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Abstract

This paper focuses on the constraint minimization problem associated with the
fractional Kirchhoff equation

{ (a4 o |~ uPle) (=2 [P = pu B i,
fRN|u|2dx:1,

where s € (N/4,1),N=2,3, a > 0,b > 0 are constants, ;1 € R is the corres-
ponding Lagrange multiplier and (—A)* is the fractional Laplacian operator,
8s/N + 1 is the corresponding mass critical exponent. The purpose of this paper
is threefold: to establish the existence and non-existence of the L>-constraint
minimizers to the degenerate fractional Kirchhoff problem, that is a =0, to
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prove some classical concentration behaviors of constraint minimizers and to
reveal the local uniqueness of constraint minimizers of above problem under
double nonlocal effect. In particular, we will give some energy estimates, decay
estimates and uniform regularity to find that the maximal point of constraint
minimizer concentrates on the bottom point of the homogeneous potential.
Furthermore, we introduce several new techniques based on the combination
of the localization method of (—A)* and by establishing the nonlocal Pohozaev
identity, which allow us to get over some new challenges due to the nonlocal
property of (—A)* and the fact that [, [(—A)2u|*dx(—A)*u does not vanish as
a ™\, 0. We believe that these techniques will have some potential applications
in various related problems.

Keywords: constraint minimization, concentration behavior,
local uniqueness, Pohozaev identity

Mathematics Subject Classification numbers: 35J20, 35J62, 35Q55
1. Introduction

1.1. Background and relevant progress

In this paper, we are concerned with the mass critical fractional Kirchhoff equations

{(a+beN|(—A)%u2dx)(_A)fu+|x2u:uu+ﬁu%+1 inRY, 0

fRN lul?dx =1,

where s € (N/4,1),N=2,3,a > 0,b > 0 are constants, i € R is the corresponding Lagrange
multiplier, (—A)* is the fractional Laplacian operator defined by

s u(x)—u(y) . u(x) —u(y)
—A = C,P.V. ———dy=Cs1 — v
(=A)ulx) ’ /]RN — vz "o RV\B.(x) X—y[NEE

for x € RN, where P.V. is the principal value, and C; is a normalization constant.

The first feature of our problem is the appearance of the fractional Laplace operator. Such
type of operators, which has special properties and the connection with the Fourier transform,
arise in a quite natural way in many different applications, such as optimization, finance, phase
transitions, stratified materials, anomalous diffusion, crystal dislocation, soft thin films, semi-
permeable membranes, flame propagation, conservation laws and water waves. A series of
studies have been done on the fractional Laplacian operator, we refer readers to [1, 7, 34, 35,
47] and references therein for physical background.

When s =1, the classical Kirchhoff type equation is analogous to the stationary case of
equations that arise in the study of string or membrane vibrations, namely,

u,,M(/ |Vu|2dx>Auh(x,u) in RV,
RN

where u denotes the displacement, and h(x,u) the external force, such equations were pro-
posed by Kirchhoff [31] in 1883 to describe the transversal oscillations of a stretched string,
furthermore, taking into account the subsequent change in string length caused by oscillations.
The most typical feature of such an equation is the appearance of the term ( [, [Vu/|*dx) Au,
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which makes Kirchhoff’s model a nonlocal one and more challenging to deal with. Scholars
have done a lot of research on Kirchhoff type equations on account of its extensive application
in physics and biology, since the nonlocal effect also finds its applications in biological sys-
tems, we refer readers to [2, 3, 17, 40, 41, 48, 49] and references therein for different existence
results.

The solvability of the Kirchoff type equation (1) has been well-studied in general dimen-
sions by various authors and its main feature is the normalization condition

[ o) Pt = =1

the solution of such an equation under which is commonly called normalized solution accord-
ingly. From a physical point of view, the normalization condition can also be regarded as a
mass conservation, which makes such problems more practical and physically significant, for
example, it can represent the total number of atoms or the power source in nonlinear optics.
Therefore, the research of the correlation properties about the normalized solution has become
an important topic in the research of nonlinear equations.

Among the investigations of the above problems, due to the appearance of normalization
condition and Lagrange multiplier x, the common idea is to use the constraint minimization
method on a constrained set, more specially on some submanifolds. For the classical case, the
energy functional of the following form contains a lot of classical models

_ b )
Eutpa )= | (av»ﬂ+v<x>|u|2)dx+( / |W|2dx) -2 e @
RN 2 RN 6]+2 RN

and its constraint minimization problem

e(a,b,p,q,c):= inf Eup,,(u) 3)
(=} "

has been studied in many different contexts. For instance, as N =2, a=1,b=0and g =2, (2)
turns to Gross—Pitaevskii energy functional which describes Bose—Einstein condensates of a
dilute gas with attractive interactions, we refer to Guo et al [21-23] and references therein for
more details. For the classical Laplacian, it is well known that the L*-critical exponent 2 + 4 /N
plays an important role in the Schrédinger equation, when »=0 and 2 < g <2+4/N, the
energy functional E, , , , is bounded below on the constrained set. It is worth mentioning here
that the corresponding classical Schrodinger equations also receive much attention, see, for
example [9, 25, 39, 42, 53, 54] and references therein for more details.

Back to the classical Kirchhoff equation, that is a, and b are arbitrary but fixed, and its
corresponding L2-critical exponent becomes 2 + 8 /N. Ye [55] first demonstrated the existence
and non-existence of normalized solutions to a kind of Kirchoff equation when s =1, then
a series of subsequent study has been done on the existence of normalized solutions to the
nonlinear Kirchhoff equation, for L2-critical problem with s = 1, we refer to [56, 57]. Luo and
Wang [43] obtained the multiplicity existence of normalized solutions to a kind of Kirchoff
equation when N = 3. Zeng et al [58] recently used a global branch approach for handling
the nonlinearities in a unified way, and obtained the existence of normalized solutions to the
Kirchhoff equation with general nonlinearities.
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As for nonlinear equations involving fractional Laplacian, Cingolani et al [11] studied the
following fractional problem

(=A)Y'u+pu=g(u) inRY,
Jg lu?dx = m,
u € Hj (RN) ,

where N > 2,5 € (0,1), m > 0, 11 is an unknown Lagrange multiplier and g € C(R, R) satisfies
Berestycki-Lions type conditions. Using a Lagrangian formulation of the above problem, they
proved the existence of a weak solution with prescribed mass when g has L2-subcritical growth.
Luo and Zhang [42] proved some existence and nonexistence results about the normalized
solutions of the fractional nonlinear Schrédinger equations with combined nonlinearities

(=AY u= u+ plu)!2u+|uffu inRY,
Ja |u?dx = a?,

where 0 <s<1,N>22,peRand2<g<p<2} = N%st After that, Zhen and Zhang [59]
considered the case of p =2}. For more results on this direction, see for example, [25, 33,
38, 39, 45, 52]. It is worth mentioning here that the Sobolev critical index makes it difficult
to verify the existence of gauge solutions, even for unconstrained problems. We refer to He
and Zou [26] for the details about the existence and concentration of solutions to the fractional
critical Schrodinger equation.

Back to our concerned fractional Kirchhoff equation, there are a few literature studies on
this issue. Huang and Zhang [30] provided a thorough classification for the existence of solu-
tions to the fractional Kirchhoff functional on the L?-normalized manifold when f is pure
power nonlinearity, taking into account p. Chen and Huang [8] considered the existence and
nonexistence of solutions to the fractional Kirchhoff equation with an external potential V and
doubly critical exponents: critical Sobolev exponent and the fractional Gagliardo—Nirenberg—
Sobolev critical exponent. By decomposing the Pohozaev set and constructing a fiber map,
Liu ez al [39] established the existence and properties of normalized ground states to fractional
Kirchhoff equation with combined nonlinearities. Kong and Chen [32] studied the existence
of normalized ground states for nonlinear fractional Kirchhoff equations with Sobolev crit-
ical exponent and mixed nonlinearities in R3, and analyzed the asymptotic behavior of the
obtained normalized solutions. We refer to [8, 30, 32, 39] and the reference therein for more
details. For unconstrained problems, here we refer [14, 27, 28] to the readers for the details of
ground state solution of fractional Kirchhoff equations with critical growth and multiplicity of
concentrating solutions to the nonlinear fractional Kirchhoff equation.

1.2. Main goal and difficulties

In this paper, we are concerned with the concentration and uniqueness of constraint minimizers
of the mass critical fractional Kirchhoff equations (1). It is worth mentioning that the study of
the concentration behavior of solutions is an excellent approach to further study the properties
of solutions and their development trend in the near critical case.

