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Abstract In this paper, (i) we present unified approaches to study the existence of ground state solutions

and mountain-pass type solutions for the following quasilinear equation
—Ayu+V@)|uN2u=f(u) nRY, N>2

in three different cases allowing the potential V' € C(RN7 R) to be periodic, radially symmetric, or asymptotically
constant, where A yu := div(|]Vu|N~2Vu) and f has critical exponential growth. (ii) Two new compactness
lemmas in W1V (RY) for general nonlinear functionals are established which generalize the ones obtained in

. . 1,N
the radially symmetric space W4
allowing us to control the Mountain-pass minimax level by a fine threshold under which the compactness can

(RN). (iii) Based on some key observations, we construct a special path

be restored for the critical case. In particular, some delicate analyses are developed to overcome non-standard
difficulties due to both the quasilinear characteristic of the equation and the lack of compactness aroused by
the critical exponential growth of f. Our results extend and improve the ones of Alves et al. (2012), Ibrahim
et al. (2015) (N = 2), and Masmoudi and Sani (2015) (N > 3) for the constant potential case; of Alves and
Figueiredo (2009) for the periodic potential case; of Lam and Lu (2012) and Yang (2012) for the coercive
potential case; of Chen et al. (Sci China Math, 2021) for the degenerate potential case, which are totally new
even for the simpler semilinear case of N = 2. We believe that our approaches and strategies may be adapted

and modified to attack more variational problems with critical exponential growth.
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1 Introduction and main Results

This paper is concerned with the following quasilinear equation:
—Ayu+ V(@) uN?u=f(u) nRY, N>2 (1.1)

where Ay is the N-Laplacian operator, i.e., Ayu := div(|Vu|N~2Vu), and V and f satisfies the following
basic assumptions:

(VO) V € C(RN,R) and 0 < Vi := inf ,epn V(z) < supyepny V(2) = V* < o0;

(F1) f € C(R,R), and there exists an «g > 0 such that

If @l

|t| 00 @at™/ (N =D

=0 foralla>ap (1.2)

and

/(@)
Jm oty
(F2) f(t) =o(|t|N~1) as t — 0;
in particular, V' is allowed to be periodic, radially symmetric, or asymptotical constant, i.e., V satisfies
(V1), (V2) or (V3) below:
(V1) V(x)
(V2) V(z) is a radially symmetric functlon
(1.

=+4oo forall a < ap; (1.3)

is 1-periodic in z1,Z2,...,TN;

(V3) Vi =inf epn V(z) < V* =limg o0 V(2).
Problem (1.1) and its related quasilinear equation

— Apu+ V(@) |ulP2u = f(u) inRY (1.4)

arise in several branches of mathematical physics, such as non-Newtonian fluids, pseudo-plastic fluids,
turbulent fluids in porus media, and image processing [4,14], and find their applications in the fields of
electromagnetism and astronomy where they are used to describe the behavior of electric and gravitational
potentials [30]. There are fruitful results on the existence, nonexistence, and multiplicity of nontrivial
solutions, ground states, and semiclassical solutions for these problems. When p = 2, (1.4) becomes the
well-known Schrédinger equation which has been widely investigated in the literature (see, for example,
[8,33,40,44,46] and the references therein). For the case p > 2, we refer readers to [3,16] for the existence
and multiplicity of nontrivial solutions, [7] for the sign-changing solutions, and [32] for the semiclassical
solutions. All these results are based on the Sobolev embedding theorem and critical point theory, and
thus the nonlinearity is only allowed to have polynomial growth at infinity, precisely, assuming F'(¢) = |t]9,
the exponent ¢ must satisfy p < ¢ < Np/(N — p). For the case p = N, the growth range of the exponent
g can be further extended since the Sobolev embedding theorem shows that VVO1 N(Q) C L1(Q) for all
q > N; however, WLN(Q) ¢ L*(£2). To find the maximal growth in this situation, Yudovich [49],
Pohozaev [38], and Trudinger [45] showed independently that Wy (Q) is embedded in the Orlicz space
determined by the Young function Y for some a > 0, precisely, the following refined result
established by Moser [36] holds when Q C R¥ is a bounded domain.

