e3(A) < flul™P.
If ||u|| > 1, then from (11) and Proposition 1 we have
0 <e3(A) < flul™.
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We conclude that there exists ¢ > 0 such that
0 < é(N) < ||lu|| for all u e Njy.
Similarly for the Nehari manifolds N )j\t O

Proposition 8. If hypotheses (H) hold and X\ € (0, 5\‘11), and u € Ny (resp. u € N;E), then
Jo B(z)|ul"dz >0, (resp. [, B(z)(u*)"dz >0).

Proof. We know that

(1 - ;) pa(Du) + || Dullf < /ﬂzﬂulrdz

0 < es(A)py(Du) < /Q B(2)ul"dz.

Similarly we show that
0</ﬁ )rdz for all u € Ny

This completes the proof. O

To generate a nodal solution, we will need the following subset of the Nehari manifold
N
NY{ = {u e W3(Q) : u™ € Ny}
Evidently NY C N, and next we show that N? # ) when 0 < A < \{.

Proposition 9. If hypotheses (H’) hold and X € (0,\%), then Ny + @.

Proof. On account of hypotheses (H’), we know that N,\,N;\—L # @ (see Corollary 1 and
Remark 2). Let u € N Fand v e N, . From Proposition 8, we know that

/B ’"dz>0/ﬁ 7)'dz > 0.

Since ut, v~ € W&’"(Q) \ 0, by Proposition 4, we can find unique t1,t2 > 0 such that

(12) t1u+ € Ny, tov™ € N).

We set y = tjut — tov~. Evidently y™ = tjut,y~ = tov~ and so from (12) we conclude

that yeNg and so NQ#Q. O
Now we consider the following constrained minimization problems

13 m} =inf oF, m7 =inf ¢y, and m) =inf p,.

(13) A N;r% A NI% A Ng@

To solve these minimization problems, we will need the following lemma.

Lemma 1. If hypotheses (H) hold and X € (0,\%) and v € N, then apf(tu) < gpf\t(u) for
all t > 0.

Proof. We do the proof for the pair (go}f, N;r), the proof for the pair (¢),, Ny,) being similar.
Reasoning as in the proof of Proposition 4, we show that

@i (tu) >0 for all ¢t € (0,1) small,

oi(tu) <0 for t > 1 large.
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Therefore as in that proof, we produce a unique ¢, > 0 such that

+(F ) — +
P (tuw) = max oY (tu),

(14) (;it@A (tu)] g, =0,
= ((¢}) (Fuw), tyu) = 0,
=t,u € N;r.
But by hypothesis, u € N ;r . Therefore £, = 1 and so from (14) it follows that
of (tu) < ¢ (u) for all ¢ > 0.

Similarly for the pair (¢, , N, ). O

Using this lemma, we can solve the minimization problems in (14).
Proposition 10. If hypotheses (H’) hold and X € (0,A9), then

(a) there exists iy € Ny such that ¢y (1)) = my ;
(b) there exists Uy € N, such that ¢, (0x) = m, ;
(c) there exists py € NY such that py(Gx) = m.

Proof. (a) Let {up}nen € Ny be such that

From Corollary 2 we know that ¢ | N is coercive. Therefore {up}nen C WO1 Q) is
bounded. So, we may assume that

up, — uy weakly in W&’”(Q),un — uy in L"(Q) (see Proposition 2).
If uy = 0, then
(15) Un — 0 weakly in Wy"(), 4} — 0 in L"(Q).

Since u, € N;, we have

(D) = o (1) + [ B
=pp(Duy,) — 0 (see (15)),

=u, =0 (in Wy"(Q) (see Proposition 1)
=¢} (un) = ¢ (0) =0=m].

But from Propositions 6 and 7, we see that mj > 0, a contradiction. Therefore uy # 0.
Note that

/ B(2)(uf)dz > 0, for all n € N (see Proposition 8),
;»/ B(=)(ul ) dz > 0 (see (15)).
Q
Suppose [, B(2)(u})dz = 0. Then

(16) lim [ B(2)(u))"dz = 0.

n—oo Q
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Since u,, € N;,n € N, we have

(D) = o (1) + [ B
=pno (Duy) < Appo(u)) (see (16) and note that [[Duylly > 0),
which contradicts (3). Therefore

O</§Zﬁ(z)(u;\r)rdz.