In the model we mentioned before, thatis N=2,a=1, b=0 and g=2 in (2), Guo et al
[21-23] explored the limiting behaviour of minimizers for the Gross—Pitaevskii energy func-
tional (3) by some techniques consisting of blow-up estimate and elliptic regularity theory,
then they also proved the local uniqueness of constraint minimizer by establishing Pohozaev
identities and by contradiction. When b # 0 and N =2, the energy functional (2) becomes a
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classical Kirchhoff type energy functional. Guo and Zhou [18, 19] considered the limiting
behavior of constraint minimizers as b — 0T, in particular, they first illustrated the existence
and nonexistence of constraint minimizers for different parameters p, and then they considered
concentration behaviors of the minimizers of (3) as » — 07 and also the uniqueness of the min-
imizers of (3) for b sufficiently close to 0 were shown. For the concentration phenomenon and
local uniqueness of constraint minimizers of (3) as a \, 0, recently, Hu and Tang [29] had
overcame the difficulties in estimates and blow-up analysis caused by the nonlocal term in
the process of establishing decay estimate and setting Pohozaev identities, they improved the
concentration phenomenon in the sense of that they provided the accurate estimating exponent
instead of o(1), and then they finally established the corresponding results. Motivated by [29],
Guo et al [20] studied the normalized solutions for a kind of Kirchhoff type equation on a
suitable weighted Sobolev space, and they investigated the limit behaviors of the normalized
solutions for this equation as (a,b) — (0F,0™), furthermore, they also discussed the unique-
ness of the normalized solution when a,b close to 0. For more concentration phenomenon
and local uniqueness results of the classical elliptic equation, we also refer to [37, 44] and the
references therein.

In the present paper, we are likewise interested in the concentration phenomenon and local
uniqueness of the solution under the effect of the fractional Laplace operator and the nonlocal
Kirchhoff term. Motivated by the above works, a natural question is one may ask whether we
could use the insights and methods therein to continue the subsequent research, to establish
the concentration phenomenon and local uniqueness of constraint minimizers of fractional
Kirchhoff equation (1) as a 0 ?

Note that until now there have been no results in this field. Two intuitive difficulties arise, on
the one hand, some well-known regularity theories for classical elliptic problems are invalid
due to the nonlocal properties of fractional Laplace operators. On the other hand, the non-
local Kirchhoff term will not vanish as a N\, 0 and it will cause great difficulty concerning the
uniqueness since it could influence the rate of decay of solutions sequence.

In the following, we shall give the relevant results to equation (1). The energy functional
of (1) can be defined by

Bup )= [ (a8t iy ax 5 ([ 16-)° u|2dx)2

__NB
N+4S RN

8542N

v dx ueH,

|u

where the work space H is defined by

H:= {ueHS(RN):/ x|2u2<oo}.
RN

From the variational method, one could turn the constraint solution of (1) into the research of
the following minimization problem

c@p)i= it | Euslo)

In order to consider the asymptotic properties of constraint minimizers, we first need to
figure out their existence under the degenerate condition, that is a =0. Similar to the clas-
sical case, fractional Gagliardo—Nirenberg—Sobolev inequality plays a crucial role in verify-
ing the existence of a constraint minimizer. Du ef al [12] established the following fractional
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Gagliardo—Nirenberg—Sobolev inequality

W@>ﬁ”wsjv“i(/ﬁu—Aﬁu@M%Q (/umﬁw) 7 @
R NglF \Jer Y

where ¢(x) is the unique radial positive ground state solution of the following equation

4s — N

2(=A) u+ u—uvt' =0 inRY, 5)
with
/\vm%quf/|@Wmf Nﬁ/\méﬁm ©)
RV v N RN(P © N+ds RNSD
and
€ = forx € RV, @)

11 Ve () 14 V2

Our first result is the existence and non-existence of degenerate fractional Kirchhoff
equation.

Theorem 1. Let p(x) > 0 be the unique positive solution of (5), then we have

85
(i) if 0 < B < B* :=L|jip||5, there exists at least one minimizer to (0, 3);
(ii) if B = B*, €(0, ) has no minimizer.
Moreover, €(0,5*) = 0 and (0, 5) = —oo for all 5 > 5*.

Next, we consider the concentration phenomenon of constraint minimizer as a N\, 0. Our
second result is as follows.

Theorem 2. Let uy be a nonnegative minimizer of e(ay,3*) with ay — 0 as k — co. Then
there exists a subsequence of {u}, still denoted by {u;} such that each ;. has a unique global
maximum point 7y with

lim 7 = 0 ®)

k— o0
and

R B b \ ¥ . oo (TN

klggosk u (Exx+7x) = % ¢(x) inL (R ) ) ©)

where &y, is defined by
1
; sagllll3 ] o
Eki=|7+7—5 55—~ . (10)
[fRN |x[2p? (x) dx

Moreover, we have

lim =% —0. (1n

k—00 Ef



Nonlinearity 38 (2025) 045008 L Liu et al

Remark 1. Note that in the process of establishing the concentration phenomenon of constraint
minimizers, some classical local elliptic theories such as De Giorgi-Nash-Morser theory, reg-
ularity theory and comparison principle are no longer applicable. Therefore, some uniform
regularity and decay estimates for the solutions to the fractional Kirchhoff equation are estab-
lished by taking full advantage of the Bessel kernel and employing the Morse iteration. In
addition, for the sake of subsequent uniqueness results, as in theorem 2, we need to verify the
convergence of minimizers in L>° (R") instead of H*(R"), where the most convergence results
of minimizers to fractional nonlinear equations were established in the latter space.

Based on the above concentration phenomenon of constraint minimizer, we give the fol-
lowing result about the uniqueness of the constraint minimizer.

Theorem 3. Let uy be a nonnegative minimizer of e(ay, 5*) with ay — 0 as k — oo, then the
minimizer uy is unique as k — oo.

Comments on the theorems 2 and 3:

1. The essential idea to prove theorem 3 is to derive contradiction by establishing nonlocal
Pohozaev identities. First, select two suitable #; and &, which are scaling functions of two
different constraint minimizers u; and u,. By studying the properties of fractional Laplacian,
we can decompose 7 := (it; — it3) /||it; — it2]|co as the linear combination of some functions
consisting of the unique radial positive ground state solution to (5). Inspired by [5], then we
consider the localization method introduced by Caffarelli and Silvestre. More precisely, for a
function u € H*(RY), set

i(x,)=Psu]= [ P(x—ztu(z)dz, (x,0) RV :={(x,1):xeRV,t>0}, (12)
RN
where
[2x
Ps(x,1) = Bs—————= 13)
(k> +2) 2

with a constant 3, such that fRN Ps(x,1)dx = 1. Moreover, i satisfies

div (' ~*Vi) =0 x e R
(14)
—lim#' =20, (x,1) = wy (—A) u(x) xRN,
t—0

in the distribution sense, where w; = 2! =*T'(1 —5)/T'(s). Without loss of generality, we may
assume w; = 1. Taking advantage of decay estimates and blow up analysis, we obtain a con-
tradiction which indicates the local uniqueness as a closes to zero sufficiently by establishing
two nonlocal Pohozaev identities.

2. Compared to the classical case, constraint minimizers in our problem only satisfy poly-
nomial decay (it can be exponential decay in the classical case) which requires more precision
in our estimates. In the process of our research, we find that the scaling functions used in the
classical case (such as the ones in [23, 29]) can not meet our requirement of estimates due to
the polynomial decay and the non-vanishing of the nonlocal fractional Kirchhoff term. The
testing function defined in this paper, which is defined by

N
28\ & _n
imu%(ﬁj) Eluy (Efx) i=1,2,
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achieves the best decay speed, please see equation (96) for more details, which improves the
accuracy of our estimates. As a new attempt, we believe it will be useful in the relevant research
of fractional nonlinear equations.

3. Some technique difficulties appear, for instance, the appearance of (—A)* makes the
classical elliptic regularity invalid, we have to set the decay estimate of |Vu| (where u stands
for the constraint minimizer). Moreover, the property of the linearized operator I" := (—A)* +
432;,1\’ — 8S+N %) ¥ is also an important topic of our research.

4. Although the corresponding harmonic extension problem can help us to establish
Pohozaev identities, we have to deal with several new integral terms that never appeared in
the classical local elliptic problems. As a result, the nonlocal Pohozaev identity we establish
may be the first result of the fractional Kirchhoff equation and we believe it will be useful in
the relevant research of fractional nonlinear equations.

This paper is organized as follows. In section 2, we study the existence and nonexistence of
the constraint minimizers and prove the theorem 1. In section 3, we show some general con-
centration behaviors and finally prove theorem 2. Theorem 3 will be established in section 4.

2. Existence and non-existence of minimizers

In this section, we discuss the existence and non-existence of the minimizer to ¢(0, 3). Inspired
by [12, 29], we consider this problem in three cases and complete the proof of theorem 1. We
first give a compactness result, see [10] for the details.

Lemma 1. The embedding H — L1(RN) is compact for all g € [2,27).
Next, we give the proof of theorem 1.

Proof of theorem 1: For 3 € (0, 5*). Following (4), for any u € H with ||u|, = 1, it has

Fos = [ watacs ([ 1cayipa) - [
’ (';— ||sj|~‘> ( RN“_A);ulzdx)z’

which implies Ey g(u) is bounded from below in this case. Letting {u,} € H be a min-
nnlzmg sequence for ¢(0,5) for 5 € (0,5%), it is easy to see from (15) that sequences
{ Jan [(=A)2u,|*dx} and { Jgw [x[?udx} are bounded uniformly in n. By the weak lower semi-
continuity of the norm in H and the lemma 1, we can conclude that ¢(0, 3) has at least one
minimizer in this case.

