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ABSTRACT. In the present paper, we consider the following fractional double phase problem
with nonlocal reaction:

_ _ 1 .

(~8)u+ (At Vi) (a2t ol ~20) = (G ) ) in B,

ue WHPRY)NW>IRY), u>0 in R,
where ¢ is a positive parameter, 0 < s < 1, 2 < p < ¢ < min{2p, N/s}, 0 < p < sp, (—A);
(t € {p, q}) is the fractional t-Laplace operator, the reaction term f : R — R is continuous and
the potential V € C(RN,R) satisfying a local condition. Using a variational approach and
topological tools (the non-standard C*-Nehari manifold analysis and the abstract category
theory), multiplicity of positive solutions and concentration properties for the above problem
are established. Our results extend and complement some previous contributions related to
double phase variational integrals.
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1. INTRODUCTION

1.1. Features of the paper and historical comments. In this paper, we are concerned
with the study of concentration and multiplicity properties of solutions for a class of frac-
tional double phase problems with Choquard nonlinearity. The features of this paper are the
following;:

(i) the presence of several nonlocal operators with different growth, which generates a double
phase associated energy;

(ii) the analysis developed in this paper is concerned with the combined effects of a non-
standard fractional operator with unbalanced growth and a nonlocal Choquard term;

(iii) the potential describing the absorption term satisfies a local condition and no informa-
tion on the behavior of the potential at infinity is imposed;

(iv) the main concentration property creates a bridge between the global maximum point
of the solution and the global minimum of the potential;

(v) since the nonlinearity is only assumed to be continuous, one cannot apply the standard
C'-Nehari manifold arguments due to the lack of differentiability of the associated Nehari
manifold;

(vi) our analysis combines the nonlocal nature of the fractional (p, q)-operator and of the
Choquard nonlinearity with the local perturbation in the absorption term.

The problem studied in this paper combines both above mentioned features. More exactly,
we are interested in concentration phenomena associated to a nonlinear Choquard problem
driven by fractional Laplace operators with different power. This integro-differential opera-
tor appears in several relevant models of applied sciences. We only recall that the fractional
power of the Laplace operator is the infinitesimal generator of Lévy stable diffusion process
and arises in anomalous diffusion in plasma, population dynamics, geophysical fluid dynamics,
flames propagation, chemical reactions in liquids and American options in finance. Moreover,
fractional Sobolev Spaces have been well known since the beginning of the last century, espe-
cially within the framework of harmonic analysis. The starting point in the study of fractional
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problems is attributed to the pioneering papers of Caffarelli et al. [20, 21, 22]. For a compre-
hensive introduction to the study of fractional equations and the use of variational methods
in the treatment of these problems, we refer to the monographs by Di Nezza, Palatucci &
Valdinoci [27] and Molica Bisci, Radulescu & Servadei [45]. Therefore, the nonlocal opera-
tors are becoming increasingly popular in applied sciences, theoretical research and real-world
applications.

Since the content of this paper is at interplay between “double phase problems” and
“Choquard problems”, we now recall some pioneering achievements in these fields.

We start with a short description on the development of double phase problems. To the best
of our knowledge, the first contributions to this field are due to J. Ball [13, 14], in relationship
with problems in nonlinear elasticity and composite materials. Let @ € RY be a bounded
domain with smooth boundary. If u : Q — R¥ is the displacement and if Du is the N x N
matrix of the deformation gradient, then the total energy can be represented by an integral
of the type

1) I(u) = /Q f(z, Du(x))dz,

where the energy function f = f(x,£) : Q x RV 5 R is quasiconvex with respect to &, see
Morrey [47]. A simple example considered by Ball is given by functions f of the type

f(&) = g(§) + h(detg),

where det £ is the determinant of the NV x N matrix &, and g, h are nonnegative convex
functions, which satisfy the growth conditions

> p. 3 —
9(5) =z €1 ‘§| ) tilgloo h(t) +00,

where c; is a positive constant and 1 < p < N. The condition p < N is necessary to study the
existence of equilibrium solutions with cavities, that is, minima of the variational integral (1)
that are discontinuous at one point where a cavity forms; in fact, every u with finite energy
belongs to the Sobolev space WhP((, RN ), and thus it is a continuous function if p > N. In
accordance with these problems arising in nonlinear elasticity, Marcellini [41, 42] considered
continuous functions f = f(z,u) with unbalanced growth that satisfy

e |ulP < |f(z,u)| <eca (14 |u|?) forall (z,u) € 2 xR,

where c1, co are positive constants and 1 < p < ¢. Recently, a great deal of works have enriched
the mathematical analysis of nonlinear models with unbalanced growth, we refer to the works
of Bahrouni, Radulescu & Repovs [12], Crespo-Blanco, Gasinski, Harjulehto & Winkert [23],
Liu & Papageorgiou [40], Papageorgiou, Pudetko & Radulescu [49]. In addition, an overview
of recent developments on the regularity of nonlocal double problems can be found in Byun,
Ok & Kyeong [19] and De Filippis & Palatucci [25].

In the pioneering works of Frohlich [30] and Pekar [50], the following Choquard equation
was introduced,

(2) —Au+u= (,; * ]u|2> u in R3,

which models quantum polaron and corresponds to the study of the free electrons in ionic
lattices interacting with phonons associated to deformations of the lattices or with the po-
larisation created on the medium. Choquard also used it to study steady states of the one
component plasma approximation in the Hartree-Fock theory describing an electron trapped
in its own hole [37]. Equation (2) is also called Schrédinger-Newton equation which combines
the Schrodinger equation of quantum physics with nonrelativistic Newtonian gravity. Such a
model can also be deduced from the Einstein-Klein-Gordon and Einstein-Dirac systems re-
lating to boson stars and the collapse of galaxy fluctuations of scalar field dark matter, we
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bring the reader’s attention to Elgart & Schlein [29], Jones [36], Lions [39], Penrose [51, 52]
and Schunck & Mielke [55].

In conclusion, based on the historical research background of the fractional double problem
and the Choquard problem and the related theoretical foundation, focusing on the charac-
teristics of such problems and the combined effects produced by their combination, we will
apply analytical, topological and variational methods, and develop some new techniques to
devote ourselves to the study of new phenomena of nonlocal double problems with nonlocal
reaction terms, when the potential V satisfies a general local condition and the nonlinearity
f possesses only the continuity property.

1.2. Statement of the problem and main result. In this paper we focus on the existence,
multiplicity and concentration behavior of positive solutions for the nonlinear fractional (p, q)-
Choquard problem:

(—A)u+ (—A)su+ V(ex)(Jul?u + |u|?%u) = <le!“ % F(u)> fu) inRY,

ue WHPRY) N WHI(RN), u >0 in RY,
where ¢ is a positive parameter, 0 < s < 1, 2 < p < ¢ < min{2p, N/s}, 0 < p < sp, (—A);]
(t € {p,q}) is the fractional ¢-Laplace operator, V : RY + R and f : R +— R are continuous
functions, F' is the primitive function of f, and * denotes the convolution product.
In the local setting corresponding to s — 1~ (up to normalization), the double phase
problem (3) is motivated by numerous models arising in mathematical physics. For instance,
we can refer to the following Born-Infeld equation [16] that appears in electromagnetism:

—div <( Du ) = h(u) in Q.

3)

1 — 2|Duf?)1/2
Indeed, by the Taylor formula, we have
=27 =l et Tyt +'”+mxn + o for fzf <1

Taking x = 2]Du|2 and adopting the first order approximation, we get a particular case of
the problem (3) for p = 2 and ¢ = 4. Furthermore, the n-th order approximation problem is
driven by the multi-phase differential operator

3 (2n — 3!
—AU—A4U— §A6U——W 2nU.
Finally, we also refer to the following fourth-order relativistic operator

Vul|?

T

(1 = [Vul#)3/4

which describes large classes of phenomena arising in relativistic quantum mechanics. Clearly,

we can use the Taylor formula to conclude that the fourth-order relativistic operator can be
approximated by the following double phase operator

ur—>div<

3
u— Agqu + ZAgu.

The purpose of this paper is to study a class of fractional unbalanced double phase problems
in which the nonlocal term appears also in the nonlinear part. Problem (3) is closely related
to the analysis of nonlinear problems and stationary waves for models arising in mathematical
physics, such as phase transitions, anomalous diffusion, composite materials, image process-
ing, fractional quantum mechanics in the study of particles on stochastic fields, fractional
superdiffusion, fractional white-noise limit, etc., see Pucci & Saldi [53]. For more details, we
refer interested readers to the preliminary introduction of this topic in [27, 45]. From the
point of view of physics, in the semi-classical sense (namely, as ¢ — 0), it is of great signifi-
cance to study the existence and shape of the standing wave solutions of problem (3), which
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can be used to describe the transition relationship between quantum mechanics and classical
mechanics. From a mathematical point of view, in the framework of this semi-classical state
we can obtain more dynamic behavior information, such as concentration, convergence, decay,
bifurcation and other properties.

Note that, if p = ¢ = 2, after rescaling, problem (3) reduces to the following nonlinear
fractional Choquard equation

(4) e (=A)u+ V(z)u =N (|:El|“ * F(u)) f(u) in RV,

When ¢ = 1, F(u) = |u’ and f(u) = |u|’"?u, d’Avenia, Siciliano & Squassina [24] dealt with
the regularity, existence and non existence, symmetry and decay properties of solutions to
problem (4). Under the potential V' has a local minimum, Ambrosio [9] established the mul-
tiplicity and concentration of positive solutions to problem (4) via the penalization technique
and Ljusternik-Schnirelmann theory.

When p = g # 2, after rescaling, problem (3) boils down to the following nonlinear fractional
Choquard problem

eP(=A)ju+ V(x)|ulP2u = et N <|551‘u * F(u)> f(uw) inRY,

ue WHPRY), u >0 in RY.

(5)

In [7] Ambrosio investigated the existence, multiplicity, and concentration of positive solutions
for the fractional Choquard problem (5) assuming that the potential V' : RN — R fulfills the
following condition due to Rabinowitz [54]:
(V) Voo = liminf V(z) > inf V(z).
|z|—+o00 zeRN

These solutions concentrate at global minimum points of V' under the global hypothesis (V).
In the local sense s = 1, problem (5) becomes the following quasi-linear Choquard problem
with the p-Laplace operator

1
—ePApu+ V() |ulP2u = et N <|ZL‘|“ * F(u)> f(uw) inRY,

ue WHPRY), u>0 in RY,

(6)

for which several existence, multiplicity and concentration results of positive solutions have
been studied by different authors, under suitable assumptions on the potential function V'
and the reaction f; see for instance, Alves & Yang [3, 4, 5]. On the other hand, if s = 1 and
1 < p < g < N, after rescaling, problem (3) reduces to the following (p, ¢)-Laplace problem:

1
ey = <A+ V@) (P o) =2 (L PW) f) iR,

we WHPRN) N WIPRY), w>0 in RV,

(7)

Very recently, by assuming that the potential V' and the nonlinear reaction f satisfy the
following conditions:

(V) Ve C(RY,R) and 400 > Vo = liminf V(z) > inf V(z) > 0;
|z|—+o00 z€RN
(f) feCHRR),

Zhang, Zhang & Radulescu studied the multiplicity and concentration behavior of positive
solutions to problem (7) in [61].

For related concentration and multiplicity properties of solutions, we refer to the recent
paper by Alves & de Morais Filho [2], Alves, Ambrosio & Isernia [1], Ambrosio [8], Ambrosio,
Isernia & Radulescu [10], Ambrosio & Radulescu [11], Del Pino & Felmer [26], Gao, Tang &
Chen [31], Gu & Tang [32], Ji & Réadulescu [34, 35], Moroz & Van Schaftingen [46], Zhang,
Zhang [59], Zhang, Zhang & Radulescu [60] and Zhang, Tang & Radulescu [62]. We also cite
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Mingione and Radulescu [44] for an overview of recent results concerning elliptic variational
problems with nonstandard growth and nonuniform ellipticity.

Inspired by the above works, in this paper we are interested in studying the multiplicity
and concentration behavior as e — 0 of positive solutions for problem (3), when we suppose a
local condition on the potential V', and the nonlinear term f is only assumed to be continuous
(without ct differentiability). Precisely, we first impose that V' is a continuous map satisfying
the following assumptions:

(V1) there exists Vp > 0 such that 1 := inf V(z);
zeR
(Va) there exists an open bounded domain A € RY such that

VE)<H81}\HV and M:={zeA:V(z)=V}#0.

