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PREFACE

The most incomprehensible thing
about the world is that it is
comprehensible.

Albert Einstein (1879–1955)

The development of nonlinear analysis during the last few decades has been
profoundly influenced by attempts to understand various phenomena from math-
ematical physics. One of the beauties of the subject is the immense breadth of
mathematics that has been applied in this pursuit.

There is an enormous body of literature in nonlinear elliptic partial differen-
tial equations that stretches back half a century. However, we shall make almost
no reference to this literature, and shall rely almost entirely upon personal re-
sults. These lecture notes are primarily intended to fill, in a substantial way,
the absence of a book dealing with the qualitative analysis of some basic singu-
lar stationary processes arising in nonlinear sciences. This volume aims to offer
an introduction to this subject, and also to present some research problems.
The models that we analyze represent a compromise between the description of
physical phenomena and analytical requirements; accordingly, our presentation is
characterized by a strict interplay between mathematics and nonlinear sciences.

The book is an outgrowth of our original research on the subject during the
last few years, and much of the development is motivated by problems arising
in applications. However, most of the proofs have been completely reworked and
we are especially careful to explain where each chapter is going, why it matters,
and what background material is required. Although the theory that we describe
could have been carried out on differentiable manifolds even from the beginning,
we have chosen to develop it on domains on the Euclidean space. However,
the techniques we develop can be extended to Laplace–Beltrami operators on
Riemannian manifolds.

The major thrust of this book is the qualitative analysis of some classes of
nonlinear stationary problems involving different types of singularities. Be aware,
this is definitely a research book. We are mainly concerned with the following
types of problems. We first study singular solutions of the logistic equation, with
a basic model that is described by the semilinear elliptic equation ∆u = up,
where p > 1. The research program around this equation flourished after the
pioneering papers by Bieberbach and Rademacher, continued with the deep con-
tributions of Loewner and Nirenberg in Riemannian geometry, and creating re-
cently (because of the works by Dynkin and Le Gall) a nonlinear analogue of
the classical relation between Brownian motion and potential theory. Equations
of this type arise in astrophysics, genetics, meteorology, theory of atomic spec-
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tra, and the Yamabe problem in geometry. A first consequence of such types
of nonlinearities is the possibility of the existence of a “large solution”,—that
is, a solution blowing up at the boundary. When the large solution is unique,
it is a maximal solution and dominates any solution. In connection with the
previous mentioned applications, the existence of the large solution in a ball
was used by Iscoe to establish the compact support property of super-Brownian
motion, demonstrating the importance of the relationship between properties
of superdiffusion and the equation. Next, we are concerned with Lane–Emden–
Fowler equations and Gierer–Meinhardt systems with singular nonlinearity. The
model problem in such cases is described by equations like −∆u = u−α, where
α is a positive real number. To our best knowledge, the first study in this di-
rection is from Fulks and Maybee, who proved existence and uniqueness results
by using a fixed point argument; moreover, they showed that solutions of the
associated parabolic problem tend to the unique solution of the corresponding
elliptic equation. Different approaches are the result of Coclite and Palmieri,
respectively Crandall, Rabinowitz, and Tartar, who approximated the singular
equation with regular problems, where the standard monotonicity techniques do
work. Singular problems of this type arise in the context of chemical heteroge-
neous catalysts and chemical catalyst kinetics, in the theory of heat conduction
in electrically conducting materials, singular minimal surfaces, as well as in the
study of non-Newtonian fluids, boundary layer phenomena for viscous fluids,
glacial advance, transport of coal slurries down conveyor belts, and in several
other geophysical and industrial contents. In both cases, because of the meaning
of the unknowns (concentrations, populations, etc.), the positive solutions are
relevant in most situations.

We intend to give a systematic treatment of the basic mathematical theory
and constructive methods for these classes of nonlinear elliptic equations, as well
as their applications to various processes arising in mathematical physics. Our
approach leads not only to the basic results of existence, uniqueness, and mul-
tiplicity of solutions, but also to several qualitative properties, including bifur-
cation, asymptotic analysis, blow-up. Moreover, because the book is concerned
primarily with classical solutions, the monotone iteration processes we apply
for various classes of nonlinear singular problems are adaptable to numerical
solutions of the corresponding discrete processes. To place the text in better
perspective, each chapter is concluded with a section on historical notes that in-
cludes references to all important and relatively new results. In addition to cited
works, the list of references contains many other works related to the material
developed in this volume.

The organization of the book is briefly summarized as follows. The first chap-
ter deals with preliminary material, such as the method of sub- and supersolu-
tion, several variants of the maximum principle (Stampacchia, Vázquez, Pucci,
and Serrin), and various existence and uniqueness results for nonlinear elliptic
boundary value problems.
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Part II is composed of two chapters, which are concerned with singular so-
lutions of logistic-type equations or systems. There are studied both equations
with blow-up boundary solutions and entire solutions blowing up at infinity for
elliptic systems. In all these cases, the major role played by the Keller–Osserman
condition is discussed.

In the third part of this book we are concerned with elliptic problems involv-
ing singular nonlinearities, either in isotropic or in anisotropic media. Chapter 4
deals with sublinear elliptic problems that are affected by singular perturba-
tions. We distinguish between equations on bounded domains or on the whole
space and we are also concerned with a related bifurcation problem. Chapters 5
and 6 are devoted to the study of a bifurcation problem in the case of linear
growth for the nonlinearity. Two different situations are distinguished and a
complete discussion is developed in both circumstances. The superlinear case is
studied in Chapter 7, by means of variational arguments, whereas Chapter 8
is concerned with stability properties of solutions. Chapter 9 is devoted to the
study of the “competition” between various terms in a singular Lane–Emden–
Fowler equation with convection and variable (possible, singular) potential. In
the last chapter of these lecture notes, the qualitative analysis of solutions is ex-
tended to the case of singular Gierer–Meinhardt systems. We refer to the works
of J.M. Ball [11,12], V. Barbu [19], L. Beznea and N. Boboc [22], H. Brezis [30],
and P.G. Ciarlet [46, 47] for related results and various applications to concrete
phenomena.

Four appendices illustrate some basic mathematical tools applied in this
book: elements of spectral theory for differential operators, the implicit func-
tion theorem, Ekeland’s variational principle, and the mountain pass theorem.
These auxiliary chapters deal with some analytical methods used in this volume,
but also include some complements.

Each problem we develop in this book has its own difficulties. That is why
we intend to develop some standard and appropriate methods that are useful
and that can be extended to other problems. However, we do our best to re-
strict the prerequisites to the essential knowledge. We define as few concepts as
possible and give only basic theorems that are useful for our topic. The only
prerequisite for this volume is a standard graduate course in partial differential
equations, drawing especially from linear elliptic equations to elementary varia-
tional methods, with a special emphasis on the maximum principle (weak and
strong variants). This volume may be used for self-study by advanced graduate
students and engineers, and as a valuable reference for researchers in pure and
applied mathematics and physics.

Our vision throughout this volume is closely inspired by the following words
of Henri Poincaré on the role of partial differential equations in the development
of other fields of mathematics and in applications: Nevertheless, each time I
can, I aim the absolute rigor for two reasons. In the first place, it is always
hard for a geometer to consider a problem without resolving it completely. In
the second place, these equations that I will study are susceptible, not only to
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physical applications, but also to analytical applications. It is using the existence
theory of the Dirichlet problem that Riemann founded his magnificent theory of
Abelian functions. Since then, other geometers have made important applications
of the same principle to the most fundamental parts of pure analysis. Is it still
permitted to content oneself with a demi-rigor? And who will say that the other
problems of mathematical physics will not, one day, be called to play in analysis
a considerable role, as has been the case of the most elementary of them? (Henri
Poincaré [164]).

May 2007
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PART I

PRELIMINARIES





1

BASIC METHODS

If I have seen further than others,
it is by standing upon the
shoulders of giants.

Sir Isaac Newton (1642–1727),
Letter to Robert Hooke, 1675

The main purpose of nonlinear analysis is to study and describe various
material systems arising in mathematical physics and other applied sciences.
The language of nonlinear analysis is very close to that of functional analysis
and partial differential equations.

This chapter deals with some general features about the qualitative analysis of
nonlinear elliptic partial differential equations. The main issues we raise in what
follows concern the existence and uniqueness of the solution. The existence of
solutions is essential for a prescribed model to make sense. The uniqueness of the
solution is a natural requirement for many problems. In some cases, uniqueness
becomes a difficult question, but related interesting questions concern multiplic-
ity of solutions, as well as the existence of maximal or minimal solutions. That is
why monotonicity properties, described by means of comparison principles, play
a central role in this chapter and throughout the book.

1.1 A fixed point result

This type of result applies successfully to classical ordinary differential equa-
tions (ODE) boundary value problems. Given a second order equation y′′(t) =
f(t, y(t), y′(t)) subject to the Dirichlet boundary condition, we look for a solution
as a fixed point of a compact map F (i.e., F (y) = y) defined on a suitable closed
subset of a normed vector space. There are many results in this direction, but
we restrict our attention to the following basic property, which is due to Leray
and Schauder [131].

Theorem 1.1.1 (Leray–Schauder) Let C be a convex set in a normed vector
space E and let U ⊂ C be an open set that contains the origin. Then each
compact map F : U → E has at least one of the following properties:

(i) F has a fixed point.

(ii) There exist x ∈ ∂U and 0 < λ < 1 such that x = λF (x).

For the proof we refer the reader to Granas and Dugundji [98], O’Regan [152],
and O’Regan and Precup [153]. We next give an application of this result to a
singular ODE.
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Consider the Sturm–Liouville problem
{
y′′(t) + f(t, y(t)) = 0 0 < t < 1,

y(0) = a, y(1) = b,
(1.1)

where f : (0, 1) × R → R is a continuous function such that

(F1) for all r > 0 there exists ψr ∈ L1
loc(0, 1) satisfying

|f(t, y)| ≤ ψr(t) for all (t, y) ∈ (0, 1) × [−r, r], (1.2)

and ∫ 1

0

t(1 − t)ψr(t)dt <∞. (1.3)

We also consider the problem
{
y′′(t) + λf(t, y(t)) = 0 0 < t < 1,

y(0) = y(1) = 0 .
(1.4)

Theorem 1.1.2 Assume that f fulfills (F1) and there exists M > 0 such that
for all 0 < λ < 1 and for any solution y ∈ C2(0, 1) ∩ C[0, 1] of (1.4), we have
|y|∞ < M .

Then problem (1.1) has a solution y ∈ C2(0, 1)∩C[0, 1] such that |y|∞ < M .

Proof We first remark that it suffices to argue if a = b = 0. Indeed, if this is
not the case, we define z(t) = y(t) − a(1 − t) − bt, for any 0 ≤ t ≤ 1. Thus, z
verifies {

z′′(t) + g(t, z(t)) = 0 0 < t < 1,

z(0) = z(1) = 0,

where g(t, x) = f(t, x+ a(1− t) + bt), (t, x) ∈ (0, 1)× R. We also observe that g
satisfies the hypothesis (F1). Thus, we can assume a = b = 0.

By virtue of (1.2) and (1.3), problem (1.1) is equivalent to

y(t) = (1 − t)

∫ t

0

sf(s, y(s))ds+ λt

∫ 1

t

(1 − s)f(s, y(s))ds. (1.5)

Set U := {y ∈ C[0, 1] : |y|∞ < M} and define the map F : U → C[0, 1] by

Fy(t) = a(1 − t) + bt+ (1 − t)

∫ t

0

sf(s, y(s))ds+ t

∫ 1

t

(1 − s)f(s, y(s))ds.

Then F is a compact operator. We claim that property (ii) in Theorem 1.1.1
cannot be true, which implies immediately that F has a fixed point. Indeed, if
there exist y ∈ ∂U and 0 < λ < 1 such that y = λFy, then y is a solution of
(1.4). Thus, by our hypothesis, |y|∞ < M ,—that is, y 6∈ ∂U . This is clearly a
contradiction. So, by Theorem 1.1.1, we deduce that F has a fixed point y ∈ U . In
view of the equivalent formulation given in (1.5), this means that y is a solution
of (1.1). This ends our proof. 2
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1.2 The method of sub- and supersolution

Let Ω ⊂ R
N(N ≥ 1) be a bounded domain with a smooth boundary ∂Ω (for

instance, we can assume that ∂Ω is of class C3) and Φ = Φ(x, t, ξ) : Ω×R×R
N →

R be a Hölder continuous function with exponent γ ∈ (0, 1) and continuously
differentiable with respect to the variables t, ξ and such that

(A1) for any Ω0 ⊂⊂ Ω and any 0 < a < b < ∞, there exists a constant C > 0
such that

|Φ(x, t, ξ)| ≤ C(1 + |ξ|2) for all x ∈ Ω0, t ∈ [a, b], ξ ∈ R
N .

Consider the nonlinear Dirichlet problem
{
−∆u = Φ(x, u,∇u) in Ω,

u = 0 on ∂Ω.
(1.6)

By classical solution of (1.6) we mean a function u ∈ C2,γ(Ω)∩C(Ω) that satisfies
(1.6).

Definition 1.2.1 A function u ∈ C2(Ω) ∩ C(Ω) is said to be a subsolution of
the problem (1.6) if u ≤ 0 on ∂Ω and

−∆u ≤ Φ(x, u,∇u) in Ω. (1.7)

Similarly, u ∈ C2(Ω) ∩ C(Ω) is a supersolution of (1.6) if u ≥ 0 on ∂Ω and

−∆u ≥ Φ(x, u,∇u) in Ω.

The method of sub- and supersolution in its classical form was developed
by H. Amann [5], [6] in the framework of nonlinear elliptic partial differential
equations. Roughly speaking, this method establishes the existence of a solution,
provided suitable sub- and supersolutions do exist. This result is a crucial prop-
erty for showing the existence of solutions to wide classes of nonlinear elliptic
problems.

Theorem 1.2.2 Let u and u be a sub- and a supersolution of problem (1.6) such
that u ≤ u in Ω. Then the following properties hold true:

(i) There exists a solution u of (1.6) that satisfies u ≤ u ≤ u.

(ii) There exists a minimal and a maximal solution U and U of problem (1.6)
with respect to the interval [u, u].

Let us assume that Φ is defined only on the set Ω× (0,∞)×R
N , so that Φ may

by singular in ∂Ω × {0} × R
N . In this case we are looking for a solution of the

problem 




−∆u = Φ(x, u,∇u) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω.

(1.8)
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A subsolution u of (1.8) is a function u ∈ C2(Ω) ∩ C(Ω), which is positive in Ω,
u = 0 on ∂Ω, and fulfills (1.7). Accordingly, u ∈ C2(Ω)∩C(Ω) is a supersolution
of (1.8) if u is positive in Ω, u = 0 on ∂Ω, and −∆u ≥ Φ(x, u,∇u) in Ω.

Theorem 1.2.3 If u and u are respectively sub- and supersolutions of (1.8) such
that u ≤ u in Ω, then (1.8) has at least one classical solution.

Proof The proof relies on the domain approximation method. In this way we
avoid the possible singularities of Φ(x, u,∇u) at the boundary. Let (Ωk)k≥1 be
a sequence of subdomains of Ω having smooth boundaries and such that

Ω1 ⊂⊂ Ω2 ⊂⊂ · · · ⊂⊂ Ωk ⊂⊂ Ωk+1 ⊂⊂ · · · ,

and
Ω =

⋃

k≥1

Ωk.

For each k ≥ 1, consider the problem





−∆u = Φ(x, u,∇u) in Ωk,

u > 0 in Ωk,

u = u on ∂Ωk.

(1.9)

Obviously, the restriction of u and u on Ωk are sub- and supersolutions of
problem (1.9). Thus, by Theorem 1.2.2, there exists a minimal solution uk ∈
C2,γ(Ωk) ∩ C(Ωk) of (1.9) such that u ≤ uk ≤ u in Ωk. We extend uk to the
whole Ω by taking uk = u in Ω \Ωk. Hence, (uk)k≥1 is a sequence of continuous
functions such that

u ≤ u1 ≤ u2 ≤ · · · ≤ uk ≤ uk+1 ≤ · · · ≤ u in Ω, (1.10)

−∆uk = Φ(x, uk,∇uk) in Ωk, for all k ≥ 1. (1.11)

For all x ∈ Ω, define u(x) := limk→∞ uk(x). To obtain u ∈ C2,γ(Ω) ∩ C(Ω) and
u is a solution of (1.8), we need the following result.

Lemma 1.2.4 For each j ≥ 1 there exists a corresponding constant Cj > 0 such
that

‖uk‖C2,γ(Ωj)
≤ Cj for all k ≥ j + 1. (1.12)

Proof Let j ≥ 1 be fixed and take two subdomains Q1 and Q2 such that

Ωj ⊂⊂ Q1 ⊂⊂ Q2 ⊂⊂ Ωj+1.

Then, for all k ≥ j + 1 we have

−∆uk = Φ(x, uk,∇uk) in Ωj+1.

If we denote φk := Φ(x, uk,∇uk), k ≥ j + 1, the previous equality reads
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−∆uk = φk in Ωj+1.

Because u ≤ uk ≤ u in Ωj+1, for all k ≥ j + 1, we deduce that (uk)k≥j+1 is
uniformly bounded in Ωj+1. On the other hand, by the interior gradient estimate
[123, Theorem 3.1, p. 266], there exists C1 > 0 independent of k such that

max
x∈Q2

|∇uk(x)| ≤ C1 max
x∈Ωj+1

uk(x) ≤ C1‖u‖∞.

Hence, the sequence (∇uk)k≥j+1 is uniformly bounded in Q2. Therefore, the
sequence (φk)k≥j+1 is bounded in Q2. Next, by the interior Lp estimate [95,
Theorem 9.11, p. 235], we conclude that for any p > 1 there exists C2 > 0 that
does not depend on k such that

‖uk‖W 2,p(Q1) ≤ C2(‖φk‖Lp(Q2) + ‖uk‖Lp(Q2))

≤ C2|Q2|1/p(max
x∈Q2

|φk(x)| + max
x∈Q2

|uk(x)|).

Thus, the sequence (uk)k≥j+1 is bounded in W 2,p(Q1). Letting p = N/(1 −
γ), it follows by Sobolev−Morrey’s inequality that the sequence (∇uk)k≥j+1 is
bounded in Cγ(Q1). Finally, by Hölder interior estimates [95, Theorem 6.2,
p. 90], there exists a constant C3 > 0 independent of k such that

‖uk‖C2,γ(Ωj)
≤ C3(‖φk‖Cγ(Q1)

+ max
x∈Q1

|uk(x)|).

This proves the inequality (1.12). 2

By Lemma 1.2.4, the sequence (uk)k≥1 is bounded in C2,γ(Ωj), for all j ≥ 1.
Because the embedding C2,γ(Ωj) →֒ C2(Ωj) is compact, there exists a subse-
quence of (uk)k≥1 that converges in C2(Ωj). This yields u ∈ C2(Ωj), for all
j ≥ 1,—that is, u ∈ C2(Ω). Moreover, we have

−∆uk = Φ(x, uk,∇uk) in Ωj , for all k ≥ j + 1 .

Thus, taking the limit of the subsequence converging in C2(Ωj), we conclude that
u satisfies −∆u = Φ(x, u,∇u) in the whole Ω. Furthermore, from u ≤ u ≤ u in
Ω we obtain limx→x0

u(x) = 0, for all x0 ∈ ∂Ω, so u ∈ C(Ω). It remains to prove
u ∈ C2,γ(Ω), which follows easily from the interior regularity theory of elliptic
equations. This finishes the proof of Theorem 1.2.3. 2

Consider the problem




−∆u = Φ(x, u) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω.

(1.13)

Assume that Φ : Ω × (0,∞) → (0,∞) is a Hölder continuous function with
exponent γ (0 < γ < 1) on each compact subset of Ω × (0,∞) and it satisfies
the following assumptions:
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(A2) lim supt→∞
Φ(x,t)
t < λ1 := λ1(−∆,Ω) uniformly for x ∈ Ω.

(A3) limtց0
Φ(x,t)
t = ∞ uniformly for x ∈ Ω.

Note that Φ may be singular at the origin with respect to the second variable.
The existence of a classical solution to (1.13) is given by Theorem 1.2.5.

Theorem 1.2.5 Assume Φ satisfies hypotheses (A1), (A2), and (A3). Then
problem (1.13) has at least one positive solution u ∈ C2,γ(Ω) ∩C(Ω).

Proof For any positive integer k, consider the approximated problem





−∆u = Φ(x, u) in Ω,

u > 0 in Ω,

u =
1

k
on ∂Ω.

(1.14)

Let ϕ1 be the normalized positive eigenfunction corresponding to the first eigen-
value λ1 of the problem

{
−∆u = λu in Ω,

u = 0 on ∂Ω.
(1.15)

Using (A3), there exists c > 0, which is small enough and k0 ≥ 1, which is
large enough, such that

vk := cϕ1 +
1

k

is a subsolution of (1.14) for all k ≥ k0. Without loss of generality, we assume
that k0 = 1. To provide a supersolution, let us fix 0 < λ < λ1 such that

lim
t→∞

Φ(x, t)

t
< λ < λ1, uniformly for x ∈ Ω.

Then there exists ξ ∈ C2(Ω) such that

{
−∆ξ > λξ in Ω,

ξ > 0 on ∂Ω.

We now choose M > 0 large enough such that ζ := Mξ is a supersolution of
(1.14) for all k ≥ 1 and vk ≤ ζ in Ω. There exists u1 ∈ C2(Ω) a solution of (1.14)
with k = 1 such that v1 ≤ u1 ≤ ζ in Ω. Now, u1 is a supersolution of (1.14)
with k = 2 and v2 ≤ u1 in Ω. Hence, there exists u2 ∈ C2(Ω) a solution of (1.14)
(with k = 2) such that v2 ≤ u2 ≤ u1 in Ω.

Repeating the previous process, we obtain a sequence (uk)k≥1 such that

(i) uk is a solution of (1.14);

(ii) 0 < cϕ1 ≤ vk+1 ≤ uk+1 ≤ uk in Ω.
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We set u(x) := limk→∞ uk(x), for all x ∈ Ω. From (ii) we have

0 < cϕ1 ≤ u ≤ uk in Ω, for all k ≥ 1,

which yields u = 0 on ∂Ω. Standard elliptic regularity arguments imply that
u ∈ C2,γ(Ω) ∩ C(Ω) is a solution of (1.13). 2

1.3 Comparison principles

1.3.1 Weak and strong maximum principle

Consider the linear differential operator

Lu := −
∑

1≤i,j≤N

aij(x)
∂2u

∂xi∂xj
+
∑

i=1N

bi(x)
∂u

∂xi
+ c(x)u, u ∈ C2(Ω) ∩ C(Ω)

where Ω is a bounded domain in R
N , N ≥ 1, and aij , bi, c ∈ C(Ω), for all

1 ≤ i, j ≤ N .

Definition 1.3.1 We say that L is uniformly elliptic if there exists c1, c2 > 0
such that

c1 |ξ|2 ≤
∑

1≤i,j≤N

aij(x)ξij ≤ c2 |ξ|2, (1.16)

for all ξ = (ξij)1≤i,j≤N ∈ R
N .

Theorem 1.3.2 (Weak maximum principle) Assume that c ≥ 0 in Ω and let
u ∈ C2(Ω) ∩ C(Ω) be such that

{
Lu ≥ 0 in Ω,

u ≥ 0 on ∂Ω.

Then u ≥ 0 in Ω.

In particular, the weak maximum principle states that if u ∈ C2(Ω) ∩ C(Ω)
is a superharmonic function (that is, −∆u ≥ 0 in Ω) such that u ≥ 0 on ∂Ω,
then u ≥ 0 in Ω. Accordingly, if u ∈ C2(Ω) ∩ C(Ω) is a subharmonic function
(that is, −∆u ≤ 0 in Ω) such that u ≤ 0 on ∂Ω, then u ≤ 0 in Ω. We point
out that, quoting J. L. Doob [69], “F. Riesz inaugurated the systematic study of
superharmonic and subharmonic functions” (see Riesz [177]).

A refined result that provides better estimates in a more general case is the
following theorem.

Theorem 1.3.3 Assume that c ≥ 0 in Ω, f ∈ C(Ω), and let u ∈ C2(Ω) ∩ C(Ω)
be such that Lu ≥ f in Ω. Then there exists C > 0 depending only on diam Ω
and the coefficients of L such that

sup
Ω
u ≤ sup

∂Ω
u+ + C‖f‖∞.
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The strong maximum principle is mainly needed to exclude the existence of
nontrivial interior maximum points. The domain Ω is required to be smooth in
the sense of the definition stated next.

Definition 1.3.4 We say that a domain Ω satisfies the interior sphere condition
at a point x0 ∈ ∂Ω if there exists an open ball B ⊂ Ω such that B ∩ Ω = {x0}.

Accordingly, if B ⊂ R
N \ Ω, then we obtain the exterior sphere condition.

Theorem 1.3.5 (Strong maximum principle) Assume that Ω is a bounded do-
main satisfying the interior sphere condition and let L be an elliptic operator as
noted earlier with c ≥ 0. Let u ∈ C2(Ω) ∩C(Ω) be such that

{
Lu ≥ 0 in Ω,

u ≥ 0 on ∂Ω.

Then the following properties hold true:

(i) If u achieves its minimum in Ω, then u is constant.

(ii) If x0 ∈ ∂Ω is such that u > u(x0) in Ω and Ω satisfies the interior sphere
condition at x0, then the outer normal derivative of u at x0, if it exists,
satisfies ∂u

∂n (x0) < 0.

We refer to the monograph by Gilbarg and Trudinger [95] for the proofs of
the results contained in this section.

1.3.2 Maximum principle for weakly differentiable functions

Let

Lu := −
∑

1≤i,j≤N

∂

∂xj

(
aij

∂u

∂xi

)
+
∑

i=1N

bi(x)
∂u

∂xi
+ c(x)u, u ∈ H1(Ω) (1.17)

be a linear uniformly elliptic operator (in the sense that the matrix (aij) sat-
isfies condition (1.16) in Ω) in divergence form. We assume for simplicity that
aij , bi, c ∈ C(Ω).

Let a : H1(Ω)×H1(Ω) → R be the associated bilinear form of L, defined by

a(u, v) :=

∫

Ω

N∑

i,j=1

aij
∂u

∂xi

∂v

∂xj
+

∫

Ω

(
N∑

i=1

bi
∂u

∂xi
+ cu

)
dx,

for all u, v ∈ H1(Ω).

Definition 1.3.6 We say that u ∈ H1(Ω) satisfies Lu ≥ 0 in Ω if a(u, v) ≥ 0
for all v ∈ C∞

0 (Ω) with v ≥ 0.

The following is an analogous result to Theorem 1.3.2 for weakly differentiable
functions.
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Theorem 1.3.7 Assume that c ≥ 0 in Ω and let u ∈ H1(Ω) be such that
{
Lu ≥ 0 in Ω,

u ≥ 0 on ∂Ω.

Then u ≥ 0 in Ω.

Corollary 1.3.8 Let k ≥ 0 and u ∈ H1(Ω) be such that
{
−∆u+ ku ≥ 0 in Ω,

u ≥ 0 on ∂Ω.

Then either u ≡ 0 or there exists γ > 0 such that u(x) ≥ γ dist (x, ∂Ω), for any
x ∈ Ω.

Proof Assume that u 6≡ 0. Then, there exists m > 0 and a ball B ⊂⊂ Ω with
the property u ≥ m in B. Let v ∈ C2(Ω \B) be a classical solution of






−∆v + kv = 0 in Ω \B,
u = m on ∂B,

u = 0 on ∂Ω.

By the strong maximum principle we find γ > 0 such that v(x) ≥ γ dist (x, ∂Ω),
for all x ∈ Ω \B. Also note that

{
−∆(u− v) + k(u− v) ≥ 0 in Ω \B,

u− v ≥ 0 on ∂(Ω \B).

By Theorem 1.3.7 we obtain u ≥ v in Ω, hence the conclusion. 2

1.3.3 Stampacchia’s maximum principle

Another comparison result for weakly differentiable functions is Stampacchia’s
maximum principle.

Definition 1.3.9 The bilinear form a associated with the differential operator
L defined in (1.17) is called coercive if there exists α > 0 such that

a(u, u) ≥ α ‖u‖2
H1(Ω) for all u ∈ H1(Ω).

Theorem 1.3.10 (Stampacchia’s maximum principle) Assume that the bilinear
form a associated with the linear operator L is coercive. Let u ∈ H1(Ω) be such
that a(u, v) ≥ 0 for all v ∈ H1(Ω), v ≥ 0. Then u ≥ 0 in Ω.

Proof Let u− = max{−u, 0}. Then u− ∈ H1(Ω) and ∇u− = −∇u on the set
where u < 0 and ∇u− = 0 on the set where u ≥ 0. Because Lu ≥ 0, it follows
that a(u, u−) ≥ 0. On the other hand, a(u, u−) = −a(u−, u−) and, from the
coercivity of a, we deduce that

α ‖u−‖2
H1(Ω) ≤ a(u−, u−) = −a(u, u−) ≤ 0 ,

which implies u− ≡ 0. Hence, u ≥ 0 in Ω. 2
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More generally, Stampacchia’s maximum principle states that if the bilinear
form a is coercive and u, v ∈ H1(Ω) are such that Lu ≥ 0 and Lv ≥ 0 in
Ω, then w = min{u, v} also verifies Lw ≥ 0 in Ω. We refer to the book of
Stampacchia [183] for further details.

1.3.4 Vázquez’s maximum principle

We recall that the standard version of the maximum principle asserts that if
u ∈ C2(Ω) ∩ C(Ω) is a superharmonic function such that u ≥ 0 on ∂Ω, then
the following alternative holds: Either u > 0 in Ω or u ≡ 0 in Ω. Stampacchia
extended this result for linear perturbations of the Laplace operator and showed
that the same conclusion holds if u ≥ 0 on ∂Ω and −∆u + au ≥ 0 in Ω, pro-
vided −∆ + aI is coercive in H1(Ω), where a ∈ L∞(Ω). A natural question is
to determine whether a similar result holds true when the Laplace operator is
affected by a suitable nonlinear perturbation. In [190], J. L. Vázquez established
an important extension of the maximum principle for semilinear and quasilinear
problems, in close relationship with the behavior of the nonlinearity around the
origin.

Theorem 1.3.11 (Vázquez’s maximum principle) Let Ω be a bounded domain
in R

N , N ≥ 3, and let u ∈ C2(Ω) ∩ C(Ω) be such that u ≥ 0 in Ω and

∆u ≤ f(u) in Ω, (1.18)

where f : [0,∞) → R is a continuous and increasing function such that f(0) = 0
and f satisfies the integral condition

∫ 1

0

dt√
F (t)

= ∞ , with F (t) :=

∫ t

0

f(s)ds. (1.19)

Then the following alternative holds: Either u > 0 in Ω or u ≡ 0 in Ω.

Proof We start with the following auxiliary result.

Lemma 1.3.12 Consider the Sturm–Liouville problem

{
v′′ = K1v

′ +K2f(v) in (0, r1),

v(0) = 0, v(r1) = v1,
(1.20)

where K1, K2, r1, and v1 are positive real numbers. If f(0) = 0 and f is increas-
ing, then problem (1.20) has a unique solution. If, moreover, f satisfies condition
(1.19), then the unique solution v of (1.20) satisfies v′(0) > 0 and 0 < v < v1 in
(0, r1).

Proof We first observe that v := 0 is a subsolution and v := C is a supersolu-
tion of (1.20), provided C is large enough. Thus, problem (1.20) has at least a
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solution. To argue that this solution is unique, let us assume that V1 and V2 are
solutions of (1.20) and set v := V1 − V2. Then

{
v′′ = K1v

′ +K2 (f(V1) − f(V2)) in (0, r1)
v(0) = v(r1) = 0.

(1.21)

We claim that V1 ≤ V2 in (0, r1). Indeed, if not, there exists x0 ∈ (0, r1) such that
v(x0) = supx∈(0,r1) v(x) > 0. Hence, v′(x0) = 0 and v′′(x0) ≤ 0. Using (1.21), we
deduce that

0 ≥ v′′(x0) = K1v
′(x0) +K2 (f(V1(x0)) − f(V2(x0))) > 0 ,

which is a contradiction. Thus, V1 ≤ V2 in (0, r1) and, after changing the roles
of V1 and V2, we deduce that V1 = V2, which shows that problem (1.20) has a
unique solution.

Let us now assume that f satisfies condition (1.19) and let v be the unique
solution of (1.20). Set

r0 := sup{0 ≤ r ≤ r1 : v(r) = 0} .
Then 0 ≤ r0 < r1 and v(r0) = 0. We show in what follows that r0 = 0, which is
enough to conclude the proof of the lemma. Arguing by contradiction, we assume
that r0 > 0. Then v′(r0) = 0 and v′ ≥ 0 in (r0, r1). Because v cannot have local
maxima in (r0, r1), it follows that the mapping v : [r0, r1] → [0, v1] is a bijection.
Multiplying (1.20) by v′ and integrating, we find

w′ = 2K1w + 2K2(F (v))′ , (1.22)

where w := v′2. After multiplication in (1.22) by e−2K1r and integration on [r0, r]
we deduce that

e−2K1rw(r) − e−2K1r0w(r0) = 2K2

∫ r

r0

e−2K1s (F (v(s)))′ds.

Because w(r0) = 0, this relation yields

e−2K1rw(r) = 2K2

∫ r

r0

e−2K1s (F (v(s)))′ds

≤ 2K2

∫ r

r0

e−2K1r0 (F (v(s)))′ds

= 2K2 e
−2K1r0 (F (v(r)) − F (v(r0))) .

Hence,

v′(r)√
F (v(r))

≤
√

2K2e
K1(r1−r0)(r1 − r0) ≤ C for any 0 < r < r1. (1.23)

Because v : [r0, r1] → [0, v1] is a bijection, after integration in (1.23) we obtain
∫ v1

0

dt√
F (t)

≤ C(r1 − r0) <∞,

which contradicts our assumption (1.19). 2
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We are now in position to prove Vázquez’s maximum principle. We first
denote by v(r; K1, K2, r1, v1) the unique solution of problem (1.20).

Denote Ω0 := {x ∈ Ω : u(x) = 0}, where u ≥ 0 solves the differential
inequality (1.18). Let x1 ∈ Ω \ Ω0 be such that dist (x1,Ω0) < dist (x1, ∂Ω).
Assuming that Ω0 is a proper subset of Ω, set R := dist (x1,Ω0) and fix x0 ∈
Ω0 ∩B(x1, R). Then u(x0) = 0.

Next, we apply Lemma 1.3.12 for r1 = R/2, v1 = inf{u(x) : |x−x1| = R/2},
K1 = 2(N − 1)/R, and K2 = 1. Define u(x) := v(R− |x− x1| : K1, K2, r1, v1),
where v is given by Lemma 1.3.12. Then u(R) = v(0) = 0 and u(R/2) = v(R/2).
Using the equation fulfilled by v we obtain

∆u = u′′ − N − 1

r
u′ ≥ v′′ − 2(N − 1)

r
v′ = f(v) (1.24)

in ω := {x ∈ Ω : R/2 < |x− x1| < R}.
We claim that u ≤ u in ω. We first observe that the equality holds on ∂ω

and we show that for any ε > 0,

u(x) ≤ u(x) + ε (1 + |x|2)−1/2 in ω. (1.25)

Assuming by contradiction that (1.25) is not true, there exists xM ∈ ω such that
the mapping u(x)− u(x)− ε (1 + |x|2)−1/2 attains its maximum in xM and that
this value is positive. Therefore

0 ≥ ∆
(
u(x) − u(x) − ε (1 + |x|2)−1/2

)

|x=xM

= ∆u(xM ) − ∆u(xM ) + ε (N − 3)(1 + |xM |2)−3/2 + 3ε (1 + |xM |2)−5/2

≥ ∆u(xM ) − f(u(xM )) + 3ε (1 + |xM |2)−5/2 .

So, by relation (1.24),

0 ≥ 3ε (1 + |xM |2)−5/2 > 0.

This contradiction shows that relation (1.25) is true. Passing, now, at the limit
as ε → 0 we conclude that u ≤ u in ω. Therefore u(x0) = u(x0) = 0, where
x0 ∈ ∂ω. Because u ≥ 0 in Ω, we deduce that x0 is an interior minimum point
of u in Ω. Thus, ∇u(x0) = 0 and hence ∂u(x0)/∂n = 0. On the other hand, we
compute the normal derivative of u at x0 ∈ ∂ω. We have

∂u

∂n
(x0) = lim

tց0

u(x0 − t(x− x0))

t

≥ lim
tց0

u(x0 − t(x− x0))

t
= lim

tց0

v(tR)

t
= Rv′(0) > 0 .

This contradiction shows that our assumption that Ω0 is a proper subset of Ω
is false, hence either Ω0 = Ω (and, in this case, u ≡ 0 in Ω) or Ω0 = ∅ (which
corresponds to u > 0 in Ω). This completes the proof of Vázquez’s maximum
principle. 2

We refer to Vázquez [190] for a corresponding result in the quasilinear case.
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1.3.5 Pucci and Serrin’s maximum principle

The growth assumption (1.19) in the statement of Theorem 1.3.11 is a Keller–
Osserman–type condition around the origin, which establishes that, to guarantee
the maximum principle for the nonlinear operator −∆u+ f(u), it suffices that f
has at least a linear decay rate near the origin. A straightforward computation
shows that all functions f(u) = up (where p ≥ 1) satisfy relation (1.19). The par-
ticular case p = 1 corresponds to the linear setting, as described in Stampacchia’s
maximum principle.

It has been argued by Pucci and Serrin [169]–[172] that the maximum prin-
ciple may fail if assumption (1.19) is not fulfilled. Moreover, Pucci and Serrin
have extended the maximum principle to nonhomogeneous differential operators.
They have considered the inequality problem

{
div {A(|∇u|)∇u} ≤ f(u) in Ω,

u ≥ 0 in Ω,
(1.26)

where Ω is a bounded in R
N . The main assumptions on A and f are the following:

(A1) A : (0,∞) → (0,∞) is a continuous function.

(A2) The mapping Φ(t) := tA(t) increases in (0,∞) and limtց0 Φ(t) = 0.

(F1) f : [0,∞) → [0,∞) is continuous and f(0) = 0.

(F2) f is nondecreasing on some interval [0, δ], δ > 0.

Some important particular cases are the following:

(i) If A(t) ≡ 1, we obtain the Laplace operator.

(ii) If A(t) = tp−2 (p > 1), we obtain the p–Laplace operator.

(iii) If A(t) = (1 + t2)−1/2, we obtain the mean curvature operator.

(iv) If A(t) = (1 + t2)−p/2 (p ≤ 1), we obtain the generalized mean curvature
operator.

(v) If A(t) = tp−2 + tq−2 (1 < p < q), we obtain an important operator
occurring in quantum physics (see, for example, [20]).

Definition 1.3.13 A function u ∈ C1(Ω) is a solution to the problem (1.26) if
for any φ ∈ C∞

0 (Ω), φ ≥ 0,
∫

Ω

[A(|∇u|)∇u · ∇φ + f(u)φ] dx ≥ 0.

Definition 1.3.14 We say that the strong maximum principle holds for problem
(1.26) if u is an arbitrary solution of (1.26) with u(x0) = 0 for some x0 ∈ Ω,
then u ≡ 0 in Ω.

An important role in the statement of the maximum principle of Pucci and
Serrin is played by the mapping

H(t) := tΦ(t) −
∫ t

0

Φ(s)ds .
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Theorem 1.3.15 (Pucci–Serrin maximum principle) Assume conditions (A1),
(A2), (F1), and (F2) are fulfilled. Then the strong maximum principle is valid
for the inequality problem (1.26) provided that either f(t) ≡ 0 for t ∈ [0, µ),
µ > 0, or f(t) > 0 for t ∈ (0, δ) with δ > 0 and

∫ 1

0

dt

H−1(F (t))
= ∞, where F (t) :=

∫ t

0

f(s)ds. (1.27)

Conversely, if f(t) > 0 for t ∈ (0, δ), then condition (1.27) is also necessary for
the validity of the strong maximum principle.

We observe that assumption (1.27) reduces to the Keller–Osserman condition
(1.19) in the case of the Laplace operator.

A related phenomenon concerns the existence of dead cores. More precisely,
an elliptic equation or inequality is said to have a dead core solution u in some
domain Ω ⊂ R

N provided that there exists an open subset ω strictly contained
in Ω (called the dead core of u) such that

u ≡ 0 in Ω and u > 0 in Ω \ ω.

Such singular phenomena arise in chemical models, when the solution rep-
resents the density of a reactant. The case when the solution vanishes corre-
sponds to some region (dead core) where no reactant is present (see [18], [171]).
The boundary of such subdomains is then called the free boundary. Two such
situations are chemical reactions and nonlinear diffusion models in population
dynamics. In these situations the dead core region is the subdomain where the
concentration of reactant is zero or the population dies. More details on free
boundary problems can be found in the book by Diaz [66] in which existence
and regularity of such problems is studied.

By Theorem 1.3.15, problem (1.26) can have a dead core only if condition
(1.27) fails,—that is, if f > 0 in (0,∞) and

∫ 1

0

dt

H−1(F (t))
<∞ . (1.28)

Actually, condition (1.28) is not only necessary, but also sufficient for the exis-
tence of dead core solutions. The following result is from Pucci and Serrin [171],
[172].

Theorem 1.3.16 Assume hypotheses (A1) and (A2) are fulfilled. Let f : R → R

be a continuous nondecreasing function such that f(0) = 0 and satisfies condition
(1.28). Suppose Φ(∞) = H(∞) = ∞. Let u be a solution of the inequality
problem (1.26), with 0 ≤ u(x) ≤ m on ∂Ω for some constant m > 0.

Then the following properties are valid:

(i) 0 ≤ u < m in Ω.
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(ii) Assume that

R0 :=

∫ ∞

0

dt

H−1 (F (t)/N)
<∞,

and let BR be a ball of radius R ≥ R0 compactly contained in Ω. Then u
has a dead core in Ω for all m > 0.

(iii) If B is any ball compactly contained in Ω, then u ≡ 0 in B provided that
m > 0 is sufficiently small.

The previous remarks show that the equation ∆u = |u|p−1u allows a dead
core only if 0 < p < 1. We will illustrate this phenomenon in one of the following
sections of this chapter.

1.3.6 A comparison principle in the presence of singular nonlinearities

The result in this section concerns problem (1.13). By the maximum principle
we deduce that if t 7−→ Φ(x, t) is decreasing at each x ∈ Ω, then problem (1.13)
has at most one solution. The following theorem is a comparison principle that
holds in a more general setting.

Theorem 1.3.17 Let Φ : Ω × (0,∞) → R be a continuous function such that

(H1) the mapping (0,∞) ∋ t 7−→ Φ(x, t)/t is strictly decreasing at each x ∈ Ω.

Assume that there exist v, w ∈ C2(Ω) ∩ C(Ω) such that

(i) ∆w + Φ(x,w) ≤ 0 ≤ ∆v + Φ(x, v) in Ω;

(ii) v, w > 0 in Ω and v ≤ w on ∂Ω;

(iii) ∆v ∈ L1(Ω) or ∆w ∈ L1(Ω).

Then v ≤ w in Ω.

Proof We follow an idea of Brezis and Kamin [32] (see also [87], [182]).
Suppose by contradiction that v ≤ w is not true in Ω. Then, we can find

ε0, δ0 > 0 and a ball B ⊂⊂ Ω such that

v − w ≥ ε0 in B, (1.29)

∫

B

vw

(
Φ(x,w)

w
− Φ(x, v)

v

)
dx ≥ δ0. (1.30)

Let us assume that ∆w ∈ L1(Ω) and set

M = max{1, ‖∆w‖L1(Ω)}, ε = min

{
1, ε0,

δ0
4M

}
.

Consider θ ∈ C1(R) a nondecreasing function such that 0 ≤ θ ≤ 1, θ(t) = 0, if
t ≤ 1/2 and θ(t) = 1 for all t ≥ 1. Define

θε(t) = θ

(
t

ε

)
, t ∈ R.
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Because w ≥ v on ∂Ω, we can find a smooth subdomain Ω∗ ⊂⊂ Ω such that

B ⊂ Ω∗ and v − w <
ε

2
in Ω \ Ω∗.

Using hypotheses (i) and (ii) we deduce

∫

Ω∗

(w∆v − v∆w)θε(v − w)dx ≥
∫

Ω∗

vw

(
Φ(x,w)

w
− Φ(x, v)

v

)
θε(v − w)dx.

(1.31)
By relation (1.30), we have

∫

Ω∗

vw

(
Φ(x,w)

w
− Φ(x, v)

v

)
θε(v − w)dx

≥
∫

B

vw

(
Φ(x,w)

w
− Φ(x, v)

v

)
θε(v − w)dx

=

∫

B

vw

(
Φ(x,w)

w
− Φ(x, v)

v

)
dx

≥ δ0.

To raise a contradiction, we need only to prove that the left-hand side in
(1.31) is smaller than δ0. For this purpose, define

Θε(t) :=

∫ t

0

sθ′ε(s)ds, t ∈ R.

It is easy to see that

Θε(t) = 0, if t <
ε

2
and 0 ≤ Θε(t) ≤ 2ε, for all t ∈ R. (1.32)

Now, using Green’s first formula, we evaluate the left side of (1.31):

∫

Ω∗

(w∆v − v∆w)θε(v − w)dx

=

∫

∂Ω∗

wθε(v − w)
∂v

∂n
dσ(x) −

∫

Ω∗

(∇w · ∇v)θε(v − w)dx

−
∫

Ω∗

wθ′ε(v − w)∇v · ∇(v − w)dx −
∫

∂Ω∗

vθε(v − w)
∂w

∂n
dσ(x)

+

∫

Ω∗

(∇w · ∇v)θε(v − w)dx +

∫

Ω∗

vθ′ε(v − w)∇w · ∇(v − w)dx

=

∫

Ω∗

θ′ε(v − w)(v∇w − w∇v) · ∇(v − w)dx.

The previous relation can be rewritten as
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∫

Ω∗

(w∆v − v∆w)θε(v − w)dx =

∫

Ω∗

wθ′ε(v − w)∇(w − v) · ∇(v − w)dx

+

∫

Ω∗

(v − w)θ′ε(v − w)∇w · ∇(v − w)dx.

Because

∫

Ω∗

wθ′ε(v − w)∇(w − v) · ∇(v − w)dx ≤ 0, the last equality yields

∫

Ω∗

(w∆v − v∆w)θε(v − w)dx ≤
∫

Ω∗

(v − w)θ′ε(v − w)∇w · ∇(v − w)dx.

Therefore,

∫

Ω∗

(w∆v − v∆w)θε(v − w)dx ≤
∫

Ω∗

∇w · ∇(Θε(v − w))dx.

Again by Green’s first formula, and by (1.32), we have

∫

Ω∗

(w∆v − v∆w)θε(v − w)dx ≤
∫

∂Ω∗

Θε(v − w)
∂w

∂n
dσ(x)

−
∫

Ω∗

Θε(v − w)∆wdx

≤ −
∫

Ω∗

Θε(v − w)∆wdx ≤ 2ε

∫

Ω∗

|∆w|dx

≤ 2εM <
δ0
2
.

Thus, we have obtained a contradiction. Hence v ≤ w in Ω, which completes the
proof. 2

Theorem 1.3.17 states that if v and w are respectively sub- and supersolutions
of problem (1.13) such that either ∆v ∈ L1(Ω) or ∆w ∈ L1(Ω), then we always
have v ≤ w in Ω. As a consequence, problem (1.13) has at most one solution,
u ∈ C2(Ω) ∩ C(Ω), such that ∆u ∈ L1(Ω).

The proof of Theorem 1.3.17 was given in [87] (see also [182] for a particular
case), following an idea that goes back to the method of Brezis and Kamin [32].

Theorems 1.2.5 and 1.3.17 are suitable for semilinear elliptic problems involv-
ing singular nonlinearities. In both these results, the nonlinearity Φ is defined
only on (0,∞) with respect to its second variable, so Φ may be singular at the
origin. Some simple examples of functions that fulfill the hypotheses in Theorems
1.2.5 and 1.3.17 are

(i) Φ(x, t) = t−α, α > 0;

(ii) Φ(x, t) = a(x)t−α+tp, where a ∈ Cγ(Ω), a > 0 in Ω, 0 < p < 1, and α > 0.



20 Basic methods

1.4 Existence properties and related maximum principles

In this section we establish a general property that asserts the existence of
a unique positive subharmonic function satisfying a nonlinear boundary value
problem with nontrivial Dirichlet boundary value data. We illustrate this result
with two maximum principles corresponding to nonlinear perturbations of the
Laplace operator.

Theorem 1.4.1 Let Ω ⊂ R
N be a bounded smooth domain. Assume 0 6≡ p ∈

C0,γ(Ω) is nonnegative, and f ∈ C1[0,∞) is positive and nondecreasing on (0,∞)
such that f(0) = 0. If 0 6≡ φ ∈ C0,γ(∂Ω) is nonnegative, then the boundary value
problem 





∆u = p(x)f(u) in Ω,

u ≥ 0 in Ω,

u = φ on ∂Ω

(1.33)

has a unique classical solution, which is positive in Ω.

Proof We first observe that u = 0 is a subsolution of (1.33), whereas u ≡ n is
a supersolution of (1.33) if n is large enough. Hence problem (1.33) has at least
one nonnegative solution u. Then, taking into account the regularity of p and f ,
a standard bootstrap argument based on Schauder and Hölder regularity shows
that u ∈ C2(Ω).

To prove the uniqueness, let u1 and u2 be two solutions of (1.33); we show
that u1 ≥ u2 in Ω. Denote ω := {x ∈ Ω : u1(x) < u2(x)} and suppose that
ω 6= ∅. Then the function v = u1 − u2 satisfies

∆v = p(x)(f(u1) − f(u2)) in ω,

and v = 0 on ∂ω. Because f is nondecreasing and p ≥ 0, it follows that v is
a superharmonic function in ω that vanishes on ∂ω. Thus, by the maximum
principle, either v = 0 or v > 0 in ω, which yields a contradiction. Thus u1 ≤ u2

in Ω. Similarly we get u2 ≤ u1 in Ω, thus u1 = u2.
We state in what follows two proofs for the positivity of u. The first one relies

essentially on Vázquez’s maximum principle, whereas the second proof offers a
direct approach.

First proof: Let w be the unique nonnegative classical solution of the problem
{

∆u = ‖p‖∞f(w) in Ω,

w = φ on ∂Ω.

To conclude that u > 0 in Ω it is enough to show that u ≥ w > 0 in Ω. Because
f ∈ C1[0,∞), we have

lim
tց0

t2

F (t)
= lim

tց0

2t

f(t)
=

2

f ′(0)
> 0, (1.34)

which implies immediately that
∫ 1

0 dt/
√
F (t) = ∞. By Vázquez’s maximum

principle (Theorem 1.3.11) we conclude that w > 0 in Ω.
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We now prove that u ≥ w in Ω. To this aim, fix ε > 0. We claim that

w(x) ≤ u(x) + ε(1 + |x|2)−1/2 for any x ∈ Ω. (1.35)

Assume the contrary. Because u = w on ∂Ω, we deduce that

max
x∈Ω

{w(x) − u(x) − ε(1 + |x|2)−1/2}

is achieved in Ω. At this point we have

0 ≥∆
(
w(x) − u(x) − ε(1 + |x|2)−1/2

)

=‖p‖∞f(w(x)) − p(x)f(u(x)) − ε∆(1 + |x|2)−1/2

≥p(x) (f(w(x)) − f(u(x))) + ε(N − 3)(1 + |x|2)−3/2 + 3ε(1 + |x|2)−5/2 > 0,

which is a contradiction. Because ε > 0 is chosen arbitrarily, inequality (1.35)
implies u ≥ w in Ω.

Second proof: Because φ is not identically zero, there exists x0 ∈ Ω such that
u(x0) > 0. To conclude that u > 0 in Ω, it is sufficient to prove that u > 0
in B(x0, r), where r = dist (x0, ∂Ω). Without loss of generality we can assume
x0 = 0. By the continuity of u, there exists r ∈ (0, r) such that u(x) > 0 for all
x with |x| ≤ r. So, ρ := min|x|=r u(x) > 0. We define

M := max
Ω

p, η :=

∫ ρ+1

ρ

dt

f(t)
and ν(ε) :=

∫ ρ+1

ε

dt

f(t)
for 0 < ε < ρ.

It remains to show that u > 0 in A(r, r), where

A(r, r) := {x ∈ R
N : r < |x| < r}.

For this purpose, we need the following auxiliary result.

Lemma 1.4.2 For ε > 0 small enough, the problem





−∆v = M in A(r, r),

v = η as |x| = r,

v = ν(ε) as |x| = r

(1.36)

has a unique solution, which is increasing in A(r, r).

Proof By the maximum principle, problem (1.36) has a unique solution. More-
over, v is radially symmetric in A(r, r),—namely, v(x) = v(r), r = |x|. The
function v satisfies

v′′(r) +
N − 1

r
v′(r) = −M, r < r < r.
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Integrating this relation twice we find

v(r) = −M

2N
r2 − C1

N − 2
r2−N + C2, r < r < r,

where C1 and C2 are real constants. The boundary conditions v(r) = η and
v(r) = ν(ε) imply

C1 =

(
ν(ε) − η +

M

2N
(r2 − r2)

)
N − 2

r2−N − r2−N
.

From (1.34) we deduce that ν(ε) → ∞ as ε→ 0. Thus, taking ε > 0 sufficiently
small, C1 becomes large enough to ensure that v′(r) > 0 for all r ∈ (r, r). This
concludes the proof. 2

Set ε > 0 sufficiently small such that the conclusion of Lemma 1.4.2 holds.
Let u be the function defined implicitly as follows:

∫ ρ+1

u(x)+ε

dt

f(t)
= v(x) for all x ∈ A(r, r). (1.37)

It is easy to check that





∆u ≥Mf(u+ ε) ≥ p(x)f(u) in A(r, r),

u(x) = ρ− ε < u(x) as |x| = r,

u(x) = 0 ≤ u(x) as |x| = r.

Using the maximum principle, as in the proof of (1.35), we deduce that u ≤ u in
A(r, r). By (1.37) and Lemma 1.4.2 we deduce that u decreases in A(r, r). Thus,
u > 0 in A(r, r). This completes the proof. 2

Under the same assumptions on p and f as in the statement of Theorem 1.4.1
we have the following corollary.

Corollary 1.4.3 (Strong maximum principle) Let Ω ⊂ R
N be a domain. If u

is a nonnegative classical solution of the equation ∆u = p(x)f(u) in Ω, then the
following alternative holds: Either u ≡ 0 in Ω or u is positive in Ω.

Proof Assume that u 6≡ 0 in Ω. Hence, there exists x0 ∈ Ω such that u(x0) > 0.
We claim that u > 0 in Ω. To this aim, let us fix x1 ∈ Ω and let ω ⊂⊂ Ω be
a smooth bounded domain such that x1 ∈ ω and x0 ∈ ∂ω. By Theorem 1.4.1,
there exists a unique v ∈ C2(Ω) such that





∆v = p0f(v) in ω,

v > 0 in ω,

v = u 6≡ 0 on ∂ω,

(1.38)

where p0 := 1 + supω p > 0. Because f is nondecreasing, we easily deduce u ≥
v > 0 in ω. Thus, u(x1) > 0, which yields u > 0 in Ω. 2
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Corollary 1.4.4 Let Ω ⊂ R
N be a smooth bounded domain. If u ∈ C2(Ω)∩C(Ω)

satisfies 



∆u+ λu = p(x)f(u) in Ω,

u ≥ 0 in Ω,

u 6≡ 0 on ∂Ω,

then u > 0 in Ω.

Proof Let φ ∈ C0,γ(∂Ω) be a nonnegative function such that φ 6≡ 0 and φ ≤ u
on ∂Ω. By Theorem 1.4.1, there exists a unique u ∈ C2(Ω) ∩ C(Ω) such that





∆v = |λ|v + ‖p‖∞f(v) in Ω,

v ≥ 0 in Ω,

v = φ on ∂Ω.

(1.39)

Moreover, v > 0 in Ω. Note that u is a supersolution for (1.39) and a standard
argument shows that u ≥ v > 0 in Ω. 2

1.4.1 Dead core solutions of sublinear logistic equations

The positiveness of the solution in Theorem 1.4.1 follows essentially by the as-
sumption f ∈ C1[0,∞). We show in what follows that if f is not differentiable
at the origin, then problem (1.33) has a unique solution that is not necessarily
positive in Ω. However, in this case, the positiveness of the solution may depend
on c and on the geometry of Ω. Indeed, let us consider the problem






∆u =
√
u in Ω,

u ≥ 0 in Ω,

u = c on ∂Ω,

(1.40)

where c > 0 is a constant. The existence of a solution follows after observing
that u = 0 and u = c are respectively sub- and supersolutions for our problem,
whereas the uniqueness follows from Theorem 1.3.17.

The following example illustrates that in certain situations, the unique solu-
tion of problem (1.40) may vanish.

Example 1.1 Let Ω = B(0, 1) ⊂ R
N , w(x) = a|x|4 with c ≤ a ≤ (4N + 8)−2.

We have {
∆w = (4N + 8)a|x|2 ≤ √

a|x|2 =
√
w in Ω,

w = a ≥ c on ∂Ω.

This means that w is a supersolution of (1.40). Hence, problem (1.40) has a
solution u such that 0 ≤ u ≤ w in Ω. Because w(0) = 0 then, necessarily,
u(0) = 0.

The next example shows that in some cases, depending on c and on diamΩ,
the unique solution of (1.40) is positive.
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Example 1.2 Suppose that Ω can be included in a ball B(x0, R) with R ≤
Rc := 2 4

√
c(N + 2)2. Define w(x) := a|x− x0|4, where a is chosen so that

c

R4
≥ a ≥ 1

(4N + 8)2
.

Then w satisfies
{

∆w = (4N + 8)a|x− x0|2 ≥ √
a|x− x0|2 =

√
w in Ω,

w = a|x− x0|4 ≤ c on ∂Ω,

which shows that w is a subsolution of (1.40). We conclude that u(x) ≥ w(x) > 0,
for any x ∈ Ω\{x0}.

If diamΩ < 2R ≤ 2Rc, then there exists two points, x0 and x1, such that Ω
can be included in each of the balls B(x0, R) and B(x1, R). Using the previous
conclusion we have

u(x) ≥ amax{|x− x0|4, |x− x1|4} ≥ a

∣∣∣∣
x1 − x0

2

∣∣∣∣
4

> 0.

Choosing a = c/R4, |x1 − x0| = 2R− diamΩ, and R = Rc, we find

u(x) ≥ c

R4

(
2R− diam Ω

2

)4

= c

(
1 − diam Ω

2R

)4

> 0 in Ω.

Hence, u is positive solution of (1.40).

1.4.2 Singular solutions of the logistic equation

We now illustrate how Theorem 1.4.1 can be applied in the qualitative analysis
of a class of singular solutions for the logistic equation. We are first concerned
with the nonlinear problem





∆u = up in B1,

u > 0 in B1,

u = ∞ on ∂B1,

(1.41)

where p > 1 and B1 ⊂ R
N is the unit ball centered at the origin. The notation

u = ∞ on ∂B1 signifies that lim|x|ր1 u(x) = ∞. A function u ∈ C2(B1) satisfying
(1.41) is called blow-up boundary (explosive) solution of problem (1.41).

Theorem 1.4.5 Assume that p > 1. Then problem (1.41) has a unique solution
u. Moreover, u is infinitely differentiable in B1, u is radially symmetric, and

lim
rր1

(1 − r)2/(p−1)u(r) =

[
2(p+ 1)

(p− 1)2

]1/(p−1)

.
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Proof Using Theorem 1.4.1 we deduce that for any positive integer n, there
exists a unique function un ∈ C2(B1) such that






∆un = upn in B1,

un > 0 in B1,

un = n on ∂B1.

(1.42)

By uniqueness we deduce that un has radial symmetry. Standard elliptic regu-
larity implies that un ∈ C∞(B1). Next, by the maximum principle, un < un+1

in B1, for any n ≥ 1. We now observe that u(x) := C(1 − r2)−2/(p−1) is a su-
persolution of problem (1.42), provided C is large enough. This shows that for
any n ≥ 1, un ≤ u, hence (un) is locally bounded in B1. Thus, for any x ∈ B1,
there exists u(x) := limn→∞ un(x) ∈ R, which is a solution of (1.42). Schauder
and Hölder regularity arguments imply that u ∈ C∞(B1).

To deduce the blow-up rate of u near the boundary, we observe that the
differential equation fulfilled by the solution is

u′′ +
N − 1

r
u′ = up in (0, 1).

Therefore (
rN−1u′

)′
= rN−1up in (0, 1). (1.43)

After multiplication by rN−1u′ in (1.43) and integration, we find

u′2(r) = 2

[
up+1(r)

p+ 1
− 2N − 2

(p+ 1)r2N

∫ r

0

t2N−1up+1(t)dt

]
. (1.44)

At this stage, it is enough to argue that

B(r) = o (A(r)) as r ր 1, (1.45)

where

A(r) = up+1(r) B(r) := r−2N

∫ r

0

t2N−1up+1(t)dt.

Indeed, relations (1.44) and (1.45) yield

1 −
√
p+ 1u′(r)√
2up+1(r)

= 1 −
(

1 − B(r)

A(r)

)1/2

∼ B(r)

2A(r)
= o(1) as r ր 1.

Integrating this relation between r and 1 we deduce that

(1 − r) −
∫ ∞

u(r)

√
p+ 1√
2tp+1

dt = o(1) as r ր 1,

which implies the desired asymptotic estimate.
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To prove (1.45), let us fix ε ∈ (0, 1/2). Thus, for any r ∈ (1 − ε, 1),

B(r)

A(r)
=

1

r

∫ r

0

(
t

s

)2N−1(
u(t)

u(r)

)p+1

dt

=
1

r

∫ 1−ε

0

(
t

s

)2N−1(
u(t)

u(r)

)p+1

dt+
1

r

∫ r

1−ε

(
t

s

)2N−1(
u(t)

u(r)

)p+1

dt

≤ 2
up+1(1 − ε)

up+1(r)
+ ε .

Letting first r ր 1 and then ε ց 0, we obtain (1.45). In fact, all solutions of
(1.41) have the same blow-up rate near the boundary, as described by (1.45). This
implies, by the maximum principle, that problem (1.41) has a unique solution.
We refer to [71] for details and many related results. 2

With similar arguments as in the proof of Theorem 1.4.5, we can show that
the nonlinear problem





∆u = up if 1 < |x| < 2,

u > 0 if 1 < |x| < 2,

u = ∞ if |x| = 1,

u = 0 if |x| = 2

has a unique solution, which is of class C∞ and which has the same blow-up rate
near |x| = 1, as in the statement of Theorem 1.4.5. We leave it to the reader to
determine the details of the proof.

1.5 Brezis–Oswald theorem

Consider the problem






−∆u = f(x, u) in Ω,

u ≥ 0, u 6≡ 0 in Ω,

u = 0 on ∂Ω,

(1.46)

where Ω ⊂ R
N is a smooth bounded domain and f : Ω × [0,∞) → R satisfies

(f1) f is a Hölder continuous function and the mapping (0,∞) ∋ t 7−→ f(t)
t is

decreasing;

(f2) for all t ≥ 0, x 7−→ f(x, t) belongs to L∞(Ω);

(f3) there exists a positive constant c > 0 such that f(x, t) ≤ c(1 + t) for all
(x, t) ∈ Ω × [0,∞).

By a solution of problem (1.46), we mean a function u ∈ C2(Ω) that satisfies
(1.46). In view of (f1), for all x ∈ Ω there exist

a0(x) := lim
tց0

f(t)

t
and a∞(x) := lim

t→∞

f(t)

t
.
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We have

−∞ < a0(x) ≤ ∞ and −∞ ≤ a∞(x) <∞ in Ω.

It follows that any solution u ∈ H1
0 (Ω) ∩ L∞(Ω) of (1.46) verifies

−f(x, ‖u‖∞) ≤ f(x, u(x)) ≤ c(‖u‖∞ + 1) in Ω.

This yields f(x, u) ∈ L∞(Ω). Therefore, any solution u of (1.46) belongs to
W 2,p(Ω) for every 1 < p < ∞. Denote by λ0 and λ∞ the first eigenvalue of
the operators −∆ − a0(x) and −∆ − a∞(x) respectively, with a zero Dirichlet
boundary condition.

Because a0 and a∞ may be ±∞, the precise meaning of this first eigenvalue
must be understood in the following sense: For any measurable function a(x),
we define

λ1(−∆ − a(x)) := inf
u∈H1

0
(Ω),u6=0

{∫

Ω

|∇u|2dx−
∫

{u6=0}

a(x)udx

}
.

Remark 1.5.1 Any solution u of (1.46) satisfies u > 0 in Ω and ∂u
∂n < 0 on

∂Ω.

Indeed, from (f1) we have

f(x, u)

u
≥ f(x, ‖u‖∞)

‖u‖∞
in Ω.

Hence f(x, u) ≥ −Mu in Ω for some positive constant M . Thus, u satisfies
−∆u+Mu ≥ 0 in Ω. By the maximum principle (Theorem 1.3.5) we obtain the
conclusion.

Brezis and Oswald [37] established the following general result.

Theorem 1.5.2 Assume that f satisfies (f1)− (f3). Then, problem (1.46) has
solutions if and only if λ0 < 0 < λ∞. Moreover, in this case problem (1.46) has
a unique solution.

Proof We divide the proof of Theorem 1.5.2 into three steps.

Step 1: Necessary condition. Let u ∈ H1
0 (Ω) ∩ L∞(Ω) be a solution of (1.46).

Multiplying by u in (1.46) and then integrating by parts we obtain

∫

Ω

|∇u|2dx =

∫

Ω

f(x, u)udx <

∫

Ω

a0(x)udx.

This implies that λ0 < 0. Set

b(x) :=
f(x, ‖u‖∞ + 1)

‖u‖∞ + 1
∈ L∞(Ω)
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and let (µ, ψ) be the first eigenvalue and eigenfunction of the linear operator
−∆ − b(x). That is,





−∆ψ − b(x)ψ = µψ in Ω,

ψ > 0 in Ω,

ψ = 0 on ∂Ω.

Because a∞ ≤ b in Ω, it follows that µ ≤ λ∞. Multiplying by ψ in (1.46) and
integrating over Ω we find

∫

Ω

(b(x) + µ)ψudx =

∫

Ω

f(x, u)ψdx.

Note that f(x, u) > b(x)u by virtue of (f1), which also yields µ
∫
Ω uψdx > 0.

Thus, λ∞ ≥ µ > 0.

Step 2: Sufficient condition. Consider the energy functional

E : H1
0 (Ω) → (−∞,∞],

defined by

E(u) =
1

2

∫

Ω

|∇u|2dx−
∫

Ω

F (x, u)dx for all u ∈ H1
0 (Ω),

where F (x, t) =
∫ t
0
f(x, s)ds and f(x, s) is extended to be f(x, 0) for s ≤ 0.

Remark that E ∈ C1 because

F (x, t) ≤ c(t2 + |t|) for all (x, t) ∈ Ω × R, (1.47)

by virtue of (f3).
In the statement of the next auxiliary result, we need the notion of lower

semicontinuity. We recall that if S is a topological space, then a functional E :
S → R∪{+∞} is lower semicontinuous if and only if for any a ∈ R, the sublevel
set Sa := {u ∈ S : E(u) ≤ a} is closed. If S is a metric space, this condition is
equivalent to E(u) ≤ lim infn→∞ E(un) whenever un → u.

Lemma 1.5.3 The following properties hold true:

(i) E(u) → ∞ as ‖u‖H1
0
→ ∞.

(ii) E is lower semicontinuous.

(iii) E(w) < 0 for some w ∈ H1
0 (Ω).

Proof (i) Assume by contradiction that there exists (un)n≥1 ⊂ H1
0 (Ω) such

that ‖un‖H1
0
→ ∞ and E(un) ≤ C. From the definition of E and (1.47) we

obtain
1

2

∫

Ω

|∇un|2dx ≤M

∫

Ω

(u2
n + 1)dx. (1.48)
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Set tn = ‖un‖2 and vn = un/tn. From our assumption and (1.48) we have

tn → ∞, ‖vn‖2 = 1 and (vn)n≥1 bounded in H1
0 (Ω).

Therefore, one can assume that

vn ⇀ v weakly in H1
0 (Ω) as n→ ∞,

vn → v strongly in L2(Ω) as n→ ∞,

vn → v almost everywhere in Ω and ‖v‖2 = 1.

We claim that

lim sup
n→∞

∫

Ω

F (x, tnvn)

t2n
dx ≤ 1

2

∫

{v>0}

a∞v
2dx. (1.49)

Indeed, we have
∫

Ω

F (x, tnvn)dx =

∫

{v≤0}

F (x, tnv
+
n )dx +

∫

{v>0}

F (x, tnv
+
n )dx

+

∫

{vn≤0}

F (x, tnvn)dx.

(1.50)

Using (f3) we can evaluate the first integral in the right-hand side of (1.50) as

∫

{v≤0}

F (x, tnv
+
n )dx ≤ c

∫

{v≤0}

[
(tnv

+
n )2 + 1

]
dx,

which leads to ∫

{v≤0}

F (x, tnv
+
n )

t2n
dx ≤ o(1) as n→ ∞. (1.51)

In the same manner we have
∫

{vn≤0}

F (x, tnvn)dx ≤ c

∫

Ω

tn|vn|dx

and so ∫

{vn≤0}

F (x, tnvn)

t2n
dx ≤ o(1) as n→ ∞. (1.52)

To evaluate the first integral of the right-hand side in (1.50) we first remark that

lim
t→∞

F (x, t)

t2
≤ 1

2
a∞(x) in Ω,

which implies

lim
n→∞

F (x, tnv
+
n )

t2n
≤ 1

2
a∞(x)v on the set {v > 0}. (1.53)
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By (1.47) we also have

F (x, tnv
+
n )

t2n
≤ c

[
(v+
n )2 +

1

t2n

]
in Ω.

Because vn → v in L2(Ω), by Fatou’s lemma we deduce

lim sup
n→∞

∫

{v>0}

F (x, tnv
+
n )

t2n
dx ≤ 1

2

∫

{v>0}

a∞v
2dx. (1.54)

Combining (1.50) through (1.53) we obtain the claim. Furthermore, fromE(un) ≤
C we deduce that

1

2

∫

Ω

|∇un|2dx ≤ C +

∫

Ω

F (x, un)dx.

Dividing by ‖un‖2 and passing to the limit in the previous inequality, by (1.49)
it follows that

1

2

∫

Ω

|∇v|2dx ≤ 1

2

∫

{v>0}

v2dx. (1.55)

On the other hand, by the definition of λ∞ we have

∫

Ω

|∇v+|2 −
∫

{v>0}

v2dx ≥ λ∞‖v+‖2
2. (1.56)

From (1.55) and (1.56) we deduce v = 0, which is a contradiction because ‖v‖2 =
1. This proves (i).

(ii) The proof follows by Fatou’s lemma and relation (1.47), which establishes
that F has a quadratic growth.

(iii) Because a0 < 0, there exists w ∈ H1
0 (Ω) such that

∫

Ω

|∇w|2dx−
∫

{w 6=0}

a0wdx < 0.

Moreover, replacing w with w+ and then truncating w+, we may assume that
w ∈ L∞(Ω) and w > 0 in Ω. Notice that

lim
tց0

F (x, t)

t2
≥ 1

2
a0(x) in Ω.

Hence

lim
ε→0

F (x, εw)

ε2
≥ 1

2
a0(x)w

2(x) on the set {w 6= 0}.

Let c0 > 0 be such that f(x, s) ≥ −c0s for all 0 ≤ s ≤ ‖w‖∞. This yields

F (x, εw)

ε2
≥ −c0w2 ≥ −c0 in Ω.
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By Fatou’s lemma we deduce

lim inf
ε→0

∫

{w 6=0}

F (x, εw)

ε2
dx ≥ 1

2

∫

{w 6=0}

a0w
2dx.

Therefore

lim inf
ε→0

∫

Ω

F (x, εw)

ε2
dx ≥ 1

2

∫

{w 6=0}

a0w
2dx.

The last inequality combined with the fact that λ0 < 0 shows that

1

2

∫

Ω

|∇w| −
∫

Ω

F (x, εw)

ε2
dx < 0,

for ε > 0 that is small enough. Hence v := εw satisfies the claim of (iii). 2

We now come back to the proof of Theorem 1.5.2.
By Lemma 1.5.3 we see that inf{E(u) : u ∈ H1

0 (Ω)} is achieved by some
u ∈ H1

0 (Ω). We can assume that u ≥ 0 in Ω; otherwise, we replace u with u+

and use the fact that F (x, u) ≤ F (x, u+) because F (x, t) = f(x, 0)t ≤ 0 for
all t ≤ 0. This implies that u ∈ H1

0 (Ω) is a weak solution of (1.46). Standard
regularity arguments imply that u is actually a C2(Ω) solution of (1.46).

Step 3: Uniqueness. Let u1 and u2 be two solutions of (1.46). Remark that

∆u2

u2
− ∆u1

u1
=
f(u1)

u1
− f(u2)

u2
in Ω.

Multiplying by u2
1 − u2

2 in the previous relation and then integrating over Ω we
find
∫

Ω

(
∆u2

u2
− ∆u1

u1

)
(u2

1 − u2
2)dx =

∫

Ω

(
f(u1)

u1
− f(u2)

u2

)
(u2

1 − u2
2)dx. (1.57)

From Remark 1.5.1 we obtain that u2
1/u2, u

2
2/u1 ∈ L∞(Ω), and by Green’s first

formula, the left-hand side reads

∫

Ω

(
∆u2

u2
− ∆u1

u1

)
(u2

1 − u2
2)dx =

∫

Ω

(∣∣∣∇u1 −
u1

u2
∇u2

∣∣∣
2

+
∣∣∣∇u1 −

u1

u2
∇u2

∣∣∣
2
)
dx.

Thus, the left-hand side in (1.57) is nonnegative. This implies

∫

Ω

(
f(u1)

u1
− f(u2)

u2

)
(u2

1 − u2
2)dx = 0,

which yields u1 = u2. Hence, problem (1.46) has a unique solution. This con-
cludes the proof. 2

Remark 1.5.4 In [37], the existence of a solution u ∈ H1
0 (Ω) ∩L∞(Ω) of prob-

lem (1.46) is obtained under weaker assumptions on f ,—namely,
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(i) for all t ≥ 0, x 7−→ f(x, t) belongs to L∞(Ω);

(ii) for almost everywhere x ∈ Ω the mapping [0,∞) ∋ t 7−→ f(x, t) is contin-
uous;

(iii) for each δ > 0 there exists a constant cδ ≥ 0 such that f(x, t) ≥ −cδt for
all 0 ≤ t ≤ δ and almost everywhere x ∈ Ω.

If f satisfies

a0(x) := lim inf
tց0

f(x, t)

t
< 0 < a∞(x) := lim sup

t→∞

f(t)

t
in Ω,

then (1.46) has at least one solution in u ∈ H1
0 (Ω) ∩ L∞(Ω).

Remark 1.5.5 If, instead of condition (f1), we assume

(f1)′ the mapping (0,∞) ∋ t 7−→ f(t)
t is nonincreasing,

then the uniqueness does not necessarily hold. In this case we only obtain

∇u1

u1
=

∇u1

u1
and

f(x, u1)

u1
=
f(x, u2)

u2
in Ω.

In particular, this implies that the quotient u1/u2 is constant.

1.6 Comments and historical notes

The premises of the sub- and supersolution method can be traced back to E. Pi-
card. He applied, in the early 1880s, the method of successive approximations to
argue the existence of solutions for nonlinear elliptic equations that are suitable
perturbations of uniquely solvable linear problems. This is the starting point of
the use of sub- and supersolutions in connection with monotone methods. Pi-
card’s techniques were applied later by Poincaré [166] in connection with prob-
lems arising in astrophysics. In particular, Poincaré established that the nonlinear
equation ∆u = eu has at least one solution. Motivated by this equation, which
arises in the theory of Fuchsian functions as well as by many nonlinear problems
describing various phenomena in mathematical physics, Poincaré formulated and
developed the continuity method, which consists of solving nonlinear equations
by embedding them in a one-parameter family of problems. In a first step, this
tool consists of solving a simple problem and then extending the solvability by
a step-by-step change in the parameter. Because of the major contributions of
Lyapunov (1906), Schmidt (1908), and Leray and Schauder (1934), this method
became a powerful tool in the bifurcation theory.

A major breakthrough in the understanding of monotone methods in con-
nection with nonlinear differential equations is the result of the work by Scorza
Dragoni [179], who considered the solvability of Sturm–Liouville problems of the
type {

y′′(x) + f(x, y(x), y′(x)) = 0 in (a, b),
x(a) = A, x(b) = B,

(1.58)
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by using comparison principles. The concepts of sub- and supersolution were
introduced by Nagumo [146] in 1937 who proved, using the shooting method,
the existence of at least one solution for problem (1.58).

A direct consequence of the mean value formula for harmonic functions
u : Ω → R (where Ω is a domain in R

N ) is that u cannot achieve its maximum
value at an interior point of Ω, unless it is constant. This result was extended
by Picard and Lichtenstein to general linear uniformly elliptic operators. A pi-
oneering contribution is a result of the work by Hopf [108], who proved that if
u ∈ C2(Ω) ∩ C(Ω) is a solution of the linear problem

{
−∆u = f(x) ≥ 0 in Ω,

u = g(x) on ∂Ω,
(1.59)

and if u attains a nonnegative minimum in an interior point of Ω, then u is
constant. In particular, if g ≥ 0 on ∂Ω, then u ≥ 0 in Ω. This is the first form of
the maximum principle for superharmonic functions. An important consequence
of this result is that problem (1.59) has at most one solution. Another property
related to the maximum principle is a result of the work by Perron [159], who
established the existence of solutions to the linear Dirichlet problem (1.59) if
f = 0.