Lemma 1.1 (See [36]).  There exist a sharp constant ayn = Nw]l\,/EIIFI

of the unit sphere in RY) and a constant C(N,a) > 0 such that

) (where wy_1 is the measure

sup / e lul™ N o < C(N,a)|Q|, Ya<ay. (1.5)
wew N (@) /Q
(IVulln=1

Moreover, the supremum in the above inequality is +oo if a > .

Since the problem (1.1) studied in this paper is defined on the whole space RY, the above
inequality (1.5) fails while it can be recovered either by weakening the exponent ay = N wllv/ijf_l) or
by strengthening the Dirichlet norm ||Vul||y. Precisely, for the nonlinearity f having critical exponential

growth at +oo as in (F1), we use the following version of the Trudinger-Moser inequality.
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Lemma 1.2 (See [23,31]). (i) If a > 0 and u € WHN(RY) (N > 2), then [pn o (alu| ¥ T)dr < oo,

where

2 ¢k o ¢k

N
on(t) =e' — 0= i (1.6)
k=0 k=N-1

i) If [Vullny < 1, |Jullv < M < o0, and o < an, then there ezists a constant C(N, M, a) > 0, which
depends only on N, M, and o such that

[ enlalu1)de < 0N, M. ).
RN
Moreover,

< 400, ifa < ay,

sup ¢N(a|u|N{1)d:ﬂ f N (1.7)
wewN®N) JRN =400, ifa>ay.

IVull ¥ +lul ¥ <1

This lemma was first established by Cao [9] in R? and generalized to any dimension N > 2 by do O [23],
Panda [37], and Alves and Figueiredo [4]. If we use the full Sobolev norm ||u|| instead of the Dirichlet
norm || Vul|x, then the Moser’s result (1.5) can be fully extended to the whole space RV i.e., the above
inequality (1.7) holds which means that the constant ay is the best exponent. Such an inequality was
shown by Ruf [41] for the case N = 2 via the symmetrization method and by Li and Ruf [31] for the
case N > 2 by using the method of blow-up analysis. For recent results on the Trudinger-Moser type
inequalities and their applications in the study of nonlinear elliptic equations and systems, we bring the
reader’s attention to the papers [1,2,11,13,24,28 34, 35] and the review article [18].

When V = ¢ > 0, we derive the following autonomous problem from (1.1):

—Anu+cuNPu=f(u) mRY, N>2. (1.8)

For the case N = 2, the existence of the ground state solution which has the least energy among all the
solutions of (1.8) was studjed—in [6,29,42] via the variational method for the critical nonlinearity, and
in [27] by the ordinary diffe%jn

a more general quasilinear equation involving indefinite nonlinearity, we refer readers to [21], where the

al equation (ODE) technique including the supercritical nonlinearity. For

existence of a nontrivial solution was proved via variational arguments in an Orlicz-Sobolev space with a
version of the Trudinger-Moser inequality. Using the concentration-compactness principle introduced
by Lions [33], do O et al. studied recently the case N > 2 in [24], and established an improved
Trudinger-Moser type inequality by virtue of which the Palais-Smale compactness condition was obtained.
Moreover, they showed that (1.8) has a radial ground state solution under (F1), (F2), the well-known
Ambrosetti-Rabinowitz type condition (AR), and the following assumptions (F4), (F5'), and (F7') (see
[24, Theorem 3.1]).

(AR) There exists a g > N such that f(t)t = pF(t) > 0 for all t € R\ {0}, where F(¢ fo

(F4) There exist My > 0 and ¢, > 0 such that F'(t) < Mo|f(t)], V|t| = to.