Next, we assume that f is a merely continuous function that verifies the following conditions:

(@)

(fl) }E}% |t|p,1 = Oa
(f2) there exists v € (q,q2(2 — u/N)/2) such that

£ ()]

[t]—+oo [t

where ¢ = Ng/(N — sq);

(f3) 0 < pF(t) ::p/otf(r)dv' < f(t)t for all t > 0;
f(®)

(f1) the map t +— s is increasing for all ¢ > 0.
Remark 1. We would like to point out that, since the hypotheses on V' and f are different
from [7, 54, 59, 60, 61], our arguments are totally distinct with them, and improve the previous
results for the singularly perturbed fractional problem with nonlocal Choquard reaction, in the
sense that we establish multiplicity results and concentration behavior for the fractional (p,q)-
problems involving continuous nonlinearity and by imposing a local condition on the potential
V. Compared with the local case s =1, we point out that our result improves Theorem 1.2
in [61]. In addition, we believe that the ideas contained here can be used in other cases to
study problems driven by more general operators, under local conditions on the potential V

and without the differentiability of the nonlinearity f.

In order to look for positive solutions of problem (3), we may assume that f(¢) = 0 for all
t<0.

Recall that if A is a closed subset of a topological space Y, then we use caty (A) to denote
the Ljusternik-Schnirelmann category of A in Y, that is, the smallest number of closed and
contractible sets in Y which cover A. For more details, we refer to Willem [57].

Our main result in this paper establishes the following concentration and multiplicity prop-
erties.

Theorem 1. Let 0 < pu < sp. Assume that the nonlinearity f fulfils (f1)—(f4) with v <
(N — u)q/(N — sq) and the potential V wverifies hypotheses (V1)—(Va). Then for all 6 > 0 such
that Mg := {ac e RN : dist (z, M) < 5} C A, there exists e5 > 0 such that, for any e € (0,¢e5)
problem (3) has at least catpr;(M) positive solutions. Moreover, if u. denotes one of these
solutions and x. € RY s global mazimum point of u., then gli% Viexe) = W.

The proof of Theorem 1 is based on topological and variational methods and refined analytic
techniques. Let us now take the next steps to outline our strategies and methods for proving
Theorem 1:

(1) concerning our variational approach: because there is no information on the behavior
of V' at infinity, as in [26], we first modify in a convenient way the nonlinear reaction outside
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the set A, and then we will study an auxiliary problem. The main characteristic of the
corresponding modified energy functional is that it verifies all the conditions of the mountain
pass theorem [6]. Finally, we prove that, for ¢ > 0 sufficiently small the solutions of the
auxiliary problem are indeed solutions of the original one;

(2) topological techniques: in order to get multiple solutions of the auxiliary problem, we
will use the generalized Neahri manifold method and some well-known topological techniques
proposed by Benci and Cerami in [15] based on accurate comparisons between the category of
some sub-level sets of the modified functional and the category of the set M. Note that the
nonlinearity is only continuous, we stress that standard C'-Nehari manifold arguments as in
[61] can not employ in our setting due to the lack of differentiability of the associated Nehari
manifold. To this end, we take inspiration by some ideas developed in [56] and make use of
some abstract critical point results obtained in [56] to overcome this obstacle;

(3) the combination effects of nonlocality and nonhomogeneous: the lack of homogene-
ity caused by fractional (p,q)-Laplacian operator, together with the appearance of nonlocal
Choquard reaction term, makes our analysis more refined and interesting than the above
works and also brings some new difficulties to our analysis. In particular we need to develop a
suitable Moser iteration scheme to obtain L*°-estimates and absorb some ideas from [11, 62]
to build on the Hoélder regularity results under this work.

Throughout this paper, C, Cy, C1, Co, ... denote positive constants whose exact values are
inessential and can change from line to line, and the same C', Cy, C1, Co, ... may represent
different constants; B,(y) denotes the open ball centered at y € RY with radius p > 0 and
By(y) denotes the complement of B,(y) in RY. In particular, B, and By denote B,(0) and
B(0), respectively.

2. AUXILIARY RESULTS

2.1. Notations. Let v : RY — R. For 0 < s < 1 and p > 1, we define the fractional Sobolev
space

PR = L e = u(y)l?
WeP(RN) = {u|u|§ ._/ lulPdx < +o00, [ulf = /IR{N/RN \ac—y]N“‘Sp dxdy<+oo}

equipped with the natural norm

RS

ullyso @y = ([ulf, + [ul})
For all u, v € W¥P(RY), we define

R Jy g G B TG U0 (CE R0 PPY
EN R RN JrN :

|z — y|N+sp

We now recall some fundamental embeddings. Let s € (0,1) and p € (1,+00) such that
N > sp. Then for any r € [p, p;] there exists a constant such that C, > 0 such that

(8) ulr < Crllullysr @)

for all u € W*P(RY). Moreover, W*P(RY) is compactly embedded in L} (RY) for any
€ [1,p)-
In order to treat the nonlinear fractional (p,q)-Choquard problem, we use the following
space
X = WP (RN) n WS(RY)
endowed with the norm
lullx = llullwsr@yy + l[ullwsamy)-

Additionally, since W*"(R™) (1 < r < +00) is a separable reflexive Banach space, then X is
also a separable reflexive Banach space.
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2.2. The penalized problem. In order to overcome the lack of compactness of problem (3),
we shall adapt the penalization method introduced by del Pino & Felmer [26] to deal with
the nonlinear fractional (p, ¢)-Choquard problem. Furthermore, without loss of generality, we
can assume that
0eA and V(0)=".
So, we need to find a constant K > 0 (which is determined later, see Lemma 6) and take a
1%
unique number a > 0 such that f(a) = ?0 ( Pl aq_l).

Now, we define

!
~

(t), if t <a,

1t = (L4197, ift>a

=[S

and

g(z,t) = { Xa(@)f() + (1= xa(@) f(®), ift>0,
’ 0, if t <0,

where yq is the characteristic function on Q ¢ RY.
We can easily observe that g is a Carathéodory function and fulfills the following properties:

. g(z,t)
(91) tLH(?Jr tr—1

(92) g(z,t) < f(t) for all x € RY and ¢ > 0;
t
(93)i 0 <pG(x,t) = p/ g(z,7)dr < gz, t)t for all z € A and t > 0;
0

— ( uniformly for all z € RY;

(93)ii 0 < pG(z,t) < g(z,t)t < % (t? +¢7) for all z € A and t > 0;
oet) LG

T 2~ are both increasing for all z € RY and ¢ > 0.
2 2

(g4) the maps t +—
Remark 2. We shall consider the following penalized problem

(=A)pu + (=A)qu + V(ex) ([ul’u + [u|"?u) = (,;‘u * Gex, U)> g(ex,u),

9)

ue X, u>0

in RN, If uc is a solution of problem (9) such that u.(z) < a for all z € AS, where A, =
{z e RY :ex € A}, then glex,ue) = f(uc), Glex,us) = F(ex,uc). So, uc is also a solution
of problem (3).

For any € > 0, we define the space

X, = {u €X: /RN V() (Jul? + [ul?) da < +oo}

equipped with the norm

lullx. == llullvep + l[ullv.q

where Hu||’{/€t = [u]gt +/ V (ex)|ul'dx for t € {p,q}.
RN

From now on, we focus to the critical points of the Euler-Lagrange functional J. : X, — R
defined by

1 1 1 1
Je(u) == };”qu\Dfs,p + 5Hu||%/€q —5 /RN <‘$|“ * G(ex,u)) G(ex,u)dz
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for all w € X.. By a standard argument, we can infer that J. € c! (X, R) and its derivative
is given by

<Jé(u)7 'U> - <u7 U>S,p + <u7 v)s,q + /RN V(€x) (’U‘p72u + ’u‘inU) vdx

1
— / < * G(ex, u)) g(ex,u)vdz for all u, v € X..

|
Let us define the Nehari manifold associated with problem (9), that is,
— {u e X\ {0} (L)) = 0}
We use X to denote the open set defined by
X' = {ue X, :|supp (u)| > 0}

and we introduce the set St := S. N X, where S. := {u € X_ : ||ul|x. = 1}. We first observe
that ST is an incomplete C’1 mamfold of codimension one. So, for all u € SI we have

X, =T,(SH) @Ru, where

T,(SF) = {v € Xe (U, v)sp + (U, v)54 + /RN V(ex) (JulP~?u+ |u|?%u) vdx = 0} :

Due to the fact that f is only continuous, the following result is crucial to bypass the
non-differentiability of N-.

Lemma 2. Assume that (f1)—(f4) and (V1)—(Va) are fulfilled. Then the following properties
hold true:

(a) for all w € X7, there exists a unique t, > O such that t,u € N.. Furthermore,
me(u) = tyu is the unique mazimum of €, (t) := J-(tu);

(b) there exists T > 0 independent of u such that t, > T for all u € ST. Moreover, for
each compact set W C ST, there exists a constant Cyy > 0 such that t, < Cyy for all
u € W,

(c) the mapping m. : X — N: is continuous and m. := ms\sj is a homeomorphism
between S+ and N, and the inverse of m. is given by m='(u) := u/||ul x.;

(d) ¢ := uleI}\f/ Je(u) = 00 > 0 and J: is bounded below on Nz, where gy is independent of
e, K (mdsa;

() let0 < pu < sp andv < (N—p)q/(N—sq). If there exists a sequence {un}, cy C S& such

that dist (up, dST) — 0 as n — oo, then ||me(uy)|x. — +oo and J-(me(uy)) — +oo
as n — oo.

Proof. (a) For each v € X and t > 0, £,(0) = 0. From Theorem 4.3 of Lieb & Loss [38],
(92), (f1)—(f2), (8) and hypothesis (V1) we can deduce that there exists some constant C' > 0
such that

1

24-1

falt) 2 gyl o - COlful|2 2% for 0 < t <

lullx.

Due to 2p > ¢, we see that £,(t) > 0 for ¢t > 0 sufficiently small. Using (g3); and (g3)i;, we
can find a constant

Cy = ;/ <1 « Glex, u)) Glex, u)dz > 0

||+
such that

u(t) < = (lull, + llull%,) t7 = Cut™

"GM—‘
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for all ¢ > 1. Applying 2p > ¢ again, we know that ¢,(t) < 0 for ¢ > 1 large enough. Hence

max £,(t) is attained at some t, > 0 verifying ¢, (¢,) = 0 and t,u € N.. We point out that

t t
(10)  tueN: = |jull{, , = / /RN tgy’ uly) glew, fulz)) u(z)dzdy — 7~ |ulf,

2|x—y\“ t%fl Vep:

According to ¢ > p and (g4) we conclude that the right-hand side in (10) is an increasing
function with respect to ¢t > 0. Therefore, the uniqueness of ¢, is now obvious.
(b) For any u € ST, in view of Lemma 2-(a), there exists ¢, > 0 such that

||

By Theorem 4.3 of Lieb & Loss [38], together with (g2), (f1), (f2), (8) and hypothesis (V1),
we can infer that for any o > 0 there exists some constant C, > 0 such that for all u € ST

1
thllully, , + tilully, , = /RN < * G(Ex,tuu)> g(ex, tyu)t,ude.

thllull, , + thllullf, , < ot ullf , + Coti [ullF o

Assume that ¢, < 1. Choosing o = 50 e have

1
Ctl < 3 td (HuHVEp + [lully, q> for some constant C' > 0

/\
,_n

< Stllully, , + tillully, 4 (since ¢ > p, tu <1 and 1= Jlullx, > [lullv. »)
< Cupaty” (since 1= Jlullx, > [lullv. q),

= t, > 7 for some constant 7 > 0 (since v > ¢), where 7 is independent of w.

Assume that ¢, > 1. Taking o = 1 and applying 1 = ||ul|x. = |ul/v. p, we get

Cth <t <HuH“1/57p - HuH“J/E’q) for some constant C' > 0

<t
< thllully, , + thllully, , (since ¢ > p and 1 = [|ullx. > [[ullv. )
< (L+ Oty (since ¢ > p, ty > 1 and 1= |Jullx. = l[ullv.p. [[ullveq),
= t, > 7 for some constant 7 > 0 (since v > ¢), where 7 is independent of u.