An immediate consequence of the maximum principle is that any superhar-
monic function on some domain Ω attains its minimum value on ∂Ω. An addi-
tional qualitative result states that if u ∈ C2(Ω)∩C1(∂Ω) is superharmonic in Ω
and x0 ∈ ∂Ω such that u(x0) = infx∈Ω u(x), then ∂u(x0)/∂n < 0, provided ∂Ω
has the interior sphere condition in x0. According to Stampacchia’s maximum
principle, the same conclusion holds if u is a solution of the problem

−∆u ≥ λu in Ω,

where λ < λ1 (λ1 stands for the least eigenvalue of the Laplace operator (−∆) in
H1

0 (Ω)). Clément and Peletier [54] (see also Hess [105]) studied the same problem
in the case when λ is larger than the first eigenvalue of the Laplace operator.
Their result is stated in the following antimaximum principle.

Theorem 1.6.1 Let Ω ⊂ R
N be a bounded domain with a smooth boundary and

assume that f is a positive and continuous function on Ω. Then there exists
δ = δ(f) > 0 such that if λ1 < λ < λ1 + δ and if u ∈ C2(Ω) ∩ C1(∂Ω) is such
that

−∆u− λu = f in Ω ,

then u < 0 in Ω and ∂u
∂n > 0 on ∂Ω.

We refer to Brezis and Browder [31] for further historical comments on the role of
the maximum principle in the qualitative analysis of nonlinear partial differential
equations.
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The Keller–Osserman condition around the origin (1.19) in the statement of
Vázquez’s maximum principle may be reformulated, equivalently, as

∫ 1

0

dt√
tf(t)

= ∞. (1.60)

In particular, this hypothesis asserts that the nonlinearity f must not be too
large near the origin. Indeed, condition (1.60) is fulfilled provided f(t)/t = O(1)
as tց 0. The linear case corresponds to Stampacchia’s maximum principle, but
Vázquez’s result also covers cases when f is not necessarily bounded around the
origin, for instance if f(t)/

(
t log2 t

)
= O(1) as t ց 0. We have already seen in

this chapter that dead core solutions appear, provided that condition (1.60) is
not fulfilled, for instance if f(t) = tp, with p ∈ (0, 1).

The existence result established in Theorem 1.5.2 corresponding to sublinear
Dirichlet boundary value problems on bounded domains was extended to the
whole space by Brezis and Kamin [32]. They considered the problem

−∆u = V (x)up in R
N , N ≥ 3, (1.61)

where 0 < p < 1 and V ∈ L∞
loc(R

N ) is a nonnegative and nontrivial poten-
tial. Under these assumptions, Brezis and Kamin [32] proved that the nonlinear
problem (1.61) has a bounded positive solution if and only if the linear problem

−∆v = V (x) in R
N

has a bounded solution. Moreover, in such a case, problem (1.61) has a minimal
positive solution.

An interesting conjecture raised by Sattinger [178] concerns the existence of
a solution for the problem

{
−∆u = f(x, u) in Ω,

u = 0 on ∂Ω

in the presence of sub- and supersolutions that do not satisfy the natural relation
u ≤ u in Ω. In such a case, Gossez and Omari [97] proved the existence of a
solution in the case when f(x, t)/t remains, within small perturbations, between
the first two eigenvalues of the linearized operator. Habets and Omari [100]
extended this work by providing a general nonresonance condition with respect
to the second curve of the Fučik spectrum.

Most of the results developed in this chapter can be extended to quasilinear
elliptic equations described by the p–Laplace operator ∆pu := div

(
|∇u|p−2∇u

)
,

where 1 < p < ∞. If p = 2, then ∆p becomes the linear Laplace operator,
whereas ∆p is nonlinear and degenerates at the zeros of ∇u, provided p 6= 2.
That is why in such a case the solutions need not to be smooth, nor even C1,
and the corresponding equations should be understood in a weak sense.
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2

BLOW-UP SOLUTIONS FOR SEMILINEAR ELLIPTIC

EQUATIONS

Truth lies neither in the narrow
frame of doctrines nor outside
them. Attempt to find it must
carry us beyond all boundaries
and dogmatic limitations.

Stelian Mihalaş, 1975

In this chapter we are concerned with a class of singular solutions for logistic-
type equations. We focus on positive solutions with blow-up boundary behavior
and we formulate several sufficient conditions for the existence of such solutions.
One of the main results we describe here establishes a necessary and sufficient
condition for the existence of blow-up boundary solutions in the singular case of
a potential that vanishes on the boundary.

The exact blow-up rate of solutions near the boundary is essential to state
uniqueness results. The approach we develop to study the asymptotic behav-
ior of solutions is original and is based on Karamata’s regular variation theory.
A key role in all arguments in this chapter is played by the Keller–Osserman
condition, which describes the growth of the nonlinearity at infinity. Our asymp-
totic analysis is based on the observation that the nonlinearity f fulfills the
Keller–Osserman condition, provided f ′ has a positive Karamata regular vari-
ation. Several recent works illustrate the importance of the Karamata theory,
which is a tool for the interplay between classical mathematical analysis and
modern nonlinear analysis.

2.1 Introduction

Consider the equation
∆u = f(u) in Ω, (2.1)

where Ω ⊆ R
N (N ≥ 1) is a smooth domain and f ∈ C1[0,∞) is a nonnegative

function that satisfies

(f1) f(0) = 0, f ′ ≥ 0 and f > 0 on (0,∞).

Definition 2.1.1 A nonnegative solution u ∈ C2(Ω) of equation (2.1) is called
a blow-up (large, explosive) solution if u(x) → ∞ as dist(x, ∂Ω) → 0 in case
Ω bounded and if u(x) → ∞ as |x| → ∞ in case Ω is an exterior domain or
Ω = R

N . If Ω = R
N , such a solution is called an entire blow-up solution.
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In view of Corollary 1.4.4, if f satisfies (f1), then any blow-up solution of (2.1)
is positive.

The first contributions in this direction are the result of the work by Keller
[118] and Osserman [154]. They supplied the following result for the existence of
blow-up solutions to (2.1) in bounded domains.

Theorem 2.1.2 Assume that Ω is bounded, f satisfies (f1), and

(f2)

∫ ∞

1

dt√
F (t)

<∞, where F (t) :=

∫ t

0

f(s) ds.

Then, equation (2.1) has a positive blow-up solution.

Proof We first need the following auxiliary result.

Lemma 2.1.3 Assume that f satisfies (f1) and (f2). Then

(i) lim
t→∞

f(t)

t
= ∞;

(ii) lim
t→∞

∫ ∞

t

ds√
F (s) − F (t)

= 0.

Proof (i) Let g(t) = F (t)−1/2, t ≥ 1. Then

tg(t) =

∫ t

1

g(s)ds+

∫ t

1

sg′(s)ds+ g(1), for all t ≥ 1.

Because g is positive and g′ ≤ 0, both integrals in the right-hand side of the
previous equality define monotone functions. Thus, there exists limt→∞ tg(t).
This means that limt→∞ F (t)/t2 exists in R∪{∞}. By (f2) we finally deduce that
limt→∞ F (t)/t2 = ∞. Because F (t) ≤ tf(t) for all t ≥ 0, we find limt→∞ f(t)/t =
∞.

(ii) Set G(t) :=
∫∞

t
ds/
√
F (s) − F (t), t ≥ 1. Notice that G is well defined

because, by virtue of (f2), we have

G(t) =

∫ ∞

1

ds√
F (s+ t− 1) − F (t)

<∞.

Using (f1) and the mean value theorem we deduce that

F (s) − F (t) ≥ F (s− t) for all s ≥ t ≥ 1,

F (s) − F (t) ≥ (s− t)f(t) for all s ≥ t ≥ 1.

Hence, for all t ≥ 1 we have

G(t) =

∫ 2t

t

ds√
F (s) − F (t)

+

∫ ∞

2t

ds√
F (s) − F (t)

≤ 1√
f(t)

∫ 2t

t

ds√
s− t

+

∫ ∞

2t

ds√
F (s− t)

= 2

√
t

f(t)
+

∫ ∞

t

dτ√
F (τ)

.
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Now the assumption (f2) together with (i) allows us to conclude. 2

By virtue of Theorem 1.4.1, for all n ≥ 1 there exists a unique solution
un ∈ C2(Ω) of the problem






∆u = f(u) in Ω,

u ≥ 0 in Ω,

u = n on ∂Ω.

By the weak maximum principle we also have un ≤ un+1 in Ω, for all n ≥ 1. We
claim that (un)n≥1 is uniformly bounded in any compact subset of Ω. For this
purpose, we show that for any x0 ∈ Ω there exists an open set ω ⊂ Ω such that
x0 ∈ ω, and (un)n≥1 is uniformly bounded on ω.

Fix x0 ∈ Ω and let B ⊂⊂ Ω be an open ball centered at x0 with a radius
R > 0. Consider the problem





∆v = f(v) in B,

v ≥ 0 in B,

v = n on ∂B.

(2.2)

According to Theorem 1.4.1, problem (2.2) has a unique positive solution vn ∈
C2(B). Moreover, because un is subharmonic, we obtain un ≤ vn on ∂B and, by
the weak maximum principle, it follows that

un ≤ vn in B for all n ≥ 1. (2.3)

Because of the uniqueness of the solution to (2.2), vn is radially symmetric.
Hence, vn(x) = vn(r), 0 ≤ r = |x− x0| ≤ R and






v′′n(r) +
N − 1

r
v′n(r) = f(vn(r)) for all 0 ≤ r < R,

vn(r) > 0 for all 0 ≤ r < R,

vn(R) = n.

(2.4)

Integrating in (2.4), by continuity arguments it follows that

v′n(r) = r−N+1

∫ r

0

tN−1f(vn(t))dt for all 0 ≤ r ≤ R.

Therefore vn is nondecreasing and

v′n(r) ≤
f(vn(r))

rN−1

∫ r

0

tN−1dt =
r

N
f(vn(r)) for all 0 ≤ r ≤ R. (2.5)

Using (2.5) in (2.4) we obtain

f(vn(r))

N
≤ v′′n(r) for all 0 ≤ r ≤ R. (2.6)
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We now multiply by v′n(r) in (2.6) and then we integrate over [ρ, r]. We obtain

2

N
(F (vn(r)) − F (vn(ρ))) ≤ v′2n (r) for all ρ ≤ r ≤ R.

This yields

2

N
≤ v′2n (r)

F (vn(r)) − F (vn(ρ))
for all ρ ≤ r ≤ R.

By integrating over [ρ,R] in the previous inequality we deduce

2(R− ρ)√
2N

≤
∫ n

vn(ρ)

dt√
F (t) − F (vn(ρ))

≤
∫ ∞

vn(ρ)

dt√
F (t) − F (vn(ρ))

for all 0 ≤ ρ < R.

Now Lemma 2.1.3 (ii) implies that the sequence (vn(ρ))n≥1 is uniformly bounded.
Hence, (vn)n≥1 is uniformly bounded in ω := B(x0, ρ). By virtue of (2.3) it
follows that the sequence (un)n≥1 is uniformly bounded in ω. Therefore, there
exists u(x) := limn→∞ un(x), for all x ∈ Ω. By standard elliptic arguments,
u ∈ C2(Ω) is a classical solution of (2.1). Because un ≤ un+1 ≤ u in Ω and
un = n on ∂Ω, it follows that u blows up at the boundary. This finishes the
proof. 2

2.2 Blow-up solution for elliptic equations with vanishing potential

We are concerned in this section with the existence of positive blow-up solutions
of

∆u = p(x)f(u) in Ω, (2.7)

where Ω ⊆ R
N (N ≥ 1) is either a smooth bounded domain or Ω = R

N and
f ∈ C1[0,∞) satisfies (f1) and (f2). We also assume that p is a nonnegative
function such that p ∈ C0,γ(Ω) if Ω is bounded, and p ∈ C0,γ

loc (Ω), otherwise. The
main feature is that the potential may vanish at some points in Ω.

2.2.1 Existence results in bounded domains

Lemma 2.2.1 Assume that conditions (f1) and (f2) are fulfilled. Then,

(i)

∫ 1

0

dt

f(t)
= ∞;

(ii)

∫ ∞

1

dt

f(t)
<∞.

Proof (i) By virtue of (f1) there exist c, δ > 0 such that f(t) ≤ ct for all

0 < t < δ. This yields
∫ 1

0
dt/f(t) = ∞.
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(ii) Fix R > 0 and let B be the open ball centered at the origin with a radius
R. By Theorem 2.1.2, there exists a positive blow-up solution v of (2.1) with
Ω = B. Using Theorem 1.4.1, there exists a unique un ∈ C2(Ω) such that





∆un = f(un) in B,

un > 0 in B,

un = n on ∂B.

(2.8)

Because f is nondecreasing, by the weak maximum principle it follows that

un ≤ un+1 ≤ v in B.

This implies that (un)n≥1 is uniformly bounded in every compact subdomain of
B. Hence, for all x ∈ B there exists u(x) := limn→∞ un(x). By standard regu-
larity arguments, u is a blow-up solution of (2.1). Notice that by the uniqueness
of (2.8), un is radially symmetric in B, which implies that u is also radially sym-
metric (in this sense we could also apply a well-known result of Gidas, Ni, and
Nirenberg [93]). Therefore, u(x) = u(r), 0 ≤ r = |x| ≤ R, and u satisfies in the
r variable the equation

u′′(r) +
N − 1

r
u′(r) = f(u(r)) for all 0 ≤ r < R.

Integrating in the previous equality we obtain

u′(r) = r1−N
r∫

0

sN−1f(u(s)) ds for all 0 ≤ r < R.

Similar to the proof in Theorem 2.1.2, we note that u is nondecreasing and

f(u(r))

N
≤ u′′(r) for all 0 ≤ r < R,

which yields
u′(r)

f(u(r))
≤ rN for all 0 ≤ r < R.

Thus,
u(r)∫

u(0)

dt

f(t)
≤ r2

2N
for all 0 ≤ r < R.

Letting r ր R we find
∞∫

u(0)

dt

f(t)
≤ R2

2N
.

This ends the proof. 2
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Assume that p satisfies the assumption

(p1) for every x0 ∈ Ω with p(x0) = 0 there exists a domain Ω0 ⊂⊂ Ω such that
x0 ∈ Ω0 and p > 0 on ∂Ω0.

In this case we have the following result.

Theorem 2.2.2 Assume that Ω is bounded and conditions (f1), (f2), and (p1)
are satisfied. Then equation (2.7) has a positive blow-up solution.

Proof By Theorem 1.4.1, for any n ≥ 1, the boundary value problem






∆u = p(x)f(u) in Ω,

u > 0 in Ω,

u = n on ∂Ω

(2.9)

has a unique solution un ∈ C2(Ω). Furthermore, by the weak maximum princi-
ple, the sequence (un)n≥1 is nondecreasing.

We claim that (un)n≥1 is uniformly bounded in every compact subset of Ω.
To this aim it is enough to show that for all x0 ∈ Ω there exists an open set
O ⊂⊂ Ω containing x0 such that (un)n≥1 is uniformly bounded in O. Let x0 ∈ Ω
be fixed.

In our analysis, two cases may occur.

Case 1: p(x0) > 0. By the continuity of p, there exists a ball B = B(x0, r) ⊂⊂ Ω
such that m := min {p(x) : x ∈ B} > 0. Let v be a positive blow-up solution
of ∆v = mf(v) in B. By the maximum principle it follows that un ≤ v in
B. Furthermore, v is bounded in B(x0, r/2) so that it suffices to take O :=
B(x0, r/2).

Case 2: p(x0) = 0. Assumption (p1) and the boundedness of Ω imply the
existence of a domain O ⊂⊂ Ω that contains x0 such that p > 0 on ∂O. Case 1
shows that for any x ∈ ∂O, there exist a ball B(x, rx) strictly contained in Ω and
a constant Mx > 0 such that un ≤Mx in B(x, rx/2), for any n ≥ 1. Because ∂O
is compact, it follows that it can be covered by a finite number of such balls, say
B(xi, rxi/2), i = 1, . . . , k0. Setting M := max {Mx1

, . . . ,Mxk0
} we have un ≤M

on ∂O, for any n ≥ 1. Applying the maximum principle we obtain un ≤M in O
and the claim follows.

Therefore, for all x ∈ Ω there exists u(x) := limn→∞ un(x). Standard elliptic
regularity arguments show that u is a solution of problem (2.7). Because un ≤
un+1 ≤ u in Ω, it follows that u blows up at the boundary. This concludes the
proof. 2

2.2.2 Existence results in the whole space

In this subsection we prove the existence of a positive entire blow-up solution of
equation (2.7). We require the following condition on p:

(p1)′ There exists a sequence of smooth bounded domains (Ωn)n≥1 such that
Ωn ⊂ Ωn+1, R

N = ∪∞
n=1Ωn, and (p1) holds in Ωn, for any n ≥ 1;



Blow-up solution for elliptic equations with vanishing potential 43

(p2)

∞∫

0

rφ(r) dr <∞, where φ(r) := max {p(x) : |x| = r}.

Remark that (p1)′ is automatically satisfied if p(x) > 0 for |x| sufficiently
large. An example of function p that satisfies both (p2) and (p1)′, with p van-
ishing in every neighborhood of infinity, is provided here:





p(r) = 0 for r = |x| ∈ [n− 1/3, n+ 1/3], n ≥ 1;

p(r) > 0 in R+ \
∞⋃

n=1

[n− 1/3, n+ 1/3];

p ∈ C1[0,∞) and max
n≤r≤n+1

p(r) =
2

n2(2n+ 1)
.

Obviously (p1)′ is fulfilled for Ωn := B(0, n+1/2). On the other hand, condition
(p2) is also satisfied because

∫ ∞

1

rp(r) dr =
∞∑

n=1

∫ n+1

n

rp(r) dr

≤
∞∑

n=1

∫ n+1

n

2r

n2(2n+ 1)
dr

=

∞∑

n=1

1

n2
<∞.

In this case we have the following existence result.

Theorem 2.2.3 Let Ω = R
N and assume that conditions (f1), (f2) and (p1)′,

(p2) are satisfied. Then equation (2.7) has a positive entire blow-up solution.

Proof By Theorem 2.2.2, the boundary value problem




∆u = p(x)f(u) in Ωn,

u > 0 in Ωn,

u = ∞ on ∂Ωn

(2.10)

has a solution un ∈ C2(Ω). Because Ωn ⊂⊂ Ωn+1, we derive that un ≥ un+1 in
Ωn, for all n ≥ 1. Thus, for all x ∈ R

N we can define U(x) := limn→∞ un(x). By
standard regularity arguments we find that U ∈ C2,γ

loc (RN ) and ∆U = p(x)f(U)
in R

N .
Let us now prove that U blows up at infinity. To this aim, it suffices to find a

positive function w ∈ C(RN ) such that U ≥ w in R
N and w(x) → ∞ as |x| → ∞.

This will also imply that U is positive.
Set

Φ(r) :=

r∫

0

t1−N
t∫

0

sN−1φ(s) ds dr for all r ≥ 0.

Obviously, Φ ∈ C2[0,∞). Furthermore, we have the following lemma.
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Lemma 2.2.4 lim
r→∞

Φ(r) is finite if and only if
∫∞

0
rφ(r)dr is finite.

Proof For any r > 0 we have

Φ(r) =
1

N − 2

(∫ r

0

tφ(t) dt − 1

rN−2

∫ r

0

tN−1φ(t) dt

)

≤ 1

N − 2

∫ r

0

tφ(t) dt.

(2.11)

On the other hand,

∫ r

0

tφ(t)dt − 1

rN−2

∫ r

0

tN−1φ(t)dt =
1

rN−2

∫ r

0

(
rN−2 − tN−2

)
tφ(t)dt

≥ rN−2 − (r/2)N−2

rN−2

∫ r/2

0

tφ(t)dt.

The last inequality combined with (2.11) yields

1

N − 2

∫ r

0

tφ(t)dt ≥ Φ(r) ≥ 1 − (1/2)N−2

N − 2

∫ r/2

0

tφ(t)dt.

The conclusion follows now by letting r → ∞ in the previous estimates. This
finishes the proof. 2

By virtue of hypothesis (p2) and Lemma 2.2.4 it follows that L := limr→∞ Φ(r)
is finite. Then, z(r) := L− Φ(r), r ≥ 0 is positive and verifies

{
−∆z = φ(r) r := |x| ≥ 0,

z(x) → 0 as |x| → ∞.
(2.12)

According to Lemma 2.2.1, the mapping

(0,∞) ∋ t 7−→
∫ ∞

t

ds

f(s)
∈ (0,∞)

is decreasing and bijective. We implicitely define w as

z(x) =

∞∫

w(x)

dt

f(t)
for all x ∈ R

N . (2.13)

Note that by (2.12) we have w ∈ C2(RN ) and w → ∞ as |x| → ∞. Furthermore,
we have

−∆z(x) =
1

f(w)
∆w(x) − f ′(w)

f2(w)
|∇w|2 in R

N.

Hence,
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∆w ≥ p(x)f(w) in R
N.

We claim that w ≤ un in Ωn for all n ≥ 1. Obviously this inequality is true on
∂Ωn. Using the same arguments as in the proof of inequality (1.35) in Theorem
1.4.1 (with Ω replaced with Ωn), we obtain that for any ε > 0 and n ≥ 1 we have

w(x) ≤ un(x) + ε(1 + |x|2)−1/2 in Ωn.

Passing to the limit with ε → 0 we derive w ≤ un in Ωn. Consequently, U ≥ w
in R

N and, by (2.13), w(x) → ∞ as |x| → ∞. This completes the proof. 2

2.3 Blow-up solutions for logistic equations

In this section we discuss the existence of blow-up solutions to the following
semilinear elliptic equation:

∆u + λu = p(x)f(u) in Ω. (2.14)

We assume that Ω ⊆ R
N (N ≥ 3) is a smooth bounded domain, λ ∈ R, and

f ∈ C1[0,∞) is a nonnegative function that satisfies (f2) and

(f3) the mapping (0,∞) ∋ t 7−→ f(t)

t
is increasing.

We also assume that p ∈ C0,γ(Ω) (0 < γ < 1) is nonnegative and p 6≡ 0 in Ω.
Notice that we allow p to vanish in Ω (or even on ∂Ω).

Remark 2.3.1 If f satisfies (f2) and (f3), by Lemma 2.1.3 and l’Hospital’s
rule we deduce that limt→∞ f(t)/t = limt→∞ f ′(t) = ∞.

Remark 2.3.2 Typical examples of nonlinearities satisfying (f2) and (f3) are

(i) f(t) = et − 1.

(ii) f(t) = tp, p > 1.

(iii) f(t) = t[ln(t+ 1)]p, p > 2.

2.3.1 The case of positive potentials

We discuss here the existence of blow-up solutions to (2.14) under the additional
hypothesis p > 0 in Ω. More generally, we consider the problem

∆u+ a(x)u + b(x) = p(x)f(u) in Ω (2.15)

where a, b ∈ C0,γ(Ω), b ≥ 0. We first need the following result.

Proposition 2.3.3 Assume that p > 0 in Ω and f satisfies (f2), (f3). Let
φ ∈ C0,γ(∂Ω) be a nonnegative function such that φ 6≡ 0. Then the boundary
value problem





∆u+ a(x)u + b(x) = p(x)f(u) in Ω,

u > 0 in Ω,

u = φ on ∂Ω

(2.16)

has a unique solution u ∈ C2(Ω).
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Proof The uniqueness follows directly from Theorem 1.3.17. We will focus on
the existence part. Applying Theorem 1.4.1, the boundary value problem






∆u = ‖a‖∞u+ ‖p‖∞f(u) in Ω,

u > 0 in Ω,

u = φ on ∂Ω

(2.17)

has a unique solution u ∈ C2(Ω). Clearly u is a subsolution of (2.17). To provide
a supersolution of (2.17), let us remark that for all n ≥ 1, the mapping

Φn(x, t) := a(x)t+ b(x) − p(x)f(t) +
1

n
, (x, t) ∈ Ω × (0,∞),

satisfies the hypotheses of Theorems 1.2.5 and 1.3.17. Hence, there exists a unique
solution un ∈ C2(Ω) of the problem





∆u + a(x)u + b(x) = p(x)f(u) − 1

n
in Ω,

u > 0 in Ω,

u = φ on ∂Ω.

By Theorem 1.3.17 we deduce 0 < u ≤ un+1 ≤ un in Ω. If u(x) := limn→∞ un(x),
x ∈ Ω, by standard elliptic regularity arguments we derive that u ∈ C2(Ω) is a
solution of (2.16). This finishes the proof. 2

Under the assumptions of Proposition 2.3.3, we obtain the following theorem.

Theorem 2.3.4 There exists a positive blow-up solution of equation (2.15).

Proof Let Φ(t) := p0f(t) − ‖a‖∞t − b̄, t ≥ 0, where p0 = infΩ p > 0 and
b̄ := supΩ b + 1 > 0. Let also τ be the unique positive solution of the equation
Φ(t) = 0. By Remark 2.3.1 we deduce that limt→∞ Φ(t)/f(t) = p0 > 0. By
(A2), we further derive that the mapping (0,∞) ∋ t 7−→ Φ(t + τ) satisfies the
assumptions of Theorem 2.1.2. Hence, there exists a positive blow-up solution of
∆v = Φ(v + τ) in Ω. Thus, U(x) := v(x) + τ , x ∈ Ω, satisfies

∆U + ‖a‖∞U + b̄ = p0f(U) in Ω,

and blows up at the boundary of Ω.
Let un be the unique solution of (2.16) with φ ≡ n. By Theorem 1.3.17,

un ≤ un+1 ≤ U in Ω. It follows that u(x) := limn→∞ un(x), x ∈ Ω, exists and
defines a positive blow-up solution of (2.15). Moreover, every positive blow-up
solution v of (2.15) satisfies un ≤ v in Ω, which yields u ≤ v in Ω. This means
that u is a minimal blow-up solution of (2.15). This concludes the proof. 2

2.3.2 The case of vanishing potentials

We assume in this section that p vanishes in Ω. Set

Ω0 := int {x ∈ Ω : p(x) = 0} (2.18)

and suppose that Ω0 ⊂ Ω and p > 0 in Ω \ Ω0.
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Let L be the unique self-adjoint operator associated with the quadratic form
ψ(u) =

∫
Ω
|∇u|2 dx on

H1
D(Ω0) := {u ∈ H1

0 (Ω) : u(x) = 0 for almost everywhere x ∈ Ω \ Ω0}.

If ∂Ω0 satisfies the exterior cone condition then, according to Alama and
Tarantello [4], H1

D(Ω0) coincides with H1
0 (Ω0) and L is the classical Laplace

operator with the Dirichlet condition on ∂Ω0.
Let λ∞,1 be the first Dirichlet eigenvalue of L in Ω0. Set ℓ := limtց0 f(t)/t

and denote by λ0,1 the first eigenvalue of the operator −∆ + ℓp(x) in H1
0 (Ω).

Consider the following nonlinear Dirichlet problem:





∆u+ λu = p(x)f(u) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω.

(2.19)

Alama and Tarantello [4] established the following necessary and sufficient con-
dition for the existence of solutions to problem (2.19).

Theorem 2.3.5 Assume f satisfies assumption (f3). Then problem (2.19) has
a solution if and only if λ0,1 < λ < λ∞,1. Moreover, in this case the solution is
unique.

A related interesting problem is to establish a necessary and sufficient con-
dition for the existence of blow-up boundary solutions of equation (2.14). The
following result asserts that such a solution exists for small values of the real
parameter λ, up to a certain range. However, if the variable potential is positive,
then (2.14) has a blow-up boundary solution for any value of λ. We observe that
our assumptions on the potential p allow that it may vanish on ∂Ω. This is the
most interesting case, because it corresponds to the “competition” between a
vanishing potential and a blow-up nonlinearity.

Theorem 2.3.6 Assume that f satisfies conditions (f2) and (f3). Then prob-
lem (2.14) has a positive blow-up solution if and only if λ ∈ (−∞, λ∞,1).

Proof Necessary condition. Let u be a blow-up solution of equation (2.14).
As we have already argued, u is positive in Ω. Suppose λ∞,1 is finite and let us as-
sume by contradiction that λ ≥ λ∞,1. Fix λ0,1 < µ < λ∞,1 and denote by v a pos-
itive solution of problem (2.19) with λ = µ. If M := max {maxΩ v/minΩ u; 1},
then we have





∆(Mu) + λ∞,1(Mu) ≤ p(x)f(Mu) in Ω,

Mu ≥ v in Ω,

Mu = ∞ on ∂Ω.

Hence (v,Mu) is an ordered pair of sub- and supersolution of problem (2.19) with
λ = λ∞,1. Thus, problem (2.19) with λ = λ∞,1 has at least one positive solution
(between v and Mu), which is a contradiction. So, necessarily, λ ∈ (−∞, λ∞,1).
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Sufficient condition. We first need a similar result to that in Proposition
2.3.3.

Proposition 2.3.7 Assume that p > 0 on ∂Ω and let φ ∈ C0,γ(∂Ω) be a non-
negative function such that φ 6≡ 0. Then the boundary value problem






∆u+ λu = p(x)f(u) in Ω,

u > 0 in Ω,

u = φ on ∂Ω

(2.20)

has a solution if and only if λ ∈ (−∞, λ∞,1). Moreover, in this case, the solution
is unique.

Proof The first part follows exactly in the same way as in the proof of the
necessary condition in Theorem 2.3.6.

For the sufficient condition, fix λ < λ∞,1. By Theorem 1.4.1 there exists a
unique classical solution u of the problem






∆u = |λ|u+ ‖p‖∞f(u) in Ω,

u > 0 in Ω,

u = φ on ∂Ω.

(2.21)

Obviously u is a subsolution of (2.20). Let λ∞,1 > λ∗ > max {λ, λ0,1} and u∗ be
the unique solution of (2.19) with λ = λ∗.

Let Ωi (i = 1, 2) be two subdomains of Ω such that

Ω0 ⊂⊂ Ω1 ⊂⊂ Ω2 ⊂⊂ Ω

and Ω \ Ω1 is smooth.
Because p > 0 in Ω \ Ω1, by Theorem 2.3.4 there exists U ∈ C2(Ω \ Ω1), a

positive solution of (2.14) in Ω \ Ω1.
We define v ∈ C2(Ω) as a positive function in Ω such that v = U in Ω \ Ω2

and u = u∗ in Ω1. Using Remark 2.3.1 and the fact that infΩ2\Ω1
p > 0, it is

easy to check that u := Cv satisfies






∆u+ λu ≤ p(x)f(u) in Ω,

u ≥ max
∂Ω

φ in Ω,

u = ∞ on ∂Ω,

(2.22)

provided C > 0 is large enough. It is clear that u is a positive supersolution
of (2.20) and u ≤ max∂Ω φ ≤ u in Ω. Therefore, by the sub- and supersolution
method, problem (2.20) has at least a solution u ∈ C2(Ω) such that u ≤ u ≤ u
in Ω.
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Now let −∞ < λ < λ∞,1 and u1, u2 be two solutions of (2.20). Because p may
vanish in Ω we cannot apply Theorem 1.3.17 directly. However, we can adapt
the arguments in the proof of Theorem 1.5.2 to obtain

∫

Ω

p(x)

(
f(u2)

u2
− f(u1)

u1

)
(u2

1 − u2
2)dx = 0.

This yields u1 = u2 on the set {x ∈ Ω : p(x) > 0},—that is, p(x)f(u1) =
p(x)f(u2) in Ω. Furthermore, by the strong maximum principle we obtain u1 =
u2 in Ω. In the same manner we obtain that problem (2.19) has at most one
solution. The proof of Proposition 2.3.7 is now complete. 2

Proof of Theorem 2.3.6 completed. Fix λ ∈ (−∞, λ∞,1). In our further
analysis, two cases may occur:

Case 1: p > 0 on ∂Ω. Denote by un the unique solution of (2.20) with φ ≡ n. For
φ ≡ 1, let u and u be the solutions of problems (2.21) and (2.22), respectively.
The sub- and supersolution method combined with the uniqueness of the solution
to (2.20) shows that u ≤ un ≤ un+1 ≤ u in Ω. Hence U(x) := limn→∞ un(x),
x ∈ Ω, exists and is a positive blow-up solution of (2.14).

Case 2: p vanishes on ∂Ω. According to Proposition 2.3.3, for all n ≥ 1 there
exists a unique vn ∈ C2(Ω) such that






∆vn + λvn =

(
p(x) +

1

n

)
f(vn) in Ω,

vn > 0 in Ω,

vn = n on ∂Ω.

By Theorem 1.3.17, the sequence (vn)n≥1 is nondecreasing. Moreover, (vn)n≥1 is
uniformly bounded on every compact subdomain of Ω. Indeed, let K ⊂⊂ Ω be an
arbitrary compact set and d := dist (K, ∂Ω) > 0. Choose δ ∈ (0, d) small enough
such that Ω0 ⊂ Cδ, where Cδ = {x ∈ Ω : dist (x, ∂Ω) > δ}. Because p > 0 on
∂Cδ, by the results in Case 1 there exists a positive blow-up solution V of (2.14)
for Ω = Cδ. Using Theorem 1.3.17 in Cδ, we deduce vn ≤ V in Cδ, for all n ≥ 1.
Hence, (vn)n≥1 is uniformly bounded in K. By the monotonicity of (vn)n≥1 we
conclude that up to a subsequence vn → v in C(K). Finally, standard elliptic
regularity arguments show that v is a positive blow-up solution of (2.14). This
concludes the proof. 2

2.4 An equivalent criterion to the Keller–Osserman condition

Our aim in this section is to supply an equivalent criterion to the Keller–
Osserman condition (f2). We assume that f satisfies the following assumption:

(f4) f fulfills (f3) and there exists limt→∞

(
F
f

)′
(t) := α.

Consider the set G of all functions g : (0,∞) → R satisfying the hypotheses
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(i) there exists δ = δ(g) > 0 such that g ∈ C2(0, δ) and g′′ > 0 on (0, δ);

(ii) limtց0 g(t) = ∞;

(iii) there exists limtց0
g′(t)
g′′(t) .

Remark first that G is nonempty. Indeed, let θ ∈ C2(0,∞) be a convex
function such that limtց0 θ(t) = ∞. Because θ′ is nondecreasing, it follows that
limtց0 θ

′(t) = −∞. Thus,
∣∣∣∣

θ′(t)

(θ′(t))2 + θ′′(t)

∣∣∣∣ ≤
1

|θ′(t)| → 0 as tց 0,

which proves that eθ ∈ G.

Remark 2.4.1 lim
tց0

g(t)

g′′(t)
= lim

tց0

g′(t)

g′′(t)
= 0 for any function g ∈ G.

Indeed, if g ∈ G is chosen arbitrarily, then limtց0 g
′(t) = −∞. Hence, the map-

ping ψ(t) = ln |g′(t)| is decreasing in the neighborhood of the origin and by (ii)
there exists limtց0 ψ

′(t). Because limtց0 ψ(t) = ∞, it follows that lim
tց0

ψ′(t) =

−∞. Hence,

lim
tց0

g′′(t)

g′(t)
= lim

tց0
ψ′(t) = −∞,

and then by l’Hospital’s rule we find

lim
tց0

g(t)

g′(t)
= lim
tց0

g′(t)

g′′(t)
= 0.

Lemma 2.4.2 Assume that f fulfills (f4). Then, the following hold:

(i) α ≥ 0;

(ii) α ≤ 1/2 provided that (f2) is fulfilled.

Proof (i) Suppose that α < 0. Then, there exists t1 > 0 such that

(
F

f

)′

(t) ≤ α

2
< 0 for any t ≥ t1.

Integrating this inequality over (t1,∞) we obtain a contradiction. It follows that
α ≥ 0.

(ii) Using the definition of α we find

lim
t→∞

F (t)f ′(t)

f2(t)
= 1 − α.

By Remark 2.3.1 and l’Hospital’s rule we obtain

lim
t→∞

F (t)

f2(t)
= lim

t→∞

1

2f ′(t)
= 0
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and

0 ≤ lim
t→∞

√
F (t)/f(t)

∫∞

t ds/
√
F (s)

= −1

2
+ lim
t→∞

F (t)f ′(t)

f2(t)
=

1

2
− α. (2.23)

This concludes our proof. 2

Lemma 2.4.3 Assume that f fulfills (f4). Then the Keller–Osserman condition
(f2) holds if and only if

(Ag) lim
tց0

tf(g(t))

g′′(t)
= ∞ for some function g ∈ G .

Proof Necessary condition. Because (f2) holds, we can define the positive
function g as follows:

∫ ∞

g(t)

ds√
F (s)

= tϑ for all t > 0, (2.24)

where ϑ > 3/2 is arbitrary. Obviously, g ∈ C2(0,∞) and limtց0 g(t) = ∞. We
claim that g ∈ G and condition (Ag) is fulfilled. For this purpose, we divide our
argument into three steps.

Step 1: lim
tց0

g′(t)

t2ϑ−1f(g(t))
= ϑ

(
α− 1

2

)
.

We derive twice relation (2.24) and we obtain

g′(t) = −ϑtϑ−1
√
F (g(t)) , (2.25)

g′′(t) =
ϑ− 1

t
g′(t) +

ϑ2

2
t2ϑ−2f(g(t))

=
ϑ2

2
t2ϑ−2f(g(t))

(
2(ϑ− 1)

ϑ2

g′(t)

t2ϑ−1f(g(t))
+ 1

)
.

(2.26)

By (2.23) and (2.25) we find

lim
tց0

g′(t)

t2ϑ−1f(g(t))
= lim

tց0

−ϑtϑ−1
√
F (g(t))

t2ϑ−1f(g(t))

= lim
tց0

−ϑ
√
F (g(t))/f(g(t))∫∞

g(t) ds/
√
F (s)

= lim
u→∞

−ϑ
√
F (u)/f(u)∫∞

u
ds/
√
F (s)

= ϑ

(
α− 1

2

)
.

Step 2: g′′ > 0 in (0, δ) for δ small enough.
Because α ≥ 0, by the result obtained in Step 1 we find

lim
tց0

2(ϑ− 1)

ϑ2

g′(t)

t2ϑ−1f(g(t))
=

2(ϑ− 1)

ϑ

(
α− 1

2

)
≥ 1

ϑ
− 1 > −1. (2.27)

In view of (2.26), the assertion of this step follows.
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Step 3: lim
tց0

g′(t)

g′′(t)
= 0 and lim

tց0

tf(g(t))

g′′(t)
= ∞.

Taking into account (2.26) and (2.27) we find

lim
tց0

g′(t)

g′′(t)
= lim

tց0

2t

ϑ2

g′(t)

t2ϑ−1f(g(t))

1
2(ϑ−1)
ϑ2

g′(t)
t2ϑ−1f(g(t))

+ 1
= 0,

and, for any t ∈ (0, δ) where δ > 0 is given by Step 2, we have

tf(g(t))

g′′(t)
=

tf(g(t))
ϑ−1
t g′(t) + ϑ2

2 t
2ϑ−2f(g(t))

≥ tf(g(t))
ϑ2

2 t
2ϑ−2f(g(t))

=
2

ϑ2t2ϑ−3
.

Sending t to 0, the claim of Step 3 follows.
Sufficient condition. Let g ∈ G be chosen so that (Ag) is fulfilled. By
l’Hospital’s rule we find

lim
tց0

(g′(t))2

F (g(t))
= 2 lim

tց0

g′′(t)

f(g(t))
= 0.

We choose δ > 0 small enough such that g′(t) < 0 and g′′(t) > 0 for all t ∈ (0, δ).
It follows that ∫ ∞

g(δ)

dt√
F (t)

= lim
tց0

∫ g(t)

g(δ)

ds√
F (s)

= lim
tց0

∫ δ

t

−g′(s) ds√
F (g(s))

≤ δ sup
t∈(0,δ)

−g′(t)√
F (g(t))

<∞.

Hence, the growth condition (A2) holds. This ends the proof. 2

2.5 Singular solutions of the logistic equation on domains with holes

Denote by D and R the boundary operators

Du := u and Ru :=
∂u

∂n
+ β(x)u,

where n is the unit outward normal to ∂Ω, and β ∈ C1,γ(∂Ω) is a nonnegative
function. Hence, D is the Dirichlet boundary operator and R is either the Neu-
mann boundary operator, if β ≡ 0, or the Robin boundary operator, if β 6≡ 0.
Throughout, B can define any of these boundary operators.

We are concerned in this section with the following boundary blow-up prob-
lem: 




∆u+ λu = p(x)f(u) in Ω,

Bu = 0 on ∂Ω,

u = ∞ on ∂Ω0,

(2.28)

where Ω0 is the interior of the zero set of p as defined in (2.18). We assume that
p > 0 on ∂Ω, Ω0 ⊂⊂ Ω is nonempty, connected, and has a smooth boundary.
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In (2.28) condition u = ∞ on ∂Ω0 means that u(x) → ∞ as x ∈ Ω \ Ω0 and
d(x) := dist (x,Ω0) → 0.

Because of the mixed boundary condition imposed on ∂Ω, a suitable com-
parison principle is needed. To this aim, we first provide the following result.

Lemma 2.5.1 Assume that p > 0 in Ω \ Ω0, f satisfies (f3), and let u1, u2 ∈
C2(Ω \ Ω0) be such that

(i) ∆u1 + λu1 − p(x)f(u1) ≤ 0 ≤ ∆u2 + λu2 − p(x)f(u2) in Ω \ Ω0;

(ii) u1, u2 > 0 in Ω \ Ω0 and Bu1 ≥ 0 ≥ Bu2 on ∂Ω;

(iii) lim supdist (x,∂Ω0)→0(u2 − u1)(x) ≤ 0.

Then u1 ≥ u2 in Ω \ Ω0.

Proof If B = D, the conclusion follows by Theorem 1.3.17. We next assume
that B = R. Let φ1, φ2 be two nonnegative C2 functions in Ω \ Ω0 vanishing
near ∂Ω0. Multiplying the first inequality in (i) by φ1, the second one by φ2, and
applying integration by parts together with (ii), we deduce that

−
∫

eΩ

(∇u2 · ∇φ2 −∇u1 · ∇φ1) dx−
∫

∂Ω

β(x)(u2φ2 − u1φ1) dσ(x)

≥
∫

eΩ

p(x)(f(u2)φ2 − f(u1)φ1) dx + λ

∫

eΩ

(u1φ1 − u2φ2) dx,
(2.29)

where Ω̃ := Ω \ Ω0. Let ε1 > ε2 > 0 and denote

Ω+(ε1, ε2) := {x ∈ Ω̃ : u2(x) + ε2 > u1(x) + ε1}.
vi := (ui + εi)

−1
(
(u2 + ε2)

2 − (u1 + ε1)
2
)+
, i = 1, 2.

Because vi can be closely approximated in the H1 ∩ L∞ topology on Ω \ Ω0 by
nonnegative C2 functions vanishing near ∂Ω0, it follows that (2.29) holds for vi
taking the place of φi. Because vi vanishes outside the set Ω+(ε1, ε2), relation
(2.29) becomes

−
∫

Ω+(ε1, ε2)

(∇u2 · ∇v2 −∇u1 · ∇v1) dx−
∫

∂Ω

β(x)(u2v2 − u1v1) dσ(x)

≥
∫

Ω+(ε1, ε2)

p(x)(f(u2)v2 − f(u1)v1) dx + a

∫

Ω+(ε1, ε2)

(u1v1 − u2v2) dx.

(2.30)
A straightforward computation shows that the first integral in the left-hand

side of (2.30) equals

−
∫

Ω+(ε1, ε2)

(∣∣∣∣∇u2 −
u2 + ε2
u1 + ε1

∇u1

∣∣∣∣
2

+

∣∣∣∣∇u1 −
u1 + ε1
u2 + ε2

∇u2

∣∣∣∣
2
)
dx ≤ 0 .

Passing to the limit as 0 < ε2 < ε1 → 0, the second term on the left-hand
side of (2.30) converges to 0. Also, the first term in the right-hand side of (2.30)
converges to
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∫

Ω+(0, 0)

p(x)

(
f(u2)

u2
− f(u1)

u1

)
(u2

2 − u2
1) dx,

whereas the other term converges to 0. Hence, we avoid a contradiction only in
the case that Ω+(0, 0) has measure 0, which means that u1 ≥ u2 in Ω̃. This
concludes the proof. 2

We start the study of (2.28) with the following auxiliary result.

Proposition 2.5.2 Assume that (f2), (f3) hold and p > 0 on ∂Ω. Then, for
any positive function φ ∈ C2,γ(∂Ω0) and λ ∈ R, the problem





∆u+ λu = p(x)f(u) in Ω,

Bu = 0 on ∂Ω,

u = φ on ∂Ω0

(2.31)

has a unique positive solution.

Proof By Lemma 2.5.1 we find that problem (2.31) has at most one positive
solution. To prove the existence of a positive solution to (2.31) we use the sub-
and supersolution method.

Let ω ⊂⊂ Ω0 be such that the first Dirichlet eigenvalue of (−∆) in the smooth
domain Ω0 \ ω is greater than λ. Let q ∈ C0,γ(Ω) be such that

q(x) = p(x) in Ω \ Ω0,

q(x) = 0 in Ω0 \ ω,
q(x) > 0 in ω.

By virtue of Proposition 2.3.7, the problem

{
∆v + λv = q(x)f(v) in Ω,

v = 1 on ∂Ω

has a unique positive solution v. Let us choose Ω1 and Ω2 as two subdomains of
Ω such that Ω0 ⊂⊂ Ω1 ⊂⊂ Ω2 ⊂⊂ Ω.

Define w ∈ C2(Ω \ Ω0) so that

w = 1 in Ω \ Ω2, w = v in Ω1 \ Ω0,

and let m := minΩ\Ω0
w > 0. We claim that Mw is a supersolution of problem

(2.31), provided M ≥ 1 is large enough.
We first remark that for all M > 1 we have

−∆(Mw) = λMv −Mq(x)f(v)

≥ λ(Mw) − p(x)f(Mw) in Ω1 \ Ω0.
(2.32)
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Let a := supΩ\Ω1
(λw + ∆w). By Remark 2.3.1, there exists c ≥ 1 such that

f(mM) ≥ Ma

minΩ\Ω1
p

for all M ≥ c.

Therefore, for all x ∈ Ω \ Ω1 and M ≥ c we have

p(x)f(Mw) ≥ (min
Ω\Ω1

p) f(mM) ≥M(λw + ∆w),

which can be rewritten as

−∆(Mw) ≥ λ(Mw) − p(x)f(Mw) for x ∈ Ω \ Ω1 and M ≥ c. (2.33)

By (2.32) and (2.33) it follows that

−∆(Mw) ≥ λ(Mw) − p(x)f(Mw) in Ω \ Ω0, for any M ≥ c.

On the other hand,

B(Mw) ≥M min {1, min
x∈∂Ω

β(x)} ≥ 0 on ∂Ω, for every M > 0.

Now the claim follows by taking M ≥ max {max∂Ω0
φ/m; c}.

In view of Theorem 1.4.1, the boundary value problem





∆u = |λ|u+ ‖p‖∞f(u) in Ω,

u > 0 on ∂Ω,

u = φ on ∂Ω0

(2.34)

has a unique nonnegative solution u such that u > 0 in Ω \ Ω0. Because u = 0
on ∂Ω, we find that Ru = ∂u/∂n ≤ 0 on ∂Ω. It is easy to see that u is a
subsolution of (2.31) and u ≤Mw in Ω \Ω0 for M large enough. The conclusion
of Proposition 2.5.2 follows now by the sub- and supersolution method. This
ends the proof. 2

Corollary 2.5.3 For m ≥ 1 sufficiently large, set

Ωm := {x ∈ Ω : d(x) < 1/m}. (2.35)

If Ω0 is replaced by Ωm, then the statement of Lemma 2.5.2 holds.

Proof The proof is very easy in this case. The construction of a subsolution
is made as before. As a supersolution we can choose any number M ≥ 1 large
enough. 2

We are now ready to prove the main result of this section.

Theorem 2.5.4 Let (f2) and (f4) hold. Then, for any λ ∈ R, problem (2.28)
has a minimal (respectively a maximal) positive solution Uλ (respectively Uλ).
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Proof We first prove the existence of the minimal positive solution for problem
(2.28). For any n ≥ 1, let un be the unique positive solution of





∆u+ λu = p(x)f(u) in Ω,

Bu = 0 on ∂Ω,

u = n on ∂Ω0.

By Lemma 2.5.1, un(x) increases with n for all x ∈ Ω\Ω0. Moreover, the following
result holds true.

Lemma 2.5.5 The sequence (un(x))n≥1 is bounded from above by some function
V (x), which is uniformly bounded on all compact subsets of Ω \ Ω0.

Proof Let q be a C2 function on Ω \ Ω0 such that

0 < q(x) ≤ p(x) for all x ∈ Ω \ Ω0.

For x bounded away from ∂Ω0, it is not a problem to find such a function q. If x
is close to the boundary of Ω0 we chose δ > 0 small enough such that x 7→ d(x)
is a C2 function in the set Ωδ = {x ∈ Ω : 0 < d(x) < δ}. Then, for x ∈ Ωδ we
can define

q(x) =

∫ d(x)

0

∫ t

0

min
d(z)≥s

b(z) ds dt.

Let g ∈ G be a function such that (Ag) holds. The existence of g is guaranteed
by Lemma 2.4.3. Because q(x) → 0 as d(x) ց 0, by virtue of hypothesis (f1)
and Remark 2.4.1, there exists δ > 0 such that for all x ∈ Ω with 0 < d(x) < δ
and M > 1 we have

q(x)f(Mg(q(x)))

Mg′′(q(x))
> sup

Ω\Ω0

|∇q(x)|2 +
g′(q(x))

g′′(q(x))
inf

Ω\Ω0

(∆q(x))+λ
g(q(x))

g′′(q(x))
. (2.36)

Here, δ > 0 is taken sufficiently small so that g′(q(x)) < 0 and g′′(q(x)) > 0 for
all x with 0 < d(x) < δ.

For n0 ≥ 1 fixed, define V ∗ as follows:

(i) V ∗(x) = un0
(x) + 1 for x ∈ Ω and near ∂Ω;

(ii) V ∗(x) = g(q(x)) for x satisfying 0 < d(x) < δ;

(iii) V ∗ ∈ C2(Ω \ Ω0) is positive in Ω \ Ω0.

We show that for M > 1 large enough the upper bound of the sequence
(un(x))n≥1 can be taken as V := MV ∗. Because

BV = M BV ∗ ≥M min {1, β(x)} ≥ 0 on ∂Ω

and
lim

d(x)ց0
(un(x) − V (x)) = −∞ < 0,



Singular solutions of the logistic equation on domains with holes 57

to conclude that un ≤ V in Ω \ Ω0 it is sufficient to show that

−∆V − λV + p(x)f(V ) ≥ 0 in Ω \ Ω0. (2.37)

For x ∈ Ω satisfying 0 < d(x) < δ and M > 1 we have

−∆V − λV + p(x)f(V ) =M
(
− ∆g(q(x)) − λg(q(x)) + p(x)f(g(q(x)))

)

≥Mg′′(q(x))

(
− g′(q(x))

g′′(q(x))
∆q(x) − |∇q(x)|2

− λ
g(q(x))

g′′(q(x))
+ q(x)

f(Mg(q(x)))

Mg′′(q(x))

)
.

By virtue of (2.36) we thus derive

−∆V − λV + p(x)f(V ) ≥ 0 for all x ∈ Ω \ Ω0 with 0 < d(x) < δ.

For x ∈ Ω satisfying d(x) ≥ δ we also have

−∆V − λV + p(x)f(V ) = M

(
−∆V ∗ − λV ∗ + p(x)

f(MV ∗)

M

)
≥ 0,

for M > 0 sufficiently large. It follows that (2.37) is fulfilled provided M is large
enough. This finishes the proof of the lemma. 2

We now come back to the proof of Theorem 2.5.4. By Lemma 2.5.5, Uλ(x) :=
limn→∞ un(x) exists, for any x ∈ Ω \ Ω0. Moreover, Uλ is a positive solution of
problem (2.28). Using Lemma 2.5.1 once more, we find that any positive solution
u of (2.28) satisfies u ≥ un on Ω \ Ω0, for all n ≥ 1. Hence Uλ is the minimal
positive solution of problem (2.28).

To achieve the existence of the maximal positive solution to problem (2.28),
we use essentially the same argument that we use earlier.

Lemma 2.5.6 If Ω0 is replaced by Ωm defined in (2.35), then problem (2.28)
has a minimal positive solution provided that (f2) and (f3) are fulfilled.

Proof The argument used here, which is more easier because p > 0 on Ω\Ωm, is
similar to that in the proof of Lemma 2.5.5. The only difference that appears here
(except the replacement of Ω0 with Ωm) is related to the construction of V ∗(x)
for x near ∂Ωm. For this purpose, instead of Lemma 2.4.3 we use Theorem 2.3.6,
which says that for any λ ∈ R there exists a positive blow-up solution uλ of
(2.14) in the domain Ω \Ωm. We next define V ∗(x) = uλ(x) for x ∈ Ω \Ωm and
near ∂Ωm. For M > 1 and x ∈ Ω \ Ωm near ∂Ωm we have

−∆V − λV + p(x)f(V ) = −M∆V ∗ − λMV ∗ + p(x)f(MV ∗)

= p(x)
(
f(MV ∗) −Mf(V ∗)

)
≥ 0.

This completes the proof of our lemma. 2
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Let vm be the minimal positive solution of the problem considered in the
statement of Lemma 2.5.6. It is easy to see that vm ≥ vm+1 ≥ u in Ω\Ωm, where
u is any positive solution of (2.28). Hence Uλ(x) := limm→∞ vm(x) ≥ u(x), for
all x ∈ Ω\Ω0. A regularity and compactness argument show that Uλ is a positive
blow-up solution of (2.28). Consequently, Uλ is the maximal positive solution.
This concludes the proof of Theorem 2.5.4. 2

2.6 Uniqueness of blow-up solution

We establish in this section a general uniqueness result for problem (2.28) under
suitable conditions on p and f . Assume that there exists a positive increasing
function k ∈ C1(0, δ0) for some δ0 > 0 such that p satisfies the following hy-
potheses:

(p3) lim
d(x)ց0

p(x)

k(d(x))
= c for some constant c > 0.

(p4) K(t) =

∫ t
0

√
k(s) ds√
k(t)

∈ C1[0, δ0).

Also assume that there exist ζ > 0 and t0 ≥ 1 such that

(f5) f(ξt) ≤ ξ1+ζf(t), for all ξ ∈ (0, 1) and all t ≥ t0/ξ.

(f6) The mapping (0, 1] ∋ ξ 7−→ A(ξ) = limt→∞
f(ξt)

ξf(t)
is continuous and posi-

tive.

Remark that limt→∞ f(t)/t1+ζ exists and is positive because the mapping t 7−→
f(t)/t1+ζ is nondecreasing in a neighborhood of infinity. Thus, the hypotheses
(f1) and (f5) imply (f2). By (f6) we derive that A can be continuously extended
in the whole (0,∞) by setting A(1/ξ) = 1/A(ξ) for all ξ ∈ (0, 1). Moreover, we
have the following lemma.

Lemma 2.6.1 The function A : (0,∞) → (0,∞) is bijective, provided that (f5)
and (f6) hold.

Proof Because A is continuous and A(1/ξ) = 1/A(ξ) for all ξ > 0, the sur-
jectivity of A follows at once if we show that limξց0A(ξ) = 0. To this aim, let
ξ ∈ (0, 1) be fixed. Using (f5) we find

f(ξt)

ξf(t)
≤ ξζ for all t ≥ t0

ξ
,

which yieldsA(ξ) ≤ ξζ . Because ξ ∈ (0, 1) is arbitrary, it follows that limξց0 A(ξ) =
0.
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We next show that the function ξ 7−→ A(ξ) is increasing on (0,∞), which
concludes the proof of our lemma. Let 0 < ξ1 < ξ2 < ∞ be chosen arbitrarily.
Using assumption (f5) once more, we obtain

f(ξ1t) = f

(
ξ1
ξ2
ξ2t

)
≤
(
ξ1
ξ2

)1+ζ

f(ξ2t) for all t ≥ t0
ξ2
ξ1
.

It follows that

f(ξ1t)

ξ1f(t)
≤
(
ξ1
ξ2

)ζ
f(ξ2t)

ξ2f(t)
for all t ≥ t0

ξ2
ξ1
.

Passing to the limit as t→ ∞ we find

A(ξ1) ≤
(
ξ1
ξ2

)ζ
A(ξ2) < A(ξ2),

which finishes the proof. 2

Lemma 2.6.2 Assume that (f1), (f2), (f3) with α 6= 0, (p3), and (p4) are
fulfilled. Then, the following hold:

(i) K ′(0)(1 − 2α) + 2α ∈ (0, 1].

(ii) h ∈ G, where h is the function defined by (2.40).

Proof (i) Because α 6= 0, by Lemma 2.4.2 we find 0 < α ≤ 1/2. Therefore, the
claim of (i) follows if we prove that K ′(0) ∈ [0, 1]. To this aim, we first remark
that K(0) = 0. Indeed, supposing the contrary, we obtain

lim
tց0

[
ln

(∫ t

0

√
k(s) ds

)]′
(t) =

1

K(0)
∈ (0,∞),

which contradicts the fact that limtց0 ln
(∫ t

0

√
k(s) ds

)
= −∞. Hence, K(0) =

0, which yields K ′(0) ≥ 0. Because K ∈ C1[0, δ0), we have

K ′(0) = lim
tց0

(∫ t
0

√
k(s) ds√
k(t)

)′

,

so that

lim
tց0

k′(t)
∫ t
0

√
k(s) ds

k3/2(t)
= 2

(
1 − lim

tց0

(∫ t
0

√
k(s) ds√
k(t)

)′)

= 2(1 −K ′(0)).

(2.38)

Furthermore, K ′(0) ≤ 1. Indeed, assuming the contrary, relation (2.38) yields
k′(t) < 0 in a positive small neighborhood of origin. But this is impossible,
because limtց0 k(t) = 0 and k > 0 on (0, δ0).
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(ii) Using the definition of h, we deduce that h ∈ C2(0, δ0) and limtց0 h(t) =
∞. Then, by twice deriving relation (2.40), we find

h′(t) = −
√
k(t)

√
2F (h(t)) for all t ∈ (0, δ0)

and

h′′(t) = k(t)f(h(t)) − 1√
2

√
F (h(t))√
k(t)

k′(t)

= k(t)f(h(t))

(
1 − k′(t)

∫ t
0

√
k(s) ds

k3/2(t)

√
F (h(t))/f(h(t))∫∞

h(t) ds/
√
F (s)

)
.

Using (2.23) and (2.38), we obtain

lim
tց0

h′(t)

h′′(t)
=

−2

K ′(0)(1 − 2α) + 2α
lim
tց0

√
F (h(t))/f(h(t))
∫∞

h(t)
ds/
√
F (s)

lim
tց0

∫ t
0

√
k(s) ds√
k(t)

=
2α− 1

K ′(0)(1 − 2α) + 2α
K(0) = 0

and

lim
tց0

h′′(t)

k(t)f(h(t))
= K ′(0)(1 − 2α) + 2α > 0, (2.39)

which shows that h′′ is positive in (0, δ1) for some δ1 > 0. This concludes our
proof. 2

Theorem 2.6.3 Assume that conditions (f1) through (f6), α 6= 0, (p3), and
(p4) hold. Then for any λ ∈ R, problem (2.28) has a unique positive blow-up
solution Uλ. Moreover,

lim
d(x)ց0

Uλ(x)

h(d(x))
= ξ0,

where h is defined by

∫ ∞

h(t)

ds√
2F (s)

=

∫ t

0

√
k(s) ds for all 0 < t < δ0, (2.40)

and ξ0 is the unique positive solution of

A(ξ) =
K ′(0)(1 − 2α) + 2α

c
.

Proof By Lemma 2.6.2 we have h ∈ G. For all ξ > 0 set

Π(ξ) := lim
d(x)ց0

p(x)
f(h(d(x))ξ)

h′′(d(x)) ξ
.

Using (p3) and (2.39) we find
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Π(ξ) = lim
d(x)ց0

p(x)

k(d(x))

k(d(x))f(h(d(x)))

h′′(d(x))

f(h(d(x))ξ)

ξf(h(d(x)))

= c lim
tց0

k(t)f(h(t))

h′′(t)
lim
t→∞

f(ξt)

ξf(t)

=
c

K ′(0)(1 − 2α) + 2α
A(ξ).

Thus, by Lemma 2.6.1 we deduce that Π : (0,∞) → (0,∞) is bijective. Let ξ0
be the unique positive solution of the equation Π(ξ) = 1,—that is,

A(ξ0) =
K ′(0)(1 − 2α) + 2α

c
.

Let ξ1 := Π−1(1 − 4ε), respectively ξ2 := Π−1(1 + 4ε), for arbitrary 0 < ε <
1/4. Using Remark 2.4.1, the hypothesis (p3), and the regularity of ∂Ω0, we can
choose δ > 0 small enough such that

(i) dist (x, ∂Ω0) is a C2 function on the set {x ∈ Ω : dist (x, ∂Ω0) ≤ 2δ};

(ii)

∣∣∣∣
h′(t)

h′′(t)
∆d(x) + a

h(t)

h′′(t)

∣∣∣∣ < ε and h′′(t) > 0 for all 0 < t < 2δ and x

satisfying 0 < d(x) < 2δ;

(iii) (Π(ξ2) − ε)
h′′(d(x)) ξ2
f(h(d(x))ξ2)

≤ p(x) ≤ (Π(ξ1) + ε)
h′′(d(x)) ξ1
f(h(d(x))ξ1)

, for every x

with 0 < d(x) < 2δ;

(iv) p(y) < (1 + ε)p(x), for every x, y with 0 < d(y) < d(x) < 2δ.

Let σ ∈ (0, δ) be arbitrary and define vσ(x) := h(d(x) + σ)ξ1, for any x with
d(x)+σ < 2δ, respectively vσ(x) := h(d(x)−σ)ξ2 for any x with σ < d(x) < 2δ.

Using (ii), (iv), the first inequality in (iii), and the fact that |∇d(x)| ≡ 1, for
σ < d(x) < 2δ we obtain

−∆vσ(x) − λvσ(x) + p(x)f(vσ(x))

= ξ2 h
′′(d(x) − σ)×

×
(
− h′(d(x) − σ)

h′′(d(x) − σ)
∆d(x) − λ

h(d(x) − σ)

h′′(d(x) − σ)
− 1 +

p(x)f(h(d(x) − σ)ξ2)

h′′(d(x) − σ) ξ2

)

≥ ξ2 h
′′(d(x) − σ)×

×
(
− h′(d(x) − σ)

h′′(d(x) − σ)
∆d(x) − λ

h(d(x) − σ)

h′′(d(x) − σ)
− 1 +

Π(ξ2) − ε

1 + ε

)

≥ 0.

Similarly, using (ii), (iv), and the second inequality in (iii), when d(x)+σ < 2δ
we find
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−∆vσ(x) − λvσ(x) + p(x)f(vσ(x))

= ξ1 h
′′(d(x) + σ)×

×
(
− h′(d(x) + σ)

h′′(d(x) + σ)
∆d(x) − λ

h(d(x) + σ)

h′′(d(x) + σ)
− 1 +

p(x)f(h(d(x) + σ)ξ1)

h′′(d(x) + σ) ξ1

)

≤ ξ1 h
′′(d(x) + σ)×

×
(
− h′(d(x) + σ)

h′′(d(x) + σ)
∆d(x) − λ

h(d(x) + σ)

h′′(d(x) + σ)
− 1 + (1 + ε)(Π(ξ1) + ε)

)

≤ 0.

Define Ωδ := {x ∈ Ω : d(x) < δ} and let ω ⊂⊂ Ω0 be such that the first
Dirichlet eigenvalue of (−∆) in the smooth domain Ω0 \ω is strictly greater than
λ. Also, let q ∈ C0,γ(Ωδ) be such that

0 < q(x) ≤ p(x) in Ωδ \ Ω0,

q(x) = 0 in Ω0 \ ω,
q(x) > 0 in ω.

Then, by Theorem 2.3.6 there exists a positive blow-up solution of

−∆w = λw − q(x)f(w) in Ωδ.

Suppose that u is an arbitrary solution of (2.28) and let v := u+ w. Then v
satisfies

−∆v ≥ λv − p(x)f(v) in Ωδ \ Ω0.

Because v = ∞ > vσ on ∂Ω0 and v = ∞ > vσ on ∂Ωδ, we find

u+ w ≥ vσ in Ωδ \ Ω0. (2.41)

Similarly,
vσ + w ≥ u on Ωδ \ Ωσ. (2.42)

Letting σ → 0 in (2.41) and (2.42), we deduce

h(d(x)) ξ2 + 2w ≥ u+ w ≥ h(d(x)) ξ1 in Ωδ \ Ω0.

Because w is uniformly bounded on ∂Ω0, it follows that

ξ1 ≤ lim inf
d(x)ց0

u(x)

h(d(x))
≤ lim sup

d(x)ց0

u(x)

h(d(x))
≤ ξ2. (2.43)

Letting ε → 0 in (2.43) and looking at the definition of ξ1 respectively ξ2, we
find

lim
d(x)ց0

u(x)

h(d(x))
= ξ0. (2.44)
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This behavior of the solution will be speculated to achieve the uniqueness of
solution to (2.28). Indeed, let u1, u2 be two positive solutions of (2.28). For any
ε > 0, denote ũi := (1 + ε)ui, i = 1, 2. By virtue of (2.44) we obtain

lim
d(x)ց0

u1(x) − ũ2(x)

h(d(x))
= lim

d(x)ց0

u2(x) − ũ1(x)

h(d(x))
= −ε ξ0 < 0,

which implies

lim
d(x)ց0

(u1(x) − ũ2(x)) = lim
d(x)ց0

(u2(x) − ũ1(x)) = −∞.

On the other hand, because the mapping t 7−→ f(t)/t is increasing for t > 0, we
have

−∆ũi = −(1 + ε)∆ui = (1 + ε) (λui − p(x)f(ui))

≥ λ ũi − p(x)f(ũi) in Ω \ Ω0,

Bũi = Bui = 0 on ∂Ω.

By Lemma 2.5.1,

u1(x) ≤ ũ2(x), u2(x) ≤ ũ1(x) in Ω \ Ω0.

Letting ε → 0 we obtain u1 = u2. Hence, problem (2.28) has a unique solution.
This finishes the proof of Theorem 2.6.3. 2

Remark 2.6.4 Some classes of nonlinearities f satisfying the assumptions of
Theorem 2.6.3 are

(i) f(t) = tp, p > 1.

(ii) f(t) = tp ln(t+ 1), p > 1.

(iii) f(t) = tp arctan t, p > 1.

(iv) f(t) = t lnp(t+ 1), p > 2.

Remark 2.6.5 Assume that f satisfies (f3) and (f5). Then equation (2.14)
with λ = 0 and p ≡ 1 has a unique blow-up solution ũ. Moreover, ũ has the
following asymptotic behavior:

lim
dist (x,∂Ω)→0

ũ(x)

Γ(dist (x, ∂Ω))
= 1,

where Γ is the function defined as

∫ ∞

Γ(t)

ds√
2F (s)

= t for all t > 0.

Let Ω1 ⊂⊂ Ω be a connected subdomain with a smooth boundary and such
that Ω0 ⊂ Ω1. A direct consequence of Theorem 2.6.3 is seen in the following
corollary.
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Corollary 2.6.6 Let (f6) be added to the assumptions of Remark 2.6.5. Then,
for any λ ∈ R, problem (2.28) with p ≡ 1 on ∂Ω1 and Ω0 replaced with Ω1 has
a unique positive solution Uλ. Moreover, Ua behaves on ∂Ω1 exactly in the same
manner as ũ on ∂Ω,—that is,

lim
dist (x,∂Ω1)→0

Uλ(x)

Γ(dist (x, ∂Ω1))
= 1.

Proof We use the argument of Lemma 2.5.6 to deduce the existence of a posi-
tive solution for the problem considered here. Concerning the uniqueness, let us
remark that conditions (p3) and (p4) are fulfilled by taking c = 1 and k ≡ 1
on (0,∞). It follows that h defined by (2.40) coincides with Γ. Notice that
Γ′(t) = −

√
2F (Γ(t)) and Γ′′(t) = f(Γ(t)) for any t > 0. Thus, we obtain

Γ ∈ G (without calling Lemma 2.6.2) and Π(ξ) = A(ξ), for all ξ > 0. So, by
Lemma 2.6.1, Π : (0,∞) → (0,∞) is bijective. From now on, we proceed as in
the proof of Theorem 2.6.3, which only requires us to replace h with Γ and Ω0

with Ω1. This concludes the proof. 2

2.7 A Karamata theory approach for uniqueness of blow-up

solution

In this section we provide a different approach for the uniqueness of a positive
blow-up solution of the logistic equation. We are concerned with the following
boundary blow-up problem:





∆u+ λu = p(x)f(u) in Ω,

u > 0 in Ω,

u = ∞ on ∂Ω,

(2.45)

where λ ∈ R, p ∈ C0,γ(Ω) (0 < γ < 1), such that

Ω0 := int {x ∈ Ω : p(x) = 0}

is smooth (possibly empty), Ω0 ⊂ Ω, and p > 0 in Ω \ Ω0.
The uniqueness of the solution to (2.45) will be achieved using the Karamata

regular variation theory, originally introduced by Karamata [113]. We start this
section with the following definition.

Definition 2.7.1 A positive measurable function f : [m,∞) → (0,∞), m > 0,
is called regularly varying (at infinity) with index ρ ∈ R if

lim
t→∞

f(ξt)

f(t)
= ξρ for all ξ > 0.

When the index of regular variation ρ is zero, we say that the function f is slowly
varying.
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We denote by Rρ the class of regular varying functions with index ρ ∈ R. The
canonical ρ-varying function is f(t) = tρ, t > 0. The functions

ln(1 + t), ln ln(e+ t), exp{(ln t)α} (0 < α < 1),

vary slowly, as well as any measurable function on [m,∞), m > 0, with a positive
limit at infinity. Furthermore, any function f ∈ Rq can be written in terms of a
slowly varying function. Indeed, set f(t) = tρg(t). From the previous definition
we conclude that g varies slowly.

The basic properties of regular and slowly varying functions are summarized
next. For further details, we refer the reader to Seneta [180].

Proposition 2.7.2 We have the following:

(i) For any slowly varying function g : [m,∞) → (0,∞), m > 0, and any
q > 0 we have tqg(t) → ∞ and t−qg(t) → 0 as t→ ∞.

(ii) Any positive function g ∈ C1([m,∞)) satisfying tg′(t)/g(t) → 0 as t→ ∞
is slowly varying. Moreover, if the previous limit is ρ ∈ R, then g ∈ Rρ.

(iii) Assume f : [m,∞) → (0,∞), m > 0, is measurable and locally integrable.
Then f varies regularly if and only if there exists q ∈ R and

ℓ := lim
t→∞

tq+1f(t)
∫ t
m s

qf(s)ds
> 0.

In this case, f ∈ Rρ with ρ = ℓ− q − 1;

(iv) If f ∈ Rρ is Lebesgue integrable on each finite subinterval of [m,∞), then
for all q > −ρ− 1 we have

lim
t→∞

tq+1f(t)
∫ t
m s

qf(s)ds
= q + ρ+ 1.

We also have the following equivalence for C1 functions.

Lemma 2.7.3 Let f ∈ C1[0,∞) be a nonnegative function that fulfills (f3).
Then the following conditions are equivalent:

(i) f ′ ∈ Rρ for some ρ ∈ R.

(ii) There exists ϑ := limt→∞
tf ′(t)
f(t) <∞.

(iii) There exists α := limt→∞

(
F
f

)′
(t) > 0.

Moreover, ρ ≥ 0 and α = 1/(ρ+ 2) = 1/(ϑ+ 1).

Remark that if f ′ ∈ Rρ with ρ > 0, then limt→∞ f(t)/tp = ∞, for all 1 < p <
1+ρ. This implies that f fulfills (f2). The converse implication is not necessarily
true; we can take, for instance, f(t) = u ln4(t+ 1), t > 0. Also notice that (f2)
may fail when ρ = 0. This is illustrated by f(t) = t or f(t) = t ln(t+ 1), t > 0.
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Proof (i)⇒(ii). Let f ∈ Rρ. Then f ′(t) = tρg(t) where g varies slowly. If ρ < 0
then, by Proposition 2.7.2 (i) and l’Hospital’s rule we find limt→∞ f(t)/t =
limt→∞ f ′(t) = 0, which contradicts (f3). Hence ρ ≥ 0 and by Proposition 2.7.2
(iv) (with q = 0) we obtain limt→∞ tf ′(t)/f(t) = ρ+ 1.

(ii)⇒(i). Using the assumption (f3) we have tf ′(t) ≥ f(t) for all t > 0, which
yields ϑ ≥ 1. By Proposition 2.7.2 (iii) we now obtain f ∈ Rϑ−1.

(ii)⇒(iii). By l’Hospital rule we deduce limr→∞ F (t)/(tf(t)) = 1/(1+ϑ) and

lim
t→∞

(
F

f

)′

= 1 − lim
t→∞

F (t)f ′(t)

f2(t)

= 1 − lim
t→∞

F (t)

tf(t)
· tf

′(t)

f(t)

=
1

1 + ϑ
.

Hence α = 1/(1 + ϑ).
(iii)⇒(ii). From limt→∞ (F/f)

′
(t) = α > 0 we have α < 1 and

lim
t→∞

F (t)f ′(t)

f2(t)
= 1 − α. (2.46)

Let us choose t0 > 0 such that (F/f)′(t) ≥ α/2, for all t ≥ t0. Then,

F (t)

f(t)
≥ (t− t0)α

2
+
F (t0)

f(t0)
for all t ≥ t0.

Passing to the limit with t→ ∞, we find limt→∞ F (t)/f(t) = ∞. By l’Hospital’s
rule we deduce

lim
t→∞

tf(t)

F (t)
=

1

α
. (2.47)

Multiplying (2.46) and (2.47) we obtain limt→∞ tf ′(t)/f(t) = (1−α)/α. Accord-
ing to Proposition 2.7.2 (iii), it follows that f ′ ∈ Rρ, where ρ = (1− 2α)/α. This
completes the proof. 2

Inspired by the definition of α, we denote by K the Karamata class, consisting
of all positive, increasing C1 functions k defined on (0, ν), for some ν > 0, which
satisfy

ℓi := lim
tց0

(∫ t
0
k(s)ds

k(t)

)(i)

, i = 0, 1.

We observe that ℓ0 = 0 and ℓ1 ∈ [0, 1], for every k ∈ K. Our next result gives
examples of functions k ∈ K with limtց0 k(t) = 0, for every ℓ1 ∈ [0, 1].

Lemma 2.7.4 Let f ∈ C1[m,∞), m > 0, be such that f ′ ∈ Rρ, for some
ρ > −1. Then we have the following:

(i) If k(t) = exp{−f(1/t)}, 0 < t ≤ 1/m, then k ∈ K with ℓ1 = 0.
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(ii) If k(t) = 1/f(1/t), t ≤ 1/m, then k ∈ K with ℓ1 = 1/(ρ+ 2) ∈ (0, 1).

(iii) If k(t) = 1/ ln f(1/t), 0 < t ≤ 1/m, then k ∈ K with ℓ1 = 1.

Proof Because ρ > −1, from Proposition 2.7.2 (i) and (iv) we have

lim
t→∞

tf ′(t) = ∞

and

lim
t→∞

tf ′(t)

f(t)
= ρ+ 1 > 0. (2.48)

Therefore, in any of the cases (i), (ii), or (iii) we have limtց0 k(t) = 0 and k is a
C1 increasing function on (0, ν), for ν > 0 sufficiently small.

(i) Using (2.48) we have

lim
tց0

tk′(t)

k(t) ln k(t)
= lim

tց0
−1/tf ′(1/t)

tf(1/t)
= −(ρ+ 1).

Thus, by l’Hospital’s rule we obtain

lim
tց0

tk(t)

ln k(t)
∫ t
0 k(s)ds

= lim
tց0

tk(t)/ ln k(t)
∫ t
0 k(s)ds

= lim
tց0

(tk′(t) + k(t)) ln k(t) − tk′(t)

k(t) ln2 k(t)

= lim
tց0

{
tk′(t)

k(t) ln k(t)
+

1

ln k(t)
− tk′(t)

k(t) ln2 k(t)

}

= −(ρ+ 1).

Hence,

lim
tց0

(∫ t
0
k(s) ds

)
k′(t)

k2(t)
= lim

tց0

ln k(t)
∫ t
0 k(s)ds

tk(t)
· tk

′(t)

k(t)
= 1,

which implies

ℓ1 = 1 − lim
tց0

(∫ t
0
k(s)ds

)
k′(t)

k2(t)
= 0.

(ii) It is easy to see that

lim
tց0

tk′(t)

k(t)
= lim

tց0

1/tf ′(1/t)

f(1/t)
= ρ+ 1.

By l’Hospital’s rule we obtain limtց0

∫ t
0
k(s)ds/(tk(t)) = 1/(ρ+ 2). Thus,

ℓ1 = 1 − lim
tց0

∫ t
0 k(s)ds

tk(t)
· tk

′(t)

k(t)
=

1

ρ+ 2
.
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(iii) In a similar manner we have limtց0 tk
′(t)/k2(t) = ρ+ 1. By l’Hospital’s

rule, limtց0

∫ t
0
k(s)ds/(tk(t)) = 1. Thus,

ℓ1 = 1 − lim
tց0

∫ t
0
k(s)ds

t
· tk

′(t)

k2(t)
= 1.

This concludes the proof. 2

As a consequence of Proposition 2.7.2 and Lemma 2.7.4 we obtain the fol-
lowing corollary.

Corollary 2.7.5 Let f ∈ C1[m,∞), m > 0. Then f ′ ∈ Rρ with ρ > −1 if and
only if there exist q > 0, C > 0, and B > D such that

f(t) = Ctq exp

{∫ u

B

y(t)

t
dt

}
for all t ≥ B, (2.49)

where y ∈ C[B,∞) satisfies limt→∞ y(t) = 0. In this case, f ′ ∈ Rρ with ρ = q−1.