(F5) f(t) =0 for all t < 0, and f Y is increasing for ¢ > 0.
(
(

F6') hmmem% 5 > (N=2)!Nec

0
F7') There exists a p > N such that |f(¢)| > C,|t|P~! for all ¢ € R, where

bosgen e
p— P
> (O‘N> ( p ) Sp’N:'C

N N\1/N
Sy e nf (Vully + cllullx)™ (1.9)
u€W LN (RN)\{0} o

and

In recent papers [29,35], a precise version of the Trudinger-Moser inequality in the whole space RY was
established by Ibrahim et al. [29] for the case N = 2 and by Masmoudi and Sani [35] for the case N > 3
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(see Lemma 2.1); moreover, necessary and sufficient conditions for the boundedness and the compactness
of general nonlinear functionals in WY (RY) were obtained by them (see [35, Theorems 1.5 and 1.6]).
To find a ground state solution for the problem (1.8), they studied the constrained minimization problem
A = inf{%||Vu||¥ : u € P.}, where P, is the set consisting of all the nonzero functions satisfying the
Pohozaev identity for equation (1.8) defined by

P = {u € WY (RN {0}, C/RN N da — N/RN Flu)dz = 0}.

Since (1.8) is autonomous, it is easy to find a minimizing sequence {u,} C P. for A. satisfying
1
fun} CWENEY), IVl = Ae, wnlly =1

by Schwarz symmetrization and rescaling (see [35, Remark 7.2]) and easy to see that a minimizer of the
infimum A, is, up to a suitable change of scale, a ground state solution of (1.8) (see [35, Remark 7.3]). To
investigate the attainability of A., Masmoudi and Sani [35] introduced the Trudinger-Moser ratio Ciy
and showed that ¢ < Cty; is equivalent to A, < %(%)N ~1, from which the attainability of A. can be
deduced provided that (F1), (F2), (AR), and (F4) are satisfied. It holds that

N N
Cry = sup {W /RN F(u)dx

Moreover, the following result was established in [29, Theorem 5.1] and [35, Theorem 7.4] for the case
N =2 and N > 3, respectively.

Theorem 1.3.  Let N > 2 and assume that f satisfies (F1), (F2), (AR), and (F4). Then there exists a
¢ € (0,400] such that for each ¢ € (0,¢.), (1.8) admits a positive radial ground state solution. Moreover,
ce = Ciyp when Ciyp < +00, while ¢, = +00 is equivalent to

u € WHN(RM)\ {0}, |Vu| ¥ < (ig)N_l}. (1.10)

N/(N=-1) g
lim (*)

torbe gaotN/ (VD)

= +oo. (1.11)

From the above Theorem, we see that a crucial condition to guarantee the existence of ground states
is ¢ < C%yy, which holds when either (F6’) or (F7') is satisfied (see [35, Section 8]). As pointed out by
Masmoudi and Sani [35, Remark 8.2], it seems to be difficult to compare the growth condition (F6’)
with (F7') as they prescribe the growth of f at infinity and near the origin respectively; however, a
comparison between them can be seen in terms of the Trudinger-Moser ratio Cty;. Thus, the condition
¢ < Cky; unifies (F6') and (F7') in some extend. For a similar result about the case N = 2, we refer
readers to [6,42] and to [50,51] for fractional problems.

Before recalling some related works for the non-autonomous problem (1.1) with critical exponential
growth, we first introduce the following assumptions used in the references.

(V4) V € C(RYN,R), infgn V(x) > 0, and meas{z € RY : V(2) < M} < +00, VM > 0.

(V5) V € C(RN,R), infgn V(z) > 0, and V- %1 € LL(RY).

(V6) V € C(RN,R), infgn V(x) > 0, and V1 € LY(RY).