So, there exists 7 > 0 independent of u such that ¢, > 7 for all u € S

Let W C S be a compact set. Arguing by contradiction, we may assume that there exists
a sequence {uy}neny C W such that 1 < ¢, :=t,, — +0o0 as n — oo. Since W is a compact
set, there is u € W such that u, — w in X, as n — oo. As in the proof of Lemma 2-(a),
together with Fatou’s Lemma, we can see that

(11) Je(tnuy) — —00 as n — oo.

In addition, for any fixed ¢ € N, we have (J.(p),¢) = 0. Combining (g3); with (g3)s, we
have

Je(p) = J(0) — 21p<Jé(<p), ©)

1 1
> (- = P q )
(q 2p) (Il , + Nelly,
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Taking o, = t,u, € N in the above inequality we get

1 1
Je(tntin) > (q - 2p> (tﬁHunH@E’p + t;guunnqvaq)

1 1
> (- 55) (ol + 2l )

(since ¢ > p, t, > 1 and 1 = [Juy||x. = |lunllv. p)
> CtP for some constant C' > 0,

= — 00 > +0o (see (11) and use the assumption ¢, — 400 as n — 00).

This is a contradiction.
(c) As in Lemma 2-(a), we can define the maps 7. : X' — N and m. : ST+ AL by

(12) Me(u) =tyu  and  me = Mg g+

Firstly we note that 7., m. and m;l are well-defined. In indeed, using Lemma 2-(a), for
any fixed u € X it follows that there exists a unique 7. (u) € Nz. In addition, if u € AL,
and so u € X. Otherwise, we obtain |supp (u")| = 0. The above equality, hypothesis (V7),
the definition of g yield tk&at u = 0. This is impossible since v # 0. Thus, the inverse of m,

1
[l x.
continuous. On the other hand, for all u € S we can deduce that

€ S for all u € N.. Consequently, m_" is well-defined and

is given by mZ-1(u) =

B 3 tuu U
mzt(me(u)) = mZH(tyu) = It ZHX - Il x -
u e €

This yields that m. is bijection.

Next, we show that m. is continuous map. To this end, let {u,,u}n,en C XQL such that
Up, — win X; as n — 0o. On account of the fact that m.(tu) = m.(u) for all ¢ > 0, we can
assume that ||uy|x. = ||ul|x. = 1 for all n € N. According to Lemma 2-(b), we know that
there exists ¢, :=t,, — to > 0 as n — oo such that t,u, € N, then we have

1
thHuan/sm + t%||un||‘{/s7q = /RN <|x!l‘ * G(s:n,tnun)> g(ex, tyuy)thunde.
In the above relation we pass to the limit as n — oco. Then,
1
Bl + el = | (m . G(ew,tow) g(ex, tou)touds.

This implies that tou € Nz. From Lemma 2-(a) we know that ¢, = ty. Hence it follows that
e (un) — Me(u) in X as n — co. Thus, 1. and m. are continuous mappings.

(d) Fore > 0,0 <t < 1andu € S, using Theorem 4.3 of Lieb & Loss [38], (g2), (f1)-(f2),
(8) and hypothesis (V1) again, we can conclude that there exists C' > 0 such that

Je(tu) > t1 — Ct?.

20— 1q
Thus, we can find g9 > 0 such that J.(tu) > g for 0 < t < 1 sufficiently small (since
2p > q > 0), where gq is independent of e, K and a. In addition, by Lemma 2-(a), (b), (c),
we observe (see Szulkin & Weth [56]) that
Ce = ulerffe Je(u) = ug{f: max Je(tu) = ulergfs+ max Je(tu).

So, Je(u)|nz = oo-

(e) Let {un},cy C S be a sequence such that dist (u,,dS5) — 0 as n — oco. For any
¢ € 08T and n € N, then we obtain |u;| < |u, — ¢| a.e. in A.. Hence, from (V) and Sobolev
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embedding, for any r € [p,q;] and n € N it follows that

lut lrany < infJup — @lpran) < Cr inf | lun — ol|x.
pedST pedST

Taking into account ||u,||x. = 1 and using hypothesis (V1), we have

1
p p q
||un||Ws,p(RN + ||u7”LHqu (RN) = < min {%7 1} (Hu”HV,g,p + Hu””Vg,q)
1
< p q
2
< +2.
Vo

Note that 0 < u < sp and v < (N — p)g/(N — sq). Then, for all ¢ > 0 we can deduce from
Lemma 6, (V1), (93)ii, (92) and (f1)-(f2) that

/ (1 * Glex, tun)> G(ex, tuy,)dz

||
K K
=5 G(Ex,tun)daz+2/ G(ex, tuy,)dz
A¢ A
Vi K
0/ (tpyunyutqmn\Q)dH/ F(tu?)dz
2p Jae 2 Ja.

N

N

tP td
/ V(ax)|un|pdx+/ V(Ex)lun|qu+01tp/ (ui)pdx—l-Cgt”/ (ui)dz
2p JrnN 2p JrnN A Ac

tP t4 A A
< / V(ex)|un|Pdx + / V(ex)|un|?dx + CptPdist (un, ST )P + Cot¥dist (uy, 0ST)Y,
2p RN 2p RN

where C1, Ca, Cp and C, are some positive constants. So, we have

/ <1 * Gex, tun)> G(ex, tuy,)dx

||k
P %
(13) < — V(ex)|up|Pdr + — V(ex)|un|%dx 4+ 0p(1),
2p Jrw 2p Jrw
as n — 0o. Moreover, for any ¢ > 1 we infer that
Ty T 1q
lunll p+ Slhuallt g~ 5 [ Vienlulde = 5 [ Viaunias
tp[ 2, + 1#?/ Ve lunlPde + - funlty + (o = 50 ) 17 [ Vol
=—1U - X )| U X — U - = X )|U X
p " 2p° Jpw " g " \q 2p) e "
1o o 1 U N
2ot lunllv. 4 o — 5, ) tlumllv. o (since 2p > )
1 p q 1 1 q q
2ot il + (5 = 5, ) Hllunlll, g (due to g >pand 1= flunlx. > funllv..p)

1 1 1
14 >—— (- — — | P (si 2p>q>p>1,t>1).
(14) 51 (q 2p> (since 2p > ¢ >p )

Recalling that the definition of m. and invoking relations (13) and (14), for all t > 1 we can
deduce that

1 1 1
. . 1 1 T o P
lgglo%f Je(me(un)) = h,{gg,}f Je(tun) > 2¢-1 (q 2p> ~
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The above inequality combined with the definition of J. and the arbitrariness of ¢ > 1 means
that

. 1 1 _
h;r_l)gf (pHme(un)Hl"/&p + q||m5(un)||“27q) > hnrr_1>1£f Je(me(uy)) = 400,

and so ||me(up)||x. — 400 as n — oo. This proof is now complete. O

Now, we introduce the functionals
@E:Xjr—)R and . : ST —R

defined by 1. (u) := J.(1n.(u)) for any u € X and 1, := 1])5|S£+.
Using Lemma 2 and Corollary 2.3 in Szulkin & Weth [56] we deduce that the following
result holds true.

Lemma 3. Assume that (f1)—(f1) and (V1)—(Va) are satisfied. Then,
(@) G € CHXR) and (0. o) = P (2 ). o) or alt € X2 allo € X
Xe
(b) . € CYHST,R) and (. (u),v) = |me(u)|x.(J.(me(u)),v) for all u € ST, all v €

Tu(S5);

(¢) if {un}tnen is a Palais-Smale sequence for the functional 1., then {mq(u,)}nen is a
Palais-Smale sequence for the functional Jz. If {un }nen C Nz is bounded Palais-Smale
sequence for the functional J., then, {m="(un)}nen C ST is a Palais-Smale sequence
Jor te;

(d) u € ST is a critical point of the functional 1. if and only if m.(u) € Nz is a critical
point of the functional J.. Moreover, the corresponding critical values coincide and

ulergfa+ Ye(u) = uler}\ffe Je(u) = c..

Lemma 4. The modified functional J. admits a Palais-Smale sequence {un}neny C X at the

level c., that is, J-(up) — ce in R and J.(u,) — 0 in X.* as n — oo, where c. is given in

Lemma 2. Furthermore, there exists some constant ¥ > 0 (independent of €, K and a) such

that c. < ¥ for all € sufficiently small.

Proof. In view of Lemma 2, we only need to verify that J. possesses a mountain pass geometry,
that is, the functional J. satisfies the following properties:
(i) there exist some constants p; > 0 and d; > 0 such that J.(u) > 6; for ||u||x. = p1;
(ii) there exists an element e € X, with |le||x. > p1 such that J.(e) < 0.
(i) Arguing as in the proof of Lemma 2-(a), we find some constants C' > 0 and C’ > 0 such
that
Je(w) > Cllullk, = C'llul¥,
for ||u||x. = p1 € (0,1). So, using 2p > g we obtain (i) if we take p; small enough.
(ii) We choose a suitable function ¢ € C5°(RY) such that ¢ > 0, ¢ # 0 and supp (@) C A.
Then for all e sufficiently small it is obvious that G(ex, @) = F(¢) for all z € RY. Hence,
with arguments as in the proof of Lemma 2-(a), there exist two constants

c, = ;/RN <|x1|# \ F(@) F(p)dz > 0

Je(tp) < Ot — Ot

for all t > 1. Hence (ii) holds true for e =ty and for some ¢t > 1 sufficiently large.

According to the mountain pass theorem without the Palais-Smale condition (see Brezis &
Nirenberg [18]), we establish the existence of a Palais-Smale sequence {uy,}n,eny C Xc at the
level c.. We recall that supp (¢) C A and then we can infer that there exists a constant ¥ > 0

and C > 0 such that
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such that c. < 9 for all € small enough, where ¥ is independent of ¢, K and a. This completes
the proof of the lemma. O

Lemma 5. Assume that {un}nen C Xc is Palais-Smale sequence of J. at the level ¢ < ¥,
where ¢ > 0 small enough. Then, for e > 0 small enough, the sequence {u,}nen C Xc is
bounded and

1 0+1
+ 1) IM for all n € N large enough.

P K -
HUnHWs,p(RN) + Hunst,q(RN) S 2 <VO 2p —q

Proof. According to (g3) s and using hypothesis (V1), for any € > 0 small enough we deduce
that

0+ on(1)l[unllx. = ¢+ on(1)]un|x.

1 !
% (Je(un), un)

1 1
p q
> (- 55) (ol + ualt, )

= Js(un) -

1 1

% - (W * G(am,un)) (9(ex,up)u, — pG(ex, uy)) dx
15 Vo, 1 1 p d
(15) > min (V0,13 (= 50 ) (lonllyenamy + ol ) -

So, for € > 0 small enough, we deduce that the sequence {uy }neny C Xc is bounded and
> pg(f +1)
2p—q
for all n € N large enough. O

[n (s @y  Henfysamny < 2 (Vo +1

According to (15), we now define the following set:
1 (9 + 1)pq
— A lIP
Bim {u € Xe il + lfpnagery <2 (7 1) (Vi +1) ),
where 9 is given in Lemma 4. Using the above notation, we can show the following estimate.

Lemma 6. Assume that (f1)—(f1) hold true, 0 < u < sp and v < (N — pu)q/(N — sq), then
there is a constant K > 0 such that

K
< — foralle > 0.
Lo (RN)

sup
ueB

* G(ex,u)

Ja]r

Proof. Firstly, (g2) and (f1)—(f2) imply that there exists a constant C' > 0 (which is indepen-
dent of €) such that

(16) |G(ex,t)| < |F(t)] < C(|t]P + [t]”) for all t € R and for all £ > 0.
Therefore
1
W*G(sx,u) < W*F( u)

|F(u(y))| |F(u(y))]
</| dy—i—/l ——=dy

z—y|<1 |$_y|u z—y|>1 |x_y|ﬂ

u P4y v v
e MO MO 4,4 [ (o + ) o 16)
I | RN
p v
<C [u@)” + [uy)] dy + C (see (8) and use the definition of B)
lz—y|<1 |:C - y|ﬂ

for some constant C' > 0 (which is independent of 2 € RY and ¢ > 0).
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Let us choose
ne (Y N d the (-2 Ng
7’ N an )
! N—p N—sp 2 N —u (N —sqv

since 0 < pu < sp and v < (N — u)q/(N — sq). Then, combining the Holder inequality, (8) and
the definition of B we can easily see that

P v
/ [u(@)P + |u(y)] dy < C for all z € RV,
lz—y|<1 |z —y|*

for some constant C' > 0 (which is independent of z € R and £ > 0). So, from the above
information we complete the proof of this lemma. O

Now we show that the modified functional J. satisfies the Palais-Smale condition.