The core result of this section is the following.

Theorem 2.7.6 Let f ∈ C1[0,∞) be such that (f3) holds and f ′ ∈ Rρ with
ρ > 0. Assume that p ≡ 0 on ∂Ω satisfies

p(x) = c k2(d(x)) + o(k2(d(x))) as d(x) ց 0,

for some constant c > 0 and k ∈ K. Then, for any λ ∈ (−∞, λ∞,1), problem
(2.45) has a unique blow-up solution uλ. Moreover,

lim
d(x)ց0

uλ(x)

h(d(x))
= ξ0 where ξ0 =

(
2 + ℓ1ρ

c(2 + ρ)

)1/ρ

, (2.50)

and h is defined by

∫ ∞

h(t)

ds√
2F (s)

=

∫ t

0

k(s)ds for all t ∈ (0, ν). (2.51)

By Corollary 2.7.5, the assumption f ′ ∈ Rρ with ρ > 0 holds if and only if
f satisfies (2.49) with q = ρ + 1 and for some B,C > 0. If B is large enough
(for instance, if y > −ρ on [B,∞)), then f(t)/t is increasing on [B,∞). Thus, to
obtain the whole range of functions f for which Theorem 2.7.6 applies, we have
only to ”paste” a suitable smooth function on [0, B] in accordance with condition

(f3). A simple way to do this is to define f(t) = tρ+1 exp{
∫ t
0
z(s)/sds}, for all

t ≥ 0, where z ∈ C[0,∞) is nonnegative and such that limtց0 z(t)/t ∈ [0,∞)
and limtց∞ z(t) = 0. Clearly, f(t) = tq, f(t) = tq ln(t+1), and f(t) = tq arctan t
(t > 1) fall into this category.

Lemma 2.7.4 provides a practical method to find functions k which can be
considered in the statement of Theorem 2.7.6. Here are some examples: k(t) =
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exp {−1/tα}, k(t) = exp {− ln(1 + 1/t)/tα}, k(t) = exp {− [arctan (1/t)] /tα},
k(t) = −1/ ln t, k(t) = tα/ ln(1 + 1/t), k(t) = tα, for some α > 0.

As we have already seen in the previous section, the uniqueness lies upon
the crucial observation (2.50), which shows that all explosive solutions have the
same boundary behavior.

Proof Fix λ ∈ (−∞, λ∞,1). By Theorem 2.3.6, the problem (2.45) has at least
one blow-up solution.

The uniqueness will follow at once if we prove that (2.50) holds for any
solution uλ of (2.45). Indeed, if u1 and u2 are two arbitrary blow-up solutions of
(2.45), then (2.50) yields limd(x)ց0 u1(x)/u2(x) = 1. Hence, for any 0 < ε < 1,
there exists δ = δ(ε) > 0 such that

(1 − ε)u2(x) ≤ u1(x) ≤ (1 + ε)u2(x), (2.52)

for all x ∈ Ω with 0 < d(x) ≤ δ. Choosing a smaller δ > 0 if necessary, we can
assume that Ω0 ⊂ Cδ, where Cδ := {x ∈ Ω : d(x) > δ}.

It is clear that u1 is a positive solution of the boundary value problem

{
∆φ+ λφ = p(x)f(φ) in Cδ,

φ = u1 on ∂Cδ.
(2.53)

By (f3) and (2.52), we see that φ− := (1 − ε)u2 is a subsolution and φ+ :=
(1 + ε)u2 is a supersolution of problem (2.53). By the sub- and supersolution
method, (2.53) has a positive solution φ1 satisfying φ− ≤ φ1 ≤ φ+ in Cδ. Because
p > 0 in Cδ \ Ω0, by Lemma 2.3.7 we derive that (2.53) has a unique positive
solution, (i.e., u1 ≡ φ1 in Cδ). This yields (1 − ε)u2(x) ≤ u1(x) ≤ (1 + ε)u2(x)
in Cδ, so that (2.52) holds in Ω. Passing to the limit with ε → 0, we conclude
that u1 ≡ u2.

To establish (2.50) we first state some useful properties about h.

Lemma 2.7.7 We have

(i) h ∈ C2(0, ν) and limtց0 h(t) = ∞;

(ii) for all ξ > 0 there holds limtց0
h′′(t)

k2(t)f(h(t)ξ)
=

1

ξρ+1

2 + ρℓ1
2 + ρ

, so, h′′ > 0

on (0, 2δ), for δ > 0 small enough;

(iii) limtց0 h(t)/h
′′(t) = limtց0 h

′(t)/h′′(t) = 0.

Proof (i) Follows directly from (2.51).
(ii) Because f ∈ Rρ+1, it suffices to prove the claim for ξ = 1.

Clearly h′(t) = −k(t)
√

2F (h(t)) and

h′′(t) = k2(t)f(h(t))


1 − 2

k′(t)
(∫ t

0
k(s)ds

)

k2(t)
·

√
F (h(t))

f(h(t))
∫∞

h(t)

√
F (s)ds


, (2.54)



70 Blow-up solutions for semilinear elliptic equations

for all 0 < t < ν. It is easy to be seen that limt→∞

√
F (t)/f(t) = 0. Thus, from

l’Hospital’s rule and Lemma 2.7.3 we infer that

lim
t→∞

√
F (t)

f(t)
∫∞

t
F (s)−1/2ds

=
1

2
− α =

ρ

2(ρ+ 2)
. (2.55)

Using (2.54) and (2.55) we derive (ii) and also

lim
tց0

h′(t)

h′′(t)
=

−2(2 + ρ)

2 + ℓ1ρ
· lim
tց0

∫ t
0
k(s)ds

k(t)
· lim
t→∞

√
F (t)

f(t)
∫∞

t

√
F (s)ds

=
−ρℓ0

2 + ℓ1ρ
= 0.

(2.56)

From (i) and (ii) we derive that limtց0 h
′(t) = −∞. So, l’Hospital’s rule and

(2.56) yield limtց0 h(t)/h
′(t) = 0. This and (2.56) lead to limtց0 h(t)/h

′′(t) = 0,
which proves (iii). This completes the proof of the lemma. 2

Let us come back to the proof of Theorem 2.7.6.
We fix ε ∈ (0, c/2). Because p ≡ 0 on ∂Ω, we may take δ > 0 such that

(i) d(x) is a C2 function on the set {x ∈ R
N : d(x) < 2δ};

(ii) k2 is increasing on (0, 2δ);

(iii) (c− ε)k2(d(x)) < p(x) < (c+ ε)k2(d(x)), for all x ∈ Ω with 0 < d(x) < 2δ;

(iv) h′′(t) > 0 for all t ∈ (0, 2δ).

Let σ ∈ (0, δ) be arbitrary and define ξ± := [(2 + ℓ1ρ)/(c ∓ 2ε)(2 + ρ)]1/ρ

and v−σ (x) := h(d(x) + σ)ξ−, for all x with d(x) + σ < 2δ respectively, v+
σ (x) :=

h(d(x) − σ)ξ+, for all x with σ < d(x) < 2δ.
Using (i)-(iv) and the fact that |∇d(x)| ≡ 1, when σ < d(x) < 2δ we obtain

∆v+
σ + λv+

σ −p(x)f(v+
σ ) ≤ ξ+h′′(d(x) − σ)

(
h′(d(x) − σ)

h′′(d(x) − σ)
∆d(x)+

λ
h(d(x) − σ)

h′′(d(x) − σ)
+ 1 − (c− ε)

k2(d(x) − σ)f(h(d(x) − σ)ξ+)

h′′(d(x) − σ)ξ+

)
.

Similarly, when d(x) + σ < 2δ we find

∆v−σ + λv−σ −p(x)f(v−σ ) ≥ ξ−h′′(d(x) + σ)

(
h′(d(x) + σ)

h′′(d(x) + σ)
∆d(x)+

λ
h(d(x) + σ)

h′′(d(x) + σ)
+ 1 − (c+ ε)

k2(d(x) + σ)f(h(d(x) + σ)ξ−)

h′′(d(x) + σ)ξ−

)
.

Using Lemma 2.7.7 (ii) and (iii) and by taking δ > 0 sufficiently small, we can
assume that

∆v+
σ (x) + λv+

σ (x) − p(x)f(v+
σ (x)) ≤ 0 for all x with σ < d(x) < 2δ,
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∆v−σ (x) + λv−σ (x) − p(x)f(v−σ (x)) ≥ 0 for all x with d(x) + σ < 2δ.

Let Ω1 and Ω2 be two smooth bounded domains such that Ω ⊂⊂ Ω1 ⊂⊂ Ω2

and the first Dirichlet eigenvalue of (−∆) in the domain Ω1 \ Ω is greater than
λ. Let also a ∈ C0,γ(Ω2) be such that

0 < a(x) ≤ p(x) in Ω \ C2δ,

a = 0 in Ω1 \ Ω,

a > 0 in Ω2 \ Ω1.

By Theorem 2.3.6, there exists a solution w of the problem





∆w + λw = a(x)f(w) in Ω \ C2δ,

w > 0 in Ω \ C2δ,

w = ∞ on ∂(Ω \ C2δ).

(2.57)

Let now uλ be an arbitrary blow-up solution of (2.45) and set v := uλ + w.
Then v satisfies

∆v + λv − p(x)f(v) ≤ 0 in Ω \ C2δ.

Because v = ∞ > v−σ on ∂Ω and v = ∞ > v−σ on ∂C2δ, it follows that

uλ + w ≥ v−σ in Ω \ C2δ, (2.58)

and similarly
v+
σ + w ≥ ua in Cσ \ C2δ. (2.59)

Letting σ → 0 in (2.58) and (2.59), we deduce

h(d(x))ξ+ + 2w ≥ uλ + w ≥ h(d(x))ξ− for all x ∈ Ω \ C2δ.

Because w is uniformly bounded on ∂Ω, we have

ξ− ≤ lim inf
d(x)ց0

uλ(x)

h(d(x))
≤ lim sup

d(x)ց0

uλ(x)

h(d(x))
≤ ξ+.

Letting ε → 0 in the previous inequality we obtain (2.50). This concludes the
proof. 2

2.8 Comments and historical notes

Problems related to large solutions have a long history and are studied by many
authors and in many contexts. Singular value problems of this type go back to the
pioneering work by Bieberbach [26] in 1916 on the equation ∆u = eu in a smooth
bounded domain Ω ⊂ R

2. He showed that there exists a unique solution such that
u(x) − log(d(x)−2) is bounded as d(x) → 0. Problems of this type arise in Rie-
mannian geometry. If a Riemannian metric of the form |ds|2 = exp(2u(x))|dx|2
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has constant Gaussian curvature −c2, then ∆u = c2 e2u. We also recall that the
equation ∆u = eu was studied by Max von Laue1 (1918) who established, using
statistical mechanics, that the density in equilibrium of ideal gases at any point
is proportional to an exponential function, which can be described explicitly
in terms of the electrostatic potential. Motivated by a problem in mathemat-
ical physics, Rademacher [173] continued the study of Bieberbach on smooth
bounded domains in R

3. These kinds of problems were later studied under the
general form ∆u = f(u) in N–dimensional domains. We refer the reader to [13]–
[16], [49], [50], [53], [65], [70], [128], [129], [133]–[136], and [191].

We point out that the study of blow-up boundary solutions is motivated
by many natural phenomena. For instance, Keller [117] was concerned with an
electrohydrodynamic model and his conclusions are the following: as the mass
of uniformly charged gas contained in a container Ω ⊂ R

3 increases to infinity,
then its density remains bounded at any interior point, but becomes infinite on
the surface ∂Ω.

In a celebrated paper, Loewner and Nirenberg [133] linked the uniqueness of
the blow-up solution to the growth rate at the boundary. Motivated by certain
geometric problems, they established the uniqueness of blow-up solutions for

∆u = u(N+2)/(N−2), N ≥ 3.

Bandle and Marcus [15] give results on asymptotic behavior and uniqueness
of the blow-up solution for more general nonlinearities including f(t) = tp, where
p > 1.

The approach in Section 2.2 is the result of the work by Cı̂rstea and Rădulescu
[49]. Similar results were obtained by Cheng and Ni [41] or Marcus [135] but
under the stronger assumption p > 0 on ∂Ω instead of (p1).

In Section 2.5 we were concerned with the existence of blow-up solutions for
semilinear elliptic problems with a mixed boundary condition. Note that the
Robin condition R = 0 arises in heat flow problems in a body with constant
temperature in the surrounding medium. More generally, if α and β are smooth
functions on ∂Ω such that α, β ≥ 0, α + β > 0, then the boundary condition
Bu = α∂u/∂n + βu = 0 represents the exchange of heat at the surface of the
reactant by Newtonian cooling. Moreover, the boundary condition Bu = 0 is
called an isothermal (Dirichlet) condition if α ≡ 0, and it becomes an adiabatic
(Neumann) condition if β ≡ 0. An intuitive meaning of the condition α+ β > 0
on ∂Ω is that, for the diffusion process described by problem (2.14), either the
reflection phenomenon or the absorption phenomenon may occur at each point
of the boundary. If f(t) = tp (p > 1), then the semilinear elliptic problem

{
∆u+ λu = a(x)up in Ω,

Bu = 0 on ∂Ω
(2.60)

1The Nobel Prize in physics, 1914, “for his discovery of the diffraction of X-rays by crystals”.
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is a basic population model (see, for example, [106]) and is also related to some
prescribed curvature problems in Riemannian geometry (see, for example, [155]
and [115]). The existence of positive solutions of (2.60) has been intensively
studied (see, for instance, [4], [7], [58], [62], [79] and [155]).

If the variable potential a(x) is positive in Ω, then

∆u + λu = a(x)up in Ω,

is known as the logistic problem. This equation has been proposed as a model
for population density of a steady-state single species u(x) when Ω is fully sur-
rounded by inhospitable areas. The understanding of the asymptotics for positive
solutions of the degenerate logistic equation leads to the study of blow-up bound-
ary solutions.

The two approaches for the uniqueness of the blow-up solution to the logis-
tic equation in Sections 2.6 and 2.7 are the result of the work by Cı̂rstea and
Rădulescu [50], [51].

We have seen in this chapter that if f ∈ C1[0,∞) is an increasing function
such that f(0) = 0, then the problem





∆u = f(u) in Ω,

u > 0 in Ω,

u = ∞ on ∂Ω

(2.61)

has a solution if and only if the Keller–Osserman condition
∫ ∞

1

dt√
F (t)

<∞

is fulfilled, where F (t) :=
∫ t
0 f(s) ds. A natural question is to establish a related

result provided f fails to exhibit monotone behavior. This problem was studied
by Dumont, Dupaigne, Goubet, and Rădulescu [71], who formulated an answer
in terms of two Keller–Osserman–type conditions introduced by Aftalion and
Reichel [1]. In a general setting, we say that a function f : [0,∞) → [0,∞) (not
necessarily increasing!) satisfies the strong Keller–Osserman condition whenever
there exists α > 0 such that

Φ(α) :=

∫ ∞

α

dt√
F (t) − F (α)

<∞ .

Accordingly, we say that f satisfies the weak Keller–Osserman condition when-
ever

lim inf
α→∞

Φ(α) = 0.

For instance, the function f(t) = t2(1+cos t) satisfies the weak Keller–Osserman
condition, even if lim supα→∞ Φ(α) = ∞.

The result established by Dumont, Dupaigne, Goubet, and Rădulescu [71] is
the following.



74 Blow-up solutions for semilinear elliptic equations

Theorem 2.8.1 The following statements are equivalent:

(i) f satisfies the strong Keller–Osserman condition.

(ii) f satisfies the weak Keller–Osserman condition.

(iii) There exists a ball Ω = BR such that problem (2.61) admits at least a
solution.

(iv) Given any smooth domain Ω, problem (2.61) admits at least a solution.

In particular, Theorem 2.8.1 implies existence of blow-up boundary solutions
for oscillating functions such as f(u) = u2(1 + cosu).

The results developed in this chapter also apply to problems on Riemannian
manifolds if ∆ is replaced by the Laplace–Beltrami operator

∆B =
1√
c

∂

∂xi

(√
c aij(x)

∂

∂xi

)
, c := det (aij),

with respect to the metric ds2 = cij dxidxj , where (cij) is the inverse of (aij). In
this case the results developed in this chapter apply to concrete problems arising
in Riemannian geometry. For instance (cf. Loewner and Nirenberg [133]), if Ω is
replaced by the standard N dimensional sphere (SN , g0), ∆ is the Laplace–
Beltrami operator ∆g0 , f(u) = (N − 2)/[4(N − 1)]u(N+2)/(N−2), and λ =
N(N−2)/4, we find the prescribing scalar curvature equation on SN . For further
applications and connections with other fields of mathematics such as Brownian
motion and potential theory, we refer the reader to Dynkin [73], Iscoe [110], and
Le Gall [130].



3

ENTIRE SOLUTIONS BLOWING UP AT INFINITY FOR

ELLIPTIC SYSTEMS

The object of pure physics is the
unfolding of the laws of the
intelligible world; the object of
pure mathematics that of
unfolding the laws of human
intelligence.

James J. Sylvester (1814–1897)

In this chapter, we are concerned with entire radially symmetric solutions of
logistic-type systems in anisotropic media. In terms of the growth of the variable
potential functions, we establish conditions such that the solutions are either
bounded or blow up at infinity. An important role in the results we establish in
this chapter is played by the properties of the central value set.

3.1 Introduction

Consider the following semilinear elliptic system




∆u = p(x)f(v) in R
N ,

∆v = q(x)g(u) in R
N ,

u > 0, v > 0 in R
N ,

(3.1)

where N ≥ 3 and p, q ∈ C0,γ
loc (RN ) (0 < γ < 1) are nonnegative and radially

symmetric potentials. We also assume that f, g ∈ C0,γ
loc [0,∞) (0 < γ < 1) are

positive and nondecreasing on (0,∞).
We are concerned in this chapter with the existence of entire radially sym-

metric solutions of (3.1) that blow up at infinity,—that is, radially symmetric
solutions (u, v) satisfying u(x) → ∞ and v(x) → ∞ as |x| → ∞.

Notice that radially symmetric solutions of (3.1) satisfy the ordinary differ-
ential system






u′′(r) +
N − 1

r
u′(r) = p(r)g(v(r)),

v′′(r) +
N − 1

r
v′(r) = q(r)f(u(r)),

u(r) > 0, v(r) > 0,

(3.2)

for all r ≥ 0.
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Our aim is to give a characterization of the central value set G of all (a, b) ∈
R+×R+, where R+ = (0,∞) such that there exists an entire radially symmetric
solution (u, v) of (3.1) with the property u(0) = a and v(0) = b. Such a pair will
be called the central value of the solution (u, v) of system (3.1).

Thus, any radially symmetric solution (u, v) of (3.1) with the central value
(a, b) ∈ R+ × R+ satisfies the following system of integral equations:





u(r) = a+

∫ r

0

t1−N
∫ t

0

sN−1p(s)g(v(s))dsdt, r ≥ 0,

v(r) = b+

∫ r

0

t1−N
∫ t

0

sN−1q(s)f(u(s))dsdt, r ≥ 0.

(3.3)

3.2 Characterization of the central value set

3.2.1 Bounded or unbounded entire solutions

We are first concerned with a framework corresponding to an unbounded cen-
tral value set. In such a case, taking into account both the decay of the variable
potentials and the growth rate of the nonlinear terms, we establish sufficient con-
ditions such that the solutions of the nonlinear system (3.1) are either bounded
or blow up at infinity.

Theorem 3.2.1 Assume that

lim
t→∞

g(cf(t))

t
= 0 for all c > 0. (3.4)

Then G = R+ × R+. Moreover, the following properties are valid:

(i) If p and q satisfy

∫ ∞

0

tp(t) dt = ∞ and

∫ ∞

0

tq(t) dt = ∞, (3.5)

then all radially symmetric solutions of (3.1) blow up at infinity.

(ii) If p and q satisfy

∫ ∞

0

tp(t) dt <∞ and

∫ ∞

0

tq(t) dt <∞, (3.6)

then all radially symmetric solutions of (3.1) are bounded.

For any r > 0 define

A(r) :=

∫ r

0

t1−N
∫ t

0

sN−1p(s)dsdt,

B(r) :=

∫ r

0

t1−N
∫ t

0

sN−1q(s)dsdt.
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Remark 3.2.2 Using Lemma 2.2.4 we deduce the following properties:

(i) Condition (3.5) holds if and only if lim
r→∞

A(r) = lim
r→∞

B(r) = ∞.

(ii) Condition (3.6) holds if and only if both lim
r→∞

A(r) and lim
r→∞

B(r) are finite.

Proof Fix (a, b) ∈ R+ ×R+. A radially symmetric solution (u, v) of (3.1) with
the central value (a, b) will be obtained by means of a sequence of approximations
{(uk, vk)}k≥1, as follows. Set v0 ≡ b and let (uk)k≥1 and (vk)k≥1 be two sequences
of functions defined as






uk(r) = a+

∫ r

0

t1−N
∫ t

0

sN−1p(s)g(vk−1(s))dsdt,

vk(r) = b+

∫ r

0

t1−N
∫ t

0

sN−1q(s)f(uk(s))dsdt,

(3.7)

for all r ≥ 0. Because v1(r) ≥ b, we find u2(r) ≥ u1(r) for all r ≥ 0. This implies
v2(r) ≥ v1(r), which further produces u3(r) ≥ u2(r) for all r ≥ 0. Proceeding in
the same manner we conclude that

uk(r) ≤ uk+1(r) and vk(r) ≤ vk+1(r) for all r ≥ 0 and k ≥ 1.

We claim that the nondecreasing sequences (uk(r))k≥1 and (vk(r))k≥1 are
bounded from above on bounded sets. Indeed, for all r ≥ 0 we have

uk(r) ≤ uk+1(r) ≤ a+ g(vk(r))A(r) (3.8)

and
vk(r) ≤ b+ f (uk(r))B(r). (3.9)

Let R > 0 be arbitrary. By (3.8) and (3.9) we find

uk(R) ≤ a+ g (b+ f (uk(R))B(R))A(R) for all k ≥ 1,

or, equivalently,

1 ≤ a

uk(R)
+
g (b+ f (uk(R))B(R))

uk(R)
A(R) for all k ≥ 1. (3.10)

By the monotonicity of (uk(R))k≥1, there exists L(R) := limk→∞ uk(R). We
claim that L(R) is finite. Indeed, assuming the contrary, letting k → ∞ in (3.10)
and using (3.4) we obtain a contradiction.

Because u′k(r), v
′
k(r) ≥ 0 it follows that the map (0,∞) ∋ R 7−→ L(R) is

nondecreasing in (0,∞), and for all k ≥ 1 we have

uk(r) ≤ uk(R) ≤ L(R) for all 0 ≤ r ≤ R, (3.11)

vk(r) ≤ b+ f (L(R))B(R) for all 0 ≤ r ≤ R. (3.12)

Thus, there exists L := limR→∞ L(R) ∈ (0,∞] and the sequences (uk(r))k≥1 ,
(vk(r))k≥1 are bounded from above on bounded sets. Therefore, for all r ≥ 0 we
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can define u(r) := limk→∞ uk(r) and v(r) := limk→∞ vk(r). Passing to the limit
in (3.7) we obtain that (u, v) is a solution of (3.1) with the central value (a, b).

(i) Assume that p and q fulfill the condition (3.6). By Remark 3.2.2 this also
implies that A := limr→∞A(r) < ∞ and B := limr→∞B(r) < ∞. Let (u, v) be
a radially symmetric solution of (3.1) with the central value (a, b). This yields

u(r) ≤ a+ g(v(r))A(r) for all r ≥ 0,

v(r) ≤ b+ f (u(r))B(r) for all r ≥ 0.
(3.13)

Hence,

u(r) ≤ a+ g(b+Bu(r))A for all r ≥ 0.

Therefore,

1 ≤ a

u(r)
+
g(b+Bu(r))

u(r)
A for all r ≥ 0. (3.14)

Now, if u is unbounded we deduce that u(r) → ∞ as r → ∞. Passing to the
limit in (3.14) with r → ∞, we obtain a contradiction. Hence, u is bounded and,
using (3.13), v is also bounded in [0,∞).

(ii) Assume now that condition (3.5) holds. In this case, limr→∞A(r) =
limr→∞B(r) = ∞. Let (u, v) be a radially symmetric solution of (3.1) with
central value (a, b). For all r ≥ 0 we have

u(r) ≥ a+ g(b)A(r) and v(r) ≥ b+ f(a)B(r).

Letting r → ∞ we derive that both u and v blow up at infinity. This concludes
the proof of Theorem 3.2.1. 2

Some examples of nonlinearities f and g satisfying the assumptions of The-
orem 3.2.1 are stated here:

(i) Let aj , bk, αj , βk > 0 and αβ < 1, where α = max1≤j≤l αj and β =
max1≤k≤m βk. Define

f(t) =






0 if t < 0,
l∑

j=1

ajt
αj if t ≥ 0,

and g(t) =






0 if t < 0,
m∑

k=1

bkt
βj if t ≥ 0.

(ii) f(t) = (1 + t2)α/2 and g(t) = (1 + t2)β/2 for t ∈ R, with α, β > 0 and
αβ < 1.

(iii) Let α, β > 0 such that αβ < 1 and define

f(t) =





0 if t < 0,
tα if 0 ≤ t < 1,

tβ if t ≥ 1,
and g(t) =





0 if t < 0,

tβ if 0 ≤ t < 1,
tα if t ≥ 1.
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(iv) Let g(t) = t for t ∈ R, f(t) = 0 for t ≤ 0 and

f(t) = t

(
− ln

((
2

π

)
arctan t

))α
for t > 0,

where α ∈ (0, 1/2).

Concerning the bounded radially symmetric solutions of (3.1), we establish
the following auxiliary result.

Proposition 3.2.3 Assume that condition (3.6) holds and let f and g be locally
Lipschitz functions on (0,∞) that fulfill (3.4). Let (u, v) and (ũ, ṽ) be two bounded
radially symmetric solutions of (3.1). Then there exists a positive constant C
such that for all r ≥ 0 there holds

max {|u(r) − ũ(r)|, |v(r) − ṽ(r)|} ≤ C max {|u(0) − ũ(0)|, |v(0) − ṽ(0)|}.
Proof Set K := max {|u(0) − ũ(0)|, |v(0) − ṽ(0)|}. From the first equation in
(3.3) we find

u′(r) − ũ′(r) = r1−N
∫ r

0

sN−1p(s)(g(v(s)) − g(ṽ(s))) ds.

Hence,

|u(r) − ũ(r)| ≤ K +

∫ r

0

t1−N
∫ t

0

sN−1p(s)|g(v(s)) − g(ṽ(s))| ds dt. (3.15)

Because (u, v) and (ũ, ṽ) are bounded, for any r ≥ 0 we have

|g(v(r)) − g(ṽ(r))| ≤ m|v(r) − ṽ(r)|,
|f(u(r)) − f(ũ(r))| ≤ m|u(r) − ũ(r)|,

where m denotes a Lipschitz constant for both functions f and g. Therefore, by
(3.15) we find

|u(r) − ũ(r)| ≤ K +m

∫ r

0

t1−N
∫ t

0

sN−1p(s)|v(s) − ṽ(s)| ds dt, (3.16)

for all r ≥ 0. In the same manner we obtain

|v(r) − ṽ(r)| ≤ K +m

∫ r

0

t1−N
∫ t

0

sN−1q(s)|u(s) − ũ(s)| ds dt, (3.17)

for all r ≥ 0. Define next

X(r) := K +m

∫ r

0

t1−N
∫ t

0

sN−1p(s)|v(s) − ṽ(s)| ds dt,

Y (r) := K +m

∫ r

0

t1−N
∫ t

0

sN−1q(s)|u(s) − ũ(s)| ds dt.

Clearly X and Y are nondecreasing functions and X(0) = Y (0) = K.
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A simple computation together with (3.16) and (3.17) leads us to

(rN−1X ′)′(r) = mrN−1p(r)|v(r) − ṽ(r)| ≤ mrN−1p(r)Y (r),

(rN−1Y ′)′(r) = mrN−1q(r)|u(r) − ũ(r)| ≤ mrN−1q(r)X(r),
(3.18)

for all r ≥ 0. Because Y is nondecreasing, we have

X(r) ≤ K +mY (r)A(r)

≤ K +
m

N − 2
Y (r)

∫ r

0

tp(t) dt

≤ K +mCpY (r) for all r ≥ 0,

(3.19)

where

Cp =
1

N − 2

∫ ∞

0

tp(t) dt.

Using (3.19) in the second inequality of (3.18) we find

(rN−1Y ′)′(r) ≤ mrN−1q(r)(K +mCpY (r)) for all r ≥ 0.

Integrating twice from 0 to r in the previous inequality we obtain

Y (r) ≤ K(1 +mCq) +
m2

N − 2
Cp

∫ r

0

tq(t)Y (t) dt for all r ≥ 0,

where

Cq =
1

N − 2

∫ ∞

0

tq(t) dt.

Next we apply the Gronwall inequality in the following form: assume that 0 <
T ≤ +∞ and let ϕ, α, β : [0, T ) → R be continuous functions, with α nonde-
creasing and β ≥ 0. If

ϕ(t) ≤ α(t) +

∫ t

0

β(s)ϕ(s)ds for all t ∈ [0, T ),

then

ϕ(t) ≤ α(t) exp

(∫ t

0

β(s)ds

)
for all t ∈ [0, T ).

Thus, by Gronwall’s inequality, we deduce that for all r ≥ 0,

Y (r) ≤ K(1 +mCq) exp

(
m2(N − 2)−1Cp

∫ r

0

tq(t) dt

)

≤ K(1 +mCq) exp
(
m2CpCq

)
,

(3.20)

and similarly for X . The conclusion now follows from (3.20), (3.16), and (3.17).
This finishes the proof. 2



Characterization of the central value set 81

3.2.2 Role of the Keller–Osserman condition

We assume in this section that f and g satisfy the stronger regularity f, g ∈
C1[0,∞). We drop assumption (3.4) and we require in turn that f and g fulfill

(H1) f(0) = g(0) = 0 and there exists σ := lim inft→∞
f(t)
g(t) > 0;

(H2) g satisfies the Keller–Osserman condition

∫ ∞

1

dt√
G(t)

<∞, where G(t) :=

∫ t

0

g(s) ds.

Remark that assumptions (H1) and (H2) imply that f satisfies condition
(H2), too. Set ν := max {p(0), q(0)} ≥ 0 and η := min {p, q}.

Throughout this section we assume that ν > 0, η is not identically zero at
infinity, and condition (3.6) on p and q holds. Before the main result is stated,
we provide several auxiliary results concerning the set of central value.

Lemma 3.2.4 G 6= ∅.
Proof Notice that p+ q satisfies the assumptions (p1)′ and (p2) in Section 2.2.
Thus, by Theorem 2.2.3 and the fact that p and q are radially symmetric, there
exists a radially symmetric solution ψ ∈ C2

loc(R
N ) of the problem






∆ψ = (p+ q)(x)(f + g)(ψ) in R
N ,

ψ > 0 in R
N ,

ψ = ∞ as |x| → ∞.

Hence, ψ satisfies the integral equation

ψ(r) = ψ(0) +

∫ r

0

t1−N
∫ t

0

sN−1(p+ q)(s)(f + g)(ψ(s)) ds dt,

for all r ≥ 0. We claim that (0, ψ(0)]× (0, ψ(0)] ⊆ G. To this aim, let us fix
0 < a, b ≤ ψ(0). Define the sequences (uk)k≥1 and (vk)k≥0 by v0(r) := b for all
r ≥ 0 and





uk(r) = a+

∫ r

0

t1−N
∫ t

0

sN−1p(s)g(vk−1(s)) ds dt,

vk(r) = b+

∫ r

0

t1−N
∫ t

0

sN−1q(s)f(uk(s)) ds dt,

(3.21)

for all r ≥ 0 and k ≥ 1. We first remark that v0 ≤ v1, which produces u1 ≤ u2.
Consequently, v1 ≤ v2, which further yields u2 ≤ u3. With the same argu-
ments, we obtain that (uk)k≥1 and (vk)k≥0 are nondecreasing sequences. Because
ψ′(r) ≥ 0 and b = v0 ≤ ψ(0) ≤ ψ(r) for all r ≥ 0, we find
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u1(r) ≤ a+

∫ r

0

t1−N
∫ t

0

sN−1p(s)g(ψ(s)) ds dt

≤ ψ(0) +

∫ r

0

t1−N
∫ t

0

sN−1(p+ q)(s)(f + g)(ψ(s)) ds dt

= ψ(r).

Thus, u1 ≤ ψ. It follows that

v1(r) ≤ b+

∫ r

0

t1−N
∫ t

0

sN−1q(s)f(ψ(s)) ds dt

≤ ψ(0) +

∫ r

0

t1−N
∫ t

0

sN−1(p+ q)(s)(f + g)(ψ(s)) ds dt

= ψ(r).

A further induction argument yields

uk(r) ≤ ψ(r) and vk(r) ≤ ψ(r) for all r ≥ 0 and k ≥ 1.

Thus, {(uk, vk)}k≥1 converges and (u(r), v(r)) := limk→∞(uk(r), vk(r)), r ≥ 0 is
a radially symmetric solution of (3.1) with central value (a, b). This completes
the proof. 2

A direct consequence of Lemma 3.2.4 is the following corollary.

Corollary 3.2.5 If (a, b) ∈ G, then (0, a] × (0, b] ⊆ G.

Proof The process used before can be repeated by taking






uk(r) = a0 +

∫ r

0

t1−N
∫ t

0

sN−1p(s)g(vk−1(s)) ds dt for all r ≥ 0,

vk(r) = b0 +

∫ r

0

t1−N
∫ t

0

sN−1q(s)f(uk(s)) ds dt for all r ≥ 0,

where 0 < a0 ≤ a, 0 < b0 ≤ b and v0 ≡ b0.
Now let (U, V ) be a radially symmetric solution of (3.1) with central value

(a, b). As in Lemma 3.2.4, we obtain

uk(r) ≤ uk+1(r) ≤ U(r) for all r ≥ 0 and k ≥ 1,

vk(r) ≤ vk+1(r) ≤ V (r) for all r ≥ 0 and k ≥ 1.

Thus, for all r ≥ 0 we can define (u(r), v(r)) := limk→∞(uk(r), vk(r)). Then
u ≤ U , v ≤ V on [0,∞) and (u, v) is a radially symmetric solution of (3.1) with
the central value (a0, b0). This shows that (a0, b0) ∈ G, so that our assertion is
proved. 2

Lemma 3.2.6 G is bounded.
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Proof Set 0 < λ < min {σ, 1} and let δ = δ(λ) be large enough so that

f(t) ≥ λg(t) for all t ≥ δ. (3.22)

Because η is radially symmetric and not identically zero at infinity, we can find
an open ball BR centered at the origin and of radius R > 0 such that η > 0 on
∂BR. Furthermore, according to Theorem 2.2.2, there exists ζ ∈ C2(BR) such
that 





∆ζ = λη(x)g

(
ζ

2

)
in BR,

ζ > 0 in BR,

ζ → ∞ as |x| → R.

Arguing by contradiction, let us assume that G is not bounded. Then there exists
(a, b) ∈ G such that a + b > max {2δ, ζ(0)}. Let (u, v) be a radially symmetric
solution of (3.1) with the central value (a, b). Because u(x) + v(x) ≥ a+ b > 2δ
for all x ∈ R

N , by (3.22) we find

f(u(x)) ≥ f

(
u(x) + v(x)

2

)
≥ λg

(
u(x) + v(x)

2

)
if u(x) ≥ v(x)

and

g(v(x)) ≥ g

(
u(x) + v(x)

2

)
≥ λg

(
u(x) + v(x)

2

)
if v(x) ≥ u(x).

It follows that
∆(u + v) = p(x)g(v) + q(x)f(u)

≥ η(x)(g(v) + f(u))

≥ λη(x)g

(
u+ v

2

)
in R

N .

On the other hand, ζ(x) → ∞ as |x| → R and u, v ∈ C2(BR). Thus, by the weak
maximum principle, we conclude that u + v ≤ ζ in BR. But this is impossible
because u(0) + v(0) = a+ b > ζ(0). This finishes the proof. 2

Lemma 3.2.7 F (G) ⊂ G.

Proof Let (a, b) ∈ F (G) and n0 ≥ 1 be such that n0 min {a, b} > 1. We claim
that

(a− 1/n, b− 1/n) ∈ G for all n ≥ n0.

Indeed, if this is not true, by Corollary 3.2.5 we find

D := [a− 1/n,∞) × [b− 1/n,∞) ⊆ (R+ × R+) \ G,

for some n ≥ n0. Hence, we can find a small ball B centered in (a, b) such that
B ⊂⊂ D; in other words, B ∩ G = ∅. But this contradicts the choice of (a, b).
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Consequently, for all n ≥ n0 there exists (un, vn), a radially symmetric solution
of (3.1) with the central value (a−1/n, b−1/n). Thus, for any n ≥ n0 and r ≥ 0
we have

un(r) = a− 1

n
+

∫ r

0

t1−N
∫ t

0

sN−1p(s)g(vn(s)) ds dt,

vn(r) = b− 1

n
+

∫ r

0

t1−N
∫ t

0

sN−1q(s)f(un(s)) ds dt.

We observe that (un)n≥n0
and (vn)n≥n0

are nondecreasing sequences. Next, we
prove that (un)n≥n0

and (vn)n≥n0
converge in R

N . To this aim, let x0 ∈ R
N be

arbitrary. Because η is not identically zero at infinity, we may find R > 0 such
that x0 ∈ BR and η > 0 on ∂BR.

Because σ = lim inft→∞ f(t)/g(t) > 0, we find τ ∈ (0, 1) such that

f(t) ≥ τg(t), for all t ≥ a+ b

2
− 1

n0
.

Therefore, on the set where un ≥ vn we have

f(un) ≥ f

(
un + vn

2

)
≥ τg

(
un + vn

2

)
.

Similarly, on the set where un ≤ vn we have

g(vn) ≥ g

(
un + vn

2

)
≥ τg

(
un + vn

2

)
.

Now it is easy to see that for all x ∈ R
N we have

∆(un + vn) ≥ τη(x)g

(
un + vn

2

)
.

On the other hand, by Theorem 2.2.2 there exists ζ ∈ C2(BR) such that





∆ζ = τη(x)g

(
ζ

2

)
in BR,

ζ > 0 in BR,

ζ → ∞ as |x| → R.

The weak maximum principle yields un + vn ≤ ζ in BR. So, it makes sense
to define (u(x0), v(x0)) := limn→∞(un(x0), vn(x0)). Because x0 is arbitrary, the
functions u, v exist on R

N . Hence, (u, v) is a radially symmetric solution of (3.1)
with central value (a, b),—that is, (a, b) ∈ G. 2

For (c, d) ∈ (R+×R+)\G, denote by Rc,d the supremum over r > 0 such that
there exists a radially symmetric solution of (3.1) in B(0, r) so that (u(0), v(0)) =
(c, d).
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Lemma 3.2.8 For all (c, d) ∈ (R+ × R+) \ G we have 0 < Rc,d <∞.

Proof Because ν > 0 and p, q ∈ C[0,∞), there exists ε > 0 such that (p +
q)(r) > 0 for all 0 ≤ r < ε. Let 0 < R < ε be arbitrary. Hence, there exists a
positive radially symmetric solution of

∆ψR = (p+ q)(x)(f + g)(ψR) in BR,

which blows up as |x| → R. Furthermore, for any 0 ≤ r < R we have

ψR(r) = ψR(0) +

∫ r

0

t1−N
∫ t

0

sN−1(p+ q)(s)(f + g)(ψR(s)) ds dt.

Obviously, ψ′
R ≥ 0. Thus, we find

ψ′
R(r) = r1−N

∫ r

0

sN−1(p+ q)(s)(f + g)(ψR(s)) ds ≤ C(f + g)(ψR(r)),

where C > 0 is a positive constant such that
∫ ε
0 (p+ q)(s) ds ≤ C.

Because f + g satisfies the hypotheses (H1) and (H2), by Lemma 2.2.1 (ii)
we derive ∫ ∞

1

dt

(f + g)(t)
<∞.

Therefore,

− d

dr

∫ ∞

ψR(r)

ds

(f + g)(s)
=

ψ′
R(r)

(f + g)(ψR(r))
≤ C for all 0 < r < R.

Integrating in the last inequality and taking into account the fact that ψR(r) →
∞ as r ր R, we obtain

∫ ∞

ψR(0)

ds

(f + g)(s)
≤ CR.

Now, we let R ց 0 in the previous relation and we have

lim
Rց0

∫ ∞

ψR(0)

ds

(f + g)(s)
= 0.

This implies that ψR(0) → ∞ as R ց 0. Thus, there exists 0 < ρ < ε such that
0 < c, d ≤ ψρ(0). Set v0 ≡ d and define





uk(r) = c+

∫ r

0

t1−N
∫ t

0

sN−1p(s)g(vk−1(s)) ds dt,

vk(r) = d+

∫ r

0

t1−N
∫ t

0

sN−1q(s)f(uk(s)) ds dt,

(3.23)
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for all r ≥ 0. As in the proof of Lemma 3.2.4 we deduce (uk)k≥1, and (vk)k≥0

are nondecreasing, and for all k ≥ 1 there holds

max{uk(r), vk(r)} ≤ ψρ(r) for all 0 ≤ r < ρ.

Thus, for any 0 ≤ r < ρ there exists (u(r), v(r)) := limk→∞(uk(r), vk(r)) that,
moreover, is a radially symmetric solution of (3.1) in Bρ such that (u(0), v(0)) =
(c, d). This shows that Rc,d ≥ ρ > 0. By the definition of Rc,d we also derive

lim
rրRc,d

u(r) = ∞ and lim
rրRc,d

v(r) = ∞. (3.24)

On the other hand, because (c, d) 6∈ G, we conclude that Rc,d is finite. This
completes the proof. 2

The main result in this section is the following.

Theorem 3.2.9 Assume that ν > 0, η is not identically zero at infinity and
(H1), (H2), and (3.6) hold. Then any entire radially symmetric solution (u, v)
of (3.1) with (u(0), v(0)) ∈ F (G) blows up at infinity.

Proof Let (a, b) ∈ F (G). By Lemma 3.2.7, (a, b) ∈ G so that there exists
(U, V ), a radially symmetric solution of (3.1) with (U(0), V (0)) = (a, b). Obvi-
ously, for any n ≥ 1, (a + 1/n, b + 1/n) ∈ (R+ × R+) \ G. By Lemma 3.2.8,
Rn := Ra+1/n,b+1/n is a positive number. Let (Un, Vn) be the radially symmetric
solution of (3.1) in BRn with the central value (a + 1/n, b+ 1/n). Thus, for all
0 ≤ r < Rn, (Un, Vn) is a solution of the system of integral equations






Un(r) = a+
1

n
+

∫ r

0

t1−N
∫ t

0

sN−1p(s)g(Vn(s)) ds dt,

Vn(r) = b +
1

n
+

∫ r

0

t1−N
∫ t

0

sN−1q(s)f(Un(s)) ds dt.

(3.25)

In view of (3.24), we have

lim
rրRn

Un(r) = lim
rրRn

Vn(r) = ∞ for all n ≥ 1.

We claim that the sequence (Rn)n≥1 is nondecreasing. Indeed, if (uk)k≥1 and
(vk)k≥1 are the sequences of functions defined by (3.23) with c = a+ 1/(n+ 1)
and d = b+ 1/(n+ 1), then for all k ≥ 1 and 0 ≤ r < Rn we have

uk(r) ≤ uk+1(r) ≤ Un(r), vk(r) ≤ vk+1(r) ≤ Vn(r). (3.26)

This implies that (uk(r))k≥1 and (vk(r))k≥1 converge for any 0 ≤ r < Rn.
Moreover, (Un+1, Vn+1) := limk→∞(uk, vk) is a radially symmetric solution of
(3.1) in BRn with the central value (a+1/(n+1), b+1/(n+1)). By the definition
of Rn+1, it follows that Rn+1 ≥ Rn for any n ≥ 1.
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Set R := limn→∞Rn and let 0 ≤ r < R be arbitrary. Then, there exists n1 =
n1(r) such that r < Rn for all n ≥ n1. From (3.26) we derive that Un+1 ≤ Un
and Vn+1 ≤ Vn on [0, Rn), for all n ≥ n1. Thus, for all 0 ≤ r < R we can define

U(r) := lim
n→∞

Un(r) and V (r) := lim
n→∞

Vn(r). (3.27)

Because U ′
n(r) ≥ 0, from (3.25) we find

Vn(r) ≤ b+
1

n
+ f(Un(r))

∫ ∞

0

t1−N
∫ t

0

sN−1q(s) ds dt.

This yields

Vn(r) ≤ C1Un(r) + C2f(Un(r)) for all 0 ≤ r < R, (3.28)

where C1 is an upper bound of (V (0) + 1/n)/(U(0) + 1/n) and

C2 =

∫ ∞

0

t1−N
∫ t

0

sN−1q(s) ds dt ≤ 1

N − 2

∫ ∞

0

tq(t) dt <∞.

Define h(t) := g(C1t + C2f(t)), t ≥ 0. It is easy to see that h satisfies the
hypotheses of Lemma 2.2.1. Hence, we may define

Γ(t) =

∫ ∞

t

ds

h(s)
for all t > 0.

Notice that Un verifies

∆Un = p(x)g(Vn) in BRn ,

which combined with (3.28) implies

∆Un ≤ p(x)h(Un) in BRn .

A simple computation yields

∆Γ(Un) = Γ′(Un)∆Un + Γ′′(Un)|∇Un|2

=
−1

h(Un)
∆Un +

h′(Un)

(h(Un))2
|∇Un|2

≥ −1

h(Un)
p(x)h(Un)

= −p(x) in BRn .

Therefore,

(
rN−1 d

dr
Γ(Un)

)′

≥ −rN−1p(r) for any 0 ≤ r < Rn.
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Fix 0 ≤ r < R. Then r < Rn for all n ≥ n1, provided n1 is large enough.
Integrating the previous inequality from 0 to r we deduce

d

dr
Γ(Un) ≥ −r1−N

∫ r

0

sN−1p(s) ds for all 0 ≤ r < Rn.

Integrating the last inequality over [r,Rn − ε] we obtain

Γ(Un(Rn − ε)) − Γ(Un(r)) ≥ −
∫ Rn−ε

r

t1−N
∫ t

0

sN−1p(s) ds dt for all n ≥ n1.

Recall that Un(Rn − ε) → ∞ as ε → 0 and Γ(t) → 0 as t → ∞. Therefore,
passing to the limit with ε→ 0 in the last inequality we deduce that

Γ(Un(r)) ≤
∫ Rn

r

t1−N
∫ t

0

sN−1p(s) ds dt for all n ≥ n1.

By letting n→ ∞ in the previous relation, we obtain

Γ(U(r)) ≤
∫ R

r

t1−N
∫ t

0

sN−1p(s) ds dt for all 0 ≤ r < R

or, equivalently,

U(r) ≥ Γ−1

(∫ R

r

t1−N
∫ t

0

sN−1p(s) ds dt

)
for all 0 ≤ r < R.

Passing to the limit as r ր R, and using the fact that limtց0 Γ−1(t) = ∞, we
deduce

lim
rրR

U(r) ≥ lim
rրR

Γ−1

(∫ R

r

t1−N
∫ t

0

sN−1p(s) ds dt

)
= ∞.

But (U, V ) is an entire solution of (3.1), so that we conclude R = ∞ and
limr→∞ U(r) = ∞. Using (3.6) and the fact that V ′(r) ≥ 0 we find

U(r) ≤ a+ g(V (r))

∫ ∞

0

t1−N
∫ t

0

sN−1p(s) ds dt

≤ a+ g(V (r))
1

N − 2

∫ ∞

0

tp(t) dt,

for all r ≥ 0. This last estimate leads to limr→∞ V (r) = ∞. Consequently, (U, V )
is an entire blow-up solution of (3.1). This concludes the proof. 2
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3.3 Comments and historical notes

We have provided in this chapter a characterization of the central value set G
of radially symmetric solutions to a nonlinear elliptic system of logistic type.
Our study has pointed out the role played by the Keller–Osserman condition
in this characterization. First, if the nonlinear terms f and g have almost sub-
linear growth, then the central value set consists of entire R+ × R+, and the
existence of radially symmetric solutions blowing up at infinity depends on the
growth of potentials p and q. In turn, if f and g are comparable, in the sense
that lim inft→∞ f(t)/g(t) ∈ (0,∞), and satisfy the Keller–Osserman condition
at infinity, then the central value set is bounded. Furthermore, any element on
the positive boundary of G,—that is, on ∂G ∩ (R+ × R+),—is a central value of
an entire blow-up solution.

The results in this chapter are the work of Cı̂rstea and Rădulescu [52]. We
also refer to Lair and Shaker [126] for the particular case of pure powers in the
nonlinearities.

In Part II of this volume (Chapters 2 and 3) we have been concerned with
boundary blow-up solutions of some classes of nonlinear elliptic equations and
systems. Our approach was essentially based on the maximum principle, in com-
bination with other ingredients, such as elliptic estimates, regularity arguments,
and differential equations techniques. In all the results we have established in
these two chapters, we studied only positive solutions, especially because of the
physical meaning of the corresponding unknowns. A different approach was devel-
oped by Aftalion and Reichel [1], who argued the existence of multiple boundary
blow-up solutions of the problem

∆u = f(u) in Ω,

where Ω is a bounded and convex domain. Taking into account the growth of f ,
they distinguished two distinct situations:

(i) f is a sign-changing nonlinearity. In such a case there is both a positive
and a sign-changing blow-up boundary solution.

(ii) inf f > 0. In this case, Aftalion and Reichel [1] considered the bifurcation
problem

∆u = λf(u) in Ω (3.29)

and showed that there is some critical value λ⋆ > 0 such that problem
(3.29) has blow-up boundary solutions if and only if 0 < λ < λ⋆.
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4

SUBLINEAR PERTURBATIONS OF SINGULAR ELLIPTIC

PROBLEMS

In mathematics the art of
proposing a question must be held
of higher value than solving it.

Georg Cantor (1845–1918)

From now on, we are interested in the qualitative analysis of solutions to
semilinear elliptic equations or systems involving singular nonlinear terms, such
as u−α (with α > 0) or gradient terms like |∇u|a (with 0 < a ≤ 2). We are
concerned with existence and uniqueness properties, but also with the asymptotic
behavior of solutions. A special feature will be played by the influence of one or
several real parameters, which usually are referred as bifurcation parameters. The
term bifurcation is one that is also used in topological dynamics and catastrophe
theory. In such cases, it is usually considered a family of functions or vector fields
dependent on parameters. The associated bifurcation values of parameters are
those in which the system is not actually stable, in the sense that small variations
of the parameters change the topological nature of the collection of orbits. Our
setting in this volume is quite closely related to the study of stability phenomena,
by means of the first eigenvalue of the associated linearized operator.

Singular problems arise in the study of non-Newtonian fluids, boundary layer
phenomena for viscous fluids, chemical heterogeneous catalysts, as well as in the
theory of heat conduction in electrically conducting materials. The associated
singular stationary or evolution equations describe various physical phenomena.
For instance, superdiffusivity equations of this type have been proposed by de
Gennes [60] as a model for long-range Van der Waals interactions in thin films
spreading on solid surfaces. Singular equations also appear in the study of cellular
automata and interacting particle systems with self-organized criticality (see
[39]), as well as to describe the flow over an impermeable plate (see [38]).

4.1 Introduction

This chapter is devoted to the study of elliptic problems of the following type:






−∆u = Φ(x, u, λ) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω

(4.1)
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in a smooth domain Ω ⊆ R
N (N ≥ 1), where Φ : Ω× (0,∞)×R → R is a Hölder

continuous function. The main feature of this chapter, as well as of the following
ones, is that we allow Φ to be unbounded near the origin with respect to its
second variable,—that is, Φ is a singular nonlinearity. Therefore, the singular
character of our problem lies not in the prescribed behavior of the solution at
the boundary, as we required in Chapters 2 and 3, but in the nonlinearities that
govern problems of type (4.1).

To make these arguments more transparent, let us present a simple example.
Consider the problem 




∆u = up in Ω,

u > 0 in Ω,

u = +∞ on ∂Ω.

If p > 1, by Theorem 2.1.3, the previous problem has a solution u. By the change
of variable u = 1/v we derive that v satisfies





−∆v = v2−p − 2

v
|∇v|2 in Ω,

v > 0 in Ω,

v = 0 on ∂Ω.

(4.2)

This equation contains both singular nonlinearities, like v−1 or v2−p (if p > 2),
and a convection (gradient) term, denoted by |∇v|2. The influence of the gradient
term in problems like (4.2) will be emphasized in Chapter 9.

By classical solution of problem (4.1) we mean a function u ∈ C2(Ω) ∩
C(Ω) that satisfies pointwise (4.1). Because of the presence of the singular term
Φ(x, u, λ), solutions to (4.1) are not C2(Ω) functions. However, in some partic-
ular cases, which will be discussed herein, the regularity of classical solutions to
(4.1) can be improved up to the class u ∈ C1,γ(Ω) and ∆u ∈ L1(Ω).

The simplest model that falls within the theory we develop in this chapter is






−∆u = g(u) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

(4.3)

where Ω ⊂ R
N (N ≥ 1) is a smooth bounded domain and g ∈ C1(0,∞) is a

decreasing function such that limtց0 g(t) = ∞.
Existence of a classical solution to (4.3) follows directly from Theorem 1.2.5.

In particular, if Ω = (0, 1) ⊂ R then there exists a unique y ∈ C2(0, 1) ∩ C[0, 1]
such that 





−y′′(t) = g(y(t)) 0 < t < 1,

y(t) > 0 0 < t < 1,

y(0) = y(1) = 0.

(4.4)
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A surprising result is that boundary estimates for the solution u of (4.3) in
higher dimensions are expressed in terms of y. More exactly, setting d(x) :=
dist(x, ∂Ω), we have the following result.

Theorem 4.1.1 Problem (4.3) has a unique solution u ∈ C2(Ω) ∩ C(Ω) and
there exist c, m, M > 0 such that

my(cd(x)) ≤ u(x) ≤My(cd(x)) for all x ∈ Ω, (4.5)

where y is the unique solution of (4.4). Moreover, if g ∈ L1(0, 1), then the solu-
tion of problem (4.3) verifies

c1d(x) ≤ u(x) ≤ c2d(x) for all x ∈ Ω (4.6)

for some positive constants c1 and c2.

Proof Because y is concave, there exists y′(0+) := limtց0 y(t) ∈ (0,∞]. Thus,
we can find 0 < a < 1 such that y′ > 0 in (0, a). That is, y is strictly increasing on
(0, a). From Corollary A.1.3 in Appendix A, there exist two positive constants,
C1 and C2, such that

C1ϕ1(x) ≤ d(x) ≤ C2ϕ1(x) in Ω.

Let us take c > 0 such that cC2ϕ1 ≤ a/2 in Ω. We first prove that there exists
M > 1 large enough such that u := My(cϕ1) is a supersolution of (4.3). Indeed,
we have

−∆u = Mc2|∇ϕ1|2g(y(cϕ1)) + λ1Mcϕ1y
′(cϕ1) in Ω.

By virtue of the strong maximum principle, there exist Ω0 ⊂⊂ Ω and δ > 0
such that

|∇ϕ1| > δ in Ω \ Ω0. (4.7)

Thus, we can choose M > 1 such that

Mc|∇ϕ1| > 1 in Ω \ Ω0. (4.8)

Therefore,

−∆u ≥ g(y(cϕ1)) ≥ g(My(cϕ1)) = g(u) in Ω \ Ω0. (4.9)

Because ϕ1y
′(cϕ1) is bounded away from zero in Ω0, we can take M > 1 such

that
Mcλ1ϕ1y

′(cϕ1) ≥ g(y(cϕ1)) in Ω0. (4.10)

Hence,
−∆u ≥ g(y(cϕ1)) ≥ g(My(cϕ1)) = g(u) in Ω0. (4.11)

From relations (4.9) and (4.11), it follows that u = My(cϕ1) is a supersolution
of problem (4.3), provided M > 1 satisfies (4.8) and (4.10). In a similar way
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we deduce the existence of a constant 0 < m < 1 such that u := my(cϕ1) is a
subsolution of (4.3). Thus, u ≤ u ≤ u in Ω and (4.5) follows.

We claim that if g ∈ L1(0, 1) then y′(0+) < ∞ and y′(1−) < ∞,—that is,
y ∈ C1[0, 1]. To this aim, we multiply by y′(t) in (4.4) and we integrate over
[ε, t], where 0 < ε < t < 1. We find

−y′2(t) + y′2(ε) = 2

∫ t

ε

g(y(s))y′(s)ds = 2

∫ y(t)

y(ε)

g(τ)dτ,

for all 0 < ε < t < 1. Because
∫ 1

0 g(τ)dτ < ∞, we can let ε → 0 in the previous
equality and we obtain y′(0+) <∞. In the same manner we derive y′(1−) <∞.
Hence, there exists c1, c2 > 0 such that

c1t ≤ y(t) ≤ c2t for all 0 ≤ t ≤ 1.

Using the previous estimate in (4.5) we easily deduce (4.6). The proof is now
complete. 2

Estimate (4.5) allows us to say more about the regularity of the solution to
(4.3). To illustrate this matter, we consider the case g(s) = s−α, α > 1. Thus,
problem (4.3) becomes





−∆u = u−α in Ω,

u > 0 in Ω,

u = 0 on ∂Ω.

(4.12)

Theorem 4.1.2 For all α > 1, problem (4.12) has a unique solution u ∈
C2(Ω) ∩ C(Ω). Moreover, we have

(i) u 6∈ C1(Ω);

(ii) u ∈ H1
0 (Ω) if and only if α < 3.

Proof (i) Existence follows from Theorem 1.2.5 (i). Note that if α > 1 then

y(t) =

(
(2 + α)2

2(α− 1)

)2/(1+α)

t2/(1+α) for all 0 ≤ t ≤ 1,

is the unique solution of (4.4). Therefore, by (4.5) we have

c1ϕ
2/(1+α)
1 ≤ u ≤ c2ϕ

2/(1+α)
1 in Ω. (4.13)

Fix x0 ∈ ∂Ω and let n be the outer unit normal vector on ∂Ω at x0.
Using (4.13) we have

∂u

∂n
(x0) = lim

tր0

u(x0 + tn) − u(x0)

t

≤ c1 lim
tր0

ϕ1(x0 + tn) − ϕ1(x0)

t
ϕ

(1−α)/(1+α)
1 (x0 + tn)

= −∞.

Hence, u 6∈ C1(Ω).
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(ii) Assume first that 1 < α < 3. Using Theorem 1.2.5, the approximated
problem 




−∆u = (u+ 1/k)−α in Ω,

u > 0 in Ω,

u = 0 on ∂Ω

has a unique solution uk ∈ C2(Ω) for all k ≥ 1. It is easy to see that

uk ≤ uk+1 ≤ u in Ω. (4.14)

Moreover, vk := uk + 1/k verifies





−∆vk = v−αk in Ω,

vk > 0 in Ω,

vk = 1/k on ∂Ω.

Hence,

uk +
1

k
≥ uk+1 +

1

k + 1
≥ u in Ω. (4.15)

Therefore, by (4.14) and (4.15) we obtain

∫

Ω

|∇uk|2dx = −
∫

Ω

uk∆ukdx =

∫

Ω

uk(uk + 1/k)−αdx ≤
∫

Ω

u1−αdx.

By (4.13) and Corollary A.1.3 in Appendix A we have

∫

Ω

|∇uk|2dx ≤ c

∫

Ω

ϕ
−2(α−1)/(α+1)
1 dx <∞.

Hence, (uk)k≥1 is bounded in H1
0 (Ω). Then, passing to a subsequence we see that

(uk)k≥1 is weakly convergent in H1
0 (Ω) to some v ∈ H1

0 (Ω). Because (uk)k≥1

converges pointwise to u in Ω, we conclude that u = v ∈ H1
0 (Ω).

Assume now α ≥ 3 and that problem (4.12) has a solution u ∈ H1
0 (Ω). Taking

into account estimate (4.13) and the fact that 2(α−1)/(α+1) ≥ 1, by Corollary
A.1.3 (ii), it follows that ∫

Ω

u1−αdx = ∞. (4.16)

Let (wk)k≥1 ⊂ C∞
0 (Ω) be such that wk → u in H1

0 (Ω) as k → ∞. For each
k ≥ 1 set w+

k = max{wk, 0}. Then (w+
k )k≥1 ⊂ H1

0 (Ω) and ∇w+
k = ∇wkχ{wk>0}.

Passing to a subsequence if necessary, we may assume that (w+
k )k≥1 converges

to u almost everywhere in Ω. By (4.16) and Fatou’s lemma we find

lim
k→∞

∫

Ω

w+
k u

−αdx = ∞.
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Then, ∫

Ω

∇u · ∇w+
k dx = −

∫

Ω

w+
k ∆udx =

∫

Ω

w+
k u

−αdx.

It follows that ∫

Ω

|∇u|2dx = lim
k→∞

∫

Ω

∇u · ∇w+
k dx = ∞,

which is a contradiction. Hence, u 6∈ H1
0 (Ω) and the proof of Theorem 4.1.2 is

now complete. 2

4.2 An ODE with mixed nonlinearities

To see more clearly the nature of the problems we are dealing with, let us consider
the following ODE:






−y′′(t) = y−α(t) + yp(t) − 1 < t < 1,

y(t) > 0 − 1 < t < 1,

y(−1) = y(1) = 0,

(4.17)

where 0 < α, p < 1. The existence of a solution to (4.17) follows by virtue of
Theorem 1.2.5. To achieve the uniqueness, we effectively construct a solution y
of (4.17) such that y′′ ∈ L1(−1, 1). Then, by Theorem 1.3.17, we derive that y is
the unique solution of (4.17). We assume that y′ is odd, which yields y′(0) = 0
and y(−t) = y(t), for all −1 ≤ t ≤ 1. Multiplying by y′(t) in (4.17) and then
integrating over [0, t], 0 < t < 1, we obtain

(y′)2(t) = 2

∫ y(0)

y(t)

f(s)ds for all 0 ≤ t < 1, (4.18)

where f(t) = t−α+tp. Because
∫ 1

0 f(t)dt <∞, it follows that y′(1−) = limtց1 y
′(t)

is finite. Similarly, we obtain y′(−1+) ∈ R so that y ∈ C1[−1, 1]. This yields

c1(1 − |t|) ≤ y(t) ≤ c2(1 − |t|) for all − 1 ≤ t ≤ 1,

where c1 and c2 are positive constants. Combining the last inequality with (4.17)
we deduce that y′′ ∈ L1(−1, 1) and the uniqueness follows by Theorem 1.3.17.
Actually, we shall see in the next section that y ∈ C2(−1, 1) ∩ C1,1−α[−1, 1].

Let c = y(0) > 0 and F (t) =
∫ c
t f(s)ds, 0 ≤ t ≤ c. From (4.18) we have

y′(t) = −
√

2F (y(t)) for all 0 ≤ t ≤ 1.

It follows that

− y′(t)√
2F (y(t))

= 1 for all 0 < t < 1. (4.19)

An integration in (4.19) yields
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Ψ(y(t)) = t for all 0 < t < 1, (4.20)

where

Ψ(t) =

∫ c

t

1√
2F (s)

ds 0 ≤ t ≤ c.

Notice that Ψ : [0, c] → [0,Ψ(0)] is bijective and (4.20) holds for all 0 ≤ t ≤ 1.
In this way, the unique solution y of (4.17) has the form

y(t) =

{
Ψ−1(−t) if −1 ≤ t < 0,

Ψ−1(t) if 0 ≤ t ≤ 1.

4.3 A complete description for positive potentials

Motivated by the study of (4.17) we now consider the following more general
boundary value problem:






−∆u = p(x)g(u) + λf(x, u) + µk(x) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

(4.21)

where Ω is a smooth bounded domain in R
N (N ≥ 1) and λ, µ ≥ 0. We assume

that p : Ω → (0,∞) and f : Ω× [0,∞) → [0,∞) are Hölder continuous functions
such that f > 0 on Ω × (0,∞). We also assume that f is nondecreasing with
respect to the second variable and is sublinear. That is,

(f1) the mapping (0,∞) ∋ t 7−→ f(x, t)

t
is nonincreasing for all x ∈ Ω;

(f2) lim
tց0

f(x, t)

t
= ∞ and lim

t→∞

f(x, t)

t
= 0 uniformly for all x ∈ Ω.

We suppose that g ∈ C1(0,∞) is a nonnegative and decreasing function satisfy-
ing

(g1) limtց0 g(t) = ∞;

(g2) there exists 0 < α < 1 such that g(t) = O(t−α) as sց 0.

Also we assume that k : Ω → (0,∞) is a Hölder continuous function that satisfies
infx∈Ω k(x) > 0 and

(k1) there exists 0 < β < 1 such that

k(x) = O(d(x)−β) as d(x) ց 0.

Obviously problem (4.17) is a particular case of (4.21), because f(x, t) = tp

and g(t) = t−α, 0 < p, α < 1 satisfy (f1) − (f2) and (g1) − (g2) respectively.

As we have already argued in the beginning of this chapter, we cannot expect
to find solutions in C2(Ω). Define

E = { u ∈ C2(Ω) ∩ C1−γ(Ω) : ∆u ∈ L1(Ω)},
where γ = max{α, β}. Here, and in the rest of this chapter, we are looking for
solutions of (4.21) in the class E .
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Remark 4.3.1 Let u ∈ C2(Ω) ∩ C(Ω) be a classical solution of (4.21). Then
∆u ∈ L1(Ω) if and only if p(x)g(u) ∈ L1(Ω).

The main result of this section is stated next.

Theorem 4.3.2 Assume that p > 0 in Ω and (f1)−(f2), (g1)−(g2), (k1) hold.
Then, for all λ, µ ≥ 0 problem (4.21) has a unique solution uλµ ∈ E. Moreover,
uλµ is increasing with respect to λ and µ.

For a fixed µ ≥ 0, the dependence on λ of the unique solution uλ = uλµ is
depicted in Figure 4.1.

Figure 4.1. The dependence on λ ≥ 0 in Theorem 4.3.2.

Proof For our convenience, we divide the proof into three steps.
Step 1: Existence. Fix λ, µ ≥ 0. Remark first that the result in Theorem 1.2.5
does not apply here directly, because the mapping

Ψ(x, t) = p(x)g(t) + λf(x, t) + µk(x)

is not defined on ∂Ω × (0,∞). By Theorem 4.1.1, there exists a unique solution
v ∈ C2(Ω) ∩C(Ω) of the problem





−∆v = g(v) in Ω,

v > 0 in Ω,

v = 0 on ∂Ω.

Since g ∈ L1(0, 1), from (4.6) we also have

m1d(x) ≤ v(x) ≤ m2d(x) in Ω, (4.22)

for some m1, m2 > 0. Clearly, u := v is a subsolution of (4.21). To provide a
supersolution, we need the following auxiliary result.
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Lemma 4.3.3 There exists a unique positive solution w ∈ C2(Ω)∩C(Ω) of the
problem {

−∆w = 2 + k(x) in Ω,

w = 0 on ∂Ω.
(4.23)

Moreover, w ≤ cd(x) in Ω, for some c > 0.

Proof Obviously w := 0 is a subsolution of (4.23). Consider the problem





−∆z = z−β in Ω,

z > 0 in Ω,

z = 0 on ∂Ω.

Because 0 < β < 1, by Theorem 4.1.1, the previous problem has a unique solution
z ∈ C2(Ω) ∩C(Ω) such that

C1d(x) ≤ z(x) ≤ C2d(x) in Ω, (4.24)

for some C1, C2 > 0. Hence, −∆z ≥ C−β
2 d(x)−β in Ω. In view of the assumption

(k1) we can find M > 1 large enough such that −∆(Mz) ≥ 2 + k(x) in Ω. This
means that w := Mz is a supersolution of (4.23). Hence, (4.23) has a solution
w ∈ C2(Ω)∩C(Ω) such that w ≤ w ≤ w in Ω. By the strong maximum principle,
w is the unique solution of (4.23). The fact that w ≤ cd(x) in Ω follows from
(4.24). This finishes the proof of Lemma 4.3.3. 2

Now we can proceed to construct a supersolution of (4.21). Because f is
sublinear, we have

lim
t→∞

f(x, t‖w‖∞)

t
= 0 uniformly for x ∈ Ω.

Thus, there exists M > 1 such that

M > λf(x,Mw) in Ω. (4.25)

Furthermore, by taking M > 1 large enough, we can assume that

M > max
x∈Ω

f(x,Mv) and M > max{1, µ, ‖p‖∞}. (4.26)

We claim that u := M(v + w) is a supersolution of (4.21) provided that M
satisfies (4.25) and (4.26). Indeed, we have

−∆u = Mg(v) + 2M +Mk(x)

≥ p(x)g(v) + λ(f(x,Mv) + f(x,Mw)) + µk(x)

≥ p(x)g(M(v + w)) + λf(x,M(v + w)) + µk(x)

= p(x)g(u) + λf(x, u) + µk(x) in Ω.

Hence, u is a supersolution of (4.21) and u ≤ u in Ω. By Theorem 1.2.3 it follows
that problem (4.21) has at least one solution, uλµ ∈ C2(Ω) ∩ C(Ω), such that
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u ≤ uλµ ≤ u in Ω. Using (4.22) and Lemma 4.3.3, there exist c1, c2 > 0 such
that

c1d(x) ≤ uλµ(x) ≤ c2d(x) in Ω. (4.27)

Step 2: Uniqueness and dependence on λ and µ. To achieve the uniqueness, let
us first remark that by (4.27) and (g2) we have

p(x)g(uλµ) ≤ p(x)g(c1d(x)) ≤ Cd(x)−α in Ω

for some positive constant C > 0. Thus p(x)g(uλµ) ∈ L1(Ω), and by Remark
4.3.1 we derive that ∆uλµ ∈ L1(Ω). The uniqueness of the solution follows now
from Theorem 1.3.17.

Let us obtain the dependence on λ and µ. Fix µ ≥ 0 and λ1 > λ2 ≥ 0. Let
uλ1µ and uλ2µ be the solutions of (4.21) obtained for the pairs (λ1, µ) and (λ2, µ),
respectively. Then, by Theorem 1.3.17 for Φλ1µ(x, t) = p(x)g(t) + λ1f(x, t) +
µk(x), we deduce uλ2µ ≤ uλ1µ in Ω. By virtue of the strong maximum principle
we find uλ2µ < uλ1µ in Ω. In a similar way we obtain the dependence on µ.

Step 3: Regularity of solution. We have already proved that the unique solution
of (4.21) verifies uλµ ∈ C2(Ω) ∩ C(Ω) and ∆uλµ ∈ L1(Ω). It remains to show
that uλµ ∈ C1,1−γ(Ω). To this aim, let G be the Green function associated with
the Laplace operator in Ω. We shall use the following estimates, which is the
work of Widman [195].

Lemma 4.3.4 There exists a positive constant c > 0 such that for all x, y ∈ Ω,
x 6= y we have

(i) |Gx(x, y)| ≤ c
min{|x− y|, d(y)}

|x− y|N ;

(ii) |Gxx(x, y)| ≤ c
min{|x− y|, d(y)}

|x− y|N+1
.

Then

uλµ(x) = −
∫

Ω

G(x, y)Φ(y)dy for all x ∈ Ω,

where Φ(y) = a(y)g(uλµ(y)) + λf(y, uλµ(y)) + µk(y). Hence

∇uλµ(x) = −
∫

Ω

Gx(x, y)Φ(y)dy for all x ∈ Ω. (4.28)

A very useful tool in our approach is the following technical result.

Lemma 4.3.5 There exists c0 = c0(Ω) > 0 and δ0 = δ0(Ω) > 0 such that for
all x1, x2 ∈ Ω, 0 < |x1 − x2| < δ0 there exists a C1 path ξ : [0, 1] → Ω with the
properties

(i) ξ(0) = x1 and ξ(1) = x2;

(ii) |ξ′(t)| ≤ c0|x1 − x2|, for all 0 ≤ t ≤ 1.
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Fix x1, x2 ∈ Ω, 0 < |x1 − x2| < δ0 and let ξ : [0, 1] → Ω be the corresponding
path in Lemma 4.3.5.

By (4.28) we have

|∇uλµ(x1) −∇uλµ(x2)| ≤
∫

Ω

|Gx(x1, y) − Gx(x2, y)|Φ(y)dy

≤
∫

Br(x1)

|Gx(x1, y) − Gx(x2, y)|Φ(y)dy

︸ ︷︷ ︸
I

+

∫

Ω\Br(x1)

|Gx(x1, y) − Gx(x2, y)|Φ(y)dy

︸ ︷︷ ︸
II

,

(4.29)

where r = (c0 + 1)|x1 − x2| and c0 is the constant appearing in Lemma 4.3.5.
Before evaluating I and II, let us remark that by (g2), (k1), and (4.27) there

exists c1 > 0 such that Φ(y) ≤ c1d(y)
−γ for all y ∈ Ω. Then

I ≤ c1

∫

Br(x1)

|Gx(x1, y) − Gx(x2, y)|d−γ(y)dy

≤ c1

∫

Br(x1)

|Gx(x1, y)|d−γ(y)dy + c1

∫

BR(x2)

|Gx(x2, y)|d−γ(y)dy,

where R = r + |x1 − x2|. Let y ∈ Br(x1).
If d(y) ≥ |x1 − y| then, by Lemma 4.3.4 (i), we have

|Gx(x1, y)|d−γ(y) ≤ c|x1 − y|−N+1d−γ(y) ≤ c|x1 − y|−N+1−γ .

If d(y) < |x1 − y| then, by Lemma 4.3.4 (i), we obtain

|Gx(x1, y)|d−γ(y) ≤ c|x1 − y|−Nd1−γ(y) ≤ c|x1 − y|−N+1−γ .

Therefore, for all y ∈ Br(x1) we have

|Gx(x1, y)|d−γ(y) ≤ c|x1 − y|−N+1−γ ,

and similarly

|Gx(x2, y)|d−γ(y) ≤ c|x2 − y|−N+1−γ for all y ∈ BR(x2).

Hence,

I ≤ c2

∫

Br(x1)

|x1 − y|−N+1−γdy + c2

∫

BR(x2)

|x2 − y|−N+1−γdy

≤ c3

∫ R

0

t−γdt ≤ c4|x1 − x2|1−γ .
(4.30)
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To evaluate II, we first apply the mean value theorem. We have

II ≤ c1

∫

Ω\Br(x1)

|Gx(ξ(0), y) − Gx(ξ(1), y)|d−γ(y)dy

≤ c1

∫

Ω\Br(x1)

∫ 1

0

|Gxx(ξ(t), y)||ξ′(t)|d−γ(y)dtdy

≤ c5|x1 − x2|
∫

Ω\Br(x1)

∫ 1

0

|Gxx(ξ(t), y)|d−γ(y)dtdy.

As shown earlier, by Lemma 4.3.4 (ii) we obtain

|Gx(ξ(t), y)|d−γ(y) ≤ c|ξ(t) − y|−N−γ for all y ∈ Br(x1) and 0 ≤ t ≤ 1.

Let c6 = 1/(1+ c0), where c0 is the constant from Lemma 4.3.5 that depends
only on Ω and not on x1, x2. Then for all y ∈ Ω \Br(x1),

|ξ(t) − y| ≥ |x1 − y| − |ξ(t) − x1| = |x1 − y| − |ξ(t) − ξ(0)|
≥ |x1 − y| − t|ξ′(ct)| ≥ |x1 − y| − c0|x1 − x2|
≥ c6|x1 − y|.

Combining the last two estimates we obtain

|Gx(ξ(t), y)|d−γ(y) ≤ c7|x1 − y|−N−γ for all y ∈ Br(x1) and 0 ≤ t ≤ 1.

Hence, we may write

II ≤ c7|x1 − x2|
∫

Ω\Br(x1)

|x1 − y|−N−γdy

≤ c7|x1 − x2|
∫ ∞

r

t−1−γdt ≤ c8|x1 − x2|r−γ

≤ c9|x1 − x2|1−γ .

(4.31)

The conclusion follows now from (4.29), (4.30), and (4.31).
This finishes the proof of Theorem 4.3.2. 2

4.4 An example

Consider the problem




−∆u = u−α + f(x, u) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

(4.32)

where 0 < α < 1 and f is a Hölder continuous function of class C0,γ (0 < γ < 1),
which satisfies (f1) and (f2) stated in the beginning of Section 4.3.
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Proposition 4.4.1 For all 0 < α < 1 problem (4.32) has a unique solution
uα ∈ C2(Ω) ∩ C1,1−α(Ω) with ∆uα ∈ L1(Ω). Furthermore we have

‖uα − v‖C1(Ω) → 0 as αց 0, (4.33)

where v is the unique solution of the problem





−∆v = 1 + f(x, v) in Ω,

v > 0 in Ω,

v = 0 on ∂Ω.

(4.34)

Proof The existence and uniqueness of solution uα ∈ C2(Ω) ∩C1,1−α(Ω) with
∆uα ∈ L1(Ω) follows directly from Theorem 4.3.2.

To prove (4.33) we first remark that for all 0 < α < 1 we have uα ≥ ξ in Ω,
where ξ ∈ C2(Ω) is the unique solution of





−∆ξ = f(x, ξ) in Ω,

ξ > 0 in Ω,

ξ = 0 on ∂Ω.

Using the regularity of ξ we deduce that for all 0 < α < 1,

c1d(x) ≤ ξ(x) ≤ uα(x) in Ω , (4.35)

where c1 is a positive constant that does not depend on α.
Let us fix q > p > N/(1 − γ). We prove in the following that there exists

c2 > 0 not depending on α such that for all 0 < α < 1/q there holds

uα(x) ≤ c2d(x) in Ω. (4.36)

For this purpose consider the problem





−∆w = w−1/q + 1 + f(x,w) in Ω,

w > 0 in Ω,

w = 0 on ∂Ω.