For 5 > 3*, we take advantage of the cut-off function to prove the non-existence of min-
imizer of (0, 3) in this case. Let w € C§°(R?) be a cut-off function with 0 < w < 1, w(x) =1
when |x| < 1, w(x) = 0 when |x| > 2 and |Vw| < 2, and define the following trail function

_A; 3 X — Xp
U- (X) : ||SO||2 (7_2) QO(T‘X*XOD, (16)

89+‘>N

5)

where A, > 0 is chosen such that ||U, (x)||3 = 1. From the polynomial decay of ¢, it holds

1

1 X
——14 7/ [wz (7) _ 1} Pde=1+0 (M) asr 500, (17)
AZ o113 Jemg 4 (0) 3 ( )
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Following (6), [12, lemma 3.2] and (17), one has

x 2
/ |(—A)%U (x 2 A2 23// *; *w(%)go(yﬂ dxdy
RY el Jrv Jrr |x [N

A2 . . (18)
\||s0||2< (2 e+ ofr 12))
2
=24+ 0(r7'%) asT— o0,
8s+2N
N 4s ) :
U, () = A T T/ S (L)
RY ||<PH2 : RY T (19)
:(N+4S)T4S+0(7_73N73637#) as T —5 00
NllF ’

2
/ Ix[2|U; (x) |2dx = ||<,0|| / )’erxo‘ w? (%) ©*dx — |xo]* asT — oo, (20)
2 /B, 3(0
Therefore, we derive from (18)—(20) that for § > 5%,

b B
2

e(0,8) <Epp(u) < ( - ) ™ 4 \x0|2—|—0(7'_83) +o(l) = —c0 asT — oo,

lelly’
@n

which implies that ¢(0, 5) has no minimizer for 5 > *.
For 5 = 3*, we may assume that there exists a positive constraint minimizer v, then taking
=01in (16), we can deduce from (21) that ¢(0, 5) < 0. Moreover, (15) shows that

Then we obtain ¢(0,3*) =0 and v(x) =0 in R\ {0} which is a contradiction to the fact
2
Jen VPdx=1.

3. Concentration phenomenon

In this section, we fix § = 8* and focus on some concentration phenomenon of the minimizer
u, to e(a, B*). Similar to the proof of theorem 1, we can prove that for any a > 0, there exists
a nonnegative minimizer u, of e(a,3*). On the other hand, there is no minimizer to ¢(0, 5*)
as a = 0. Therefore, a nature question is what would happen if a ™\, 0? We shall establish the-
orem 2 on the concentration phenomenon of u, as a \ 0. As a bedding, the following lemma
describes the limiting behavior of energy as a 0.

Lemma 2. Let u, be a nonnegative minimizer of e(a, 8*), then
e(a,8*) = ¢(0,8)=0 asa™\,0,
fRN|(—A)%ua|2dx—>+oo as a™\,0,

afRN|(—A)%ua|2dx—>0 asa\,0,
Jen 12 lua?dx — 0 as a ™\, 0.

9
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Proof. In view of theorem 1 and (4), it holds

e(a,5%) =E;p (ug) > /RN (a| (—A)% uq|? + |x|2u§> dx>e(0,8%)=0. (22)
Defining U (x) as (16), it follows from (17)—(20) that
0<e(a,B*) <Eup(Us) <ar™ + x> +Car™ ' + 7% +0(1) asT— 0. (23)
Taking xo = (0,0,...0) and letting 7 = a— 7, then (23) shows that

0<e(a,B) =0 asa 0, (24)
from which and (22) we have

a/ | (=A)? uy|?dx — 0, / x| ua|?dx — 0 asa \,0. (25)

RV RV
We next prove that
RN\(fA)%uaFdx%Jroo asa\,0. (26)

On the contrary, we now assume that (26) is false, then (25) shows that there exists a sequence
{ax} with gy — 0 as k — oo such that {u} is bounded in H, where uy := u,,. Thus lemma 1
implies that there exists uy € H such that u; — uo weakly in H and u;, — ug strongly in L7 (RY)
as k — oo for p € [2,2¥). Then,

e(0,8") < liminfE, g« () = lim e (ay, ") =0=1¢(0,58").
k— 00 k— 00

This shows that ug is a minimizer of ¢(0, 8*), which is a contradiction. O

We next investigate asymptotic behaviors of the minimizers ulteriorly by scaling it and give
some properties of the trail function.

Lemma 3. Let uy be a nonnegative minimizer of e(ay, 3*) with a; — 0 as k — oo, then there
exists a sequence {y}, Ko > 0 and & > 0 such that the normalized function

1

N N T2
Wi (x) = el ug (exx+exyx)  where gy = </ |(—A)2 uk|2dx> 27
RN
satisfies

liminf/ lwi?dx > 6 > 0. (28)
B, (0)

k—o00

Moreover, for any sequence {ay} with ay — 0 as k — oo, there exists a subsequence, still
denoted by {a}, such that z, := ;yr — 0 as k — oo. In addition, for any p > 0 small enough

u (x) = ¢, gwk (xzk>—>0 as k — oo for x € B, (0), (29)

Ek

10
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and

wi (x) = wo (x) := (2/];*>8S<p(|xy0) as k — oo for some yo € R in H* (RY) . (30)

Proof. We divide this proof into six steps.

Step 1: Define wi(x) := ¢ ux(exx), we can derive from lemma 2 that

dx E / |uk‘8r+2N

(N+4 s
EEE ] () o

2 €1V
b 5 2 *
2 ([ 1A mPar) (a5
RN
b(N+4
<2N+6*S) as k — 00.
We now claim that there exists a sequence {y;} C R and Kp,d > 0 such that
liminf / i |*dx > > 0. (32)
0 By, ()

Suppose by contradiction that for any K > 0, there exists a subsequence of {wy}, still denoted
by {Wy}, satisfying

lim sup/ Wi *dx = 0.
Bk (y)

k*)OOyGRN

8:+2N

By the fact that s € (N/4,1), we deduce from the vanishing lemma that w; — 0in L
as k — oo, which contradicts (31). Then (32) shows that (28) holds.

(R")
Step 2: Applying lemma 2 and (27), we have
/ lx[Puidx = / |lexx + exyi*widx — 0 as k — oo,
RN RN
which implies that

0 = liminf / lexx + exye*widx > liminf / |lexx + x| widx
RN k— o0

k—o00 BKO(O)

Since |x|? — oo as |x| — oo, then (28) shows that {;y; } is bounded in RY. Up to a subsequence
if necessary, there exists a xy € RY such that z; := exyr — xg as k — o0o. By Fatou lemma, it
then follows from (28) that

1
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)

2
liminf / lexx + ey Pwidx > o2 lim widx > 20l
k— o0 RN k—o0 2

By (0

which shows that |xo| = 0.

Step 3: Since i is a nonnegative minimizer of e(ay, 3*), then it satisfies the following frac-
tional Kirchhoff equation

<ak er/ [(—A)2 uk|2dx) (—A) w+ |x|2uk = gl + B*Mk"’+1 in RV, (33)
RN

where 1 € R is the Lagrange multiplier. It is easy to check that

s 2 S
= [ (alcayuenpd)aes ([ eatute) o [ wFa o
RN RN RN

and

) \ 2
ela) = [ (=80 P i) e 3 ([ 1) ufa)

NB* 852N
e [ (35)
N+4S RN

Combing (27) and (35), it yields from lemma 2 that

)= [ nf =1
RN RM

(36)
854N 852N b(N-+4
/ w " dx:aﬁs/ u " dx%u as k — 00.
RN RN 2Nﬂ*
Following (34) and (36), one has
;. (N—4s)b
ed — oy wk—oo (37)
Moreover, one can check that wy(x) satisfies the following equation
8s
(a;@,%s + b) (7A)SW]( + 62X‘€kx + skyk\zwk = ’ukf-jzswk + B*Wk’v + in RV, (38)

Applying (36), we conclude that {w;} is bounded in H*(R"). Passing to subsequence, there
exists wy € H*(R") such that

we—wo >0 in B (RY) as k — oc. (39)
Since wy satisfies (38), using (37) and passing to weak limit, one has

‘ N—4s)b 8
b(=A)wo = N 3)b 2NS) wo+ 8wy T inRY (40)
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in weak sense. Furthermore, (28) implies that wy = 0. Similar to the proof of [50, proposition
4.4], we have that wy € C*(R") for some « € (0,1). Then, following [13, lemma 3.2], we
have

(*A)SWO(X):*E/ WO(x+y)+WOI\(]x2_y)_2W0(x)dy inRN.
2 Jry |y [ V2

Assume that there exists xo € RY such that wy(xo) = 0, it then follows from wp(x) > 0 and
wo Z 0 that

s Cs wo (X0 + ) +wo (x0 —
(—4A) Wo(x0)=—7/ 0 (%0 Ty)|N+2s0( 0 y)dy<0.
RN

However, from (40) we know that (—A)*wy(x) = 0, which is a contradiction. Hence, w(x) >
0 for any x € RN. Comparing (5) and (40), the uniqueness of positive radial solution of (5)
implies that

b\
wo (x) = (25*> @ (lx—yo|), forsome y, € R". 41)
Moreover, we derive from (4) and (41) that
[(=2)2 wol*dr = / [wol* = 1. (42)
RN RN

In view of (36), (39) and (42), one has

b

8s
2ﬂ*> @ (Jx—yo|) forsomey, € R".

