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In this paper, we consider blow-up of solutions to the Cauchy problem for the
following fractional Nonlinear Schrédinger Equation (NLS),

i0u = (—A)°u — [u/*’u inR xRV,

where N >2,1/2<s<1,and 0 < 0 < 2s/(N — 2s). In the mass critical and
supercritical cases, we establish a criterion for blow-up of solutions to the problem
for cylindrically symmetric data. The results extend the known ones with respect to
blow-up of solutions to the problem for radially symmetric data.
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1. Introduction

In this paper, we are concerned with blow-up of cylindrically symmetric solutions
to the following fractional NLS,
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2 T. Gou, V. D. Radulescu and Z. Zhang
{i@tu = (—A)u — |u[*u,

u(0) = ug € H*(RY), (1)
where N > 2, 1/2 < s < 1,and 0 < ¢ < 25/(N — 2s). The fractional Laplacian
(—A)*® is characterized as F((—A)*u)(€) = [£[*F(u)(€) for ¢ € RN, where F
denotes the Fourier transform. Eq. (1.1) was introduced by Laskin in [18, 19]
and can be seen as a canonical model for a nonlocal dispersive Partial Differential
Equation (PDE) with focusing nonlinearity. Evolution equations with nonlocal dis-
persion as (1.1) naturally arise in various physical settings, such as in the continuum
limit of discrete models with long-range interactions [17] and in the description of
Boson stars, as well as in water wave dynamics [4, 9, 20].

When s=1, the early study of the existence of finite time blow-up solutions
to (1.1) for initial data with finite variance is due to Glassey in [13]. The result was
later extended by Ogawa and Tsutsumi in [22] and Holmer and Roudenko in [15]
to radially symmetric initial data with infinite variance. While 0 < s < 1, despite
that (1.1) bears a strong resemblance to the classical NLS, the existence of blow-up
solutions to (1.1) was open for a long time until the work of Boulenger et al. [3]. In
[3], they proved a general criterion for blow-up of solutions to (1.1) with radially
symmetric data. Nevertheless, the consideration of blow-up solutions to (1.1) with
non-radially symmetric data left open so far. Inspired by the aforementioned works,
the first aim of the present paper is to investigate blow-up of solutions to (1.1) with
initial data belonging to %y defined by

XN = {u e HS(RN) : U(yaxN) = u(|y|’xN)’xNu € L2(RN)}’

where 7 = (y,zy) € RN and y = (71,...,25_1) € RV~ We derive the existence
of finite time blowing-up of solutions to (1.1) with initial data belonging to Xn
in the mass supercritical case o > 2s/N, see theorem 1.1. The second aim of the
paper is to establish blow-up of solutions to (1.1) with initial data belonging to 3
defined by

S = {ue H'®Y) : uly,an) = u(lyl,ox)} -

We obtain the existence of finite time blow-up of solutions to (1.1) with initial data
belonging to X for o > 2s/(N — 1), see theorem 1.3. It is worth quoting [1, 2, 7, 8,
10, 14], where blow-up of cylindrically symmetric solutions to the local NLS with
initial data in X was considered. The latter papers can be regarded as extensions
of the ones in the seminal work due to Martel [21]. Since the problem under our
consideration is nonlocal, the essential arguments we adapt here are greatly different
from the ones used to deal with the local NLS.

Let us now mention the work of Hong and Sire [16], where the local well-
posedness of solutions to (1.1) in H*(R") was investigated. Problem (1.1) satisfies
the conservation of the mass and the energy given respectively by

Mu) :z/ lu|? de,
RN

1
E P—— A s/2,.12 _ / 2042 )
] 2/RNI( R dn o [P s
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Blow-up of cylindrically symmetric solutions 3

For further clarifications, we shall fix some notations. Let us define

N s
Se 1= 5~
We refer to the cases s. < 0, s, = 0, and s. > 0 as mass subcritical, critical, and
supercritical, respectively. The end case s. = s is energy critical. Note that the cases
s¢ = 0 and s. = s correspond to the exponents 0 = 2s/N and o = 2s/(N — 2s),
respectively. For 1 < p < oo and N > 1, we denote by L4(RY) the usual Lebesgue
space with the norm

1

p
fulli= ([l de) ", << o0 ful = ess sl
RN N

z€R

The Sobolev space H*(R") is equipped with the standard norm
ull == [[(=2)*"2ulls + [|ul]>-

In addition, we denote by Q@ € H*(RY) the ground state to the following fractional
nonlinear elliptic equation,

(-AQ+Q—|Q*Q=0 inR"Y. (1.2)

The uniqueness of ground states was recently revealed in [11, 12]. Throughout the
paper, we shall write X <Y to denote that X < CY for some irrelevant constant
C>0.