Lemma 7. Let 0 < p < sp and v < (N — pu)q/(N — sq). Then for all ¢ > 0 sufficiently small
the modified functional J. satisfies the Palais-Smale condition with ¢ < 9.

Proof. For all € > 0 sufficiently small let {uy,}n,eny C X: be a Palais-Smale sequence of the
functional J. at the level ¢. From Lemma 5 we know that {u,},en € Xe is bounded for all
€ > 0 small enough. So, passing to a subsequence we may assume that there exists some
u € X, such that u, = v in X, u,(z) — u(z) a.e. in RY and u,, — u in L (RY) for all
r €[1,q;) as n — oo. We first assert that the following property is fulfilled.

Claim 1: The following properties hold up to a subsequence:

1
(a) lim (W * (Gex, upn) — G(ax,u))) g(ex,u)pdr = 0 for all p € C(RY);

n—oo RN
1
(b) 1i_>m o * G (e, un)) (9(ex,un) — g(ex,u)) @dz = 0 for all ¢ € CF°(RN);

(c) we have

1
lim <$|u * G e, un)) g(ex, uy)pdx

n—oo RN

= / <|xl]N * G(ex, u)> glex, u)pdz for all p € C(RY).
(a) Note that
/]RN |G (ex, uy)| 2N 2N=rdr < / (|lun P + |unl” )|212VIXH dz (see (16))
0/ (|un|% +|un|%>dx

2Np/(2N— 2Nv/(2N—
<C (Jlunl 327 4 fun 37N ) (see (8)
< C (due to the boundedness of the sequence {up }nen C Xe).
On the other hand, since u,(x) — u(z) a.e. in RY as n — oo we obtain
G(ex,u,) = Gex,u) a.e. in RY as n — oc.
From Proposition 5.4.7 of Willem [58] it follows that
w . i N
(17) G(e,up) — G(e-,u) in L2N-#(RY) as n — oo.
Let us define

1 _2N
H(w) = —— *xw(x) | g(ex,u)pdz for all w € L (RM).
N B
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Then Theorem 4.3 of Lieb & Loss [38], (g2), (f1)-f(2), Holder’s inequality, (8), and since
u € X imply that H is linear bounded functional. Combining this with (17) we derive that
(a) holds true.

(b) Using the boundedness of the sequence {un}neny C X, together with Theorem 4.3 of

Lieb & Loss [38], (g2), (f1)—(f2) and (8), we see that G(e-, u,) is also bounded in L%(RN).

Then, applying the boundedness of the sequence {u, },eny C Xe again and combining with the

compact embeddings and Dominated Convergence Theorem, we deduce that (b) is also true.
(c) This result is a consequence of (a) and (b).

Next, we consider the following sequence
Up(T) —u P2y, (2) —u
(o) o 1) = 1 )P 2(00() ~ )
[z —yl ¥

and we also introduce the following function
u(z) — u(y)P~*(u(z) — u(y))

b(l‘) y) = N+sp 9

[z —y| ¥

T
as n — 00. Then we deduce from Proposition 5.4.7 of Willem [58] that

where p’ = P Then {bp}Inen C LY (R?M) is bounded and by (z,y) — b(z,y) a.e. in R*N
p J—

(18) by 2 bin LP (R*N) as n — oc.
On the other hand, for all ¢ € C§°(RY) we see that

p(x) = oY)

- € LP(R*Y).
[z =yl 7

From this and (18) we have

: |t (2) — un ()P~ (un(2) — un(y)) (p(z) — ©(y))
lim /]RN /]RN dxdy

_ lu(z) — u(y)|P2(u(z) — u(y))(e(z) — o(y))
B /RN /]RN |z — y|N+sp dxdy.

In a similar fashion we also have

| (@) = (1) 72 (ua (@) — (1)) (@) — o(y))
i [ EEr drdy
_ Ju(z) — u()|*=(ule) - uly) (@) - ¢(y))
= /RN /RN 7 — g dxdy.

Finally, it is easy to check that

lim V(ex,un)un]pzungada::/ V(ex,u)|ulP2updz,
RN

n—o0 RN

lim V(ex, un ) |tn|? ™ 2uppde = / V(ex, u)|u|" 2updz.
From the above information, together with the fact that (J.(u,),p) — 0 as n — oo, it follows
that (J/(u), ) = 0 for all ¢ € C°(RY). Using the density of CS°(RY) in X. we know that u
is a critical point of the functional J.. Consequently, (J.(u),u) = 0.

In order to show that the Palais-Smale sequence satisfies the Palais-Smale condition, we
need to establish the following property.
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Claim 2: We have

fimsup ,a ( L. ('“jfl;ﬁii)‘p + ‘u’,‘iml;&g)'q) dy + V(ex) ([unl? + !un|q>) da

n—oo

—0as R — +o0.

We first observe that, for all € > 0 small enough, there exists ng € N such that

<
L (RN)

sup
nz=no

L * G(ex,up)

K
| 2

For any R > 0, let np € C°(RY) be such that 0 < ng < 1, ng = 0 in Br, ng = 1 in BS
2

and |Vngr| < C/R for some constant C' > 0 (which is independent of R). Taking into account
the boundedness of the sequence {ngruy, nen C Xe, we see that (J.(uy,), nrus) — 0 as n — oco.
It follows that

/ / |Un _un( )’an d dy +/ / |“n _un( )| nR(x)dxdy
RN JRN |z —y|N+sp RN JRN |z — y|NFsa

T / V(ex) (Junl? + [un]%) i
- / / [un (@) = e ()PP (un (@) = un () (15(2) = MR W) UnW) 5 0
RN RN

|.7} _ |N+sp

. / [ nle) = a0l anle) o ) 10() = 10008 1,
RN RN

|z — y|N+sa

+ / ( « Gez, un)) 9(e2, Un)un Rz,

[

Fix € > 0 small enough. Let R > 0 sufficiently large such that A, C Br. Using the
2
definitions of ng and K, together with (g3);;, for n > ng large enough we have

[un () — un(y)|Pnr(x / / [un () — un(y)|"mr ()
d d dxd
/]RN /RN ’95 — y|Ntsp vt RN JRN ]ac — y|NFsa o

+ 2/ V(e2) (P + unl?) nd
_ [ () — U (Y) P72 (un(2) — un () (R (%) — nR(Y))un(y) i
" /RN /RN drdy

|z — y|Ntsp

/ [ linle) =t 0n) o ) 1n() = 1)) 1,
RN JRN ‘

|z — y|N+sa

From the Hélder inequality and the boundedness of the sequence {uy, }neny C Xc it follows
that

/ / un (@) — un ()P~ (un () — un(y)) (@) — 1R (Y))un(y) didy
RN RN

|z — y|Ntsp

1
p P =
(20 </ / il ]:1: (,N)ugn ull diﬂdy) ’ (for some constant C' > 0).
RN RN —
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In addition, by the definition of nr, polar coordinates and the boundedness of the sequence
{tn}neny C Xe, we have

p
/ [ )= o,
RN JRN \»T— ’N“p
Plu p
RN J|z—y|>R ‘33_ ‘ P
p p
By g BT T
RN J]z—y|<R |SU—y| P

|w, (2 / / | (x
C’/ / da:d da:dz
RN J|z|>R |Z|N+5p RN J)z|<R |Z\N+Sp P

/ |up|Pdx + CR8p+p/ |un|Pdz
R RN

<
R
< C-
Rsp
Using (20) and (21), we see that
[un () = un ()P~ (un() = un(y)) (N (%) = nR(Y)un(y) <
e[ ] dody| < <.

|z — y|Ntsp

(21)

Also, we have

@ |[ [ o () = 1(9) (03(2) = n(@)un(w) | C

’w _ ’N+sq

So, we deduce from (19), (22) and (23) that Claim 2 holds true.

Using Claim 2 and applying the locally compact embedding X, — Llo C(RN ) we can derive
that u, — u in L? (]RN ) as n — oo. In addition, we deduce from the interpolation inequality
that u, — uin L"(RY) as n — oo for all € [p, ¢*). Then, from Theorem 4.3 of Lieb-Loss [38],
(92), (f1)—(f2), the Dominated Convergence Theorem and the boundedness of the sequence
{un}nen C X¢ it follows that

(24)  lim (ml\” + G(ex, un)> g(ex, tn)undz = / <1 + G(ex, u)) o(ex, u)uda.

n—00 ‘ T ‘ H
Also, we have

(JL(up),un) = on(1) as n — oo,

1
= ||Un||1‘j/5’p + ||UnH(‘1/57q = / <|u * G e, un)> g(ex, up)updr + op (1) as n — oo

and

<J::(u)7u> =0,
1
= ully,, +llully,, = / ( * G(ex, u)) g(ex,u)udz.

||
Hence the above fact and (24) imply that
lunlly, , + lunlly, o = lullY, , + lullf, , + on(1) as n — oo.
Furthermore, according to Lemma 10-(a), (b) we see that
lun = wlly, , = llunlly, , = lully, , + on(1)

and

lun = ully, o = lunlly, , = llully, ¢ + on(1),
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as n — oo. Thus we conclude that
[un = ully, ,, + llun = ully, , = on(1).
This fact means that ||u,—ul/x. — 0 asn — co. Now, we complete the proof of the lemma. [

Lemma 8. Let 0 < pu < sp and v < (N — p)q/(N — sq). Assume that (f1)—(fs) and (V1)—=(V2)
are fulfilled, then for all € > 0 small enough problem (9) possesses a nonnegative solution
ue € Xe.

Proof. Using Lemmas 4 and 7, we can employ the Mountain Pass Theorem to infer that
for all € > 0 sufficiently small there exists u. € X, such that J(u:) = 0 and J-(u.) = ce.
Furthermore, choosing u_ := min{u.,0} and recalling that g(e-,¢) = 0 for all ¢ < 0 and
(JL(us),uz) =0, we can 1nfer that

luz 1Y, , + lu 1V, 4 <O,

= u, =0,
= u. > 0 and u. Z 0.
This ends the proof of the lemma. O

Corollary 9. Let 0 < pu < sp and v < (N — p)q/(N — sq). Then for all ¢ > 0 sufficiently
small, the functional 1. satisfies the Palais-Smale condition at the level ¢ <19 on SZ.

Proof. Let {uy}nen C ST be a Palais-Samle sequence for the functional v, at the level ¢, that
is,
Ye(up) > cin R and  .l(uy) — 0 in T, (ST)* as n — oo.

Using Lemma 3-(c), we see that {m.(un)},cy C Xe is also a Palais-Samle sequence for the
functional J. at the level ¢. Therefore, we can deduce from Lemma 7 that the functional J.
verifies the Palais-Smale condition. Hence, passing to a subsequence we can find some u € ST
such that mg(un) — me(u) in X, as n — oo. Combining this fact with Lemma 2-(c) we
conclude that u, — u in S as n — oo. g

We end this section by showing the following result:

Lemma 10. Let {un}, .y C Xc be a sequence such that u, D win X. and let A : R — R
defined by Ay(1) = |7|'7%1 (t € {p,q}). Setting w, = un — u, then for alle >0 and n € N
large enough we have

(a) ([unlfp + [un]dy) = ([wnl?, + [wnldy) — ([ulf, + [u]L,) = on(L);
R (N A I (R Tl R
—(‘V(E')l/”u‘ ‘V un’q) on(1);

(©) [Ap(un) = Ap(wn) — Ap(U)\g [ Ag ) = Aglan) = Ag(w)| T3 = 0,(1);

[un

Q

P
—1
—un(®) _ Ap(wn(a) —waly)) _ Apule) —uw) |
N+sp N+sp €z y
RN JRN |x7y|p/(p 1) ‘x—y’l’/(?*) |£C*y|”/("*1)
q
—1
— (@) Ag(wn(@) —waw))  Agu@) —uw) |
N+sqg N+s x y
RN RN \x — y\ q/(q &y |z — y|a/a=D |z — y|a/G@=D

_OTL

(e) / <|551’M *F(un)> Fup)de — / (!J}V‘ *F(wn)> Flw,)dz
- /RN <‘x1|# \ F(u)> F(u)dz = op(1)
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and for any ¢ € X with ||¢||x. <1 it holds

O [ (e Pl ) stwoo = [ (G w Fwn) ) ftun)oda
_ /RN <|;|# ) F(u)) Fw)pdz = op(1).