Wk—>WQ:=(

Step 4: Now we show that ||wi|| o < oo uniformly for large k. In fact, from (37), (38) and (42),
it has

s 20" &
(—A) wi < fw,y*‘. 43)
Define
0 1 <0,
h(t) :=hry(t)=4q 1 0<t<T,

AT t-T)+T t>T,
where v > 1 and 7' > 0. It is easy to check that A(¢) is convex and Lipschitz continuous, so
(=) h(we) <h" (wi) (=A) wi

in the weak sense. Clearly, 2 € C'(R) N W!>°(R) and it is positive, increasing and convex.
Define
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which is positive, increasing, convex and belongs to C' (R) N W">°(RR), then we have h’(f) =
(h'(1))* and h(r) — h(r) = h'(1)(t — r) for t,r € R. Also, by the Jensen inequality, the fact
0 < h(r) < |1]Y and 0 < th' (1) < yh(r) for r,t € R, we deduce 0 < h(1) < ||h'|| oo |?|” and |A(r) —
h(r)|> < (h(t) — h(r))(t — r). Thus, we conclude i (w;) € H*(RN) since h is Lipschitz continu-
ous and /(0) = 0.

Assume that 1<~ <2*/2, it has h(wy) < ||h'||oc|wi|” € L*(RY). By using Sobolev
inequality, (43) and the properties of /(z), we can see that

() 113 < €Il (~ ) h(wi) |13

dxdy

Al .
(

—72C [ (o) Paxe?C [ hm) s
RN
Now let R > 0 be fixed, by the Holder inequality, we have
RO
RN
- / (h(wi))*wee 2dx + / (h(wi))?wer 2dx
[ <R} [w>RY 45)

2*72
21"
st*-2||h<wk>||%+</{ R}w%dx) e (w) 1B
Wi >

Note that {w;} converges strongly in H*(RY), then one has {w;} converges strongly in
L% (RV), so we can choose R > 0 sufficiently large such that

*_2
20 =2

S
2 ’ 1

w;* dx < —.

<~/{wk>R} k ) 272C

It follows from (44), (45) and the fact a(r) < |¢|" that

I (v 1B <292C (14 R 72) 11 (wi) 13 < 29°C (14 R¥ 72 el 3]

14
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From the Fatou lemma and the fact limy_, o sz, (¢) = 17, we deduce that

2 2

2 . 2r x .. 2 ki
= ([ mintn, ovax) < gimine ([ 7 )00

<29%C (1R 72) w3,

o
5
i = 2757[,1 and let ; — 400, we can obtain that wy € L"(R") where r € [2,+00). By Fatou
lemma, (44) and the fact h(z) < |¢|7, we have

which implies that w, € L% 7(RV) since 1 < < 27 Iterating this argument with ~y :=

hwell32, <~C / (wd w7 ) (46)
’ RN

%?7> . @7)

By Holder inequality and Young inequality, we get that

2r -2 1 2
<IE 1 (5ol +

/ Wk 2+2’de< ||W2 -2
RV B

Set

252
L= we s,

then the fact wy € L"(RY) shows that L < +o0, where r € [2,+00). Let € = 1/(Ly*C), it fol-
lows from (46) and (47) that

1
2 2y 4 2y
<270 (14 gz ) Il < Ol 9)
Letting 2+; = 27v;—1 in (48), we have
lwill2:+, < (C%)h’ llwill2,—
which implies that
Iwill2; < H ) )77 Il - (49)
Letting i — 400 in (49), we conclude that
log (C(g)‘tng)
[Willoo <€ I wellzz < C.

Step 5: Next we prove the fact wy — 0 as |x| — oo uniformly for large k. We rewrite prob-
lem (38) as follows

(=AY wi+we =M (x)  inRY,
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where
| 8s 11
hy == wi + (5,%Sak + b) (u;(afwk + ,B*W]év e 52S|5kx + ekyk|2wk> .

It is easy to check that iy € L™ (RN ) for large k, thus by the interpolation on the LP-spaces
and the convergence of {wy} in H* (R"), there exists € L" (R") such that iy — hin L" (RY)
as k — oo for r > 2. Using [16], we have

Wk:/RN’C(X*)’)hk(X)dy,

where C is a Bessel potential and it satisfies
(K1) K is positive, radially symmetric and smooth in R¥\ {0}.
(KC2) There exists C > 0 such that K(x) < i for x € RM\{0}.

(K3)K € L"(RY) for r € [1,N/(N — 2s)).
Now argue as in the proof of [51, lemma 6.4], we conclude that

lim wi(x) —0 ask— oo. (50)

|x] =00
Step 6: We now show (29) holds. In fact, lemma 2 shows that there exists M > 0 such that
ael +b <M uniformly for large k. (51)

Following [16, lemma 4.3], there exists a function X" such that

1

0< X< —m—
1+ |x|N+ZS
and

(4s—N)b
ANM

Following (37), (38), (50) and (51), we conclude for large k that

(—A)' X+ X =0 inRM\Bg, (0)for some R; > 0.

s (4s—N)b s (4s — N) bwy,
—AYwi+ ————wi < (A Wi+ ———~
(A it gy s (A w AN (are?* +b)
84 s
B _52S|5kx+5k)’k|zwk+ﬂk52SWk+B*WkN+ + & 4,§V)ka

ake’:‘]%X +b
<0

for |x| > R, with R, large enough. Similar to [50, lemma 5.6], we conclude that

C
wi (%) < e uniformly for large . (52)
For any x € B((0), we have
bF=ad s My 2 ask o oo, (53)

Ek - 251( - 2€k
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From (52) and (53), it follows that

_N X—2k _N C
uk(x) =& ZWk () <€k zf
& [ERE=TE

<gg W%O as k — oo for x € B}, (0),
+|25k|

thus the proof of lemma 3 is complete. O
Next, we recall the [36, propostion 3.2], whose regularity property is crucial for our proof.

Lemma 4. Assume that g € C"(Bg(0)),r > 0 and u is a nonnegative solution of

(—A) ' u=g(x) inBg(0).

If2s+r< 1, thenu e CO¥+ (B%e (0)) with

|cr <B3f(0)>‘| '

||u||60,2s+r(3§(0)> ¢ [HM”’" <B~%’*(°)> ol

If2s+r> 1, thenu € Cl->+r—1 (Bg(O)) with

[ — (5;0) <C [Ilulm (20 + IIgIC,(BﬁR(o))] '

Proposition 1. Let uy be a nonnegative minimizer of e(ay,5*) with ap — 0 as k — oo, then
there exists a sequence {u}, still denoted by {uy}, such that each w; has a unique global
maximum point 7 satisfying

lim 7 =0 G4
k—o00
and
N
. ¥ B b 8 o SN
kll)rgo edur (exx+72x) = 25 ¢ (x) inL>(RY), (53)

where @(x) is the unique solution of (5), and €y — 0 as k — oo is defined by

e = (/R |(-4)* uk|2dx) - (56)

Proof. Let Z; be a global maximum point of i, it then follows from (33) and (37) that

u (2) > (;") >Cep 2, (57)

from which and (29) we derive that 7; — 0 as k — oco. Set

e (%) = € g (exx + 20) (58)
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One can check that wy(x) satisfies the following equation
8s
(arel +b) (—A) e+ e lewx + 2w = e+ 5w 7 inRY. (59)

We now claim that wy, satisfies (28) for some positive constants Ry and 4. Indeed, (52) and (57)
yield that there exists R; > 0, independent of k, such that ’z“a;k“ < %. Since wy satisfies (38),
we then deduce from (58) that

lim / |wi|>dx = lim |w|>dx > / lwe>dx > 6 >0,
k—roo Bry-+r, (0) k=00 Lo ) B (60)

k — <k
Bry+r; | 55 Ro+R71(0)

which proves the claim. Similar to lemma 3, one can further derive that there exists a sub-
sequence, still denoted by {wy} with

(N—4s)b

SN and W —wo >0 inH (RY) ask— oo, (61)

(el —

where wy satisfies (40). Moreover, (60) implies that wy Z 0. Thus, following Step 3 in lemma
3, it has wy > 0. Further, we obtain that

N

o) = (55:) (), ©

since the origin is the unique global maximum point of ¢.
We next prove the uniqueness of z; as k — oco. Rewriting (59) as follows

(—A)ka = Fk ()C) in RN, (63)
where
_ B4l

s -1 X = — S — *
Fy(x) == (aed’ +) [—52 |exx + Ze* Wi + e Wi + B W]

By the fact | Wy |0 < Cand Zx — 0 as k — oo, we then deduce from (61) that {F} } is bounded
uniformly in L°°(R") as k — oo. Using [47, Proposition 2.9], we have

||17Vk||cl,a(]RN) < C(HVV/(HLoo(RN) + ||Fk||Loo(RN)) <C forae(0,1)ask — co.
Furthermore, since £}°|exx + Z|* is locally Lipschitz continuous in RY, in view of zx — 0 as

k — oco. Applying lemma 4 a finite number of times to (63), there exists some positive v €
(0, 1) such that

14l ce (5572) < € {10l () + 1Bkl ()| <€ a5 k= 00,

which shows that {#;} is bounded uniformly in C27 (RV) as k — oo for some y € (0,1). So
there exists wo € Ci.(RY) such that wy — wy in Ci (RY) as k — oco. Further, by using (61)
we have that wg = wg. Thus,

we — o in Cp, (RY) as k — oo. (64)

18
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Because the origin is the unique global maximum point of ¢(x), then (64) shows that all global
maximum points of wy stay in a small ball B,(0) as k — oo for some p > 0. Since ¢’/(0) < 0,
we know ¢’ (r) < 0 for r € [0, p). By [46, lemma 4.2], we obtain that wy. has no critical point
other than origin and Zz; is the unique global maximum point of wy as k — oo.