The main results of the present paper read as follows and they provide blow-up
criteria for solutions of problem (1.1) with cylindrically symmetric data.

THEOREM 1.1. (Blow-up for Mass-Supercritical Case) Let N > 3, 1/2 < s < 1,
and 0 < s, < s with 0 < o < s. Suppose that ug € Xy satisfies that either Elug] < 0
or Elug] > 0 and

o] Muo]' ™ < E[QI MIQI" ™ (13)

(=22 uo|3 uol3 7 > II(=A)* QI (1QNI5 (1.4)

Then the solution u € C([0, Tyaz), H*(RN)) to (1.1) with initial datum vy blows
up n finite time, i.e. 0 < Typar < 400.

REMARK 1.1. When s, = s, by [3, Appendix B], then Q ¢ L*RY). In this
situation, the conditions (1.3) and (1.4) become the following ones,

Eluo] < E[Q),  [[(=2)"?ugll2 > [(=2)**Q] 2.

THEOREM 1.2. (Blow-up for Mass-Critical Case) Let N > 3, 1/2 < s < 1, and
se = 0. Suppose that ug € Xy satisfies that Elug] < 0. Then the solution u €
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C([0, Trnaz), HS(RN)) to (1.1) either blows up in finite time, i.e.Tmar < +00 or
blows up in infinite time, i.e.Tpae = +00 and

I(=A)*"2u(t)]|2 > Ct* for any t > to,
where C>0 and tg =ty > 0 are constants depending only on ug, s and N.

REMARK 1.2. The assumption that 0 < o < s is technical. It is unknown whether
theorems 1.1 and 1.2 remain hold for o > s.

To prove theorems 1.1 and 1.2, the crucial arguments lie in establishing localized
virial estimates (2.8) and (2.36) for cylindrically symmetric solutions to (1.1), where
(2.36) is a refined version of (2.8) used to discuss blow-up of the solutions to (1.1)
for s = 0. First we need to introduce a localized virial quantity M., [u] defined
by (2.4), where ¢p defined by (2.3) is a cylindrically symmetric function. Then,
adapting [3, Lemma 2.1], we can derive the virial identity (2.9). At this stage, to
get the desired conclusions, we need to properly estimate each term in (2.9). One
of the key arguments is actually to estimate the following term,

/R/ ‘>R\u|2‘”‘2 dydz . (1.5)
yl>

To do this, when s =1, one can make use of the following two crucial ingredients
jointly with the classical Gagliardo-Nirenberg’s inequality in H*(R) and the radial
Sobolev’s inequality in H!(RY~1) to get the desired conclusion,

o | |u|2dys( / |amu2dy) 7 (1.6)
rny€ERJRN-1 RN-1

O (/ u|2dy) s(/ awuﬁdy), L7)
RN-1 RN-1

see for example [1, 7, 8, 21]. However, to our knowledge, it seems rather difficult to
generalize the estimates (1.6) and (1.7) to the nonlocal cases. Therefore, we cannot
follow the strategies in [1, 8, 21] to handle the term (1.5). In fact, when 0 < s < 1,
by tactfully employing Sobolev’s inequality in W*!(R) and certain fractional chain
rule, we then have that

Nl

(—awNzNy/?u(

2 2 =i
[ ae s ([ W)™ 0coss
R v RN-1 N

L2

With this at hand, we are now able to estimate the term (1.5). This then completes
the proofs.

It would also be interesting to investigate blow-up of solutions to (1.1) for
cylindrically symmetric initial data belonging to ¥ without the restriction that
rnug € L?(RN). In this respect, we have the following result.

THEOREM 1.3. (Blowup for Mass-Supercritical Case Revisited) Let N >4, 1/2 <
s<1,and 0 < s, < s with 2s/(N —1) < o < s. Suppose that uy € ¥ satisfies
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Elug] < 0. Then the solution u € C([0, Tynaz), H*(RN)) to (1.1) with initial datum
ug blows up in finite time, i.e. 0 < Tipae < +00.

To establish theorem 1.3, we need to introduce a new localized virial quantity
My [u] defined by (2.39). Following closely the proof of lemma 2.1, one can get
localized virial estimate (2.40) for cylindrically symmetric solutions to (1.1). This
then implies the desired conclusion.