(F6") Let V,. := max|,|<, V(). It holds that

o tf(t) . NN NV (-2 NN
hmme = 6() > iglf(; We ( N/ .

t—+o00 e%o
(F7") There exists ap > N such that | ()| = C,|t|P~! for all t € R, where C), > [%]%Sgww,

i > N is the constant in (AR), and S, vy~ is defined by (1.9).
When f € CH(R,R") satisfying (F1), (F2), (AR), (F5'), and the restrictively technical condition (F7”),
Alves and Figueiredo [4] proved the existence of a positive solution for (1.1) if V' satisfies the periodic
condition (V1) and also studied the existence, multiplicity, and concentration of positive solutions if
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the operator —Ay is replaced by —eV Ay for a sufficiently small parameter ¢ > 0, and V satisfies the
Rabinowitz type condition (V0) with Vi < lim|y|— V(2) = V*. As well known, the condition (V4) or
(V5) or (V6) guarantees that the embedding from the space {u € WHV(RY) : [oy V(2)u|Ndzr < oo}
into LI(RY) (¢ > N) is compact; moreover, the exponent ¢ can be extend to the range [1, o0) if (V5) is
satisfied (see [48, Lemma 2.4]). Taking advantage of this and using the Mountain-pass theorem, Ekeland’s
variational principle, and Trudinger-Moser type inequality established in [2], Yang [48] studied a singular
quasilinear elliptic equation including (1.1) and showed the existence of a nontrivial mountain-pass type
solution for (1.1) under (V5), (F1), (F2), (AR), (F4), and (F6") (see also [2,25] for similar results where
the nonhomogeneous case was considered and the important condition (V4) or (V6) was used). We
emphasize that the small nonzero perturbation eh(z) in their equation plays a crucial role in showing the
nontriviality of the solutions [2,25,30,48]. In recent paper [30], using the assumptions (V4) (or (V6)),
(F1), (F2), (AR), (F4), and a restrictive condition involving the behavior of f at infinity, Lam and Lu [30,
Theorem 2.3] showed the existence of nontrivial solutions for (1.1) by the Mountain-pass approach. We
emphasize that all the arguments of their proof in the above references depend crucially on the compact
embedding {u € WHN(RN) : [Ln V(2)|u[Ndz < oo} € LY(RY) deduced from (V4) or (V5) or (V6), and
in particular, on the compact embeddlng of the space into L (RY).

As pointed out by Masmoudi and Sani [35], there is a long way to go yet in the case where the potential
V is a constant since the working space is W1 (RY) and the embedding W1V (RY) c L4(RY) (¢ > N)
is continuous but not compact, even if we restrict attention to the radial case. In this paper, we study
the non-autonomous problem (1.1) without assuming any coercive condition on the potential and are
interested in the following three cases: the periodic case, radially symmetric case, and the asymptotical
constant case, i.e., V satisfies (V1) or (V2) or (V3). Although we may define the following constraint set
involving the Pohozaev identity for (1.1) as in the constant potential case [35]:

Py i {u e WUN (RN {0} - /RN (V(ac) + %vv - x) N de — N/RN Plu)dz - 0},

and consider the similar minimization problem Ay := inf{%|Vull¥ : u € Py}, we cannot deduce a
minimizing sequence {u,} C Py, as in [35, Remark 7.2], such that

1
N
{un} € Wyag (RT), Nllvun\\% = Ay, lunllv =1,

which lies at the heart of the proof in [35, Section 7], since the Schwarz symmetrization method
and rescaling skill are no longer valid for the non-autonomous problem (1.1). Thus, the constrained
minimization approach used in [29,35] is not adoptable in our case, it requires exploring some new methods
and techniques in order to find nontrivial solutions and ground state solutions for (1.1). Precisely, the
following question will be addressed in this paper.