We now prove (55) holds. It then follows from (7) and (52) that for any € > 0, there exists
a constant R, > 0 independent k, such that

(0], ‘(22*)%@

€
<7 for any |x| > R, as k — oo,

which yields that

() o

from which and (64) we can obtain (55). O

sup [ (¥) — o ()| < sup <|wk<x>|+ ><§ as k — oo,

|x|>R. [x|>Re

Following the proof of Proposition 1, we now address theorem 2 on the local properties of
concentration points. Before proving theorem 2, we first establish several Claims.

Claim 1: Define Ao := [px [x]*¢*(x)dx, then we have

limsupg(a’lﬁ)g(l—i—s)( Ao ) .

a0 a™h sllell3

Indeed, let U, (x) be the trail function defined by (16). Taking xo = 0, we deduce from (18)
and (19) that

A
/ \x\2|UT(x)\2dx:2702(1+0(1)) as T — 00, (65)
RY ez
and
A
e(a,B*) =E,g- (Uy) <ar™ +aCr™'% + 3 0 P (I+o(1)+Cr™ asT—=00. (66)
T ||® 5

1

LetT = ( Ao 5 ) m’ then 7 — oo as a N\, 0. We thus obtain from (65) and (66) that

as|lell3

s —1

Mo N\ A [ A\

@(a,ﬂ*)<ﬂ< . 2) + 02( 0 2) (I+o(1)+Cr ¥ +0(1) asa\0,
asllel; lellz \asliellz

which shows that

s

limsupe(a’lﬁ*) <(1+s) < Ao )]H.

a—0 ats SH@H%

Claim 2: Let u; be a nonnegative minimizer of e(ay, 3*) as in proposition 1 with a; — 0 as
k — oo, then the unique global maximum point Z; of uy satisfies zx — 0 as k — oo and {f_—i}
is bounded.
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In fact, if % — 00 as k — 0o, then for any M > 0 large enough, we have
liminf - |x|2u,§dx ~limin / x| @2dr > M. 67)
k—o0 6 —0o0  JRN Ek

Following (4), we deduce by calculation that there exists a constant C > 0 such that

e(ag,5*) = Eq p~ () > akek_zs + Mej > CMI%rfakll?7
which is a contradiction in view of Claim 1 by choosing M > 0 large enough.
Proof of theorem 2: Actually, Claim 2 shows that there exists zo € R" such that
i—i—)z() as k — oo. (68)

Since (x) is a radial decreasing function and decays polynomially as |x| — oo, we then con-
clude that

liminf — /||2 /|x+zo|2<p2(x)dx
koo g} ||2

/ P Ao
ark “TelE

Together with the Young inequality, we derive from (66) that

(69)

« )\()62
e(a, B%) = Eq.p+ (w) > arey > + H<Psz (1+o(1))
2

sl ™
> (1+5)a]" (1+0 (1))( ”;00”2> .

Hence

hmlnfw > (1+5) ( Ao )HA, (70)

kooo T slleoll3

where the equality holds if and only if

_1
Sak||(p||%>2+2x (71)

lim @ =1 where & := (
Ao

k—o00 E

In view of (70) and Claim 1, it follows that

s

* T+s
1iminfe(“"’/8):(1+s)< A°2> .

O "

Therefore, (55) and (71) show that (9) holds. Next, we prove (11), indeed, from the definition
of e(ay, 5*), we know that

[ P ae< [ Padzas 72)

20
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By the decay estimate of wy and ¢, we deduce from (71) that

2
/\x\zu%(x—i-zk)dx: 6]‘2(1—1—0(1))/ X2 (x)dx ask—>oc0.  (73)
RN ||80||2 RV
Note that
2.2 2-2 (1+o0(1))et z | 2
/|x\ uk<x>dx>/ e+l wk<x>dx=72/ o+ 2 2 () de
RY B 1 (0) ||50||2 B, (0) Ek

€

ﬁ ‘
~
-

(74)

On the contrary, we assume that there exists a constant p > 0 and a subsequence of { %} with

% > p > 0as k— oco. Then (72)—(74) show that

€2 /
||80||§ B, (0)

VEk

2

<p2(x)dx < M

lell3

Tk
Ek

X+

/ |x[*?(x)dx as k — oc.
RN
Applying the Fatou lemma, we have

/ |x|*0? (x)dx</ liminf
RN RN k—o0

which is a contradiction. Thus g—kk — 0 as k — oo, from which and (71) we can obtain (11).
This completes the proof.

Tk
X+ —

2
P @) dr< / xP? (x) d
Ek RN

4. Local uniqueness

This section is devoted to studying the local uniqueness of nonnegative minimizers when a is
small enough. For this purpose, let {a;} be a sequence satisfies a; — 0 as k — co. Suppose
by contradiction, let uy; and uy; be two different normalized minimizers to e(ay, 8*) with
||u,k||% =1 for i =1,2. Let Zj; and Zy; be the unique global maximal point of uy; and uy; as
k — o0, respectively. Obviously, we rewrite (33) as

<ak—|—b/ |(—A)% uik|2dx) (—A)suik+ \x\zuik = M,-ku,-k—kﬂ*u:fﬂ in RN,i = 1,2, (75)
RN

where p € R is the corresponding Lagrange multiplier. Define

i 28°\F v
i (x) := > Etup (Erx+2zik) 1=1,2, (76)
and

_ Uik (x) — tog (x)
=" 77
nk(x) ||ﬁlk_ﬁ2k||oo ( )

21
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One can check that u;; and 7, satisfy

N
b \*% s 5 _ -
akéﬁs b < ) |(=4) ﬁik|2dx (—A) g +541;s|5kx+zlk|zuik

25"

R” (78)
b s
:MikéisﬁikJriﬁl%—H inRN,i =1,2,
and
=25 b % 3= 12 S = =4s| = = 125
aiey, +b " |(—A)2u2k| dx (—A) Mk + € ‘Ekx+Z1k| Mk
23 RV
b
o(5) [0 ) () s () )
R

ety (pix — k) | (8s+N)b

8
i — ] oy i (LA

= T +

where A € (0,1). The following result shows the polynomial decay of &, and |V |.

Lemma 5. Assume that uy(i = 1,2) are two minimizers of e(ax, 3*) with ar — 0 as k — oo
and uy, is defined by (76), then there exist R > 0 large enough and 2s > p > 0 small enough
such that

C

ﬁik (.X) < W as k — o, (80)

and

C
‘Vﬁik(x)| gm for |x| > Ras k— oco. (8])
Proof. Clearly (80) follows from the decay estimate of u; in section 3 and we now show
that (81) is true. In fact, ity € C"*(RN) for some « € (0,1) as k — oc. In particular, | Dy | €

L>®(RN) as k — oo. Differentiating (78), we get

Zl=

! b \* s s On; G _ ,0u;
ak€i° +b | (—A)Z ﬁik|2dx (—A) k +?,€‘°|Ekx+zlk\2 k
23* RV 8xj 8xj
(82)
Ouy ~ b8s+N_s0u, ;
_4; ik _ ik As+1 [ = _ _
=G T TN gy 2% (5w + )
wherei = 1,2 andj =1,2,---,N. By (61) and (71), we have
N—4s)b
pikéisﬁg ask—ocandi =1,2. (83)

2N
Using the fact that Z;; — 0 as kK — oo, we derive from (80) and (83) that there exists ¥ >0
large such that

8s
b 8s+N-N =4s| = = 12
—pikE’ — 5N Uy + & €k + Zug

N
@y +b (22* ) P o | (= A)F iy [2dx

=pp>0 ask—oocandi=1,2. (84)

22
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Let v € H*(R") be a positive radial solution of
(=A) v+ pv=vit! inRV. (85)
From [15], we know that v € C (RN ) and there exist constants C, > C; > 0 such that

G &)

N
For large k and 9 > ¢, set
Dvi [e%s)
V= (1 + ”uk”) v
1nf‘x‘<190 v
In view of (82) and (85), it follows that
Ay Oty . *,Ufikgk ZSSIJ\;N N +€k ‘EkX+Zlk| Oty o
- ( Ox; V) g "

akszv—i_b(ZB*)% f]RN‘(_ %ﬁlk|2dx

*26AS+1 (ékxj +Z/1k) Uik

= —(1-|-i|r‘1?’4¢)v%'H i=1,2andj =1,2,--- N.
s K x \4
QY —&—b(zﬁ,ﬁ)4 S | (=) 1y 2dx Il <Bo
(87)
on +
Testing (87) with ( Sk 17) , we get
s (9M,k _ s Oy _ +
(=) _A)? —v) dx
) 8x] ) (=4) (axj V>
—M,kek b 84Ny —|—£k \skx—l-zlk\ Ol Oty +
+/ L o P (axl»_v) &
s +b () oo (- mara | 2 /
25! (é X +7, )ﬁ- . 7 +
/ KT 2k _ <1 n i!l?uiknoo )v%“ (% _9) dx,
N N s x v X
¥ ak52v+b 25*)4 Jan | (=2) 7 g 2dx s !
(88)

where i =1,2 and j =1,2,---,N. According to the definition of v, we can see that

_ +
(% - \7) =0 in By, (0) as k — oo. Moreover, we have that as k — oo
J

oAt (— ) )ﬁ i U *
/ € E1Xj + 2y ) i _ <1+%> pr (%_‘7> dr <0,
R 2dx

5 inf| v Ox;
e +b(gh) " fur| (-2 i < /

23
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where i = 1,2 andj = 1,2,---,N. By the fact that 9y > 1J, we obtain from (84) that

— R — gsf\; +§25|Ekx+zlk| Oty _ g\
s ax, oY ox, dr

| b () ol (-8 s | 2 :

EP —

b 8s+N- ) 2| A _ +
_/ —Hik T h & FEC|Ex + 2wl | Oug 5 (auik —v) dx
0 2 4: 5 i

190( ) s ( ) fRN| 2 k|2dx

/ < 8u,k < 8u,k >
= — pov -V
3%0 (0) 8)6]

RN

aek

ou; +
< Mzk_;,) |dx ask—oo,i=1,2andj=1,2,---,N.