2. Proofs of main results

In this section, we are going to prove theorems 1.1 and 1.2. Let us first introduce
a localized virial quantity. Let 1) : R¥Y~1 — R be a radially symmetric and smooth
function such that

2
r
— r<l1,
Y(r) =g 2 - P(r) <1, =1yl
const. r > 10,

Let g : R¥~! — R be the radially symmetric function defined by the scaling

— 2 (F
¢R('r‘) = Ry (R) , R>0. (2.1)
It is straightforward to verify that

UR(r)

r

1—9g(r) >0, 1- >0, N—1-A¢g(r)>0, r>0. (2.2)

Let ¢ : RV = RV~1 x R — R be a smooth function defined by

2
er(@) = vr(r)+ 2, ©=(yan) RV xR (2:3)

Now we introduce the localized virial quantity as

My, [u] == 2Im % (Vg - Vu) dz. (2.4)
RN

For convenience, we shall give the well-known fractional radial Sobolev’s
inequality in [5]. For every radial function f € H*(RY~!) with N > 3, then

T 1) < OO FIF 715,y # 0. 29)

Also we shall present the well-known Gagliardo—Nirenberg’s inequality in [23]. For
any f € HY(R) and p > 2, then

p—2
2ps

1£1lp < Cls, I =2)2FlS IS0, a= (2.6)
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Let f: RY~! — C be a radially symmetric and smooth function, then

LTy 8rf Ikml
= 021, (2.7)

s = (6
S Kl — -
where 0 is the Kronecker symbol and 1 < k, I < N — 1.

In the following, we are going to estimate the evolution of M, [u(t)] along time,
which is the key to establish theorems 1.1 and 1.2.

LEMMA 2.1. Let N > 3, 1/2 < s < 1, and 0 < o < s. Suppose that

u € C([0, Tynaz); H*(RN)) is the solution to (1.1) with initial datum uy € Yy-.
Then, for any t € [0, Tynaz), there holds that

d 20N
_ < _ s/2 2 _ 2042
GMealult)] < ds [ Ay Puof do =2 + L P
+C (R—Qs +R—O’(N—2) ( s/2 ( )|2 d$>>
(2.8)
= 40NE[up] — 2(cN — 25) / A 2u(t)? da
RN
+C (R—Qs +R—¢7(N—2) ( 9/2 ( )|2 dI))
Proof. Define
1 1 (FW)(E,6)
Um(t,,ﬂj) = csmu(t,m) = CS./—" <|£|2—|—’[’)’L 5 m > 07
where
sin s
Cs 1= .
T
It follows from [3, Lemma 2.1] that
o N
d s 3 (92 2 2
£M¢R [u(t)] = - m’ |4 Z Oum (O PR) Ot — (A%0R) |um|® | dodm
k=1
_ 20 / (ASDR) |u|20'+2 dx
o+ 1 RN '
(2.9)

https://doi.org/10.1017/prm.2025.10071 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.10071

Blow-up of cylindrically symmetric solutions 7

Let us start with treating the first term on the right-hand side of (2.9). Observe
that

N 00
4 Z / m® O tm (8,%“03) Oy, dxdm
k=170 JRY

N-1 o0
=4 Z / m® O, (8,%l<pR) Oy, dxdm
k=170 JRY

N-1 ,00
+4 Z / m® Oy, (8,§N<pR) ON Uy, dxdm
k=170 JRY

N-1 ,o0
+4 Z / mONUm, (812v1<PR) Oy, dredm
=1 Y0 JRY

+ 4/ méONUm, (812VN<pR) ON U, dzdm. (2.10)
0 JRW

Using (2.3) and (2.7), we have that

N-1 ,o00
Z / m° O, (3,%1901:5) Oy, dxdm
k=170 JRN

N-1 .00
= Z / m° Oty (a,ﬁlu)R) Oy, dxdm
0o JRrN

k=1

0 RN

It is clear to see from (2.3) that G?Nch =0 for 1 < 57 < N — 1. Therefore, there
holds that

N-1

Z / R m° O, (8,3]\,903) ON Uy, dxdm
k=170 JR
-1

= / . M ONUm (8]2\,“03) Oy, dxdm = 0.
= Jo Jr

In addition, since 8% y¢r = 1, then

/ M ONUm (0% NPR) ONUm dzdm = / m*|ON U, |* dz.
0 RN 0 RN
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As an application of Plancherel’s identity and Fubini’s theorem (see [3, (2.12)]), we
know that