Proof. We first point out that the proofs of (a) and (b) follow from the Brezis-Lieb Lemma
(see [17]). Moreover, arguing as in the proof Lemma 3.2 of Mercuri & Willem [43], we see
that (c) holds true.

Next, we give the details of the proofs of (d), (e) and (f) for the convenience of readers.

(d) Case 1: 2 <t € {p,q}.
We deduce from the Mean Value Theorem, the Young inequality and ¢ > 2 that for any
fixed o > 0 there exists C, > 0 such that

(25) la+b["2(a+b) — a2 a| < ola| ™t + C,|p)'t  forall a, beR.

In (25) we take
_ wn(@) —waly) 0, ul@) —u(y)

N+st N+st
|z —y| |z —y|

and we have

Ai(n(w) ~ wn(y)) _ Aslwn (@) ~ waly)
o — |7 2 — |76

S 1n(2) — Q%QNF1+GJM@_U@W4f

2 — |7 2 — |76

Now we introduce the mapping H ;n :R2N R, given by

Aulin(@) = uny)) _ A(wa(@) ~ waly)) _ A(u(z) ~ uly))
2 — y| 7D R R e

_ahmxx>—um@nv30}.

H;jn(:n, y) = max{

& — y| 7D

Then H(},n(w,y) — 0 a.e. in R* asn — oo and

_ t—1

& — y| 7D

for some constant C' > 0. Hence from the Dominated Convergence Theorem we obtain
_t
/ / ’H;n}t* dzdy — 0 in R as n — oc.
RN JRN ’

In addition, according to the definition of H,, we have

t

t—1

A (un(x) — un(y))  As(wn(z) —waly))  Ar(u(@) — uy))

N+st N+st B
|z — y| T |z — y[ /=) |z — y| @ =1
t
_t_|wp(z) — wn(y L
< 0 (et 4 (11 )7 )

for some constant C' > 0. This implies that

/‘/ mml—ww»,Mwu%mw»_mwmﬂw»ﬁ
RN JRN

Nest_ Nest_
2 — gl 77D =gl a7
holds true for n € N large enough.

Case 2: 1 <t < 2.

dxdy = oy, (1)
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Invoking Lemma 3.1 in Mercuri & Willem [43] and applying the Dominated Convergence
Theorem, for n € N large enough we obtain that

/ / Ar(un(z) — un(y)) _ Av(wa(z) —waly))  Ad(u(z) — uly))
RN JRN

N+st N+st
!fv—y!”“ 2 |z — y[/0=D |z — y[70=D
holds true.
Now, combining Case 1 and Case 2 we complete the proof of (d).

_t
T—1

dzxdy = o, (1)

(e) Using the Mean Value Theorem, hypotheses (f1)—(f2) and Young’s inequality, we can
infer that for any o > 0 there exists C, > 0 such that

2N 2Np 2Nv 2Np 2Nv
[ (n) = F(wa) = F(u)| 255 < 0 (Jun| 75 + fun| 285 ) + Co (Jul 255 + 2875 ).
Define the following mapping
2 _aN aNp Ny
H;, := max {\F(un) — F(wy,) — F(u)|?2N-r — 0 (\unPNﬂt + \unPNfu) ,0} .

Then, arguing as in the proof of Lemma 10-(d) and using the boundedness of the sequence
{tn}pen C Xe, for n € N sufficiently large we can derive that

(26) /RN |F(un) — F(wy) — F(w)|2V5 dz = op(1).

On the other hand, we can deduce from Theorem 4.3 of Lieb & Loss [38] that

(27) /.

for n € N large enough.
We note that

/ (yxl\u ; F(un)> F(up)d — /R i <‘;|# ! F(Um)) F(w,)dx

- . (1  (F(un) — F(wn») (F(un) — F(w,)) do

[

2N
©w

! dz = o, (1)

W * (F(up) — F(wy) — F(u))

4 2/RN (mlw b (F(un) F(wn))) Fw,)da.

2N
Using the above equality and taking into account that F(wy,) — 0 in LZv-1 (RY) as n — oo,
together with (26)—(27), we can show that (e) holds true.

(f) We first prove that

2N
(28) sup [ 1) = flun) = 1) o1 dx = 0, (1)
lellx, <1JRN
for n € N large enough.
For any fixed 0 < o < 1, we deduce from hypothesis (f1) that there exists 0 < A\ :=
Ao(0) < 1 such that

(29) ft) <oltP™t  for all |t] < 2.
In addition, by hypothesis (f2) we can find A; := Aj(0) > 2 such that
(30) If@)| < olt]*™t  forall [t > A —1.
Next, by the continuity of f, there is a positive constant v := (o) < Ag such that
(31) [F(t) = ft2)| S XN'o for all [t —ta] <, [ta], [to] < A1+ 1.

Additionally, combining (f1) and (f2) we can conclude that there exists C'(¢) > 0 such that
(32) ft) <C)tPt+olt]'™t  forallteR.
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We now estimate the following term:

Lo 1) = ) = £l 75 da
RN\Bpr

Since u € X, together with (32), the Holder inequality (8) and (V;), we know that there
exists R = R(o) > 0 such that

2N 1) 2N (v—
/ )| de < C ( / | SV | ¥ i+ / | N | T udx)
RN\Bg RN\Bpr RN\Bg

p—1 v—1
2N P Nv v 2N
<C / Jul 27 da + / fu| 235 ol Y
RN\Bp RN\Bpr
2N
(33) < Colp|

for some constant C' > 0.
Let us define

D = {z € RY\ Bg : Jun(z)] < Ao}

According to (29), the Hoélder inequality, (8), (Vi) and the boundedness of the sequence
{tn} ey C Xe, we have

/ (F(un) = F(wn))pl N7 e
Nu|<y

-1 1\ 72
< (o |unlP™" + olwn[P~H) 2N || 2N = da
Dl Nu|<y

2N

(34) < Collell "
for some constant C' > 0.
Set
DZH = {z € RN\ Bg : |un(x)| > A}
Arguing as in (34), together with (30), we can obtain

2N

) [ oy 16 = sl 55t < ool

for some positive constant C' > 0.
Now, we introduce the following set:

_{xERN\BR Ao < un(z)] < A1}

It is easy to check that |D13M| < 00, since u, € X.. So, from (31) it follows that

2N

) Ly o 1) = flnel e < Colol 3

for some constant C' > 0.
Thus, we deduce from (34)—(36) that

2N

|(F(wn) = f(wn))p| 7 do < Collp| 2 *  for alln € N,

(37) /
(RN\Bg)N|u|<y
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Thanks to u € X., we have |(RY \ Bg) N {|u| > v}| — 0 as R — co. Using (32) again, we
deduce that there exists R := R(o) > 0 such that

/ [(F () = F(wn))pl N da
(RN\BRg)N|u|>y

< (0 (fanl? ™ ) 1]+ C(0) (Junl? ™+ ) [ ) 297 iz
(RN\Bp)N|u|>7

2N .
< Collelly ™ +C N Bl (C (@) (JunlP™ + |wa[P71) []) 2V da
R u|z7y

2N oN
< Collollx] ™ + (20(0)) 7 /
(®RN\B)lul >y

N(p—1) N(p— 2N
(1ol B 4 an 55 ) 1750

2N 2N 2Np P
< Collel| 3" + C(C(o)) 2= (/ |902Nudx>
(RM\Br)N|u|>y

2N 2N

< CollplF7 + C(C(0) ™ wllplF 7 [(RY \ Br) 0 {|u] > e

2N
< Collel X,

where C'is a positive constant. Combining this inequality with (33) and (37), we deduce that
there is a constant C' > 0 such that for all n € N
2N

(33) /RN\B (F(un) = Flwn) = F(u) |7 do < Collol 3.

Recalling that u, — u in X, as n — oo and passing to a subsequence (still denoted by
2N
{tn}pen), We can assume that wu, — u strongly in LN (BRr) (since 0 < pu < 2sp) and there

2N
is a function d € L3N-# (BRr) such that |u,(z)l], |u(z)| < d(x) a.e. © € Bpg.
For n € N large enough we have

[ 1wel®ide < [ (C@lun)p +olunl =) 5 g7 s
Bgr Br
pfl

2N 2N 2Np \ P 2N
< Collell ™ + (2C(0)) (/B ’wn|2N_“> |<P|2§vp”
R

-p

2N

(39) < Cole| T,
where C' > 0 is some constant.

Set Dﬁn :={x € Br : |up(z) — u(x)| = 1}. So, we get

[ 10t = sl
D4

un

N

1 1 1 2N 2N
/ (OO ual ™+l + ol [ul ) P ol da
Du”

p—1

21%]1\7“ 2N 2Np P 2]%71\’“
< Collelly, ™ + C(2C(0)) 2V =r L, e el x

where C' > 0 is some constant. We observe that |D3n| — 0 in R as n — oo and then we can
deduce that there exists some constant C' > 0 such that

(40) /4 [(f () = F(u))p| N7 da < CUH@HQN "

Un

provided that n € N is sufficiently large.
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In addition, from u € X, it follows that
}{a: e RN : u(x)| > LH —0in RY as L — +oo.

Using the above fact and invoking (32) again, we can infer that there exists L := L(o) > 0
such that

2N
/ () = Fla))el 7T
(Br\Dg,, )N {z€RN:u(z)|>L}

_2N
S / [(C(@)(JunP™H + [ulP™h) + o (Jun " + [u]“ 1)) | N da
(BR\Dj,, )N {z€RN:|u(z)|>L}
2N N

S _2sp—p
< Coflelly " +C(C() # el [(Br\ Dy,) N {z € RY : |u(x)| > L}[#eN=

2N

(41) < Collelli™,

where C' > 0 is a constant. Additionally, we can deduce from the Dominated Convergence
Theorem that

2N
/ £ () = F@)| T4 da = 0,(1)
(BR\Dg, )n{z€RN|u(z)|<L}
for n € N large enough.
It follows that

2N

“2) |(f (un) — f(u))gp]%dgg < CJHSOH)??

/(BR\Dﬁn)ﬁ{EERN:IU(r)éL}
for some constant C' > 0.

Hence we deduce from (39), (40), (41) and (42) that there exists some constant C' > 0 such
that

(43) [ 1) = fwn) = el 5 do < Collol 7

for large enough n € N.
Putting together (38) and (43), we conclude that (28) holds true.

1 2N
On account of the fact that Tt F(u) € Lo (RY), for any 0 < o < 1 there exists

|z
R; := Ri(0) > 0 such that
2N g
i
dac) < 0.

</RN\BR1

Using the above all information and by a straightforward computation, for n € N large enough
we can conclude that

/RN <|ggl|u * FW)) fwy)pd
< /BRl ( L *F(u)> Flwn)p| do + /R o

[
2N—p

N 2N
<Gl [ 1o
Bg,
2N 3N 2N —p
M 2N 2N
+ / dx (/ \f(wn)cpPN—udm)
RN\Bg, RN

(44) < Cofellx.,

where C,, and C' are positive constants.

1

(i F@) Flane

[

L P
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Next, we prove the following relation:

/RN <|xl|u * F(wn)> f(w)pdz

for n € N sufficiently large.
Indeed, it is easy to check that, for any o € (0,1) and some Ry := R(c) > 0, there exists
some constant C' > 0 such that

(46) / |F<wn>|</B Wwdfﬂ>dy<00”¢”&,

|z — yl~

() ol)
(47) [P ( Lo dx> dy < Collgllx.

[z — y|~

(45) < Coflellx.

for n € N large enough.
To prove (45), now we need to estimate the following part:

~ . )o@,
= /IRN\BR2 |F( n)| (/BR2 |x - y|“ a ) .