8)(]
(90)
Let w; := % —v,wherei =1,2andj = 1,2,---,N. Some calculations show that
Wz Wi )) (wf (-x) — WiJr (y))
dxdy
RY JRV x — )’|N+2S
(wi (x) —wi (y)) wi (x)
/w (1) >0} /{w (<0} |x yNrE dedy

1 1 (91)

/ / UJ, UJ, (x))wl (y) dxd
N+2s Y
{wi(x)<0} {w,<y>>0} |x Yl

2
{wi() 20} J {wi () >0} |x >’|N+2Y

and
|wi (0) —wit ) wf (x)
/ / _ v|N+2s dxdy = _ v|N+2s dXdy
RN JRN lx =yl {wi(x)=0} J{wi(y)<0} lx =yl
Wi (y)
+ / / —t " —dxdy (92)
(i) <0} J {wi(3) >0} |)C*)’|N+2x

—wi ()’
———————dxdy.
/w,(x)>0} /{w, >0} ‘X y|N+2S

Following (91) and (92), it follows that

/(—Aﬁ M 5 (o)t (2 +““‘>/
RN axj v 8xj ~ RN

It the follows from (88)—(90) and (93) that fori = 1,2 andj = 1,2,---,N

o \'[

s Ui _

—A)? -V dx + /
‘/]RN ( ) <8xj > ‘ Po RN

24

- (ax, ) | ax

o \*|
( “’k—v> ‘dxgo as k — 0o,
Xj
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_ +
which implies that (3 — )" =0 in R®. Thus, we have

ik
Xj

1%

o c
Ox; ST L x|V

ask—o0,i=12andj=1,2,---,N.

By the same arguments as above, we can also obtain that — %T_k < W ask—o0,i =1,2
)
andj = 1,2, - -, N. This therefore completes the proof of lemma 5. O

To achieve the optimal decay frequency, denote

28\ 5 x
Uy (x) := ( f > égu,-k(é,:x) fori =1,2, 94)

and

R iy (x) — digy (x)
= 95

where 7 < 0 satisfy

7 < min {—2s, _‘tfs_(’ N=2,
—4s —4 <7 < min {—2s, ;jf;;} N=3. (%6)
In view of (76), (78), (94) and (95), it follows that
25(2—7) b \* _(T—1)(N—4s) s 5 -
aie, +b 5 & RN|(—A)2uik| dx| (—A) iy
o7
b &
+ & ler x i = pae i + Ei‘iIIZH inRY,i=1,2

and

N
s(2—T1 ~ b i (77— —4s BN EAN N
265" ><—A>Snk+b<%) O | (1Al + (- i) dx (=)

N
b B (= — 4 Sn ~ LN S [~ N S| =T 2
‘*‘b(zﬁ*) 5_1(c D 4Y)/N(—A)2 (it + o) (=) iedor (—A)° (it + inog) + 280 |7 1] e
R
(8+N)b

& (ak — pox) (
N

N 8
llitn — itk || oo [Adtyg + (1 = A) ] ¥ 7.

(98)

4 R S
=& (1K + pok) T + Qg dipy) +
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Following (76)—(78), we have

EX (ke — pok) (
i1k — o] o

— g (25*)Z/RN (|(_A)%ulk‘zﬂ(_A)%ﬁZk‘z)dx

></ (—A)% (ﬁ1k+ﬁ2k)(_A)%ﬁkdx(’:llk'f"bk)
RN

—1-X
4s8* 23* as 4s+N 4s+N 4s ~ ~
a ]5 ( 5 ) /N (ﬁlkN ity )[Aﬁlk-i-(l—A)ﬁzk]Nﬁkdx(“lk+”2k)'
R

99)

g + tiog)

We next claim that for any xy € RY, there exists a small constant § > 0 such that
/ [e—j‘“‘ﬂ(—A)%ﬁk\2+eﬁc‘s\5;x|2ﬁ,§+ﬁ,ﬂ ds < 20 ask - . (100)
OB (X[))

In fact, multiplying (98) by 7 and integrating over R, we have

N
25(2—7 b ¥ —4s 2 A S
{zakei“ >+b(m*) e | (|<—A>2u1k|2+|<—A>zu2k|2)dx] JRICSER
RN RN

+2521S/N\51:X\2771%dX—525 (Mlk"‘NZk)/Nﬁlzdx::Al +A; + A3+ Ay, (101)
R R

where

b & T— —4s 3 ~ 5o ?
Al =—b EIE D(N—4s) / (=A)2 (dyg + digg) (—A)2 ipdx |
23* RV
b (28°\ % ooy .
) P (i
X/ (—A)%(mk-i-ljtzk)(—A)%ﬁkdx/ (ﬁ1k+17t2k)ﬁkdx7
RN RN

N
4s8* (2B* s _(1=7)N N AN
Az :=— N ( b > & . (ulkN + ity )

4s _ _ _
X [Ady 4 (1 = A) o] ¥ pdx [ (s + sy ) edlx,
RN

A

[

w

(8s+N)b

Ay 1= TGN / [Adige + (1 - A) iy ¥ 7.
N RV
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By the fact that || || s (mvy < C as k — oo, we can derive from the Holder inequality that
< G0N [ ) (i) P [ (=)
< CET DW= +(1=r) (V=29 |( AV (e + i) | dx/ (= A)F y2d
C 1 g+ e / 1) ik
cem) /]RN\(—A)%ﬁdex as k — oo.
Using the same argument of (102), we can obtain that

o] < el HﬁkH%f(]RN)

1—7 N—=2s)(T—1 _N(t—1 ~
< sl [£ ) )/ (=) e+ 2 >/ nfdx] (103)
RN N
gcgks(l—f)/ |(fA)%ﬁk|2dx+C/ fpdx  as k — oco.
RN RN

Noticing that || < 1, we conclude from lemma 5 that

(1—7)N

|A3 +A4] < CE as k — oo. (104)

Thus, from (10), (37) and (101)—(104), we obtain that
20 [y et [ (P (ot el [ i
RN RN RN
c [5?(17)/ [(-A)? ﬁk|2dx+/ npdx + &, 21 T)] as k — oo.
RN

Together with [6, lemma 4.5], we know that (100) holds. Thus we obtain following the estimate
immediately

”ﬁkHHS(RN) <C ask— oo. (105)

In order to deduce the limiting behaviors of 7, let us first study some basic properties of
ground state ¢, which will be used later.

Lemma 6. Let ¢ > 0 be the unique radial positive solution of (5) and 1" denotes the corres-
ponding linearized operator given by

ds—N 8s+N s

I:=(-A)° — N,
T N 7

Then we have:

(i) o is nondegenerate in H*(RY) in the sense that there holds

dp ¢ Op }

Kerl" = e, —
er span { o o B

(i) T (Fo+x-Vo) = (431\/)90 and T(x-V)=2s(—A)p.
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Proof. According to [15, theorem 3], we know that (i) holds. Let w(x) > 0 be the radial pos-
itive solution of

(=AY w+w—wit! =0. (106)

Define
8s+N

8s
wWhN,

Lo=(~A) +1—

Following [15, (7.2) and (7.3)], we have that £ (§w+x- Vw) = —2sw. Thus, (106) shows
that

8s+N s

(—=A) (x-Vw) +x-Vw— w (x-Vw) = 25w T — 2w, (107)
In view of (5) and (106), it follows that
N \F N \F
W(x)—(4s_N) @ (4S_N) x], (108)
then
s 4s—N 8s+N & sty (4s—N)s
() (e Vo) + 2 (ovg) - BNk (g — s - B 09

2N 2N N

Moreover, since (x) > 0 is the unique solution to (5), a straightforward calculation shows
that

N K 4 _N s
D(g9+x Vo) = (=AY (x- Vo) + = (x Vi) — s
4 2N
8s+N s (4s—N)s
Y 4 (X'VSD)——T%
in view of (109). This completes the proof of lemma 6. O

Lemma 7. Under the assumptions of theorem 3, there exists ijy € C' (RY) such that

— o inC' (RY) ask— oo, (110)
and
N D
Mo (x) = doyp +do (x-V di—— 111
Mo (x) = do +do (x *OHg’ax,-’ (111)
where dy,dy,d,,- - -,dy are all constants.

Proof. By the fact that ||| g (rvy < C as k — oo for i = 1,2, we deduce from (105) that

le
ol

/RN(—A)' (1x + o) (—A)?

< ( (A et ) |”‘X>é (/RNu—mémvdxy

Hs(RN) <C ask— oo.