Question 1. Study the non-autonomous problem (1.1) with the potential satisfying the above three
conditions (V1)—(V3) respectively, and establish the existence of Mountain-pass type solutions and ground
state solutions under more general hypotheses than (AR), (F5)—(F7"), (F6"”)—(F7"), and (1.11). Due to
the difficulty to compare the growth conditions like (F6") (or (F6"), (1.11)) and (F7") (or (F7")) involving
the behavior of the monlinearity f at infinity and near the origin respectively, whether one can find a
proper condition as in [35] unifying all the above conditions to guarantee the existence of ground states
(see Remarks 1.8 and 1.9).

Recently, the following open question was proposed by Yang [48, Lines 67 from the bottom, p, 1682].

T _eNVe(N=2 /NN or 3 s mot the best constant in (F6'),

and it would be interesting if one can ﬁnd an explicit smaller number replacing it (see Remark 1.8).

Question 2.  The lower bound inf,~q NN

1 N

In this paper, some new methods and techniques will be developed to solve the above two questions,
precisely, we introduce the following unified condition (VF) involving supremum of the potential V' and
the Trudinger-Moser ratio Ciy, and use the following more general conditions (F3), (F5), (F6), and (F7)
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instead of the classical condition (AR), the strict monotonicity condition (F5') and the stronger growth
conditions (F6') (or (F6”), (1.11)), and (F7’) (or (F7")), respectively (see Remark 1.8).

(VF) V* =sup,cpn V() < Chyy, where Chy is defined by (1.10).

(F3) f(t)t = NF(t) > 0 for all t € R, and

ft)
N2

> 2 = f(t)t— NF(t) > 0.

Ve
2
F3') f(t)t > 0 for all t € R.

t— MJ‘“}V—QI is non-decreasing on (—oo, 0) U (0, 00).

(
(¥5)

o N/(N-1) N-1)IV*
(F6) liminf; ., o i%tmi(z\i%) 2 K> %
(p=N)(N—-1)
(¥7) N

There exists a p > N such that F(t) > g|t|P for all t € R, where 3 > VW*(%\],) Cy v and

1-N N
IVl ™ lfull ¥

vaN = n
ueWLN (RN)\ {0} (o

The main difficulties of the non-autonomous problem (1.1) are the lack of compactness, quasilinear
characteristic of the equation, and the difficulties aroused by the critical exponential growth of f at
infinity. Motivated by the works [2,24,29,35,48], we first use the unified condition (VF) to construct
a special path (defined later by (3.10)) based on some key observations, and this allows us to control
the Mountain-pass minimax level by a fine threshold %(%)N —! under which the compactness can be
restored for the critical case (see Lemma 3.1). It will be shown later in Lemmas 3.2 and 3.3 that such a
condition (VF) can be deduced both from the explicit and general hypotheses (F6) and (F7). Secondly,
to achieve our goal of finding a nontrivial solution from the Cerami sequence obtained by the Mountain-
pass theorem, we establish two compactness lemmas for general nonlinear functionals in W1 (RY) which
allow us to verify that the Cerami sequence is nonvanishing and generalize the related ones obtained by
Ibrahim et al. [29, Theorem 1.5] for the case N = 2 and by Masmoudi and Sani [35, Theorem 1.6] for
the case N > 3 in the radially symmetric space er,(;év (RM) (see Lemmas 2.2 and 2.3).

Let us define the critical points set by

K:={uecW-NRY)\ {0}: &' (u) =0} (1.12)
and the classic Nehari manifold
N = {uec WHNRM)\ {0} : (®'(u),u) = 0}, (1.13)

where ® is the energy functional associated with (1.1) defined later by (2.40). Now we are ready to state
our first results for the periodic potential case.

Theorem 1.4.  Assume that V and [ satisfy (V0), (V1), and (F1)—(F4).

(i) If (VF) holds, then (1.1) has a ground state solution @ # 0, i.e., ®(a) = m := infx .

(i) If (F6) or (F7) holds, then (1.1) has a ground state solution @ # 0.