To this end, we are divided into two parts for discussion.
() If f(u(z))p(z) =0 a.e. on Bg,, so, we have

®,, < Col|¢llx. for all o > 0 and for some constant C' > 0.

(%) If | {x € Br, : f(u(z))p(z) # 0} | > 0, that is,
/ | (u)p| %7 d > 0.
B,

In addition, we can easily derive that

6N 2

6N
/ |f(u)p|oN=rdx < C’ng”}i‘“ | Br,|¥—# for some constant C' > 0.
Br,

Let us define

T e

[f ()] ox "

LN (Bp,)
allellx

-~ _ 3 6 6N—pun
dy := and Ry := Ry + 0 #|Bpg,|N-rC 2N,

In the case (xx), we can apply the above relations, Theorem 4.3 of Lieb & Loss [38], the
Sobolev continuous embedding and the local compactness Sobolev embedding to infer that,
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for n € N sufficiently large,

VA PGy g
ta= [ 1w ( Lm0 dy) d
YA PG, 4,
- /BR2 i </RN\BR2+dU |z — y|# dy) !
[ i ( Lo Wdy) &
7llplx. Pl ),
) CU(U)M Y /BRQ i <~/RN\BR2+dg |z — y\%/3 d?/) !

LN (Bg,)

|[F'(wn(y))]
+ /BR2 |f(u)90| </BR2+dd\BR2 |$_y|“dy> dx

ollellx. [ECwa) Y
SO e o /BR2 |f (u)el (/RN P—ETE dy) d

S

L6N=1(Br,)
7
B, BRry+dy \BRy |z — |
Iy

<C 6N
\f(u)w\L%(B%) LN (Bry)

Faw)l,
*/BRZ e </B§2\BR2 o=yl dy>d

<Colollx, + | 1f (el LACTC) F pH
BR2 BEQ\BRQ ’33 y’M

(48) < Cofleollx.-

Thus, relations (46), (47), (48) and (*) imply that (45) holds true.
Finally, we point out that

/RN (\ﬂl?ll“ X F(un)> fun)pde — /RN (\ﬂl?ll“ % F(wn)> Flwp)pd

+ /RN <|;|M * (F(up) — F(wn))> f(wn)edx
[ () (Fla) = o

Then the above equality combined with (26), (27), (28), (44), (45), Theorem 4.3 of of Lieb &
Loss [38], the Holder inequality, the boundedness of the sequence {un}, .y C X and the fact
that |||l x. <1 yields that (f) is true. This proof is now complete. O

3. THE LIMIT PROBLEM

To the best of our knowledge, there is no result about the nonlinear fractional (p,q)-
Choquard problem. That is why we need to consider the following limit problem associated
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with problem (3):

(=A)pu + (=A)gu + Vo(luf~*u + ul"*u) = (;,M * F(U)) flu) nRY,

uwe WHP(RM) N WHIRY), u >0 in RY.

It is worth pointing out that we denote by Xy, the space X. when ¢ = 0. For all u € Xy,
we introduce the corresponding energy functional associated with problem (49) defined by

1 1 1

Ro(w) = (i, + Ll + Vo (Shup+ clult) 5 [ (o Fw) Pl

(49)

It is obvious that the functional Iy; is well-defined and belongs to C*, with its differential
given by

<I(/0(u)7 v) = (U, V)sp + (U, V)5 g +/ Vo (‘u‘p72u + ‘u|q72u) vdz
]RN

_ /R ) (yml\u *F(u)> F(u)vde,

for all u, v € Xy,. So, it is easy to check that all the solutions of problem (49) correspond to
critical points of the functional Iy;.
Next, we denote by My, the Nehari manifold associated with the functional Iy, that is,

My, == {u € Xy, \ {0} : (Iy, (w),u) =0} .

Moreover, we define ¢y, := inf Iy, (u).
UEMVO
Now, we define the following sets

X‘J}O = {u € Xy, : [supp (u")| >0} and S‘J}O =Sy, N X‘J}O,
where Sy is the unit sphere of Xy;. We point out that S‘J/FO is also an incomplete C''*'-manifold

of codimension one and contained in X‘Z . Hence, Xy, = Tu(S"J/r0 ) @Ru for each u € S;}O ,
where

TU(S‘J;O) = {v € Xyp : (U, v)sp + (U, 0)5g + /]RN Vo (JuP~2u + [ul?2u) vdz = 0} .

With arguments as in the proof of Lemma 2, we can deduce that the following property
holds true.

Lemma 11. Assume that (f1)—(fs) and (V1) are fulfilled, then we have the following properties:
(a) for all u € X+0, there exists a unique t,, > 0 such that t,u € My,. Furthermore,
my, (u) = tyu is the unique mazimum of Iy, (tu);
(b) there exists T > 0 independent of u such that t, > T for all u € S{fb. Moreover, for
each compact set W C S;}O, there exists a constant Cyy > 0 such that t, < Cyy for all
u € W,
(c) the mapping 1y, : X‘J/rO — My, is continuous and my, 1= my, |S$0 is a homeomorphism

between S‘J/“O and My, and the inverse of my, is given by m‘jol (u) := u/HuHXVO;

(d) ey = i/r\l/f Iy, (u) > 0 and Iy, is bounded below on My, by some positive constant,
ue Vo

(e) let 0 < p < sp andv < (N — p)q/(N — sq). If there exists a sequence {un},cy C S‘J}O
such that dist (u,,0ST) — 0 asn — oo, then [[mvg (un) | xy, — 400 and Je(me(un)) —
+00 as n — oo;

(f) Iy, is coercive on My;.

Now, let us define the mappings

UAJVO:X‘J/FO — R and ¢VOZS\J;0 — R
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P - A + R
by on (u) = IVO (mvo (u)) for all u € XVo and 1/){/0 = ¢VO|S‘-‘/-O.

Lemma 12. Assume that (f1)—(f1) and (V1) hold true. Then,
- - [l ()| x

() ¥y, € CHXGR) and (Y (u),v) = — 2
v € XVO;

(b) vy, € Cl(S‘J,“O,R) and (w{,o(u),w = Hmvo(u)HXVO <I{/0(mvo (u)),v) for all u € SJFO, all
vE Tu(S%%

(¢) if {un}nen is a Palais-Smale sequence for 1y, then {my,(un)}nen is a Palais-Smale
sequence for Iy,. If {up}tneny C My, is bounded Palais-Smale sequence for Iy, then
{m‘_,o1 (tn) tnen C S{ﬁo is a Palais-Smale sequence for iy ;

(Iy, (Mg (w)), v) for all u e X‘J/FO, all
[l v,

(d) u e S{‘,‘O is a critical point of Yy, if and only if my,(u) € My, is a critical point of
Iyv,,. Moreover, the corresponding critical values coincide and

inf Yy (u)= inf Iy (u) = cy,.
B ) = 4 T = e

Remark 3. The following variational characterization for cy, is fulfilled:

ey = ue%f% Iy, (u) = uir)l(ﬁ max Iy, (tu) = g;% max Ty (fu).
0

Lemma 13. Assume that {u,},cy C X, is a Palais-Smale sequence of the functional Iy,
at the level cy,. Then the sequence {“n}neN C Xy, s bounded and there exist a sequence

{Yn},en C RY and some constants R, o > 0 such that

n—oo

liminf/ |un|Tdz > .
Br(yn)

Proof. Arguing as in Lemma 5, it is obvious to see that {u,}, .y C Xy, is bounded. Now,
arguing by contradiction suppose that for any R > 0 the following relation

lim sup / |up|?dz =0

"0 yeRN J Br(y)
holds true. Then, using Lemma 2.2 in Alves, Ambrosio & Isernia [1], we know that for all
r € (p.q5)
(50) U, — 0 in L"(RY) as n — oo.

So, we deduce from Theorem 4.3 of Lieb & Loss [38], hypotheses (f1)—(f2), the boundedness
of the sequence {uy,}, .y C Xy, and (50) that

) 1
nll_}n;o o <|$|“ * F(un)) fup)upde = 0.

Moreover, by the boundedness of the sequence {un},cy C Xv;, we see that (Ii; (un), tn) =
on(1) as n — oo, that is,

1
[unl?, + [un]?, + Vo (!unlg + !unlg) — /N (\x!“ * F(un)) f(up)updx + 0,(1) as n — 0.
R
This implies that [[un||x,, = 0n(1) as n — co. We get a contradiction since Iy, (un) — ¢y, >0
in R as n — oco. The proof is now complete. [l
Theorem 14. Problem (49) has a positive ground state solution.

Proof. We deduce from a variant of the Mountain Pass Theorem without the Palais-Smale
condition that there is a Palais-Smale sequence {uy}, .y C Xy of the functional Iy, at the
level cy,. As in the proof of Lemma 5, we can conclude that the sequence {uy}, .y C Xy is
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bounded. Then we are able to deduce from Lemma 13 that there exist a sequence {y,}, cn C
R and some constants R,a>0

liminf/ |up|?dz > a.
Br(yn)

n—oo

Set vy () := up(z + yp). Then we have

/ |vp|%dx > 2_
Br(0) 2

It is easy to check that Iy, (v,) — cyp in R and Iy, (v,) = 0 in Xy,* as n — oo. Clearly, the
sequence {vp}, .y C Xy is also bounded. Thus, we may suppose that there exists 0 # v € Xy

such that v, — v (up to a subsequence) in Xy, as n — oco. Moreover, arguing as in Lemma
7, we have Iy, (v) = 0. Due to v # 0, we can derive that v € My, and so Iy, (v) > ¢y,. On
the other hand, from hypothesis (f3) and Fatou’s Lemma we deduce that

R (0) = T (0) = £ (g (0)0) < timint (T, 00) = 2B (0], 00) ) = e

n—oo

So, we obtain Iy, (v) = cy,.
We can also show that this ground state solution v is positive. Set v~ := min {v, 0}, then
v~ € Xy;. Recalling that f(t) = 0 for ¢ < 0 and using (Ij; (v),v™) = 0, we obtain

[0~ 1% + 107 1174 < O

This leads to v~ = 0 and so v > 0 on RY. Thus v > 0 and v # 0. Similar to the proof
of Lemma 21, we see that v € L®(RY). In addition, from Corollary 2.1 in Ambrosio &
Ridulescu [11] it follows that v € C(R™) for some o € (0,1). Now, it follows from the proof
of Theorem 1.1-(44) in Jarohs [33] that v > 0 on RY. This ends the proof. O

Next, we introduce a compactness result for the autonomous problem, which will be very
useful in the sequel.

Lemma 15. Let 0 < pu < sp and v < (N — p)q/(N — sq). Assume that {u,}, .y C My, is a
sequence satisfying Iv, (un) — cy, in R as n — oo, then the sequence {un(- + Yn)}pen € Xvp
possesses a convergent subsequence for some sequence {yn},cny C RY.

Proof. On account of the fact that {u,}, .y C My, and Iy, (u,) — ¢y, in R as n — oo,
Lemma 11-(c), Lemma 12-(d) and the definition of ¢y, imply that

Wy, 1= m‘_/ol(un) € S{ﬁo foralln € N

and

Yy (wp) = Ty (upn) = ey, = inf Py, (w) in R as n — oo.

wES‘J;O

Now, we introduce the following map
T(u) = Py, () ifue S‘J}O,
+00 ifue 85{%.
It is worth to pointing out that the following essential facts:
(1) (STJEO, dv,), where oy, (u,v) = |lu — v| x,,, is a complete metric space;

(ii) Z € C(Sy,, R U {+00}), by Lemma 11-(e);
(iii) Z is bounded below, by Lemma 12-(d).
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We deduce from the Ekeland variational principle (see Ekeland [28]) that there exists a
Palais-Smale sequence {y},,cny C S{ﬁo of the functional 1y, at the level ¢y, such that ||w, —
wnHXvO = op(1) as n — oo, that is, Yy, (w,) — ¢y, in R and @b{/o(tbn) — 0in Twn(S‘J}O)* as
n — o0o. Therefore, from Lemma 12-(c) it follows that the sequence {my;(wn)},cn € My, is
Palais-Smale sequence of the functional Iy, at the level c¢y;,. Then, we can conclude that the
sequence {my;,(wWn)}, ey C Xy is bounded Palais-Smale sequence at the level cy;. Now, let

U, := My, (). According to Theorem 14, we see that there exist a sequence {yy,}, cy C RY
and 0 # 0 € Xy, such that

= (- +yn) = O in Xy, as n — oo,
(51) Iy (0n) = ey + 0n(1), I (0n) = 0n(1) as n — 0o,

Set vy, := 0, — 0. Applying Lemma 10, the Hélder inequality and (51), we can deduce that
Iy, (Un) = 0n(1)  and Iy, (Un) = on(1) as n — oo.