(112)

< |tk + dok || s vy || e
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By the fact that 7y — 0 and ||itjx||cc < C as k — oo, we derive from (61) and (78) that

- N b \* .
(A an| = | | aé? —|—b( *> | (—A)? g *dx
28 ) Jw

(113)
dsi= | = |2 45— b %1
X =&l + 2l i+ paE i S| | S Cask— oo,
Combining (75) with (76) yields that
—4s o s b (287 3 512 ’
s’ =elar B &0+ 5 b [(—A)2 uy|"dx
R (114)
4sp* [28*\TTF [ _mew
_ /u.k'v dx i=1,2,
N+4S b RN !
together with (77) implies that
As— M1k — M2k
Ex Wky————
[1x — ok || oo
N
b 208* T s s
=3 (25) [ (e 4 o) ) ax
2\ b RV
(115)

X/ (7A)%(ﬁ1k+ﬁ2k) (*A)%T_]kdxﬁzk
RN

N

4sB* (26*\ 7% T L

- 15 < f ) /N (ulkN +u2kN >[A”1k+(1_A)M2k]Nnkdxu2k.
R

By the fact that 7| < 1, [|# oo < Cand ||t gs(rvy < C as k — oo for i = 1,2, we conclude
from (80) and (115) that

ﬁmk““mklgc as k — co. (116)
i1 — x| oo

We now rewrite problem (79) as
(~AY 7 =Fe(x) inRY,

where

N —1

_ b \* s

Fi(x) = (akgfs +b (25*) [(—A)2 u2k|2dx>
RN

Jo() L

dsi= = 2= _ds —
— &8k + Zuel Tk + ks T+

T

(@1x + o) (—A)% rdx (—A)" iy

£ (pk — piok) ok
|1k — o] oo
8s+N)b

( _ s
A 1—-A N .
+ N [Any+ ( ) k] ¥ Tk
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By the fact that || < 1, [Jti||oc < C and ||t || s (rvy < C as k — oo for i = 1,2, we deduce
from (112), (113) and (116) that F; (x) € L>°(R") as k — oc. Thus, using [47, proposition 2.9],
we know that |7 || c1.e gy < C for some a € (0, 1) as k — oo. Passing to a subsequence, there
exists some function 7y € C1*(RY) such that (110) holds.

Moreover, (55), (71) and (76) show that

N

2B*\
B) ask — oofori =1,2. (117

b

(-8 o
RN

Taking k — oo in (79), we then derive from (115) and (117) that

N
! 4s — N 8+N s b \* s s
—AY'n o — o= —2 —A)2 p(=A)? fodx (=AY’
aym et S - S et =2 (2] [ A mar-are
_N _1=XN
28%\ *® s s 8sp* (28* i / 8N
2 —A)2p(—A)2 odxp — N fodx
+<b> /RN()%’()nowa<b) @ Todxe,
(118)
from which and lemma 6 we deduce that (111) holds. O
Until now, we have decomposed 7y and we need to verify that do,c_imdl,- - dy=0.
Hereafter, we consider the relationships between the parameters.
Lemma 8. Assume that dy,dy,dy, - -,dy are defined in (111), then
- 2
d() = Nd()
Proof. We first claim that
s 8@ s 5 3(,0 EY
d; (=A)2 = (—=A)?pdx+---+dy (—A)2 (—A)2 pdx=0. (119)
RV 0x1 RN Oxy
Indeed, from (5) we have
s 0 s 4s — N 0
¢/'vAw4fX—Awa+mil—f o
RN 8)5,‘ 2N RN 8xl‘
d D (120)
i 854N .
- —= v —dx=0 i=1,2,---,N.
2 ]RN%D axi l [l ’
Applying lemma 6, we conclude that
s 6 s s a s
& [ (8 SR A pder oty [ (-8) 5E () o
RN 8)61 RN 6)(']\]
4s — N Op 4s—N Op
d “Tdx+---+d —dx 121
+ ! 2N /Rw(paxl + + N 2N RN(anN ( )

d, (SS+N)/ sty O dN(Ss+N)/ siv O
ATy i, P LA Sl P v dx=0.
2N Rw(p 8x1 2N RN(p 8xN
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In view of (120) and (121), it follows that

S 8 25 a
dl/ <p””a‘”dx+ +dN/ go””a“odx 0. (122)
RN X1 RN XN

Moreover, we know that fRN “"dx 0 for the season that ¢ is even in x; while 3“0 is odd.
Thus, from (121) and (122), we get that (119) holds. Following (111) and (119), we have

:/ (—A) p(—A)? (dogo—i-do(x Vo) +Zd 89">dx (123)
RN i=1 i

—do [ 18 ey [ (~A)p(-A)f (x-Tids.

RN

Taking advantage of lemma 6, we deduce from (6) that

) (8) - Vs

N —4s 8+ N 85N
=2 - 2dx -Vo)dx “V)dx
[ A s S = [ o Vears SR [ vy

— 45 8s+N 85+2N
=2 — zdx . de Y dx
S/RNH )Py SR N S VY ey L Ve T
s N —4s (8s+ N)(—N) 852N (124)
=2 —A)2 p|dx — 2dx 7/ dx
S/RNH )l 4 /RN‘p RETTETa A

_, (2/3*)4”s+4s—1v<25*)ﬁ_(8s+N)(4s+N) (25*>ﬁ
N\ 4 b 165 + 4N b

[N\ 28"\ "
(-3) (%)

Also, we get from (6) and (122) that

N
/ PV odx = / e <d0s0+do x- V) Z )
RN — Xi
N
N"' 4S Zﬂ* & de() 8542N 125
N °< b ) 85+ 2N Jpu ©

_N+ds (28°\F Nd (287)F
N P\ 2 \ b )

31



Nonlinearity 38 (2025) 045008 L Liu et al

Hence, we derive from lemma 6, (118), (123), (124) and (125) that

r(m):—z(zg*)“[do(zf*)ﬂ(s_g)ao(zf*)“
2[3* - 23* b _ 25* &
() o)+ (5)a () ]
8s8* (28*\ ' TF [N+4s (28" %d N (28" %a
Nb(b> N(b>°2<b)°‘p

N
- 5]
-r <d0<P+d0 (x- Vi) + > di8f>
i=1 !

=doT" (p) +dol (x- Vo)

45 (N — 4s) 8s
:761 —

NPT N

(—=A)p

do (—=A)' o +2sdy (—A) ¢,

which implies that

- 2
do Ndm
this completes the proof of lemma 8. O

From [24], we give a technical result as follows.
Lemma?9. Let p > 0 > 0 be two constants. Suppose (y —x)*> 4+ 1> = p?, t > 0and o > N. Then,
when 3 > N, it holds that

RM\By (y—x) (E+[2])7 [y —z2—x]

1 1 " 1 1
(+ly—x)? 1N (1 fy—a) 077V

where C > 0 is a constant independent of 0. Moreover, for some € — 0, we have

/ 1 e 1 1 N 1 ]
X Ce o = | -
© oy (1)’ L) D)

From above results, we now have the following result about the parameter d;,i = 1,2,-- -, N.
Lemma 10. Assume that d; are defined in (111), where i =1,2,--- N, it holds
di=dy=---=dy=0.
Proof. We first write the extension of i, it has

div (t'—%vé;) =0 iR,

- [akgf‘(z‘” +b (2;;* ) eI (- A) x| lim Dy () (126)

8s
- s 25 s baS4l L N
= =g ler it + pady i + F iy in RY,
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where i = 1,2. For writing convenience, we give the following definitions

Bs (E,(_Tzlk) = {xe RV |x — & "zue| < 5} CRY,

Bl (5, 7zi) == {X=(x,0) : X — (5 "21,0) | < 8,¢ > 0} CRYT,
O'BY (& Tzw) == {X=(x,1) : |X— (5 21, 0) | < 6,1 =0} CRY,
9"BY (7 "zu) :={X = (x,1) : |X — (5, "Z1,0) | = 6,1 > 0} CRYF,
OB} (5 zu) == 0'BY (& "zu) UO''BY (5, "zue) »

where ¢ >0 small is given by (100) and 7 <0 is given by (96). Multiplying (126) by %’;'k ,

wherei = 1,2 andj =1,2,---,N, and integrating over B5(, "Zix), we see that

N
s(e—T b ® (T— —4s EAN
[a"g"'(z p () A |<A>2mk|2d’“]
RN

23*
i Ot 1 —
% _/ l1—2x autk 8“1/( + 7/ tl—2s|vﬂik‘2yj
al/Bg'(é;TZlk) 81/ 5)6] 2 3//33'(5;1'2”() (127)
) ou;
+€4/13/ e K
Bs(&; "zu) 6xj
,Uik§4S Nb 852N
= 7](/ szJdS+ 7/ ity " vydS.
2 Joss(57u) 2(85+2N) Jo, (e 72)
Noticing that
8 1 8 =T +.|2
[ ebuStas g [ sy [ 2
Bs (é;wa) a 2 OBs (5;7211() 2 Bs (57;7211:) ax/
(128)
from which and (127), we deduce that
[ LGS
2 (E;Tzlk) a'xl
s T b N (T— s ~
= akélz @2=7) +b E]E D(N—4s) ‘ ( ) u,-k|2dx
26*
Jof et / | 02
0/BF (57 72u) ov Ox; 2 0B (57 "7u)

=4s =As
& HikEy,

+ / | PitgydS — / ity v;dS
2 Joss(s77zu) 2 Jons(577zu)

Nb / . SSJlrva
o A u; v;dS.
2(85+2N) Jogs(e7m) ¢
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Applying (76), (94) and lemma 5, we can obtain that

it (x) | + | Vit (x) | = | (57 "x— & '2u) |+ &7 [Vian (67 'x — &, '2i) |
C N ce!
ST e I W )
C—T 1

~N N+4-2s

(=)

ask—ocandi =1,2.