Using the monotonicity condition (F'5) instead of the technical condition (F3), we find the ground state
solution by minimizing the functional ® on the Nehari manifold V.

Theorem 1.5.  Assume that V and f satisfy (VO), (V1), (F1), (F2), (F4), and (F5).

(i) If (VF) holds, then (1.1) has a ground state solution @ € N such that ®(a) = b := infpr .

(ii) If (F6) or (F7) holds, then (1.1) has a ground state solution @ € N such that ®(u) = infy P.

Set Nyaa := {u € era’év (RM)\{0} : (®'(u),u) = 0}. Our main results concerning the radially symmetric
potential case can be stated as follows.
Theorem 1.6.  Assume that V and f satisfy (VO0), (V2), (F1), (F2), and (F4).

(i) If (VF) and (F3) hold, then (1.1) has a nontrivial Mountain-pass type solution.

(i) If (F6) (or (FT7)) and (F3) hold, then (1.1) has a nontrivial Mountain-pass type solution.
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(iii) If (VF) and (F5) hold, then (1.1) has a Mountain-pass type solution i € Nyaa such that ®(u) =
infar,, @.

(iv) If (F6) (or (F7)) and (F5) hold, then (1.1) has a Mountain-pass type solution @ € Nyaq such that
®(a) =infy,,, ®.

For the asymptotical constant potential case, i.e., the Rabinowitz type assumptions (V0) and (V3) are
satisfied, we obtain the following existence results.

Theorem 1.7.  Assume that V and f satisfy (VO), (V3), (F1), (F2), (F4), and (F5).
(i) If (VF) holds, then (1.1) has a ground state solution @ € N such that ®(a) = infy P.
(i) If (F6) or (F7) holds, then (1.1) has a ground state solution @ € N such that ®(u) = infy P.

Remark 1.8. Conditions (F6) and (F7) are much weaker than (F6') (or (F6”), (1.11)) and (F7’) (or
(F7")), respectively. Indeed, by noting that

tN/(N=D B (¢) i NF(t) 4+ (N = 1)tf(t)

lim ———~ =
t—+o0 eaotN/(N—l) t—+oo NaoeaotN/(N—l) ?

we see from (F4) that (F6) with V* = ¢ can be deduced from the following assumption (H6) which is
much weaker than (F6').
(H6) minf, 4o % > kg > L

When (V0) holds, it is easy to see that (F%”) can be simplified to (F6’). By Lemma 3.4, it is easy to
verify that (F7') yields (F7) with V* = ¢. Moreover, (F7) is much weaker than (F7”). Although it
is difficult to compare the growth conditions (F6) and (F7), we succeed in finding a unified condition
(VF) to guarantee existence of ground states for the non-autonomous problem (1.1) which unifies all the
conditions (F6)—(F7), (F6')-(F7"), (F6”)—~(F7"), and (1.11) (see Lemmas 3.2 and 3.3). Thus the open
questions 1-2 raised above are well solved in this paper.

Remark 1.9. Using the following condition (V0') instead of (V0) and replacing Vi by Vj in places
where V, appears, we see that the above Theorems 1.6 and 1.7 still hold.
(VO') V € C(RY,R) N L= (RY) and for some Vj > 0,

/ (VN + V(x)|ulN]de > VO/ lulNdx, Vue WHY(RY).
RN RN

Then the above condition (V0') allows the case where the potential V' (x) is nonnegative and vanishes on
an open bounded domain in R (see [22]). Thus our argument and methods developed in this paper are
valid for the degenerate potential case. Recently, Chen et al. [10] considered such a case where N = 2 and
showed the existence of the ground state solution for (1.1) by establishing an associated Trudinger-Moser
inequality and using the conditions (V3), (F1), (F2), (AR), (F4), (F5'), and (1.11). Our assumptions on
the potential V' and nonlinearity f are satisfied by a larger class of nonlinear functions. In this direction,
our results improve and complement the related ones of [6, Corollary 1.5], [9], [24, Theorem 3.1], [29,
Theorem 5.1], [35, Theorems 7.4 and 8.2], and [42, Theorem 2.2] for the constant potential case, and of
[4, Theorem 1.1], [10, Theorem 1.3], [30, Theorem 2.3, and [48, Theorem 1.1], where the potential is
large at infinity or satisfies the condition (V3).