/ 1 (Ve |? dadim = S0 // e oy I () dma
0 RN RN |£|

(2.11)
_ 2s 2 — _ s/2,,12
/ | F(u)]? de s/RNI( A ul? da

Consequently, going back to (2.10) and utilizing (2.2), we get that
N

4 Z / m° O, (3,3[901%) Oy, dzdm
k=170 JRY

—4/ m* |V, |* dedm

RN
- 4/ / — O2R) |V yum|? dzdm
RN

< 48/ (= A)/2uf? da. (2.12)
RN
Furthermore, applying [3, Lemma A.2], we get that

m* (A%pr) |um|2d$dm‘ S IA%0r)S ARl ull3 < BT (2.13)

RN

Now we are going to deal with the second term on the right-hand side of (2.9).
Noting (2.3), one readily finds that

/ (Apr) |U|20+2d37:/ (Avg) Iu\2”+2dx+/ |7 *2 da:
RN RN RN

:N/ 2742 dx—l—/ (Atm — N+ 1) [u]27+2 da.
RN RN
(2.14)

Obviously, from (2.1), there holds that AYgr(r) — N +1 =0 for 0 < r < R.
Therefore, by (2.14), we conclude that

/ (D) [u+? dz = N/ 2742 dg +/ / (Adm — N + 1) [u[27+2 dydan.
RN RN RJ|y|>R
(2.15)

It is worth mentioning that Ayr — N +1 € L>®°(RN~1). In what follows, the aim is
to estimate the second term on the right-hand side of (2.37). It is simple to notice
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that

[ul**2 dyday < IIUII iz mlullzs don. (2.16)
>R
ly

To estimate the term on the right-hand side of (2.16), we first consider the case
that ¢ = s. In this case, applying Holder’s inequality, we get that

s 5 1—s
L[ werae s ([ llegemany) ([l ao) . @)
R Jly[>R R R v

In virtue of (2.5), Holder’s inequality and the conservation of mass, we have that

[l o < B [,
2s—1

o %
~(¥-2) ( ISR dm) ( N de)
R v R v
1
2s
~(¥-2) ( [ oy, dm) .
]R Yy

It follows from [6] that (—A)% can be equivalently represented as

da:N

(2.18)

(—=A)2u(z) == Oy P.V. o m dz, (2.19)

where C'y s € R is a constant given by

1—cosé -t
CN,SZ(/RN |§|N+sld§) ) §:<£17§27"'7§N)'

Furthermore, Gagliardo’s semi-norm in H*(RY) is represented by

) 2 C u(y)|?
—A)%y NS/ / dzdy.
H( ) gy JrRN [T —y‘NHQ e

y (2.19), we are able to calculate that

(-7

s )2 lul* = 2Jul(— |ul = Ts(ful, |ul), (2.20)

ZNQTN)

where

L(lul, Jul) = Cy.. / (ully 2n) = [ully, )" 0

TN — @[

https://doi.org/10.1017/prm.2025.10071 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.10071

10 T. Gou, V. D. Radulescu and Z. Zhang

From the definition of Gagliardo’s semi-norm in H?3 (R), we see that

/RN_l

—_ / 2
2 RN-1 JR JR

oy — a1+
1
5 [ [ et ) deyay. (221)
RN-1 JR

In addition, from interpolation inequality, we find that

dy

(~Bean )

2
L3

(= Brn )l

S| Oenan) 2l
TN

. 2.22
o iz, (2.22)

Taking into account (2.20), (2.21), and (2.22), Sobolev’s inequality, Minkowski’s
inequality, Holder’s inequality, and the conservation of mass, we then obtain that

= =
1l a5 ([ (-0uan)* (lul; )| dox)

[ e (ul?) de)
RN—l

L Ml [ One ], a)
RN-1 TN Lz
_1
2 1—s
“(f )
RN-1 L3y
_ 2 PTeE=)
d
N(/]RNI L?L,N y>
+< Y SO T dy)
]RN*I TN N

< ? d ﬁ 2.23
N(/ y) L (2)

where Sobolev’s inequality we used is from the fact that Ll%s(]R) is continuously
embedded into W*!(R). Moreover, by the definition of Gagliardo’s semi-norm in
H?(R), we know that

(~Bean )/ ul]

(=B ) 2Jul|

1
1—s

(~Oaan)*/ 2

e VAT Y [ R

2
Lz

, (2.24)