According to Proposition 5, there exists unique tiA = t;\r > 0, such that tjuA =10y €N ;r .
So we have
+

i = Jm )
> limi + 4+t
> lgﬂg.}f @y (tyu,) (see Lemma 1)
> (pj(ﬁA) (since goj\r is sequentially weakly lower semicontinuous)
> mj (since @y € Ny),
=¥ (Gy) = my with @y € Ny
(b) Arguing as in (a), we produce 9y € N, such that
@y (0x) = my.
(¢) Let {yn}nen € NY such that
ox(yn) 4 m(,)\

From Corollary 2, we know that ¢,|n, is coercive. Since N{ C N,, it follows that
{Yn}nen C VVO1 1(Q) is bounded. Therefore

(U Y nen, (Ui Ynen € Wy ()

are both bounded.
We may assume that

(17)  yl — wy, y, — wy weakly in W0177]<Q),w1,w2 >0,{w; >0}N{—w2 <0} = 2.
We have

ex(yn) = ea(yl) + ealyn) = mf +my,
=m) > m] +m) > 0.(see Propositions 6 and 7).

Since y, € N/(\), by definition we have y,",y, € N, for all n € N. Therefore the following
equalities hold:

(18) py(Dy,y) =/\pno(yi)+/9/3(2)(yrf)’”dz,

(19) (D) = Aoy ) + | Bz dz for all m e .

Suppose that wy = 0 (see (17)). Then from (17) and (18), we see that
pn(Dy;f) — 07

(20) + . 177 oy
=y, — 0 in W;"(2) (see Proposition 1).
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But 0 < m{ < ¢ (y;}) for all n € Nand ¢} (y,;}) — ¢1 (0) = 0 (see (20)), a contradiction.
Therefore w; # 0. Similarly using this time (17) and (19), we show that wy # 0. As before
using (17) and (18), (19), we show that

O</,8(Z)w{dz,0</ﬁ(z)w£dz
Q Q

On account of Proposition 4, we can find unique ¢1,t2 > 0 such that
tiwy € Ny, tawg € Ny.
We set gy = tjwy — tows € Wol’n(Q), w # 0 and observe that

gy = tiwy € Ny, Gy = taws € Ny,

=g € NY.
Note that
m3 = lim ox(yn)
= Tim [pa(y,h) + oAy, )]
n—oo
= nhﬁnolo[apj\r (yh) + N
> lim mf[(p (t1y,}) + o5 (t2yy,)]
n—oo
= hm 1nf[<p>\(t1yn ) + ea(tay, )]
> @A(tlwl) + oA (tawz)
= pA(9r)
> mg (since gy € NE),
= ox(Gn) = m3 with §y € NY.
The proof is now complete. -

Next, we show that the minimizers produced in Proposition 10, are critical points of (pf
and ¢, respectively, that is, N ;E and Ng are natural constraints for the functionals @f and
@y respectively (see Papageorgiou, Radulescu & Repovs [18, p.425]).

In what follows, we denote by K oF and K, the critical sets of gof and ) respectively,

that is,
K+ ={ue Wy () : (93) (w) = 0},

Ko,y = {u e Wy(Q) : gh(u) = 0}.
Proposition 11. If hypotheses (H’) hold and X € (0,A%), then
uy € Kﬂ’m S KQD; and ) € Ky, .
Proof. Let ¢ : W,"(Q) — R be defined by
U5 (1) = py(Du) = Apy(u / B(z) (w7 d.
Evidently, ¢ € C'(Wy"(2)). We see that

m = inf{f (u) - u € W () \ {0}, 455 (u) = 0}.
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The Lagrange multiplier rule (see Theorem 5.5.9 of Papageorgiou, Radulescu, Repovs
[18, p.422]) implies that we can find (&, 1) € R?\ {0} such that

(21) E(@X) (@x) + () (@) = 0 in Wy (9).
If 4 =0, then £ # 0 and we have
&(py) (1) = 0,
=(py) (1) =0
=) € K@i'

So, we need to show that = 0. To this end on (21), we act with @, € Ny. Then since
(@) (@), @)) = 0 (recall that @ € Ny), we obtain

p{() (@), Gix) = 0,

= 1 (D) + g Dita |12 — Appy () — /Q rB(2)(ul)dz] = 0,

(22) = 1plon (D) — Apyy () — / B(z)(af) dz]
+ul~(p— | Daxllg - (r — p /B Hrds]
=0.