(4.37)

By Theorem 4.3.2, there exists a unique solution w ∈ C2(Ω) ∩ C1(Ω) of (4.37).
Furthermore, there exists c2 > 0 such that w(c) ≤ c2d(x) in Ω.

Let
F (x, t) = t−α + f(x, t), (x, t) ∈ Ω × (0,∞).

Then F satisfies the hypotheses of Theorem 1.3.17. Note also that

t−α ≤ t−1/q + 1 for all t > 0 and 0 < α < 1/q.

Hence,
∆w + F (x,w) ≤ 0 ≤ ∆uα + F (x, uα) in Ω.

Because w, uα > 0 in Ω, ∆uα ∈ L1(Ω) and w = uα = 0 on ∂Ω, by Theorem
1.3.17 we obtain uα ≤ w in Ω for all 0 < α < 1/q, and (4.36) follows.
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From (4.35) and (4.36) we deduce that the sequence (F (x, uα(x)))0<α<1/q is
bounded in Lp(Ω). By standard elliptic estimates it follows that (uα)0<α<1/q is

bounded in W 2,p(Ω). Because the embedding W 2,p(Ω) →֒ C1(Ω) is compact, we
deduce that there exists v ∈ C1(Ω) such that, up to a subsequence, we have

‖uα − v‖C1(Ω) → 0 as αց 0.

Furthermore, by Schauder estimates, (uα)0<α<1/q is bounded in C2,γ(ω) for
all ω ⊂⊂ Ω. Because C2,γ(ω) is compactly embedded in C2(ω), we deduce that,
up to a subsequence, we have uα → v in C2(ω) as α ց 0. Because ω ⊂⊂ Ω
was arbitrary, passing to the limit with α ց 0 in (4.32), it follows that −∆v =
1 + f(x, v) in Ω. Moreover, from (4.35) and (4.36) we derive

c1d(x) ≤ v(x) ≤ c2d(x) in Ω.

Thus, we can extend v = 0 on ∂Ω, which yields v ∈ C(∂Ω). Hence, v ∈ C2(Ω) ∩
C(Ω) is a classical solution of (4.34). In conclusion, any subsequence of (uα)0<α<1

has a subsequence that converges in the C1(Ω) norm to the unique solution v of
(4.34). Hence uα → v in C1(Ω) as αց 0. This finishes the proof of Proposition
4.4.1. 2

For N = 1, Ω = (−1, 1), and f(x, t) =
√
t, convergence (4.33) in Proposition

4.4.1 is depicted in Figure 4.2. The continuous line represents the solution v of
problem (4.34) (which corresponds to the case α = 0) whereas the dashed lines
represent the solution uα of problem (4.32) plotted for α = 0.1 and α = 0.3.
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Figure 4.2. Convergence (4.33) in a one-dimensional case.
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4.5 Bifurcation for negative potentials

This section is devoted to the case p < 0 in (4.21). For convenience, let us pass
the singular nonlinearity p(x)g(u) from the right-hand side to the left-hand side.
Therefore, we shall be concerned with the problem





−∆u+ p(x)g(u) = λf(x, u) + µk(x) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

(4.38)

where f , g, and k satisfy (f1)–(f2), (g1)–(g2), and (k1), respectively, and p :
Ω → (0,∞) is a Hölder continuous potential.

Theorem 4.5.1 Assume that p > 0 in Ω and conditions (f1)–(f2), (g1)–(g2),
and (k1) are fulfilled. Then, there exists λ∗ > 0 and µ∗ > 0 such that

• problem (4.38) has at least one solution in E if λ > λ∗ or µ > µ∗;

• problem (4.38) has no solution in E if 0 ≤ λ < λ∗ and 0 ≤ µ < µ∗.

Moreover, if λ > λ∗ or µ > µ∗, then (4.38) has a maximal solution in E, which
is increasing with respect to λ and µ.

The diagram of dependence on λ and µ in Theorem 4.5.1 is depicted in Figure
4.3.

Figure 4.3. The dependence on λ and µ in Theorem 4.5.1.

Proof We split the proof into several steps.
Step 1: Existence of a solution for large λ. Let µ ≥ 0 be fixed. Repeating the
arguments in the proof of Theorem 4.3.2 we find that for all λ > 0 there exists
a unique solution vλµ ∈ E of the problem
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




−∆v = λf(x, v) + µk(x) in Ω,

v > 0 in Ω,

v = 0 on ∂Ω.

(4.39)

Obviously, uλµ := vλµ is a supersolution of (4.38). The main point is to find
a subsolution uλµ of (4.38) such that uλµ ≤ vλµ in Ω. For this purpose, let

Φ : [0,∞) → [0,∞), Φ(t) =

∫ t

0

1√
2
∫ s
0 g(τ)dτ

ds.

Remark first that Φ is well defined, because g ∈ L1(0, 1). Indeed, there exists
m > 0 such that g(s) ≥ m, for all 0 < s < 1. This yields

(∫ s

0

g(τ)dτ

)−1/2

≤ (
√
ms)−1 for all 0 < s < 1,

which implies
∫ 1

0

(∫ t

0

g(s)ds

)−1/2

dt <∞. (4.40)

We claim that Φ is bijective. Indeed, Φ is increasing and, if M := g(1), then

∫ s

0

g(τ)dτ ≤
∫ 1

0

g(τ)dτ +M(s− 1) for all s ≥ 1.

Thus, there exists c > 0 such that

∫ s

0

g(τ)dτ ≤Ms+ c for all s ≥ 1.

It follows that

Φ(t) ≥
∫ t

1

1√
2(Ms+ c)

ds ≥ 1

M
(
√

2(Mt+ c) − c1) for all t ≥ 1.

This yields limt→∞ Φ(t) = ∞, and the claim follows.
Let h : [0,∞) → [0,∞) be the inverse of Φ. Then h satisfies





h > 0 in (0,∞),

h′(t) =

√
2
∫ h(t)

0
g(s)ds in (0,∞),

h′′(t) = g(h(t)) in (0,∞),
h(0) = h′(0) = 0.

(4.41)

Hence, h ∈ C2(0,∞) ∩C1[0,∞).
The key result for this part of the proof is the following lemma.
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Lemma 4.5.2 There exists a positive constant M > 0 (which depends on λ)
such that uλµ := Mh(ϕ1) is a subsolution of (4.38) provided λ > 0 is large
enough.

Proof In view of the strong maximum principle there exist δ > 0 and Ω0 ⊂⊂ Ω
such that

|∇ϕ1| > δ in Ω \ Ω0. (4.42)

We choose M > 1 such that

M |∇ϕ1|2 > 1 + ‖p‖∞ in Ω \ Ω0. (4.43)

Moreover, because −g(h(ϕ1))+Mλ1ϕ1h
′(ϕ1) → −∞ as d(x) ց 0, we can assume

that

−g(h(ϕ1)) +Mλ1ϕ1h
′(ϕ1) < 0 in Ω \ Ω0. (4.44)

Now we are in position to show that uλµ := Mh(ϕ1) is a subsolution of (4.38)
for large λ > 0. First we have

−∆uλµ = −Mg(h(ϕ1))|∇ϕ1|2 +Mλ1ϕ1h
′(ϕ1) in Ω.

Because g is decreasing and M > 1, it follows that

−∆uλµ + p(x)g(uλµ) ≤(‖p‖∞ −M |∇ϕ1|2)g(h(ϕ1))

+Mλ1ϕ1h
′(ϕ1) in Ω.

(4.45)

From relations (4.43) through (4.45) we have

−∆uλµ + p(x)g(uλµ) ≤ −g(h(ϕ1)) +Mλ1ϕ1h
′(ϕ1) < 0 in Ω \ Ω0.

Hence,

−∆uλµ + p(x)g(uλµ) ≤ λf(x, uλµ) + µk(x) in Ω \ Ω0. (4.46)

Furthermore, from (4.45) we have

−∆uλµ + p(x)g(uλµ) ≤ ‖p‖∞g(h(ϕ1))|∇ϕ1|2 +Mλ1ϕ1h
′(ϕ1) in Ω. (4.47)

Because ϕ1 > 0 in Ω0, we can choose λ > 0 such that

λ min
x∈Ω0

f(x, h(ϕ1)) ≥ max
x∈Ω0

{‖p‖∞g(h(ϕ1)) +Mλ1ϕ1h
′(ϕ1)}. (4.48)

Combining (4.47) and (4.48) we derive

−∆uλµ + p(x)g(uλµ) ≤ λf(x, uλµ) + µk(x) in Ω0. (4.49)

From (4.46) and (4.49) we note that uλµ is a subsolution of (4.38), and the proof
of our lemma is now complete. 2
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To end the proof in this step, it remains to show that uλµ ≤ uλµ in Ω.
This follows immediately by using Theorem 1.3.17 for the mapping Φλµ(x, t) =
λf(x, t) + µk(x), (x, t) ∈ Ω × (0,∞). Thus, problem (4.38) has at least one
solution, uλµ, such that Mh(ϕ1) ≤ uλµ ≤ vλµ in Ω. The regularity of uλµ and
the fact that uλµ ∈ E follows in the same manner as in the proof of Theorem
4.3.2. Note that from the previous inequality we derive the same estimates as in
(4.27), which are necessary to achieve the regularity uλµ ∈ C1,1−γ(Ω).

Step 2: Existence of a solution for large µ. The proof is the same as that shown
earlier. We have only to replace (4.48) with

µ min
x∈Ω0

k(x) ≥ max
x∈Ω0

{‖p‖∞g(h(ϕ1)) +Mλ1ϕ1h
′(ϕ1)}.

Step 3: Nonexistence for small λ and µ. Let m = inft>0{tλ1 + p∗g(t)}, where
p∗ = minx∈Ω p(x) > 0. Because g is positive and decreasing on (0,∞), we have
m > 0. Denote by ζ ∈ E the unique solution of (4.39) for λ = µ = 1. Because
infx∈Ω k(x) > 0, there exists c > 0 such that f(x, ζ) ≤ ck(x) in Ω.

We claim that (4.38) has no solutions for λ and µ in the following range:

0 < λ, µ < 1 and (λc+ µ)‖k‖1‖ϕ1‖∞ < m‖ϕ1‖1. (4.50)

Suppose by contradiction that problem (4.38) has a solution uλµ ∈ E for λ, µ
that satisfies (4.50). In this case, ζ is a supersolution of (4.38) and, by Theorem
1.3.17, we deduce that uλµ ≤ ζ in Ω. We multiply by ϕ1 in (4.38) and then we
integrate over Ω. Therefore,

∫

Ω

(λ1u+ p∗g(u))ϕ1dx ≤
∫

Ω

(λf(x, ζ) + k(x))ϕ1dx.

This yields

m‖ϕ1‖1 ≤ (λc+ µ)

∫

Ω

k(x)ϕ1dx ≤ (λc+ µ)‖ϕ1‖∞‖k‖1,

which contradicts (4.50). Hence, problem (4.38) has no solutions, provided λ and
µ fulfill (4.50).

Step 4: Existence of a maximal solution for problem (4.38). We show that if
problem (4.38) has a solution uλµ ∈ E , then it has a maximal solution that
belongs to E .

Let λ, µ > 0 be such that (4.38) has a solution uλµ ∈ E . If vλµ is the corre-
sponding solution of (4.39), in view of Theorem 1.3.17 we deduce uλµ ≤ vλµ in
Ω. For n ≥ 1 large enough, define

Ωn :=

{
x ∈ Ω : d(x) >

1

n

}
.

Let u0 = vλµ and un be the solution of
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{
−∆w + p(x)g(un−1) = λf(x, un−1) + µh(x) in Ωn,

w = un−1 in Ω \ Ωn.

Using the fact that the mapping Φλµ(x, t) = λf(x, t)+µk(x), (x, t) ∈ Ω× (0,∞)
is nondecreasing with respect to the second variable, we obtain

uλµ ≤ un ≤ un−1 ≤ u0 in Ω.

Define
Uλµ(x) := lim

n→∞
un(x) for all x ∈ Ω.

By standard elliptic arguments it follows that Uλµ is a solution of (4.38) and, ob-
viously, Uλµ is the maximal solution of (4.38). Moreover, with the same reasoning
as in the proof of Theorem 4.3.2, we have Uλµ ∈ E .
Step 5: Dependence on λ and µ. We first prove the dependence on λ of the
maximal solution Uλµ ∈ E of (4.38). For this purpose, define

A := {λ > 0 : for all µ ≥ 0, problem (4.38) has at least one solution in E}.

Let λ∗ := inf A. From the previous steps we have A 6= ∅ and λ∗ > 0. Let λ1 ∈ A,
µ ≥ 0, and Uλ1µ be the maximal solution of (4.38) for λ = λ1. We prove that
(λ1,∞) ⊂ A. Indeed, if λ2 > λ1, then Uλ1µ is a subsolution of (4.38) with λ = λ2.
On the other hand, if vλ2µ is the solution of (4.39) with λ = λ2, then

∆vλ2µ + Φλ2µ(x, vλ2µ) ≤ 0 ≤ ∆Uλ1µ + Φλ2µ(x, Uλ1µ) in Ω,

vλ2µ, Uλ1µ > 0 in Ω,

vλ2µ ≥ Uλ1µ on ∂Ω,

∆Uλ1µ ∈ L1(Ω).

By Theorem 1.3.17 we deduce Uλ1µ ≤ vλ2µ in Ω. Therefore, by the sub- and
supersolution method, problem (4.38) has a solution uλ2µ ∈ E such that

Uλ1µ ≤ uλ2µ ≤ vλ2µ in Ω.

Hence, λ2 ∈ A and so (λ∗,∞) ⊂ A. If Uλ2µ ∈ E is the maximal solution of (4.38)
with λ = λ2, the previous relation implies Uλ1µ ≤ Uλ2µ in Ω and, by virtue of
the strong maximum principle, it follows that Uλ1µ < Uλ2µ in Ω. Thus, Uλµ is
increasing with respect to λ.

To achieve dependence on µ we define

B := {µ > 0 : for all λ ≥ 0, problem (4.38) has at least one solution in E}.

Let µ∗ := inf B. The conclusion follows in the same manner as just demonstrated.
The proof of Theorem 4.5.1 is now complete. 2
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4.6 Existence for large values of parameters in the sign-changing

case

In this section we study problem (4.21) assuming that the potential p changes
sign in Ω. We shall obtain the existence of solutions in the class E for large values
of parameters λ and µ. Let

p∗ := max
x∈Ω

p(x) and p∗ := min
x∈Ω

p(x).

Theorem 4.6.1 Assume that p∗ > 0 > p∗. Then there exists λ∗, µ∗ > 0 such
that (4.21) has at least one solution uλµ ∈ E if λ > λ∗ or µ > µ∗.
Moreover, for λ > λ∗ or µ > µ∗, uλµ is increasing with respect to λ and µ.

Proof Because p∗ < 0, Theorem 4.5.1 implies that there exist λ∗, µ∗ > 0 such
that the problem





−∆u = p∗g(u) + λf(x, u) + µk(x) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω

has a maximal solution Uλµ ∈ E , provided λ > λ∗ or µ > µ∗. Then Uλµ is a
subsolution of (4.21). Moreover, Uλµ is increasing with respect to both λ and µ.

Consider the problem





−∆v = p∗g(v) + λf(x, v) + µk(x) in Ω,

v > 0 in Ω,

v = 0 on ∂Ω.

(4.51)

Because p∗ > 0, by Theorem 4.3.2, problem (4.51) has a unique solution vλµ ∈ E .
Obviously, vλµ is a supersolution of (4.21). Note also that Φλµ(x, t) = p∗g(t) +
λf(x, t) + µk(x), (x, t) ∈ Ω × (0,∞), fulfills the hypotheses of Theorem 1.3.17.
According to this result, Uλµ ≤ vλµ in Ω. Hence, by Theorem 1.2.2, there exists
a minimal solution uλµ of (4.21) with respect to the ordered pair (Uλµ, vλµ).
Furthermore, using Theorem 1.3.17 it is easy to see that uλµ is minimal in the
class of solutions u ∈ E of (4.21) that fulfill Uλµ ≤ u in Ω.

Now let us prove the dependence on λ. Fix λ1 > λ2 > λ∗, µ ≥ 0 and let
uλ1µ, uλ2µ ∈ E be the solutions of (4.21) for λ = λ1 and λ = λ2, respectively,
that we obtained earlier. Note that uλ1µ is a supersolution of (4.21) with λ = λ2.
Moreover, because Uλµ is increasing with respect to λ > λ∗, we obtain

uλ1µ ≥ Uλ1µ ≥ Uλ2µ in Ω.

Using the minimality of uλ2µ, from the previous relation we deduce uλ1µ ≥ uλ2µ

in Ω and, by the strong maximum principle, we deduce that uλ1µ > uλ2µ in
Ω. The dependence on µ follows in the same way. This completes the proof of
Theorem 4.6.1. 2
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4.7 Singular elliptic problems in the whole space

In this section we extend the study of singular elliptic problems to the case where
the domain Ω is the whole space R

N . We shall be concerned with problems of
the type






−∆u = Φ(x, u) in R
N ,

u > 0 in R
N ,

u(x) → 0 as |x| → ∞,

(4.52)

where Φ : R
N × (0,∞) → [0,∞), N ≥ 3, is a Hölder continuous function having

a singular behavior at the origin with respect to the second argument.

4.7.1 Existence of entire solutions

We are concerned here with the existence of classical solutions to (4.52),—that
is, functions u ∈ C2(RN ) (or even u ∈ C2,γ

loc (RN ) for some 0 < γ < 1) that
verify (4.52) pointwise in R

N . A solution of (4.52) is often called a ground-state
solution. Roughly speaking, such a solution achieves a minimal level of energy
as a result of the prescribed condition at infinity.

A natural way to construct solutions to (4.52) is to provide a monotone
sequence of positive functions that are solutions of similar problems to (4.52),
but in bounded domains. The main point is to supply a supersolution w of (4.52)
that must satisfy w(x) → 0 as |x| → ∞. Then, standard elliptic arguments will
imply that the pointwise limit of the previously mentioned sequence is, in fact,
a genuine solution of (4.52). This procedure clearly fails in the absence of a
comparison principle for problems like (4.52) in bounded domains.

Bearing these points in mind, we start out the study of existence by con-
sidering first the case where Φ in (4.52) is monotone with respect to its second
variable. This particular situation will help us to construct in an easier way the
monotone sequence with a limit that is the solution of (4.52). Let us consider
the problem 





−∆u = p(x)g(u) in R
N ,

u > 0 in R
N ,

u(x) → 0 as |x| → ∞,

(4.53)

where g ∈ C1(0,∞) satisfies g > 0, g′ < 0 in (0,∞) and limtց0 g(t) = ∞. We
shall also assume that p : R

N → (0,∞) is a Hölder continuous function.
Let

φ(r) := max
|x|=r

p(x) and ψ(r) := min
|x|=r

p(x), r ≥ 0.

Theorem 4.7.1 The following properties are valid:

(i) If
∫∞

0
rψ(r)dr = ∞, then problem (4.53) has no classical solutions.

(ii) If
∫∞

0 rφ(r)dr <∞, then problem (4.53) has a unique classical solution.



114 Sublinear perturbations of singular elliptic problems

Proof (i) Assume that (4.53) has a solution u ∈ C2(RN ) and let U be the
spherical average of u defined as

U(r) =
1

ωNrN−1

∫

|x|=r

u(x)dσ(x) for all r ≥ 0,

where ωN is the surface area of the unit sphere in R
N . Because u is a positive

ground-state solution of (4.52), it follows that U is positive and U(r) → 0 as
r → ∞. Let m := minx∈RN g(u(x)). Because u(x) → ∞ as |x| → ∞, it follows
that m > 0 is finite. With the change of variable x = ry, we have

U(r) =
1

ωN

∫

|y|=1

u(ry)dσ(y) for all r ≥ 0

and

U ′(r) =
1

ωN

∫

|y|=1

∇u(ry) · ydσ(y) for all r ≥ 0.

Hence,

U ′(r) =
1

ωN

∫

|y|=1

∂u

∂r
(ry)dσ(y) =

1

ωNrN−1

∫

|x|=r

∂u

∂r
(x)dσ(x).

That is,

U ′(r) =
1

ωNrN−1

∫

|x|<r

∆u(x)dx for all r ≥ 0.

This yields

−
(
rN−1U ′(r)

)′
=

1

ωN

d

dr

(∫

|x|<r

−∆u(x)dx
)

=
1

ωN

∫

|x|=r

−∆u(x)dσ(x) for all r ≥ 0,

which finally leads us to

−(rN−1U ′(r))′ ≥ mrN−1ψ(r) for all r ≥ 0. (4.54)

Integrating in (4.54) we find

U(0) − U(r) ≥ m

∫ r

0

t1−N
∫ t

0

sN−1ψ(s)dt for all r ≥ 0. (4.55)

Because
∫∞

0
rψ(r)dr = ∞, according to Lemma 2.2.4 we deduce that the right-

hand side in (4.55) tends to infinity as r → ∞. Thus, passing to the limit with
r → ∞ in (4.55) we obtain a contradiction. Hence, problem (4.53) has no solution
in this case.
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(ii) We first apply Theorem 1.2.5 for Bn := {x ∈ R
N : |x| < n}. Thus, for all

n ≥ 1 there exists un ∈ C2,γ(Bn) ∩ C(Bn) (0 < γ < 1) such that




−∆un = p(x)g(un) in Bn,

un > 0 in Bn,

un = 0 on ∂Bn.

We extend un by zero outside of Bn. Because g is decreasing, we deduce

u1 ≤ u2 ≤ · · · ≤ un ≤ un+1 ≤ · · · in R
N .

We next focus on finding a supersolution w of (4.53). To this aim, define

ζ(r) := r1−N
∫ r

0

tN−1φ(t)dt for all r ≥ 0. (4.56)

By Lemma 2.2.4, and that fact that
∫∞

0 rφ(r)dr <∞, we find
∫∞

0 rζ(r)dr <∞.
Consider now

ξ(x) =

∫ ∞

|x|

ζ(t)dt for all x ∈ R
N .

Then ξ satisfies 



−∆ξ = φ(|x|) in R
N ,

ξ > 0 in R
N ,

ξ(x) → 0 as |x| → ∞.

Because the mapping [0,∞) ∋ t 7−→
∫ t
0
ds/g(s) ∈ [0,∞) is bijective, we can

implicitly define w : R
N → (0,∞) by

∫ w(x)

0

dt

g(t)
= ξ(x) for all x ∈ R

N .

It is easy to see that w ∈ C2(RN ), w > 0 in R
N , and w(x) → 0 as |x| → ∞.

Furthermore, we have

−∆ξ =
g′(w)

g(w)2
|∇w|2 − ∆w

g(w)
= φ(|x|) in R

N .

Because g′ < 0, it follows that

−∆w ≥ φ(|x|)g(w) ≥ p(x)g(w) in R
N . (4.57)

Therefore, w is a supersolution of (4.53). Now, it is easy to deduce that un ≤ w in
R
N . By standard elliptic arguments we find that u(x) := limn→∞ un(x), x ∈ R

N ,
satisfies u ∈ C2,γ

loc (RN ) for some 0 < γ < 1, and −∆u = p(x)g(u) in R
N . Because

un ≤ w in R
N , we obtain that u ≤ w in R

N , which yields u(x) → 0 as |x| → ∞.
Hence, u is a solution of (4.53).

Finally, if u1 and u2 are two solutions, by the maximum principle and the
fact that u1 − u2 tends to zero at infinity we derive u1 ≡ u2,—that is, problem
(4.53) has a unique solution. This concludes the proof. 2
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Next we study the existence of classical solutions for the problem





−∆u = p(x)(g(u) + f(u)) in R
N ,

u > 0 in R
N ,

u(x) → 0 as |x| → ∞,

(4.58)

where g and p are as considered earlier and f : [0,∞) → [0,∞) satisfies the
sublinear conditions (f1) and (f2) introduced in the beginning of this chapter.
As a result of the lack of monotonicity, the uniqueness is not so obvious as in
the study of problem (4.53). This matter will be discussed in the last part of this
section for radially symmetric solutions.

Theorem 4.7.2 Assume that
∫∞

0
rφ(r)dr < ∞. Then problem (4.58) has at

least one classical solution.

Proof We use the same approach as in Theorem 4.7.1 (ii). By Theorem 1.2.5,
for all n ≥ 1 there exists un ∈ C2,γ(Bn) ∩ C(Bn) such that






−∆un = p(x)Ψ(un) in Bn,

un > 0 in Bn,

un = 0 on ∂Bn,

where Ψ(t) = g(t) + f(t), t > 0. We have

∆un+1 + p(x)Ψ(un+1) ≤ 0 ≤ ∆un + p(x)Ψ(un) in Bn,

un = 0 < un+1 on ∂Bn.

Notice that ∆un+1 ∈ L1(Bn), because un+1 is bounded away from zero in Bn.
Thus, by Theorem 1.3.17 it follows that un ≤ un+1 in Bn. We extend un by zero
outside of Bn. Then 0 ≤ u1 ≤ · · · ≤ un ≤ un+1 ≤ · · · in R

N . It remains to
find an upper bound for (un)n≥1. By Theorem 4.7.1 with g replaced with g + 1,
there exists v ∈ C2(RN ) such that






−∆v = p(x)(g(v) + 1) in R
N ,

v > 0 in R
N ,

v(x) → 0 as |x| → ∞.

(4.59)

Because f is sublinear and v is bounded in R
N , we can find M > 0 such that

M > f(Mv) in R
N . Hence, w := Mv satisfies




−∆w = p(x)(g(w) + f(w)) in R
N ,

w > 0 in R
N ,

w(x) → 0 as |x| → ∞.

As seen earlier, we find un ≤ w in R
N and u(x) := limn→∞ un(x), for all x ∈ R

N ,
is the solution of (4.58). This finishes the proof. 2
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4.7.2 Uniqueness of radially symmetric solutions

We discuss in the sequel the uniqueness of a radially symmetric solution to (4.53).
More precisely, we shall be concerned with the uniqueness of classical solutions
to the problem





−u′′(r) − N − 1

r
u′(r) = p(r)Ψ(u(r)) in [0,∞),

u > 0 in [0,∞),

u′(0) = 0,

u(r) → 0 as r → ∞,

(4.60)

where p : [0,∞) → [0,∞) and Ψ : (0,∞) → (0,∞) are Hölder continuous
functions such that

(A1) the mapping (0,∞) ∋ t 7−→ Ψ(t)

t
is decreasing;

(A2) there exists t0 > 0 such that Ψ is decreasing on (0, t0) and increasing on
[t0,∞);

(A3) there exists lim
tց0

tαΨ(t) ∈ (0,∞) for some α > 0.

Notice that these hypotheses are quite natural (see Figure 4.4). Typical examples
of nonlinearities encountered so far, such as Ψ(t) = t−α+ tq, α > 0, 0 < q < 1, or
Ψ(t) = t−α+ln(1+ t), α > 0, satisfy (A1) through (A3). Obviously, any solution
u of (4.60) provides a radially symmetric solution ũ(x) = u(|x|), x ∈ R

N , of
problem (4.52) with Φ(x, t) = p(|x|)Ψ(t).

Figure 4.4. The shape of function Ψ.

Theorem 4.7.3 Assume that (A1) through (A3) hold. Then, problem (4.60) has
at most one solution.
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Proof Assume that there exist u, v ∈ C2[0,∞) two distinct solutions of (4.60).
By virtue of Theorem 1.3.17 we easily deduce the following useful result.

Lemma 4.7.4 If there exists R > 0 such that u(R) = v(R), then u ≡ v in
[0, R).

By virtue of Lemma 4.7.4, one of the following three situations may occur:

1. u > v in [0,∞).

2. u(0) = v(0) and u > v in (0,∞).

3. There exists R > 0 such that u ≡ v in [0, R) and u > v in (R,∞).

We shall discuss these three situations separately.

Case 1: u > v in [0,∞). Let us notice that u and v verify

−(rN−1u′(r))′ = rN−1p(r)Ψ(u(r)), (4.61)

−(rN−1v′(r))′ = rN−1p(r)Ψ(v(r)), (4.62)

for all r ≥ 0. We multiply the first equality by v′, the second one by u′, and then
subtract. We obtain

−
(
rN−1(u′v − uv′)

)′
= rN−1p(r)uv

(Ψ(u)

u
− Ψ(v)

v

)
for all r ≥ 0.

An integration over [0, r], r > 0 yields

rN−1(u′v − uv′) =

∫ r

0

tN−1p(t)uv
(Ψ(u)

u
− Ψ(v)

v

)
dt for all r ≥ 0.

Therefore, u′v − uv′ > 0 in [0,∞), which implies

u

v
is increasing and

u

v
>
u′

v′
in (0,∞). (4.63)

Hence, there exists ℓ := limr→∞ u(r)/v(r). Because u(0) > v(0), it follows that
1 < ℓ ≤ ∞.

From (4.61) and (4.62), for all r ≥ 0, we have

u′(r) = −r1−N
∫ r

0

tN−1p(t)Ψ(u)dt, (4.64)

v′(r) = −r1−N
∫ r

0

tN−1p(t)Ψ(v)dt. (4.65)

Assume first that
∫∞

0 tN−1p(t)Ψ(u)dt = ∞. Because u > v in [0,∞), and
both u and v tend to zero as r → ∞, by (A2) we find Ψ(v(r)) > Ψ(u(r)) for
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r large enough. This yields
∫∞

0
tN−1p(t)Ψ(v)dt = ∞. Then, by l’Hospital’s rule

we find

1 < ℓ = lim
r→∞

u(r)

v(r)
= lim

r→∞

u′(r)

v′(r)
= lim

r→∞

∫ r
0
tN−1p(t)Ψ(u)dt∫ r

0
tN−1p(t)Ψ(v)dt

= lim
r→∞

Ψ(u(r))

Ψ(v(r))
.

By (A3) we have

lim
r→∞

Ψ(u(r))

Ψ(v(r))
= lim

r→∞

(
u(r)

v(r)

)−α
uαΨ(u)

vαΨ(v)
= ℓ−α < 1,

which is a contradiction.
Let us assume now that

∫∞

0
tN−1p(t)Ψ(u)dt < ∞. If

∫∞

0
tN−1p(t)Ψ(v)dt =

∞, as before we have

1 < ℓ = lim
r→∞

u(r)

v(r)
= lim

r→∞

u′(r)

v′(r)
= lim

r→∞

∫ r
0
tN−1p(t)Ψ(u)dt∫ r

0
tN−1p(t)Ψ(v)dt

= 0,

which is again a contradiction.
It remains to analyze the case when both integrals

∫∞

0
tN−1p(t)Ψ(u)dt and∫∞

0
tN−1p(t)Ψ(v)dt are finite.

Lemma 4.7.5 There exists a unique a > 0 such that

Ψ(u(r)) > Ψ(v(r)) for all 0 ≤ r < a,

Ψ(u(a)) = Ψ(v(a)),

Ψ(u(r)) < Ψ(v(r)) for all r > a.

Proof Let us first remark that Ψ(u(0)) > Ψ(v(0)). If we would have the con-
verse inequality, then, by (A2) and u(0) > v(0), we obtain v(0) ≤ t0. It follows
that for all r ≥ 0, Ψ(v(r)) > Ψ(u(r)), which yields

∫ ∞

0

tN−1p(t)Ψ(u)dt <

∫ ∞

0

tN−1p(t)Ψ(v)dt.

Again by l’Hospital’s rule we find

1 < ℓ = lim
r→∞

u(r)

v(r)
= lim

r→∞

u′(r)

v′(r)
=

∫∞

0 tN−1p(t)Ψ(u)dt∫∞

0 tN−1p(t)Ψ(v)dt
< 1,

which is a contradiction. Hence, Ψ(u(0)) > Ψ(v(0)). Furthermore, because u > v
and u(t) → 0, v(r) → 0 as r → ∞, for r > 0 large enough we obtain Ψ(u(r)) <
Ψ(v(r)). Thus, by continuity arguments, we can find a > 0 such that Ψ(u(a)) =
Ψ(v(a)).
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Assume that there exists two real numbers a1 > a2 > 0 such that Ψ(u(ai)) =
Ψ(v(ai)), i = 1, 2. Then we must have u(ai) > t0 > v(ai), i = 1, 2. Because
a1 > a2, we deduce u(a1) < u(a2), and by (A2) we further obtain

Ψ(v(a1)) = Ψ(u(a1)) < Ψ(u(a2)) = Ψ(v(a2)).

Because v(ai) < t0, i = 1, 2, the last equality implies v(a1) > v(a2), which in
turn implies a1 < a2, but this is clearly a contradiction. Now, the rest of the
proof follows from the uniqueness of the number a > 0 with Ψ(u(a)) = Ψ(v(a)).

2

By l’Hospital’s rule we have found

ℓ =

∫∞

0 tN−1p(t)Ψ(u)dt∫∞

0 tN−1p(t)Ψ(v)dt
.

Thus, for 0 < ε < 1 there exists r0 > a large enough such that

∫ r

0

tN−1p(t)Ψ(u)dt > (ℓ− ε)

∫ r

0

tN−1p(t)Ψ(v)dt for all r ≥ r0.

By Lemma 4.7.5 we have Ψ(u(t)) < Ψ(v(t)), for all t > a, which yields

∫ a

0

tN−1p(t)Ψ(u)dt+

∫ r

a

tN−1p(t)Ψ(v)dt > (ℓ− ε)

∫ r

0

tN−1p(t)Ψ(v)dt,

for all r ≥ r0. This leads us to

∫ a

0

tN−1p(t)(Ψ(u) − Ψ(v))dt > (ℓ− 1 − ε)

∫ r

0

tN−1p(t)Ψ(v)dt for all r ≥ r0.

Passing to the limit with r → ∞, and because 0 < ε < 1 was arbitrarily chosen,
we obtain

∫ a

0

tN−1p(t)(Ψ(u) − Ψ(v))dt > (ℓ− 1)

∫ ∞

0

tN−1p(t)Ψ(v)dt.

That is,

aN−1(v′(a) − u′(a)) > (ℓ− 1)

∫ ∞

0

tN−1p(t)Ψ(v)dt. (4.66)

On the other hand, from (4.63) we have u′/v′ < u/v < ℓ. This yields

v′(a) − u′(a) = v′(a)

(
1 − u′(a)

v′(a)

)
< (1 − ℓ)v′(a).

Hence,
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aN−1(v′(a) − u′(a)) < (1 − ℓ)aN−1v′(a)

= (ℓ− 1)

∫ a

0

tN−1p(t)Ψ(v)dt

< (ℓ− 1)

∫ ∞

0

tN−1p(t)Ψ(v)dt.

(4.67)

From (4.66) and (4.67) we obtain the desired contradiction. This concludes the
proof in Case 1.

Case 2: u(0) = v(0) and u > v in (0,∞). Let w = u− v. Then w verifies





−(rN−1w′)′ = rN−1p(r)(Ψ(u) − Ψ(v)) in [0,∞),

w > 0 in [0,∞),

w(0) = w′(0) = 0,

w(r) → 0 as r → ∞.

(4.68)

Integrating in (4.68) we have

w(r) = −
∫ r

0

t1−N
∫ t

0

sN−1p(s)(Ψ(u) − Ψ(v))dsdt for all r ≥ 0. (4.69)

We claim that u(0) = v(0) ≤ t0. If u(0) = v(0) > t0, then u(t) > v(t) > t0 for
t > 0 small enough, and by the hypothesis (A2) on Ψ we deduce Ψ(u) > Ψ(v)
in a small neighborhood of the origin. But using (4.69) this yields w(t) < 0 for
some t > 0, which is a contradiction. Hence, u(0) = v(0) ≤ t0. Then

v(r) < u(r) ≤ u(0) ≤ t0 for all r ≥ 0,

which implies Ψ(u)−Ψ(v) < 0 in (0,∞). Now, to obtain a contradiction we look
at (4.69). The left-hand side tends to zero as r → ∞ whereas the right-hand side
tends to a positive quantity as r → ∞. This is clearly a contradiction.

Case 3: There exists R > 0 such that u ≡ v in [0, R) and u > v in (R,∞). We
proceed exactly in the same manner as we did in Case 2 for ũ(r) = u(r+R) and
ṽ(r) = v(r +R), r ≥ 0. This finishes the proof of Theorem 4.7.3. 2

4.8 Comments and historical notes

Singular elliptic problems arise in various branches of mathematics (see [38], [56],
[134], and [160] for more details). To our best knowledge, the first study in this
direction is from Fulks and Maybee [81] and have been intensively studied after
the pioneering work by Crandall, Rabinowitz and Tartar [57].

In their work [57], a similar problem to (4.3) has been studied for more
general differential operators. The existence of a classical solution to (4.3) has
been obtained by considering the perturbed problem
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




−∆u = g(u+ ε), 0 < ε < 1 in Ω,

u > 0 in Ω,

u = 0 on ∂Ω.

(4.70)

Then (4.70) has a unique solution uε ∈ C2(Ω), which is decreasing with respect
to ε. If u(x) := limεց0 uε(x), x ∈ Ω, then u ∈ C2(Ω) ∩ C(Ω) is the unique
solution of problem (4.3).

In the case of pure powers in nonlinearities and µ = 0, problem (4.21) was
studied by Shi and Yao [182] and was then generalized by Ghergu and Rădulescu
in [83]. For more results concerning singular elliptic equations in bounded do-
mains we refer to [40], [42], [48], [55], [61], [67], [84], [85], [86], [96], [101], [127],
[174], [201], and [202] as well as to recent surveys [102], [175].

If α < 0, problem (4.12) is called the Lane–Emden–Fowler equation and arises
in the boundary-layer theory of viscous fluids (see Fowler [78] and Wong [197]).

As we have already mentioned, as a result of the meaning of the unknowns
(concentrations, populations), the positive solutions are relevant in most cases.
But nonnegative solutions may also arise in some situations. In fact, the presence
of the singular term g(u), which is not locally Lipschitz near the origin, may give
rise to dead core solutions,—that is, solutions identically zero on subdomains of
Ω with positive measure.

For more results on dead core solutions involving singular nonlinearities, we
refer the reader to Dávila and Montenegro [59], where the following problem was
considered: {

−∆u = χ{u>0}(−u−α + λup) in Ω,

u = 0 on ∂Ω,
(4.71)

with 0 < α, p < 1. It is proved in [59] that for all λ > 0, problem (4.71) has
a maximal solution uλ. Moreover, there exists λ∗ such that for all λ > λ∗ the
maximal solution uλ is positive and stable.

Another direction regarding the study of singular elliptic problems refers to
sign-changing solutions for such problems and was considered by McKenna and
Reichel [137]. In this respect, the precise asymptotic behavior of a solution at the
boundary where it changes sign plays an essential role in the study of existence.

The approach in obtaining the C1,γ(Ω) regularity of the classical solution to
(4.21) follows the method in Gui and Lin [99] in the case λ = µ = 0, g(t) = t−α,
and p(x) behaves like d(x)σ , 0 < σ < 1 near ∂Ω. The method in [99] can be
extended to more general nonlinearities than those we dealt with in this chapter.
As a conclusion, C1,γ(Ω) (0 < γ < 1) is the best regularity of solutions we can
expect for these kinds of problems. We have seen in Theorem 4.1.2 that if g
decays fast in the neighborhood of the origin, the solutions may not be in C1(Ω)
or, even more unexpected, they do not belong to the usual Sobolev space H1

0 (Ω).
In other words, it may happen that a classical solution is not a weak solution.
We will come back to this issue in Chapter 7.
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The growth condition (g2) on g is a natural assumption. This allowed us to
show that if problem (4.38) has a classical solution u ∈ C2(Ω) ∩ C(Ω), then
u ∈ E . We shall see in Chapter 9 that condition g ∈ L1(Ω) is necessary to have
the existence of a classical solution.

Condition (4.40) is often called the Keller–Osserman condition around the
origin. As proved by Bénilan, Brezis, and Crandall [23], condition (4.40) is equiv-
alent to the property of compact support. That is, for every k ∈ L1(RN ) with
compact support, there exists a unique u ∈ W 1,1(RN ) with compact support
such that ∆u ∈ L1(RN ) and

−∆u+ g(u) = k(x) almost everywhere in R
N .

Theorem 4.5.1 leaves open the question of multiplicity. This is clearly a deli-
cate issue even in simpler cases. In this sense we refer the reader to Ouyang, Shi,
and Yao [156], who studied the existence of radially symmetric solutions of the
problem 




−∆u = λ(up − u−α) in B,

u > 0 in B,

u = 0 on ∂B,

(4.72)

where B is the unit ball in R
N , (N ≥ 1), 0 < α, p < 1 and λ > 0. Using a

bifurcation theorem of Crandall and Rabinowitz, it has been shown in [156] that
there exists λ1 > λ0 > 0 such that problem (4.72) has no solutions for λ < λ0,
one solution for λ = λ0 or λ > λ1, and two solutions for λ1 ≥ λ > λ0.

Finally, the results obtained for singular elliptic problems in bounded domains
allowed us to extend the study to the case when the domain is the whole space.
The first results in this sense concern problem (4.53) and have been obtained
by Kusano and Swanson [122] and Edelson [74]. Condition

∫∞

0
rφ(r)dr < ∞ in

the statement of Theorem 4.7.1 was first supplied by Lair and Shaker [124] (see
also [125] also [200]), where the existence of a ground-state solution of (4.53)
is obtained under a weaker assumption on the potential p, namely, p satisfies
the assumption (p1) in Section 2.2. That is, p is nonnegative and any zero of
p is surrounded by a region where p > 0. In the case Ψ(x, t) = p(x)(t−α + tp),
0 < p, α < 1, the uniqueness of a radially symmetric solution to problem (4.60)
has been obtained in [199].





5

BIFURCATION AND ASYMPTOTIC ANALYSIS: THE

MONOTONE CASE

A mathematician, like a painter
or poet, is a maker of patterns. If
his patterns are more permanent
than theirs, it is because they are
made with ideas.

Godfrey H. Hardy (1877–1947)

In the current chapter and in the following one, we are concerned with bifur-
cation problems of the type





−∆u = λf(u) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

(5.1)

where Ω is a smooth bounded domain in R
N (N ≥ 1), λ is a positive parameter,

and f : [0,∞) → (0,∞) is a continuous function. We study the existence and the
qualitative properties of solutions u ∈ C2(Ω) ∩ C(Ω) (provided such solutions
exist), as well as their asymptotic behavior with respect to λ.

To give an elementary example, let us consider the class of functions f with
linear or superlinear growth,—that is,

there exists a > 0 such that f(t) ≥ at, for all t ≥ 0. (5.2)

We observe that if f satisfies condition (5.2), then there exists 0 < λ0 ≤ Λ0 <∞
such that

(i) problem (5.1) has at least one solution if λ ∈ (0, λ0);

(ii) problem (5.1) has no solution if λ > Λ0.

Of course, natural questions are the following:

• Is λ0 = Λ0?

• If not, what happens if λ ∈ (λ0,Λ0)?

Assertion (i) follows by the implicit function theorem (Theorem B.1 in Ap-
pendix B). To argue (ii), let ϕ1 denote the positive eigenfunction corresponding
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to the first eigenvalue λ1 of (−∆) in H1
0 (Ω). Thus, by multiplication with ϕ1 in

(5.1) and integration, we find

λ1

∫

Ω

uϕ1dx = λ

∫

Ω

f(u)ϕ1dx ≥ λa

∫

Ω

uϕ1dx .

This relation shows that problem (5.1) has no solution if λ > λ1/a.
An important feature in our analysis concerns the notion of stability, which is

viewed in terms of a related linearized problem. More precisely, to any solution
(u, λ) of the nonlinear problem (5.1), we associate the linear eigenvalue problem

{
−∆w − λf ′(u)w = µw in Ω,

w = 0 on ∂Ω.
(5.3)

Problem (5.3) has a sequence of real eigenvalues µ1 < µ2 ≤ · · · ≤ µn · · · → ∞,
and µ1 is a simple eigenvalue with a corresponding eigenfunction ψ1 such that
ψ1 > 0 in Ω. If µ1 > 0, then solution u of problem (5.1) is said to be stable; if
µ1 < 0, then u is unstable; and if µ1 = 0, then the solution u is neutrally stable.
Usually, a neutrally stable solution is referred as an unstable solution. If µ1 = 0,
then solution u is degenerate; otherwise, it is nondegenerate. If µ1 < 0, then the
number of negative eigenvalues µk (counting their multiplicity) of problem (5.3)
is the Morse index of solution u.

5.1 Introduction

Consider the bifurcation problem

{
−∆u = λf(u) in Ω,

u = 0 on ∂Ω,
(5.4)

where Ω ⊂ R
N (N ≥ 1) is a smooth bounded domain and λ ≥ 0. We assume

that f : [0,∞) → (0,∞) is a C1 convex function such that f ′(0) > 0 and f is
asymptotically linear. That is,

lim
t→∞

f(t)

t
= a ∈ (0,∞). (5.5)

A first existence and bifurcation result concerning problem (5.4) is given by
Amann’s bifurcation theorem in Section 5.2 in a more general framework.

Notice that because f is convex, by (5.5) we have limt→∞ f ′(t) = a, and the
mapping g : [0,∞) → [0,∞), g(t) = f(t) − at is nonincreasing. Hence, there
exists

ℓ := lim
t→∞

g(t) ∈ [−∞,∞).

The sign of ℓ plays a crucial role in the analysis of (5.4). The current chapter
is concerned with the case ℓ ≥ 0. Thus, we study here the monotone case on f
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Figure 5.1. The monotone case on f .

because the mapping t 7−→ f(t)/t is nonincreasing, so that a = inft>0 f(t)/t (see
Figure 5.1).

In turn, if ℓ < 0 then m := inft>0 f(t)/t > a, and both numbers a and m
will play an important role in the study of (5.4). This fact will be emphasized in
Chapter 6.

For α ∈ L∞(Ω) we denote by λ1(α) and ϕ1(α) the first eigenvalue and the
first eigenfunction, respectively, of the operator −∆− α in H1

0 (Ω). By means of
the variational characterization of the first eigenvalue of a linear operator, λ1(α)
is defined as

λ1(α) = inf
u∈H1

0 (Ω),‖u‖2=1

∫

Ω

(|∇u|2 − α(x)u2)dx. (5.6)

Definition 5.1.1 A solution u of (5.4) is called stable if λ1(λf
′(u)) > 0, and,

is unstable otherwise.

5.2 A general bifurcation result

The main result in this section is the following.

Theorem 5.2.1 (Amann’s bifurcation theorem) Assume that f : R → R is a
C2 function that is convex, positive, and such that f ′(0) > 0. Then there exists
λ∗ ∈ (0,∞) such that the following holds:

(i) If λ > λ∗, then problem (5.4) has no classical solutions.

(ii) If 0 ≤ λ < λ∗, then problem (5.4) has a minimal solution uλ ∈ C2(Ω) such
that

(ii1) uλ > 0 in Ω;
(ii2) the mapping (0, λ∗) ∋ λ 7−→ uλ(x) is increasing, for every x ∈ Ω;

(ii3) uλ is the unique stable solution of the problem (5.4) for all 0 < λ < λ∗.

Proof We divide the proof of Theorem 5.2.1 into several steps.
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Step 1: Definition of λ∗. To apply the implicit function theorem (see Theorem
B.1) to our problem (5.4), define F : C2,α

0 (Ω) × R → C0,α(Ω) by

F (u, λ) = −∆u− λf(u), (u, λ) ∈ C2,α(Ω) × R,

where 0 < α < 1. It is clear that F verifies all the assumptions of the implicit
function theorem. Hence, there exists a maximal neighborhood of the origin I
and a unique map u = uλ that is the solution of problem (5.4) for all λ ∈ I
and such that the linearized operator −∆− λf ′(uλ) is bijective. In other words,
for every λ ∈ I, problem (5.4) admits a stable solution, which is given by the
implicit function theorem. Let λ∗ := sup I ≤ ∞.

Step 2: The mapping (0, λ∗) ∋ λ 7−→ uλ(x) is increasing and uλ > 0 in Ω.
For x ∈ Ω, denote by vλ(x) the derivative with respect to λ of the mapping
(0, λ∗) ∋ λ 7−→ uλ(x). We differentiate in (5.4) with respect to λ and we obtain

{
(−∆ − λf ′(uλ))vλ = λf(uλ) in Ω,

vλ = 0 on ∂Ω.

Note also that the operator −∆−λf ′(uλ) is coercive. Therefore, by Stampacchia’s
maximum principle (see Theorem 1.3.10), either vλ ≡ 0 in Ω or vλ > 0 in Ω. The
first variant is not convenient, because it would imply that f(uλ) = 0, which
is impossible, by our initial hypotheses. Hence, vλ > 0 in Ω, which then yields
uλ > 0 in Ω.

Step 3: uλ is stable. Set ψ(λ) := λ1(λf
′(uλ)). Thus, ψ(0) = λ1 > 0. Furthermore,

by the implicit function theorem the linearized operator−∆−λf ′(uλ) is bijective,
which yields ψ(λ) 6= 0 for all λ < λ∗. Now, by the continuity of the mapping
λ 7−→ λf ′(uλ), it follows that ψ is continuous, which further implies that ψ > 0
on [0, λ∗).

Step 4: λ∗ < ∞. Because f is convex, it follows that f ′(uλ) ≥ f ′(0) > 0,
which leads to λ1(λf

′(0)) ≥ λ1(λf
′(uλ)) > 0 for every λ ∈ I. Notice that

λ1(λf
′(0)) = λ1 − λf ′(0). This yields λ1 − λf ′(0) > 0 for any λ < λ∗,—that is,

λ∗ ≤ λ1/f
′(0) <∞.

Step 5: Problem (5.4) has no classical solutions provided λ > λ∗.
Assume that there exists µ > λ∗ and a corresponding solution v to problem

(5.4). We first prove that for every λ < λ∗ we have uλ < v in Ω. Indeed, by the
convexity of f it follows that

−∆(v − uλ) = µf(v) − λf(uλ)

≥ λ(f(v) − f(uλ))

≥ λf ′(uλ)(v − uλ) in Ω.

Hence,
(−∆ − λf ′(uλ))(v − uλ) ≥ 0 in Ω. (5.7)
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Because the operator −∆ − λf ′(uλ) is coercive, by Stampacchia’s maximum
principle, we deduce v ≥ uλ in Ω for all λ < λ∗. Therefore, uλ is bounded in
L∞(Ω) by v and there exists u∗ = limλրλ∗ uλ in Ω and u∗ = 0 on ∂Ω.

We claim that λ1(λ
∗f ′(u∗)) = 0. We already know that λ1(λ

∗f ′(u∗)) ≥ 0.
Assume by contradiction that λ1(λ

∗f ′(u∗)) > 0. In other words, the operator
−∆−λ∗f ′(u∗) is coercive. By applying the implicit function theorem to F (u, λ) =
−∆u−λf(u) at the point (u∗, λ∗), there exists a curve of solutions of the problem
(5.4) passing through (u∗, λ∗), which contradicts the maximality of λ∗. Hence,
λ1(λ

∗f ′(u∗)) = 0, which implies the existence of ϕ1 > 0 in Ω such that ϕ1 = 0
on ∂Ω and

−∆ϕ1 − λ∗f ′(u∗)ϕ1 = 0 in Ω. (5.8)

Passing to the limit with λր λ∗ in (5.7), we find

(−∆ − λ∗f ′(u∗))(v − u∗) ≥ 0 in Ω.

Multiplying this inequality by ϕ1 and integrating over Ω, we obtain

−
∫

Ω

(v − u∗)∆ϕ1dx− λ∗
∫

Ω

f ′(u∗)(v − u∗)ϕ1dx ≥ 0.

According to (5.8), the previous relation is in fact an equality, which implies that
−∆(v − u∗) = λ∗f ′(u∗)(v − u∗) in Ω. It follows that µf(v) = λ∗f(u∗) in Ω. But
µ > λ∗ and f(v) ≥ f(u∗) so that f(v) = 0, which is impossible. Hence, problem
(5.4) has no solutions for λ > λ∗.

Step 6: uλ is the minimal and the unique stable solution of (5.4). Fix an arbitrary
λ < λ∗ and let v be another solution of problem (5.4). We have

−∆(v − uλ) = λf(v) − λf(uλ) ≥ λf ′(uλ)(v − uλ) in Ω.

Again, by Stampacchia’s maximum principle applied to the coercive operator
−∆ − λf ′(uλ), we find that v ≥ uλ in Ω.

Now let w be another stable solution of (5.4) for some λ < λ∗. With the same
reasoning as applied earlier to the coercive operator −∆−λf ′(w), we derive that
uλ ≥ w in Ω and, finally, uλ ≡ w. This concludes the proof. 2

5.3 Existence and bifurcation results

By Amann’s bifurcation theorem we have the following information about prob-
lem (5.4):

(i) There exists λ∗ ∈ (0,∞) such that (5.4) has solution when λ ∈ (0, λ∗), and
no solution exists if λ ∈ (λ∗,∞).

(ii) For λ ∈ (0, λ∗), among the solutions of (5.4) there exists a minimal one,
say uλ.

(iii) The mapping λ 7−→ uλ is a C1 convex and increasing function.
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(iv) uλ can be characterized as the only solution u of (5.4) such that the op-
erator −∆ − λf ′(u) is coercive; that is, uλ is the only stable solution of
(5.4).

Assuming now (5.5), we aim to discuss in an unified way some natural questions
raised by (5.4), namely

• what can be said when λ = λ∗?

• what is the behavior of uλ when λ approaches λ∗?

• are these results still valid if f is unbounded around the origin?

• is there other solution of (5.4) excepting uλ?

• if so, what is their behavior?

In the rest of this chapter we try to answer these questions. The approach we
present in the following is the result of the work by Mironescu and Rădulescu
[142], [143]. We are first concerned with the monotone case, corresponding to

ℓ := lim
t→∞

(f(t) − at) ≥ 0,

where a := limt→∞ f(t)/t ∈ (0,∞).

Theorem 5.3.1 Assume ℓ ≥ 0. Then we have

(i) λ∗ = λ1/a;

(ii) The problem (5.4) has no solution for λ = λ∗;

(iii) uλ is the unique solution of (5.4) for all 0 < λ < λ∗;

(iv) limλրλ∗ uλ = ∞ uniformly on compact subsets of Ω.

The bifurcation diagram in the monotone case is depicted in Figure 5.2.

Figure 5.2. The bifurcation diagram in Theorem 5.3.1.
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Proof (i)−(ii) If 0 < λ < λ1/a, then λf satisfies the hypotheses of Theorem
1.2.5. Hence, problem (5.4) has at least one solution for all 0 < λ < λ1/a, so
λ∗ ≥ λ1/a.

We claim that problem (5.4) has no classical solutions for λ ≥ λ1/a. Assume
that there exists λ ≥ λ1/a such that (5.4) has a solution u. Because the mapping
s 7−→ f(t)/t is nonincreasing, it follows that λf(u) ≥ λ1u in Ω. Then, multiplying
by ϕ1 in (5.4) and integrating by parts, we have

λ1

∫

Ω

uϕ1dx = λ

∫

Ω

f(u)ϕ1dx ≥ λ1

∫

Ω

uϕ1dx.

This yields λ = λ1/a and f(u) = au; that is, f(t) = at for all 0 ≤ t ≤
maxx∈Ω u(x). But this is a contradiction because f(0) > 0. Therefore λ∗ = λ1/a
and (5.4) has no solutions for λ = λ∗.

(iii) As we have argued in the previous section, the fact that f is convex and
fulfills (5.5) implies that g : [0,∞) → [0,∞), g(t) = f(t) − at is nonincreasing.
Then uλ satisfies

−∆uλ − λauλ = λg(uλ) in Ω.

Let vλ be another solution of (5.4). According to the minimality of uλ, we have
uλ ≤ vλ in Ω. Thus, w := vλ − uλ ≥ 0 satisfies −∆w − λaw ≤ 0 in Ω. Because
aλ < λ1, the strong maximum principle yields w = 0 in Ω and the uniqueness
follows.

(iv) Because of the special character of our problem, we will be able to prove
that, in certain cases, L2 boundedness implies H1

0 boundedness!
Assume by contradiction that (uλ)0<λ<λ∗ does not converge to ∞ on compact

subsets of Ω as λր λ∗ and define

u∗(x) = lim
λրλ∗

uλ(x) for all x ∈ Ω.

According to our assumption, u∗ 6≡ ∞. Because uλ is increasing with respect to
λ, it follows that u∗ is lower semicontinuous. Let x0 ∈ Ω be such that u∗(x0) 6= ∞
and denote by ũλ the spherical average of uλ with respect to x0,—that is,

ũλ(r) =
1

ωN

∫

|y|=1

uλ(x0 + ry)dσ(y) 0 ≤ r < dist(x0, ∂Ω).

Because uλ is a superharmonic function we have

ũλ(r) =
1

ωN

∫

|y|=1

∇uλ(x0 + ry) · y dσ(y)

=
1

ωN

∫

|y|=1

∂uλ
∂n

(x0 + ry) dσ(y)

=
1

ωN

∫

|y|=1

∆uλ(x0 + ry) dσ(y)

≤ 0.
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Hence, ũλ is decreasing in [0, R), which implies

uλ(x0) = ũλ(x0) ≥
1

ωN

∫

|y|=1

uλ(x0 + ry)dσ(y) for all 0 ≤ r < dist(x0, ∂Ω).

Integrating in the previous relation we obtain
∫

BR(0)

uλ(x)dx ≤ RωNuλ(x0) ≤ Cu∗(x0) <∞.

By Fatou’s lemma we derive u∗ ∈ L1(BR(0)). Let

X := {x ∈ Ω : u∗ is integrable in a neighborhood of x}.

From the previous arguments we deduce that X is open and nonempty. Fur-
thermore, because u∗ is lower semicontinuous, it follows that X is also closed.
Because Ω is connected we derive that X = Ω,—that is, u∗ ∈ L1

loc(Ω). This
implies that (uλ)0<λ<λ∗ is bounded in L1

loc(Ω).
We next prove that (uλ)λ<λ∗ is bounded in L2(Ω). We argue by contradiction.

Suppose that (uλ)λ<λ∗ is not bounded in L2(Ω). Thus, passing eventually at a
subsequence we have uλ = k(λ)wλ, where

k(λ) = ‖uλ‖2 → ∞ as λր λ∗ and wλ ∈ L2(Ω), ‖wλ‖2 = 1. (5.9)

Notice that f(t) ≤ at+ b for all t ≥ 0, where b = f(0). This implies

λf(uλ)

k(λ)
→ 0 in L1

loc(Ω) as λր λ∗.

That is,
−∆wλ → 0 in L1

loc(Ω) as λր λ∗. (5.10)

By Green’s first identity, for all φ ∈ C∞
0 (Ω) we have

∫

Ω

∇wλ · ∇φdx = −
∫

Ω

φ∆wλdx = −
∫

Suppφ

φ∆wλdx. (5.11)

Using (5.10) we obtain

∣∣∣∣
∫

Suppφ

φ∆wλ dx

∣∣∣∣ ≤
∫

Suppφ

|φ||∆wλ| dx

≤ ‖φ‖∞
∫

Suppφ

|∆wλ| dx→ 0 as λր λ∗.

(5.12)

Combining (5.11) and (5.12) we derive that for all φ ∈ C∞
0 (Ω) we have

∫

Ω

∇wλ · ∇φdx→ 0 as λր λ∗. (5.13)
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By definition, the sequence (wλ)0<λ<λ∗ is bounded in L2(Ω). We claim that
(wλ)0<λ<λ∗ is bounded in H1

0 (Ω). Indeed, using Hölder’s inequality, we have
∫

Ω

|∇wλ|2dx = −
∫

Ω

wλ∆wλdx =
λ

k(λ)

∫

Ω

wλf(uλ)dx

≤ λ∗

k(λ)

∫

Ω

wλ(auλ + b)dx

= λ∗a

∫

Ω

w2
λdx+

λ∗b

k(λ)

∫

Ω

wλdx

≤ λ∗a+ c1|Ω|1/2,
where c1 > 0 does not depend on λ. From the previous estimates it is easy to see
that (wλ)0<λ<λ∗ is bounded in H1

0 (Ω), so the claim follows. Thus, there exists
w ∈ H1

0 (Ω) such that up to a subsequence and as λր λ∗ we have

wλ ⇀ w weakly in H1
0 (Ω),

wλ → w strongly in L2(Ω).
(5.14)

On the one hand, by (5.9) and (5.14), we derive that ‖w‖2 = 1. Furthermore,
using (5.13) and (5.14), we infer that

∫

Ω

∇w · ∇φdx = 0 for all φ ∈ C∞
0 (Ω).

Because w ∈ H1
0 (Ω), using the previous relation and the definition of H1

0 (Ω), we
find w = 0. This contradiction shows that (uλ)0<λ<λ∗ is bounded in L2(Ω). As
noted earlier for (wλ)0<λ<λ∗ , we derive that (uλ)0<λ<λ∗ is bounded in H1

0 (Ω).
Hence, there exists u∗ ∈ H1

0 (Ω) such that, up to a subsequence and as λ ր λ∗,
there holds

uλ ⇀ u∗ weakly in H1
0 (Ω),

uλ → u∗ strongly in L2(Ω),

uλ → u∗ almost everywhere in Ω.

(5.15)

Now we obtain the desired contradiction in the same manner as in the proof
of (i)−(ii). We first multiply by ϕ1 in (5.4) and then we integrate over Ω. We
obtain

λ1

∫

Ω

uλϕ1dx = λ

∫

Ω

f(uλ)ϕ1dx ≥ λa

∫

Ω

uλϕ1dx for all 0 < λ < λ∗. (5.16)

Passing to the limit in (5.16) with λ ր λ∗, by virtue of Lebesgue’s theorem on
dominated convergence we find

λ1

∫

Ω

u∗ϕ1 =
λ1

a

∫

Ω

f(u∗)ϕ1dx.

Hence, f(u∗) = au∗, which contradicts the fact that f(0) > 0. This shows that
limλրλ∗ uλ = ∞ uniformly on compact subsets of Ω, and the proof is now
complete. 2
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Remark 5.3.2 The results in Theorem 5.3.1 hold in a little more general con-
text, —namely, the mapping (0,∞) ∋ t 7−→ f(t)/t is nonincreasing, f satisfies
(5.5), and f(0) > 0. By Theorem 1.2.5 and the strong maximum principle we
may show that (i)-(iv) in Theorem 5.3.1 hold. However, the convexity assump-
tion on f provides a complete description of the unique solution uλ to problem
(5.4). We will see in Chapter 6 that the hypothesis f convex is strongly needed
when the issue of multiplicity arises.

Example 5.1 Let us consider the one-dimensional problem

{
−u′′ = λ

√
u2 + u+ 1 in (0, π),

u(0) = u(π) = 0.
(5.17)

Clearly, f(t) =
√
t2 + t+ 1, t ≥ 0, obeys the monotone case described in this

chapter. In this case λ1 = 1, and by Theorem 5.3.1 we have that (5.17) has a
solution if and only if 0 ≤ λ < 1. Moreover, for all 0 ≤ λ < 1, problem (5.17) has
a unique solution uλ, which is stable, and limλր1 uλ = ∞ uniformly on compact
subsets of (0, π).

Using the collocation method we have computed the solution uλ of (5.17)
when λ approaches λ1. The solution is plotted in Figure 5.3.
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Figure 5.3. The unique solution of problem (5.17).

5.4 Asymptotic behavior of the solution with respect to parameters

In this section we discuss the asymptotic behavior of the unique solution uλ
of (5.4) with respect to λ. We have seen that limλրλ∗ uλ = ∞ uniformly on
compact subsets of Ω.
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We consider the normalized sequence (wλ)0<λ<λ∗ of (uλ)0<λ<λ∗ in L2(Ω).
That is,

uλ = k(λ)wλ with ‖wλ‖2 = 1.

Because limλրλ∗ uλ = ∞ uniformly on each compact subset of Ω, we deduce
that k(λ) → ∞ as λր λ∗. From the proof of Theorem 5.3.1 we have a uniform
bound for (wλ)0<λ<λ∗ in H1

0 (Ω) as λ ր λ∗. Assuming that the first eigenvalue
ϕ1 of (−∆) in H1

0 (Ω) is normalized in L2(Ω), we obtain the following result.

Theorem 5.4.1 We have wλ → ϕ1 in C1(Ω) as λր λ∗.

Proof Because (wλ)0<λ<λ∗ is bounded in H1
0 (Ω) as λ ր λ∗, there exists w ∈

H1
0 (Ω) such that, up to a subsequence, we have as λր λ∗:

wλ ⇀ w weakly in H1
0 (Ω),

wλ → w strongly in L2(Ω),

wλ → w almost everywhere in Ω.

(5.18)

Then −∆w(λ) → −∆w in D′(Ω). On the other hand, we have

−∆wλ = λ
f(uλ)

k(λ)
in Ω. (5.19)

We claim that f(uλ)/k(λ) → aw almost everywhere in Ω as λր λ∗.
If x ∈ Ω is such that w(x) > 0, then, by (5.5), we obtain

lim
λրλ∗

f(k(λ)wλ(x))

k(λ)
= lim
λրλ∗

f(k(λ)wλ(x))

k(λ)wλ(x)
wλ(x) = aw(x).

If w(x) = 0, let ε > 0 and 0 < λ0 < λ∗ be such that wλ(x) < ε for all
λ0 < λ < λ∗. Because f(t) ≤ at+ b for all t ≥ 0 (with b = f(0)) we deduce

f(k(λ)wλ(x))

k(λ)
≤ aε+

b

k(λ)
for all λ0 < λ < λ∗.

This yields f(wλ(x))/k(λ) → 0 as λր λ∗, which proves the claim.
Passing to the limit with λր λ∗ in (5.19) we obtain

−∆w = λ1w, w ∈ H1
0 (Ω), w ≥ 0, ‖w‖2 = 1.

But this means exactly that w = ϕ1. Moreover, (wλ)0<λ<λ∗ is relatively com-
pact in C1(Ω). This can be done by showing that the sequence is bounded in
C1,1/2(Ω), which follows from the fact that (wλ)0<λ<λ∗ is bounded in H1

0 (Ω)
and a bootstrap argument (note that a uniform bound for wλ in some Lp(Ω),
1 < p <∞ provides a uniform bound for −∆wλ). This ends the proof. 2
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Theorem 5.4.2 The sequence (ϕ1/wλ)0<λ<λ∗ is uniformly bounded when λ ap-
proaches λ∗.

Proof The strong maximum principle implies that ∂wλ/∂n < 0 on ∂Ω. There-
fore, ϕ1/wλ can be extended to a continuous function on Ω by setting

ϕ1

wλ
(x) =

∂ϕ1(x)/∂n

∂wλ(x)/∂n
for all x ∈ ∂Ω.

Using the regularity of ∂Ω we can find δ > 0 such that if

Aδ := {x ∈ R
N : d(x) < δ},

then

(i) for each x ∈ Aδ there is a unique x0 ∈ ∂Ω such that d(x) = |x− x0|;
(ii) if π : Aδ → ∂Ω is defined by π(x) = x0, then π ∈ C1(Aδ);

(iii) if |x−π(x)| = ε then x = π(x)−εn(π(x)) or x = π(x)+εn(π(x)), according
to the case x ∈ Ω or x 6∈ Ω;

(iv) if x ∈ Ω then [x, π(x)) ⊂ Ω.

Let Ωδ = Ω ∩ Aδ. Because wλ → ϕ1 uniformly in Ω, it is easy to see that
ϕ1/wλ is uniformly bounded in Ω \ Ωδ. If x ∈ Ωδ, let x0 = π(x). Then

ϕ1(x)

wλ(x)
=

ϕ1(x) − ϕ1(x0)

wλ(x) − wλ(x0)
=
∂ϕ1(x0 + τ(x − x0))/∂n(x0)

∂wλ(x0 + τ(x − x0))/∂n(x0)

for some τ ∈ (0, 1). Taking a smaller δ if necessary, we may assume that

∂wλ(x)

∂ν(π(x))
< 0 on Ωδ.

Thus, the quotient ϕ1/wλ is uniformly bounded in Ωδ for λ near λ∗. This con-
cludes the proof. 2

Theorem 5.4.3 We have

lim
λրλ∗

(λ∗ − λ)‖uλ‖2 =
λ1ℓ

a
‖ϕ1‖1.

Proof Let ℓ0 be a limit point of (λ∗ − λ)‖uλ‖2 as λ ր λ∗. Multiplying by ϕ1

in (5.4) and then integrating by parts we obtain

λ1

∫

Ω

uλϕ1dx = λ

∫

Ω

f(uλ)ϕ1dx,

which may be rewritten in the form

∫

Ω

ϕ1(λ1 − aλ)uλdx = λ

∫

Ω

(f(uλ) − auλ)ϕ1dx.
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Hence, ∫

Ω

ϕ1(λ1 − aλ)‖uλ‖2wλdx =

∫

Ω

λϕ1(f(uλ) − auλ)dx. (5.20)

Note that the right-hand side integrand in (5.20) converges dominated to λ∗ℓϕ1

as λր λ∗. Also the left-hand side integrand tends to ℓ0ϕ
2
1. Now, passing to the

limit in (5.20) we find ℓ0 = (λ1ℓ/a)‖ϕ1‖1. This finishes the proof. 2

5.5 Examples

Theorem 5.4.3 describes the growth rate of (λ∗ − λ)‖uλ‖2 as λ ր λ∗. If ℓ = 0
the convergence depends heavily on f , and from Theorem 5.4.3 we deduce only
that ‖uλ‖2 grows slower than (λ∗ −λ)−1. In the curent section we illustrate this
aspect by the following two examples.

5.5.1 First example

Proposition 5.5.1 Let f(t) = t + 1/(t + 2), t ≥ 0. Then, the unique solution
uλ of (5.4) satisfies

lim
λրλ1

√
λ1 − λ‖uλ‖2 =

√
λ1|Ω|.

Proof With the usual decomposition uλ = k(λ)wλ and dividing (5.20) by√
λ1 − λ we have

∫

Ω

√
λ1 − λk(λ)wλϕ1dx =

∫

Ω

λϕ1√
λ1 − λ(k(λ)wλ + 2)

dx. (5.21)

We first infer that lim infλրλ1

√
λ1 − λk(λ) > 0. Otherwise, passing to a subse-

quence we may suppose that
√
λ1 − λk(λ) → 0. Then

√
λ1 − λk(λ)wλϕ1 → 0 uniformly in Ω

and √
λ1 − λ(k(λ)wλ + 2) → 0 uniformly in Ω,

which contradicts (5.21).
We also claim that lim supλրλ1

√
λ1 − λk(λ) < ∞. Supposing the contrary,

and passing to a subsequence, we have
√
λ1 − λk(λ) → ∞ as λր λ1. Then the

left-hand side in (5.21) tends to ∞ whereas the right-hand side remains bounded
because by Theorem 5.4.2, the quotient ϕ1/wλ is uniformly bounded in Ω.

Let c ∈ (0,∞) be a limit point of
√
λ1 − λk(λ) as λ ր λ1. Then the left-

hand side of (5.21) tends to c, whereas the right-hand side integrand converges
dominated to λ1/c. Hence, c = λ1|Ω|/c, which finishes the proof. 2

Remark 5.5.2 A similar computation can be made for f(t) =
√
t2 + 1, t > 0.
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5.5.2 Second example

If f(t) − at decays to ∞ faster than 1/t, then the behavior becomes more com-
plicated. This is illustrated by the following example.

Proposition 5.5.3 Let f(t) = t+(t+ 1)−2. Then ‖uλ‖2 tends to ∞ as λր λ1

like no power of (λ1 − λ). More precisely, we have

(i) lim
λրλ1

(λ1 − λ)α‖uλ‖2 = ∞ if α ≤ 1/3;

(ii) lim
λրλ1

(λ1 − λ)α‖uλ‖2 = 0 if α > 1/3.

Proof We first need the following auxiliary result.

Lemma 5.5.4 There exists ε0 > 0 and two positive constants c1, c2 > 0 such
that

c1| ln ε| ≤
∫

{ϕ1>ε}

1

ϕ1
dx ≤ c2| ln ε| for all 0 < ε < ε0. (5.22)

Proof Consider c > 0 such that

cd(x) ≤ ϕ1 ≤ 1

c
d(x) in Ω. (5.23)

Let δ > 0 and Aδ be as in the proof of Theorem 5.4.2. Define

Φ : Aδ → ∂Ω × (−δ, δ) and Ψ : ∂Ω × (−δ, δ) → Aδ

by

Φ(x) = (π(x), 〈x − π(x), n(π(x))〉) and Ψ(x0, ε) = x0 + εn(x0).

Then Φ, Ψ are smooth and Ψ = Φ−1. Replacing δ if necessary, by a smaller
number, we may assume that there exist c1, c2 > 0 such that

0 < c1 ≤ |J(Ψ)| ≤ c2 in ∂Ω × (−δ, δ), (5.24)

where J(Ψ) is the Jacobian of Ψ. Let

ε0 := min{ inf
Ω\Ωδ

ϕ1, cδ}.

Now, for 0 < ε < ε0 we decompose

∫

{ϕ1>ε}

1

ϕ1
dx =

∫

{ϕ1≥ε0}

1

ϕ1
dx+

∫

{ε<ϕ1<ε0}

1

ϕ1
dx. (5.25)

Note that by (5.23) we have

{ε/c < d(x) < cε0} ⊂ {ε < ϕ1 < ε0} ⊂ {cε < d(x) < ε0/c} .

Hence,
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c

∫

{ε/c<d(x)<cε0}

1

d(x)
dx ≤

∫

{ε<ϕ1<ε0}

1

ϕ1
dx

≤ 1

c

∫

{cε<d(x)<ε0/c}

1

d(x)
dx.

(5.26)

With the change of coordinates x = Ψ(x0, η) and by virtue of (5.24) we obtain

∫

{ε/c<d(x)<cε0}

1

d(x)
dx =

∫

∂Ω×( ε
c ,cε0)

|J(Ψ)|
η

dσ(x0)dη

≥ c1|∂Ω| ln c
2ε0
ε
.

(5.27)

Similarly ∫

{cε<d(x)<
ε0
c }

1

d(x)
dx =

∫

∂Ω×(cε,
ε0
c )

|J(Ψ)|
η

dσ(x0)dη

≤ c2|∂Ω| ln ε0
c2ε

.

(5.28)

Now the claim follows from (5.25) through (5.28). 2

Let us come back to the proof of Proposition 5.5.3.
(i) It is enough to show that

lim
λրλ1

(λ1 − λ)1/3‖uλ‖2 = ∞.

Supposing to the contrary, there exists c ∈ [0,∞) such that up to a subsequence
we have (λ1 − λ)1/3k(λ) → c as λր λ∗, where k(λ) = ‖uλ‖2.

Dividing by (λ1 − λ)2/3 in (5.20) we obtain
∫

Ω

(λ1 − λ)1/3ϕ1k(λ)wλdx = λ

∫

Ω

ϕ1

(λ1 − λ)2/3(k(λ)wλ + 1)2
dx. (5.29)

If c = 0 then the left-hand side in (5.29) converges to 0, whereas the right-
hand side tends to ∞. Hence, c ∈ (0,∞). Let ε > 0 be fixed. Because (λ1 −
λ)2/3(k(λ)wλ + 1)2 → c2ϕ2

1 as λր λ1, we can find 0 < λ0 < λ1 such that

(λ1 − λ)2/3(k(λ)wλ + 1)2 < c2(ϕ2
1 + ε) for all λ0 < λ < λ1.

Then (5.29) yields
∫

Ω

(λ1 − λ)1/3ϕ1k(λ)wλdx ≥ λ

c2

∫

Ω

ϕ1

ϕ2
1 + ε

dx for all λ0 < λ < λ1.

Because the limit of the left-hand side is c, we deduce

c ≥ λ∗

c2

∫

Ω

ϕ1

ϕ2
1 + ε

dx for all ε > 0.

Letting εց 0, by Lemma 5.5.4 we obtain c = ∞, the desired contradiction.
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(ii) We argue again by contradiction. Thus, there exists α > 1/3 such that
up to a subsequence we have (λ1 − λ)αk(λ) → c as λր λ1 and c > 0.

Dividing by (λ1 − λ)1−α in (5.20) we obtain
∫

Ω

(λ1 − λ)αϕ1k(λ)dx = λ

∫

Ω

ϕ1

(λ1 − λ)2α−β(k(λ)wλ + 1)2
dx. (5.30)

The limit of the left-hand side is c ∈ (0,∞]. To estimate the right-hand side, we
have

0 <

∫

{ϕ1<λ1−λ}

ϕ1

(λ1 − λ)1−α(k(λ)wλ + 1)2
dx

≤
∫

Ω

λ1 − λ

(λ1 − λ)1−α
dx = (λ1 − λ)α|Ω| → 0 as λր λ∗.

By Lemma 5.5.4 we also obtain

0 <

∫

{ϕ1≥λ1−λ}

ϕ1

(λ1 − λ)1−α(k(λ)wλ + 1)2
dx

≤C(λ1 − λ)3α−1

c2

∫

{ϕ1≥λ1−λ}

1

ϕ1
dx→ 0 as λր λ∗,

where C = sup0<λ<λ∗ maxΩ(ϕ2
1/w

2
λ) < ∞ (as shown in Theorem 5.4.2). From

these estimates, we deduce that the right-hand side in (5.30) converges to zero,
which is a contradiction. This ends the proof. 2

5.6 The case of singular nonlinearities

Our aim in this section is to supply a similar result to that in Section 3.3 in case
f is singular at the origin. Assume that f satisfies the following:

(f1) The mapping (0,∞) ∋ t 7−→ f(t)
t is decreasing and there exists

lim
t→∞

f(t)

t
= a ∈ (0,∞).

(f2) limsց0 f(s) = ∞ and there exists 0 < α < 1 such that

f(t) = O(t−α) as tց 0.