There are many functions satisfying the conditions (F1)-(F6) such as
F(t) = [tlon (aot™ D), F(t) = In(1+ [t]) g (agt™ 1), (1.14)
and the following functions satisfy conditions (F1)—(F7):
F(t) = |tlon (aot™ VD) 4 e, F(t) = (1 + |t)on (aot™ V) + BlelP, (1.15)

where p > N, ¢ (t) is defined by (1.6), and f is given by (F7).
Before completing this section, we sketch our proof. Using (F1), (F2), and Lemma 1.2, we apply the
Mountain-pass theorem to get a Cerami sequence {u,} C W1V (RY) at the minimax level ¢* defined
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later by (2.43). By virtue of the technical condition (F3) or the monotonicity condition (F5), we can
show the boundedness of such a Cerami sequence. In order to derive a nontrivial solution from the weak
limit @ € WHN(RY) of the sequence (i.e., u, — @ in W5V (RY)), there are some preparations shall be
made which can be summarized as follows:

(i) We first establish two compactness lemmas for general nonlinear functionals in W1 (RY) to verify
that the sequence {u,} is nonvanishing which generalize the related ones of [29, Theorem 1.5] and [35,
Theorem 1.6] established in the radially symmetric space era’év (RY) (see Lemmas 2.2 and 2.3).

(i) Since (1.1) is quasilinear, different from the case N = 2, the functional B(u,v) := [on [VulN "2Vu-
Vudz is not bilinear and it requires to verify that B(u,,v) — B(i,v) for any v € WY (RY). This will
be done via some analytical techniques and applying the result of Cherrier [15] (see Lemma 2.17).

(iil) Using the unified condition (VF), a special path shall be constructed to control the minimax level
¢* such that ¢* < %(%{‘)’)N ~1 which allows us to restore the compactness for the critical case. Based on
the key observation that there exists a @ € WEN(RY) \ {0} with [|[Va|¥ < (‘;‘Z—Ig)N*1 and g9 > 0 such
that (see (3.4)) (V* +¢o)||a]|¥ = N [pn F(@)dz, and in view of the monotonicity of ®(fiy,) with respect
to 6 € [0,1] for some tg > 0 (here @, (-) := @(-/to)), we find a proper path involving @, (see (3.10)) to
achieve our goal, see Lemma 3.1.

(iv) For the periodic potential case, i.e., (V1) holds, using the technical condition (F3) which is much
weaker than (AR) and employing some analytic techniques, we show the existence of ground state
solutions for the non-autonomous problem (1.1). Such existing results, to the best of our knowledge,
seem to be new. In order to find a ground state solution constrained on the Nehari manifold, following
Rabinowitz [40], we use the monotonicity condition (F5) and give the minimax characterization of inf @
in Lemmas 2.12 and 2.13, i.e., cx = infyr @ = inf,,cpp1, v (myy\ {0} maxs>o P (tu).

For the semilinear case N = 2, it is worth pointing out that (1.1) with sign-changing potential V' and
critical exponential nonlinearity f has been considered in [5,12,26], where the existence of nontrivial
solutions was obtained via the generalized Nehari manifold method [5], the non-Nehari manifold method
combined with an approximation scheme [43], and the Schwarz symmetrization method [26], respectively.