2
LiN
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because ||[ul(y, zn) — |u|(y, 2y)| < |uly, zn) — u(y, 'y)| for any zy, 2y € R. Now
going back to (2.17) and applying (2.18), (2.23), and (2.24), we then derive that

// \u|23+2dx§R_(N_2)s/ (—A)/2uf? da. (2.25)
RJ|y|>R RN

Next we consider the case that 0 < o < s. In this case, taking into account (2.16)
and Holder’s inequality, we know that

//|>R lu[20+2 dy < </ |u||Loo(|y>R)de> (/ [l ] ”de> . (2.26)
ly

In view of (2.20), Sobolev’s inequality, Holder’s inequality, interpolation inequality,
and the conservation of mass, we are able to similarly show that

Sy dow < ([ |0 mm>f’/2(||u|m)\dm)“l”

Hee)
S (/ (—Osyan) R dy)
e N (2.27)
L .
_— (s=0) Be)
ST (S i e
RN-1 LiN
=i-o)
5 (/ (_aINZN>S/2 dy) .
RN-1
Making use of (2.18) and (2.27), we then obtain from (2.26) that
// |u|20+2 dr 5 Rfa(N72) (/ |(—A)S/2u|2 d.j(:) s
R J|y|>R RN (2.28)

S RN 4 (V- 2>/ [(—A)*2u|? da.
RN
Combining (2.25) and (2.28), we then have that

/ / lu?*2de < R7OW-2) 4 gmo(N=2) / (=AY 2u?dz, 0<o<s.
y|>R RN

It then follows from (2.37) that

[ @empiar < [ upeansornd (14 |
RN RN &

0<o<s.

\(—A)S/2u|2 dx) ,

N

This together with (2.12) and (2.13) then clearly leads to the desired conclusion
and the proof is completed. O
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Proof of theorem 1.1. Using lemma 2.1 and following the proof of [3, Theorem 1.1]
for the case o > 2s/N, we are able to conclude the proof. Let us now sketch the
proof. We shall suppose by contradiction that «(¢) exists globally in time. First we
consider the case that E[ug] < 0. Since o > 2s/N, from lemma 2.1, then

d

%MWR [u(t)] < 20NE[ug] <0, R> 1.

Then we conclude that there exists ¢; > 1 such that M., [u(t)] < 0 for any t > ¢;.
Arguing as the proof of [3, Theorem 1.1], we are now able to derive that

Mo [u(t)] < - ) |M@R[u(7)]|2s dr.

Solving this inequality gives that there exists ¢, < +o0o such that
Mo plu(t)] S =t =t 72

Therefore, we know that M., [u(t)] = —occ as t — ¢, due to s > 1. This shows
that w(¢) cannot exist globally in time, namely «(¢) blows up in finite time.

Next we are going to treat the case that Efug] > 0 and (1.3)—(1.4) hold. It follows
from lemma 2.1 that

d
GMenlu] S 4P +0 (B2 4+ R (14 [ (apupar) ),
RN
(2.29)
where
Plu] := s/ |(—A)S/2u\2d:ﬂ— No / |u|?7 2 da.
RN 20' + 2 RN
In addition, one can observe that there exists e >0 small enough that
2
AP[u(t)] + € (fA)S/Qu(t)HQ < -3, (2.30)

where § > 0 is a constant. Indeed, since (1.3) and (1.4) hold, then there exists >0
such that

s—s s—sc

Blug]Mlug] =" < (1= m)E[QIM[Q] =" (2.31)

Further, we are able to show that there exists n’ > 0 depending on 7 such that

|y um| lu@le™ = 0+ a2 Il 2s2)
Observe that
s = T2 cayrge . @)
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because @ € H*(RY) is the ground state to (1.2). Combining (2.31)—(2.33) and the
conservation laws, we then derive that

s—s¢

<4P[u(t)]+e (A)S/Qu(t)HD Mlug)

= (s v ) s =

= (4NOE[u(t)] + (4s+€—2No) H(_A)s/z H ) e

2(:. 56)

<] -areQ|| e, =

where
7= 2(No = 2s) (L =) = (L+1)%) +e(1+7)%

Noting that v < 0 by taking e >0 small enough, we then get that (2.30) holds true.
As an application of (2.29) and (2.30), we then have that

d 0
%Mtpn[u(t)] S o R>1
Similarly, we have that u(t) blows up in finite time. This completes the proof. O