Thus, we are dealing with the monotone case, but in its nonsmooth variant.
Note that, because of the assumptions (f1) and (f2), the nonlinearity f is no
longer monotone. Also notice that condition (f1) allows us to relax the convexity
requirement on f . Furthermore, in view of (f1) we have f(t) − at ≥ 0 for all
t > 0 and we allow ℓ := limt→∞(f(t) − at) to be ∞. As may be easily verified
by the reader, the mapping f(t) = 1/

√
t+

√
t+ t, t > 0 satisfies (f1) and (f2),

is not convex, and ℓ = ∞ (see Figure 5.4). The convexity assumption of f is
needed in the framework of Amann’s theorem and provides the stability of the
minimal solution. In our context we prove the uniqueness of a classical solution
whereas the stability of the solution will be achieved in a more general setting
in Chapter 8.
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Figure 5.4. The singular monotone case on f with ℓ <∞ respectively ℓ = ∞.

Theorem 5.6.1 Assume that condition (f1) and (f2) are fulfilled.

(i) If λ ≥ λ1/a, then problem (5.4) has no classical solutions.

(ii) If 0 < λ < λ1/a, then problem (5.4) has a unique solution uλ such that

(ii1) uλ ∈ C2(Ω) ∩C1,1−α(Ω);
(ii2) limλրλ∗ uλ = ∞ uniformly on compact subsets of Ω.

Proof Existence and nonexistence of a classical solution as well as the unique-
ness follows in the same manner as in the proof of Theorem 5.3.1. The regularity
of the solution in (ii1) is similar to that obtained in Theorem 4.3.2. For the proof
of (ii2) we claim that the arguments used in Theorem 5.3.1 (iv) still work here.
Indeed, we have only to show that the sequence wλ = uλ/‖uλ‖2 (0 < λ < λ1/a)
is bounded in H1

0 (Ω). Using the assumptions (f1) and (f2), there exists b, c > 0
such that f(t) ≤ at + bt−α + c for all t > 0. Then, by Hölder’s inequality we
may write

∫

Ω

|∇wλ|2 = −
∫

Ω

wλ∆wλ =
λ

k(λ)

∫

Ω

wλf(uλ)

≤ λ∗

k(λ)

∫

Ω

wλ(auλ + bu−αλ + c)

= λ∗a

∫

Ω

w2
λ +

λ∗b

k(λ)1+α

∫

Ω

w1−α
λ +

λ∗c

k(λ)

∫

Ω

wλ

≤ λ∗a+
λ∗b

k(λ)1+α
|Ω|(1+α)/2 +

λ∗c

k(λ)
|Ω|1/2.

From now on, we follow the proof of Theorem 5.3.1 line to line. This completes
the proof. 2

Finally, let us remark that the same result holds for bifurcation problems of
the type
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Figure 5.5. The bifurcation diagram for the singular problem (5.31).






−∆u = g(u) + λf(u) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

(5.31)

where g is a singular nonlinearity that satisfies (f2) and f is a C1 function having
a sublinear growth. The bifurcation diagram is depicted in Figure 5.5.

5.7 Comments and historical notes

The constant λ∗ in the statement of Theorem 5.2.1 is also called extremal value
(or the Frank–Kamenetskii constant in the combustion literature).

The class of functions satisfying assumption (5.2) includes the family of con-
vex mappings f : [0,∞) → (0,∞), which are increasing in a neighborhood of ∞.
The important example corresponding to f(t) = et is related to the celebrated
Liouville–Gelfand problem

{
−∆u = λeu in Ω,

u = 0 on ∂Ω.
(5.32)

This problem was initially studied by Liouville [132] if N = 1 and, subsequently,
by Gelfand [82]. The solutions of (5.32) arise as steady-state solutions of the
nonlinear evolution problem (called the solid fuel ignition model)

{
vt = ∆v + λ(1 − εv)mev/(1+εv) in Ω,

v = 0 on ∂Ω,

within the approximation ε ≪ 1, where λ is known as the Frank–Kamenetskii
parameter (see [80]), v is a dimensionless temperature, and ε−1 is the activation
energy.



6

BIFURCATION AND ASYMPTOTIC ANALYSIS: THE

NONMONOTONE CASE

We are servants rather than
masters in mathematics.

Charles Hermite (1822–1901)

6.1 Introduction

The monotone case in problem (5.4) corresponding to an increasing, positive,
and convex nonlinear term f satisfying f(t) ≥ at for all t ≥ 0, where a :=
limt→∞ f(t)/t ∈ (0,∞), was studied in Theorem 5.3.1. The proof of this theorem
relies essentially on the maximum principle. The complementary nonmonotone
case is more difficult and more rich in information. This different setting is an-
alyzed in this chapter by means of combined arguments, including variational
methods like the mountain pass theorem of Ambrosetti and Rabinowitz.

Figure 6.1. The nonmonotone case on f .

More precisely, we study the bifurcation problem (5.4) if the nonlinear term
f obeys the nonmonotone case (see Figure 6.1),—that is, f : [0,∞) → (0,∞) is a
C1 convex function such that f ′(0) > 0, there exists a := limt→∞ f(t)/t ∈ (0,∞),
and
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ℓ := lim
t→∞

(f(t) − at) ∈ [−∞, 0). (6.1)

The basic hypothesis ℓ < 0 will change radically the study of (5.4). At the
same time, new and different methods are needed to deal with the multiplicity
of solutions to (5.4).

6.2 Auxiliary results

Lemma 6.2.1 Let α ∈ L∞(Ω) and w ∈ H1
0 (Ω) \ {0}, w ≥ 0, be such that

λ1(α) ≤ 0 and −∆w ≥ αw in Ω. Then the following properties are valid:

(i) λ1(α) = 0.

(ii) −∆w = αw in Ω.

(iii) w > 0 in Ω.

Proof Let us multiply the inequality −∆w ≥ αw by ϕ1(α) and then integrate
by parts. We obtain

∫

Ω

αϕ1(α)wdx + λ1(α)

∫

Ω

ϕ1(α)wdx ≥
∫

Ω

αϕ1(α)wdx.

This implies that λ1(α) = 0 and −∆w = αw in Ω. Because w ≥ 0 and w 6≡ 0,
we deduce w = cϕ1(α) for some c > 0, which concludes the proof. 2

It is obvious that λf satisfies the hypotheses of Theorem 1.2.5 for all 0 <
λ < λ1/a. This yields λ∗ ≥ λ1/a.

Lemma 6.2.2 The following properties hold true:

(i) If problem (5.4) has a solution for λ = λ∗, then this solution is necessarily
unstable.

(ii) Problem (5.4) has at most one solution when λ = λ∗.

(iii) uλ is the only solution u of problem (5.4) such that λ1(λf
′(u)) ≥ 0.

Proof (i) Suppose that (5.4) with λ = λ∗ has a solution u∗ with λ1(λ
∗f ′(u∗)) >

0. Thus, by the implicit function theorem applied to the mapping

G : C
2,1/2
0 (Ω) × R → C0,1/2(Ω), G(u, λ) = −∆u− λf(u),

it follows that problem (5.4) has a solution for λ in a neighborhood of λ∗, con-
tradicting by this the definition of λ∗.

(ii) Let u be a solution of (5.4) for λ = λ∗. Then u is a supersolution of (5.4)
for all 0 < λ < λ∗. Using the minimality of uλ, it follows that u ≥ uλ in Ω for all
0 < λ < λ∗. This shows that uλ (which increases with λ) converges to a certain
u∗ in L1(Ω).

Let us multiply by uλ in (5.4) and integrate by parts. We obtain
∫

Ω

|∇uλ|2dx = λ

∫

Ω

f(uλ)uλdx ≤ λ∗
∫

Ω

uf(u)dx.

Hence, (uλ)0<λ<λ∗ is bounded in H1
0 (Ω).
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We claim that uλ ⇀ u∗ in H1
0 (Ω) as λր λ∗. Indeed, if v is a limit point of

(uλ)0<λ<λ∗ as λր λ∗, then, up to a subsequence, uλ → v almost everywhere in
Ω. But uλ → u∗ a.e in Ω. Hence, u∗ ∈ H1

0 (Ω). The proof will be concluded when
we show that u = u∗. Let w = u− u∗ ≥ 0. Then

−∆w = λ∗(f(u) − f(u∗)) ≥ λ∗f ′(u∗)w in Ω. (6.2)

Because λ1(λ
∗f ′(u∗)) ≤ 0, by Lemma 6.2.1 it follows that either w ≡ 0 or

w > 0, λ1(λ
∗f ′(u∗)) = 0, and − ∆w = λ∗f ′(u∗)w in Ω.

Assuming w 6≡ 0, by (6.2) we deduce that f is linear in all the intervals of the
form [u∗(x), u(x)], x ∈ Ω. It is easy to see that this forces f to be linear in
[0,maxΩ u]. Let α, β > 0 be such that f(u) = αu + β and f(u∗) = αu∗ + β. We
have

0 = λ1(λ
∗f ′(u∗)) = λ1(λ

∗α) = λ1 − λ∗α,

that is, λ∗ = λ1/α. Hence, u satisfies





−∆u = λ1u+
λ1β

α
in Ω,

u > 0 in Ω,

u > 0 on ∂Ω,

which is a contradiction. Thus u∗ = u.
(iii) Suppose that problem (5.4) has a solution u 6= uλ with λ1(λf

′(u)) ≥ 0.
By the strong maximum principle we derive u > uλ in Ω. Let w = u − uλ > 0.
Then

−∆w = λ(f(u) − f(uλ)) ≤ λf ′(u)w in Ω. (6.3)

Next, we multiply by ϕ := ϕ1(λf
′(u)) in (6.3) and we integrate by parts. We

find

λ

∫

Ω

f ′(u)ϕwdx + λ1(λf
′(u))

∫

Ω

ϕwdx ≤ λ

∫

Ω

f ′(u)ϕwdx.

Thus, λ1(λf
′(u)) = 0 and in (6.3) we have equality,—that is, f is linear in

[0,maxΩ u]. Let α, β > 0 be such that f(u) = αu+ β, f(uλ) = αuλ + β. Then

0 = λ1(λf
′(u)) = λ1(λf

′(uλ)),

which is a contradiction. This finishes the proof. 2

Lemma 6.2.3 The following conditions are equivalent:

(i) λ∗ > λ1/a.

(ii) Problem (5.4) has exactly one solution for λ = λ∗.

(iii) The sequence (uλ)0<λ<λ∗ converges uniformly in Ω as λր λ∗ to some u∗,
which is the unique solution of (5.4) for λ = λ∗.
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Proof (i)⇒(ii) Assume that (5.4) has no solution for λ = λ∗. We claim that
uλ → ∞ as λր λ∗ uniformly on compact subsets of Ω. Supposing the contrary,
with the same arguments as in the proof of Theorem 5.3.1 (iv) it follows that
(uλ)0<λ<λ∗ is bounded in H1

0 (Ω). Then, up to a subsequence (uλ)0<λ<λ∗ is
weakly convergent in H1

0 (Ω) and its weak limit is a solution of (5.4), which
contradicts our assumption. Hence, uλ → ∞ as λ ր λ∗ uniformly on compact
subsets of Ω.

Let
uλ = k(λ)wλ with ‖wλ‖2 = 1, for all 0 < λ < λ∗.

Because (5.4) has no solution for λ = λ∗, we easily derive k(λ) → ∞ as λր λ∗.
Again we use the arguments in the proof of Theorem 5.3.1 (iv) to obtain that
(wλ)0<λ<λ∗ is bounded in H1

0 (Ω) as λ ր λ∗. Hence, there exists w ∈ H1
0 (Ω)

such that up to a subsequence and as λր λ∗ we have

wλ ⇀ w weakly in H1
0 (Ω),

wλ → w strongly in L2(Ω),

wλ → w almost everywhere in Ω.

(6.4)

Then −∆wλ → −∆w in D′(Ω). On the other hand, we have

−∆wλ = λ
f(uλ)

k(λ)
in Ω. (6.5)

As in the proof of Theorem 5.3.1, we further deduce

1

k(λ)
f(uλ) → aw in L2(Ω) as λր λ∗.

Passing to the limit in (6.5) we obtain

−∆w = λ∗w, w ∈ H1
0 (Ω), w ≥ 0, ‖w‖2 = 1.

This yields w = ϕ1 and λ∗ = λ1/a, which is a contradiction. Hence (5.4) has at
least a solution, say u∗, when λ = λ∗. By Lemma 6.2.2 (ii), it follows that u∗ is
the unique solution of (5.4) for λ = λ∗.

(ii)⇒(iii) We have seen in Lemma 6.2.2 (ii) that if (5.4) has a solution u∗ for
λ = λ∗, then uλ → u∗ almost everywhere in Ω as λր λ∗.

It suffices to prove that uλ has a limit in C(Ω) as λ ր λ∗. Even less, it
is enough to prove that (uλ)0<λ<λ∗ is relatively compact in C(Ω). This follows
by Arzelà–Ascoli’s theorem and standard elliptic estimates, which implies that
(uλ)0<λ<λ∗ is bounded in C0,1/2(Ω).

(iii)⇒(i) Assume that λ∗ = λ1/a. According to Lemma 6.2.2 (i) we have
λ1(λ

∗f ′(u∗)) ≤ 0. Furthermore, λ1 ≤ λ∗f ′(u∗) ≤ aλ∗ = λ1. Then f is linear on
[0,maxΩ u

∗] and, as in the proof of Lemma 6.2.2 (ii), we obtain a contradiction.
This concludes the proof. 2
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The following result asserts that the limit of a sequence of unstable solutions
corresponding to problem (5.4) is also unstable.

Lemma 6.2.4 Let un be a solution of (5.4) for some λ = λn > 0 such that
λ1(λnf

′(un)) ≤ 0 and as n→ ∞ we have λn → λ, un ⇀ u in H1
0 (Ω). Then u is

an unstable solution of problem (5.4),—that is, λ1(λf
′(u)) ≤ 0.

Proof The fact that u is a solution of (5.4) follows by standard elliptic argu-
ments. To prove that u is unstable, let us first notice that by the minmax charac-
terization (5.6) of the first eigenvalue, condition λ1(α) ≤ 0 for some α ∈ L∞(Ω)
is equivalent to the existence of ψ ∈ H1

0 (Ω) such that ‖ψ‖2 = 1 and

∫

Ω

|∇ψ|2dx ≤
∫

Ω

αψ2dx.

Therefore, for all n ≥ 1 there exists ψn ∈ H1
0 (Ω), ‖ψn‖2 = 1 such that

∫

Ω

|∇ψn|2dx ≤
∫

Ω

λnf
′(un)ψ

2
ndx. (6.6)

Because f ′ ≤ a, from (6.6) we derive that (ψn)n≥1 is bounded in H1
0 (Ω). Let

ψ ∈ H1
0 (Ω) be such that, up to a subsequence, ψn ⇀ ψ in H1

0 (Ω) and ψn → ψ in
L2(Ω). Furthermore, up to a subsequence, (ψn)n≥1 is dominated in L2(Ω). This
yields ‖ψ‖2 = 1 and

∫

Ω

λnf
′(un)ψ

2
ndx→ λ

∫

Ω

f ′(u)ψ2dx as n→ ∞. (6.7)

By (6.6) and Fatou’s lemma we obtain

∫

Ω

|∇ψ|2dx ≤ lim inf
n→∞

∫

Ω

|∇ψn|2dx ≤
∫

Ω

λf ′(u)ψ2dx.

We have thus obtained the existence of ψ ∈ H1
0 (Ω) such that ‖ψ‖2 = 1 and∫

Ω |∇ψ|2dx ≤
∫
Ω λf

′(u)ψ2dx,—that is, u is unstable. This finishes the proof of
our lemma. 2

6.3 Existence and bifurcation results in the nonmonotone case

In the framework of the curent chapter, existence and bifurcation results are
completely different to those presented in Theorem 5.3.1 in the monotone case.
Furthermore, the uniqueness no longer holds in a neighborhood of the bifurca-
tion point λ∗. This will be proved by means of the mountain pass theorem of
Ambrosetti and Rabinowitz (see Theorem D.1.3).

Let m := mint>0 f(t)/t. As a result of (6.1) we have m > a.

Theorem 6.3.1 Assume that f verifies (5.5) and (6.1). Then the following hold:

(i) λ∗ ∈ (λ1/a, λ1/m).
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(ii) Problem (5.4) has exactly one solution u∗ for λ = λ∗;.

(iii) limλրλ∗ uλ = u∗ uniformly in Ω.

(iv) uλ is the unique solution of (5.4) for all 0 < λ ≤ λ1/a.

(v) For all λ1/a < λ ≤ λ∗, problem (5.4) has at least an unstable solution vλ.

For any solution vλ 6≡ uλ we have

(vi) limλցλ1/a vλ = ∞ uniformly on compact subsets of Ω;

(vii) limλրλ∗ vλ = u∗ uniformly in Ω.

The bifurcation diagram in the nonmonotone case is depicted in Figure 6.2.

Figure 6.2. The bifurcation diagram in Theorem 6.3.1.

Proof We first prove that λ∗ ≤ λ1/m. To this aim, it suffices to show that
problem (5.4) has no solution for λ = λ1/m. Suppose the contrary. Let u be a
solution of (5.4) for λ = λ1/m. Then, multiplying in (5.4) by ϕ1 and integrating
by parts we find

λ1

∫

Ω

ϕ1udx = λ

∫

Ω

ϕ1f(u)dx. (6.8)

Furthermore,

λ1

∫

Ω

ϕ1udx =
λ1

m

∫

Ω

ϕ1f(u) ≥ λ1

∫

Ω

ϕ1udx,

which forces f(u) = mu. This clearly contradicts the fact that f(0) > 0.
The remaining parts of (i), (ii), and (iii) are equivalent in view of Lemma

6.2.3. In this sense, it is enough to prove that λ∗ > λ1/a. Assume by contradiction
that λ∗ ≤ λ1/a. By Lemma 6.2.3 we derive that λ∗ = λ1/a. Then, problem (5.4)
has no solution for λ = λ∗. Indeed, if u∗ would be such a solution, then by Lemma



Existence and bifurcation results in the nonmonotone case 149

6.2.2, u∗ is necessarily unstable. On the other hand, because f ′(u∗) ≤ a we obtain
0 ≤ λ1(λ

∗f ′(u∗)) ≤ λ1(λ
∗a) = 0. Hence, λ1(λ

∗f ′(u∗)) = 0,—that is, f ′(u∗) = a.
We now proceed as in the proof of Lemma 6.2.2 (ii) to obtain a contradiction.
Hence, (5.4) has no solution for λ = λ1/a. With the same arguments as in the
proof of Lemma 6.2.3, we derive limλրλ∗ uλ = ∞ uniformly on compact subsets
of Ω.

From (6.8) we have

0 =

∫

Ω

ϕ1 [λ1uλ − λf(uλ)] dx

=

∫

Ω

ϕ1 [(λ1 − aλ)uλ − λ(f(uλ) − auλ))]dx

≥ −λ
∫

Ω

ϕ1 [f(uλ) − auλ] dx.

(6.9)

Because limλրλ∗ uλ(x) = ∞ for all x ∈ Ω, it follows that f(uλ(x))− auλ(x) → ℓ
as λր λ∗, for all x ∈ Ω. Passing to the limit in (6.9) we obtain the contradictory
inequality 0 ≥ −ℓλ∗

∫
Ω
ϕ1 > 0.

We have proved that λ1/a < λ∗ ≤ λ1/m, and by Lemma 6.2.3, we have that
problem (5.4) has a solution when λ = λ∗. This shows that λ∗ < λ1/m.

(iv) Taking into account Lemma 6.2.2 (iii), it is enough to prove that for all
0 < λ ≤ λ1/a, any solution u of (5.4) verifies λ1(λf

′(u)) ≥ 0. Because f ′(u) ≤ a
we obtain λ1(λf

′(u)) ≥ λ1(λa) ≥ 0 for all 0 < λ ≤ λ1/a.
(v) We want to find solutions of (5.4) different from uλ, which are critical

points others than uλ, of the energy functional

J : H1
0 (Ω) → R, J(u) =

1

2

∫

Ω

|∇u|2dx−
∫

Ω

F (u)dx,

where F (t) = λ
∫ t
0
f(s)ds. In the following, for each λ1/a < λ < λ∗ we will

take uλ as u0 in the mountain pass theorem of Ambrosetti–Rabinowitz. Clearly,
J ∈ C1(H1

0 (Ω),R) and u0 is a local minimum for J .
To apply the Ambrosetti–Rabinowitz theorem, we transform u0 into a local

strict minimum by modifying J . Let ε ∈ (0, 1) and define

Jε : H1
0 (Ω) → R, Jε(u) = J(u) +

ε

2

∫

Ω

|∇(u− u0)|2dx.

Then Jε ∈ C1(H1
0 (Ω),R) and for all u, v ∈ H1

0 (Ω) we have

J ′
ε(u)v =

∫

Ω

∇u · ∇vdx − λ

∫

Ω

f(u)vdx+ ε

∫

Ω

∇(u− u0) · ∇vdx.

Moreover, u0 is a local strict minimum for Jε provided ε > 0 is small enough.

Lemma 6.3.2 Let ε0 = (λa − λ1)/(2λ1). Then there exists v0 ∈ H1
0 (Ω) such

that
Jε(v0) < Jε(u0) for all 0 ≤ ε ≤ ε0.
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Proof Because Jε is nonincreasing with respect to ε, it suffices to prove that

lim
t→∞

Jε0(tϕ1) = −∞.

Notice that

Jε(tϕ1) =
λ1

2
t2 +

ε0
2
λ1t

2 − ε0λ1t

∫

Ω

ϕ1u0dx

+
ε0
2

∫

Ω

|∇u0|2dx −
∫

Ω

F (tϕ1)dx.

(6.10)

Let α = (3aλ + λ1)/(4λ). Because α < a, there exists β ∈ R such that
f(t) ≥ αt+ β for all t ≥ 0, which implies that F (t) ≥ αλ/2t2 + βλt when t ≥ 0.
Then (6.10) shows that

lim sup
t→∞

1

t2
Jε0(tϕ1) ≤

λ1 + ε0λ1 − λα

2
< 0,

because of the choice of α. Hence, v0 := tϕ1 satisfies the conclusion of lemma for
large t > 0. 2

The following result states that the Palais–Smale condition (see Appendix D)
on Jε is satisfied uniformly in ε.

Lemma 6.3.3 Let (un)n≥1 ⊂ H1
0 (Ω) and 0 < εn ≤ ε0 be such that

(Jεn(un))n is bounded in R and J ′
εn

(un) → 0 in H−1(Ω). (6.11)

Then (un)n≥1 is relatively compact in H1
0 (Ω).

Proof It suffices to prove that (un)n≥1 contains a bounded subsequence in
H1

0 (Ω). Indeed, suppose we have already proved this claim. Then, there exist
0 ≤ ε ≤ ε0 and u ∈ H1

0 (Ω) such that, up to a subsequence and as n → ∞ we
have εn → ε and

un ⇀ u weakly in H1
0 (Ω),

un → u strongly in L2(Ω),

un → u almost everywhere in Ω.

Because J ′
εn

(un) → 0 in H−1(Ω) we deduce

−∆un − λf(un) − εn∆(un − u0) → 0 in D′(Ω) as n→ ∞. (6.12)

Note that f ′ ≤ a implies

|f(un) − f(u)| ≤ a|un − u| in Ω,

which yields f(un) → f(u) in L2(Ω) as n→ ∞. Thus, from (6.12) we have

−∆u− λf(u) − ε∆(u− u0) = 0. (6.13)
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Multiplying (6.13) by u and integrating over Ω we obtain

(1 + ε)

∫

Ω

|∇u|2dx− λ

∫

Ω

uf(u)dx− ελ

∫

Ω

uf(u0)dx = 0. (6.14)

From (6.11) and the boundedness of (un)n≥1 we also deduce

J ′
ε(un)un → 0 as n→ ∞.

Therefore, as n→ ∞ we have

(1 + εn)

∫

Ω

|∇un|2dx− λ

∫

Ω

unf(un)dx− εnλ

∫

Ω

unf(u0)dx→ 0. (6.15)

Combining now (6.14) with (6.15) we obtain un → u in H1
0 (Ω) as n→ ∞.

We now establish that (un)n≥1 is, up to a subsequence, bounded in H1
0 (Ω).

To this aim, it suffices to show that passing to a subsequence (un)n≥1 is bounded
in L2(Ω). Then, by virtue of (6.11) we deduce that (un)n≥1 is bounded in H1

0 (Ω).
Let un = knwn with ‖wn‖2 = 1, kn > 0 and assume by contradiction that up

to a subsequence we have kn → ∞ as n→ ∞. We also may assume that εn → ε.
By (6.11) we derive

Jεn(un)

k2
n

→ 0 as n→ ∞.

That is,

1

2

∫

Ω

|∇wn|2dx− 1

k2
n

∫

Ω

F (un)dx +
εn
2

∫

Ω

∣∣∣∣∇
(
wn − u0

kn

)∣∣∣∣
2

dx→ 0 (6.16)

as n→ ∞. Notice that

εn
2

∫

Ω

∣∣∣∣∇
(
wn − u0

kn

)∣∣∣∣
2

dx =
εn
2

∫

Ω

|∇wn|2dx

+
εn
2k2
n

∫

Ω

|∇u0|2dx− εnλ

kn

∫

Ω

wnf(u0)dx,

so that (6.16) produces

lim
n→∞

{
1 + εn

2

∫

Ω

|∇wn|2dx− 1

k2
n

∫

Ω

F (un)dx

}
= 0. (6.17)

Because F (un) = F (knwn) ≤ λak2
nw

2
n/2+λbknwn (where b = f(0)), from (6.17)

we deduce that (wn)n≥1 is bounded in H1
0 (Ω). Let w ∈ H1

0 (Ω) be such that up
to a subsequence and as n→ ∞ we have

wn ⇀ w weakly in H1
0 (Ω),

wn → w strongly in L2(Ω),

wn → w almost everywhere in Ω.
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We claim that
−(1 + ε)∆w = λaw. (6.18)

Indeed, dividing (6.11) by kn we have

lim
n→∞

{
(1 + εn)

∫

Ω

∇wn · ∇vdx− λ

∫

Ω

f(un)

kn
vdx

}
= 0, (6.19)

for each v ∈ H1
0 (Ω). This implies

(1 + ε)

∫

Ω

∇w · ∇vdx = λ lim
n→∞

∫

Ω

f(un)

kn
vdx for all v ∈ H1

0 (Ω). (6.20)

With the same arguments as in the proof of Theorem 5.4.1, we derive that
(f(un)/kn)n≥1 converges almost everywhere to aw in Ω. Moreover, because f is
asymptotically linear and up to a subsequence (wn)n≥1 is dominated in L2(Ω),
we obtain f(un)/kn → aw in L2(Ω) as n → ∞. Now, from (6.20) we obtain
(6.18). Furthermore, from (6.18) we deduce that w = ϕ1 and λa/(1 + ε) = λ1,
which contradicts the choice of ε0. This completes the proof. 2

Let us come back to the proof of (v) in Theorem 6.3.1. By the Ambrosetti–
Rabinowitz theorem, for all 0 ≤ ε ≤ ε0 there exists vε ∈ H1

0 (Ω) such that

−∆vε =
λ

1 + ε
f(vε) +

λε

1 + ε
f(u0) in Ω. (6.21)

Set
cε = Jε(vε).

Because Jε increases with ε, we have c0 ≤ cε ≤ cε0 ,—that is, (Jε(vε))ε>0 is
bounded. Furthermore, by Lemma 6.3.3 there exists v ∈ H1

0 (Ω) such that, up
to a subsequence, vε → v in H1

0 (Ω) as ε → 0. Now (6.21) implies −∆v = λf(v)
in Ω and, by standard regularity arguments, v is a classical solution of (5.4). To
conclude the proof of (v) it remains only to show that v 6= u0 = uλ. This will be
achieved by Theorem 5.2.1 and the fact that v is an unstable solution of (5.4).

It can be readily seen that u0 is the minimal solution of (6.21). Therefore, by
Theorem 5.2.1 applied to the mapping

R ∋ t 7−→ λ

1 + ε
f(t) +

λε

1 + ε
f(u0),

it follows that vε is unstable in the sense that

λ1

(
λ

1 + ε
f ′(vε)

)
≤ 0.

By virtue of Lemma 6.2.4 we derive that λ1(λf
′(v)) ≤ 0 and thus u0 6= v. This

completes the proof of (v).
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(vi) Suppose the contrary. With the same arguments as in the proof of
Theorem 5.3.1 there exist (λn)n≥1 ⊂ (0,∞) such that λn ց λ1/a and vn ∈
C2(Ω) ∩C(Ω) a solution of (5.4) for λ = λn which is unstable and the sequence
(vn)n≥1 is bounded in L1

loc(Ω). We first claim that (vn)n≥1 is unbounded in
H1

0 (Ω). Otherwise, let w ∈ H1
0 (Ω) be such that, up to a subsequence, vn ⇀ w

weakly in H1
0 (Ω) and strongly in L2(Ω). Then

−∆vn → −∆w in D′(Ω) as n→ ∞

and
f(vn) → f(w) in L2(Ω) as n→ ∞,

which yields −∆w = λ1f(w)/a. Thus, w ∈ C2(Ω) ∩ C(Ω) is a solution of (5.4)
for λ = λ1/a. From Lemma 6.2.4 we also deduce that λ1(λ1f

′(w)/a) ≤ 0,—that
is, w 6= uλ1/a, which contradicts (iv) in the statement of our theorem.

Because of the nature of our problem, the fact that (vn)n≥1 is unbounded in
L2(Ω) implies that (vn)n≥1 is also unbounded in H1

0 (Ω). Let vn = knwn with
‖wn‖2 = 1, kn > 0 and, up to a subsequence, kn → ∞ as n→ ∞. This yields

−∆wn =
λn
kn
f(vn) → 0 in L1

loc(Ω) as n→ ∞.

Also remark that the previous convergence holds in the distribution space D′(Ω),
and (wn)n≥1 is bounded in H1

0 (Ω) with an already provided argument. If w is a
limit point of (wn)n≥1 in H1

0 (Ω), we obtain −∆w = 0 in Ω and ‖w‖2 = 1, the
desired contradiction.

(vii) As before, it is enough to prove that (vλ)λ<λ∗ is bounded in L2(Ω) as
λր λ∗, and then to use the uniqueness of u∗.

Supposing the contrary, there exist (λn)λ<λ∗ , λn ր λ∗ and vn a solution of
(5.4) for λ = λn such that ‖vn‖2 → ∞ as n → ∞. If we write again vn = knwn,
then

−∆wn =
λn
kn
f(un) in Ω. (6.22)

The fact that the right-hand side of (6.22) is bounded in L2(Ω) implies that
(wn)n≥1 is bounded in H1

0 (Ω). Let w be such that, up to a subsequence, wn → w
weakly in H1

0 (Ω) and strongly in L2(Ω). A computation already done shows that

−∆w = λ∗aw, w ≥ 0 in Ω and ‖w‖2 = 1,

which forces w ≡ ϕ1 and λ∗ = λ1/a. This is clearly a contradiction because
λ∗ > λ1/a. This concludes the proof of Theorem 6.3.1. 2

With the same arguments as in Section 5.4 we may describe the asymptotic
behavior of the unstable solutions as λց λ1/a.

Theorem 6.3.4 Let f : [0,∞) → (0,∞) be a C1 convex function that satisfies
hypotheses (5.5), (6.1), and f ′(0) > 0.
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(i) For any unstable solution vλ of (5.4) we have

lim
λցλ1/a

(λ1 − aλ)‖vλ‖2 = ℓ.

(ii) If vλ = k(λ)wλ with ‖wλ‖2 = 1 we have wλ → ϕ1 in C1(Ω) as λ ց λ1/a,
and the quotient ϕ1/wλ is uniformly bounded when λ approaches λ1/a.

6.4 An example

Example 6.1 Let f(t) = t+ 2 −
√
t+ 1, t > 0. Then

lim
λցλ1

(λ − λ1)
2‖vλ‖2 =

(
λ1

∫

Ω

ϕ
3/2
1 dx

)2

.

Proof Multiplying by ϕ1 in (5.4) and integrating over Ω we obtain

(λ1 − λ)

∫

Ω

ϕ1vλdx = λ

∫

Ω

(2 −
√
vλ + 1)ϕ1dx.

Adding λ
∫
Ω

√
vλϕ1dx to both sides of the previous equality and then multiplying

by λ− λ1 we obtain
∫

Ω

ϕ1(λ− λ1)
√
vλ(λ− (λ− λ1)

√
vλ)dx = 2λ(λ− λ1)

∫

Ω

ϕ1dx

− λ

∫

Ω

ϕ1(λ− λ1)(
√
vλ + 1 −√

vλ)dx.

(6.23)

Let vλ = k(λ)wλ, where k(λ), wλ are as usual.
We first prove that lim supλցλ1

(λ − λ1)
2k(λ) < ∞. Supposing the contrary,

up to a subsequence, we have (λ−λ1)
2k(λ) → ∞ as λց λ1. Then the right-hand

side of (6.23) tends to zero whereas the left-hand side goes to −∞ as λ ց λ1,
which is a contradiction.

Furthermore, from (6.23) we have

∫

Ω

ϕ1
√
vλ(λ − (λ− λ1)

√
vλ)dx ≤ 2λ

∫

Ω

ϕ1dx. (6.24)

If lim infλցλ1
(λ−λ1)

2k(λ) = 0 then the left-hand side of (6.24) goes to ∞, which
is again a contradiction. Now let c ∈ (0,∞) be a limit point of (λ − λ1)

2k(λ)

as λ ց λ1. From (6.23) we deduce c = (λ1

∫
Ω ϕ

3/2
1 dx)2 and the proof is now

complete. 2

6.5 Comments and historical notes

We have seen in Theorem 6.3.1 that λ∗ is a returning point from which unstable
solutions vλ begin to emanate, which exist for any λ ∈ (λ1/a, λ

∗). It has been
proved that any such solution vλ has the same behavior, in the sense that
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lim
λցλ1/a

vλ = ∞ uniformly on compact subsets of Ω

and
lim
λրλ∗

vλ = u∗ uniformly in Ω,

where u∗ is the (unstable) solution corresponding to λ = λ∗.
An interesting open problem is to establish whether there is a unique unstable

solution vλ, for any λ ∈ (λ1/a, λ
∗).

Returning points exist in many bifurcation problems. An interesting phe-
nomenon is related to the Liouville–Gelfand equation (5.32) corresponding to
f(t) = et, provided Ω ⊂ R

N is a ball (see, for instance, [111]). In such a case the
bifurcation diagram strongly depends on N , as depicted in Figure 6.3.

These results can be described as follows:
Case 1: 1 ≤ N ≤ 2. Then there exists a unique solution for λ = λ∗ and

exactly two solutions for any λ ∈ (0, λ∗). Moreover, the unstable solution vλ
tends to ∞ as λց 0, uniformly on compact subsets of Ω. This is a result of the
work by Liouville [132] (if N = 1) and Bratu [29] (if N = 2).

Case 2: 2 < N < 10. Then there exists a continuum of solutions that oscillate
around the line λ = 2(N − 2). This result was found by Gelfand [82].

Case 3: N ≥ 10. Then λ∗ = 2(N − 2) and there is a unique solution for any
λ ∈ (0, 2(N − 2)). This result is a work by Joseph and Lundgren [112].

If N ≤ 9 then the extremal solution u∗ corresponding to λ∗ is smooth. If
N ≥ 10 then u∗ is unbounded and, in this case, u∗(x) = ln

(
1/|x|2

)
provided Ω

is the unit ball in R
N . In this situation, u∗ fails to be a classical solution but

it is the unique weak solution of the Liouville–Gelfand problem in the limiting
case λ = λ∗.

2(N  2)2(N  2) ――

Figure 6.3. The bifurcation diagram for the Liouville–Gelfand problem.
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SUPERLINEAR PERTURBATIONS OF SINGULAR ELLIPTIC

PROBLEMS

The art of doing mathematics
consists in finding that special
case which contains all the germs
of generality.

David Hilbert (1862–1943)

7.1 Introduction

In this chapter we are interested in the study of singular elliptic problems in
the presence of smooth nonlinearities having a superlinear growth at infinity.
Our analysis, which includes existence, regularity, bifurcation, and asymptotic
behavior of solutions with respect to the parameters, will concern the model
problem 




−∆u = u−α + λup in Ω,

u > 0 in Ω,

u = 0 on ∂Ω

(7.1)

in a smooth bounded domain Ω ⊂ R
N , where λ > 0, 0 < α < 1.

As a result of the continuous (or even compact) embedding of H1
0 (Ω) into

the standard Lp(Ω) spaces, we will be concerned with the case N ≥ 3 and
1 < p ≤ (N + 2)/(N − 2).

We have already seen in Theorem 4.3.2 that if 0 < p < 1, then (7.1) has
a unique solution for all λ ≥ 0. Furthermore, if p = 1 then problem (7.1) has
solutions if and only if λ < λ1, and in this case the solution is unique. Uniqueness
of the solution has been obtained so far via Theorem 1.3.17. In our setting
the assumption (H1) in Theorem 1.3.17 is not fulfilled, so that the issue of
multiplicity of the solution to (7.1) is raised.

The first task in this chapter is to investigate the existence of weak solutions
to problem (7.1) in the following sense.

Definition 7.1.1 We say that u ∈ H1
0 (Ω) is a weak solution of (7.1) if u > 0

in Ω and

∫

Ω

∇u∇φdx =

∫

Ω

(u−α + λup)φdx for all φ ∈ H1
0 (Ω). (7.2)
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In contrast to the case 0 < p ≤ 1, a different approach is needed here because
the hypotheses of Theorems 1.2.5 and 1.3.17 are not satisfied. However, we are
able to show that for small values of λ, problem (7.1) has at least two weak
solutions, and no solutions exist if λ is large. As usual in this case, the existence
is proved by considering the energy functional

Jλ(u) =
1

2

∫

Ω

|∇u|2dx− 1

1 − α

∫

Ω

u1−αdx− λ

p+ 1

∫

Ω

up+1dx, u ∈ H1
0 (Ω).

The main difficulty in the study of (7.1) here consists not only of the fact that
Jλ is not differentiable, but also of the presence of the unbounded term u−α

combined with the presence of the superlinear term up. The existence of the first
solution is obtained by the sub- and supersolution method in the weak sense
presented in the next section. Moreover, a direct analysis in the H1 neighborhood
of the solution reveals the fact that this solution is also a local minimizer with
respect to the H1 topology. The second solution is then obtained by Ekeland’s
variational principle. More precisely, the following result holds true.

Theorem 7.1.2 Assume that 0 < α < 1 and 1 < p ≤ (N + 2)/(N − 2). There
exists λ∗ > 0 such that

(i) for all 0 < λ < λ∗, problem (7.1) has at least two weak solutions uλ and
vλ such that uλ < vλ in Ω;

(ii) for λ = λ∗, problem (7.1) has at least one weak solution uλ;

(iii) for all λ > λ∗, problem (7.1) has no weak solutions.

If α is small enough, then any weak solution of (7.1) is in fact a classical solu-
tion. This will be proved in Section 7.6. In Section 7.7, the problem of asymptotic
behavior as p ց 1 will be addressed both for the bifurcation point λ∗ and for
solutions of (7.1). This matter will point out new and interesting features of
problem (7.1). For instance, we shall see that if α < 1/N , then (7.1) possesses
a minimal solution (which is in fact uλ in the statement of Theorem 7.1.2), and
any other solution of (7.1) blows up in the L∞ norm as pց 1.

7.2 The weak sub- and supersolution method

In this section we present an existence method for weak solutions that is similar
to that described in Theorem 1.2.2 for classical ones. To begin with, we introduce
the concept of sub- and supersolution in the weak sense. For our convenience,
let us set fλ(t) = t−α + λt for λ, t > 0.

Definition 7.2.1 We say that u ∈ H1
0 (Ω) is a weak subsolution of problem (7.1)

if u > 0 in Ω and ∫

Ω

∇u∇φdx ≤
∫

Ω

fλ(u)φdx,

for all φ ∈ H1
0 (Ω), φ ≥ 0.

Reversing the sign in the previous inequality, we obtain the definition of a su-
persolution in the weak sense. The main result of this section is the following.
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Theorem 7.2.2 Let u and u be a weak subsolution respectively a weak superso-
lution of problem (7.1) such that u ≤ u in Ω. Then there exists a weak solution
u ∈ H1

0 (Ω) of (7.1) such that u ≤ u ≤ u in Ω.

Because we are dealing with functions in the space H1
0 (Ω), in the statement

of Theorem 7.2.2 and throughout this chapter, the relation u ≤ u should be
understood that it holds almost everywhere in Ω.

Proof The solution of (7.1) will be obtained by minimizing the functional Jλ
over the set

M := {u ∈ H1
0 (Ω) : u ≤ u ≤ u in Ω}.

We first observe that M is convex and closed with respect to the H1 topology.
Furthermore, for all u ∈ H1

0 (Ω) we have

Jλ(u) ≥
1

2
‖u‖2

H1
0
(Ω) −

1

1 − α

∫

Ω

|u|−αdx− λ

p+ 1

∫

Ω

|u|pdx,

which implies that Jλ is coercive.
To apply Theorem C.1.1 we need to show that Jλ is weakly lower semicon-

tinuous on M . To this aim, let (un)n≥1 ⊂ M be an arbitrary sequence that
converges weakly to u in M . Then, un → u almost everywhere in Ω as n → ∞.
Because u ≤ un ≤ u in Ω, by Lebesgue’s theorem on dominated convergence we
obtain

lim
n→∞

∫

Ω

u1−α
n dx =

∫

Ω

u1−αdx

and

lim
n→∞

∫

Ω

up+1
n dx =

∫

Ω

up+1dx.

It follows that

lim inf
n→∞

Jλ(un) ≤ Jλ(u).

Thus, Jλ verifies the hypotheses of Theorem C.1.1. According to this one, there
exists a relative minimizer uλ ∈ M of Jλ. We show in what follows that uλ is a
solution of (7.1).

Let φ ∈ H1
0 (Ω), ε > 0, and consider

wε := (uλ + εφ− u)+, wε := (uλ + εφ− u)−.

Set vε := uλ+εφ−wε+wε. Then, vε ∈M , which implies that uλ+t(vε−uλ) ∈M ,
for all 0 < t < 1. This yields

Jλ(uλ + t(vε − uλ)) − Jλ(uλ) ≥ 0 for all 0 < t < 1.

Dividing by t in the previous inequality and passing to the limit, by the mean
value theorem we have
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∫

Ω

∇uλ∇(vε − uλ)dx − lim
t→0

∫

Ω

(uλ + θt(vε−uλ))−α(vε − uλ)dx

− λ

∫

Ω

upλ(vε − uλ)dx ≥ 0,

(7.3)

for some 0 < θ < 1. Notice that

|(uλ + θt(vε − uλ))
−α(vε − uλ)| ≤ u−α|vε − uλ| in Ω.

Because u is a subsolution of (7.1), we have u−α|vε − uλ| ∈ L1(Ω). Hence, by
Lebesgue’s theorem we derive

lim
t→0

∫

Ω

(uλ + θt(vε − uλ))
−α(vε − uλ)dx =

∫

Ω

u−αλ (vε − uλ)dx. (7.4)

From (7.3) and (7.4) we obtain

∫

Ω

∇uλ∇(vε − uλ)dx−
∫

Ω

fλ(uλ)(vε − uλ)dx ≥ 0.

That is, ∫

Ω

(∇uλ∇φ− fλ(uλ)φ)dx ≥ Aε −Bε
ε

, (7.5)

where

Aε :=

∫

Ω

(
∇uλ∇wε − fλ(uλ)wε

)
dx,

Bε :=

∫

Ω

(
∇uλ∇wε − fλ(uλ)wε

)
dx.

Let us first evaluate Aε. Because wε = (uλ + εφ− u)χ{uλ+εφ≥u}, we have

Aε =

∫

Ω

∇(uλ − u)∇wεdx+

∫

Ω

(
∇u∇wε − fλ(uλ)wε

)
dx

≥
∫

{uλ+εφ≥u}

|∇(uλ − u)|2dx+ ε

∫

{uλ+εφ≥u}

∇(uλ − u)∇φdx

+

∫

{uλ+εφ≥u}

(fλ(u) − fλ(uλ))wεdx

≥ ε

∫

{uλ+εφ≥u}

∇(uλ − u)∇φdx +

∫

{uλ+εφ≥u}

(u−α − u−αλ )wεdx.

The last integral in the right-hand side can be evaluated as
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∫

{uλ+εφ≥u}

(u−α − u−αλ )wεdx =

∫

{uλ+εφ≥u}

(u−α − u−αλ )(uλ − u)dx

+ ε

∫

{uλ+εφ≥u}

(u−α − u−αλ )φdx

≥ ε

∫

{uλ+εφ≥u}

(u−α − u−αλ )φdx

≥− ε‖φ‖∞
∫

{uλ+εφ≥u}

(u−α − u−α)dx.

Thus, we obtain

Aε
ε

≥
∫

{uλ+εφ≥u}

∇(uλ − u)∇φdx − ‖φ‖∞
∫

{uλ+εφ≥u}

(u−α − u−α)dx.

Because the Lebesgue measure of the set {uλ + εφ ≥ u} tends to zero as ε→ 0,
the previous inequality leads us to Aε/ε ≥ o(1) as ε → 0. Similarly, we obtain
Bε/ε ≤ o(1) as ε→ 0. Therefore, from (7.5) we find

∫

Ω

(
∇uλ∇φ− fλ(uλ)φ

)
dx ≥ o(1) as ε→ 0.

Replacing φ with −φ in the previous relations and letting ε→ 0, we deduce
∫

Ω

(
∇uλ∇φ − fλ(uλ)φ

)
dx = 0 for all φ ∈ H1

0 (Ω).

Hence, uλ is a weak solution of (7.1). The proof is now complete. 2

7.3 H1 local minimizers

An interesting property of the weak solutions obtained by the method described
in Section 7.2 is that these are H1 local minimizers for the energy functional Jλ.
To be more specific, a function u ∈ H1

0 (Ω) is called a local minimizer for Jλ in
the H1 topology if there exists r > 0 such that

Jλ(u) ≤ Jλ(v) for all v ∈ H1
0 (Ω) with ‖v − u‖H1

0
(Ω) < r.

The main result of this section is the following.

Theorem 7.3.1 If uλ is the solution of (7.1) obtained in Theorem 7.2.2, then
uλ is a local minimizer of Jλ in the H1 topology.

Proof Supposing to the contrary, there exists (un)n≥1 ⊂ H1
0 (Ω) such that

un → uλ in H1
0 (Ω) as n→ ∞ and Jλ(un) < Jλ(uλ). Define

wn := (un − u)+, wn := (un − u)−.

Let also En = suppwn and Fn = suppwn. We first need the following result.
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Lemma 7.3.2 limε→0 |En| = limε→0 |Fn| = 0.

Proof Let ε > 0. Then there exists δ > 0 such that |Ω \ Ωδ| < ε/2, where
Ωδ = {x ∈ Ω : dist(x, ∂Ω) > δ}. By Corollary 1.3.8 we have

u ≥ c dist(x, ∂Ω) ≥ cδ

2
> 0 for all x ∈ Ωδ/2.

Then,

−∆(u− uλ) ≥ −αu−1−α(u − uλ) ≥ −α
(
cδ

2

)−1−α

(u− uλ) in Ωδ/2.

Again by Corollary 1.3.8 we obtain

u− uλ ≥ c1dist(x, ∂Ωδ/2) ≥ c2 > 0 for all x ∈ Ωδ.

Hence,
|En| ≤ |Ω \ Ωδ| + |En ∩ Ωδ|

<
ε

2
+

1

c22

∫

En∩Ωδ

(un − uλ)
2dx

≤ ε

2
+

1

c22

∫

Ω

(un − uλ)
2dx.

Becaus un → uλ in H1
0 (Ω), for n sufficiently large, the previous estimate yields

|En| < ε. Thus, limε→0 |En| = 0, and similarly we obtain limε→0 |Fn| = 0. This
finishes the proof. 2

Because (wn)n≥1 and (wn)n≥1 are bounded in H1
0 (Ω), by Lemma 7.3.2 we have

wn → 0 and wn → 0 in H1
0 (Ω) as n→ ∞. (7.6)

Set vn := max{u,min{un, u}}. Then vn ∈ M, vn = u in En, and vn = u in Fn.
Furthermore,

Jλ(un) = Jλ(vn) +An +Bn, (7.7)

where

An =
1

2

∫

En

(
|∇un|2 − |∇u|2

)
dx− 1

1 − α

∫

En

(
|un|1−α − u1−α

)
dx

− λ

p+ 1

∫

En

(
|un|p+1 − up+1

)
dx,

Bn =
1

2

∫

Fn

(
|∇un|2 − |∇u|2

)
dx− 1

1 − α

∫

Fn

(
|un|1−α − u1−α

)
dx

− λ

p+ 1

∫

Fn

(
|un|p+1 − up+1

)
dx.
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Because uλ is a minimizer of Jλ restricted to M , it follows that

Jλ(un) ≥ Jλ(uλ) +An +Bn. (7.8)

To evaluate An, we use the fact that un = u + wn in En. By the mean value
theorem we have

An =
1

2

∫

En

(
|∇(u + wn)|2 − |∇u|2

)
dx− 1

1 − α

∫

En

(
|u+ wn|1−α − u1−α

)
dx

− λ

p+ 1

∫

En

(
|u+ wn|p+1 − up+1

)
dx

≥1

2
‖wn‖2

H1
0
(Ω) +

∫

En

∇u∇wndx−
∫

En

fλ(u + θwn)wndx,

for some 0 < θ < 1. Because u is a weak supersolution of (7.1), we deduce

An ≥ 1

2
‖wn‖2

H1
0
(Ω) +

∫

En

(u−α + λup)wndx

−
∫

En

(
(u + θwn)

−α + λ(u+ θwn)p
)
wndx

≥ 1

2
‖wn‖2

H1
0
(Ω) − λ

∫

En

(
(u+ θwn)

p − up
)
wndx

≥ 1

2
‖wn‖2

H1
0
(Ω) − cλ

∫

En

(up−1 + wp−1
n )w2

ndx.

By (7.6), Lemma 7.3.2, and Sobolev’s inequality, for n large enough we derive

An ≥ 1

2
‖wn‖2

H1
0
(Ω) − C

(∫

En

up+1dx

)(p−1)/(p+1)

‖wn‖2
H1

0
(Ω) − C‖wn‖p+1

H1
0
(Ω)

=
1

2
‖wn‖2

H1
0
(Ω) − o(1)‖wn‖2

H1
0
(Ω) ≥ 0,

for some positive constant C > 0. In the same way we obtain Bn ≥ 0. Hence, by
(7.7) it follows that Jλ(un) ≥ Jλ(uλ), which contradicts our assumption. This
finishes the proof. 2

7.4 Existence of the first solution

By means of the weak sub- and supersolution method described in Section 7.2
we establish the existence of the first solution of (7.1).

The core of this section is the following result, which is the first step in
proving Theorem 7.1.2.

Theorem 7.4.1 There exists 0 < λ∗ <∞ such that for all 0 < λ ≤ λ∗ problem
(7.1) has at least one weak solution uλ, and no solutions exist if λ > λ∗.
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Because the embedding H1
0 (Ω) →֒ Lp(Ω) is compact for 1 < p < (N+2)/(N−

2), we consider only the critical case p = (N +2)/(N − 2). As we did in previous
chapters, let us define

A := {λ > 0 : problem (7.1) has at least one weak solution}

and set λ∗ := supA.

Proposition 7.4.2 The set A is nonempty and λ∗ is finite.

Proof By Sobolev’s and Hölder’s inequality we derive

Jλ(u) ≥
1

2
‖u‖2

H1
0
(Ω) − C‖u‖1−α

H1
0
(Ω)

− Cλ‖u‖p+1
H1

0
(Ω)
,

for all u ∈ H1
0 (Ω). Thus, we can choose λ > 0 small enough and r, δ > 0 such

that
1

2
‖u‖2

H1
0
(Ω) −

λ

p+ 1
‖u‖p+1

p+1 ≥ 2δ for all u ∈ ∂Br,

1

2
‖u‖2

H1
0
(Ω) −

λ

p+ 1
‖u‖p+1

p+1 ≥ 0 for all u ∈ Br,

Jλ(u) ≥ δ for all u ∈ ∂Br,

(7.9)

where Br := {u ∈ H1
0 (Ω) : ‖u‖H1

0
(Ω) < r}. Set

c := inf
u∈Br

Jλ(u).

Because 0 < 1 − α < 1, for all u ∈ Br \ {0} there exists t > 0 small enough
such that Jλ(tu) < 0. This yields c < 0. Let (un)n≥1 ⊂ Br be a minimizing
sequence for c. Then there exists u ∈ Br such that, up to a subsequence, we have
as n→ ∞

un ⇀ u weakly in H1
0 (Ω),

un → u strongly in Lq(Ω) for all 2 ≤ q < (N + 2)/(N − 2),

un → u almost everywhere in Ω.

Because Jλ(un) = Jλ(|un|), replacing if necessary un by u+
n we may assume that

un ≥ 0 in Ω, for all n ≥ 1. By Hölder’s inequality we have as n→ ∞
∫

Ω

u1−α
n dx ≤

∫

Ω

u1−αdx+

∫

Ω

|un − u|1−αdx

≤
∫

Ω

u1−αdx+ C‖un − u‖1−α
2

=

∫

Ω

u1−αdx+ o(1).

In the same manner as shown earlier we obtain
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∫

Ω

u1−αdx ≤
∫

Ω

u1−α
n dx+

∫

Ω

|un − u|1−αdx =

∫

Ω

u1−α
n dx+ o(1).

Thus, ∫

Ω

u1−αdx =

∫

Ω

u1−α
n dx+ o(1) as n→ ∞. (7.10)

A similar relation holds in the Lp norm, even in a more general setting.

Lemma 7.4.3 (Brezis–Lieb) Let 1 ≤ p <∞ and (un)n≥1 ⊂ Lp(Ω) be a bounded
sequence such that un → u almost everywhere in Ω as n→ ∞. Then u ∈ Lp(Ω)
and

‖u‖pp = lim
n→∞

(‖un‖pp − ‖un − u‖pp).

Proof Let ε > 0 and M := supn≥1 ‖un‖p. Let us first notice that there exists
Cε > 0 such that

∣∣∣|t+ 1|p − |t|p − 1
∣∣∣ ≤ ε|t|p + Cε for all t ∈ R. (7.11)

This comes from the fact that

lim
|t|→∞

|t+ 1|p − |t|p − 1

|t|p = 0.

From (7.11) we derive

∣∣∣|a+ b|p − |a|p − |b|p
∣∣∣ ≤ ε|a|p + Cε|b|p for all a, b ∈ R. (7.12)

Let

vn :=
∣∣∣|un|p − |un − u|p − |u|p

∣∣∣,

wn :=(vn − ε|un − u|p)+.

By (7.12) we have wn → 0 almost everywhere in Ω as n → ∞ and 0 ≤ wn ≤
Cε|u|p in Ω. Thus, by Lebesgue’s theorem we obtain ‖wn‖1 → 0 as n→ ∞. On
the other hand,

0 ≤ vn ≤ ε|un − u|p + wn almost everywhere in Ω,

which yields

‖vn‖1 ≤ ε‖un − u‖pp + ‖wn‖1 ≤ ε2pMp + ‖wn‖1.

Hence, ‖vn‖1 → 0 as n→ ∞, which concludes the proof. 2
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By Lemma 7.4.3 we have

‖un‖p+1
p+1 = ‖u‖p+1

p+1 + ‖un − u‖p+1
p+1 + o(1). (7.13)

Note also that

‖un‖2
H1

0
(Ω) = ‖u‖2

H1
0
(Ω) + ‖un − u‖2

H1
0
(Ω) + o(1). (7.14)

Because Jλ ≥ δ on ∂Br and c < 0, there exist ε0 > 0 small enough and n0 ≥ 1
such that

‖un‖H1
0
(Ω) ≤ r − ε0 for all n ≥ n0.

Now from (7.14) we find un− u ∈ Br for all n ≥ n0. Therefore, by (7.9) we have

1

2
‖un − u‖2

H1
0
(Ω) −

λ

p+ 1
‖un − u‖p+1

p+1 ≥ 0. (7.15)

From (7.10) and (7.13) through (7.15) we obtain

c = Jλ(un) + o(1)

= Jλ(u) +
1

2
‖un − u‖2

H1
0
(Ω) −

1

p+ 1
‖un − u‖p+1

p+1 + o(1)

≥ Jλ(u) + o(1) ≥ c+ o(1),

for all n ≥ n0. Therefore Jλ(u) = c,—that is, u is a local minimizer of Jλ in the
H1 topology.

Let φ ∈ H1
0 (Ω), φ ≥ 0. Because Jλ(u) < 0 and Jλ > 0 on ∂Br, it follows that

‖u‖H1
0
(Ω) < r. Hence, for t > 0 small enough we still have u + tφ ∈ Br. This

implies

Jλ(u+ tφ) − Jλ(u) ≥ 0, (7.16)

which in turn implies

1

2

∫

Ω

|∇(u + tφ)|2dx− 1

2

∫

Ω

|∇u|2dx ≥ 0.

Dividing by t > 0 in the last inequality and then passing to the limit we find

∫

Ω

∇u∇φdx ≥ 0 for all φ ∈ H1
0 (Ω), φ ≥ 0.

This means that −∆u ≥ 0 weakly in Ω. Because u ≥ 0 in Ω, by Corollary 1.3.8
we obtain u > 0 in Ω.

We claim that u is a weak solution of (7.1). This assertion will be proved in
three steps.
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Step 1: For all φ ∈ H1
0 (Ω), φ ≥ 0 we have

∫

Ω

(∇u∇φ− fλ(u)φ)dx ≥ 0. (7.17)

From (7.16) we obtain

1

1 − α

∫

Ω

(
(u+ tφ)1−α − u1−α

)
dx ≤1

2

∫

Ω

(
|∇(u+ tφ)|2 − |∇u|2

)
dx

− λ

1 + p

∫

Ω

(
(u + tφ)p+1 − up+1

)
dx.

Dividing by t > 0 and then passing to the limit we have

1

1 − α
lim inf
tց0

∫

Ω

(u+ tφ)1−α − u1−α

t
dx ≤

∫

Ω

(∇u∇φ− λupφ)dx. (7.18)

Notice that

1

1 − α

∫

Ω

(u+ tφ)1−α − u1−α

t
dx =

∫

Ω

(u + θtφ)−αφdx,

for some 0 < θ < t. Because (u + θtφ)−α → u−α almost everywhere in Ω, by
virtue of Fatou’s lemma and (7.18) we retrieve (7.17).

Step 2: We have
∫

Ω

|∇u|2dx−
∫

Ω

u1−αdx− λ

∫

Ω

up+1dx = 0. (7.19)

Let h : R → R, h(t) = Jλ(u + tu). Then t = 0 is a local minimum of h, which
yields h′(0) = 0. This leads us to (7.19).

Step 3: u verifies (7.2). Let ε > 0 and φ ∈ H1
0 (Ω) be arbitrary. Replacing φ with

(u + εφ)+ in (7.17), in view of (7.19) we obtain

0 ≤
∫

{u+εφ≥0}

(
∇u∇(u+ εφ) − fλ(u)(u+ εφ)

)
dx

= ε

∫

Ω

(
∇u∇φ− fλ(u)φ

)
dx−

∫

{u+εφ<0}

(
∇u∇(u + εφ) − fλ(u)(u+ εφ)

)
dx

≤ ε

∫

Ω

(
∇u∇φ− fλ(u)φ

)
dx− ε

∫

{u+εφ<0}

∇u∇φdx.

Next, we divide by ε in the previous estimates and then let ε → 0. Taking
into account the fact that |{u+ εφ < 0}| → 0 as ε→ 0, we deduce

∫

Ω

(∇u∇φ− fλ(u)φ)dx ≥ 0.

Replacing φ with −φ in the last estimate we finally derive (7.2).
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To end the proof, it remains only to show that λ∗ is finite. Because p > 1,
there exists Λ > 0 such that fλ(t) > λ1t, for all λ > Λ and t > 0. We claim that
(7.1) has no weak solutions for λ ≥ Λ. Indeed, if u would be such a solution,
multiplying by ϕ1 in (7.1) we derive

λ1

∫

Ω

uϕ1dx =

∫

Ω

fλ(u)ϕ1dx > λ1

∫

Ω

uϕ1dx,

which is a contradiction. This means that λ∗ ≤ Λ <∞, and the proof of Propo-
sition 7.4.2 is now complete. 2

The following result will end the proof of Theorem 7.4.1.

Proposition 7.4.4 For all 0 < λ ≤ λ∗, problem (7.1) has at least one weak
solution.

Proof Assume first 0 < λ < λ∗. By the definition of A, there exist µ > λ and
uµ ∈ H1

0 (Ω), a weak solution of





−∆u = fµ(u) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω.

Clearly, u := uµ is a weak supersolution of (7.1). On the other hand, by Theorem
4.3.2 there exists v ∈ C2(Ω) ∩C1(Ω) such that






−∆v = v−α in Ω,

v > 0 in Ω,

v = 0 on ∂Ω.

(7.20)

Obviously, u := v is a subsolution of (7.1). Moreover, because 0 < α < 1,
multiplying by u in (7.20) we infer that Jλ(u) < 0.

To prove that u ≤ u in Ω, let θ ∈ C1(R) be a nondecreasing function such that
θ(t) ≥ 1 for all t ≥ 1 and θ(t) = 0 for all t ≤ 0. For ε > 0 we set θε(t) = θ(t/ε).
Using θε(u − u) as a test function in (7.1) and (7.20), by subtraction we obtain

0 ≥−
∫

Ω

|∇(u − u)|2θ′ε(u − u)dx

≥
∫

Ω

(fλ(u) − u−α)θε(u− u)dx

≥
∫

Ω

(u−α − u−α)θε(u− u)dx.

Letting ε→ 0 it follows that
∫

{u−u>0}

(u−α − u−α)dx ≤ 0,

which means that the set {u − u > 0} has the Lebesgue measure zero. Hence,
u ≤ u in Ω, and by Theorem 7.2.2 we obtain that problem (7.1) has at least one
solution.
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For λ = λ∗, let (λn)n≥1 ⊂ A be an increasing sequence such that λn ր λ∗ as
n→ ∞ and let un be a solution of (7.1) for λ = λn. Then

Jλ(un) =
1

2

∫

Ω

|∇un|2dx− 1

1 − α

∫

Ω

u1−α
n dx− λn

p+ 1

∫

Ω

up+1
n dx < 0

and

‖un‖2
H1

0
(Ω) −

∫

Ω

u1−α
n dx− λn

∫

Ω

up+1
n dx = 0.

From the previous relations it is easy to see that (un)n≥1 is bounded in H1
0 (Ω).

Thus, there exists u∗ ∈ H1
0 (Ω) such that, passing to a subsequence, we have as

n→ ∞
un ⇀ u∗ weakly in H1

0 (Ω),

un → u∗ almost everywhere in Ω.

As before, we derive that un ≥ v in Ω. Because un is a weak solution of (7.1)
with λ = λn, we have

∫

Ω

∇un∇φdx =

∫

Ω

fλ(un)φdx for all φ ∈ H1
0 (Ω).

Passing to the limit in the previous equality and using Lebesgue’s theorem, we
deduce that u∗ is a weak solution of (7.1) for λ = λ∗. This ends the proof. 2

7.5 Existence of the second solution

We have seen so far that there exists λ∗ > 0 such that problem (7.1) has at least
one solution uλ if 0 < λ ≤ λ∗, and no solutions exist if λ > λ∗. As a result of
the superlinear character of (7.1), we are able to show that there exists another
solution vλ of (7.1) provided 0 < λ < λ∗. Moreover, we have 0 < uλ < vλ in Ω.
We use Ekeland’s variational principle, as stated in Theorem C.2.1.

Define

A := {u ∈ H1
0 (Ω) : u ≥ uλ in Ω}.

Because uλ is an H1 local minimizer of Jλ, there exists 0 < r0 < ‖uλ‖H1
0
(Ω) such

that

Jλ(u) ≥ Jλ(uλ) for all u ∈ H1
0 (Ω) with ‖u− uλ‖H1

0
(Ω) ≤ r0.

In our further analysis, the following two cases may occur:

Case 1: inf{Jλ(u) : u ∈ A, ‖u− uλ‖H1
0
(Ω) = r} = Jλ(uλ), for all 0 < r < r0.

Case 2: There exists 0 < r1 < r0 such that

inf{Jλ(u) : u ∈ A, ‖u− uλ‖H1
0
(Ω) = r1} > Jλ(uλ).

We shall discuss these two situations separately.
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7.5.1 First case

Proposition 7.5.1 Let 0 < λ < λ∗. Then, for all 0 < r < r0 there exists a weak
solution vλ of (7.1) such that 0 < uλ < vλ in Ω and ‖uλ − vλ‖H1

0
(Ω) = r.

As a consequence, in this case, problem (7.1) has infinitely many solutions.

Proof Fix 0 < r < r0 and let ρ > 0 be such that 0 < r−ρ < r+ρ < r0. Define

B := {u ∈ A : 0 < r − ρ ≤ ‖u− uλ‖H1
0
(Ω) ≤ r + ρ}.

Clearly, B is closed in H1
0 (Ω) and by our assumption, infB Jλ = Jλ(uλ). Let

(un)n≥1 be a minimizing sequence of uλ. Then, by Ekeland’s variational principle
(see Theorem C.2.1), for all n ≥ 1 there exists vn ∈ B such that

Jλ(vn) ≤ Jλ(un) ≤ Jλ(uλ) +
1

n
, (7.21a)

‖un − vn‖H1
0
(Ω) ≤

1

n
, (7.21b)

Jλ(vn) ≤ Jλ(v) +
1

n
‖v − vn‖H1

0
(Ω) for all v ∈ B. (7.21c)

Because (vn)n≥1 is bounded in H1
0 (Ω), there exists vλ ∈ H1

0 (Ω) such that, up to
a subsequence, we have vn ⇀ vλ in H1

0 (Ω) and vn → vλ almost everywhere in Ω
as n→ ∞. The definition of the set A also implies vλ ≥ uλ in Ω.

Lemma 7.5.2 vλ is a weak solution of (7.1).

Proof We first claim that for all w ∈ B we have

− 1

n
‖w − vn‖H1

0
(Ω) ≤

∫

Ω

∇vn∇(w − vn)dx−
∫

Ω

fλ(vn)(w − vn)dx. (7.22)

Letw ∈ B. Then, for ε > 0 small enough we have vn+ε(w−vn) ∈ B. Furthermore,
by (7.21c) we derive

− 1

n
‖w − vn‖H1

0
(Ω) ≤

Jλ(vn + ε(w − vn)) − Jλ(vn)

ε
for all n ≥ 1.

Passing to the limit with ε→ 0 in the previous relation we obtain
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− 1

n
‖w − vn‖H1

0
(Ω) ≤

∫

Ω

∇vn∇(w − vn)dx

− 1

1 − α
lim inf
ε→0

∫

Ω

(vn + ε(w − vn))1−α − v1−α
n

ε
dx

− λ

∫

Ω

vpn(w − vn)dx

=

∫

Ω

∇vn∇(w − vn)dx

− lim inf
ε→0

∫

Ω

(vn + εθ(w − vn))
−α(w − vn)dx, (0 < θ < 1)

− λ

∫

Ω

vpn(w − vn)dx.

As we have argued for (7.4), we deduce

lim inf
ε→0

∫

Ω

(vn + εθ(w − vn))
−α(w − vn)dx =

∫

Ω

v−αn (w − vn)dx.

This proves the claim. Let φ ∈ H1
0 (Ω) and ε > 0. Set

wn,ε := (vn + εφ− uλ)
−, and wε := (vλ + εφ− uλ)

−.

Therefore, as n→ ∞ we have

wn,ε ⇀ wε weakly in H1
0 (Ω),

wn,ε → wε almost everywhere in Ω.

Obviously, vn + εφ+ wn,ε ∈ B. Then, replacing w with vn + εφ+ wn,ε in (7.22)
we obtain

− 1

n
‖εφ+wn,ε‖H1

0
(Ω) ≤

∫

Ω

∇vn∇(εφ+wn,ε)dx−
∫

Ω

fλ(vn)(εφ+wn,ε)dx. (7.23)

By Lebesgue’s theorem on dominated convergence we obtain
∫

Ω

fλ(vn)(εφ+ wn,ε)dx→
∫

Ω

fλ(vλ)(εφ+ wε)dx as n→ ∞. (7.24)

Because the measure of the set {vn+εφ < uλ ≤ vλ+εφ} tends to zero as n→ ∞,
we also have∫

Ω

∇vn∇wn,εdx =

∫

{uλ>vn+εφ}

∇vn∇(uλ − vn − εφ)dx

≤
∫

{uλ>vλ+εφ}

∇vn∇(uλ − vλ − εφ)dx

+

∫

{uλ>vn+εφ}

∇vn∇(vλ − vn)dx+ o(1)

=

∫

Ω

∇v∇wεdx+ o(1).

(7.25)
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Using now (7.24) and (7.25) in (7.23) and then letting n→ ∞ we obtain

∫

Ω

(
∇vλ∇φ − fλ(vλ)φ

)
dx ≥ −1

ε

∫

Ω

(
∇vλ∇wε − fλ(vλ)wε

)
dx

=
1

ε

∫

Ω

∇(uλ − vλ)∇wεdx+
1

ε

∫

Ω

(fλ(vλ) − fλ(uλ))wεdx

≥1

ε

∫

{uλ>vλ+εφ}

∇(uλ − vλ)∇(uλ − vλ − εφ)dx

+
1

ε

∫

{uλ>vλ+εφ}

(v−αλ − u−αλ )(uλ − vλ − εφ)dx

≥
∫

{uλ>vλ+εφ}

∇(vλ − uλ)∇φdx +

∫

{uλ>vλ+εφ}

(v−αλ − u−αλ )φdx.

Using again the fact that the Lebesgue’s measure of the set {uλ > vλ+εφ} tends
to zero as ε→ 0, the last estimate yields

∫

Ω

(
∇vλ∇φ− fλ(vλ)

)
dx ≥ o(1) as ε→ 0.

Letting ε → 0 and then reversing the sign of φ we derive that vλ is a weak
solution of (7.1). 2

Lemma 7.5.3 The sequence (vn)n≥1 converges strongly to vλ in H1
0 (Ω).

Proof Arguing as in the proof of Proposition 7.4.2, as n→ ∞ we have

‖vn‖2
H1

0
(Ω) = ‖vn − vλ‖2

H1
0
(Ω) + ‖vλ‖2

H1
0
(Ω) + o(1), (7.26)

‖vn‖p+1
p+1 = ‖vn − vλ‖p+1

p+1 + ‖vλ‖p+1
p+1 + o(1), (7.27)

∫

Ω

v1−α
n dx =

∫

Ω

v1−α
λ dx+ o(1), (7.28)

and ∫

Ω

|vn − vλ|1−αdx = o(1). (7.29)

Let us take w = vλ in (7.22). We have

∫

Ω

|∇(vn − vλ)|2dx+

∫

Ω

v−αn vλdx ≤
∫

Ω

v1−α
λ dx+ λ

∫

Ω

vpn(vn − vλ)dx+ o(1)

≤
∫

Ω

v1−α
λ dx+ λ‖vn − vλ‖p+1

p+1 + o(1).

By Lebesgue’s theorem, the previous estimate produces

‖vn − vλ‖2
H1

0
(Ω) ≤ λ‖vn − vλ‖p+1

p+1 + o(1) as n→ ∞. (7.30)
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Letting now w = 2vn in (7.22) we have

‖vn‖2
H1

0
(Ω) − λ‖vn‖p+1

p+1 −
∫

Ω

v1−α
n dx ≥ o(1) as n→ ∞. (7.31)

Because vλ is a solution of (7.1) we also have

‖vλ‖2
H1

0
(Ω) − λ‖vλ‖p+1

p+1 −
∫

Ω

v1−α
λ dx = 0. (7.32)

From (7.26) through (7.28) and (7.31), (7.32) we find

‖vn − vλ‖2
H1

0
(Ω) ≥ λ‖vn − vλ‖p+1

p+1 + o(1) as n→ ∞. (7.33)

Combining (7.30) and (7.33) it follows that

‖vn − vλ‖2
H1

0
(Ω) = λ‖vn − vλ‖p+1

p+1 + o(1) as n→ ∞. (7.34)

The last equality together with (7.26) through (7.29) provides

Jλ(vn − vλ) = Jλ(vn) − Jλ(vλ) + o(1) as n→ ∞. (7.35)

Recall that vn ⇀ vλ in H1
0 (Ω) as n → ∞. Hence, by the definition of B we

deduce

‖vλ − uλ‖H1
0
(Ω) ≤ lim inf

n→∞
‖vn − uλ‖H1

0
(Ω) ≤ r + ρ < r0.

Therefore, according to the hypotheses in Case 1 we have Jλ(uλ) ≤ Jλ(vλ).
Furthermore, by (7.21a) it follows that

Jλ(vn) − Jλ(vλ) ≤ Jλ(uλ) − Jλ(vλ) +
1

n
≤ o(1) as n→ ∞. (7.36)

From (7.29), (7.35), and (7.36) we finally obtain

1

2
‖vn − vλ‖2

H1
0
(Ω) −

λ

p+ 1
‖vn − vλ‖p+1

p+1 ≤ o(1) as n→ ∞. (7.37)

Now, by (7.33) and (7.37) it follows that vn → vλ in H1
0 (Ω) as n→ ∞. 2

Let us come back to the proof of Proposition 7.5.1.
Because ‖vn−uλ‖H1

0
(Ω) = r and vn → vλ in H1

0 (Ω) as n→ ∞, it follows that
‖vλ−uλ‖H1

0
(Ω) = r. This yields vλ 6≡ uλ. Notice that uλ ≤ vλ in Ω. Furthermore,

applying Corollary 1.3.8 as we did in the proof of Lemma 7.3.2 we derive that
vλ − uλ > 0 in any subdomain ω ⊂⊂ Ω. Hence, uλ < vλ in Ω. This completes
the proof. 2



174 Superlinear perturbations of singular elliptic problems

7.5.2 Second case

Similar to Proposition 7.5.1 we have the following.

Proposition 7.5.4 Let 0 < λ < λ∗. Then there exists a solution vλ of problem
(7.1) such that 0 < uλ < vλ in Ω.

Proof Consider the complete metric space

P =

{
η ∈ C([0, 1],A) :

η(0) = uλ, Jλ(η(1)) < Jλ(uλ)

‖η(1) − uλ‖H1
0
(Ω) > r1

}

endowed with the distance

d(η, η′) := max
t∈[0,1]

‖η′(t) − η(t)‖ for all η, η′ ∈ P .

Set
cP := inf

η∈P
max
t∈[0,1]

Jλ(η(t)).

We first prove that P is nonempty. When this claim is established, we may
proceed to determine the second solution vλ of (7.1). This will be done by making
use of Ekeland’s variational principle, but in a quite different manner to that in
the previous case.

To show that P is nonempty, let S be the best Sobolev constant for the
embedding H1

0 (Ω) →֒ Lp+1(Ω),—that is,

S = inf{‖∇u‖2
2 : u ∈ H1

0 (Ω), ‖u‖p+1 = 1}. (7.38)

Then, S is independent of Ω and depends only on N . Furthermore, the infimum
in (7.38) is never achieved in bounded domains. If Ω = R

N then the infimum is
achieved by

U(x) =
CN

(1 + |x|2)(N−2)/2
,

for some normalization constant CN > 0. Also we have

S =
B

A2/(p+1)
, (7.39)

where

A =

∫

RN

Up+1dx , B =

∫

RN

|∇U |2dx. (7.40)

Let us fix y ∈ Ω and φ ∈ C∞
0 (Ω) such that φ = 1 in a neighborhood of y,

and define

Uε(x) =
CNε

(N−2)/2

(ε2 + |x− y|2)(N−2)/2
φ(x).

Lemma 7.5.5 We have
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(i) ‖∇Uε‖2
2 = B +O(εN−2) and ‖Uε‖p+1

p+1 = A+O(εN );

(ii) for all v ∈ H1
0 (Ω) and ρ > 0, the following estimate holds:

‖v + ρUε‖p+1
p+1 = ‖v‖p+1

p+1 + ρp+1‖Uε‖p+1
p+1 + pρ

∫

Ω

Uεv
pdx

+ pρp
∫

Ω

Upε vdx + o(ε(N−2)/2).

(7.41)

Proof We give here a complete proof of (i). Remark first that

∇Uε = CNε
(N−2)/2

{ ∇φ(x)

(ε2 + |x− y|2)(N−2)/2
− (N − 2)φ(x)(x − y)

(ε2 + |x− y|2)N/2
}
.

Because φ = 1 in a neighborhood of y we obtain

‖∇Uε‖2
2 = C2

Nε
N−2(N − 2)2

∫

RN

|x− y|2
(ε2 + |x− y|2)N dx +O(εN−2)

= C2
N (N − 2)2

∫

RN

|z|2
(1 + |z|2)N dx+O(εN−2)

= B +O(εN−2).

We also have

‖Uε‖p+1
p+1 = C

2N/(N−2)
N εN

∫

RN

φ2N/(N−2)(x)

(ε2 + |x− y|2)N dx

= C
2N/(N−2)
N εN

{∫

RN

1

(ε2 + |x− y|2)N dx+

∫

RN

φ2N/(N−2) − 1

(ε2 + |x− y|2)N dx
}

= C
2N/(N−2)
N εN

∫

RN

1

(ε2 + |x− y|2)N dx+O(εN )

= C
2N/(N−2)
N

∫

RN

1

(1 + |z|2)N dz +O(εN )

= A+O(εN ).

Estimate (7.41) follows with similar arguments. 2

Lemma 7.5.6 There exist ε0 > 0 and ρ0 ≥ 1 such that for all 0 < ε < ε0 we
have

Jλ(uλ + ρUε) <Jλ(uλ) for all ρ ≥ ρ0,

Jλ(uλ + ρUε) <Jλ(uλ) +
SN/2

Nλ(N−2)/2
for all 0 < ρ < ρ0.
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Proof A straightforward computation yields

Jλ(uλ + ρUε) =
1

2

∫

Ω

|∇uλ|2dx+ ρ

∫

Ω

∇uλ∇Uεdx+
ρ2

2

∫

Ω

|∇Uε|2dx

− 1

1 − α

∫

Ω

(uλ + ρUε)
1−αdx− λ

p+ 1
‖uλ + ρUε‖p+1

p+1.