Following (12), (13), (130) and lemma 9, we derive that for |x — &, "Zj¢| + > = 6> and 1> 0,
it has

—~ . t25 1
‘uik (xv t) | < CEk d¢

RN (|X—f‘+l‘)N+2S (1+|£ e Zlk|>N+2S

Cg](cpr)(zvq)

(131)

ask—oocandi =1,2.
X o N+2s I
(1—|—|x—6k Z]k|) !

Moreover, from (12), (13), (130), lemmas 5 and 9, we also obtain for |x — &, "Zi| + =4
and >0

0 — 1
—ig(x0)|= || ———s m ik (x—12)dz
Ox; RY (14 |Z|2)% Ox;
e 1 1
S 1/ 2\ 2 w32
RN (l+|z‘ ) Z (1+|x tzilsk Zlk|2> 2
132
cor [ " I -
X g RV (l‘+ ‘x_§|)N+25 (1 N |£ jk TZ” |)N+2s
_(1—7)(N—1)
C
< Sk i3, ak—oo,i=12andj=12,--N.
(1 + |.X— gk_TzlkD
Under the same assumptions, we can also get
— cs1I-" =1
a*ﬂik (x,0)| < b v ask—ooandi=1,2. (133)
g (1+ =& "2ul)
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Clearly we have

)+ V6 ()| = | ———
)" & e (572) = e (5 9)

l:tlk ()C) — I:tZk ()C)

Vﬁ]k (x) - Vftzk (x)

+ T
(%) & e (5F0) — e (570 o

T— 17—

63
k as k — oo.

N+42s

<
(1+|)r i “P) 2

We then deduce from (131)—(133) that for [x — &, "Zi| + 2 = §* and 1 >0

_(N—-1)(1—7)=¥
Cé, : .
)N_m ask—ooandj =1,2,---
(134)

6 ~
y 7"7/( (X,t) <
’5’/ (1+ [x — &7 "Zu]

~ 0 ~
|77k (X,t) |v ‘aixlnk (xvt)

Following (129), we have
=4s 2
g o0lgrx
- / 5 (@1 + fox) Tikdx := By + By + B3 + B4 + Bs + B, (135)
2 Bs (E,:TZ]A-) axj

where
Bl = 7/‘ |§,:x\ (M1k+u2k> nkVJdS7
835(6[ zu)
=ds g4s —
By = — Mk / (g i) s — U2 Mz")/ it5dS,
2 9Bs (&, TZuk) 2ljitne = dior | 9B5 (5, "zu)

b L AstN L AtN R R as
By = — 1/ (ulkN + Lt2kN ) [Aulk + (l —A) uzk] N 77k1/de7
0B85 (g, "2k)

N
T b r— s
By= — |a e +b " gr=hw-a) \( A)? gy Pdx
25
y / o [ Ok Dl | Oy it

0/ 'BY (5 ") 3x/ v v dx; )’
Bs .:1 ak§2s(2—‘r)+b b _(-r 1)(N—4s) |( )%ﬁ1k|2dx
) k 25* k

/ 12y (J; + Ji) vﬁuj,
8/'B+( Zlk)

X
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b \F o1 (veas y :
Boimb (557 ) Y [ () e+ i) (-8
RN

1 ~ Dity Dty
% 7/ t172s‘vu2k|2yj_/ t172s
2 8//13}'(5—7'2”() 8//13}'(5’(—7'2”() al/ (9x]

Let us estimate each of term the above one by one. By the fact Z;; — 0 as k — oo, it follows

from lemma 5 and (100) that

1 1
2 2
B, < C&¢ / |7 x| dS / |7 x| |k + e [*dS
0B; (E_,(_Tflk) OBs (E_k_TZlk)

o (=TN—ds . L A L
<cgt (/ |+ Zuel e (x4 8 T2ue) + diow (x5 Z) 2d5>
OB;5(0)

k

k

45+ % +74+(1—7)(N+2s)

< (g, as k — oo.

W ;;:,s)b as k — 0o, we deduce from lemma 5 and (100) that

Using the fact & * — S5

1 1
2

2
|Bz| <C / |I:tlk + ﬂ2k|2dS / ﬁ,de + C/ |I:t2k‘2ds
OBs (é;Tzlk) OBs (5;72”() OBs (51:7-211()

1

2 2
<C / |tk (x+ & "Zik) + diok (x + & TZik) [7dS / 7edS
835(0) OB (5;7211()

+ C/ litax (x+ € "Z1e) *dS
9B5(0)

1

4y (=N o= 215 (=T—1 -1\ 2 ’
< Cz v x -+ Zul i (67 'x) + ik (8] ' x) [7dS
9B;(0)

(136)

(1—7)N 2
< Cék 2 (/ |ﬁ1k (E,:_lx) + uyy (E,:_lx) |2dS> + C/ |17t2k (é,:_lx) |2dS
0B5(0) 8Bs(0)

U=V 4 (1—7) (N425)

< Cg, ° as k — oo.

Similarly, we also have

(137)

< —%\’ =T—1 —# =T—1 = =T—1 _ = =T—1 %
|B3] < C o i (Ek x) + Uiy, (ak x) |Attyx (Ek x) + (1 —A) by (5k x) |~dS
9B5 (0

_(1—=7)(N+2s) 8N
gCe,(( TINF29) Ty as k — oo.
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Noticing that ||| s (rvy < C as k — oo for i = 1,2, it then follows from (132)—(134) that

s o (0% Oiy O Diiy
1Bs| < call 72 / o2 (TR e Tk Pk
0/} (57 "2u) Ox; Ov ~ Ov Ox;

2
<C§(177)(2s+21v72)7g/ A2 1
X k S
0B} (5 72u) (14]x— €{TZIkI)N+2

_(1—7)(2s4+2N-2)- %
<C€,(( T)@s+ )=2 as k — oo.

Similarly

_(1-7)(2s+2N-2)—%
E,E DEENDTE 4k — 0.

|Bs| < C

Applying the Holder inequality, we derive from (132)—(134) that

1 1
s 2 s 2
1Bs| < 1”“””’”( quﬁmm+ﬁMNﬁQ (/‘qumeM)
RN RN

2
1-2s !
></ '
o . Nt2
9"'BY (5, "zu) <(1+|x—sk TZ1k|) S>

_ _ _ 1—7)(2s4+2N—-2 _(1—7)(2s4+2N—-2
< Clitr + ol oy 17 (o2~ 7 BTN < el TN

For simplicity, we define

qri=(1—7) (3 +2s) +7+2s,
q :(1—7)(3N+2s)

g3 = (1— 1) (N+2s) 8N
gs:=(1—7)(2s+2N— 2)
gs:=(1—71)2s+2N-2).

as k — oo.

(139)

(140)

(141)

By (96), we can see that q1,92,43,44,95 > 0,0 < g1 < g2 < ¢3,0 < gs <g5and 0 < g4 < q;.
Then by the fact that %: — 0 and 7, — 7o in C'(R") as k — oo, we can get from lemma 5, (7)

and (135)—(141) that
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wherej = 1,2,---,Nand )}, = (z},,Z},- - -, 2;) € RV. Applying (96) and the fact that I<s<
1, we can get that (1 = 7)(2s +2N—2) =5 > (1 = 7)N+4s+2>4s+ (1 —7)N+7+1 >
0. We thus obtain from (142), lemmas 7 and 8 that

022/ X
RN

which shows that d; =0 forj =1,2,---,N. ]
Lemma 11. Assume that dy and dy are defined in (111), it holds dy = dy = 0.

N
- 0
d0¢+d0(xv§0)+§ dtajj‘|dx:_d]/RN902dx J:17277N7
i=1 !

Proof. Multiplying (126) by [X — (&, "Zi,0)] - Vi, where i = 1,2, and integrating over
Bs (&, "Zix), other assumptions are same as before, then we have
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By direct calculations, we have
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Integrating by parts, we see that
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Following (143)—(148), we derive that
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Moreover, we deduce from (114) that
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from which and (149), we conclude that
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This shows there exists A € (0, 1) such that
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The same arguments of |B;| — |Bg| give that

D=0 (g,(f‘”(zs“’v‘z)‘%) as k — co. (152)

By the fact £ "Zjx — 0 as k — oo, we conclude from (142) that
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which shows that
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By the fact that V|7 x|? - x = 2|&] x|* and %k — 0 as k — oo, we deduce from lemmas 5 and 7
that
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Using (6) and lemma 7, we conclude that
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Following (123)—(125) and (151)—(157), we have
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By (96), we know that (1 —7)(2s+2N—2) — ¥ > (1—7)N+4s+2 > 0. We thus derive
from lemma 8 and (158) that

/ x> piodx = 0,
]RN
from which and lemmas 7 and 10, we obtain that
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which shows that dy = 0, thus, dy = 0. O

Proof of theorem 3. Let g, be a point satisfying |7x(gx)| = ||7k||co = 1, we know that |g;| < C
uniformly in k. Then lemma 7 implies that 7jo # 0 on R". From lemma 7, lemmas 10 and 11,
we know that 7jp = 0. Thus, our assumption that uy; Z uyy is false. This completes the proof of
theorem 3. O
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