Proof of theorem 1.2. To prove theorem 1.2, we need a refined version of lemma
2.1. Define

OLr(r) =1 -2 %r, Yog(r) =N —1- A >0.
Taking advantage of (2.11), (2.12), (2.13), and (2.37), we know from (2.9) that

d o0 -
M, [u(t)] =8sEug] — 4/ / msw17R|Vyum|2 dxdm
0o JrN

dt
As N s , (2.34)
N dyd O(R™*%).
+ N+25/R/|y|sz2’R|u| ydxy + O( )
According to Holder’s inequality, we see that
N N ~__N 2
L Bl ey < [ 575 Tl don
lyl>R Le=(ly|=R) L2
ZWS
( 2N+4< d.f]\/')
>(ly|=R)
N—2s
2N+4s

Iu\

< o dl‘N>
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It follows from (2.18) and (2.27) with o = 2s/N that

a0
L°°(\?J|>R) R

=5
/\ oo (]
RN-1
Consequently, we have that
/ / Gonlul ¥ 42 dydoy S BT /
RJ|y|>R RN
<n /
RN

where we also used Young’s inequality with 1 > 0. Moreover, adapting the elements
presented in the proof of [3, Lemma 2.3], we are able to derive that

s/ (—A)S/2 (J;II\%%U)
RN ’

It then yields from (2.35) that

/ / Tl gy < / [ e

+(9(77 1R e +77(1+R + R™ ))

2N+4s

1
2 2s
da:N )
Ly
1
2 N—2s
dy .
L2
TN

1
2 N
dx)
_ 1 2s5(N-2)

(2.35)

( Ay)s/2 (wm\uru‘ |)

2N+45

—~ N
(—Oeen)*? ( s |u|)

( A)s/z( 21}12+45u)

_A)/2 i |
( ) %,R u

dx—/ / m ¢N+23|Vum|2dacdm+(9(1+R72+R74) .

* |V, |? dzdm

Inserting into (2.34), we then conclude that

N +2s
LRI+ R24RT).

id o N 2s
g Mer[u(t)] = 8sEuo] / / <w1,R -1y ) BRIV ytm|* dzdm
RN

+0 (5

(2.36)

At this point, using the refined version of lemma 2.1 given by (2.36) and following
the proof of [3, Theorem 1.1] for the case o = 2s/N, we are able to conclude the
proof. Let us now sketch the proof. We shall assume that u(t) exists globally in
time. Utilizing (2.36) and arguing as the proof of [3, Theorem 1.1], we have that

d

g/\/lg,R [u(t)] <4sEfup) <0, R>1.

It follows that there exist top > 1 and ¢ >0 depending on s and Efug] such that

M, [u®)] < —ct, Yt >t (2.37)
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On the other hand, reasoning as the proof of [3, Theorem 1.1], we also know that

1/s
Mo [u®)] 5 [|(=2)72u | +1. (2.38)
Combining (2.37) and (2.38), we then get the desired conclusion. This completes
the proof. 0

To discuss blow-up of solutions to (1.1) with initial data belonging to X, we shall
introduce a new localized virial quantity. Let ¢ g be defined by (2.1). The localized
virial quantity is indeed defined by

My, [u] == 2Im u (Vg - Vyu) d. (2.39)
RN

LEMMA 2.2. Let N > 3, 1/2 < s < 1, and 0 < o < s. Suppose that u €
C([0, Tynaz); H¥(RYN)) is the solution to (1.1) with initial datum uy € X. Then,
for any t € [0, Trnax), there holds that

EMufu0) a5 [ a0 Par- 0D [ uopea
+C <R‘23 + RoN=2) <1 + /RN [(=A)% 2u(t)? dm))

— 4o(N — 1) Efug] — 2((N — 1) — 25) /RN (=A)2u(t)? de

+C (R‘Qs + RN (1 + /RN [(=A)% 2u(t)? dm)).

(2.40)

Proof. Replacing the roles of ¢ in the proof of lemma 2.1 by ¢ r and repeating
the proof of lemma 2.1, we then obtain the desirable conclusion. This completes
the proof. O

Proof of theorem 1.3. Since E[ug] < 0 and o(N — 1) > 2s, by applying lemma 2.2,
then we are able to get that

%Mm [u(t)] < 20(N — 1)Elug] <0, R> 1.

This then immediately implies the desired conclusion by following the proof of [3,

Theorem 1.1]. Hence the proof is completed. O
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