(7.42)

Because uλ is a solution of (7.1) we have

∫

Ω

∇uλ∇Uεdx =

∫

Ω

u−αλ Uεdx+ λ

∫

Ω

upλUεdx. (7.43)

Next, from (7.41) through (7.43) we obtain

Jλ(uλ + ρUε) =Jλ(uλ) +
ρ2B

2
− λ

p+ 1
ρp+1A− λρp

∫

Ω

Upε uλdx

+Dε + ρβo(ε(N−2)/2),

(7.44)

for some 0 < β ≤ p+ 1, and

Dε :=

∫

Ω

(
u−αλ ρUε +

1

1 − α
u1−α
λ − 1

1 − α
(uλ + ρUε)

1−α
)
dx.

Let us estimate Dε. In this sense we fix 0 < τ < 1/4 and we decompose

Dε =

∫

|x−y|≤ετ

(
u−αλ ρUε +

1

1 − α
u1−α
λ − 1

1 − α
(uλ + ρUε)

1−α
)
dx

+

∫

|x−y|>ετ

(
u−αλ ρUε +

1

1 − α
u1−α
λ − 1

1 − α
(uλ + ρUε)

1−α
)
dx.

Denote by I and II the two integrals in the previous equality. Taking ε > 0 small
enough, I can be evaluated as

I ≤c1ρ
∫

|x−y|≤ετ

Uεdx = c1ρ

∫

|x−y|≤ετ

CNε
(N−2)/2

(ε2 + |x− y|2)(N−2)/2
dx

≤c2ρε(N−2)/2

∫ ετ

0

rdr ≤ c6ρε
(N−2)/2+2τ .

(7.45)

To evaluate the second integral we use the mean value theorem. We have

II ≤
∫

|x−y|>ετ

(
u−αλ − (uλ + θ1ρUε)

−α
)
ρUεdx

≤α
∫

suppφ∩{|x−y|>ετ}

(uλ + θ2ρUε)
−1−α(ρUε)

2dx,

for some 0 < θ1, θ2 < 1. Using the fact that
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(uλ + θ2ρθUε)
−1−α ≤ u−1−α

λ ≤M in suppφ,

we deduce

II ≤c3ρ2

∫

|x−y|>ετ

U2
ε dx ≤ c4ρ

2

∫

|x−y|>ετ

ε(N−2)/2

(ε2 + |x− y|2)(N−2)/2
dx

≤c5ρ2εN−2−2τ(N−2).

(7.46)

Therefore, from (7.45) and (7.46) we finally obtain

Dε ≤ c(ρ+ ρ2)o(ε(N−2)/2) as ε→ 0. (7.47)

Let us now evaluate the integral in the right-hand side of (7.44). For this purpose,
we extend uλ by zero outside Ω. Then uλ ∈ C(RN ) and

∫

Ω

Upε uλdx = ε(N+2)/2

∫

RN

CpNuλ(x)φ
p(x)

(ε2 + |x− y|2)(N+2)/2
dx

= ε−(N+2)/2

∫

RN

uλ(x)φ
p(x)ψ

(x− y

ε

)
dx,

where ψ(x) = CpN (1 + |x|2)−(N+2)/2 ∈ L1(RN ). Notice that

1

εN

∫

RN

uλ(x)φ
p(x)ψ

(x− y

ε

)
dx→ uλ(y)

∫

RN

ψ(x)dx as ε→ 0.

Hence, we have obtained

λρp
∫

Ω

Upε uλdx = ρpTε(N−2)/2 + ρpo(ε(N−2)/2), (7.48)

where T = λuλ(y)
∫

RN ψ(x)dx.
Now, from (7.44), (7.47), and (7.48) we find

Jλ(uλ + ρUε) ≤cP +
ρ2B

2
− λρp+1A

p+ 1
− ρpTε(N−2)/2 + ργo(ε(N−2)/2), (7.49)

for some 0 < γ ≤ p + 1. Thus, we can take ρ0 > 1 large enough such that
Jλ(uλ + ρUε) < Jλ(uλ) for all ρ ≥ ρ0. This establishes the first claim in the
statement of Lemma 7.5.6. To prove the second one, let us consider

q : (0,∞) → (0,∞), q(t) =
t2B

2
− λtp+1A

p+ 1
− tpTε(N−2)/2.

Then q achieves its maximum at a point tε > 0. This obviously implies that

tεB − λtpεA = pTε(N−2)/2tp−1
ε . (7.50)

Define
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S0 :=

(
B

λA

)1/(p−1)

.

Then, (7.50) yields 0 < tε < S0 as ε → 0. Let us set tε := S0(1 − δε). We need
to find the rate at which δε → 0 as ε→ 0. From (7.50) we derive

(
Bp

λA

)1/(p−1) (
(1 − δε) − (1 − δε)

p
)

= p
TB

λA
(1 − δε)

p−1ε(N−2)/2.

Expanding for δε we obtain

(p− 1)

(
Bp

λA

)1/(p−1)

δε = p
TB

λA
ε(N−2)/2 + o(ε(N−2)/2). (7.51)

Now, from (7.49) and (7.51) we deduce

Jλ(uλ + ρUε) ≤ Jλ(uλ) +
t2εB

2
− λtp+1

ε A

p+ 1
− tpεTε

(N−2)/2 + o(ε(N−2)/2)

= Jλ(uλ) +
S2

0B

2
− λSp+1

0 A

p+ 1

+ (S2
0B − λSp+1

0 A)δε − Sp0Tε
(N−2)/2 + o(ε(N−2)/2).

(7.52)

Remark that S2
0B = λSp+1

0 A and

S2
0B

2
− λSp+1

0 A

p+ 1
=

SN/2

Nλ(N−2)/2
.

Furthermore, taking ε > 0 small enough, estimate (7.52) produces

Jλ(uλ + ρUε) < Jλ(uλ) +
SN/2

Nλ(N−2)/2
for all 0 < ρ < ρ0.

This completes the proof. 2

From Lemma 7.5.6 it follows that η0(t) := uλ+ tρ0Uε, t ∈ [0, 1] is an element
of P . Thus, P is nonempty and

cP ≤ max
t∈[0,1]

Jλ(η0(t)) < Jλ(uλ) +
SN/2

Nλ(N−2)/2
.

Notice that by the definition of P , for all η ∈ P there exists t0 ∈ [0, 1] such
that ‖η(t0) − uλ‖H1

0
(Ω) = r1. By virtue of our assumption in Case 2 we have

max
t∈[0,1]

Jλ(η(t)) ≥ Jλ(η(t0)) > Jλ(uλ).

This yields cP > Jλ(uλ). Hence, we have obtained
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Jλ(uλ) < cP < Jλ(uλ) +
SN/2

Nλ(N−2)/2
. (7.53)

In view of Ekeland’s variational principle applied to the functional

P ∋ η 7−→ max
t∈[0,1]

Jλ(η(t)) ∈ R,

there exists a sequence (ηk)k≥1 ⊂ P such that

max
t∈[0,1]

Jλ(ηk(t)) ≤ cP +
1

k
for all k ≥ 1, (7.54)

and for all η ∈ P there holds

max
t∈[0,1]

Jλ(ηk(t)) ≤ max
t∈[0,1]

Jλ(η(t)) +
1

k
max
t∈[0,1]

‖η(t) − ηk(t)‖H1
0
(Ω). (7.55)

Set

Mk := {t ∈ (0, 1) : Jλ(ηk(t)) = max
s∈[0,1]

Jλ(ηk(s))}.

The key result in this case is the following lemma.

Lemma 7.5.7 For all k ≥ 1 there exists tk ∈ Mk such that vk := ηk(tk) ∈ A
satisfies

∫

Ω

(
∇vk∇(w − vk) − fλ(vk)(w − vk)

)
dx ≥ −

max{1, ‖w− vk‖H1
0
(Ω)}

k
, (7.56)

for all w ∈ A.

Proof Suppose to the contrary that the conclusion in Lemma 7.5.7 does not
hold. Then there exists k ≥ 1 such that for all t ∈ Mk we can find ξt ∈ A with
the property

∫

Ω

(
∇ηk(t)∇(ξt − ηk(t)) − fλ(ηk(t))(ξt − ηk(t))

)
dx < −at,k

k
, (7.57)

where at,k := max{1, ‖ξt−ηk(t)‖H1
0
(Ω)}. We claim that ξt may be assumed locally

constant on Mk. Indeed, by continuity arguments, for all t ∈ Mk there exists a
neighborhood Vt of t such that for all s ∈ Vt ∩Mk we have

∫

Ω

(
∇ηk(s)∇(ξt − ηk(s)) − fλ(ηk(s))(ξt − ηk(s))

)
dx < −bt,k(s)

k
, (7.58)

where bt,k(s) := max{1, ‖ξt − ηk(s)‖H1
0
(Ω)}. We choose t1, t2, . . . , tq ∈ Uk such

that Mk ⊆ ∪qi=1Vti and set ξi := ξti , 1 ≤ i ≤ q. Let also {χ1, χ2, . . . , χq} be a
partition of unity subordinated to the covering {Vt1 , Vt2 , . . . , Vtq}. Define now
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ξ(s) :=

q∑

i=1

χi(s)ξi 0 ≤ s ≤ 1.

Then, ξ is continuous and ξ(s) ∈ A, for all 0 ≤ s ≤ 1. From (7.58) we deduce

∫

Ω

(
∇ηk(s)∇(ξ(s) − ηk(s)) − fλ(ηk(s))(ξ(s) − ηk(s))

)
dx < −ck(s)

k
, (7.59)

where ck(s) := max{1, ‖ξ(s) − ηk(s)‖H1
0
(Ω)}.

Now let z : [0, 1] → [0, 1] be a continuous function such that z(t) = 1 in a
neighborhood of Mk and z(0) = z(1) = 0. For 0 < ε < 1 define

ηε(t) := ηk(t) + εz(t)
ξ(t) − ηk(t)

ck(t)
for all 0 ≤ t ≤ 1.

Then ηε(t) ∈ A for all 0 ≤ t ≤ 1. By (7.55) we obtain

max
t∈[0,1]

Jλ(ηk(t)) ≤ max
t∈[0,1]

Jλ(ηε(t)) +
ε

k
max
t∈[0,1]

z(t)
‖ξ(t) − ηk(t)‖H1

0
(Ω)

ck(t)
. (7.60)

Let tk,ε ∈ [0, 1] be such that

Jλ(ηε(tk,ε)) = max
t∈[0,1]

Jλ(ηε(t)).

Passing to a subsequence if necessary, we may assume that tk,ε → tk as ε → 0.
Obviously tk ∈Mk, which yields z(tk,ε) = 1 for small ε > 0. Set

vk := ηk(tk) , vk,ε := ηk(tk,ε).

Then, for small ε > 0, in view of (7.60) we have

Jλ(vk,ε) ≤ Jλ(vk) ≤ Jλ(ηε(tk,ε)) +
ε

k
for all k ≥ 1.

This yields
Jλ(ηε(tk,ε)) − Jλ(vk,ε)

ε
≥ −1

k
for all k ≥ 1. (7.61)

On the other hand,

ηε(tk,ε) = ηk(tk,ε) + ε
ξ(tk,ε) − ηk(tk,ε)

ck(tk,ε)

= vk,ε + ε
ξ(tk) − ηk(tk)

ck(tk)

+ ε
(ξ(tk,ε) − ηk(tk,ε)

ck(tk,ε)
− ξ(tk) − ηk(tk)

ck(tk)

)
.

(7.62)
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Notice that ξ(tk,ε) → ξ(tk) and c(tk,ε) → c(tk) as ε → 0. Thus, from (7.62) we
obtain

ηε(tk,ε) = vk,ε + ε
ξ(tk) − ηk(tk)

ck(tk)
+ o(ε) as ε→ 0.

Using this relation in (7.61) and passing to the limit with ε→ 0, we deduce

∫

Ω

(
∇vk∇(ξ(tk) − vk) − fλ(vk)(ξ(tk) − vk)

)
dx ≥ −

max{1, ‖ξ(tk) − vk‖H1
0
(Ω)}

k
.

The previous estimate contradicts (7.59). This concludes the proof. 2

By Lemma 7.5.7 and (7.54) we also have

Jλ(vk) → cP as k → ∞. (7.63)

Furthermore, letting w = 2uλ in (7.56) we deduce

cP + o(1) =
1

2
‖vk‖H1

0
(Ω) −

1

1 − α

∫

Ω

|vk|1−αdx− λ

p+ 1

∫

Ω

|vk|p+1dx

≥
(1

2
− 1

p+ 1

)
‖vk‖2

H1
0
(Ω) −

( 1

1 − α
− 1

p+ 1

) ∫

Ω

|vk|1−αdx

− 1

k(p+ 1)
(1 + ‖vk‖H1

0
(Ω)).

Therefore, (vk)k≥1 is bounded in H1
0 (Ω). Hence, there exists vλ ∈ H1

0 (Ω) such
that, up to a subsequence, we have vk ⇀ vλ in H1

0 (Ω) and vk → vλ almost
everywhere in Ω as k → ∞.

At this point, we can proceed as in the proof of Proposition 7.5.1 to derive
that (vk)k≥1 converges weakly to vλ in H1

0 (Ω) and vλ is a weak solution of (7.1).
Let us set φk := vk − vλ, k ≥ 1. Then, as k → ∞ we have

‖φk‖2
H1

0
(Ω) = λ‖φk‖p+1

p+1 + o(1), (7.64)

1

2
‖φk‖2

H1
0
(Ω) −

λ

p+ 1
‖φk‖p+1

p+1 ≤ cP − Jλ(vλ) + o(1). (7.65)

By (7.53) and for a suitable ε0 we obtain

1

2
‖φk‖2

H1
0
(Ω) −

λ

p+ 1
‖φk‖p+1

p+1 ≤ SN/2

Nλ(N−2)/2
− ε0 + o(1). (7.66)

We claim that φk → 0 in H1
0 (Ω) as k → ∞. Supposing, to the contrary, it

follows that, up to a subsequence, (‖φk‖H1
0
(Ω))k≥1 is bounded away from zero.

Furthermore, from (7.38) we have

‖φk‖2
H1

0
(Ω) ≥ S‖φk‖2

p+1.
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Therefore, by (7.64) we deduce

‖φk‖p+1 ≥
(
S

λ

)1/(p−1)

+ o(1) as k → ∞. (7.67)

Combining (7.64), (7.66), and (7.67), it follows that

SN/2

Nλ(N−2)/2
− ε0 ≥

(
1

2
− 1

p+ 1

)
λ‖φk‖2

p+1 + o(1)

≥ SN/2

Nλ(N−2)/2
+ o(1) as k → ∞,

which is a contradiction. Therefore, vk → vλ strongly in H1
0 (Ω) as k → ∞. By

(7.63) this yields
Jλ(vλ) = cP > Jλ(uλ).

Hence, vλ 6= uλ in Ω. Moreover, by Corollary 1.3.8 we have uλ < vλ in Ω. This
completes the proof of Proposition 7.5.4 and Theorem 7.1.2. 2

7.6 C1 regularity of solution

The C1 regularity of solution is based upon standard procedure for elliptic equa-
tions related to this issue. However, a restriction on the exponent of the singular
term u−α is required.

Before we start, let us point out that the C1 regularity is a particular feature
of positive weak solutions to (7.1) in the sense of Definition 7.1.1. More precisely,
if a weak solution u ∈ H1

0 (Ω) is nonnegative and vanishes at x0 ∈ Ω, then u is not
differentiable at x0. Indeed, supposing to the contrary it follows that ∇u(x0) = 0
and for each ε > 0 we can find r > 0 such that Br(x0) ⊂⊂ Ω and

u(x) = u(x) − u(x0) ≤ ε|x− x0| for all x ∈ Br(x0).

Let φ ∈ C2
0 (Br(x0)) be such that 0 ≤ φ ≤ 1 in Br(x0), φ = 1 on Br/2(x0), and

∆φ ≤ cr−1−α in Br(x0) for some constant c > 0.
Then, by (7.2) we have

∫

Ω

u∆φdx =

∫

Ω

fλ(u)φdx. (7.68)

Note that ∫

Br(x0)

u∆φdx ≥
∫

Br/2(x0)

fλ(u)φdx

≥
∫

Br/2(x0)

u−αφdx

≥ ε−α
∫

Br/2(x0)

|x− x0|−αdx

≥ ε−αc1r
N−α,

(7.69)
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where c1 > 0 is independent of r. On the other hand,
∫

Br(x0)

u∆φdx ≤ cεr−1−α

∫

Br(x0)

|x− x0|dx ≤ εc2r
N−α. (7.70)

Thus, from (7.68) through (7.70) we obtain ε1+α ≥ c1/c2, which is a contradic-
tion if ε is small enough. Hence, u is not differentiable in x0.

The main result in this section is the following.

Theorem 7.6.1 Assume 0 < α < 1/N and 1 < p < (N − 2)/(N + 2). Then u
is a weak solution of (7.1) if and only if u is a classical solution of (7.1).

Moreover, there exist a positive integer m > 0, 0 < γ < 1, and C > 0 that are
independent of p such that any solution u of (7.1) satisfies u ∈ C2(Ω)∩C1,γ(Ω)
and

‖u‖C1,γ(Ω) ≤ C
(
1 + ‖u‖p

m

H1
0
(Ω)

)
. (7.71)

Proof Assume first that u ∈ C2(Ω) ∩ C(Ω) is a classical solution of (7.1). To
obtain u ∈ H1

0 (Ω), it suffices to prove that for all φ ∈ H1
0 (Ω) there holds

∫

Ω

u−αφdx <∞.

Let v ∈ C1(Ω) be the unique solution of problem (7.20). With similar arguments
to those in Proposition 7.4.4 and by virtue of Corollary 1.3.8 we have

u(x) ≥ v(x) ≥ c dist(x, ∂Ω) in Ω, (7.72)

for some positive constant c > 0 that does not depend on p. Because 0 < α <
1/N , by Hölder’s inequality we obtain

∫

Ω

u−αφdx ≤
(∫

Ω

u−2Nα/(N+2)dx

)(N+2)/(2N)

‖φ‖2∗

≤
(∫

Ω

dist(x, ∂Ω)−2Nα/(N+2)dx

)N+2)/(2N)

‖φ‖2∗ <∞,

where 2∗ = 2N/(N − 2) denotes the critical Sobolev exponent.
Conversely, let u ∈ H1

0 (Ω) be a weak solution of (7.1). To achieve the reg-
ularity in the statement of Theorem 7.6.1, we use Moser’s iteration technique.
Without losing the generality we may assume that 2∗α < p; if not, we replace
p with another value close to (N + 2)/(N − 2). Let us first choose q0 > N such
that αq0 < 1. In view of (7.72) this yields u−α ∈ Lq0(Ω).

By standard elliptic estimates, there exists c1 > 0 such that

‖u‖W 2,2∗/p(Ω) ≤ c1(‖u−α‖2∗/p + λ‖up‖2∗/p)

≤ c1(‖v−α‖2∗/p + λ‖up‖2∗/p)

≤ c2(1 + ‖u‖p2∗).

(7.73)
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Therefore, by Sobolev’s inequality we find

‖u‖q1 ≤ c3(1 + ‖u‖p2∗), (7.74)

for some c3 > 0, where

q1 =
N · 2∗/p

N − 2 · 2∗/p = 2∗δ0, δ0 =
(
p− 2 · 2∗

N

)−1

> 1.

If q1α < p, we replace 2∗ with q1 in (7.73) and (7.74). We obtain

‖u‖q2 ≤ c4(1 + ‖u‖pq1) ≤ c4(1 + ‖u‖p
2

2∗),

where

q2 =
N · q1/p

N − 2 · q1/p
> 2∗δ20 .

After a finite number of such iterations we find a positive integer m, which is
independent of p, and qm > 1 such that qmα ≥ p and

‖u‖qm ≤ c(1 + ‖u‖p
m

2∗ ). (7.75)

Notice that qmα ≥ p produces qm/p > N . Using the fact that the Sobolev space
W 2,min{q0,qm/p}(Ω) is continuously embedded in C1,γ(Ω) for some 0 < γ < 1, by
(7.75) it follows that

‖u‖C1,γ(Ω) ≤ C1‖u‖W 2,min{q0,qm/p}(Ω)

≤ C2(‖u−α‖q0 + λ‖up‖qm/p)

≤ C2(‖v−α‖q0 + λ‖up‖qm/p)

≤ C3(1 + ‖u‖pqm
)

≤ C4(1 + ‖u‖p
m+1

H1
0
(Ω)

),

where the constants C1, . . . , C4 are independent of p. Now, by standard regularity
theory we derive u ∈ C2(Ω). This completes the proof. 2

Remark 7.6.2 Let 0 < α < 2/N and 1 < p < (N − 2)/(N + 2). With the same
method as that used earlier we can prove that any solution u of (7.1) satisfies
u ∈ C2(Ω) ∩ Cγ(Ω) for some 0 < γ < 1.

7.7 Asymptotic behavior of solutions

In this section we study the asymptotic behavior of solutions to (7.1) as pց 1.
According to Theorem 7.1.2, for all 1 < p ≤ (N − 2)/(N + 2) there exists
0 < λ∗p < ∞ such that (7.1) has at least one solution if 0 < λ ≤ λ∗p, and no
solution exists for λ > λ∗p. The asymptotic behavior of λ∗p is described in the
following result.
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Theorem 7.7.1 We have

lim
pց1

λ∗p = λ1(−∆).

Proof Let 0 < λ < λ1 := λ1(−∆) and fix δ > 0 such that λ(1 + δ) < λ1. By
virtue of Theorem 5.6.1, there exists w ∈ C2(Ω) ∩ C1,1−α(Ω) such that





−∆w = w−α + λ(1 + δ)w in Ω,

w > 0 in Ω,

w = 0 on ∂Ω.

Hence,

−∆w ≥ w−α + λwp + λ
(
(1 + δ) − ‖w‖p−1

∞

)
w

≥ w−α + λwp in Ω as pց 1.

Therefore, w is a supersolution of (7.1). Notice that v defined in (7.20) is a
subsolution of (7.1). As in the proof of Proposition 7.4.4, we find v ≤ w in
Ω. Thus, by Theorem 7.2.2, problem (7.1) has at least one solution. Therefore,
lim infpց1 λ

∗
p ≥ λ. Because λ < λ1 was arbitrary, we obtain lim infpց1 λ

∗
p ≥ λ1.

Now let λ > λ1. Then we can find p0 > 1 such that

t−α + λtp > λ1t for all t > 0 and 1 < p < p0. (7.76)

Indeed, it suffices to take, for instance, p0 > 1 such that λ > λ
1+p0/(1+α)
1 . We

claim that problem (7.1) has no solutions for 1 < p < p0. Indeed, if u would be a
solution of (7.1), multiplying in (7.1) by the first eigenvalue ϕ1 of (−∆) we have

∫

Ω

(
fλ(u) − λ1u

)
ϕ1dx = 0.

Using (7.76) and the fact that ϕ1 > 0 in Ω, the previous equality leads us to a
contradiction. Hence, λ∗p ≤ λ for all 1 < p < p0, which yields lim suppց1 λ

∗
p ≤ λ.

Because λ > λ1 was arbitrary, we deduce lim suppց1 λ
∗
p ≤ λ1. This completes

the proof. 2

Let 0 < λ < λ1 and 0 < α < 1/N be fixed. By Theorem 7.7.1, for all
1 < p < (N + 2)/(N − 2), problem (7.1) has at least two solutions. Let up be
the solution of (7.1) obtained by Theorem 7.4.4. Recall that Jλ(up) ≤ 0, which
means that

1

2
‖up‖2

H1
0
(Ω) −

1

1 − α

∫

Ω

u1−α
p dx− λ

p+ 1
‖up‖p+1

p+1 ≤ 0

and

‖up‖2
H1

0
(Ω) =

∫

Ω

u1−α
p dx+ λ‖up‖p+1

p+1. (7.77)
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Combining these relations, by Hölder’s inequality we deduce

(1

2
− 1

p+ 1

)
‖up‖2

H1
0
(Ω) ≤

( 1

1 − α
− 1

p+ 1

)∫

Ω

|up|1−αdx

≤ c1‖up‖1−α
2 ≤ c2‖up‖1−α

H1
0
(Ω)
,

where c1, c2 > 0 do not depend on p. Thus, we may find c3 > 0 such that

‖up‖H1
0
(Ω) ≤ c3(p− 1)−1/(1+α). (7.78)

Now, according to estimate (7.71), as pց 1 we derive

‖up‖C1,γ(Ω) ≤ c4

(
1 + (p− 1)−p

m/(1+α)
)
≤ c5(p− 1)−1, (7.79)

where c4, c5 > 0 are independent of p.
Furthermore, we have the following theorem.

Theorem 7.7.2 Assume that 0 < λ < λ1 and 0 < α < 1/N . Then, the sequence
(up)p>1 is bounded in H1

0 (Ω) ∩ C1,γ(Ω) as pց 1.

Proof We argue by contradiction. Assume that there exists a sequence (pk)k≥1

such that pk ց 1 and ‖upk
‖H1

0
(Ω) → ∞ as k → ∞. Set Mk := ‖upk

‖H1
0
(Ω) and

let wk := upk
/Mk, k ≥ 1. Because (wk)k≥1 is bounded in H1

0 (Ω), there exists
0 ≤ w0 ∈ H1

0 (Ω) such that, up to a subsequence, wk ⇀ w0 weakly in H1
0 (Ω) and

wk → w0 strongly in L2(Ω) as k → ∞.
We first claim that w0 6= 0. From (7.77) we have

M2
k =

∫

Ω

u1−α
pk

dx+ λ

∫

Ω

upk+1
pk

dx.

Dividing by M2
k in the previous equality and using the fact that Mk → ∞ as

k → ∞, we have

1 = o(1) + λ

∫

Ω

upk+1
pk

M2
k

dx

= λ‖w0‖2
2 + λ

∫

Ω

upk+1
pk

− u2
pk

M2
k

dx+ o(1) as k → ∞.

(7.80)

Let us evaluate the last integral in (7.80). By the mean value theorem and
estimate (7.79), we have

∣∣∣∣∣

∫

Ω

upk+1
pk

− u2
pk

M2
k

dx

∣∣∣∣∣ ≤
(pk − 1)

M2
k

∫

Ω

u1+θk
pk

lnupk
dx (1 < θk < pk)

≤ (pk − 1)‖upk
‖θk−1
∞ ‖upk

‖2
2

M2
k

∫

Ω

lnupk
dx

≤ C(pk − 1)2−θk ln
(
C(pk − 1)−1

)
as k → ∞,

(7.81)
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where C > 0 does not depend on k. Therefore,

∫

Ω

upk+1
pk

− u2
pk

M2
k

dx→ 0 as k → ∞.

Passing to the limit in (7.80), by (7.81) we obtain λ‖w0‖2
2 = 1. This proves the

claim.
Now let φ ∈ H1

0 (Ω). Because upk
is the solution of (7.1), we have

∫

Ω

∇wk∇φdx =
1

Mk

∫

Ω

∇upk
∇φdx

=
1

Mk

∫

Ω

fλ(upk
)φdx

= λ

∫

Ω

wkφdx +

∫

Ω

u−αpk

Mk
φdx + λ

∫

Ω

upk
pk

− upk

Mk
φdx.

(7.82)

Let v be the unique solution of problem (7.20). Because v ≤ upk
in Ω it

follows that
∣∣∣∣
∫

Ω

u−αpk

Mk
φdx

∣∣∣∣ ≤
∫

Ω

v−α

Mk
|φ|dx→ 0 as k → ∞. (7.83)

On the other hand, with the same method as in (7.81) we obtain

∫

Ω

upk
pk

− upk

Mk
φdx → 0 as k → ∞. (7.84)

Passing to the limit in (7.82) with k → ∞, by (7.83) and (7.84) we deduce

∫

Ω

∇w0∇φdx = λ

∫

Ω

w0φdx.

That is, −∆w0 = λw0 in Ω. But this is a contradiction because λ < λ1. Hence
(up)p>1 is bounded in H1

0 (Ω) ∩ C1,γ(Ω) as pց 1. 2

Next, we shall be concerned with the asymptotic behavior of solutions to
(7.1) as pց 1. Let us consider the problem





−∆w = w−α + λw in Ω,

w > 0 in Ω,

w = 0 on ∂Ω.

(7.85)

Recall that by Theorem 5.6.1, the previous problem has a solution if and only
if λ < λ1. Moreover, for all λ < λ1, problem (7.85) has a unique solution w ∈
C2(Ω) ∩ C1,1−α(Ω).

The asymptotic behavior of solutions to (7.1) is described in the following
result.
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Theorem 7.7.3 Assume 0 < λ < λ1, 0 < α < 1/N , and 1 < p < (N + 2)/(N −
2). Then the following hold:

(i) The solution up obtained in Theorem 7.4.1 is the minimal solution of (7.1).

(ii) up → w in C1(Ω) as p ց 1, where w is the unique solution of problem
(7.85).

(iii) For any other solution vp of (7.1) we have ‖vp‖∞ → ∞ as pց 1.

Proof (i) We first show that (7.1) has a minimal solution. To this aim, let v
be the unique solution of (7.20) and consider the sequence (un)n≥0 defined by
u0 ≡ v, and for all n ≥ 1, un satisfies






−∆un = u−αn + λupn−1 in Ω,

un > 0 in Ω,

un = 0 on ∂Ω.

(7.86)

By Theorem 4.3.2 it follows that un ∈ C2(Ω) ∩ C1,1−α(Ω) for all n ≥ 0. If u
is an arbitrary solution of (7.1), it is easy to check that un−1 ≤ un ≤ u in Ω.
As in Theorem 7.7.2 we prove that (un)n≥0 is bounded in H1

0 (Ω) ∩ C1,γ(Ω).
Hence, (un)n≥0 converges to the minimal solution of (7.1). To show that up is
the minimal solution of (7.1), it is enough to prove (ii) and (iii).

(ii) Let (upk
)k≥1 be a subsequence of (up)p>1 with pk ց 1 as k → ∞. Ac-

cording to Theorem 7.7.2 we have that (upk
)k≥1 is bounded in H1

0 (Ω)∩C1,γ(Ω).
By the Arzelà–Ascoli theorem, there exists u0 ∈ H1

0 (Ω) ∩ C1(Ω) such that, up
to a sequence, upk

→ u0 in C1(Ω) as k → ∞.
Let φ ∈ H1

0 (Ω) be arbitrary. By (7.1) we have

∫

Ω

∇upk
∇φdx =

∫

Ω

(u−αpk
+ λupk

pk
)φdx.

Passing to the limit in the previous equality we deduce

∫

Ω

∇u0∇φdx =

∫

Ω

(u−α0 + λu0)φdx.

This means that u0 is the unique weak solution of (7.85). By standard regularity
theory, we easily derive that u0 is a classical solution of (7.85), so u0 ≡ w.
Therefore, we have proved that any subsequence of (up)p>1 has a subsequence
that converges in C1(Ω) to the unique solution w of problem (7.85). It follows
that the whole sequence (up)p>1 converges to w in C1(Ω) as pց 1.

(iii) Let vp be an arbitrary solution of (7.1) such that vp 6≡ up, for all 1 <
p < (N + 2)/(N − 2). Assume by contradiction that there exists a subsequence
of (vp)p>1 still denoted by (vp)p>1 such that ‖vp‖∞ < M < ∞ as p ց 1. Note
that by Corollary 1.3.8 there exists cp > 0 such that

up, vp ≥ cp dist(x, ∂Ω) in Ω.
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Because up, vp ∈ C2(Ω) ∩ C1,γ(Ω), it follows that

u2
p − v2

p

up
,
u2
p − v2

p

vp
∈ C2(Ω) ∩ C1(Ω).

Then,

0 ≤
∫

Ω

(∣∣∣∣∇up −
up
vp

∇vp
∣∣∣∣
2

+

∣∣∣∣∇vp −
vp
up

∇up
∣∣∣∣
2
)
dx

≤
∫

Ω

(
−∆up

up
+

∆vp
vp

)
(u2
p − v2

p)dx

=

∫

Ω

(
(u−1−α
p + λup−1

p ) − (v−1−α
p + λvp−1

p )
)
(u2
p − v2

p)dx

=

∫

Ω

(
− (1 + α)θ−2−α

p + λ(p− 1)θp−2
p

)
(up − vp)

2(up + vp)dx

=

∫

Ω

(
− (1 + α) + λ(p− 1)θp+αp

)
θ−2−α
p (up − vp)

2(up + vp)dx,

(7.87)

for some θp between up and vp. Notice that by our assumption and Theorem
7.7.2 we have

‖up‖∞, ‖vp‖∞ < C,

for some C > 0 independent of p > 1. Hence,

−(1 + α) + λ(p− 1)θp+αp ≤ −(1 + α) + λ(p− 1)Cp+α < 0 as pց 1.

This means that the right-hand side in (7.87) is negative, which is a contradiction.
Therefore ‖vp‖∞ → ∞ as pց 1 for any solution vp of problem (7.1) with vp 6≡ up.
As we have already argued in the first part of the proof, this also implies that
up is the minimal solution of (7.1). The proof is now complete. 2

Remark 7.7.4 From estimate (7.71) in Theorem 7.6.1 and Theorem 7.7.3 (iii),
it follows that any nonminimal solution vp of problem (7.1) satisfies

‖vp‖H1
0
(Ω) → ∞ as pց 1.

7.8 Comments and historical notes

Variational methods offer a deep insight into the nature of elliptic equations. The
interested reader may find a valuable introduction in this sense in the book by
Struwe [184]. These methods are a very useful tool when comparison principles
fail to hold. This is the case, for instance, of elliptic problems involving smooth
nonlinearities that have a superlinear growth at infinity. As we have seen so far
in this book, this behavior is associated with the issue of multiplicity. In our case,
the use of variational arguments provided us with the second solution, which was
obtained by Ekeland’s variational principle.
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The existence of weak solutions for singular elliptic equations was first inves-
tigated by Lair and Shaker [125] for the problem






−∆u = p(x)f(u) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω

(7.88)

in a smooth bounded domain Ω ⊂ R
N (N ≥ 1), p ∈ L2(Ω) is nonnegative, and

f is a positive decreasing function such that
∫ 1

0 f(t)dt < ∞. It was shown that
(7.88) has a unique weak solution u ∈ H1

0 (Ω).
The approach given here follows an idea of Haitao [101], but the sharp esti-

mates in proving the existence of the second solution originate in the works of
Brezis and Nirenberg [33], Tarantello [187], and Badiale and Tarantello [10]. For
a detailed proof of the estimate (7.41), the interested reader may consult Brezis
and Nirenberg [33], [34].

This chapter completes the study of bifurcation and asymptotic analysis for
the model problem






−∆u = u−α + λup in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

(7.89)

where 0 < p ≤ (N + 2)/(N − 2), 0 < α < 1, λ > 0. The results obtained so far
concerning (7.89) can be summarized as follows:

• If 0 < p < 1, then problem (7.89) has a unique solution uλ ∈ C2(Ω) ∩
C1,1−α(Ω) (see Theorem 4.3.2).

• If p = 1, then problem (7.89) has solutions if and only if λ < λ1. Moreover,
for all 0 < λ < λ1 there exists a unique solution uλ ∈ C2(Ω) ∩ C1,1−α(Ω)
of (7.89) that satisfies limλրλ1

uλ = ∞ uniformly on compact subsets of Ω
(see Theorem 5.6.1).

• If 1 < p ≤ (N + 2)/(N − 2) and N ≥ 3, then there exists λ∗ > 0 such that

(i) for all 0 < λ < λ∗, problem (7.89) has at least two weak solutions uλ
and vλ such that uλ < vλ in Ω;

(ii) for λ = λ∗, problem (7.89) has at least one weak solution uλ;
(iii) for all λ > λ∗, problem (7.89) has no weak solution (see Theorem

7.1.2).

Furthermore, if 0 < α < 1/N and 1 < p < (N +2)/(N −2), then any weak
solution of (7.89) is actually a C2(Ω) ∩C1,γ(Ω) (0 < γ < 1) solution and

(iv) limpց1 λ
∗ = λ1(−∆) (see Theorem 7.7.1);

(v) problem (7.89) has a minimal solution;

(vi) any other solution of (7.89) blows up in the L∞ norm as p ց 1 (see
Theorem 7.7.3).

As remarked by Meadows [138], the C1,γ regularity is a particular feature
of the fact that the weak solutions of (7.89) are positive inside the domain.



8

STABILITY OF THE SOLUTION OF A SINGULAR PROBLEM

All the mathematical sciences are
founded on relations between
physical laws and laws of
numbers, so that the aim of exact
science is to reduce the problems
of nature to the determination of
quantities by operations with
numbers.

James C. Maxwell (1831–1879)

The issue of the stability of a solution was raised in Chapters 5 and 6 for
elliptic equations involving smooth nonlinearities. In this chapter we provide
more results related to this matter, being mainly interested in the case of singular
nonlinearities. The analysis we develop here is carried out in a general framework
that includes the classical singular elliptic problems already considered so far and
for which we have discussed the existence, bifurcation, and regularity. This fact
will be illustrated by some examples presented in the last part of this chapter.

8.1 Stability of the solution in a general singular setting

We are mainly interested in the stability of solutions corresponding to the prob-
lem






−∆u = f(x, u) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

(8.1)

where Ω ⊂ R
N (N ≥ 1) is a smooth bounded domain of class C3,γ , 0 < γ < 1.

We assume that the nonlinearity f : Ω × (0,∞) → R satisfies the following:

(f1) There exists an integer m > 0 such that

f,
∂jf

∂tj
,

∂jf

∂tj−1∂xk
∈ C(Ω × (0,∞)),

for all 1 ≤ j ≤ m+ 1 and 1 ≤ k ≤ N .
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(f2) There exists −1 < α < 1 such that for all u : Ω → R satisfying 0 <
c1d(x) < u(x) < c2d(x) in Ω, we have

|f(x, u(x))| < C0(1 + d(x)α) in Ω

and
∣∣∣
∂jf(x, u(x))

∂tj

∣∣∣+
N∑

k=1

∣∣∣
∂jf(x, u(x))

∂tj−1∂xk

∣∣∣ < Cjd
α−j(x) in Ω,

for all 1 ≤ j ≤ m+1 and 1 ≤ k ≤ N , where the constants C0, C1, . . . , Cm+1

do not depend on u.

Typical examples of nonlinearities that fulfill (f1) and (f2) are those already
encountered in the previous chapters. For instance, we may consider any combi-
nation of pure powers like

f(x, u) = a(x)uα + up (x, u) ∈ Ω × (0,∞),

with −1 < α < 1, 0 < p < 1, and a ∈ C1(Ω) is such that d(x)2−α|∇a(x)| is
bounded in Ω.

Throughout this chapter, by Ck,α0 (Ω) we mean the set of all functions u ∈
Ck,α(Ω) such that u = 0 on ∂Ω.

We assume that problem (8.1) has solutions in C2(Ω)∩C1(Ω), and we study
the stability of these solutions in the sense given by Definition 5.1.1. This means
that we have to deal with the linearized problem

{
−∆v − ft(x, u(x))v = λv in Ω,

v = 0 on ∂Ω.
(8.2)

The analysis of (8.2) will be carried out in a more general setting by considering
the following linear eigenvalue problem

{
−∆v − a(x)v = λb(x)v in Ω,

v = 0 on ∂Ω.
(8.3)

Taking into account the hypotheses (f1) and (f2) on f , a natural assumption
on a is

(H) a ∈ C1(Ω) and d(x)2−α|∇a(x)| is bounded in Ω.

As a consequence, if a satisfies (H) then the mapping x 7−→ d(x)2a(x) belongs
to C0,β(Ω) for all 0 < β < min{1 + α, γ}, and d(x)1−αa(x) is bounded in Ω.

Note that a(x) may change sign near the boundary. To control the sign of a
near ∂Ω, we state the following result.
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Lemma 8.1.1 There exist two functions ϕ± ∈ C2,β(Ω) with ϕ± > 0 in Ω such
that if v ∈ C2(Ω) ∩ C1,β(Ω) is a solution of (8.3) then the functions v± := ϕ±v
belong to C2(Ω) ∩ C1,β(Ω) and verify

{
L±v± = a±(x)v± + λb(x)v± in Ω,

v± = 0 on ∂Ω,
(8.4)

where L± is defined as

L±w = −∆w ± Φ(x) · ∇w for all w ∈ C1,β(Ω), (8.5)

and Φ : Ω → R
N is a C1,β function. Moreover, a± satisfies the assumption (H)

and ±a± > 0 in a neighborhood of ∂Ω.

Proof As a result of the regularity of the domain, we can find δ > 0 such that
d(x) ∈ C2,γ(Ωδ), where Ωδ := {x ∈ Ω : d(x) < δ}.

Let us fix −1 < p < α and consider ψ ∈ C3[0,∞) such that

pψ(t) ≥ 0 for all t ≥ 0,

pψ(t) = tp+1 for all 0 ≤ t ≤ ε < ρ,

ψ(t) = 0 for all t ≥ δ,

where ε > 0 will be defined later in this proof. Consider now

ϕ±(x) := e∓ψ(d(x)) x ∈ Ω

and
v±(x) := ϕ±(x)v(x) x ∈ Ω.

Then v± verifies
v± = 0 on ∂Ω,

∂v±

∂n
=
∂v

∂n
on ∂Ω,

and
−∆v± ∓ 2∇v± · ∇(ψ ◦ d)(x) = a±(x)v± + λb(x)v± in Ω,

where

a±(x) := a(x) +
(
(ψ′(d(x))2 ± ψ′′(d(x))

)
|∇d(x)|2 ± ψ′(d(x))∆d(x) in Ω.

Setting Φ(x) := −2∇(ψ ◦ d)(x), x ∈ Ω, we obtain (8.4). Now, to have ±a± > 0
in a neighborhood of ∂Ω, it suffices to take ε > 0 such that for all x ∈ Ω with
d(x) < ε there holds

±a(x)d(x)1−p + (p+ 1)
(
1 − p+ 1

p2
d(x)p+1

)
|∇d(x)|2 +

p+ 1

p
d(x)∆d(x) > 0.

Because |∇d(x)| is bounded away from zero in the neighborhood of ∂Ω and the
mapping x 7−→ d(x)1−α|a(x)| is bounded in Ω according to assumption (H), we
easily can find ε > 0 with the previous property. This concludes the proof. 2
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Remark 8.1.2 Lemma 8.1.1 implies that the spectrum of (8.3) coincides with
the spectrum of (8.4), provided that the eigenfunctions are required to be in
C2(Ω) ∩ C1

0 (Ω). Moreover, we have:

(i) v > 0 in Ω if and only if v± > 0 in Ω.

(ii) v = 0 in Ω if and only if v± = 0 in Ω.

(iii) ∂v
∂n < 0 on ∂Ω if and only if ∂v±

∂n < 0 on ∂Ω.

(iv) ∂v
∂n = 0 on ∂Ω if and only if ∂v±

∂n = 0 on ∂Ω.

The following result states that the strong maximum principle holds for the
operators of type L± + a(x).

Proposition 8.1.3 Let a ≥ 0 satisfy (H) and let L be a differential operator
defined as

Lv := −∆v + Φ(x) · ∇v for all v ∈ C2(Ω),

where Φ ∈ C1(Ω) (in particular, L may be any of two operators L± defined in
(8.5)). Assume that v ∈ C2(Ω) ∩ C1,β(Ω) satisfies

{
Lv + a(x)v ≥ 0 in Ω,

v ≥ 0 in Ω,

and let x0 ∈ Ω be such that v(x0) = 0.

(i) If x0 ∈ Ω then v ≡ 0.

(ii) If x0 ∈ ∂Ω and v > 0 in Ω then ∂v(x0)
∂n < 0.

Proof Because the coefficients of the linear operator L+a(x) are locally bounded
in Ω, the proof of (i) follows directly by the strong maximum principle as stated
in Theorem 1.3.5.

(ii) Assume by contradiction that v > 0 in Ω and v(x0) = ∂v(x0)/∂n = 0.
Because v ∈ C1,β(Ω), there exists c > 0 such that

v(x) = |v(x) − v(x0)| ≤ c|x− x0|1+β for all x ∈ Ω. (8.6)

Note also that Ω satisfies the interior sphere condition at x0. Hence, there exists
an open ball B ⊂ Ω with a center at y0 and a radius r > 0 such that B ∩ ∂Ω =
{x0}. Define w(x) := (r − |x− y0|)1+β/2 for all x ∈ B. Then,

Lw + a(x)w = − ∆w + Φ(x) · ∇w + a(x)w

=
2 + β

2

N − 1

|x− y0|
(r − |x− y0|)β/2

− β(2 + β)

2
(r − |x− y0|)−1+β/2

2 + β

2

(r − |x− y0|)
|x− y0|

β/2

Φ(x) · (x− y0) + a(x)w in B.

(8.7)
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Because d(x)1−βa(x) is bounded, it is readily seen that there exists r0 close to r
such that Lw + a(x)w < 0 in the annulus

A := {x ∈ Ω : r0 < |x− x0| < r}.
Let ε > 0 and set vε := v − εw. Then Lvε + a(x)vε > 0 in A. By the standard
maximum principle it follows that vε attains its minimum at a point x1 ∈ ∂A.
Thus, if |x1 − y0| = r, then vε(x1) = v(x1) ≥ 0, and if |x1 − y0| = r0, then
vε(x1) = v(x1)−εw(x1). We can choose ε > 0 small enough such that vε(x1) > 0.
Hence, in both cases we have vε ≥ 0 in A. This property holds true in particular
on the rectilinear segment S ⊂ A that joins y0 with x0 and for which we have
r − |x− y0| = |x− x0|. Therefore,

v(x) ≥ ε|x− x0|1+β/2 for all x ∈ S ∩A.
Because ε > 0, the previous relation contradicts (8.6). This concludes the proof.

2

For w ∈ C0,1
0 (Ω), consider the linear problem

{
−∆v = a(x)w in Ω,

v = 0 on ∂Ω.
(8.8)

The following result provides a continuous dependence on data for solutions
of problem (8.8) even when a is a singular potential. We omit the proof, which
is lengthy and beyond the purposes of this chapter.

Proposition 8.1.4 Let a satisfy (H). Then, for all w ∈ C0,1
0 (Ω), there exists a

unique solution v ∈ C2(Ω) ∩ C1,β(Ω), 0 < β < min{1 + α, γ} of problem (8.8).
Moreover, there exists a positive constant C > 0 that is independent of w such
that

‖v‖C1,β(Ω) ≤ C‖w‖C0,1(Ω). (8.9)

Let Ga be Green’s operator of (8.8),—that is, for all w ∈ C0,1
0 (Ω), Ga(w) is

the unique solution v ∈ C2(Ω) ∩ C(Ω) of the problem (8.8). Thus, Proposition
8.1.4 states that the Green operator Ga : C0,1

0 (Ω) → C1,β(Ω) is continuous.

Proposition 8.1.5 Assume that a and b satisfy the assumption (H) and b > 0
in Ω. Then, there exists k0 ∈ R such that for all k > k0 and all w ∈ C0,1

0 (Ω), the
problem {

−∆v − a(x)v + kb(x)v = b(x)w in Ω,

v = 0 on ∂Ω
(8.10)

has a unique solution v ∈ C2(Ω) ∩C1,β(Ω) that fulfills

‖v‖C1,β(Ω) ≤ C‖w‖C0,1(Ω) (8.11)

for some positive constant C > 0 that does not depend on w.
Moreover, if w ≥ 0 in Ω and w is not identically zero, then ∂v/∂n < 0 on

∂Ω.
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Proof We first choose k0 which ensures the uniqueness. To this aim we rewrite
problem (8.10) in the form

{
L−v− − a−(x)v− + kb(x)v− = b(x)ϕ−w in Ω,

v− = 0 on ∂Ω,
(8.12)

where L−, a−, v−, and ϕ− are defined in Lemma 8.1.1 and v− = ϕ−v. Because
a− > 0 in a neighborhood Ωδ of ∂Ω and b > 0 in Ω, we can define

k0 := sup
x∈Ω\Ωδ

a−(x)

b(x)
.

This yields kb(x) − a−(x) > 0 in Ω for all k > k0. Furthermore, by Proposition
8.1.3 we derive the uniqueness of the solution to problem (8.12) and hence the
uniqueness of (8.10). Moreover, ∂v−/∂n < 0 on ∂Ω provided that w ≥ 0 is not
identically zero. Using Remark 8.1.2, this yields ∂v/∂n < 0 on ∂Ω.

Let us prove now the existence for all k > k0. For this purpose let

Ga,Gb : C0,1
0 (Ω) → C1,β

0 (Ω)

be the Green’s operators associated with problems (8.8) and
{
−∆v = b(x)w in Ω,

v = 0 on ∂Ω,

respectively. Then problem (8.10) may be formulated as

H(v) = Gb(w), (8.13)

where
H(v) := v − Ga(v) + kGb(v) v ∈ C1,β(Ω).

Because the embedding
i : C1,β

0 (Ω) → C0,1
0 (Ω) (8.14)

is compact, we derive that Ĥ := H ◦ i is a compact perturbation of the identity
in C1,β

0 (Ω). Furthermore, Ĥ is injective for all k > k0. By standard Riesz theory

on compact operators, we note that Ĥ is a linear homeomorphism. Thus, if
w ∈ C0,1

0 (Ω), then problem (8.13) has a unique solution v ∈ C1,β(Ω). Moreover,
according to Proposition 8.1.4 we also have

‖v‖C1,β(Ω) ≤ C1‖Gb(w)‖C1,β(Ω) ≤ C2‖w‖C0,1(Ω),

where C1, C2 > 0 are independent of w. This finishes the proof. 2

Theorem 8.1.6 Assume that a and b satisfy the assumption (H) and b > 0 in
Ω. Then the spectrum of the linear eigenvalue problem (8.3) with v ∈ C2(Ω) ∩
C1,β

0 (Ω) has the following properties:
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(i) It consists of at most a countable set of eigenvalues which are isolated.

(ii) The first eigenvalue is simple and the associated eigenfunction v1 satisfies
v1 > 0 in Ω and ∂v1/∂n < 0 on ∂Ω.

(iii) It does not change when the eigenfunctions are required to be in C2(Ω) ∩
H1

0 (Ω).

Proof (i) Let k0 be as in Proposition 8.1.5. Then, for all k > k0, problem (8.10)

defines a Green’s operator G : C0,1
0 (Ω) → C1,β

0 (Ω), which, in view of (8.11), is
bounded. Furthermore, if i is the compact embedding defined in (8.14), then

Ĝ = G ◦ i : C1,β
0 (Ω) → C1,β

0 (Ω) is compact. Thus, (i) follows by the spectral
characterization of the compact operators and the fact that the eigenvalues of
(8.3) and the eigenvalues µ of Ĝ are related by

µ(λ+ k) = 1. (8.15)

(ii) By Proposition 8.1.5, the compact operator Ĝ maps the positive cone of

C1,β
0 (Ω) into its interior,—that is, into the set of those functions u ∈ C1,β

0 (Ω)
that fulfill u > 0 in Ω and ∂u/∂n < 0 on ∂Ω. Hence, by the Krein–Rutman
theorem (see Theorem A.2.3 in Appendix A), it follows that the first eigenvalue

µ1 of Ĝ is simple and positive. Taking into account the relation (8.15), we derive
that λ1 = 1/µ1− k is also simple. Moreover, the first eigenfunction v1 is positive
in Ω and satisfies ∂v1/∂n < 0 on ∂Ω.

(iii) Let X be the completion of C1
0 (Ω) with respect to the norm

‖v‖2
b :=

∫

Ω

b(x)v2dx.

It turns out that X is a Hilbert space with respect to the inner product

〈v, w〉 =

∫

Ω

b(x)vwdx v, w ∈ X.

Furthermore, we claim that the embedding j : H1
0 (Ω) → X is compact. Taking

into account the standard compact embedding theorems into Lp spaces with
weights, we need only to prove that j is continuous. Indeed, by the assumption
(H) it follows that d(x)2b(x) is bounded in Ω. Hence, there exists c > 0 such
that

b(x) ≤ c

d2(x)
in Ω.

By the Hardy–Sobolev inequality there exists c0 > 0, which is independent of v
such that ∫

Ω

v(x)

d(x)2
dx ≤ c0

∫

Ω

|∇v|2dx. (8.16)

Hence,

‖v‖2
b ≤ c

∫

Ω

v(x)

d(x)2
dx ≤ C

∫

Ω

|∇v|2dx, (8.17)

and the claim follows.
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Now let w ∈ C0,1
0 (Ω) and v ∈ C2(Ω) ∩ C1

0 (Ω) be a solution of (8.10). Multi-
plying by v in (8.10) and then integrating by parts, we obtain

∫

Ω

|∇v|2dx−
∫

Ω

a(x)v2dx+ k

∫

Ω

b(x)v2dx =

∫

Ω

b(x)vwdx. (8.18)

On the other hand, by virtue of the assumption (H) there exists ω ⊂⊂ Ω and
c1 > 0 such that

d(x)2|a(x)| ≤ 1

2c0
in Ω \ ω (8.19)

and
|a(x)| ≤ c1b(x) in ω, (8.20)

where c0 is the constant from (8.16). This yields
∣∣∣∣
∫

Ω

a(x)v2dx

∣∣∣∣ ≤
1

2c0

∫

Ω

v(x)

d(x)2
dx+ c1

∫

Ω

b(x)v2dx

≤ 1

2

∫

Ω

|∇v|2dx+ c1

∫

Ω

b(x)v2dx.

(8.21)

Choosing k > |c1|, from (8.21) and (8.18) we obtain
∫

Ω

|∇v|2dx ≤ c2

∫

Ω

b(x)vwdx,

for some positive constant c2 > 0. Next, by Hölder’s inequality and (8.17) we
derive

‖v‖H1
0
≤ c‖w‖b,

for some constant c > 0 independent of v and w. This means that Green’s
operator G : X → H1

0 (Ω) of problem (8.10) is bounded. Then G̃ := G ◦ j :
H1

0 (Ω) → H1
0 (Ω) is compact. From now on, we proceed as in the proof of (i) and

use the fact that the eigenvalues of (8.3) and those of G̃ are related by (8.15).
This finishes the proof of Theorem 8.1.6. 2

Theorem 8.1.6 does not give a precise answer on the sign of the first eigenvalue
of (8.2). In other words, we cannot decide whether the solution u of (8.1) is stable.
In this sense, the following result provides some natural and simple conditions
to derive that the first eigenvalue of (8.2) is strictly positive. It is a very useful
result when applying the implicit function theorem as we did in Theorem 5.2.1.

Proposition 8.1.7 Suppose that (8.1) has a solution u ∈ C2(Ω) ∩ C1(Ω) such
that

(i) ∂u
∂n < 0 on ∂Ω;

(ii) f(x, u) − uft(x, u) > 0 in Ω.

Then the first eigenvalue λ1 of (8.2) is positive,—that is, u is a stable solution
of problem (8.1).
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8.2 A min–max characterization of the first eigenvalue for the

linearized problem

We start this section with an equivalent condition for the sign of the first eigen-
value of problem (8.3).

Lemma 8.2.1 The first eigenvalue λ1 of the spectral problem (8.3) is positive if
and only if the operator −∆−a(x) satisfies the strong maximum principle,—that
is, for all v ∈ C2(Ω) ∩C1(Ω) not identically zero such that

{
−∆v − a(x)v ≥ 0 in Ω,

v ≥ 0 on ∂Ω,
(8.22)

then v > 0 in Ω and ∂v(x)/∂n > 0 for all x ∈ ∂Ω with v(x) = 0.

Proof If −∆ − a(x) satisfies the strong maximum principle, then we clearly
have λ1 > 0. To prove the converse, we transform (8.22) according to Lemma
8.1.1 in {

L−v− − a−(x)v− ≥ 0 in Ω,

v− ≥ 0 on ∂Ω,
(8.23)

and there exists ω ⊂⊂ Ω such that a−(x) < 0 in Ω \ ω. Let v1 be the first
eigenvalue of (8.3) corresponding to λ1. Notice that v1 > 0 in Ω. Set

k := sup
x∈Ω\ω

2|a−(x)|
λ1b(x)v1(x)

> 0, (8.24)

and for ε > 0 define
w := v− + ε+ εkv−1 .

Thus, by (8.24) we have

L−w − a−(x)w = (L−v− − a−(x)v−) + εk(L−v−1 − a−(x)v−1 ) − εa−(x)

≥ ε
(
kλ1b(x)v

−
1 − a−(x)

)
> 0 in Ω.

Using the continuity of w, there exists δ = δ(ε) > 0 such that w > 0 in Ωδ.
Moreover, by the strong maximum principle (see Theorem 1.3.5) applied to w in
Ω \ Ωδ we also have w > 0 in Ω \ Ωδ. Therefore, w > 0 in Ω and letting ε → 0,
we obtain v− ≥ 0 in Ω. Thus, we have obtained

{
L−v− − a−(x)v− ≥ 0 in Ω,

v− ≥ 0 in Ω.

Because v− is not identically zero, by Proposition 8.1.3 we find v− > 0 in Ω and
∂v−(x)/∂n > 0 for all x ∈ ∂Ω with v−(x) = 0. By virtue of Remark 8.1.2, the
last conclusion also holds for v. This completes the proof. 2
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A min–max characterization of the first eigenvalue to (8.3) is stated in the
following proposition.

Proposition 8.2.2 Assume that a, b satisfy (H) and b > 0 in Ω. Then, the first
eigenvalue λ1 of (8.3) is stated by

λ1 = sup
v∈C2(Ω)∩C1

0(Ω)
v>0 in Ω

inf
x∈Ω

−∆v − a(x)v

b(x)v
. (8.25)

Proof Denote by m the quantity in the right-hand side of (8.25) and let v1 be
the corresponding eigenfunction of the first eigenvalue λ1 to (8.3). Then v1 ∈
C2(Ω) ∩ C1

0 (Ω), v > 0 in Ω, and

λ1 = inf
x∈Ω

−∆v1 − a(x)v1
b(x)v1

.

This means that λ1 ≤ m. To prove that m ≤ λ1, we argue by contradiction and
we assume that there exists ε > 0 and w ∈ C2(Ω) ∩ C1

0 (Ω), w > 0 in Ω, such
that

inf
x∈Ω

−∆w − a(x)w

b(x)w
> λ1 + ε. (8.26)

Let us consider the spectral problem

{
−∆v − a(x)v − (λ1 − ε)b(x)v = λb(x)v in Ω,

v = 0 on ∂Ω.
(8.27)

Clearly, ε > 0 is the first eigenvalue of (8.27). Furthermore, by Lemma 8.2.1 the
operator −∆v − a(x) − (λ1 − ε)b(x) satisfies the strong maximum principle. To
raise a contradiction, let τ := min{t1, t2}, where

t1 := sup{t ≥ 0 : w − tv1 ≥ 0 in Ω},

t2 := sup

{
t ≥ 0 :

∂(w − tv1)

∂n
≤ 0 on ∂Ω

}
.

Define now W := w− τv1. Clearly, W ≥ 0 in Ω. Moreover, if τ = t1 then W = 0
at some point in Ω and if τ = t2 then W = ∂W/∂n = 0 at some point on ∂Ω.
On the other hand, by (8.26) we have

−∆W − a(x)W − (λ1 − ε)b(x)W > εb(x)(w +W ) > 0 in Ω.

By Lemma 8.2.1 we find that W > 0 in Ω and ∂W/∂n < 0 on ∂Ω, which is
clearly a contradiction. Hence, λ1 = m and the proof is now complete. 2
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8.3 Differentiability of some singular nonlinear problems

In this section we are concerned with the differentiability of the semilinear elliptic
problem (8.1) around positive solutions u ∈ C2(Ω)∩C1(Ω) that satisfy ∂u/∂n <
0 on ∂Ω. To this aim, let G : C1

0 (Ω) → C1
0 (Ω) be Green’s operator of

{
−∆v = w in Ω,

v = 0 on ∂Ω,

defined as v = G(w). By virtue of Proposition 8.1.4, G is bounded and it can be

extended as a bounded operator to C1,β
0 (Ω). Furthermore, u ∈ C2(Ω)∩C1(Ω) is

a solution of (8.1) if and only if 0 < u ∈ C1
0 (Ω) satisfies

T (u) = 0, (8.28)

where
T (u) := u− G(f(·, u)).

Let C be the positive cone of C1
0 (Ω),—that is, the set of all functions u ∈ C1

0 (Ω)
that fulfill u > 0 in Ω and ∂u/∂n < 0 on ∂Ω. We are concerned here with the
Fréchet differentiability of the operator T : C1

0 (Ω) → C1
0 (Ω).

Theorem 8.3.1 Under the assumptions (f1) and (f2), the operator T is of
class Cm on the positive cone C, and for all v ∈ C the linear operator

T ′(v) : C1
0 (Ω) → C1

0 (Ω)

is given by
T ′(v)(w) = w − G(ft(·, v)w). (8.29)

If m > 1 and 1 < j ≤ m then the j linear operator

T (j)(v) : [C1
0 (Ω)]j → C1

0 (Ω)

is given by

T (j)(v)(w1, w2, . . . , wj) = −G
(∂jf(·, v)

∂tj
(w1, w2, . . . , wj)

)
. (8.30)

Proof Remark first that T = I − T̃ , where I : C1
0 (Ω) → C1

0 (Ω) is the identity

operator and T̃ (v) = G(f(·, v)). Notice that I is linear and bounded; hence, I is
of class C∞. Furthermore, its first derivative is I and its higher order derivatives
are zero. Thus, it suffices to show that for all 1 ≤ j ≤ m the jth derivative of T̃
is given by

T̃ (j)(v)(w1, w2, . . . , wj) = G
(∂jf(·, v)

∂tj
(w1, w2, . . . , wj)

)
(8.31)

and the mth derivative of T̃ is continuous.
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We prove (8.31) by induction on j. Consider first the case j = 1 and let
a ∈ C2(Ω) be such that a ≥ 1 in Ω and a(x) = d(x)α−1 in a neighborhood of
∂Ω. Then,

d(x)

a(x)

α−1

and d(x)2−α|∇a(x)| are uniformly bounded in Ω. (8.32)

Let v ∈ C and w ∈ C1
0 (Ω) with ‖w‖C1

0
(Ω) sufficiently small. Then there exist two

positive constants c1, c2 that are independent of w such that

0 < c1d(x) < v + θw < c2d(x) in Ω, (8.33)

for all 0 ≤ θ ≤ 1. Also define

W (x) :=
1

a(x)

(
f(x, v + w) − f(x, v) − ft(x, v)w

)
.

By the mean value theorem, relation (8.33), and the hypotheses (f1) and (f2)
we have

|W (x)| =
|ft(x, v + θ1(x)w) − ft(x, v)||w|

a(x)
(0 < θ1(x) < 1)

≤ |ftt(x, v + θ2(x)w)|w2

a(x)
≤ C1‖w‖2

C1
0
(Ω)

(0 < θ2(x) < 1)

(8.34)

and

|Wxk
(x)| ≤ |ftxk

(x, v + θ(x)w) − ftxk
(x, v)||w|

a(x)
(0 < θ(x) < 1)

+
|ftt(x, v + θ(x)w) − ftt(x, v)|vxk

w|
a(x)

+
|ftt(x, v + θ(x)w)||wwxk

|
a(x)

+
|W (x)axk

(x)|
a(x)2

≤C2‖w‖C1
0
(Ω)τ(‖w‖C1

0
(Ω)),

(8.35)

for all 1 ≤ k ≤ N . Here, τ : R → R is such that τ(s) → 0 as s → 0 and the
positive constants C1, C2 are independent of w. It follows that

‖W‖C1
0
(Ω) ≤ C3‖w‖C1

0
(Ω)τ(‖w‖C1

0
(Ω)).

Taking into account the previous estimate and Proposition 8.1.4 we have

‖T̃ (v + w) − T̃ (v) − G(ft(·, v)w)‖C1
0
(Ω) = ‖G(aW )‖C1

0
(Ω)

≤ C4‖w‖C1
0
(Ω)τ(‖w‖C1

0
(Ω)),

(8.36)

for all w ∈ C1
0 (Ω) such that ‖w‖C1

0
(Ω) is small and ‖w‖C1

0
(Ω) ≤ ‖v‖C1

0
(Ω). Hence,

T̃ ′(v) exists and
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T̃ ′(v)(w) = G(ft(·, v)w) for all v ∈ C, w ∈ C1
0 (Ω).

Next we assume that (8.31) holds for jth derivative of T̃ and let us prove
that it also holds for its (j + 1)th derivative. Let w1, w2, . . . , wj+1 ∈ C1

0 (Ω) be
such that ‖wj+1‖C1

0
(Ω) ≤ ‖v‖C1

0
(Ω). Remark that (8.33) holds for w = wj+1 and

we retake the previous arguments for

W1(x) :=
1

a(x)

(∂jf(x, v + wj+1)

∂tj
− ∂jf(x, v)

∂tj
− ∂j+1f(x, v)

∂tj+1
wj+1

)
w1 · · ·wj .

We obtain

‖W1‖C1
0
(Ω) ≤ C5‖w1‖C1

0
(Ω)‖w2‖C1

0
(Ω) · · · ‖wj+1‖C1

0
(Ω)τ(‖wj+1‖C1

0
(Ω)),

where C5 > 0 is independent of w1, w2, . . . , wj+1. As in (8.36) we have

∥∥∥∥
[
T̃ (j)(v + wj+1) − T̃ (j)(v)

]
(w1 . . . , wj) − G

(∂j+1f(·, v)
∂tj+1

)
w1 · · ·wj

∥∥∥∥
C1

0
(Ω)

= ‖G(aW1)‖C1
0
(Ω)

≤ C5‖w1‖C1
0
(Ω)‖w2‖C1

0
(Ω) · · · ‖wj+1‖C1

0
(Ω)τ(‖wj+1‖C1

0
(Ω)),

with C6 > 0 independent of w1, w2, . . . , wj+1.

This estimate implies that T̃ (j+1)(v) exists and is given by (8.31). This com-
pletes the induction argument. Finally, the same reasoning that led us to the
previous estimate yields

∥∥∥
[
T̃ (m)(v + wj+1) − T̃ (m)(v)

]
(w1, w2, . . . , wj)

∥∥∥
C1

0
(Ω)

≤ C‖w1‖C1
0
(Ω) · · · ‖wj+1‖C1

0
(Ω)τ(‖wj+1‖C1

0
(Ω)), (8.37)

which implies that T̃ (m) is continuous. This finishes the proof. 2

Assume next that the nonlinearity f depends on a parameter λ ∈ Λ, where Λ ⊂ R

is an interval, and the derivatives ∂pf/∂λp, 1 ≤ p ≤ r, satisfy the assumption
(f2). With the same arguments as used earlier we have the following corollary.

Corollary 8.3.2 Using the previous assumptions, the operator

T : Ω × C1
0 (Ω) × Λ → C1

0 (Ω),

defined as
T (u, λ) := u− G(f(·, u, λ)),

satisfies

(i) for all 1 ≤ j ≤ m and 1 ≤ p ≤ r, the derivative ∂j+pT /∂tj∂λp exists and
is continuous at each point (v, λ) ∈ C × Λ;
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(ii) the linear operator

∂j+pT (v, λ)

∂tj∂λp
: [C1

0 (Ω)]j → C1
0 (Ω)

is given by

∂j+pT (v, λ)

∂tj∂λp
(w1, w2, . . . , wj) = −G

(∂j+pf(·, v, λ)
∂tj∂λp

(w1, w2, . . . , wj)
)
,

for all w1, w2, . . . , wj ∈ C1
0 (Ω).

8.4 Examples

The results obtained in this chapter concerning the stability and the differentia-
bility in singular elliptic problems are illustrated by the following two examples.

Example 8.1 Let us first consider the problem





−∆u = λa(x)uα in Ω,

u > 0 in Ω,

u = 0 on ∂Ω

(8.38)

in a smooth bounded domain Ω with −1 < α < 1, λ > 0 and

(i) a ∈ C1(Ω) is positive and there exists β ∈ (−1 − α, 1 − α) such that
a(x) < cd(x)β in Ω for some c > 0;

(ii) the mapping f(x, t) = a(x)tα satisfies (f2).

If 0 < α < 1 then (8.38) arises in population dynamics when dealing with
stationary solutions of the usual logistic equation with nonlinear diffusion. For
−1 < α < 0 and a ∈ C(Ω), a > 0 in Ω, problem (8.38) was considered in
Chapter 4, where we proved the existence and uniqueness of a solution uλ ∈
C2(Ω) ∩ C1,γ(Ω), (0 < γ < 1) for all λ > 0. Similar results hold in the case
0 < α < 1. Concerning the stability and the differentiability of (8.38) we have
the following.

Proposition 8.4.1 For all λ > 0, problem (8.38) has a unique solution uλ ∈
C2(Ω) ∩ C1,γ(Ω), 0 < γ < min{1, 1 + α+ β}, such that

(i) ∂uλ

∂n < 0 on ∂Ω;

(ii) uλ is stable;

(iii) the mapping (0,∞) ∋ λ 7−→ uλ ∈ C1,γ(Ω) is of class C∞.

The existence follows in a similar way as in the proof of Theorem 4.3.2. The
conclusion in statements (ii) and (iii) follows by Proposition 8.1.7 and Theorem
8.3.1, respectively.

If a(x) changes sign in Ω, the analysis of (8.38) becomes more delicate. A
detailed study in this sense was carried out by Bandle, Pozio, and Tesei [17].
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Because 0 < α < 1, the nonlinearity f is not locally Lipschitz near the origin,
which may give rise to dead core solutions. Existence of this kind of solutions
was obtained in [17] by the sub- and supersolution method. Also, the uniqueness
is provided under some additional hypotheses.

Example 8.2 Our second example concerns the problem

{
−∆u = a(x)u−α + λup in Ω,

u = 0 on ∂Ω,
(8.39)

with 0 < α < 1, 0 < p ≤ 1, λ > 0, and

(i) a ∈ C1(Ω) is positive and there exists β ∈ (α− 1, α+ 1) such that a(x) <
cd(x)β in Ω for some c > 0;

(ii) the mapping f(x, t) = a(x)t−α + λtp satisfies (f2).

If 0 < p < 1, in view of Theorem 4.3.2 we have the same conclusion as in
Proposition 8.4.1. If p = 1, taking into account the bifurcation results in Theorem
5.6.1 we obtain the following.

Proposition 8.4.2 Assume p = 1. Then, for all 0 < λ < λ1(−∆), problem
(4.71) has a unique solution uλ ∈ C2(Ω) ∩ C1,γ(Ω), 0 < γ < min{1, 1 + α + β}
such that

(i) ∂uλ

∂n < 0 on ∂Ω;

(ii) uλ is stable;

(iii) the mapping (0, λ1) ∋ λ 7−→ uλ ∈ C1,γ(Ω) is of class C∞ and uλ → ∞
uniformly on compact subsets of Ω.

8.5 Comments and historical notes

In this chapter we pointed out new features of singular elliptic problems, being
concerned with stability and differentiability of such types of problems.

First we studied the spectrum of some linearized singular elliptic problems
in a general setting involving singular weights. In this sense we considered the
general problem (8.3), where the (possible singular) potential b is positive in Ω.
If the exponent α in the assumptions (f2) and (H) satisfies α > −1/N , then the
standard regularity theory for elliptic equations applies to obtain eigenfunctions
in the class C1

0 (Ω). However, we preferred to state our problems in an integral
form by means of Green’s operator. Thus, C1

0 (Ω) turns out to be a suitable space
in our analysis for all exponents −1 < α < 1.

The min–max characterization of the first eigenvalue in Theorem 8.2.2 was
first introduced in Donsker and Varadhan [68] and then extended in Berestycki,
Nirenberg, and Varadhan [24].

Next we have studied the Fréchet differentiability of the associated integral
problem with respect to u and parameters.

The analysis presented in this chapter follows the general line in Hernández
and Mancebo [102] or Hernández, Mancebo, and Vega [103], [104] for general
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elliptic operators. We also mention here the work of Bertsch and Rostamian [25],
where similar singular eigenvalue problems in divergence form have been studied.
By means of Hardy–Sobolev–type inequalities, it is established in [25] that the
eigenfunctions belong to the class C2(Ω) ∩H1

0 (Ω).



9

THE INFLUENCE OF A NONLINEAR CONVECTION TERM

IN SINGULAR ELLIPTIC PROBLEMS

To doubt everything or to believe
everything are two equally
convenient solutions; both
dispense with the necessity of
reflection.

Henri Poincaré (1854–1912),
Science et Hypothèse, 1902

9.1 Introduction

In the previous chapters we discussed the existence, the bifurcation, and the
stability of classical solutions for elliptic problems involving smooth or singular
nonlinearities. Our aim in this chapter is to study the following class of singular
elliptic problems





−∆u = p(d(x))g(u) + λ|∇u|a + µf(x, u) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

(9.1)

in a smooth bounded domain Ω ⊂ R
N (N ≥ 1). Here, d(x) = dist(x, ∂Ω), λ ∈ R,

µ > 0, and 0 < a ≤ 2.
Throughout this chapter we assume that g ∈ C1(0,∞) verifies

(g1) g is a positive decreasing function such that limtց0 g(t) = +∞.

This hypothesis shows that g has a singular behavior at the origin. The
standard example of such a nonlinearity is g(t) = t−α, with α > 0.

We also assume that f : Ω× [0,∞) → [0,∞) is a Hölder continuous function
that is nondecreasing with respect to the second variable and such that f is
positive in Ω × (0,∞). The analysis we develop in the sequel concerns the case
in which f is either linear or sublinear with respect to its second variable.

The main feature of this chapter is the presence of the convection term |∇u|a
combined with the possible singular weight p : (0,∞) → R, which is supposed
to be Hölder continuous.

At this stage, two questions arise:

1. Does the gradient term |∇u|a play a major role in the bifurcation results
with respect to the parameters λ and µ?
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2. Is the presence of the possible singular weight p(d(x)) significant in the
existence of classical solutions to (9.1)?

To investigate these two questions, we first provide a general nonexistence
result in terms of the decay rate of p near the origin. The existence part relies
essentially on the sub- and supersolution method as described in Theorem 1.2.3.
This method has the advantage of providing boundary estimates of solutions in
case of some special nonlinearities. This matter will be emphasized in Section
9.6.

As a result of the presence of the gradient term and the lack of an adequate
comparison result, we are not able to decide whether the solution of (9.1) (if
exists) is unique. However, if f(x, t) depends only on x variable, a standard ar-
gument based on the maximum principle and the fact that the gradient vanishes
in all the extremum points that lie inside the domain allow us to derive the
uniqueness of the solution once the existence has been proved.

The results obtained in this chapter allow us to extend the study of problem
(9.1) in case Ω = R

N , as we started in Section 4.7.

9.2 A general nonexistence result

In this section we state a general nonexistence result related to problem (9.1).
The following property strongly requires a quite strong decay rate of the variable
potential at infinity.

Theorem 9.2.1 Assume that g verifies (g1) and p : (0,∞) → (0,∞) is a Hölder
continuous function that is nonincreasing and

∫ 1

0

tp(t)dt = ∞. (9.2)

Then the problem






−∆u+ λ|∇u|2 ≥ p(d(x))g(u) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω

(9.3)

has no classical solutions.

Proof Without losing the generality, it suffices to consider λ > 0. We argue
by contradiction and assume that there exists uλ ∈ C2(Ω) ∩ C(Ω) a solution
of (9.3). Then, from (g1), we can find c > 0 small enough such that u := cϕ1

verifies

−∆u+ λ|∇u|2 ≤ p(d(x))g(u) in Ω.

Indeed, it suffices to consider c > 0 such that

λ1ϕ1 + λc2|∇ϕ1|2 ≤ p(d(x))g(c‖ϕ1‖∞) in Ω.
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This is obviously possible if we take into account the hypotheses on g and p(d(x)).
Furthermore, we claim that

uλ ≥ u in Ω. (9.4)

Assuming the contrary, it follows that minΩ(uλ − u) is achieved in Ω. At this
point, say x0, we have u(x0) > uλ(x0), ∇(uλ−u)(x0) = 0, and ∆(uλ−u)(x0) ≥ 0.
Because g is decreasing, we obtain

0 ≥− ∆(uλ − u)(x0)

=
(
− ∆uλ + λ|∇uλ|2

)
(x0) −

(
− ∆u+ λ|∇u|2

)
(x0)

≥p(d(x0))
(
g(uλ(x0)) − g(u(x0))

)

>0,

which is a contradiction. Hence, uλ ≥ u in Ω.
Let us perform the change of variable vλ = 1 − e−λuλ in (9.3). Then, 0 ≤

vλ ≤ 1 in Ω and

−∆vλ = λ(1 − vλ)
(
λ|∇uλ|2 − ∆uλ

)
in Ω.

Furthermore, from (9.3) we have





−∆vλ ≥ λ(1 − vλ)p(d(x))g

(
− ln(1 − vλ)

λ

)
in Ω,

vλ > 0 in Ω,

vλ = 0 on ∂Ω.

(9.5)

To avoid the singularities in (9.5), let us consider the approximated problem






−∆v = λ(1 − v)p(d(x))g

(
ε− ln(1 − v)

λ

)
in Ω,

v > 0 in Ω,

v = 0 on ∂Ω,

(9.6)

with 0 < ε < 1. Clearly, vλ is a supersolution of (9.6). Moreover, by (9.4) and
the fact that limtց0(1 − e−λt)/t = λ > 0, there exists c̃ > 0 such that vλ ≥ c̃ϕ1

in Ω. On the other hand, there exists 0 < m < c̃ small enough such that mϕ1 is
a subsolution of (9.6) and obviously mϕ1 ≤ vλ in Ω. Then, problem (9.6) has a
solution vε ∈ C2(Ω) such that

mϕ1 ≤ vε ≤ vλ in Ω. (9.7)

Multiplying by ϕ1 in (9.6) and then integrating over Ω we find

λ1

∫

Ω

ϕ1vεdx = λ

∫

Ω

(1 − vε)ϕ1p(d(x))g

(
ε− ln(1 − vε)

λ

)
dx.
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Using (9.7) we obtain

λ1

∫

Ω

ϕ1vλdx ≥ λ

∫

Ω

(1 − vλ)ϕ1p(d(x))g

(
1 − ln(1 − vλ)

λ

)
dx

≥ C

∫

Ωδ

ϕ1p(d(x))dx,

(9.8)

where C > 0 and Ωδ = {x ∈ Ω : d(x) < δ}, for some δ > 0 sufficiently small.