Consequently, v, — 0 in Xy, as n — oo, that is, v, — 0 in Xy, as n — oco. From Lemma
11-(c) and (51), we infer that w,(- + y,) — ¥ € My, as n — oo. So, we now complete the
proof. O

4. THE BARYCENTER MAP

Next, we need to establish a relationship between the topology of M and the number of
positive solutions for problem (9). To this end, we first choose d > 0 such that

(52) Mj = {z e RN : dist (v, M) <5} C A

and take n € C°°([0, +00), [0, 1]) non-increasing satisfying n(t) = 1 for ¢ € (0,6/2), n(t) =0
for t € [6,+00) and |n/(t)] < C for some constant C' > 0.

Let w be a positive ground state solution to the autonomous problem (49). For any y € M
we define the following function

., () = nller — y)w (5966— y)

with the unique number t. > 0 satisfying

max Js(t‘llg,y) = Ja(tg\lja,y)7

>0
and let us consider the mapping ®. : M — N. defined by
O (y) ==tV .
Lemma 16. The mapping ®. verifies the following property:

hn}) Jo(Po(y)) = ey, uniformly iny € M.
E—>

Proof. Arguing by contradiction, we may assume that there exist dg > 0, {yn},cy € M and
en — 0in R as n — oo such that

(53) | e, (Pe, (yn)) — cviy| = do.

We first note that for each n € N and for all z € B , e,2 € Bs, hence €,z + y, € Bs(yn) C
Ms C A. -
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Applying the change of variable z = (e,z — yn)/e, and recalling that G = F in A and
n(t) =0 for ¢t > ¢, we have

7 td q
Je (P, (yn)) = — D ”\IIEnynHVEn,p 7”@%,%”%,1,(1

1 1
— 2/ <|$|“ * G(ep, tsn\lfgmyn)> Glenw,te, Ve, y,)dx
tgn p p
= —{[en - Nwls, + [ Vienz +yn)(n(lenz)w(2))Pdz
p RN

q

* taqn <[77(|5n : |)w]g,q + /RN V(gnz + yn)(n(|5nz|)w(z))qdz>

1

(54) =5 [ (G * Fltanlenshoe)) ) Flteunllenshio)i

Next, we prove that the sequence {tc, },n C R verifies £, — 1 in R as n — oco. Using the
definition of t.,, we see that t. U, . € N, that is,

tp qH\I/é‘nﬂl/an + H\Ilen,yn”qsng
1 f(t€n \IIEnvyn)\Ij€nayn
= / (W * F(tén \Ij&‘nvyn)) tqfl dx
(on account of the fact that g = f, G = F on A)

(55) = / <|Zl‘u « F(te,n (\enz|)w(z))> f(tanﬁﬂgnz‘)b:g(zz)77(|5n2|)w(2)d

n

zZ.

Taking into account n(|z|) = 1 for x € B5 and Ba C Bs for n € N large enough, we
deduce from (55) that

F(t ft
tp q”\I/6n7ynH‘/an7p + H\Ilgn’ynHt‘I/En7q / / an ( En ( )) (Z) dxdz'
B
2

€n

IZ — x|

On the other hand, w is a continuous and positive function in RY, so there exists z € RY
such that

Thus, we deduce from hypothesis (f;) that

w(z)4.

(te,w(2)"
According to the Dominated Convergence Theorem and Lemma 2.2 in Ambrosio [7], we
can deduce that

(56) e+ el o > 07| Bs

(57) e yullve, .t = ll@livoe € (0, +00) in R asn — oo for t € {p,q}

and
1 1 .
(58) / — x F(U, ) | F(¥e, 4,)dz — —— % F(w) | F(w)dx in R as n — oo.
RN\ |z|# ’ ’ RN \|2|#
Therefore, if t., — 400, we can conclude that the left-hand side of (56) satisfies the following
property:

(59) (Gl N A 2 0 ¥ A

lim
n—oo
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since ¢ > p. On the other hand, we deduce from hypothesis (f3) that

(60) lim F(t.,w(z)) — lim f(te,w(Z)) = +o0.

e (te,w(2)2 M (te,w(2))2
From (56), (59) and (60) we get a contradiction. Then, we pass to a subsequence and assume
that there exists ¢¢ such that ¢t., — to > 0. In addition, applying (55), (57) and combining
with (f1)—(f2), we deduce that to > 0.
In (55) we pass to the limit as n — oo, then we can use (57) and the Dominated Convergence
Theorem to infer that

_ 1 f(tow)
(61) ol + ol = [ (o P pl
Due to w € My, we derive that
1 f@)
62 p d :/ — % F dz.
(62) ol + Vol = [, (@) G

f(t)

F(t
From the fact that the functions # and “7— are increasing for ¢ > 0, together with (61)
2

t t2—
and (62), it follows that ¢y = 1.
In (54) we pass to the limit as n — oo, together with (58), we have

’I}L)HOlO Jan ((Dan (yn)) = IVO (OJ) = CVO .
This is a contradiction, since (53). So, we complete the proof of the lemma. O

Let us consider the function h : Rt +— RT such that h(e) := sup |J-(P-(y)) — cy,| for all
yeM
e > 0. Then, we define the following subset of N:
Ne i ={ueN:: J:(u) < ey, +h(e)}.

From Lemma 16 it follows that h(e) — 0 as e — 0. Additionally, we deduce from the definition
of h that ®.(y) € N; for any y € M and £ > 0, and so N # 0.

For any ¢ > 0 given by (52), let us choose p := p(d) > 0 such that Ms C B,. Then we
introduce the map ¢ : RY — RY defined by

x if |z| < p,
((z) =4 pT if 2] > p
|z|

Now, we introduce the following barycenter map B. : Nz — RY defined by

S e (b + [l do
() o= S e )

for all u € M.
Then from the above information we can give the following lemma.
Lemma 17. The function B- has the following property:
lin% B:(®(y)) =y unformly iny € M.
E—

Proof. Arguing by contradiction assume that there exist 69 > 0, {yn},eny € M and £, — 0 in
R as n — oo such that

(63) |ﬁ8n((p8n (yn)) - yn| = 50'

Employing the definitions of ®., , (-, ¢ and using the change of variable z = (e, — yy,)/en,
we can conclude that

Bo (e (42)) = g + Jrv (€(enz + yn) — yn) (In(enzw(2) P + [n(lenz))w(2)|7) dz

Jew (IN(lenzDw(2)[P + In(lenzl)w(2)|7) dz
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On account of {yn}, ey € M C M;, combining the Dominated Convergence Theorem we can
derive that

n—oo
which contradicts relation (63). This proof is now complete. O

Lemma 18. Let 0 < p < sp and v < (N — p)q/(N — sq). Assume that the sequences
{entnen C R and {un},cy C N, satisfy e, — 0 in R and Je, (uy) — cy, in R asn — oo, then
there is a sequence {Jn},cxy C RY such that the sequence {tin(x) = tun(z + Jn) },en admits a

subsequence which converges in Xy;. Furthermore, the sequence {yn = €n¥in}pen C RY has a
subsequence {Yn},cn (still denoted by itself) such that y, — yo € M as n — oo.

Proof. 1t is easy to verify that {un}, .y C Xy, is bounded. Then, using Lemma 13, we know
that there exist a sequence {fn},cn C RY and some constants R, a > 0 such that

liminf/ |un|Tdz > .
Br(9n)

n—oo

Let tp(z) := up(x + §n). Consequently, {in},y C Xy, is bounded, and so passing to a

subsequence we can suppose that there exists some 0 # @ € Xy such that 4, 2 4in Xy, as
n — oo. Let ¢, > 0 be such that 0,, := t,4,, € My, and let y,, := €,9,. Thus, we deduce that

cvy < Iy, (0,) (from the definition of cy;)

1. 1. 1, 1,
<Slnlty 4 Sl + [ View o) (Sfou + Llonlt) da
! / L s F(on)) Fon)d
- = —— x F(D U )dx
2 Jry \ |z|H " "
174 » td ‘ £ » td .
< E[un]s,p + E[un]s,q + - V(enw) E’un’ + E’un’ dx

s <1 . G<5x,tnun>> Glew, ta)de (by (2))

2 |[#
= J., (tauy) < Je, (uy) (since u, € NZ,)

= ¢y, +on(l) as n — oo.

This implies that Iy, (0,) — ¢y, in R as n — oo and 0, € My,. Clearly, the sequence
{On},en © Xy is bounded. Therefore, up to a subsequence if necessary, still denoted by

itself, we may assume that there exists v € Xy, such that 7, 2 b in Xy, asn — oo. It
is easy to see that the sequence {tn}neN C R is bounded and it holds that t, — tg > 0 as
n — oo. Indeed, ty > 0. Otherwise, ty = 0, so, we infer from the boundedness of the sequence
{On}nen C X that [|0n]lx,, = tallinllx,, — 0in R as n — oo, and so Iy, (9,) — 0 in R as
n — oo, but this is impossible, since ¢y, > 0. Thus, tg > 0. We deduce from the uniqueness
of the weak limit that © = gt and @ # 0. Then, from Lemma 15 it follows that

(64) U, — 0 in Xy, as n — o0,

and so U, — @ in Xy, as n — 0o. Moreover, Iy, (0) = cy, and (Iy; (0),9) = 0.

Next, we shall prove that the sequence {yn}, cny C RY has a subsequence, still denoted by
itself, such that y, — yo € M as n — oco. We first show the boundedness of the sequence
{Yntnen C RYN. Otherwise, the sequence {Wntnen C RY is not bounded. So, we may assume
that there exists a subsequence, still denoted by itself, such that |y,| — 400 in R as n — oo.
Then, we choose R > 0 large enough such that A C Br and we may suppose that |y,| > 2R
for n € N sufficiently large, and so for all x € Bg/.,, we have

len® + yn| = |yn| — lenz| > R.
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On account of the facts that u, € N, and J;, (u,) — cy, in R as n — oo, thus, for n € N
large enough, we have that u, € . Consequently, from Lemma 6 it follows that

1
o, ¥ G(Enxa un)

K
B < — for n € N large enough.
x

Loo(RN)

Therefore, for n € N large enough we obtain

Hu””@o,p + HunH(\]/o,q < E /RN g(enx + ynaun)u’ndﬂj
K
< -

2 BR/En

< E E(

2

~ K
2 Bf?,/sn

K R
BR/En R/en

(on account of the fact that f (i )iy, < % (|@nl? + |0n|?) on Bg/e, )

Recalling that 4, — @ in Xy, as n — oo and using the Dominated Convergence Theorem
we obtain
f(Un)tpdr = 0p(1) as n — oo.

BIC%/En

So, we have

1 ~ N
5 (Nl + nlt, ) < on(1) as = oo.

Using @, — @ # 0 in Xy as n — 0o again, we see that this is a contradiction.

Now we get the boundedness of the sequence {yy }, oy C RYN. Passing to a subsequence (still
denoted by {yn},cy), We may assume that there exists yo € RY such that y, — yo € A as
n — oco. In fact, if yo & A, then we can find some constant > 0 such that y, € B, 5(y0) C A°

Arguing as before, we can reach a contradiction. So, yo € A.