If 41 # 0, then we may assume that > 0 (the reasoning is similar if 4 < 0). Then from
Proposition 8 and since p < r, we see that

(23) H=p = I Dinlly =~ (=) [ Bl)@ A <o,
So from (22) and (23), we infer that
(24) 1p[py (Diy) — App, (@ / B(z)(ay) dz] >
But recall that ) € N ;r . Hence
(D) + [ Dinlly = Aoy ) + [ A=) i),
(25)
=py(Dix) = Apy, ﬁj\' /5 sz =0.

Comparing (24) and (25), we have a contradiction. This proves that pu = 0, hence
Uy € ch;r'

Similarly we show that 0y, € K o5 using this time the C'-constraint function (N
W, () — R defined by

Yy (u) = py(Du) — Apy, (u / B(z)(u”)"dz for all ue W,"(Q).

Finally, we show that {j, € K,,. To this end, note that
my = inf{pa(u) - u € Wo () \ {0}, 3 (u") = 0,05 (u”) = 0}.

Consider the maps 74 : Wy (Q) — Wy""(Q) defined by

7+ (u) = ut.
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These are Lipschitz mappings and we have

Yy (W) = (3 0 ) ().

Then by the nonsmooth Lagrange multiplier rule of Clarke (see Theorem 10.47 in [1, p.
221]), we can find (£, i1, pu2) € R3\ {0} such that

(26) 0 € M) + (D)) (53)074 () + p2(13)' (55 )OT-(31x).

Here by 09(-) we denote the Clarke subdifferential of a locally Lipschitz function (-)
and we have used the nonsmooth chain rule for this subdifferential (see Clarke [1, pp. 196,
202)).

Suppose that (u1,pu2) € R?\ {0}. Hence one of the components is nonzero. To fix
things, suppose y1 > 0 (the reasoning is similar if 41 < 0). On (26) we act with §;". Since
(A0, 1) = (#h() 5) = O (recall that g € Ny), we obtain

pa{(¥3)'(53),9) = 0 (note that {gy > 0} N {y > 0} = 2),

10l (DGF) — Aomo () — /Q B(=) (5t dz]
(27) - — ) DG — ¢ - p) /Q B (@) de] = 0,

tuplon(DI) = 5) [ B> 0
(as before, using Proposition 8 and since p < ).

But since g);\r € Ny, we have

(28) pu(Di) = Ao (i)~ [ ATz =0,

Comparing (27) and (28), we have a contradiction. Therefore pq = 0. Similarly we show
that uo = 0. Therefore p1 = ps = 0 and so € # 0. We have

EAA(n) =0 in W (9) (see (26)),
=¢\(9x) =0 and so gy € K, .
The proof is now complete. O

Now we can state and prove the multiplicity theorem for problem (1).

Theorem 1. If hypotheses (H) hold and X € (0,%), then problem (1) has at least three
nontrivial solutions

iy € Wy () N L=(Q),0 < iy,

by € Wy (Q) N L®(), 0y < 0,

gx € Wy(9) N L®(Q) nodal.
Proof. From Proposition 10 we know that there exists iy € N ;\“ such that

my = ¢y (iy).
Moreover, from Proposition 11, we know that

(29) () (n), k) = 0 for all h € W,"().
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In (29) we use the test function h = —a, € Wol’n(Q). We have

Pn(Dﬁ)_\) =0,

=ty > 0,uy # 0 (recall that 4y € N;r)
From Gasinski & Winkert [5, Theorem 3.1], we have
iy € Wy Q) N L=(Q).
Let p = ||tx||co. We can find ép > 0 such that
Aa(2)zP ™t = B(2)a" 4+ €,aPE >0 foraa. z2€Q, all 0 <z <p.

So, we have

A%y — Agiiy + a5 >0 in Q.
Then invoking Proposition 2.4 of Papageorgiou, Vetro & Vetro [20], we infer that 0 < @y.

Similarly we show that 0 € I/VO1 "1(Q2) N L™ is a negative solution of problem (1) such that
vy < 0.
Finally, let ¢y € Ny be such that

m$ = pa(fa) (see Proposition 10)

Then from Proposition 11 we know that g\ € K,, C Wol’”(Q) N L>®(Q) and so g, is a
nontrivial solution of (1). Since g\ € Ny, we have g)f\t # 0 and so ¢, is a nodal solution of
problem (1). This completes the proof. O
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