Because ϕ1(x) behaves like d(x) in Ωδ and
∫ 1

0 tp(t)dt = ∞, by (9.8) we find a
contradiction. It follows that problem (9.3) has no classical solutions and the
proof is now complete. 2

A direct consequence of Theorem 9.2.1 is the following corollary.

Corollary 9.2.2 Assume that
∫ 1

0 tp(t)dt = ∞ and conditions (g1), 0 < a ≤ 2
are fulfilled. Then for all µ > 0 and λ ∈ R, problem (9.1) has no classical
solutions.

9.3 A singular elliptic problem in one dimension

We are concerned in this section with the following singular elliptic problem in
one dimension 




−y′′(t) = q(t)g(y(t)) 0 < t < 1,

y(t) > 0 0 < t < 1,

y(0) = y(1) = 0,

(9.9)

where g verifies (g1) and q : (0, 1) → (0,∞) is a Hölder continuous function that
may be singular at 0 or 1. In the particular case q ≡ 1 and g(t) = t−α, α > 1,
we obtained in Section 4.1 some qualitative properties of the solution to (9.9).
The main novelty here is the presence of the (possible singular) potential q. The
existence results for problem (9.9) are of particular interest in the study of (9.1),
because any solution of (9.9) may provide a supersolution in higher dimensions
for problem (9.1). The main ingredient here is Theorem 1.1.2. To this aim we
assume that q verifies ∫ 1

0

t(1 − t)q(t)dt <∞. (9.10)

Theorem 9.3.1 Assume that (g1) and (9.10) hold. Then problem (9.9) has a
unique solution y ∈ C2(0, 1) ∩ C[0, 1].

Proof Let us first remark that the mapping

Φ : [0,∞) → [0,∞), Φ(t) =

∫ t

0

ds

g(s)
(9.11)

is bijective. Thus, by (9.10) we can choose M > 0 and ε > 0 small enough such
that
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∫ M

ε

ds

g(s)
> 2

∫ 1

0

t(1 − t)q(t)dt. (9.12)

We fix an integer k0 ≥ 1 with the property k0ε > 1, and for all k ≥ k0 consider
the problem 




−y′′(t) = q(t)Gk(y(t)) 0 < t < 1,

y(t) > 0 0 < t < 1,

y(0) = y(1) =
1

k
,

(9.13)

where

Gk(t) =






g(t) t ≥ 1

k
,

g
(1

k

)
0 < t <

1

k
.

(9.14)

By means of Theorem 1.1.2 we deduce the following auxiliary result.

Lemma 9.3.2 For all k ≥ k0, problem (9.13) has at least one solution yk ∈
C2(0, 1) ∩ C[0, 1]. Moreover, there exists m > 0, which is independent of k such
that

mt(1 − t) ≤ yk(t) ≤M for all 0 ≤ t ≤ 1. (9.15)

Proof For fixed k ≥ k0 and 0 < λ < 1, let y ∈ C2(0, 1) ∩ C[0, 1] be a solution
of the auxiliary problem






−y′′(t) = λq(t)Gk(y(t)) 0 < t < 1,

y(t) > 0 0 < t < 1,

y(0) = y(1) =
1

k
.

(9.16)

Then y is concave and y ≥ 1/k in [0, 1]. Denote by tλ,k ∈ (0, 1) the maximum
point of y. We also have y′ ≥ 0 in (0, tλ,k) and y′ ≤ 0 in (tλ,k, 1). Because Gk ≤ g
in (0,∞), from (9.16) we derive

−y′′(t) ≤ q(t)g(y(t)) for all 0 < t < 1. (9.17)

Integrating over [t, tλ,k] (0 < t ≤ tλ,k) in (9.17) we obtain

y′(t) ≤ g(y(t))

∫ tλ,k

t

q(s)ds for all 0 < t ≤ tλ,k.

An integration over [0, tλ,k] in the last estimate yields

∫ tλ,k

0

y′(s)

g(y(s))
ds ≤

∫ tλ,k

0

∫ tλ,k

t

q(s)ds.

That is,
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∫ y(tλ,k)

1/k

ds

g(s)
≤
∫ tλ,k

0

sq(s)ds.

Because kε > 1 for all k ≥ k0, the last inequality also implies that

∫ y(tλ,k)

ε

ds

g(s)
≤
∫ tλ,k

0

sq(s)ds.

Hence, ∫ y(tλ,k)

ε

ds

g(s)
≤ 1

1 − tλk

∫ tλ,k

0

t(1 − t)q(t)dt. (9.18)

In the same manner, integrating in (9.17) over [tλk, t] (tλ,k ≤ t ≤ 1), we have

∫ y(tλ,k)

ε

ds

g(s)
≤ 1

tλ,k

∫ 1

tλ,k

t(1 − t)q(t)dt. (9.19)

Combining (9.18) with (9.19) we obtain

∫ y(tλ,k)

ε

ds

g(s)
≤ 2

∫ 1

0

t(1 − t)q(t)dt.

Using (9.12) we derive that ‖y‖∞ = y(tλ,k) < M. Hence, by Theorem 1.1.2,
problem (9.13) has a solution yk ∈ C2(0, 1) ∩ C[0, 1] such that

1

k
≤ yk(t) ≤M in (0, 1). (9.20)

Furthermore, by (9.20) and the definition of Gk it follows that Gk(yk) = g(yk)
in (0, 1). Hence, for all k ≥ k0, yk satisfies





−y′′k (t) = q(t)g(yk(t)) 0 < t < 1 ,

yk(t) > 0 0 < t < 1,

yk(0) = yk(1) =
1

k
.

(9.21)

It remains to prove the first part of the inequality in (9.15). By Green’s
representation we have

yk(t) =
1

k
+ (1 − t)

∫ t

0

sq(s)g(yk(s))ds+ t

∫ 1

t

(1 − s)q(s)g(yk(s))ds,

for all 0 ≤ t ≤ 1. Because g is decreasing, by (9.20) we obtain

yk(t) ≥ Q(t) for all 0 ≤ t ≤ 1, (9.22)

where
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Q(t) = g(M)

(
(1 − t)

∫ t

0

sq(s)ds+ t

∫ 1

t

(1 − s)q(s)ds

)
.

Remark that Q(0) = Q(1) = 0 and

Q′(t) = g(M)

(
−
∫ t

0

sq(s)ds+

∫ 1

t

(1 − s)q(s)ds

)
for all 0 < t < 1.

In view of (9.10) it follows that Q′(0) is finite. Also notice that Q′(t) is positive in
a neighborhood of zero. Hence, there exist c1 > 0 and η1 > 0 such that Q(t) ≥ c1t
for all 0 ≤ t ≤ η1. Similarly, taking into account the fact that Q′(t) < 0 near
t = 1, we can find c2 > 0 and η2 > 0 small enough such that Q(t) ≥ c2(1 − t)
for all 1 − η2 ≤ t ≤ 1. Because Q(t)/(t(1 − t)) is bounded away from zero on
[η1, 1 − η2], we can find m > 0 such that

Q(t) ≥ mt(1 − t) for all 0 ≤ t ≤ 1. (9.23)

Now the second inequality in (9.15) follows from (9.22) and (9.23). This finishes
the proof. 2

Lemma 9.3.3 The sequence (yk)k≥k0 is bounded and equicontinuous.

Proof Let tk ∈ (0, 1) be the maximum point of yk. Because yk is concave, it
follows that y′k ≥ 0 in (0, tk] and y′k ≤ 0 in [tk, 1). Integrating between t and tk
in (9.21) we derive

|y′k(t)|
g(yk(t))

≤
∣∣∣∣
∫ tk

t

q(s)ds

∣∣∣∣ for all 0 < t < 1. (9.24)

We claim that

0 < inf
k≥k0

tk ≤ sup
k≥k0

tk < 1. (9.25)

Assume by contradiction that (9.25) does not hold. If infk≥k0 tk = 0, then, up
to a subsequence, we have tk → 0 as k → ∞. Integrating over [0, tk] in (9.24) we
have ∫ tk

0

|y′k(t)|
g(yk(t))

dt ≤
∫ tk

0

∫ tk

t

q(s)dsdt =

∫ tk

0

sq(s)ds.

This yields
∫ yk(tk)

0

ds

g(s)
≤
∫ tk

0

sq(s)ds+

∫ 1/k

0

ds

g(s)
.

Because tk → 0 as k → ∞, from the previous inequality we deduce ‖yk‖∞ =
yk(tk) → 0 as k → ∞. This means that yk → 0 in C[0, 1] as k → ∞, which
contradicts (9.15). Therefore infk≥k0 tk > 0, and similarly supk≥k0 tk > 1.
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Let c1, c2 > 0 be such that

0 < c1 < inf
k≥k0

tk ≤ sup
k≥k0

tk < c2 < 1.

By virtue of (9.24) and (9.25) we deduce that

|y′k(t)|
g(yk(t))

≤ z(t) for all 0 < t < 1, (9.26)

where

z(t) =

∫ max{c2,t}

min{c1,t}

q(s)ds for all 0 ≤ t ≤ 1.

Let Φ be the mapping defined in (9.11). According to (9.26) we obtain

|Φ(yk(t)) − Φ(yk(s))| =

∣∣∣∣∣

∫ yk(t)

yk(s)

dτ

g(τ)

∣∣∣∣∣ =

∣∣∣∣
∫ t

s

y′(τ)

g(yk(τ))
dτ

∣∣∣∣ ≤
∫ t

s

z(τ)dτ.

Now, z ∈ L1(0, 1) and the uniform continuity of Φ−1 on [0,Φ(M)] implies
that (yk)k≥k0 is equicontinuous. This finishes the proof of our lemma. 2

The result in Lemma 9.3.3 enables us to apply the Arzelà–Ascoli theorem.
Therefore, there exists y ∈ C[0, 1] such that, up to a subsequence, we have yk → y
in C[0, 1] as k → ∞. From (9.21) and Lemma 9.3.2 we deduce y(0) = y(1) = 0
and mt(1 − t) ≤ y(t) ≤ M for all 0 ≤ t ≤ 1. In particular, we have y > 0 in
(0, 1). Fix t ∈ (0, 1). Without losing the generality, we may assume that t 6= 1/2.
Remark that yk satisfies the integral equation

yk(x) = yk

(
1

2

)
+ y′k

(
1

2

)(
x− 1

2

)
+

∫ x

1/2

(s− x)q(s)g(yk(s))ds, (9.27)

for all 0 < x < 1. Taking, for instance, x = 2/3 in the previous relation and
using (9.15) we deduce that the sequence (y′k(1/2))k≥k0 is bounded. Let r ∈ R

be such that, up to a subsequence, y′k(1/2) → r as k → ∞. Now, letting x = t
in (9.27) and passing to the limit with k → ∞ we have

y(t) = y

(
1

2

)
+ r
(
t− 1

2

)
+

∫ t

1/2

(s− t)q(s)g(yk(s))ds.

Because t ∈ (0, 1) was arbitrary, the last equality implies y′′(t) + q(t)g(y(t)) = 0
for all 0 < t < 1,—that is, y ∈ C2(0, 1) ∩C[0, 1] is a solution of (9.9). The proof
is now complete. 2

Condition (9.10) was introduced by Taliaferro [186]. In our setting, this con-
dition reads ∫ 1

0

tp(t)dt <∞. (9.28)

We have seen so far that condition (9.28) is necessary to have a classical
solution for (9.1). In one dimension, Theorem 9.3.1 shows that the previous
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condition is also sufficient. In the next section we will argue that (9.28) suffices
to have classical solutions in higher dimensions provided that the parameters λ
and µ belong to a certain range.

9.4 Existence results in the sublinear case

Our aim in this section is to supply existence results for problem (9.1) in case f
is sublinear. Recall that this means that f satisfies the hypotheses

(f1) the mapping (0,∞) ∋ t 7−→ f(x, t)

t
is nonincreasing for all x ∈ Ω;

(f2) lim
tց0

f(x, t)

t
= ∞ and lim

t→∞

f(x, t)

t
= 0 uniformly for x ∈ Ω.

We also assume that p : (0,∞) → (0,∞) is a Hölder continuous function such
that p is nonincreasing.

Nevertheless, we prove that condition (9.28) suffices to guarantee the exis-
tence of a classical solution for λ belonging to a certain range.

In this case the existence of a solution is strongly dependent on the exponent
of the nonlinear gradient term |∇u|a. To understand this dependence better, we
assume µ = 1, but the same results hold for any µ > 0 (note only that the
bifurcation point λ∗ in the following results is dependent on µ).

Theorem 9.4.1 Assume that 0 < a < 1, µ = 1, and conditions (f1), (f2), (g1),
and (9.28) are fulfilled. Then problem (9.1) has at least one classical solution for
all λ ∈ R.

Proof Case λ > 0. By Theorem 1.2.5 there exists a classical solution ζ of the
problem 




−∆ζ = f(x, ζ) in Ω,

ζ > 0 in Ω,

ζ = 0 on ∂Ω.

(9.29)

Using the regularity of f we have ζ ∈ C2(Ω). Because λ > 0, it follows that ζ is
a subsolution of (9.1). We now focus on finding a supersolution uλ of (9.1) such
that ζ ≤ uλ in Ω.

According to Theorem 9.3.1, there exists H ∈ C2(0, 1) ∩C[0, 1] such that





−H ′′(t) = p(t)g(H(t)) 0 < t < 1,

H ′(t) > 0 0 < t < 1,

H(0) = H(1) = 0.

(9.30)

Because H is concave, there exists H ′(0+) ∈ (0,∞]. We fix 0 < b < 1 such
that H ′ > 0 in [0, b]. Then H is increasing on [0, b]. Multiplying by H ′ in (9.30)
and integrating on [t, b], (0 < t ≤ b) we find
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(H ′)2(t) − (H ′)2(b) = 2

∫ b

t

p(s)g(H(s))H ′(s)ds

≤ 2p(t)

∫ H(b)

H(t)

g(τ)dτ,

(9.31)

for all 0 < t ≤ b. Using the monotonicity of g it follows that

(H ′)2(t) ≤ 2H(b)p(t)g(H(t)) + (H ′)2(b) for all 0 < t ≤ b. (9.32)

Hence, there exist c1, c2 > 0 such that

H ′(t) ≤ c1p(t)g(H(t)) for all 0 < t ≤ b (9.33)

and
(H ′)2(t) ≤ c2p(t)g(H(t)) for all 0 < t ≤ b. (9.34)

The existence of a supersolution of (9.1) is obtained in the following result.

Lemma 9.4.2 There exist two positive constants M > 0 (which depends on λ)
and c > 0 such that uλ := MH(cϕ1) is a supersolution of (9.1).

Proof Let us first consider c > 0 such that

cϕ1 ≤ min{b, d(x)} in Ω. (9.35)

By the strong maximum principle we have ∂ϕ1/∂n < 0 on ∂Ω. Hence, there exist
ω ⊂⊂ Ω and δ > 0 such that

|∇ϕ1| > δ in Ω \ ω. (9.36)

Moreover, because

lim
d(x)ց0

{
c2p(cϕ1)g(H(cϕ1))|∇ϕ1|2 − 3f(x,H(cϕ1))

}
= ∞,

we can assume that

c2p(cϕ1)g(H(cϕ1))|∇ϕ1|2 ≥ 3f(x,H(cϕ1)) in Ω \ ω. (9.37)

Let M > 1 be such that
Mc2δ2 > 3. (9.38)

Using the fact that H ′(0+) > 0 and 0 < a < 1, we can choose M > 1 with

M
(cδ)2

c1
H ′(cϕ1) ≥ 3λ(McH ′(cϕ1)|∇ϕ1|)a in Ω \ ω,

where c1 is the constant from (9.33). By (9.33), (9.35), (9.36), and (9.38) we
derive
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Mc2p(cϕ1)g(H(cϕ1))|∇ϕ1|2 ≥ 3λ(McH ′(cϕ1)|∇ϕ1|)a in Ω \ ω. (9.39)

Because g is decreasing and H ′(cϕ1) > 0 in ω, there exists M > 0 such that

Mcλ1ϕ1H
′(cϕ1) ≥ 3p(d(x))g(H(cϕ1)) in ω. (9.40)

In the same manner, using (f2) and the fact that ϕ1 > 0 in ω, we can choose
M > 1 large enough such that

Mcλ1ϕ1H
′(cϕ1) ≥ 3λ(MH ′(cϕ1)|∇ϕ1|)a in ω (9.41)

and
Mcλ1ϕ1H

′(cϕ1) ≥ 3f(x,MH(cϕ1)) in ω. (9.42)

For M satisfying (9.38) through (9.42), we claim that

uλ(x) := MH(cϕ1(x)) for all x ∈ Ω (9.43)

is a supersolution of (9.1). We have

−∆uλ = Mc2p(cϕ1)g(H(cϕ1))|∇ϕ1|2 +Mcλ1ϕ1H
′(cϕ1) in Ω. (9.44)

We first show that in Ω \ ω there holds

Mc2p(cϕ1)g(H(cϕ1))|∇ϕ1|2 ≥ p(d(x))g(uλ) + λ|∇uλ|a + f(x, uλ). (9.45)

Indeed, by (9.35), (9.36), and (9.38) we have

M

3
c2p(cϕ1)g(H(cϕ1))|∇ϕ1|2 ≥ p(d(x))g(H(cϕ1))

≥ p(d(x))g(MH(cϕ1))

= p(d(x))g(uλ) in Ω \ ω.

(9.46)

The assumption (f1) and (9.37) produce

M

3
c2p(cϕ1)g(H(cϕ1))|∇ϕ1|2 ≥Mf(x,H(cϕ1))

≥ f(x,MH(cϕ1))

= f(x, uλ) in Ω \ ω.

(9.47)

From (9.36) and (9.39) we obtain

M

3
c2p(cϕ1)g(H(cϕ1))|∇ϕ1|2 ≥ λ(McH ′(cϕ1)|∇ϕ1|)a

= λ|∇uλ|a in Ω \ ω.
(9.48)

Now, estimate (9.45) follows by (9.46), (9.47), and (9.48).
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Next we prove that

Mcλ1ϕ1H
′(cϕ1) ≥ p(d(x))g(uλ) + λ|∇uλ|a + f(x, uλ) in ω. (9.49)

From (9.40) and (9.41) we have

M

3
cλ1ϕ1H

′(cϕ1) ≥ p(d(x))g(H(cϕ1))

≥ p(d(x))g(MH(cϕ1))

= p(d(x))g(uλ) in ω

(9.50)

and
M

3
cλ1ϕ1H

′(cϕ1) ≥λ(McH ′(cϕ1)|∇ϕ1|)a

=λ|∇uλ|a in ω.
(9.51)

Finally, from (9.42) we derive

M

3
cλ1ϕ1H

′(cϕ1) ≥ f(x,MH(cϕ1)) = f(x, uλ) in ω. (9.52)

Now, relation (9.49) follows from (9.50), (9.51), and (9.52). Combining (9.44)
with (9.45) and (9.49) we conclude that uλ is a supersolution of (9.1). This ends
the proof. 2

Let us come back to the proof of Theorem 9.4.1. So far we have constructed
a subsolution ζ and a supersolution uλ such that

∆uλ + f(x, uλ) ≤ ∆ζ + f(x, ζ) in Ω,

uλ, ζ > 0 in Ω,

uλ = ζ = 0 on ∂Ω.

Because ∆ζ ∈ L1(Ω) (note that ζ ∈ C2(Ω)), by Theorem 1.3.17 we obtain
ζ ≤ uλ in Ω. The conclusion in this case follows now by the sub- and supersolution
method for the ordered pair (ζ, uλ).

Case λ ≤ 0. We fix ν > 0 and let uν ∈ C2(Ω) ∩ C(Ω) be a solution of (9.1)
for λ = ν. Then uν is a supersolution of (9.1) for all λ ≤ 0. Set

m := inf
(x,t)∈Ω×(0,∞)

(
p(d(x))g(t) + f(x, t)

)
. (9.53)

Because g(0+) = ∞ and the mapping (0,∞) ∋ t 7−→ minx∈Ω f(x, t) is positive
and nondecreasing, we deduce that m is a positive. Consider the problem

{
−∆v = m+ λ|∇v|a in Ω,

v = 0 on ∂Ω.
(9.54)
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Clearly, zero is a subsolution of (9.54). Because λ ≤ 0, the solution w of the
problem {

−∆w = m in Ω,

w = 0 on ∂Ω

is a supersolution of (9.54). Hence, (9.54) has at least one solution v ∈ C2(Ω) ∩
C(Ω). We claim that v > 0 in Ω. Indeed, if not, we deduce that minx∈Ω v is
achieved at some point x0 ∈ Ω. Then ∇v(x0) = 0 and

−∆v(x0) = m+ λ|∇v(x0)|a = m > 0,

which is a contradiction. Therefore, v > 0 in Ω. It is easy to see that v is a
subsolution of (9.1) and −∆v ≤ m ≤ −∆uν in Ω, which yields v ≤ uν in Ω.
Again by the sub- and supersolution method we conclude that (9.1) has at least
one classical solution uλ ∈ C2(Ω) ∩ C(Ω). This completes the proof. 2

In the case 1 < a ≤ 2, the complete description is given in the following
result.

Theorem 9.4.3 Assume that 1 < a ≤ 2, µ = 1, and conditions (f1), (f2), (g1),
and (9.28) are fulfilled. Then there exists λ∗ > 0 such that (9.1) has at least one
classical solution for all λ < λ∗, and no solutions exist if λ > λ∗.

Proof We proceed in the same manner as in the proof of Theorem 9.4.1. The
only difference is that (9.39) and (9.41) are no longer valid for any λ > 0. The
main difficulty when dealing with estimates like (9.39) is that H ′(cϕ1) may blow
up at the boundary. However, combining the assumption 1 < a ≤ 2 with (9.34),
we can choose λ > 0 small enough such that (9.39) and (9.41) hold. This implies
that problem (9.1) has a classical solution provided λ > 0 is sufficiently small.

Set

A := {λ > 0 : problem (9.1) has at least one classical solution}.

From the previous arguments, A is nonempty. Let λ∗ := supA > 0. We first
claim that if λ ∈ A, then (0, λ) ⊆ A. To this aim, let λ1 ∈ A and 0 < λ2 < λ1. If
uλ1

is a solution of (9.1) with λ = λ1, then uλ1
is a supersolution of (9.1) with

λ = λ2, whereas ζ defined in (9.29) is a subsolution. Using Theorem 1.3.17 once
more, we derive that ζ ≤ uλ1

in Ω so that problem (9.1) has at least one classical
solution for λ = λ2. This proves the claim. Because λ1 ∈ A was arbitrary, we
conclude that (0, λ∗) ⊆ A.

Next we prove that λ∗ < ∞. This claim will be achieved in a more general
framework. We have the following proposition.

Proposition 9.4.4 Let F : [0,∞) → [0,∞) be a C1 convex function such that

(F1) F (0) = F ′(0) = 0;

(F2)

∫ ∞

1

ds

F (s)
<∞.
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Then there exists a positive number σ̄ such that the problem





−∆u = F (|∇u|) + σ in Ω,

u > 0 in Ω,

v = 0 on ∂Ω

(9.55)

has no classical solutions for σ > σ̄.

Proof Let v ∈ C2(Ω) ∩ C(Ω) be a solution of (9.55) and fix φ ∈ C∞
0 (Ω).

Multiplying by φ in (9.55) and then integrating over Ω we obtain

σ

∫

Ω

φdx =

∫

Ω

(
∇u∇φ− φF (|∇u|)

)
dx

≤
∫

Ω

φ

(
|∇u| |∇φ|

φ
− F (|∇u|)

)
dx.

(9.56)

Consider now the convex conjugate F ∗ of F defined as

F ∗(t) = sup
α∈R

{αt− F (α)} for all t ∈ R.

Now, from (9.56) we deduce

σ

∫

Ω

φdx ≤
∫

Ω

φF ∗

( |∇φ|
φ

)
dx for all φ ∈ C∞

0 (Ω). (9.57)

By density, the previous estimate holds for any φ ∈ W 1,∞(Ω). Hence, if we
construct φ ∈W 1,∞(Ω) such that φ > 0 in Ω and

∫
Ω
φF ∗(|∇φ|/φ)dx <∞, then,

by (9.57), it follows that σ is finite. Without loss of generality, we may assume
that Ω is the unit ball in R

N . Let

Φ(t) =

∫ t

0

ds

F (s) +M
for all t ≥ 0.

Using the assumption (F2) we can choose M > 0 large enough such that ℓ :=
limt→∞ Φ(t) ≤ 1. Then Φ : [0,∞) → [0, ℓ) is bijective and let Γ : [0, ℓ) → [0,∞)
be the inverse of Φ. Define now ψ : [0, 1] → [0,∞) by

ψ(t) =






1

F (Γ(t)) +M
0 ≤ t ≤ ℓ,

0 ℓ < t ≤ 1.

We consider φ(x) = ψ(|x|), x ∈ Ω. Then

ψ′(t) = −ψ(t)F ′(Γ(t)),

I :=

∫

Ω

φF ∗

( |∇φ|
φ

)
dx = ωN

∫ ℓ

0

tN−1ψ(t)F ∗
(
F ′(Γ(t))

)
dt.
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On the other hand, a straightforward computation yields

F ∗
(
F ′(Γ(t))

)
= Γ(t)F ′(Γ(t)) − F (Γ(t)) for all t ≥ 0.

Therefore, we have

I ≤ ωN ℓ
N−1

∫ ℓ

0

(
− ψ′(t)Γ(t) − ψ(t)F (Γ(t))

)
dt

= ωN ℓ
N−1

(
−ψ(t)Γ(t)

∣∣∣
ℓ

0
+

∫ ℓ

0

ψ(t)
(
Γ′(t) − F (Γ(t))

)
dt

)

= ωN ℓ
N−1M

∫ ℓ

0

ψ(t)dt <∞.

This completes the proof. 2

Consider λ ∈ A and let uλ be a classical solution of (9.1). Then

−∆uλ ≥ λ|∇uλ|a +m in Ω,

where m > 0 is the infimum in (9.53). Because 1 < a ≤ 2, it follows that
vλ := λ1/(a−1)uλ verifies

−∆vλ ≥ |∇vλ|a +mλ1/(a−1) in Ω.

Hence, vλ is a supersolution of

{
−∆v = |∇v|a +mλ1/(a−1) in Ω,

v = 0 on ∂Ω.
(9.58)

Because zero is a subsolution, it follows that problem (9.58) has a classical solu-
tion that, in view of the maximum principle, is positive. According to Proposition
9.4.4 with F (t) = ta, we obtain mλ1/(a−1) ≤ σ̄,—that is, λ ≤ (σ̄/m)a−1. This
means that λ∗ = inf A ≤ (σ̄/m)a−1 < ∞. Hence, λ∗ is finite. The existence of a
solution in the case λ ≤ 0 can be achieved exactly in the same way as in Theorem
9.4.1. This finishes the proof of Theorem 9.4.3. 2

The case a = 2 is a special one, because by the change of variable (often called
the Gelfand transform) v = eλu−1, we obtain a new singular problem without a
gradient term. If f(x, u) depends on u, this change of variable does not preserve
either the sublinearity conditions (f1) and (f2) on f , or the monotonicity of
g. In turn, if f(x, u) does not depend on u, this approach can be successfully
used. This may help us to understand better the dependence between λ and µ
in problem (9.1).

Let
m := lim

t→∞
g(t) ∈ [0,∞).
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Theorem 9.4.5 Assume that a = 2, λ ≥ 0, µ > 0 and p ≡ 1, f ≡ 1.

(i) Problem (9.1) has a solution if and only if λ(m+ µ) < λ1.

(ii) Assume µ > 0 is fixed and let λ∗ = λ1/(m+µ). Then (9.1) has a unique so-
lution uλ for every 0 ≤ λ < λ∗, and the sequence (uλ)0≤λ<λ∗ is increasing
with respect to λ. Moreover, if lim supsց0 s

αg(s) <∞, for some α ∈ (0, 1),
then the sequence of solutions (uλ)0≤λ<λ∗ has the following properties:

(ii1) There exist two positive constants c1, c2 depending on λ such that
c1d(x) ≤ uλ ≤ c2d(x) in Ω.

(ii2) uλ ∈ C1,1−α(Ω) ∩C2(Ω).

(ii3) limλրλ∗ uλ = ∞ uniformly on compact subsets of Ω.

The situations described in Theorem 9.4.5 are depicted in the following bi-
furcation diagrams. Figure 9.1 corresponds to (i) and a = 0 (respectively a > 0),
whereas Figure 9.2 is related to (ii), λ > 0, and µ = fixed.

Figure 9.1. The bifurcation diagrams in Theorem 9.4.5 (i).

Proof If λ = 0, the existence follows by Theorem 1.2.5. Next we assume that
λ > 0 and let us fix µ > 0. With the change of variable v = eλu − 1, problem
(9.1) becomes 




−∆v = Φλ(v) in Ω,

v > 0 in Ω,

v = 0 on ∂Ω,

(9.59)

where

Φλ(t) = λ(t+ 1)g

(
1

λ
ln(t+ 1)

)
+ λµ(t+ 1) for all t > 0.

Obviously, Φλ is not monotone, but we still have that the mapping (0,∞) ∋
t 7−→ Φλ(t)/t is decreasing and
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Figure 9.2. The bifurcation diagram in Theorem 9.4.5 (ii).

lim
t→∞

Φλ(t)

t
= λ(m+ µ) and lim

tց0

Φλ(t)

t
= ∞,

for all λ > 0. We first remark that Φλ satisfies the hypotheses of Theorem 1.2.5
provided that λ(m+ µ) < λ1. Hence, problem (9.59) has at least one solution.

On the other hand, because g ≥ m on (0,∞), we obtain

Φλ(t) ≥ λ(m + µ)(t+ 1) for all λ, t ∈ (0,∞). (9.60)

This implies that (9.59) has no classical solutions if λ(m+µ) ≥ λ1. Indeed, if uλµ
would be a solution of (9.59) with λ(m+µ) ≥ λ1, then uλµ is a supersolution of
the problem {

−∆u = A(u + 1) in Ω,

u = 0 on ∂Ω,
(9.61)

where A = λ(m + µ). Clearly zero is a subsolution of (9.61), so there exists a
classical solution u of (9.61) such that u ≤ uλµ in Ω. By the maximum principle
and elliptic regularity, it follows that u is positive in Ω and u ∈ C2(Ω). To raise
a contradiction, we multiply by ϕ1 in (9.61) and then integrate over Ω. We find

−
∫

Ω

ϕ1∆udx = A

∫

Ω

uϕ1dx+A

∫

Ω

ϕ1dx.

This implies λ1

∫
Ω uϕ1dx = A

∫
Ω uϕ1dx + A

∫
Ω ϕ1dx, which is a contradiction,

because A ≥ λ1. The proof of the first part in Theorem 9.4.5 is therefore com-
plete.
(ii) Follows exactly in the same manner as in Theorem 5.6.1. This concludes the
proof. 2
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In what follows we discuss the case a = 1. Note that the method used in
Theorem 9.4.1 does not apply here for large values of λ.

Assume that Ω = BR for some R > 0, where BR denotes the open ball
centered at the origin, with a radius R > 0. In this case, and with µ = 1,
problem (9.1) reads






−∆u = p(R − |x|)g(u) + λ|∇u| + f(x, u) |x| < R,

u > 0 |x| < R,

u = 0 |x| = R.

(9.62)

Theorem 9.4.6 Assume that Ω = BR for some R > 0, a = 1, µ = 1, and con-
ditions (f1), (f2), and (g1) hold. Then problem (9.62) has at least one solution
for all λ ∈ R.

Proof The proof in the case λ ≤ 0 is the same as in Theorem 9.4.1. In what
follows we assume that λ > 0. By virtue of Theorem 9.4.1, there exists u ∈
C2(Ω) ∩ C(Ω) such that






−∆u = p(R− |x|)g(u) |x| < R,

u > 0 |x| < R,

u = 0 |x| = R.

It is obvious that u is a subsolution of (9.62) for all λ > 0. To provide a super-
solution of (9.62) we consider the problem






−∆u = p(R− |x|)g(u) + λ|∇u| + 1 |x| < R,

u > 0 |x| < R,

u = 0 |x| = R.

(9.63)

We need the following auxiliary result.

Lemma 9.4.7 Problem (9.63) has at least one classical solution.

Proof We are looking for radially symmetric solutions u of (9.63),—that is,

u(x) = u(r) for all 0 ≤ r = |x| ≤ R.

In this case, problem (9.63) reads






−u′′ − N − 1

r
u′(r) = p(R− r)g(u(r)) + λ|u′(r)| + 1 0 ≤ r < R,

u > 0 0 ≤ r < R,

u(R) = 0.

(9.64)

The first equality in (9.64) implies

−
(
rN−1u′(r)

)′
≥ 0 for all 0 ≤ r < R.
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This yields u′(r) ≤ 0 for all 0 ≤ r < R. Again by (9.64) we find

−
(
u′′ +

N − 1

r
u′(r) + λu′(r)

)
= p(R− r)g(u(r)) + 1 0 ≤ r < R.

The previous relation may be written as

−(eλrrN−1u′(r))′ = eλrrN−1ψ(r, u(r)) 0 ≤ r < R, (9.65)

where
ψ(r, t) = p(R− r)g(t) + 1 (r, t) ∈ [0, R) × (0,∞).

From (9.65) we have

u(r) = u(0) −
∫ r

0

e−λtt−N+1

∫ t

0

eλssN−1ψ(s, u(s))dsdt 0 ≤ r < R. (9.66)

On the other hand, in view of Theorem 9.4.1 and using the fact that g is
decreasing, there exists a unique solution w ∈ C2(BR) ∩ C(BR) of the problem





−∆w = p(R− |x|)g(w) + 1 |x| < R,

w > 0 |x| < R,

w = 0 |x| = R.

(9.67)

Clearly, w is a subsolution of (9.63). As a result of the uniqueness and the
symmetry of the domain, w is radially symmetric, so w(x) = w(r) for all 0 ≤
r = |x| ≤ R. As noted earlier, we obtain

w(r) = w(0) −
∫ r

0

t−N+1

∫ t

0

sN−1ψ(s, w(s))dsdt 0 ≤ r < R. (9.68)

We claim that there exists a solution v ∈ C2[0, R) ∩ C[0, R] of (9.66) such
that v > 0 in [0, R). Let A = w(0) and define the sequence (vk)k≥0 by v0 = w
and

vk(r) = A−
∫ r

0

e−λtt−N+1

∫ t

0

eλssN−1ψ(s, vk−1(s))dsdt, (9.69)

for all 0 ≤ r < R and k ≥ 1. Note that vk is decreasing in [0, R) for all k ≥ 0.
From (9.68) and (9.69) it is easy to see that v1 ≥ v0 in [0, R). A further induction
argument yields vk ≥ vk−1 in [0, R) for all k ≥ 1. Hence,

w = v0 ≤ v1 ≤ · · · ≤ vk ≤ · · · ≤ A in BR.

Thus, for all 0 ≤ r < R there exists v(r) := limk→∞ vk(r) and, clearly, v > 0 in
[0, R). We now can pass to the limit in (9.69) to obtain

v(r) = A−
∫ r

0

e−λtt−N+1

∫ t

0

eλssN−1ψ(s, v(s))dsdt,

for all 0 ≤ r < R. It follows that v ∈ C2[0, R) ∩ C[0, R] is a solution of (9.66).
This proves the claim.
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We have obtained a supersolution v of (9.63) such that v ≥ w in BR. So,
problem (9.63) has at least one solution and the proof of lemma is now complete.

2

Let u be a solution to problem (9.63). For M > 1 we have

−∆(Mu) = Mp(R− |x|)g(u) + λ|∇(Mu)| +M

≥ p(R − |x|)g(Mu) + λ|∇(Mu)| +M in BR.
(9.70)

Because f is sublinear, we can choose M > 1 such that

M ≥ f(x,M‖u‖∞) in BR.

Then, uλ := Mu satisfies

−∆uλ ≥ p(R− |x|)g(uλ) + λ|∇uλ| + f(x, uλ) in BR.

It follows that uλ is a supersolution of (9.62). Because g is decreasing, we easily
deduce u ≤ uλ in BR. Hence, problem (9.1) has at least one solution.

The proof of Theorem 9.4.6 is now complete. 2

If p is bounded in the neighborhood of the origin, the previous procedure can
be applied for general bounded domains. Let Ω be a smooth bounded domain
and R > 0 be such that Ω ⊆ BR. According to Theorem 9.4.6, there exists
v ∈ C2(BR) ∩ C(BR) such that





−∆v = Mg(v) + λ|∇v| + f(x, v) |x| < R,

v > 0 |x| < R,

v = 0 |x| = R,

where M = maxx∈Ω p(d(x)). Obviously v is a supersolution of (9.1) with a = 1,

whereas w ∈ C2(Ω) ∩ C(Ω) defined by





−∆w = p(d(x))g(w) in Ω,

w > 0 in Ω,

w = 0 on ∂Ω

is a subsolution of (9.1). It is easy to see that w ≤ v in Ω and, by Theorem 1.2.3,
we deduce that problem (9.1) has at least one classical solution.

9.5 Existence results in the linear case

In this section we study problem (9.1) in which we drop the sublinearity assump-
tions (f1) and (f2) on f , but we require, in turn, that f is linear. More precisely,
we assume that f(x, t) = t for all (x, t) ∈ Ω × [0,∞) and consider the problem
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




−∆u = p(d(x))g(u) + λ|∇u|a + µu in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

(9.71)

where λ ≥ 0, µ > 0 and p, g verify (g1) and (9.28). We shall be concerned in this
section with the case 0 < a < 1.

Note that the existence result in Theorem 1.2.5 does not apply here because
the mapping

Ψ(x, t) = p(d(x))g(t) + µt (x, t) ∈ Ω × (0,∞)

is not defined on ∂Ω × (0,∞).

Theorem 9.5.1 Assume that 0 < a < 1 and conditions (g1), (9.28) are fulfilled.
Then for all λ ≥ 0, problem (9.71) has solutions if and only if µ < λ1.

Proof Fix µ ∈ (0, λ1) and λ ≥ 0. By Theorem 9.4.1 there exists u ∈ C2(Ω) ∩
C(Ω) such that





−∆u = p(d(x))g(u) + λ|∇u|a in Ω,

u > 0 in Ω,

u = 0 on ∂Ω.

Obviously, uλµ := u is a subsolution of (9.71). Because µ < λ1, there exists

v ∈ C2(Ω) such that 



−∆v = µv + 2 in Ω,

v > 0 in Ω,

v = 0 on ∂Ω.

(9.72)

Using the fact that 0 < a < 1, we can choose M > 0 large enough such that

M > µ‖u‖∞ and M > λ(M |∇v|)a in Ω. (9.73)

From (9.72) and (9.73) we note that w := Mv satisfies

−∆w ≥ λ|∇w|a + µ(u+ w) in Ω.

We claim that uλµ := u+ w is a supersolution of (9.71). Indeed, we have

−∆uλµ ≥ p(d(x))g(u) + λ|∇u|a + λ|∇w|a + µuλµ in Ω. (9.74)

Using the assumption 0 < a < 1, we can easily deduce

ta1 + ta2 ≥ (t1 + t2)
a for all t1, t2 ≥ 0.

Hence,
|∇u|a + |∇w|a ≥ (|∇u| + |∇w|)a ≥ |∇(u+ w)|a in Ω. (9.75)

Combining (9.74) with (9.75) we obtain

−∆uλµ ≥ p(d(x))g(uλµ) + λ|∇uλµ|a + µuλµ in Ω.

Hence, (uλµ, uλµ) is an ordered pair of sub- and supersolutions of (9.71), and
thus problem (9.71) has a classical solution uλµ provided λ ≥ 0 and 0 < µ < λ1.
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If µ ≥ λ1, using the same method as in the proof of Theorem 9.4.5, we deduce
that problem (9.71) has no classical solutions. This finishes the proof. 2

9.6 Boundary estimates of the solution

In this section we are concerned with the asymptotic analysis of solutions of
problem (9.1) in the special case p(t) = t−α, g(t) = t−β , where α, β > 0. Hence,
we study the boundary behavior of classical solutions to






−∆u = d(x)−αu−β + λ|∇u|a + f(x, u) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

(9.76)

where 0 < a ≤ 2, λ > 0, and f satisfies (f1) and (f2).

Recall that if
∫ 1

0 tp(t)dt <∞ and λ belongs to a certain range, then Theorems
9.4.1 and 9.4.3 assert that (9.76) has at least one classical solution uλ satisfying
uλ ≤MH(cϕ1) in Ω, for some M, c > 0. Here, H is the solution of






−H ′′(t) = t−αH−β(t) for all 0 < t ≤ b < 1,

H,H ′ > 0 in (0, b],

H(0) = 0.

(9.77)

With the same idea as in the proof of Theorem 9.4.1, we can show that there
exists m > 0 small enough such that v := mH(cϕ1) satisfies

−∆v ≤ d(x)−αv−β in Ω. (9.78)

Indeed, we have

−∆v = m
(
c2−α|∇ϕ1|2ϕ−α

1 H−β(cϕ1) + λ1cϕ1H
′(cϕ1)

)
in Ω.

Using the properties of ϕ1 and (9.33), there exist two positive constants c1, c2 > 0
such that

−∆v ≤ m
(
c1|∇ϕ1|2 + c2ϕ1

)
d(x)−αH−β(cϕ1) in Ω.

Clearly, (9.78) holds if we choose 0 < m < 1 small enough such that

m
(
c1|∇ϕ1|2 + c2ϕ1

)
< 1 in Ω.

Furthermore, from (9.78) we obtain that v is a subsolution of (9.76), for all λ > 0.
It is easy to see that v ≤ uλ in Ω. Therefore the solution uλ satisfies

mH(cϕ1) ≤ uλ ≤MH(cϕ1) in Ω. (9.79)

Now, a careful analysis of (9.77) together with (9.79) provides boundary esti-
mates for the solutions of problem (9.76), as stated in the following result.
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Theorem 9.6.1 Assume that λ > 0, 0 < a ≤ 2 and conditions (f1) and (f2)
hold.

(i) If α ≥ 2, then problem (9.76) has no classical solutions.

(ii) If α < 2, then there exists 0 < λ∗ ≤ ∞ (with λ∗ = ∞ if 0 < a < 1) such
that for all 0 < λ < λ∗, problem (9.76) has at least one classical solution.
Moreover, there exist 0 < δ < 1 and C1, C2 > 0 such that uλ satisfies the
following:

(ii1) If α+ β > 1, then for all x ∈ Ω we have

C1d(x)
(2−α)/(1+β) ≤ uλ(x) ≤ C2d(x)

(2−α)/(1+β). (9.80)

(ii2) If α+ β = 1, then for all x ∈ Ω with d(x) < δ we have

C1d(x)(− ln d(x))1/(2−α) ≤ uλ(x) ≤ C2d(x)(− ln d(x))1/(2−α).
(9.81)

(ii3) If α+ β < 1, then for all x ∈ Ω we have

C1d(x) ≤ uλ(x) ≤ C2d(x). (9.82)

Proof The existence and nonexistence parts follow directly from Theorems
9.2.1, 9.4.1, and 9.4.3. We next establish the boundary estimates (9.80) through
(9.82).

(ii1) Remark that

H(t) =

(
(1 + β)2

(2 − α)(α+ β − 1)

)1/(1+β)

t(2−α)/(1+β) t > 0

is a solution to (9.77) provided that α+β > 1. The conclusion in this case follows
from (9.79).

(ii2) Note that in this case problem (9.77) becomes






−H ′′(t) = t−αHα−1(t) for all 0 < t ≤ b < 1,

H > 0 in (0, b],

H(0) = 0.

(9.83)

Because H is concave, it follows that

H(t) > tH ′(t) for all 0 < t ≤ b. (9.84)

Relations (9.83) and (9.84) yield

−H ′′(t) <
(H ′(t))α−1

t
for all 0 < t ≤ b.

Hence,
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−H ′′(t)(H ′(t))1−α ≤ 1

t
for all 0 < t ≤ b. (9.85)

Integrating in (9.85) over [t, b] we obtain

(H ′)2−α(t) − (H ′)2−α(b) ≤ (2 − α)(ln b− ln t) for all 0 < t ≤ b.

Thus, there exist c1 > 0 and δ1 ∈ (0, b) such that

H ′(t) ≤ c1(− ln t)1/(2−α) for all 0 < t ≤ δ1. (9.86)

Fix t ∈ (0, δ1]. Integrating in (9.86) over [ε, t], 0 < ε < t, we have

H(t) −H(ε) ≤ c1t(− ln t)1/(2−α) +
c1

2 − α

∫ t

ε

(− ln s)(α−1)/(2−α)ds. (9.87)

Note that

∫ t

0

(− ln s)(α−1)/(2−α)ds <∞ and lim
tց0

∫ t
0
(− ln s)(α−1)/(2−α)ds

t(− ln t)1/(2−α)
= 0. (9.88)

Hence, taking ε→ 0 in (9.87), there exist c2 > 0 and δ2 ∈ (0, δ1) such that

H(t) ≤ c2t(− ln t)1/(2−α) for all 0 < t ≤ δ2. (9.89)

From (9.83) and (9.89) we then obtain

−H ′′(t) ≥ cα−1
2

(− ln t)(α−1)/(2−α)

t
for all 0 < t ≤ δ2.

Integrating over [t, δ2] in the previous inequality we find

H ′(t) ≥ (2 − α)cα−1
2

[
(− ln t)1/(2−α) − (− ln δ2)

1/(2−α)
]

for all 0 < t ≤ δ2.

Therefore, there exist c3 > 0 and δ3 ∈ (0, δ2) such that

H ′(t) ≥ c3(− ln t)1/(2−α) for all 0 < t ≤ δ3.

Using the same arguments as in (9.86) through (9.89) we obtain c4 > 0 and
δ4 ∈ (0, δ3) such that

H(t) ≥ c4t(− ln t)1/(2−α) for all 0 < t ≤ δ4. (9.90)

The conclusion of (ii) in Theorem 9.6.1 follows now from (9.89), (9.90), and
(9.79).
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(ii3) Using the inequality (9.84) and the fact that H ′(0+) > 0, there exists
c > 0 such that

H(t) > ct for all 0 < t ≤ b.

This yields

−H ′′(t) ≤ c−βt−(α+β) for all 0 < t ≤ b.

Because α + β < 1, it follows that H ′(0+) < ∞,—that is, H ∈ C1[0, b]. Thus,
there exist c1, c2 > 0 such that

c1t ≤ H(t) ≤ c2t for all 0 < t ≤ b. (9.91)

The conclusion in Theorem 9.6.1 (iii) follows directly from (9.91) and (9.79).
This completes the proof of Theorem 9.6.1. 2

9.7 The case of a negative singular potential

This section is devoted to the study of (9.1) in case p is negative. More exactly,
we shall be concerned with an equivalent form of (9.1),—namely,






−∆u+ p(d(x))g(u) = λf(x, u) + µ|∇u|a in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

(9.92)

where 0 < a ≤ 2, λ > 0, µ ∈ R, g satisfies (g1), and p : (0,∞) → (0,∞) is a
nonincreasing Hölder continuous function possibly singular at the origin. In this
framework, the existence of a classical solution for problem (9.92) depends on
both singular terms p(d(x)) and unbounded nonlinearity g. More precisely, we
show that a necessary condition to have a classical solution is

∫ 1

0

p(t)g(t)dt <∞. (9.93)

In case f is sublinear,—that is, f fulfills the hypotheses (f1) and (f2),—condition
(9.93) is also sufficient for the existence of classical solutions provided that λ
and µ belong to a certain range. Obviously, relation (9.93) implies the follow-
ing Keller–Osserman–type condition around the origin that have been already
encountered in Chapter 4:

∫ 1

0

(∫ s

0

Φ(t)dt

)−1/2

ds <∞, (9.94)

where Φ(t) = p(t)g(t), t > 0.
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9.7.1 A nonexistence result

We establish here the following nonexistence result related to problem (9.92).

Theorem 9.7.1 Assume that
∫ 1

0
p(t)g(t)dt = ∞ and let Φ : Ω× [0,∞) → [0,∞)

be a continuous function such that Φ 6≡ 0. Then the problem




−∆u+ p(d(x))g(u) ≤ Φ(x, u) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω

(9.95)

has no classical solutions.

Proof Assume that problem (9.95) has a classical solution u and fix C >
maxΩ Φ(x, u). Let v ∈ C2(Ω) be the unique solution of





−∆v = C in Ω,

v > 0 in Ω,

v = 0 on ∂Ω.

(9.96)

Moreover, there exist c1, c2 > 0 such that

c1d(x) ≤ v ≤ c2d(x) for all x ∈ Ω. (9.97)

By the weak maximum principle, it follows that u ≤ v in Ω. Next we consider
the perturbed problem






−∆u+ p(d(x) + ε)g(u+ ε) = C in Ω,

u > 0 in Ω,

u = 0 on ∂Ω.

(9.98)

Obviously, u and v are, respectively, sub- and supersolution of (9.98). By stan-
dard arguments, there exists uε ∈ C2(Ω) a solution of (9.98) such that u ≤ uε ≤ v
in Ω. Integrating in (9.98) we obtain

−
∫

Ω

∆uεdx+

∫

Ω

p(d(x) + ε)g(uε + ε)dx = C|Ω|,

which yields

−
∫

∂Ω

∂uε
∂n

dσ(x) +

∫

Ω

p(d(x) + ε)g(uε + ε)dx ≤M, (9.99)

where M is a positive constant. Taking into account the fact that ∂uε/∂n ≤ 0
on ∂Ω, from (9.99) we find

∫

Ω

p(d(x) + ε)g(uε + ε)dx ≤M.
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Because g is decreasing and uε ≤ v in Ω, it follows that
∫

ω

p(d(x) + ε)g(v + ε)dx ≤M,

for any compact subset ω ⊂⊂ Ω. Passing to the limit with ε→ 0 in the previous
estimate we obtain

∫
ω
p(d(x))g(v)dx ≤M , for all ω ⊂⊂ Ω. Therefore

∫

Ω

p(d(x))g(v)dx ≤M. (9.100)

On the other hand, by (9.97) and
∫ 1

0
p(t)g(t)ds = ∞, it follows that

M ≥
∫

Ω

p(d(x))g(v)dx ≥
∫

Ω

p(d(x))g(c2d(x))dx = ∞,

which is a contradiction. Hence, problem (9.95) has no classical solutions. This
completes the proof. 2

Corollary 9.7.2 Assume that
∫ 1

0
p(t)g(t)dt = ∞. Then, for all µ ≤ 0, problem

(9.92) has no classical solutions.

9.7.2 Existence result

Theorem 9.7.3 Assume that
∫ 1

0
p(t)g(t)dt <∞ and conditions (f1), (f2), and

(g1) are satisfied.

(i) If µ = −1 and 0 < a ≤ 2, then there exists λ∗ > 0 such that problem
(9.92) has at least one classical solution if λ > λ∗, and no solutions exist
if 0 < λ < λ∗.

(ii) If µ = 1 and 0 < a < 1, then there exists λ∗ > 0 such that problem (9.92)
has at least one classical solution for all λ > λ∗, and no solutions exist if
0 < λ < λ∗.

Proof (i) We split the proof into three steps.
Step 1: Existence of a solution for large λ. By virtue of Theorem 1.3.17, for all
λ > 0 the problem 




−∆U = λf(x, U) in Ω,

U > 0 in Ω,

U = 0 on ∂Ω

(9.101)

has at least one classical solution Uλ. Using the regularity of f it follows that
Uλ ∈ C2(Ω) and there exist c1, c2 > 0 depending on λ such that

c1d(x) ≤ Uλ(x) ≤ c2d(x) in Ω. (9.102)

Fix λ > 0 and observe that Uλ is a supersolution of (9.92). The main point
is to find a subsolution uλ of (9.92) such that uλ ≤ Uλ in Ω. For this purpose,
let Φ(t) = p(t)g(t), t > 0, and define
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Ψ : [0,∞) → [0,∞), Ψ(t) =

∫ t

0

(∫ s

0

Φ(τ)dτ

)−1/2

ds.

As in the proof of Theorem 4.5.1, we obtain that Ψ is a bijective map. Let
h : [0,∞) → [0,∞) be the inverse of Ψ. Then h satisfies






h > 0 in (0,∞),

h′(t) =

√
2
∫ h(t)

0 Φ(s)ds in (0,∞),

h′′(t) = Φ(h(t)) in (0,∞),
h(0) = h′(0) = 0.

(9.103)

Thus, h ∈ C2(0,∞) ∩ C1[0,∞).
The key result for this part of the proof is the following lemma.

Lemma 9.7.4 There exist two positive constants c > 0 and M > 0 such that
uλ := Mh(cϕ1) is a subsolution of (9.92) provided λ > 0 is large enough.

Proof Because h ∈ C1[0,∞) and h(0) = 0, we can take c > 0 small enough
such that

h(cϕ1) ≤ d(x) in Ω. (9.104)

By the strong maximum principle, there exist δ > 0 and ω ⊂⊂ Ω such that
|∇ϕ1| ≥ δ in Ω \ ω. Let

M = max{1, 2(cδ)−2}. (9.105)

Because

lim
d(x)ց0

{
− p(d(x))g(h(cϕ1)) +Mcλ1ϕ1h

′(cϕ1) + (Mch′(cϕ1)|∇ϕ1|)a
}

= −∞,

we can assume that in Ω \ ω there holds

−p(d(x))g(h(cϕ1)) +Mcλ1ϕ1h
′(cϕ1) + (Mch′(cϕ1)|∇ϕ1|)a < 0. (9.106)

We are now able to show that uλ := Mh(cϕ1) is a subsolution of (9.92), provided
λ > 0 is sufficiently large. Indeed, we have

−∆uλ = −Mc2p(h(cϕ1))g(h(cϕ1))|∇ϕ1|2 +Mcλ1ϕ1h
′(cϕ1).

By the monotonicity of g and (9.104) we obtain

−∆uλ + p(d(x))g(uλ) + |∇uλ|a ≤ p(d(x))g(h(cϕ1))(1 −Mc2|∇ϕ1|2)
+Mcλ1ϕ1h

′(cϕ1)

+ (Mch′(cϕ1)|∇ϕ1|)a.
(9.107)

Next, by the definition of M and (9.106), for all x ∈ Ω \ ω we find
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−∆uλ + p(d(x))g(uλ) + |∇uλ|a ≤− p(d(x))g(h(cϕ1))

+Mcλ1ϕ1h
′(cϕ1)

+ (Mch′(cϕ1)|∇ϕ1|)a
< 0.

(9.108)

On the other hand, from (9.107) and for all x ∈ ω we have

−∆uλ + p(d(x))g(uλ) + |∇uλ|a ≤ p(d(x))g(h(cϕ1)) +Mcλ1ϕ1h
′(cϕ1)

+ (Mch′(cϕ1)|∇ϕ1|)a.
(9.109)

Because ϕ1 > 0 in ω and f is positive on ω× (0,∞), we may choose λ > 0 large
enough such that

λf(x,Mh(cϕ1)) ≥ p(d(x))g(h(cϕ1)) +Mcλ1ϕ1h
′(cϕ1)

+ (Mch′(cϕ1)|∇ϕ1|)a for all x ∈ ω.
(9.110)

From (9.109) and (9.110) we deduce

−∆uλ + p(d(x))g(uλ) + |∇uλ|a ≤ λf(x, uλ) in ω. (9.111)

Now, relations (9.108) and (9.111) show that uλ = Mh(cϕ1) is a subsolution of
problem (9.92) provided that λ > 0 satisfies (9.110). This finishes the proof of
the lemma. 2

By virtue of Theorem 1.3.17, it follows that uλ ≤ Uλ in Ω and, thus, from
Theorem 1.2.3 we obtain a classical solution uλ of (9.92) such that uλ ≤ uλ ≤ Uλ
in Ω.

Step 2: Nonexistence for small λ > 0. Let us remark that

lim
tց0

(f(x, t) − p(d(x))g(t)) = −∞ uniformly for x ∈ Ω.

Hence, there exists t0 > 0 such that

f(x, t) − p(d(x))g(t) < 0 for all (x, t) ∈ Ω × (0, t0). (9.112)

On the other hand, assumption (f1) yields

f(x, t) − p(d(x))g(t)

t
≤ f(x, t)

t
≤ f(x, t0)

t0
, (9.113)

for all (x, t) ∈ Ω× [t0,∞). Let m = maxx∈Ω f(x, t0)/t0. Combining (9.112) with
(9.113) we find

f(x, t) − p(d(x))g(t) < mt for all (x, t) ∈ Ω × (0,∞). (9.114)

Set λ0 = min {1, λ1/2m} . We claim that problem (9.92) has no classical solution
for 0 < λ ≤ λ0. Indeed, assume by contradiction that u0 is a classical solution of
(9.92) with 0 < λ ≤ λ0. Then, according to (9.114), u0 is a subsolution of
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




−∆u =
λ1

2
u in Ω,

u > 0 in Ω,

u = 0 on ∂Ω.

(9.115)

By Theorem 1.3.17 we have u0 ≤ Uλ in Ω. Furthermore, from (9.102) we have
cu0 ≤ ϕ1 in Ω for some positive constant 0 < c < 1. Note that cu0 is still a subso-
lution of (9.115) whereas ϕ1 is a supersolution of (9.115). Hence, problem (9.115)
has a solution u ∈ C2(Ω). Multiplying by ϕ1 in (9.115) and then integrating over
Ω we have

−
∫

Ω

ϕ1∆udx =
λ1

2

∫

Ω

uϕ1dx.

That is,

λ1

∫

Ω

uϕ1dx = −
∫

Ω

u∆ϕ1dx =
λ1

2

∫

Ω

uϕ1dx.

The previous equality yields
∫
Ω
uϕ1dx = 0, but this is clearly a contradiction,

because both u and ϕ1 are positive in Ω. It follows that (9.92) has no classical
solutions for 0 < λ ≤ λ0.

Step 3: Dependence on λ > 0. Set

A := {λ > 0 : problem (9.92) has at least one classical solution}.

From the previous arguments we deduce that A is nonempty and λ∗ := inf A is
positive. We show that if λ ∈ A, then (λ,∞) ⊆ A. To this aim, let λ1 ∈ A and
λ2 > λ1. If uλ1

is a solution of (9.92) with λ = λ1, then uλ1
is a subsolution of

(9.92) with λ = λ2 whereas Uλ2
defined by (9.101) for λ = λ2 is a supersolution.

Furthermore, we have

∆Uλ2
+ λ2f(x, Uλ2

) ≤ 0 ≤ ∆uλ1
+ λ2f(x, uλ1

) in Ω,

Uλ2
, uλ1

> 0 in Ω,

Uλ2
= uλ1

= 0 on ∂Ω,

∆Uλ2
∈ L1(Ω).

Again by Theorem 1.3.17 we find uλ1
≤ Uλ2

in Ω. Therefore, problem (9.92)
with λ = λ2 has at least one classical solution. Because λ ∈ A was arbitrary, we
conclude that (λ∗,∞) ⊆ A. This completes the proof of (i).

(ii) Step 1: Existence of a solution for large λ.
According to Lemma 9.7.4, there exists λ∗ > 0 such that (9.92) has a subso-

lution uλ for λ > λ∗ and µ = −1. Then uλ is also a subsolution in case µ = 1,
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provided that λ > λ∗. Let us now construct a supersolution. By Theorem 1.2.5,
for all λ > λ∗ there exists vλ ∈ C2(Ω) a solution of






−∆v = λf(x, v) + 1 in Ω,

v > 0 in Ω,

v = 0 on ∂Ω.

Because 0 < a < 1, we can choose M = M(λ) > 1 large enough such that

M >Ma|∇vλ|a in Ω.

Then, using (f1) we obtain

−∆(Mvλ) = λMf(x, vλ) +M ≥ λf(x,Mvλ) + |∇(Mvλ)|a in Ω.

Hence, uλ := Mvλ ∈ C2(Ω) is a supersolution of (9.92) for all λ > λ∗. On the
other hand, because ∆uλ + λf(x, uλ) ≤ 0 ≤ ∆uλ + λf(x, uλ) in Ω, by Theorem
1.3.17 we obtain uλ ≤ uλ, and finally problem (9.92) has at least one solution
for all λ > λ∗.

Step 2: Nonexistence for small λ > 0. We first extend Theorem 1.3.17 in the
following way.

Lemma 9.7.5 Let 0 < a < 1 and Ψ : Ω × (0,∞) → R be a Hölder continuous
function such that the mapping (0,∞) ∋ t 7−→ Ψ(x, t)/t is decreasing for all
x ∈ Ω. Assume that there exist v, w ∈ C2(Ω) ∩ C(Ω) such that

(a) ∆w + Ψ(x,w) + |∇w|a ≤ 0 ≤ ∆v + Ψ(x, v) + |∇v|a in Ω;

(b) v, w > 0 in Ω and v < w on ∂Ω.

Then v ≤ w in Ω.

Proof Assume by contradiction that the inequality v ≤ w does not hold in Ω
and let ζ = v/w. Clearly, ζ < 1 on ∂Ω and

−∇ ·
(
w2∇ζ

)
= −w∆v + v∆w in Ω.

Let x0 ∈ Ω denote a maximum point of ζ. In particular,

∇ζ(x0) = 0, −∆ζ(x0) ≥ 0,

which yields
0 ≤ (−w∆v + v∆w)(x0). (9.116)

Because w(x0) < v(x0), from assumption (a), the property of Ψ, and (9.116), it
follows that

0 < (w|∇v|a − v|∇w|a)(x0).

From ∇ζ(x0) = 0 we also have

w(x0)|∇v|(x0) = v(x0)|∇w|(x0).
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Using the previous two relations we find

0 <
[( v
w

)a
w − v

]
|∇w|a(x0) = va

(
w1−a − v1−a

)
|∇w|a(x0),

which contradicts w(x0) < v(x0). This concludes the proof of our lemma. 2

Assume by contradiction that there exists a sequence of solutions (un)n≥1 of
problem (9.92) associated with a sequence of parameters (λn)n≥1 ⊂ (0,∞) such
that λn → 0 as n→ ∞. A simple computation shows that w(x) := A(R2 − |x|2)
is positive and satisfies the inequality

∆w + f(x,w) + |∇w|a ≤ 0 in Ω,

where A,R > 0 are large constants. In particular, it follows from Lemma 9.7.5
that 0 < un ≤ w whenever λn ≤ 1. Let xn ∈ Ω be a maximum point of un. Then
∇un(xn) = 0 and −∆un(xn) ≥ 0. Letting dn = d(xn), Mn = un(xn), it follows
from (9.92) that

p(dn)g(Mn) ≤ λnf(xn,Mn) ≤ λn max
x∈Ω

f(x,w(x)) ≤ Cλn,

which yields a contradiction as n → ∞. Hence, problem (9.92) has no classical
solutions when λ > 0 is small.

The third step concerning the dependence on λ follows in exactly the same
way as in the case µ = −1. This finishes the proof of Theorem 9.7.3. 2

9.8 Ground-state solutions of singular elliptic problems with

gradient term

We continue here the study of singular elliptic problems in unbounded domains
started in Section 4.7. We shall be concerned in the sequel with the corresponding
problem to (9.1) in the case Ω = R

N , N ≥ 3. More precisely, we consider






−∆u = p(x)(g(u) + f(u) + |∇u|a) in R
N,

u > 0 in R
N,

u(x) → 0 as |x| → ∞,

(9.117)

where p : R
N → (0,∞) is a Hölder continuous function and 0 < a < 1. We also

assume that f fulfills (f1) and (f2), and g ∈ C1(0,∞) satisfies g > 0, g′ < 0 in
(0,∞) and (g1).

As we have argued in Section 4.7, solutions of such problems are called
ground-state solutions, especially for the prescribed condition at infinity.

For f ≡ 0 and a = 0, we saw in Section 4.7 that a necessary condition have
a solution is ∫ ∞

1

tψ(t)dt <∞, (9.118)
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where ψ(r) = min|x|=r p(x), r ≥ 0. As in Section 4.7 we require that p satisfies

∫ ∞

1

tφ(t)dt <∞, (9.119)

where φ(r) = max|x|=r p(x), r ≥ 0. In this framework we have the following
theorem.

Theorem 9.8.1 Assume that (f1), (f2), (g1), and (9.119) are fulfilled. Then,
problem (9.117) has at least one solution.

Proof The approach is similar to that in Theorem 4.7.1. The construction of
the monotone sequence with a pointwise limit that is the solution of (9.117) relies
on Theorem 9.4.1. More precisely, let Bn := {x ∈ R

N : |x| < n}. According to
Theorem 9.4.1, for all n ≥ 1 there exists un ∈ C2(Bn) ∩ C(Bn) such that






−∆un = p(x)(g(un) + f(un) + |∇un|a) in Bn,

un > 0 in Bn,

un = 0 on ∂Bn.

Set Ψ(t) := g(t) + f(t), t > 0. Then we have

∆un+1 +p(x)(Ψ(un+1)+ |∇un+1|a) ≤ 0 ≤ ∆un+p(x)(Ψ(un)+ |∇un|a) in Bn,

un = 0 < un+1 on ∂Bn.

With the same proof as in Lemma 9.7.5 (note that the only difference here is the
presence of the positive potential p(x)), we find un ≤ un+1 in Bn, for all n ≥ 1.

Extending un by zero outside of Bn, this means that

0 ≤ u1 ≤ · · · ≤ un ≤ un+1 ≤ · · · in R
N .

The main point is to find an upper bound for the sequence (un)n≥1.

Lemma 9.8.2 There exists v ∈ C2(RN ) such that






−∆v ≥ p(x)(g(v) + f(v) + |∇v|a) in R
N,

v > 0 in R
N,

v(x) → 0 as |x| → ∞.

(9.120)

Proof Let ζ be defined by (4.56) and fix k > 2 such that

k1−a ≥ 2 max
r≥0

ζa(r). (9.121)

In view of Lemma 2.2.4 we can define

ξ(x) := k

∫ ∞

|x|

ζ(t)dt for all x ∈ R
N.

Then ξ satisfies
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



−∆ξ = kφ(|x|) in R
N ,

ξ > 0 in R
N ,

ξ(x) → 0 as |x| → ∞.

To proceed further, we implicitly define the mapping w : R
N → (0,∞) by

∫ w(x)

0

dt

g(t) + 1
= ξ(x) for all x ∈ R

N.

It is easy to see that w ∈ C2(RN ) and w(x) → 0 as |x| → ∞. Moreover, we have

|∇w| = |∇ξ|(g(w) + 1) = kζ(|x|)(g(w) + 1) in R
N (9.122)

and
−∆w = −(g(w) + 1)∆ξ − g′(w)(g(w) + 1)|∇ξ|2

≥ kφ(|x|)(g(w) + 1)

≥ φ(|x|)(g(w) + 1) +
k

2
φ(|x|)(g(w) + 1).

By (9.121) and (9.122) we deduce

k

2
φ(|x|)(g(w) + 1) ≥ φ(|x|)ka(g(w) + 1)aζa(|x|) ≥ p(x)|∇w|a in R

N.

Hence,





−∆w ≥ p(x)(g(w) + 1 + |∇w|a) in R
N,

w > 0 in R
N,

w(x) → 0 as |x| → ∞.

(9.123)

Using the assumption (f1) and the fact that w is bounded in R
N, we can find

M > 1 large enough such that M > f(Mw) in R
N . Multiplying by M in (9.123)

we deduce that v := Mw satisfies (9.120), and the proof of Lemma 9.8.2 is now
complete. 2

Let us come back to the proof of Theorem 9.8.1. With the same arguments
used earlier, we obtain un ≤ v in Bn, for all n ≥ 1. This implies

0 ≤ u1 ≤ · · · ≤ un ≤ · · · ≤ v in R
N.

Thus, there exists u(x) := limn→∞ un(x), for all x ∈ R
N and un ≤ u ≤ v in R

N .
Because v(x) → 0 as |x| → ∞, we deduce that u(x) → 0 as |x| → ∞. A standard
bootstrap argument implies that un → u in C2,γ

loc (RN ) for some 0 < γ < 1 and
that u is a solution of problem (9.117).

This ends the proof of Theorem 9.8.1. 2
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9.9 Comments and historical notes

We have discussed in this chapter the influence of a gradient term in singular
elliptic problems. As remarked by many authors (see, for instance, Serrin [181],
Choquet–Bruhat and Leray [45], Kazdan and Warner [114]), the requirement
that the nonlinearity |∇u|a grows at most quadratically is natural to apply the
maximum principle. Elliptic equations involving a gradient term appear in many
fields. For instance, Bellman’s dynamic programming principle arising in optimal
stochastic control problems indicates that the value function (also called Bell-
man function) u, which minimizes the cost functional, is also a solution of the
nonlinear elliptic equation

−1

2
∆u+

1

a
|∇u|a + λu = f(x, u) in Ω,

where Ω ⊂ R
N is a bounded domain, 0 < a ≤ 2, λ > 0 denotes the discount

factor, and f is a smooth or singular nonlinearity.
Special attention has been paid to the case when p > 0 in problem (9.1). In

this sense, we saw that if the exponent a is inferior to 1, then the presence of
the gradient term does not change in a significant way the results presented in
previous chapters. More precisely, if the nonlinear gradient term has a sublinear
growth, then it does not perturb the structure of the problems encountered so
far in this book.

A different situation occurs when 1 < a ≤ 2,—that is, the gradient term has
a superlinear behavior. A key result in the study of problem (9.1) is played by
Proposition 9.4.4, which is a work by Alaa and Pierre [3].

Another major role in our analysis was played by the potential p(d(x)). We
emphasize the different levels at which the presence of the (possibly) singular
potential p affects the study of existence in this chapter. First, we saw that
the existence of a classical solution to problem (9.1) is related to the growth of
tp(t) near zero. In turn, the existence of a classical solution to problem (9.92),
is closely related to the behavior near the origin of both singular terms p and g.
The competition between all these regular or singular nonlinearities or potential
terms, combined with the presence of the bifurcation parameters λ and µ, decides
whether a solution exists.

The study of problems (9.1) and (9.92) in smooth bounded domains Ω ⊂ R
N ,

N ≥ 2, is a result of the work by Dupaigne, Ghergu, and Rădulescu [72] (see also
[88], [89]). Problem (9.117) was considered in [90]. We emphasized the importance
of the growth condition (9.28) supplied first by Taliaferro [186] (see also [2])
for similar one-dimensional problems. The nonexistence result in Theorem 9.2.1
generalizes a result by Zhang and Cheng [202].
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SINGULAR GIERER–MEINHARDT SYSTEMS

To myself I am only a child
playing on the beach, while vast
oceans of truth lie undiscovered
before me.

Sir Isaac Newton (1642–1727)

10.1 Introduction

In this chapter we extend the study of single singular elliptic equations to the
following singular elliptic system:





−∆u+ αu =
f(u)

g(v)
+ ρ(x), u > 0 in Ω,

−∆v + βv =
h(u)

k(v)
, v > 0 in Ω,

u = 0, v = 0 on ∂Ω.

(S)

Here, Ω ⊂ R
N , (N ≥ 1) is a smooth bounded domain, α, β > 0, ρ ∈ C0,γ(Ω),

(0 < γ < 1), ρ ≥ 0, ρ 6≡ 0, and f, g, h, k ∈ C0,γ [0,∞) are nonnegative and
nondecreasing functions such that g(0) = k(0) = 0. This last assumption on g
and k, together with the Dirichlet boundary conditions on ∂Ω, makes the system
singular at the boundary.

In the particular case of pure powers in nonlinearities, system (S) reads






−∆u+ αu =
up

vq
+ ρ(x), u > 0 in Ω,

−∆v + βv =
ur

vs
, v > 0 in Ω,

u = 0, v = 0 on ∂Ω.

(10.1)

The associated parabolic system to (10.1) subject to Neumann boundary con-
ditions is known as the Gierer–Meinhardt system and it occurs in morphogen-
esis and cellular differentiation. These problems arise in the study of biological
pattern formation by auto- and cross-catalysis, and are related to known bio-
chemical processes and cellular properties. The unknowns u and v represent the
concentrations of two morphogens called activator and inhibitor, respectively.
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The main difficulties in solving system (S) are the result of the presence of
singular nonlinearities on the one hand and the noncooperative (that is, non-
quasimonotone) character of our system on the other. We are mainly interested
in the case when the activator and inhibitor have different source terms,—that
is, the mappings t 7−→ f(t)/h(t) and t 7−→ g(t)/k(t) are not constant on (0,∞).

10.2 A nonexistence result

In this section we present a nonexistence result for classical solutions to (S). The
main idea is to speculate the asymptotic behavior of v from the second equation
of (S). This will be then used in the first equation of the system and, by a similar
argument to that in Theorem 9.2.1, we obtain the desired nonexistence result.
Special attention will be paid to the case of pure powers in nonlinearities. In this
sense we obtain some relations between the exponents p, q, r, and s for which
the system (10.1) has no classical solutions.

Several times in this chapter we shall apply the following comparison result,
which is a direct consequence of the weak maximum principle stated in Theorem
1.3.2.

Lemma 10.2.1 Let k ∈ C(0,∞) be a positive nondecreasing function and let
a1, a2 ∈ C(Ω) be such that 0 < a2 ≤ a1 in Ω.

Assume there exist β > 0 and v1, v2 ∈ C2(Ω) ∩ C(Ω) such that

(i) ∆v1 − βv1 +
a1(x)

k(v1)
≤ 0 ≤ ∆v2 − βv2 +

a2(x)

k(v2)
in Ω;

(ii) v1, v2 > 0 in Ω, v1 ≥ v2 on ∂Ω.

Then v1 ≥ v2 in Ω.

Let Φ : [0, 1) → [0,∞) defined by

Φ(t) =

∫ t

0

(
2

∫ 1

τ

1/k(θ)dθ)

)−1/2

dτ, 0 ≤ t < 1. (10.2)

Set a := limtր1 Φ(t) and let Ψ : [0, a) → [0, 1) be the inverse of Φ.
The main result of this section is the following nonexistence property.

Theorem 10.2.2 Assume that
∫ a

0

tf(mt)

g(MΨ(t))
dt = ∞, (10.3)

for all 0 < m < 1 < M . Then system (S) has no classical solutions.

Proof Assume by contradiction that there exists a classical solution (u, v) of
system (S) and let ϕ1 be the normalized first eigenfunction of (−∆) in H1

0 (Ω).
Also let ζ be the unique solution of the problem

{
−∆ζ + αζ = ρ(x) in Ω,

ζ = 0 on ∂Ω.
(10.4)
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By standard elliptic arguments and the strong maximum principle, we deduce
that ζ ∈ C2(Ω) and ζ > 0 in Ω. Furthermore, taking into account the regularity
of the domain, there exist c1, c2 > 0 such that

c1d(x) ≤ ϕ1, ζ ≤ c2d(x) in Ω, (10.5)

where d(x) = dist(x, ∂Ω).
Because {

−∆(u− ζ) + α(u− ζ) ≥ 0 in Ω,

u− ζ = 0 on ∂Ω,

by the weak maximum principle (see Theorem 1.3.2) we have u ≥ ζ in Ω. Hence,
by (10.5), it follows that

u(x) ≥ md(x) in Ω, (10.6)

for some m > 0 small enough. Set C := maxx∈Ω h(u(x)) > 0. Then v satisfies






−∆v + βv ≤ C

k(v)
in Ω,

v > 0 in Ω,

v = 0 on ∂Ω.

(10.7)

Let c > 0 be such that

cϕ1 ≤ min{a, d(x)} in Ω. (10.8)

We need the following auxiliary result.

Lemma 10.2.3 There exists M > 1 large enough such that v := MΨ(cϕ1)
satisfies

−∆v + βv ≥ C

k(v)
in Ω. (10.9)

Proof Because Ψ is the inverse of Φ defined in (10.2), we have Ψ(0) = 0 and
Ψ ∈ C1(0, a) with

Ψ′(t) =

√
2

∫ 1

Ψ(t)

1

k(τ)
dτ for all 0 < t < a. (10.10)

This yields 



−Ψ′′(t) =
1

k(Ψ(t))
for all 0 < t < a,

Ψ′(t),Ψ(t) > 0 for all 0 < t < a,

Ψ(0) = 0.

(10.11)

By the strong maximum principle, there exist ω ⊂⊂ Ω and δ > 0 such that

|∇ϕ1| > δ in Ω \ ω and ϕ1 > δ in ω. (10.12)
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Fix M > 1 large enough such that

M(cδ)2 > C and Mcλ1δΨ
′(c‖ϕ1‖∞) >

C

minx∈ω k(Ψ(cϕ1))
. (10.13)

We have

−∆v =
Mc2

k(Ψ(cϕ1))
|∇ϕ1|2 +Mcλ1ϕ1Ψ

′(cϕ1) in Ω.

By (10.12) and (10.13) we obtain

−∆v ≥Mcλ1ϕ1Ψ
′(cϕ1) ≥Mcλ1δΨ

′(c‖ϕ1‖∞) ≥ C

k(v)
in ω,

−∆v ≥ Mc2

k(Ψ(cϕ1))
|∇ϕ1|2 ≥ C

k(Ψ(cϕ1))
≥ C

k(v)
in Ω \ ω.

The last two inequalities imply that v satisfies

−∆v ≥ C

k(v)
in Ω.

Hence, v fulfills (10.9). This ends the proof of the lemma. 2

By virtue of Lemma 10.2.1, from (10.7) and (10.9) we find v ≤ v in Ω. Using
(10.6) we then obtain

f(u)

g(v)
≥ f(md(x))

g(MΨ(cϕ1))
in Ω.

Furthermore, u satisfies






−∆u+ αu ≥ f(md(x))

g(MΨ(cϕ1))
in Ω,

u > 0 in Ω,

u = 0 on ∂Ω.