It remains to show that V(yp) = Vp. Arguing by contradiction again we may assume that
V(yo) > Vp. From (64), together with Fatou’s Lemma and the invariance of R by translations
it follows that

vy = Ty (9)

1 1 1 1
< lim inf 7[’[)71]}37}7 + 7[®n]gq + / V(Enx + yn) <,[)n’p + ‘@nq> dx
Toq ’ RN P q

_ % /RN (;W . F(ﬁn)) F(@n)daz>

< liminf J. (thuy,) < liminf J;, (u,) = cy,.
This is impossible. So, from hypothesis (V2) it follows that yo € M. This proof is now
complete. O

Lemma 19. For any § > 0, we have

lim sup dist (Bz(u), Ms) = 0.
e—0 UGNE

Proof. Let €, — 0 in R as n — oo, then we can find a sequence {uy}, oy C /\75” such that

S inf Up) —y| = inf Up) — Y|l +o,(1) as n — oo.
uel}}:nyle%wa"( n) =Yl yleMélﬁen( n) — Yyl + on(1)

Noting that {un},cy C N, C N.,, we infer that
Cvy < Ce,, < Jen (un) < cy, + h(En)
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and so
nh_?go Je, (un) = cyp.-

Then, we deduce from Lemma 18 that for n € N large enough there exists some sequence
{On}pen C RY such that y, = £,0n € M. So, we have
fRN (C(enz + Yn) — yn) (un(z + ) [P + |un(z + 9n)|?) dz

fRN (|un(z + Gn) P + |un(z + 9n)|7) dz
Taking into account the facts that {dn(- + Jin)},eny € Xy, has a convergent subsequence and
EnZ 4+ Yn — Yo € M as n — oo, we derive that 5., (un) = yn + 0p(1) in RY as n — oo. So,
there exists a sequence {y, },cy C M; such that

lim |5, (un) = ya| = 0.

n—oo

/Ban (un) =Yn +

This ends the proof of the lemma. (Il

5. MULTIPLE SOLUTIONS FOR PROBLEM (9)

In this section we shall establish a relationship between the topology of M and the number
of solutions for problem (9). Since N is not a C! submanifold of the space X., we cannot
use directly the standard Ljusternik-Schnirelmann theory, but we can bypass this difficulty
by applying the abstract results in Szulkin & Weth [56].

Theorem 20. Let 0 < p < sp and v < (N — u)q/(N — sq). Assume that (f1)—(f1) and
(V1)—(Va) are fulfilled, then for any 6 > 0 satisfying Ms C A, there exists €5 > 0 such that for
any € € (0,é5) problem (9) possesses at least catpr; (M) positive solutions.

Proof. For any fixed ¢ > 0 we introduce the mapping a. : M + S defined by
ae(y) == m- (B (y)) for all y € M.
Consequently, we deduce from Lemma 16 that

(65) lim ¢-(ae(y)) = lim Je(P:(y)) = ¢y, uniformly in y € M.
e—0 e—0

Let us introduce the following function
h'(e) »= sup |ve(ac(y)) — ey -
yeM
According to (65), we see that h'(¢) — 0 in R as ¢ — 0. Also, we define the following set:

SHi={we St y(w) ey, +H ()}

Clearly, for all y € M and & > 0, ¥.(a-(y)) € ST, and so ST # 0.
From Lemma 16, Lemma 2-(c), Lemma 19 and Lemma 17 it follows that there exists
€ = €5 > 0 such that the following diagram is well-defined:

—1

M 25 & (M) P a.(M) 275 &.(M) 25 M for any « € (0,
Using Lemma 17 and decreasing € if necessary, for all y € M we have [, (P,
where |I(,y)| < 0/2 uniformly in y € M and for all ¢ € (0,¢). Hence, H
t)l(e,y) for (t,y) € [0,1] x M is homotopy between [, o &, = (S o m.) (
inclusion map id : M +— Mjy. This means that
(66) cato (nyae(M) = catprs (M).

Additionally, let us choose a function h’(¢) > 0 such that h'(¢) — 0 in R as € — 0 and such
that cy, + h'(e) is not a critical level for the functional J.. Using Corollary 9 and Theorem 27
in Szulkin & Weth [56], for € > 0 sufficiently small we can deduce that 1. possesses at least
cat o, (nryae(M) critical points on S’j So, Lemma 3 and (66) imply that the functional J. has

y) =y+(1-

£).
W) =y+ie ),
(t,
mZt o E) and the

at least catpr, (M) critical points in N-. This proof is now complete. O
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6. PROOF OF THEOREM 1

The main idea is to show that the solutions obtained in Theorem 20 verify the following
estimate:

for € > 0 sufficiently small, u.(z) < a for all x € AL.
Then we can deduce from this fact that these solutions are indeed solutions of the original
problem (3). To this end, we shall treat the regularity of nonnegative solutions to problem
(9). More precisely, we first establish the following result inspired by Moser [48] and Ambrosio
& Radulescu [11].

Lemma 21. Let 0 < p < sp and v < (N — pu)q/(N — sq) and let ¢, — 0 in R as n — oo and
u, € Nz, be a solution to problem (9). Then, J., (un) — cy, in R as n — oo, and there exists
a sequence {n},cy C RY such that i, (-) := un(- + 9n) € L¥(RY) and |t |peomry < C for
all n € N, for some constant C' > 0. Furthermore,

(67) Un(z) — 0 as |z| — 400 uniformly in n € N.

Proof. On account of the fact that u, € /\Afen, arguing as in the proof of Lemma 19, we see that
Je, (un) = ¢y, in R as n — oo. Then, from Lemma 18 it follows that there exists a sequence

{On}nen C RY such that @, (") := un(- + Gn) — (-) € Xy, and yp := enln — Yo € M as
n — oo. For any L > 0 and 8 > 1 we introduce the function
Y(in) = 0,000 € X.,, where @y, = min {@y,, L}

Taking (i, ) as test function, we have

[ /Iw/—wMNP%M@—%@MM%@D—M%@DM@
RN JRN

|z — y|N+sp

b [ Ninle) i) i ) = Ui,
RN JRN

|z — y|N+sa

+ / V(en® + yn) [ n|P 20000 (G ) d + / V(en® + yn) | tin| T 201 () de
RN RN

- / (|x1’ * G(en® + Yn, Un)) 9(En + Yn, ) (i ) dzz.

Additionally, applying the boundedness of the sequence {iy}, .y C Xc, and arguing as in the
proof of Lemma 6, we can deduce that there exists Cy > 0 such that

< Co.
Lo (RN)
According to the hypotheses on g, we see that for any ¢ > 0 there exists C; > 0 such that
lg(z,t)] < olt|P~L + C,|t|% ! for all (z,t) € RY x R.
Choosing o € (0, V,/Cp), together with the above inequalities, we can infer that

[ [ Ninl) = im0 5) i) = U0 g,
RN JRN

|z — y|N+sp

1
—— % G(enT + Yn, Up)

sup |[L“

neN

/‘/ i ()1 i () — () () — ()
RN JRN

|z — y|N+sq
< c/ @
]RN

for some constant C' > 0.
Let us define the following functions

Q(ﬁ l)d

s

p(t) =~

. and Y () ::/O (' (7)) adr.
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We first observe that 1 is an increasing function, hence

(69) (a—0b)(¥(a) —¢(b)) 20 foralla, beR.
Then we can infer from (69) and the Jensen inequality that
(70) ¢/ (a—b)((a) = ¥(b)) > |T(a) = T(B)|" for all a, beR.

We also point out that
1 _
(71) T(an) > Bunﬂg L

So, putting together with (68), (69), (70) and (71) and using the Sobolev embedding, we infer
that there exists some constant C' > 0 such that

(72) { Ag Cﬂq/ uqSuq(B .
b RN

*

Choose g = 9 and let R > 0 large enough. Combining 4, — @ in Xy, as n — oo with the

Holder inequality, we can conclude that there exists some constant C' > 0 such that

a4

9 *
ai—q s a at—q\ % @
~ N - * ~ * ~ ~ -
/ U, | dz < Cpe / R%7qls dx + Ce / Up,, | dx .
RN ’ RN RN ’

Then, we choose a fixed € € (0,1/C) and infer that

.
at—q q; a3
/ (anan; ) dr | <Cpe / R%™99%: dx < +o0.
RN '

In the above inequality we pass to the limit as L — 400 and we obtain 4, € L q (RN ).
Thanks to 0 < Uy, 1, < Uy, then in (72) we pass to the limit as L — 400 and we have

nlfy, < 08t [ a0

This means that

1
([ aaas) ™ < evmpyr ([ agrovan)
RN RN

For 1 < m €N, let us define

* % q
4 + q(ﬁm+1 - 1) = qus and 61 = ES

It follows that
Bmy1 =P (B —1) +1
and so

lim B, = +oo.
m—r0o0

1
N * q?(ﬁm—l)
Ty = </ ugmqé‘d:z:> .
RN

1
Tm+1 g (Cl/qﬁm—&—l) Pm+1-1 Tm

Consequently, using a standard iteration argument we have

Let us define

Then, we have

Trt1 < H C /qﬂkH 5k+1 Ty < CTy, where C is indpendent of m.
k=1
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In the above inequality we pass to the limit as m — oo and then we infer that [iy,| e @rny < C
uniformly in n € N.
Next, let us define

e o 1 . .
K = =V (enz + yn) (“ﬁ 1 al 1) + < * Genz + yn,un)> 9(EnT + Yn, Un).

||+

We point out that u, satisfies the following equation:

(=A)pin + (—=A);

Gp = Ky in RY.

From the growth hypotheses on g, Corollary 2.1 in Ambrosio & Radulescu [11], @, — @ in
Xy, as n — oo and the uniformly boundedness of the sequence {iy}, .y in L®(RY) N Xy,
we can conclude that @, (z) — 0 in R as |z| — +oo uniformly with respect to n € N. This

ends the proof of the lemma. (Il

Proof of Theorem 1 completed. We first choose § > 0 small enough such that Ms C 1}
Then, we claim that there exists £5 > 0 such that for any € € (0,&5) and any solution u. € N
of problem (9), we have

(73) |'Uz5|Loo(Ag) < a.

Otherwise, we may assume that there exists a subsequence {e,}, .y C R such that €, — 0 as
n — 00, ue, € Nz, such that J! (ue,) =0 and

(74) |te, Lo (ac ) = @

But we see that J;, (us,) — ¢y, in R as n — oo. Thus, from Lemma 18 it follows that
there exists a sequence {J,},cn C RY such that @,(-) := ue, (- + ) — @(-) in Xy, and
Enln — Yo € M as n — oo.

Next, we choose r > 0 such that B,(yo) C Ba,(yo) C A, and so Br. P ¢ A., . Further-

&n gn

more, for n large enough we can deduce that A C B% (g,). In addition, from (67), we see
that 4,(z) — 0 as |x| — 400 uniformly in n € N Therefore we can find R > 0 such that
Un(z) < a for any |z| > R, n € N. Consequently, u.,(z) < a for any x € Bi(yn), n € N.
Moreover, for n € N sufficiently large, we know that

Thus, we infer that u.,(r) < a for any z € AZ and for all n € N large enough, which
contradicts relation (74).

Fix e € (0,¢e5), where e5 := min{és, £5}. From Theorem 20, we can see that problem (9) has
at least catpr, (M) nontrivial solutions. Now, we use u. to denote one of these solutions, and
0 uz € No. Then, using (73) and recalling that the definitions of g and G, we can also infer
that . is a solution of problem (3). So, problem (3) possesses at least catjs, (M) nontrivial
solutions.

Finally, we establish the behavior of the maximum points of solutions to problem (3). Let
us choose €, — 0 and consider a sequence {u,}, .y C X, of solutions for problem (3) as
before. From (g;) it follows that there exists a positive constant ¢ < a such that

%
(75) glex, t)t < ?0 (t? 4 19) for any x € RN, t € [0,4].
Since uy, € N, and Jg, (u,) — cy, in R as n — oco. Then, for n € N sufficiently large, we
have that u,, € B. Consequently, from Lemma 6 it follows that
1

K
(76) —— x G(epx,up) < — for n € N large enough.
K 2
|z| Loo(RN)
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Arguing as before, there exists R > 0 such that
(77) |Un|Loo(Bg, () < ¢
Furthermore, up to a subsequence, we may assume that
(78) |tn| oo (Br(gn)) = b

Otherwise, if relation (78) does not hold, we deduce from (77) that [un|pee@ny < ¢. Using
upn, € N, again and (75)—(76), we have

1
ol Vil o < [ (o Genton)) e

||
o
< 5 (lun|P + |up|?) dz for all n € N large enough.
RN
This implies that [juy[|x., = 0 for all n € N sufficiently large, which is a contradiction.

Consequently, relation (78) holds true. On account of (77) and (78), we can infer that if p,
is a global maximum point of u,, and p,, = 9y, + ¢, for some ¢, € Br. So, €,pn — yo € M as
n — oo, then using the continuity of the potential V' we see that V(e,p,) = V(yo) = Vo in R
as n — oo. This proof is now complete. O
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