(10.14)

To avoid the singularities in (10.14) near the boundary, we consider the approx-
imated problem





−∆w + αw =

f(md(x))

g(MΨ(cϕ1)) + ε
in Ω,

w = 0 on ∂Ω.

(10.15)

Clearly, w := u is a supersolution of (10.15) whereas w = 0 is a subsolution. By
the sub- and supersolution method and the strong maximum principle, problem
(10.15) has a unique solution wε ∈ C2(Ω) such that 0 < wε ≤ u in Ω. To raise
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a contradiction, we multiply by ϕ1 in (10.15) and then we integrate over Ω. We
obtain

(α+ λ1)

∫

Ω

wεϕ1dx =

∫

Ω

ϕ1
f(md(x))

g(MΨ(cϕ1)) + ε
dx.

Because wε ≤ u in Ω, we find

(α+ λ1)

∫

Ω

uϕ1dx ≥
∫

ω

ϕ1
f(md(x))

g(MΨ(cϕ1)) + ε
dx for all ω ⊂⊂ Ω.

Let C̃ := (α + λ1)
∫
Ω
uϕ1dx. Passing to the limit with ε → 0 in the previous

inequality we obtain
∫

ω

ϕ1
f(md(x))

g(MΨ(cϕ1))
dx ≤ C̃ <∞ for all ω ⊂⊂ Ω.

Hence, ∫

Ω

ϕ1
f(md(x))

g(MΨ(cϕ1))
dx ≤ C̃ <∞.

Now let Ω0 := {x ∈ Ω : d(x) < a}. The previous estimate combined with (10.8)
produces ∫

Ω0

d(x)
f(md(x))

g(MΨ(d(x)))
dx <∞,

but this clearly contradicts (10.3). Hence, system (S) has no positive classical
solutions. This finishes the proof. 2

If k(t) = ts, s > 0, condition (10.3) can be written more explicitly by de-
scribing the asymptotic behavior of Ψ. We have the following corollary.

Corollary 10.2.4 Assume that k(t) = ts, s > 0, and for all 0 < m < 1 < M
one of the following conditions hold:

(i) s > 1 and
∫ a
0
tf(mt)/g(Mt2/(1+s))dt = ∞.

(ii) s = 1 and
∫min{a,1/2}

0
tf(mt)/g(Mt

√
− ln t)dt = ∞.

(iii) 0 < s < 1 and
∫ a
0 tf(mt)/g(Mt)dt = ∞.

Then, system (S) has no positive classical solutions.

Proof The main idea is to describe the asymptotic behavior of Ψ near the
origin. Notice that in our setting the mapping Ψ : [0, a) → [0, 1) satisfies






−Ψ′′(t) = Ψ−s(t) for all 0 < t < a,

Ψ′(t),Ψ(t) > 0 for all 0 < t < a,

Ψ(0) = 0.

(10.16)

The asymptotic behavior of Ψ was studied in a more general framework concern-
ing problem (9.77) in Chapter 9. Using the arguments in the proof of Theorem
9.6.1, there exist c1, c2 > 0 such that
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c1t
2/(1+s) ≤ Ψ(t) ≤ c2t

2/(1+s) if s > 1, 0 < t < a,

c1t
√
− ln t ≤ Ψ(t) ≤ c2t

√
− ln t if s = 1, 0 < t < min{1/2, a},

c1t ≤ Ψ(t) ≤ c2t if 0 < s < 1, 0 < t < a.

This completes the proof. 2

In case of pure powers in the nonlinearities, we have the following nonexis-
tence result for system (10.1).

Corollary 10.2.5 Let p, q, r, s > 0 be such that one of the following conditions
hold:

(i) s > 1 and 2q ≥ (s+ 1)(p+ 2).

(ii) s = 1 and q > p+ 2.

(iii) 0 < s < 1 and q ≥ p+ 2.

Then, system (10.1) has no positive classical solutions.

Proof The proofs of (i) and (iii) are simple exercices of calculus. For (ii), by
Corollary 10.2.4 we have that (10.1) has no classical solutions provided s = 1
and ∫ 1/2

0

t1+p−q(− ln t)−q/2dt = ∞. (10.17)

On the other hand, for a, b ∈ R we have
∫ 1/2

0 ta(− ln t)bdt < ∞ if and only if
a > −1 or a = −1 and b < −1. Now condition (10.17) reads q > p + 2. This
concludes the proof. 2

10.3 Existence results

In this section we provide existence results for classical solutions to (S) under
the additional hypothesis β ≤ α. The existence is obtained without assuming
any growth condition on ρ near the boundary, because we are able to establish
general bounds for the regularized system associated with (S). In particular, we
obtain that problem (10.1) has solutions provided that r − p = s − q ≥ 0 and
q > p− 1.

For all t1, t2 > 0 define

A(t1, t2) :=
f(t1)

h(t1)
− g(t2)

k(t2)
.

In this section we suppose that A fulfills

(A1) A(t1, t2) ≤ 0 for all t1 ≥ t2 > 0.

We also assume that k ∈ C1(0,∞) is a nonnegative and nondecreasing func-
tion such that

(A2) limt→∞
K(t)
h(t+c) = ∞ for all c > 0, where K(t) =

∫ t
0 k(τ)dτ .

Here are some examples of nonlinearities that fulfill (A1) and (A2):
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(i) f(t) = tp; g(t) = tq; h(t) = tr; k(t) = ts; t ≥ 0; p, q, r, s > 0; r − p =
s− q ≥ 0; and p− q < 1.

(ii) f(t) = ln(1 + tp); g(t) = et
q − 1; h(t) = tp; and k(t) = tq, t ≥ 0, p, q > 0,

p− q < 1.

(iii) f(t) = log(1 + at); g(t) = log(1 + t); h(t) = at; and k(t) = t; t ≥ 0, a ≥ 1.

In the following we provide a general method to construct nonlinearities
f, g, h, k that verify hypotheses (A1) and (A2). Let f, g, h, k : [0,∞) → [0,∞)
be nondecreasing functions such that k and h verify (A2) and one of the following
assumptions hold:

(a) fk = gh and the mapping (0,∞) ∋ t 7−→ f(t)/h(t) is nonincreasing.

(b) There exists m > 0 such that f(t)/h(t) ≤ m ≤ g(t)/k(t), for all t > 0.

Then mapping A verifies (A1).
For instance, the mappings in example (i) satisfy condition (a) whereas the

mappings in (ii) verify condition (b).
The first result of this section concerns the existence of classical solutions for

the general system (S).

Theorem 10.3.1 Assume that the hypotheses (A1) and (A2) are fulfilled. Then
system (S) has at least one classical solution.

The existence of a solution to (S) is obtained by considering the regularized
system 




−∆u+ αu =
f(u+ ε)

g(v + ε)
+ ρ(x) in Ω,

−∆v + βv =
h(u + ε)

k(v + ε)
in Ω,

u = 0, v = 0 on ∂Ω.

(S)ε

First, we need to provide some a priori estimates for a classical solution of
(S)ε. We start with the following auxiliary result.

Lemma 10.3.2 There exists M > 0 that is independent of ε such that any
solution (uε, vε) of system (S)ε with uε, vε ∈ C2(Ω) ∩ C(Ω) satisfies

max{‖uε‖∞, ‖vε‖∞} ≤M. (10.18)

Proof Let wε := uε − vε and ω := {x ∈ Ω : wε > 0}. To establish (10.18), it
suffices to provide a uniform upper bound for vε and wε. Subtracting the two
equations in (S)ε we have

−∆wε + αwε = (β − α)wε +
f(uε + ε)

g(vε + ε)
− h(uε + ε)

gk(vε + ε)
+ ρ(x)

= (β − α)vε +
h(uε + ε)

g(vε + ε)
A(uε + ε, vε + ε) + ρ(x) in Ω.

Notice that A(uε + ε, vε + ε) ≥ 0 in ω and wε = 0 on ∂ω. This yields
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−∆wε + αwε ≤ ρ(x) in ω.

Let ζ ∈ C2(Ω) be the unique solution of (10.4). Then,

{
−∆(wε − ζ) + α(wε − ζ) ≥ 0 in ω,

wε − ζ ≤ 0 on ∂ω.

Furthermore, by the weak maximum principle, wε ≤ ζ in ω. Because wε ≤ 0 in
Ω \ ω, it follows that

wε ≤ ζ in Ω. (10.19)

We next multiply by k(vε) in the second equation of (S)ε and obtain

−k(vε)∆vε + βvεk(vε) =
k(vε)

k(vε + ε)
h(uε + ε) in Ω. (10.20)

On the other hand,

−k(vε)∆vε = −∆K(vε) + k′(vε)|∇vε|2 in Ω. (10.21)

Because k is nondecreasing, we also have

K(vε) =

∫ vε

0

k(t)dt ≤ vεk(vε) in Ω. (10.22)

Using (10.21) and (10.22) in (10.20), we deduce

−∆K(vε) + k′(vε)|∇vε|2 + βK(vε) ≤
k(vε)

k(vε + ε)
h(uε + ε) in Ω.

Hence,
−∆K(vε) + βK(vε) ≤ h(uε + ε) in Ω. (10.23)

By Theorem 1.3.3, there exists a positive constant C > 1 that depends only
on Ω such that

sup
Ω

K(vε) ≤ C sup
Ω

h(uε + ε) ≤ C sup
Ω

h(vε + ‖ζ‖∞ + 1).

Using assumption (A2), we deduce that (vε)ε>0 is uniformly bounded,—that is,
‖vε‖∞ ≤ m for some m > 0 independent of ε. In view of (10.19), this yields

uε = vε + wε ≤ m+ ‖ζ‖∞ in Ω,

and the proof of Lemma 10.3.2 is now complete. 2

Lemma 10.3.3 For all 0 < ε < 1 there exists a solution (uε, vε) ∈ C2(Ω) ×
C2(Ω) of system (S)ε.
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Proof We use topological degree arguments. Consider the set

U :=

{
(u, v) ∈ C2(Ω) × C2(Ω) :

‖u‖∞, ‖v‖∞ ≤M + 1

u, v ≥ 0 in Ω, u |∂Ω= v |∂Ω= 0

}
,

where M > 0 is the constant in (10.18). Define

Φt : U → U , Φt(u, v) = (Φ1
t (u, v),Φ

2
t (u, v)),

by

Φ1
t (u, v) = u− t(−∆ + α)−1

(
f(u+ ε)

g(v + ε)
+ ρ

)
,

Φ2
t (u, v) = v − t(−∆ + β)−1

(
h(u+ ε)

k(v + ε)

)
.

Using Lemma 10.3.2, we have Φt(u, v) 6= (0, 0) on ∂U , for all 0 ≤ t ≤ 1.
Therefore, by the invariance at homotopy of the topological degree we have

deg (Φ1,U , (0, 0)) = deg (Φ0,U , (0, 0)) = 1.

Hence, there exists (u, v) ∈ U such that Φ1(u, v) = (0, 0). This means that system
(S)ε has at least one classical solution. The proof is now complete. 2

Let us come back to the proof of Theorem 10.3.1. Let (uε, vε) ∈ C2(Ω) ×C2(Ω)
be a solution of (S)ε. Then,

{
∆(uε − ζ) − α(uε − ζ) ≤ 0 in Ω,

uε − ζ = 0 on ∂Ω,

where ζ is the unique solution of (10.4). Hence ζ ≤ uε in Ω. By (10.19) it follows
that

wε ≤ ζ ≤ uε in Ω. (10.24)

Let ξ ∈ C2(Ω) be the unique positive solution of the boundary value problem





−∆ξ + βξ =
h(ζ)

k(ξ + 1)
in Ω,

ξ = 0 on ∂Ω.

(10.25)

In view of Lemma 10.2.1 we have ξ ≤ vε in Ω, so that, by Lemma 10.3.2, the
following estimates hold:

{
ζ(x) ≤ uε(x) ≤M in Ω,
ξ(x) ≤ vε(x) ≤M in Ω.

(10.26)

Now, standard Hölder and Schauder estimates imply that {(uε, vε)}0<ε<1 con-
verges (up to a subsequence) in C2

loc(Ω) ×C2
loc(Ω) to (u, v). Passing to the limit

in (10.26) we find
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{
ζ(x) ≤ u(x) ≤M in Ω,
ξ(x) ≤ v(x) ≤M in Ω.

(10.27)

It remains only to obtain an upper bound near ∂Ω for (uε, vε), which will
lead us to the continuity up to the boundary of the solution (u, v). This will
be done by combining standard arguments with the estimate (10.24). First, by
(10.23) we have

∆K(vε) + h(M + 1) ≥ 0 in Ω. (10.28)

Fix x0 ∈ ∂Ω. Because ∂Ω is smooth (more precisely, Ω satisfies the exterior
sphere condition), there exist y ∈ R

N \ Ω and a ball B centered at y, having
radius R > 0 such that Ω ∩B = ∂Ω ∩B = {x0}.

Let δ(x) := |x− y| −R and Ω0 := {x ∈ Ω : 4(N − 1)δ(x) < R}.
Consider ψ ∈ C2(0,∞) such that ψ′ > 0 and ψ′′ < 0 on (0,∞), and set

φ(x) := ψ(δ(x)), x ∈ Ω0. Then

∆φ(x) = ψ′(δ(x))∆δ(x) + ψ′′(δ(x))|∇δ(x)|2

=
N − 1

|x− y|ψ
′(δ(x)) + ψ′′(δ(x))

≤ N − 1

R
ψ′(δ(x)) + ψ′′(δ(x)) in Ω0.

Let us now choose ψ(t) = C
√
t, t > 0, where C > 0. Therefore,

∆φ(x) ≤ C

4
δ−3/2(x)

[
2(N − 1)δ(x)

R
− 1

]
≤ −C

8
δ−3/2(x) < 0 in Ω0.

We choose C > 0 large enough such that

∆φ(x) ≤ −h(M + 1) in Ω0 (10.29)

and
φ(x) > K(M) ≥ sup

Ω0

K(vε) on ∂Ω0 \ ∂Ω. (10.30)

Furthermore, by relations (10.28), (10.29), and (10.30), we obtain
{
−∆(φ(x) −K(vε)) ≥ 0 in Ω0,

φ(x) −K(vε) ≥ 0 on ∂Ω0.

This implies φ(x) ≥ K(vε) in Ω0,—that is,

0 ≤ vε(x) ≤ K−1(φ(x)) in Ω0.

Passing to the limit with ε→ 0 in the last inequality, we have 0 ≤ v ≤ K−1(φ(x))
in Ω0. Hence,

0 ≤ lim
x→x0

v(x) ≤ lim
x→x0

K(φ(x)) = 0.

Because x0 ∈ ∂Ω was arbitrarily chosen, it follows that v ∈ C(Ω). Using the fact
that uε = wε + vε ≤ ζ + vε in Ω, in the same manner we conclude u ∈ C(Ω).
This finishes the proof of Theorem 10.3.1. 2
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The next result concerns the following singular system:





−∆u+ αu =
up

vq
+ ρ(x) in Ω,

−∆v + βv =
up+σ

vq+σ
in Ω,

u = v = 0 on ∂Ω,

(10.31)

where σ ≥ 0 is a nonnegative real number.

Theorem 10.3.4 Assume that p, q ≥ 0 satisfy p − q < 1. Then the following
properties are valid:

(i) System (10.31) has solutions for all σ ≥ 0.

(ii) For any solution (u, v) of (10.31), there exist c1, c2 > 0 such that

c1d(x) ≤ u, v ≤ c2d(x) in Ω. (10.32)

Moreover, the following properties hold:

(ii1) If −1 < p− q < 0, then u, v ∈ C2(Ω) ∩ C1,1+p−q(Ω).
(ii2) If 0 ≤ p− q < 1, then u, v ∈ C2(Ω).

Proof (i) Follows directly from Theorem 10.3.1, because both conditions (A1)
and (A2) are fulfilled.
(ii) Recall that from (10.5) and (10.27) we have u ≥ ζ ≥ cϕ1 in Ω. From the
second equation in (10.31) we deduce

−∆v + βv ≥ cp+σ
ϕp+σ1

vq+σ
in Ω.

Because p− q < 1, we deduce that v := cϕ1 satisfies

−∆v + βv ≥ cp+σ
ϕp+σ1

vq+σ
in Ω,

for some c > 0 small enough. Therefore, by virtue of Lemma 10.2.1, we obtain
v ≥ c ϕ1 in Ω.

Let us now prove the second inequality in (10.32). To this aim, set w := u−v.
With the same idea as in the proof of Lemma 10.3.2, we find

−∆w + αw ≤ ρ(x) in the set {x ∈ Ω : w(x) > 0},

which yields
w ≤ ζ ≤ cϕ1 in Ω. (10.33)

Let w+ := max{w, 0}. Then v satisfies





−∆v + βv ≤ (w+ + v)p+σ

vq+σ
in Ω,

v = 0 on ∂Ω.
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Consider now the problem




−∆z + βz = 2p+σzp−q in Ω,

z > 0 in Ω,

z = 0 on ∂Ω.

(10.34)

The existence of a classical solution to (10.34) follows from Theorem 1.2.5. More-
over, if 0 ≤ p− q < 1, then z ∈ C2(Ω), and if −1 < p− q < 0 by Theorem 4.3.2,
we have z ∈ C2(Ω) ∩ C1,1+p−q(Ω) and ∆z ∈ L1(Ω). Furthermore, z ≤ mϕ1 in
Ω for some m > 0. On the other hand, c̃ϕ1 is a subsolution of (10.34) provided
that c̃ > 0 is small enough. Therefore, by Lemma 1.3.17 we derive z ≥ c̃ϕ1 in
Ω. This last inequality, together with (10.33), allows us to choose M > 1 large
enough such that Mz ≥ w+ in Ω. Hence,

−∆(Mz) + β(Mz) = M(−∆z + βz) = 2p+σMzp−q

≥ 2p+σ(Mz)p−q

≥ (w+ +Mz)p+σ

(Mz)q+σ
in Ω.

This means that v := Mz verifies

−∆v + βv ≥ (w+ + v)

vq+σ

p+σ

in Ω and v = 0 on ∂Ω.

Remark now that

Ψ(x, t) := −βt+
(w+(x) + t)p+σ

tq+σ
(x, t) ∈ Ω × (0,∞)

satisfies the hypotheses in Lemma 1.3.17, because p − q < 1. Furthermore, we
have

∆v + Ψ(x, v) ≤ 0 ≤ ∆v + Ψ(x, v) in Ω,

v, v > 0 in Ω, v = v = 0 on ∂Ω, and ∆v ∈ L1(Ω).

Hence, by Lemma 1.3.17, we obtain

v ≤ v ≤ c̃ϕ1 in Ω. (10.35)

Combining (10.33) and (10.35) we derive u = w+v ≤ Cϕ1 in Ω, for some C > 0.
This completes the proof of (ii). As a consequence, there exists M > 1 such that

0 ≤ up

vq
,
up+σ

vq+σ
≤Mϕp−q1 in Ω.

If 0 ≤ p− q < 1, then by classical regularity arguments we have u, v ∈ C2(Ω). If
−1 < p− q < 0, then the same method as in the proof of Theorem 4.3.2 can be
used to obtain u, v ∈ C2(Ω) ∩ C1,1+p−q(Ω).

This finishes the proof of Theorem 10.3.4. 2
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10.4 Uniqueness of the solution in one dimension

The uniqueness of the solution is a delicate matter. Actually, this issue seems to
be a particular feature of the Dirichlet boundary conditions because in the case
of Neumann boundary conditions, the Gierer–Meinhardt system does not have
a unique solution.

In this section we are concerned with the uniqueness of the solution associated
with the one-dimensional system:





u′′ − αu +
up

vq
+ ρ(x) = 0 in (0, 1),

v′′ − βv +
up+σ

vq+σ
= 0 in (0, 1),

u(0) = u(1) = 0,
v(0) = v(1) = 0.

(10.36)

Our approach originates in the methods developed by Choi and McKenna [43],
where a C2 regularity of the solution up to the boundary is needed. So, we restrict
our attention to the case 0 < q ≤ p ≤ 1. Thus, by virtue of Theorem 10.3.4,
any solution of (10.36) belongs to C2[0, 1] × C2[0, 1]. By the strong maximum
principle we also have u′(0) > 0, v′(0) > 0, u′(1) < 0, and v′(1) < 0 for any
solution (u, v) of system (10.36).

The main result of this section is the following.

Theorem 10.4.1 Assume that 0 < q ≤ p ≤ 1, σ ≥ 0. Then system (10.36) has
a unique solution (u, v) ∈ C2(Ω) × C2(Ω).

Proof The existence part follows from Theorem 10.3.4. We prove here only the
uniqueness. Suppose that there exist two distinct solutions (u1, v1), (u2, v2) ∈
C2[0, 1]× C2[0, 1] of system (10.36).

First we claim that we cannot have u2 ≥ u1 or v2 ≥ v1 in [0,1]. Indeed, let
us assume that u2 ≥ u1 in [0,1]. Then,

v′′2 − βv2 +
up+σ2

vq+σ2

= 0 = v′′1 − βv1 +
up+σ1

vq+σ1

in (0, 1)

and, by Lemma 10.2.1, we further obtain v2 ≥ v1 in [0, 1]. On the other hand,

u′′1 − αu1 +
up1
vq2

+ ρ(x) ≤ 0 = u′′2 − αu2 +
up2
vq2

+ ρ(x) in (0, 1). (10.37)

Because p < 1, the mapping

Ψ(x, t) = −αt+
tp

v2(x)q
+ ρ(x) (x, t) ∈ (0, 1) × (0,∞)

satisfies the hypotheses in Lemma 1.3.17. Hence, u2 ≤ u1 in [0, 1],—that is
u1 ≡ u2. This also implies v1 ≡ v2, which is a contradiction. Replacing u1 with
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u2 and v1 with v2, we also deduce that the situation u1 ≥ u2 or v1 ≥ v2 in [0,1]
is not possible.

Set U := u2 − u1 and V := v2 − v1. From the previous arguments, both U
and V change sign in (0, 1). Moreover, we have the following proposition.

Proposition 10.4.2 The functions U and V vanish only finitely many times in
the interval [0, 1].

Proof We write system (10.36) as
{

W′′(x) +A(x)W(x) = 0 in (0, 1),
W(0) = W(1) = 0,

(10.38)

where W = (U, V ) and A(x) = (Aij(x))1≤i,j≤2 is a 2 × 2 matrix defined as

A11(x) = −α+






1

vq2(x)
· u

p
2(x) − up1(x)

u2(x) − u1(x)
, u1(x) 6= u2(x),

p
up−1

1 (x)

vq1(x)
, u1(x) = u2(x),

A12(x) =






− up1(x)

vq1(x)v
q
2(x)

· v
q
2(x) − vq1(x)

v2(x) − v1(x)
, v1(x) 6= v2(x),

−q up1(x)

vq+1
1 (x)

, v1(x) = v2(x),

A21(x) =





1

vq+σ2 (x)
· u

p+σ
2 (x) − up+σ1 (x)

u2(x) − u1(x)
, u1(x) 6= u2(x),

(p+ σ)
up+σ−1

1 (x)

vq+σ1 (x)
, u1(x) = u2(x),

A22(x) = −β −






up+σ1 (x)

vq+σ1 (x)vq+σ2 (x)
· v

q+σ
2 (x) − vq+σ1 (x)

v2(x) − v1(x)
, v1(x) 6= v2(x),

(q + σ)
up+σ1 (x)

vq+σ+1
1 (x)

, v1(x) = v2(x).

Therefore, A ∈ C(0, 1) and A12(x) 6= 0, A21(x) 6= 0 for all x ∈ (0, 1). Moreover,
xA(x), (1 − x)A(x) are bounded in L∞(0, 1). Indeed, let us first notice that by
(10.32) in Theorem 10.3.4, there exist c1, c2 > 0 such that

c1 ≤ ui
min{x, 1 − x} ,

vi
min{x, 1 − x} ≤ c2, (i = 1, 2) in (0, 1).

Then, by the mean value theorem we have

x|A12(x)| ≤ qx
up1(x)

vq1(x)v
q
2(x)

max{vq−1
1 (x), vq−1

2 (x)}

≤ qxp−q
(
u1(x)

x

)p
max

{(
x

v1(x)

)q+1

,

(
x

v2(x)

)q+1
}

≤ cxp−q for all 0 < x ≤ 1/2.
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We obtain similar estimates for xA11, xA21, and xA22.
Basic to our approach are the following two general results.

Lemma 10.4.3 Let 0 < a < b and W = (U, V ) ∈ C2[a, b]×C2[a, b] be such that
W 6≡ 0 and

W′′(x) +A(x)W(x) = 0 in [a, b], (10.39)

where A = (Aij)1≤i,j≤2 satisfies

(i) Aij ∈ C[a, b], for all 1 ≤ i, j ≤ 2;

(ii) A12(x) 6= 0 and A21(x) 6= 0, for all x ∈ [a, b].

Then neither U nor V can have infinitely many zeros in [a, b].

Proof Supposing the contrary, let us assume that U has an infinite number of
zeros in [a, b]. Hence, we can find a monotone sequence (xn)n≥1 ⊂ [a, b] such that
U(xn) = 0, for all n ≥ 1. Without losing the generality, we may assume that
(xn)n≥1 is decreasing and let x0 := limn→∞ xn. Then U(x0) = 0 and, by Rolle’s
theorem, it follows that U ′ and U ′′ have infinitely many zeros in (x0, x0 + δ)
for some δ > 0 small enough. By continuity, we find U ′(x0) = U ′′(x0) = 0.
From (10.39) it follows that A12(x0)V (x0) = 0. Because A12(x0) 6= 0, we have
V (x0) = 0.

If V ′(x0) = 0, then the uniqueness of the Cauchy problem

{
W′′(x) +A(x)W(x) = 0 in (x0, b],
W(x0) = W′(x0) = 0

implies W ≡ 0 on [x0, b] and, similarly, W ≡ 0 on [a, x0], which is a contradiction.
Therefore, V ′(x0) 6= 0. Because A12 is bounded away from zero in [a, b], we can
find η > 0 small enough such that

|A12(x)V (x)| > |A11(x)U(x)| for all x ∈ (x0, x0 + η). (10.40)

Combining now (10.39) with (10.40), we deduce that U ′′ has a constant sign
on the interval (x0, x0 + η). This clearly contradicts the fact that U vanishes
infinitely many times in (x0, x0 + η).

Similarly, if we assume that V has infinitely many zeros in [a, b], we arrive
at a contradiction using the fact that A21(x) 6= 0, for all x ∈ [a, b]. This finishes
the proof of our lemma. 2

Lemma 10.4.4 Let W ∈ C2[0, a], a > 0, be such that

{
W′′(x) +A(x)W(x) = 0 in [0, a],
W(0) = W′(0) = 0.

Assume that A = (Aij)1≤i,j≤2 satisfies

(i) Aij ∈ C(0, a], for all 1 ≤ i, j ≤ 2;

(ii) xAij(x) ∈ L∞(0, a), for all 1 ≤ i, j ≤ 2.
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Then W ≡ 0 in [0, a].

Proof Using the regularity of W, a straightforward argument based on inte-
gration by parts leads us to

W(x) =

∫ x

0

(t− x)A(t)W(t)dt for all 0 ≤ x ≤ a. (10.41)

Define Bij(x) := xAij(x), 1 ≤ i, j ≤ 2. Then Bij ∈ L∞(0, a). Set

M := max
1≤i,j≤2

‖Bij‖∞, k := max
1≤i≤2

{
Wi(x)

x
: 0 ≤ x ≤ a

}
.

Notice that k is finite, because W ∈ C1[0, a]. From (10.41) we derive

W(x) =

∫ x

0

(t− x)B(t)
W(t)

t
dt for all 0 ≤ t ≤ a. (10.42)

It follows that

|W(x)| ≤Mk

∫ x

0

(x− t)dt =
Mk

2
x2 for all 0 ≤ x ≤ a. (10.43)

Using (10.43) in (10.42) we obtain

|W(x)| ≤ M2k

2

∫ x

0

(x− t)tdt ≤ M2k

3!
x3 for all 0 ≤ x ≤ a.

By induction we deduce that for any n ≥ 1 we have

|W(x)| ≤ Mnk

(n+ 1)!
xn+1, for all 0 ≤ x ≤ a.

Now, we can pass to the limit with n → ∞ in the last inequality to obtain the
conclusion. 2

Let us come back to the proof of Proposition 10.4.2. By Lemma 10.4.3, it
follows that W vanishes for finitely many times in any interval [a, b] ⊂ (0, 1).
We next assume that U or V has infinitely many zeros near x = 0, the situation
where U or V vanishes for infinitely many times near x = 1 being similar.

Without losing the generality, we assume that U has infinitely many zeros
in a neighborhood of x = 0. Because U ∈ C2[0, 1], by Rolle’s theorem it follows
that both U ′ and U ′′ have infinitely many zeros near x = 0. As a consequence,
we obtain U ′(0) = 0,—that is, u′1(0) = u′2(0).
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If V ′(0) = 0, then W(0) = W′(0) = 0, and by Lemma 10.4.4 we deduce
W ≡ 0 in [0, a] for any 0 < a < 1. By continuity, we derive W ≡ 0 in [0, 1],
which is a contradiction. Hence, V ′(0) 6= 0. From (10.36) we have

u′′1 − αu1 +
up1
vq1

+ ρ(x) = 0 in (0, 1),

u′′2 − αu2 +
up2
vq2

+ ρ(x) = 0 in (0, 1).

Subtracting the previous relations we obtain

U ′′(x) = αU(x) +
up1(x)

vq1(x)
− up2(x)

vq2(x)

= xp−q
{
α
U(x)

xp−q
+

(
u1(x)

x

)p(
x

v1(x)

)q
−
(
u2(x)

x

)p(
x

v2(x)

)q}
.

On the other hand, because 0 ≤ p− q < 1, u′1(0) = u′2(0), and v′1(0) 6= v′2(0), we
have

lim
xց0

{
α
U(x)

xp−q
+

(
u1(x)

x

)p (
x

v1(x)

)q
−
(
u2(x)

x

)p (
x

v2(x)

)q}

= u′p1 (0)

(
1

v′q1 (0)
− 1

v′q1 (0)

)
6= 0.

Therefore, U ′′ has a constant sign in a small neighborhood of x = 0, which
contradicts the previous arguments.

This finishes the proof of Proposition 10.4.2. 2

Let us complete the proof of Theorem 10.4.1. Set

I+ := {x ∈ [0, 1] : U(x) ≥ 0}, I− := {x ∈ [0, 1] : U(x) ≤ 0},

J + := {x ∈ [0, 1] : V (x) ≥ 0}, J − := {x ∈ [0, 1] : V (x) ≤ 0}.
According to Proposition 10.4.2, the previous sets consist of finitely many disjoint
closed intervals. Therefore, I+ = ∪mi=1I

+
i . For simplicity, let I+ denote any

interval I+
i , and we will use similar notations for I−, J+, and J− as well. We

then have the following lemma.

Lemma 10.4.5 For any intervals I+, I−, J+, and J− defined earlier, the fol-
lowing situations cannot occur:

(i) I+ ⊂ J+.

(ii) I− ⊂ J−.

(iii) J+ ⊂ I−.

(iv) J− ⊂ I+.
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Proof (i) Assume that I+ ⊂ J+. Because v2 ≥ v1 in I+, we deduce that
inequality (10.37) holds in I+. Using the fact that u2 = u1 on ∂I+, by virtue of
Lemma 1.3.17 we obtain u2 ≤ u1 in I+. Hence, u2 ≡ u1 in I+, which contradicts
Proposition 10.4.2. Similarly we prove statement (ii).

(iii) Assume that J+ ⊂ I−. Then up+σ1 /vq+σ1 ≥ up+σ2 /vq+σ2 in J+. Notice
that V = v2 − v1 satisfies





−V ′′ + βV =
up+σ2

vq+σ2

− up+σ1

vq+σ1

in J+,

V = 0 on ∂J+.

By the weak maximum principle, it follows that V ≤ 0 in J+,—that is, v2 ≤ v1
in J+. This yields v2 ≡ v1 in J+, which again contradicts Proposition 10.4.2.
The proof of (iv) follows in the same manner. 2

With no loss of generality, we may assume that U > 0 in a neighborhood of
x = 0. We may also assume that U ≥ 0 on [0, a1], [a2, a3], . . . , [a2n, a2n+1], and
U ≤ 0 on [a1, a2], [a3, a4], . . . , where a2n+1 = 1 or a2n = 1 depending on the
sign of U on the last interval on which U does not vanish.

Let us analyze the following distinct situations.

Case 1: V > 0 in a neighborhood of x = 0. If V does not change the sign
in (0, a1), then we arrive at a contradiction by Lemma 10.4.5 (i). Furthermore,
if V changes sign more than once in (0, a1), then we again find a contradiction,
by Lemma 10.4.5 (iv). Therefore V changes sign exactly once in (0, a1),—that
is, V (a1) < 0.

Case 2: V < 0 in a neighborhood of x = 0. If V changes sign in (0, a1], then
we contradict Lemma 10.4.5 (iv). Hence, V has a constant sign on (0, a1],—that
is, V (a1) < 0.

In both cases we have obtained V (a1) < 0. A similar argument yields V (a2) >
0 and, more generally, V (ak) < 0 if k is odd and V (ak) > 0 for all even values
of k.

If the last interval is [a2n, 1], then V (a2n) > 0. Using Lemma 10.4.5 (i), it
follows that V vanishes on (a2n, 1), but this will contradict case Lemma 10.4.5
(iv).

The case in which the last interval where U ≤ 0 is [a2n+1, 1], follows in the
same manner.

This finishes the proof of Theorem 10.4.1. 2

As a consequence of Theorem 10.3.1, solution (u, v) of system (10.31) can be ap-
proximated by the solutions of (S)ε. Furthermore, the shooting method combined
with the Broyden method (to avoid the derivatives) are suitable to approximate
the solution of (10.31) numerically. We have considered α = 1, β = 0.5, p = q = 1,
ε = 10−2, and ρ(x) = ϕ1(x) = sin(πx). In the following figures, we have plot-
ted solution (u, v) of (Sε) for σ = 0 (Figure 10.1) and σ = 2 (Figure 10.2),
respectively.
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Figure 10.1. Solution (u, v) of system (Sε) for σ = 0.
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Figure 10.2. Solution (u, v) of system (Sε) for σ = 2.

10.5 Comments and historical notes

Activator–inhibitor systems account for many important types of pattern for-
mation and morphogenesis that rely on cell differentiation. A central question
is how the cells, which carry identical genetic code, become different from each
other. Spontaneous pattern formation is also common in inorganic systems. For
instance, large sand dunes are formed despite the fact that the wind permanently
redistributes the sand; sharply contoured and branching river systems (which are
in fact quite similar to the branching patterns of a nerve) are formed as a result
to erosion, despite the fact that the rain falls more or less homogeneously over
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the ground.
The main feature of these pattern-forming systems is that a deviation from

homogeneity has a strong positive feedback on its further increase. Pattern for-
mation requires, in addition, a longer ranging confinement of the locally self-
enhancing process.

Turing [189] suggested in 1952 that, under certain conditions, chemicals can
react and diffuse in such a way to produce steady-state heterogeneous spatial
patterns of chemical or morphogen concentration.

In 1972 Gierer and Meinhardt [94] proposed a mathematical model for pattern
formation of spatial tissue structures in morphogenesis, a biological phenomenon
discovered by Trembley [188] in 1744. The influential activator–inhibitor mech-
anism suggested by Gierer and Meinhardt [94], [140] may be written as





ut = d1∆u− αu+ cρ
up

vq
+ ρ0ρ in Ω × (0, T ),

vt = d2∆v − βv + c′ρ′
ur

vs
in Ω × (0, T ),

∂u

∂ν
= 0,

∂u

∂ν
= 0 on ∂Ω

(10.44)

in a smooth bounded region Ω ⊂ R
N (N ≥ 1). In system (10.44), the un-

known u represents the concentration of a short-range autocatalytic substance
(that is, activator), and v is the concentration of its long-range antagonist (that
is, inhibitor). Also ρ and ρ′ stand for the source distributions of the activator
and inhibitor, respectively; d1, d2 are diffusion coefficients with d1 << d2; and
α, β, c, c′, ρ0 are positive constants. The exponents p, q, r, s > 0 satisfy the
relation qr > (p− 1)(s+ 1) > 0.

System (10.44) is of a reaction–diffusion type and involves the determination
of an activator and inhibitor concentration field. The basic idea behind Gierer–
Meinhardt’s system is the so-called diffusion–driven instability, originally the
result of the work by Turing [189], which asserts that different diffusion rates
could lead to nonhomogeneous distributions of the reactants. Also, the model
introduced in [94] takes into account the classification between the concentration
of activators and inhibitors on the one hand, and the densities of their sources
on the other.

The model introduced by Gierer and Meinhardt has been used with satisfac-
tory quantitative results for modeling the head regeneration process of hydra,
an animal a few millimeters in length, consisting of 100,000 cells of about 15
different types and having a polar structure.

A similar model was proposed by Meinhardt [139] in 1976 that is applied
both in geomorphology and in hydrology. For instance, the formation of leaf veins,
blood vessels, and the fibers of the nervous system, but also the channels in which
streams flow, are described by Meinhardt’s model (see also Willgoose, Bras, and
Rodriguez–Iturbe [196]). We refer to the recent monograph by Murray [145] for
further details and references.
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It has been shown that dynamics of system (10.44) exhibit various interesting
behaviors such as periodic solutions, unbounded oscillating global solutions, and
finite time blow-up solutions. We refer the interested reader to the paper by Ni,
Suzuki, and Takagi [150] for the entire description of dynamics concerning system
(10.44). Also a global existence results for a more general system than (10.44) is
given in the recent work by Jiang [109].

Many recent works have been devoted to the study of the steady-states solu-
tions of (10.44),—that is, solutions of the stationary system






d1∆u− αu+ cρ
up

vq
+ ρ0ρ = 0 in Ω,

d2∆v − βv + c′ρ′
ur

vs
= 0 in Ω,

∂u

∂ν
= 0,

∂u

∂ν
= 0 on ∂Ω.

(10.45)

System (10.45) is quite difficult to solve, because it does not have a variational
structure. An attempt in solving (10.45) is to consider the shadow system, an
idea due to Keener [116]. More exactly, dividing the second equation of (10.45)
by d2 and then letting d2 → ∞, we reduce system (10.45) to a single equation.
The nonconstant solutions of such equation present interior or boundary peaks
or spikes,—that is, they exhibit a point concentration phenomenon. Among the
great number of works in this direction, we refer the reader to [151], [192], [193],
[194] and the references therein, as well as to the survey papers of Ni [148], [149].
For the study of instability of solutions to (10.45), we also mention here the
works of Miyamoto [144] and Yanagida [198].

In the case Ω = R
N , N = 1, 2, it has been shown in del Pino et al. [63], [64]

that there exist ground-state solutions of (10.1) with single or multiple bumps
in the activator that, after a rescaling of u, approach a universal profile.

The study of system (S) presented in this chapter is a result of the work by
Ghergu and Rădulescu [91], [92] and is motivated by some questions addressed
in recent research papers by Choi and McKenna [43], [44] and Kim [119], [120]
concerning existence and nonexistence or even uniqueness of the classical solu-
tions for model system (10.1). The existence of classical solutions for the general
system (S) was obtained in this chapter under the additional hypothesis β ≤ α.
In fact, this assumption is quite natural if we look at the steady-state system
(10.45). We have only to divide the first equation by d1, the second one by d2,
and then take into account the fact that d1 << d2.

In [43], [119] it is assumed that the activator and inhibitor have common
sources and the approach relies on Schauder’s fixed point theorem through a
decouplization of the system. More precisely, if p = r and q = s, then subtracting
the two equations of (10.1) we obtain the following equivalent form:
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




∆w − αw + (β − α)wv + ρ(x) = 0, in Ω,

∆v − βv +
(v + w)p

vs
= 0 in Ω,

v = w = 0 on ∂Ω.

(10.46)

Because the first equation in (10.46) is linear, we can easily obtain a priori
estimates in order to control the map whose fixed points are solutions of (10.1).

In Choi and McKenna [44] it is obtained the existence of radially symmetric
solutions of (S) in the case Ω = (0, 1) or Ω = B1 ⊂ R

2 and p = r > 1, q = 1,
s = 0. In [44] a priori bounds are obtained via sharp estimates of the associated
Green’s function. The method we used in proving the uniqueness of the solution
to system (10.36) is a result of the work by Choi and McKenna [43], where it
was initially obtained for p = q = r = s = 1 and ρ ≡ 0.



APPENDIX A

SPECTRAL THEORY FOR DIFFERENTIAL OPERATORS

All intelligent thoughts have
already been thought; what is
necessary is only to try to think
them again.

Johann Wolfgang von Goethe
(1749–1832)

A.1 Eigenvalues and eigenfunctions for the Laplace operator

Recall first the following theorem.

Theorem A.1.1 (Poincaré) Let Ω ⊂ R
N be a bounded domain (or, more gen-

erally, such that one of its projections to the coordinate axes is bounded). Then
there exists a constant c > 0 such that for all u ∈ H1

0 (Ω),

‖u‖H1
0
(Ω) ≤ C‖∇u‖L2(Ω). (A.1)

Consider the operator (−∆)−1 : L2(Ω) → H1
0 (Ω) defined as follows: For all

f ∈ L2(Ω), (−∆)−1f is the unique u ∈ H1
0 (Ω) such that

{
−∆u = f in Ω,

u = 0 on ∂Ω.
(A.2)

Remark that the operator (−∆)−1 is continuous. Indeed, by (A.2) we have

‖u‖2
H1

0
(Ω) ≤

∫

Ω

fudx ≤ ‖f‖L2(Ω) ‖u‖L2(Ω).

By Poincaré’s inequality, we have ‖u‖2
H1

0
(Ω)

≤ C‖f‖L2(Ω)‖∇u‖L2(Ω), where C

is the constant from (A.1). Then ‖u‖H1
0
(Ω) ≤ c‖f‖L2(Ω) for some c > 0 not

dependent on f and u.

Theorem A.1.2 The following properties hold true:

(i) The eigenvalue set of the operator −∆ subject to the Dirichlet boundary
condition consists of a sequence

0 < λ1 < λ2 < · · · < λn < · · ·

and λn → ∞ as n→ ∞.
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(ii) The associated eigenfunctions belong to C2(Ω).

Proof Let i : H1
0 (Ω) → L2(Ω) be the canonical injection. By the Rellich–

Kondrachov embedding theorem, i is a compact operator. Set T = −∆ ◦ i :
H1

0 (Ω) → H1
0 (Ω). Then T is a compact, self-adjoint, and positive operator. The

first part follows from the Riesz theory for compact operators in Hilbert spaces.
The last part is a direct consequence of the Schauder and Hölder regularity
theories for elliptic equations. 2

Taking into account that the first eigenvalue ϕ1 belongs to C2(Ω), we deduce
the following asymptotic behavior of the first eigenfunction near the boundary.

Corollary A.1.3 The following properties hold true:

(i) There exist positive constants c1 and c2 such that c1 d(x) ≤ ϕ1(x) ≤ c2 d(x)
in Ω.

(ii) ϕk1 ∈ L1(Ω) if and only if k > −1.

We point out that the existence of a countable family of eigenvalues for the
Laplace operator under the Dirichlet boundary condition was established in 1894
by Poincaré [165]. This pioneering result is the beginning of the spectral theory,
which has played a crucial role in the development of theoretical physics and
functional analysis. Linear eigenvalue problems with nonconstant potential of
the type {

−∆u = λV (x)u in Ω,

u = 0 on ∂Ω
(A.3)

were studied by Bocher [28], Minakshisundaran and Pleijel [141], Pleijel [162],
and Hess and Kato [107]. For instance, Minakshisundaran and Pleijel [141], [162]
were concerned with the case when V is a variable potential such that V ∈
L∞(Ω), V ≥ 0 in Ω, and V > 0 in Ω0 ⊂ Ω with |Ω0| > 0.

A.2 Krein–Rutman theorem

Definition A.2.1 Let X be a real Banach space. A nonempty set C is said to
be a cone if C is a closed convex set and C ∩ (−C) = {0}.
Definition A.2.2 A real Banach space X is called ordered if there exists a cone
C and a partial order relation “ ≤ ” such that x ≤ y if and only if x− y ∈ C.

A very useful tool in the spectral theory of differential operators is the fol-
lowing result.

Theorem A.2.3 (Krein–Rutman) Let X be a real Banach space with an order
cone C having a nonempty interior. Assume that T : X → X is a linear compact
operator such that T (C) ⊂ C. Then the following properties hold true:

(i) T has exactly one eigenfunction x ∈ C. The corresponding eigenvalue equals
the spectral radius r(T ) of T .
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(ii) For all complex numbers λ in the spectrum of T that are different from
r(T ) we have |λ| < r(T ).

Instead of using the Krein–Rutman theorem, we can establish by means of el-
ementary arguments that the least eigenvalue of the Laplace operator in H1

0 (Ω)
is simple. For this purpose, because eigenfunctions corresponding to higher eigen-
values λk (k ≥ 2) do necessarily change sign in Ω, it is enough to show that the
solutions of the problem





−∆u = λu in Ω,

u > 0 in Ω,

u = 0 on ∂Ω

(A.4)

are unique, up to a multiplicative constant. For this purpose, we apply an idea
introduced by Benguria, Brezis, and Lieb [21], which relies on the following facts:

(i) Any solution of problem (A.4) is a minimizer of the Dirichlet energy
functional

E(v) :=

∫

Ω

|∇v|2dx

on the manifold

M :=

{
v ∈ H1

0 (Ω) : v > 0 in Ω and

∫

Ω

v2dx = 1

}
.

(ii) The energy functional E(v) is convex in v2 on the cone

C :=
{
v ∈ H1

0 (Ω) : v > 0 in Ω
}
.

Assuming that u1 and u2 are arbitrary solutions of (A.4), then both u1 and
u2 minimize E on M . Set v := (u2

1+u2
2)/2 and w :=

√
v. Thus, by (ii), we deduce

that w ∈M . A straightforward computation yields

∇w =
u1∇u1 + u2∇u2

2
√
v

in Ω.

Hence,

E(w) =

∫

Ω

|∇w|2dx =

∫

Ω

1

2v
|u1∇u1 + u2∇u2|2 dx

=

∫

Ω

u2
1 + u2

2

2

∣∣∣∣
u2

1

u2
1 + u2

2

∇u1

u1
+

u2
2

u2
1 + u2

2

∇u2

u2

∣∣∣∣
2

dx

≤
∫

Ω

u2
1 + u2

2

2

(
u2

1

u2
1 + u2

2

|∇u1|2
u2

1

+
u2

2

u2
1 + u2

2

|∇u2|2
u2

2

)
dx

=
1

2

∫

Ω

(
|∇u1|2 + |∇u2|2

)
dx

=
E(u1) + E(u2)

2
.

Because u1 and u2 are minimizers of E, the previous relation shows that w is a
minimizer of E, too. Thus, E(w) = E(u1) = E(u2). Hence, ∇u1/u1 = ∇u2/u2

in Ω. Therefore, ∇(u1/u2) = 0 in Ω, which implies that u1/u2 is constant.





APPENDIX B

IMPLICIT FUNCTION THEOREM

Mediocrity knows nothing higher
than itself, but talent instantly
recognizes genius.

Arthur Conan Doyle (1859–1930)

The germs of the implicit function theorem appeared in the works of Newton,
Leibniz, and Lagrange. In its simplest form, this theorem involves an equation of
the form F (u, λ) = 0 (we can assume without loss of generality that F (0, 0) = 0),
where λ is a parameter and u is an unknown function. The basic assumption is
that Fu(u, λ) is invertible for u and λ “close” to their respective origins, but with
some loss of derivatives when computing the inverse.

In his celebrated proof of the result that any compact Riemannian manifold
may be isometrically embedded in some Euclidean space, Nash [147] developed
a deep extension of the implicit function theorem. His ideas have been extended
by various people to a technique that is now called the Nash–Moser theory. We
recall that John F. Nash Jr. is an outstanding scientist who received the 1994
Nobel Prize in economics for his pioneering analysis of equilibria in the theory
of noncooperative games.

Throughout these lecture notes we have used the following “standard” version
of the implicit function theorem. This property is an important tool in nonlinear
analysis and, roughly speaking, it asserts that the behavior of a nonlinear sys-
tem is qualitatively determined by its linearized system around the zeros of the
nonlinear system.

Theorem B.1 Let X and Y be real Banach spaces and let (u0, λ0) ∈ X × R.
Consider a mapping F = F (u, λ) : X × R → Y of class C1 such that

(i) F (u0, λ0) = 0;

(ii) the linear mapping Fu(u0, λ0) : X → Y is bijective.

Then there exists a neighborhood U0 of u0 and a neighborhood V0 of λ0 such
that for every λ ∈ V0, there is a unique element u(λ) ∈ U0 so that F (u(λ), λ) = 0.
Moreover, the mapping V0 ∋ λ 7−→ u(λ) is of class C1.

Proof Consider the mapping Φ(u, λ) : X × R → Y × R defined by Φ(u, λ) =
(F (u, λ), λ). By our hypotheses, Φ is a mapping of class C1. We apply to Φ
the inverse function theorem. To conclude the proof, it remains to verify that
Φ′(u0, λ0) : X × R → Y × R is bijective. Indeed, we have
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Φ(u0 + tu, λ0 + tλ) = (F (u0 + tu, λ0 + tλ), λ0 + tλ) =
(F (u0, λ0) + Fu(u0, λ0) · (tu) + Fλ(u0, λ0) · (tλ) + o(1), λ0 + tλ).

It follows that

F ′(u0, λ0) =

(
Fu(u0, λ0) Fλ(u0, λ0)

0 I

)
,

which is a bijective operator, by our hypotheses. Thus, by the inverse function
theorem, there exist a neighborhood U of the point (u0, λ0) and a neighborhood
V of (0, λ) such that the equation

Φ(u, λ) = (f, λ0)

has a unique solution, for every (f, λ) ∈ V . Now, it is sufficient to take here f = 0
and our conclusion follows. 2

With a similar proof we can establish the following global version of the
implicit function theorem.
Theorem B.2 Assume F : X × R → Y is a function of class C1 such that

(i) F (0, 0) = 0;

(ii) the linear mapping Fu(0, 0) : X → Y is bijective.

Then there exist an open neighborhood I of 0 and a mapping I ∋ λ 7−→ u(λ)
of class C1 such that u(0) = 0 and F (u(λ), λ) = 0.

The following result has been of particular importance in our arguments in
the study of bifurcation problems.
Theorem B.3 Assume the same hypotheses on F as in Theorem B.2. Then
there exists an open maximal interval I containing the origin and there exists a
unique mapping I ∋ λ 7−→ u(λ) of class C1 such that the following hold:

(i) F (u(λ), λ) = 0 for every λ ∈ I.

(ii) The linear mapping Fu(u(λ), λ) is bijective, for any λ ∈ I.

(iii) u(0) = 0.

Proof Let u1, u2 be solutions and consider the corresponding open intervals
I1 and I2 on which these solutions exist, respectively. It follows that u1(0) =
u2(0) = 0 and

F (u1(λ), λ) = 0 for every λ ∈ I1,

F (u2(λ), λ) = 0 for every λ ∈ I2.

Moreover, the mappings Fu(u1(λ), λ) and Fu(u2(λ), λ) are bijective on I1, re-
spectively I2. But, for λ sufficiently close to 0, we have u1(λ) = u2(λ). We wish
to show that we have global uniqueness. For this purpose, let

I := {λ ∈ I1 ∩ I2 : u1(λ) = u2(λ)}.

Our aim is to show that I = I1 ∩ I2. We first observe that 0 ∈ I, so I 6= ∅. A
standard argument implies that I is closed in I1∩I2. To prove that I = I1∩I2, it
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is sufficient to argue that I is an open set in I1 ∩ I2. The proof of this statement
follows by applying Theorem B.1 for λ instead of 0. Thus, I = I1 ∩ I2.

Next, to justify the existence of a maximal interval I, we consider the C1

curves un(λ) defined on the corresponding open intervals In, such that 0 ∈ In,
un(0) = u0, F (un(λ), λ) = 0 and Fu(un(λ), λ) is an isomorphism, for any λ ∈ In.
A standard argument enables us to construct a maximal solution on the set⋃
n In. This concludes the proof. 2

We refer to a recent book [121] for various applications of the implicit function
theorem.





APPENDIX C

EKELAND’S VARIATIONAL PRINCIPLE

It is not enough that we do our
best; sometimes we have to do
what is required.

Sir Winston Churchill
(1874–1965)

C.1 Minimization of weak lower semicontinuous coercive

functionals

An important topology in which many arguments can be carried out in reflexive
Banach spaces (such as Lp(Ω) or W k,p(Ω) for 1 < p <∞) is the weak topology,
in which the unit ball is weakly compact. The weak lower semicontinuity is a
major tool in reflexive Banach spaces. We recall that if E is a Banach space,
then a functional Φ : E → R is said to be weak lower semicontinuous if Φ(u) ≤
lim infn→∞ Φ(un) for any sequence (un) in E converging weakly to u. A basic
sufficient condition for a continuous functional Φ : E → R to be weakly lower
semicontinuous is that Φ is convex.

One of the deepest consequences is that weak lower semicontinuous coercive
functionals attain their infimum on some suitable sets, as stated in the following
basic result.

Theorem C.1.1 Let E be a reflexive Banach space, M ⊂ E be a weakly closed
subset of E, and Φ : M → R such that

(i) Φ is coercive on M with respect to E,—that is

Φ(u) → ∞ as ‖u‖ → ∞.

(ii) Φ is weakly lower semicontinuous on M.

Then Φ is bounded from below and attains its infimum on M.

The proof of Theorem C.1.1 uses elementary arguments based on the defini-
tion of the weak lower semicontinuity. We refer to [27] for complete details and
further comments.

C.2 Ekeland’s variational principle

Ekeland’s variational principle [75] was established in 1974 and is the nonlinear
version of the Bishop–Phelps theorem [161], with its main feature of how to
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use the norm completeness and a partial ordering to obtain a point where a
linear functional achieves its supremum on a closed bounded convex set. A major
consequence of Ekeland’s variational principle is that even if it is not always
possible to minimize a nonnegative C1 functional Φ on a Banach space; however,
there is always a minimizing sequence (un)n≥1 such that Φ′(un) → 0 as n→ ∞.
We first state the original version of Ekeland’s variational principle, which is
valid in the general framework of complete metric spaces.

Theorem C.2.1 (Ekeland’s variational principle) Let (M,d) be a complete met-
ric space and assume that Φ : M → (−∞,∞], Φ 6≡ ∞, is a lower semicontinuous
functional that is bounded from below.

Then, for every ε > 0 and for any z0 ∈M , there exists z ∈M such that

(i) Φ(z) ≤ Φ(z0) − ε d(z, z0);

(ii) Φ(x) ≥ Φ(z) − ε d(x, z), for any x ∈M .

Proof We may assume without loss of generality that ε = 1. Define the follow-
ing binary relation on M :

y ≤ x if and only if Φ(y) − Φ(x) + d(x, y) ≤ 0 .

Then “≤” is a partial order relation,—that is,
(a) x ≤ x, for any x ∈M ;
(b) if x ≤ y and y ≤ x then x = y;
(c) if x ≤ y and y ≤ z then x ≤ z.

For arbitrary x ∈M , set

S(x) := {y ∈M : y ≤ x}.

Let (εn)n≥1 be a sequence of positive numbers such that εn → 0 and fix z0 ∈M .
For any n ≥ 0, let zn+1 ∈ S(zn) be such that

Φ(zn+1) ≤ inf
S(zn)

Φ + εn+1.

The existence of zn+1 follows from the definition of S(x). We prove that the
sequence (zn)n≥1 converges to some element z, which satisfies (i) and (ii).

Let us first remark that S(y) ⊂ S(x), provided that y ≤ x. Hence, S(zn+1) ⊂
S(zn). It follows that for any n ≥ 0,

Φ(zn+1) − Φ(zn) + d(zn, zn+1) ≤ 0,

which implies Φ(zn+1) ≤ Φ(zn). Because Φ is bounded from below, we deduce
that the sequence (Φ(zn))n≥1 converges.

We prove in what follows that (zn)n≥1 is a Cauchy sequence. Indeed, for any
n and p we have

Φ(zn+p) − Φ(zn) + d(zn+p, zn) ≤ 0. (C.1)

Therefore,
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d(zn+p, zn) ≤ Φ(zn) − Φ(zn+p) → 0 as n→ ∞,

which shows that (zn)n≥1 is a Cauchy sequence, so it converges to some z ∈M .
Now, taking n = 0 in (C.1), we find

Φ(zp) − Φ(z0) + d(zp, z0) ≤ 0.

So, as p→ ∞, we find (i).
To prove (ii), let us choose arbitrarily x ∈ M . We distinguish the following

situations.
Case 1: x ∈ S(zn), for any n ≥ 0. It follows that Φ(zn+1) ≤ Φ(x) + εn+1, which
implies that Φ(z) ≤ Φ(x).
Case 2: There exists an integer N ≥ 1 such that x 6∈ S(zn), for any n ≥ N or,
equivalently,

Φ(x) − Φ(zn) + d(x, zn) > 0 for every n ≥ N.

Passing at the limit in this inequality as n→ ∞ we find (ii). 2

The following consequence of Ekeland’s variational principle has been of par-
ticular interest in our arguments. Roughly speaking, this property establishes
the existence of almost critical points for bounded from below C1 functionals
defined on Banach spaces. In order words, Ekeland’s variational principle can be
viewed as a generalization of the Fermat theorem, which establishes that inte-
rior extrema points of a smooth functional are, necessarily, critical points of this
functional.

Corollary C.2.2 Let E be a Banach space and let Φ : E → R be a C1 functional
that is bounded from below. Then, for any ε > 0, there exists z ∈ E such that

Φ(z) ≤ inf
E

Φ + ε and ‖Φ′(z)‖E⋆ ≤ ε.

Proof The first part of the conclusion follows directly from Theorem C.2.1. For
the second part we have

‖Φ′(z)‖E⋆ = sup
‖u‖=1

〈Φ′(z), u〉.

But,

〈Φ′(z), u〉 = lim
δ→0

Φ(z + δu) − Φ(z)

δ‖u‖ .

So, by Ekeland’s variational principle,

〈Φ′(z), u〉 ≥ −ε.

Replacing now u with −u we find

〈Φ′(z), u〉 ≤ ε,

which concludes our proof. 2
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Sullivan [185] observed that Ekeland’s variational principle characterizes com-
plete metric spaces in the following sense.

Theorem C.2.3 Let (M,d) be a metric space. Then M is complete if and only
if the following holds: For every application Φ : M → (−∞,∞], Φ 6≡ ∞, which
is bounded from below, and for every ε > 0, there exists zε ∈M such that

(i) Φ(zε) ≤ infM Φ + ε ;

(ii) Φ(x) > Φ(zε) − ε d(x, zε), for any x ∈M \ {zε}.



APPENDIX D

MOUNTAIN PASS THEOREM

There are more things in heaven
and earth, Horatio, than have
been dreamt of in our philosophy.

William Shakespeare (1564–1616)
Hamlet, Prince of Denmark. Act I

D.1 Ambrosetti–Rabinowitz theorem

The mountain pass theorem was established by Ambrosetti and Rabinowitz
in [8]. Their original proof relies on some deep deformation techniques developed
by Palais and Smale [157], [158], who put the main ideas of the Morse theory
into the framework of differential topology on infinite dimensional manifolds. In
this way, Palais and Smale replaced the finite dimensionality assumption with
an appropriate compactness hypothesis, which is stated in the following.

Definition D.1.1 (Palais–Smale condition) Let E be a real Banach space. A
functional J : E → R of class C1 satisfies the Palais–Smale condition if any
sequence (un)n≥1 in E is relatively compact, provided

sup
n≥1

|J(un)| <∞ and lim
n→∞

‖J ′(un)‖E⋆ = 0 . (D.1)

A simple consequence of Ekeland’s variational principle, in connection with
the Palais–Smale condition is stated next.

Proposition D.1.2 Let E be a real Banach space and assume that Φ : E → R

is a functional of class C1 that is bounded from below, and satisfies the Palais–
Smale condition. Then the following properties hold true:

(i) Φ is coercive.

(ii) Any minimizing sequence of Φ has a convergent subsequence.

The mountain pass theorem is a powerful tool for proving the existence of
critical points of energy functionals, hence of weak solutions to wide classes of
nonlinear problems. The precise statement of this result is the following.

Theorem D.1.3 (Mountain pass theorem) Let E be a real Banach space and
assume that J : E → R is a C1 functional that satisfies the following conditions:
There exist positive constants α and R such that

(i) J(0) = 0 and J(v) ≥ α for all v ∈ E with ‖v‖ = R;
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(ii) J(v0) ≤ 0, for some v0 ∈ E with ‖v0‖ > R.

Set

Γ := {p ∈ C([0, 1];E) : p(0) = 0 and p(1) = v0}

and

c := inf
p∈Γ

max
t∈[0,1]

J(p(t)) .

Then there exists a sequence (un)n≥1 in E such that J(un) → c and J ′(un) →
0 as n → ∞. Moreover, if J satisfies the Palais–Smale condition, then c is a
nontrivial critical value of J ,—that is, there exists u ∈ E such that J(u) = c and
J ′(u) = 0.

The elementary meaning of the mountain pass theorem is the following. The
set Γ denotes the family of all continuous paths that join the “villages” 0 and
v0. Hypotheses (i) and (ii) imply c ≥ α > max{J(0), J(v0)}. In fact, in the
proof of the mountain pass theorem, it is used only the basic assumption c >
max{J(0), J(v0)}. We also observe that the geometric conditions of the mountain
pass theorem imply the existence of two valleys around these villages, but also of
a mountain range represented by the sphere centered at the origin and of radius
R. Under these hypotheses, Theorem D.1.3 states that there exists a lowest
mountain pass at the level c.

Proof Our arguments are the same as those developed by Brezis and Nirenberg
[35], who provided a more elementary proof with respect to the original one of
Ambrosetti and Rabinowitz. The arguments we give in what follows combine
two basic tools: Ekeland’s variational principle and the following pseudogradient
lemma.

Lemma D.1.4 Let F : [0, 1] → E⋆ be a continuous function. Then, for any
ε > 0, there exists a continuous map v : [0, 1] → E such that, for all t ∈ [0, 1],

‖v(t)‖ ≤ 1 and 〈F (t), v(t)〉E⋆,E ≥ ‖F (t)‖E⋆ − ε .

Proof Fix t0 ∈ [0, 1]. Then there exists w(t0) ∈ E such that

‖w(t0)‖ ≤ 1 and 〈F (t0), w(t0)〉E⋆,E ≥ ‖F (t0)‖E⋆ − ε .

By continuity, there exists an open neighborhood N (t0) of t0 such that for any
t ∈ N (t0),

〈F (t), w(t0)〉E⋆,E ≥ ‖F (t)‖E⋆ − ε .

The set of all these neighborhoods N (t) (for t ∈ [0, 1]) covers [0, 1]. So, there exist

t1, . . . , tk ∈ [0, 1] such that [0, 1] ⊂ ⋃kj=1 N (tj). Next, we consider the partition
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of unity associated with this finite covering. So, for any 1 ≤ j ≤ k, we define the
continuous map

φj(t) :=
dist (t, [0, 1] \ N (tj))∑k
i=1 dist (t, [0, 1] \ N (ti))

for any t ∈ [0, 1].

Set

v(t) :=

k∑

j=1

φj(t)w(tj) for any t ∈ [0, 1].

We first observe that

‖v(t)‖ ≤
k∑

j=1

φj(t) ‖w(tj)‖ ≤
k∑

j=1

φj(t) = 1 .

To conclude the proof, it remains to argue that for any t ∈ [0, 1],

〈F (t), v(t)〉E⋆,E =

k∑

j=1

φj(t)〈F (t), w(tj)〉E⋆,E ≥ ‖F (t)‖E⋆ − ε.

This follows after observing that for any 1 ≤ j ≤ k (t being assumed to be fixed),
only one of the following situations may occur:

(i) If t ∈ N (tj), then 〈F (t), w(tj)〉E⋆,E ≥ ‖F (t)‖E⋆ − ε.

(ii) If t 6∈ N (tj), then φ(tj) = 0.

This concludes the proof of the lemma. 2

We are now in the position to give the proof of the mountain pass theorem.
Consider the complete metric space Γ endowed with the metric

d(p1, p2) := max
t∈[0,1]

‖p1(t) − p2(t)‖ for any p1, p2 ∈ Γ.

Define the continuous mapping

Φ(p) := max
t∈[0,1]

J(p(t)) for any p ∈ Γ.

Then Φ is bounded from below, because Φ(p) ≥ max{J(0), J(v0)}. Moreover,
infp∈Γ Φ(p) = c. Fix a positive integer n. Thus, by Ekeland’s variational principle,
there exists pn ∈ Γ such that

c ≤ Φ(pn) ≤ c+
1

n
(D.2)

and

Φ(p) − Φ(pn) +
1

n
d(p, pn) ≥ 0 for any p ∈ Γ. (D.3)

Because Φ is continuous, it follows that

Mn := {t ∈ [0, 1] : J(pn(t)) = Φ(pn)} 6= ∅ .
Thus, to conclude the proof, it is enough to show that there exists tn ∈ Mn

such that ‖J ′(pn(tn))‖E⋆ ≤ 2/n. To this end, we apply Lemma D.1.4 to F (t) =
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J ′(pn(t)). Hence, there exists a continuous function v : [0, 1] → E such that for
any t ∈ [0, 1],

‖v(t)‖ ≤ 1 and 〈J ′(pn(t)), v(t)〉 ≥ ‖J ′(pn(t))‖E⋆ − 1

n
. (D.4)

On the other hand, because c > max{J(0), J(v0)}, there exists a continuous
function α : [0, 1] → [0, 1] such that α(0) = α(1) = 0 and α ≡ 1 on an open set
U ⊃Mn. As admissible paths p ∈ Γ in (D.3), we take pε(t) = pn(t) − εα(t)v(t),
for ε > 0 sufficiently small. We also observe that d(pn, pε) ≤ ε. Our choice of α
guarantees that pε(0) = pn(0) = 0 and pε(1) = pn(1) = v0; hence, pε ∈ Γ. Let
tε ∈ [0, 1] such that

Jε(tε) = max
t∈[0,1]

J(pε(t)).

Setting p = pε in (D.3), we obtain

J (pn(tε) − εα(tε)v(tε)) − max
t∈[0,1]

J(pn(t)) +
ε

n
≥ 0. (D.5)

On the other hand, we have the asymptotic estimate

J (pn(tε) − εα(tε)v(tε)) = J (pn(tε)) − ε〈J ′(pn(tε)), α(tε)v(tε)〉 + o(ε) , (D.6)

as ε→ 0. Relations (D.5) and (D.6), combined with the observation that

J(pn(tε)) ≤ max
t∈[0,1]

J(pn(t)),

yield

〈J ′ (pn(tε)) , α(tε)v(tε)〉 ≤
1

n
+ o(1) as ε→ 0.

But α(tε) = 1, provided ε > 0 is small enough. Hence,

〈J ′ (pn(tε)) , v(tε)〉 ≤
1

n
+ o(1) as ε→ 0.

Using now (D.4), we deduce that

‖J ′(pn(tε))‖E⋆ ≤ 2

n
+ o(1) as ε→ 0. (D.7)

We can assume, passing eventually at a subsequence, that tε → tn as ε→ 0. Be-
cause tn ∈Mn, relation (D.7) yields ‖J ′(pn(tn))‖E⋆ ≤ 2/n. Now, it is enough to
take un := pn(tn) and we obtain a sequence of “almost critical points” satisfying
the conclusion. In the case where J satisfies the Palais–Smale condition, a stan-
dard compactness argument implies that c is a critical value of J corresponding
to a nontrivial critical point. 2
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We point out that the conclusion in the mountain pass theorem remains true
if assumption (D.1) in the Palais–Smale condition is replaced with

sup
n≥1

|J(un)| <∞ and lim
n→∞

(1 + ‖un‖) ‖J ′(un)‖E⋆ = 0 .

The previous weaker hypothesis corresponds to the Cerami compactness condi-
tion. More generally, Theorem D.1.3 is still valid if assumption (D.1) becomes

sup
n≥1

|J(un)| <∞ and lim
n→∞

g(‖un‖) ‖J ′(un)‖E⋆ = 0 ,

provided g : [0,∞) → [1,∞) is a continuous function such that
∫∞

1 dt/g(t) = ∞.
We left this property as an exercise to the reader.

D.2 Application to the Emden–Fowler equation

A direct consequence of the mountain pass theorem is related to the existence
of solutions for the subcritical Emden–Fowler boundary value problem





−∆u = up in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

(D.8)

where Ω ⊂ R
N is a bounded domain with smooth boundary and 1 < p <

(N + 2)/(N − 2) if N ≥ 3 or 1 < p < ∞ if N ∈ {1, 2}. This equation was
introduced by Emden [76] and Fowler [77]. Existence results for problem (D.8)
are related not only to the values of p, but also to the geometry of Ω. For instance,
problem (D.8) has no solution if p ≥ (N + 2)/(N − 2) (if N ≥ 3) and if Ω is
starshaped with respect to some point (say, with respect to the origin). This
property was observed by Rellich [176] in 1940 and refound by Pohozaev [163] in
1965, and its proof relies on the Rellich–Pohozaev identity. More precisely, after
multiplication by x · ∇u in equation (D.8) and integration by parts we find

∫

Ω

(
N

p+ 1
up+1 − N − 2

2
up+1

)
dx =

1

2

∫

∂Ω

(
∂u

∂n

)2

(x · n)dσ(x). (D.9)

Because Ω is starshaped with respect to the origin, then the right-hand side of
(D.9) is positive; hence, problem (D.8) has no solution ifN/(p+1)−(N−2)/2 ≤ 0,
which is equivalent to p ≥ (N + 2)/(N − 2). We point out that a very general
variational identity was discovered in 1986 by Pucci and Serrin [168].

The situation is different if we are looking for entire solutions (that is, solu-
tions on the whole space) of the Emden–Fowler equation either in the critical or
in the supercritical case. For instance, the equation

−∆u = u(N+2)/(N−2) in R
N , (N ≥ 3),

admits the family of solutions
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uλ(x) =
[CN(N − 2)]

(N−2)/4

(C2 + |x|2)(N−2)/2
,

for any λ > 0, where C = λ2/(N−2)N−2(N − 2)−2.
If Ω is not starshaped, Kazdan and Warner [114] showed in 1975 that problem

(D.8) has a solution for any p > 1, provided Ω is an annulus in R
N . We also point

out that if Ω ⊂ R
N is an arbitrary bounded domain with smooth boundary, then

the perturbed Emden–Fowler problem





−∆u = |u|p−1u+ λu in Ω,

u 6≡ 0 in Ω,

u = 0 on ∂Ω

has a solution, provided λ is an arbitrary real number and 1 < p < (N+2)/(N−2)
if N ≥ 3 or 1 < p < ∞ if N ∈ {1, 2}. The proof combines the mountain pass
theorem (if λ < λ1) and the dual variational method (if λ ≥ λ1). As usually, λ1

denotes the first eigenvalue of the Laplace operator (−∆) in H1
0 (Ω).

D.3 Mountains of zero altitude

The limiting case c = max{J(0), J(v0)} in the statement of the mountain pass
theorem corresponds to mountains of zero altitude. This degenerate situation
was studied by Pucci and Serrin [167]. They considered a functional J : E → R

of class C1 that satisfies the following geometric conditions:

(a) There exist real numbers α, r, R such that 0 < r < R and J(v) ≥ α for
every v ∈ E with r < ‖v‖ < R.

(b) J(0) ≤ α and J(v0) ≤ α for some v0 ∈ E with ‖v0‖ > R.

Under these hypotheses, combined with the standard Palais–Smale compactness
condition, Pucci and Serrin established the existence of a critical point u ∈
E \ {0, v0} of J with corresponding critical value c ≥ α. Moreover, if c = α,
then the critical point can be chosen with r < ‖u‖ < R. Roughly speaking,
the mountain pass theorem continues to hold for a mountain of zero altitude,
provided it also has nonzero thickness. In addition, if c = α, then the pass itself
occurs precisely on the mountain, in the sense that it satisfies r < ‖u‖ < R.
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[86] Ghergu, M. and Rădulescu, V. (2005). Multiparameter bifurcation and
asymptotics for the singular Lane–Emden–Fowler equation with convection
term. Proc. R. Soc. Edinburgh Sect. A, 135, 61–84.

[87] Ghergu, M. and Rădulescu, V. (2005). On a class of sublinear singular
elliptic problems with convection term. J. Math. Anal. Appl., 311, 635–
646.
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[89] Ghergu, M. and Rădulescu, V. (2007). On the influence of a subquadratic

convection term in singular elliptic problems. In O. Cârjă and I. Vrabie
(Eds.), Applied Analysis and Differential Equations , 127–138, World Sci-
entific, Singapore.
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a priori estimates, 249, 264
absorption, 72
activation energy, 142
activator, 243, 244, 262, 263
almost critical point, 275, 280
anisotropic media, 75
antimaximum principle, 33
asymptotic behavior, 63, 153

at the boundary, 228, 244, 247, 266
with respect to parameters, 134, 158,

184, 187

Bellman function, 241
best Sobolev constant, 174
bifurcation, 93, 107, 123, 126, 129, 130,

142, 147, 157, 190, 207
bifurcation point, 158, 215
bifurcation problem, 89, 107, 126, 127,

141, 143
bifurcation theory, 32, 123
bilinear form, 10, 11
blow-up rate, 25, 26
boundary condition

Dirichlet, 243, 255
Neumann, 243, 255

boundary layer, 93
boundary operator, 52

Dirichlet, 27, 33, 47, 52, 72
Neumann, 52, 72
Robin, 52, 72

Broyden method, 260

catastrophe theory, 93
Cauchy problem, 257
cellular automata, 93
cellular differentiation, 243, 261
central value, 76
central value set, 75, 76, 89
coercive bilinear form, 11
collocation method, 134
compact perturbation of the identity, 196
comparison principle, 9, 17, 33, 53, 189

for singular nonlinearities, 17, 244
cone, 197, 201, 266
continuity method, 32
continuous dependence on data, 195
convection term, 207

convex conjugate, 220
cost functional, 241
critical

exponent, 183
point, 149, 275, 277, 280, 282
value, 278, 280, 282

dead core, 16, 17, 122
dead core solution, 34
decouplization, 263
degenerate logistic equation, 73
differential operator, 9, 11
diffraction of X-rays by crystals, 72
diffusion, 72, 262
diffusion–driven instability, 262
discount factor, 241
distribution space, 153
dual variational method, 282
dynamic programming principle, 241

eigenfunction, 8, 28, 126, 127, 206, 244,
266

eigenvalue, 8, 27, 28, 33, 34, 47, 54, 62,
71, 93, 126, 127, 147, 197–199,
265, 266, 282

Ekeland’s variational principle, 158, 169,
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278, 279

electrostatic potential, 72
embedding

compact, 7, 106, 157, 164, 196, 197
continuous, 157, 174, 184

Emden–Fowler equation, 281
energy functional, 28, 149, 158, 161
entire solution, 37

blow up, 37
equation

degenerate logistic, 73
Emden–Fowler, 281
Emden–Fowler(perturbed), 282
integral, 76, 81, 86
Lane–Emden–Fowler, 122
Liouville–Gelfand, 142, 155
logistic, 23, 24, 45, 52, 73
scalar curvature, 74

exterior cone condition, 47
extremal solution, 155
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extremal value, 142

fixed point, 3, 4, 263
fluid

non-Newtonian, 93
viscous, 93

Fréchet differentiability, 201, 205
Frank–Kamenetskii constant, 142
Frank–Kamenetskii parameter, 142
free boundary, 16
Fučik spectrum, 34
function

concave, 95, 211, 213, 215, 229
convex, 50, 126–129, 131, 134, 140, 143,
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Fuchsian, 32
Hölder continuous, 7, 94, 99, 104, 107,

113, 117, 207, 208, 210, 215,
231, 237, 238

harmonic, 33
Lebesgue integrable, 65
locally Lipschitz, 79
lower semicontinuous, 131
measurable, 64, 65
subharmonic, 9, 20, 39
superharmonic, 9, 12, 20, 33, 131
varying regular, 65
varying slowly, 65
weakly differentiable, 10, 11
with compact support, 123

functional
coercive, 159, 273, 277
continuous, 273
continuous differentiable, 275
convex, 273
lower semicontinuous, 28, 274
weak lower semicontinuous, 159, 273

Gaussian curvature, 72
Gelfand transform, 221
geomorphology, 262
Gierer–Meinhardt system, 243, 255, 262
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Green
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identity, 31, 132
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ground-state, 238
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asymptotically linear
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143
nonmonotone case, 143, 147, 148

sublinear, 89, 99, 142, 207, 241
superlinear, 157, 158, 169, 189

Hölder inequality, 133, 141
Hölder regularity, 7, 20, 25, 251, 266
heterogeneous catalyst, 93

ideal gas, 72
identity

Pucci–Serrin, 281
Rellich–Pohozaev, 281

identity operator, 201
impermeable plate, 93
implicit function theorem, 125, 128, 129,

144, 198, 269–271
inequality

Gronwall, 80
Hölder, 133, 141, 164, 183, 186, 198
Hardy–Sobolev, 197
Poincaré, 265
Sobolev, 163, 164, 184
Sobolev−Morrey, 7

inhibitor, 243, 244, 262, 263
integral equation, 76, 81, 86
interior sphere condition, 10, 33
invariance at homotopy, 251
inverse function theorem, 269

Karamata class, 66
Karamata theory, 37, 64
Keller–Osserman condition

around the origin, 15, 33, 123, 231
at infinity, 37, 38, 49, 51, 73, 81, 89
strong, 73
weak, 73

l’Hospital’s rule, 50, 52, 66–68, 70, 119,
120

Lane–Emden–Fowler equation, 122
Laplace operator, 12, 102, 265–267
Lebesgue measure, 161, 168, 172
lemma

Brezis–Lieb, 165
Fatou, 30, 97, 132, 147, 167
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