The rest of this paper is organized as follows. In Section 2, we introduce some preliminary results,
establish two compactness lemmas for general nonlinear functionals in WV (RY), and show the
boundedness of the Cerami sequence obtained by the Mountain-pass theorem. In Section 3, using a direct
method and some delicate estimates, we show that the Mountain-pass minimax level can be controlled
by a fine threshold under either the unified condition (VF) or the concrete condition (F6) (or (F7)).
We study the periodic potential case in Section 4 and show Theorems 1.4 and 1.5. Section 5 is devoted
to the radially symmetric potential case where Theorem 1.6 is proved. In Section 6, we consider the
asymptotical constant potential case and complete the proof of Theorem 1.7.

2 Variational framework and preliminaries

Define
N = / (V¥ + V(@) )dz, Vue WSV (RN,
RN
Then by (V0), || - || is an equivalent norm with the standard one in W¥ (R"). Throughout the paper,
we use C1,C5, ... to denote positive constants possibly different in different places.

The following improved inequality yields Lemma 1.2 (see [29, 34] and [35, Section 6]), it was first
established by Ibrahim et al. [29] for the case N = 2 and generalized to all the dimensions N > 2 by
Masmoudi and Sani [35].

Lemma 2.1 (See [35, Theorem 1.4]).  Let N > 2. Then there exists a constant Cy > 0 such that

1 o (an|u|T)
sup

wew N @ oy 1IN Joy (1 u)) ¥
IVull ¥ <1

IQCN
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Moreover, this inequality fails if the power NN in the denominator is replaced by any p < N]X

Applying Lemmas 1.2 and 2.1, we establish the following two compactness lemmas which allow us
to verify that the Cerami sequence obtained later by Lemma 2.8 is nonvanishing. A similar version for
functionals in the radially symmetric space W N(RN ) was established in [29, Theorem 1.5] for the case

rad

N =2 and [35, Theorem 1.6] for the case N > 3. Here, we consider more general nonlinear functionals

in WHN(RY) the results of which seem to be new and shall be of independent interest.

Lemma 2.2. Let G:R — [0,+00) be any continuous function and K > 0 such that

N/(N-1)
id Gt) =0 and lim —G(t) =0

[t +oo  eKILN/N=D t—o [t

Suppose that there exists a sequence {u,} C WHN(RYN) satisfying
(i) up, — @ in WHN(RN);
(i) [Vunly < (52)7
(iii) w, — @ in LP(RYN) for some p > N.
Then it holds that
lim |G (up) — G(u)|dx = 0.

n—-+oo RN

Proof. By (2.1), we have

(1 + [tHNNVG() N A €10

11m = m — =
[t]—+o0 ¢N(K|t|N/(N—1)) [t|—4o0 oKI[tN/ (V=D

(2.1)

(2.2)

(2.3)

For any given € > 0, it follows from (2.1) and (2.3) that there exist 6 = d(¢) > 0 and M = M(g) > 0

such that
0<Gt) <elt)N, V|t <6

and

on (K 1] V)
(L+ )M

0< Gt <e V[t > M.

There are two possible cases to distinguish.

Case (1) ||Vun\|% (2K)N L Then K||Vun| 5
have

N/(N— 1)

[ Gtupese [ oxEnlO),
‘un|>M

lun|zm (1 + |1 )N/ (N=1)

3
<" K n N/(N-1) d

< 018.

Case (2) (Z2)V! < ||Vu,|¥ < (25)N~L. Then & < K||Vau, |8V Y <

Lemma 2.1, we have

K, [N/(N-1)
/ G(Un)d$<€/ Onlhu ‘N N 1)d33
[un =M lunizm (14 Jug )N/ V=D

on (on () ™)
N (an ([uny) e

<6/
unf>M [1 4 (S )(N-D/N _Junl |55

Vunlln

4
€ o (o ( ZN)N’I)

< ——
= mln{l,%} lun|>M (14 HV‘Zzll\N)NAll

dx

(2.4)

(2.5)

< %Y. Hence, by (2.5) and Lemma 1.2-ii), we

(2.6)

< ay. Hence, by (2.5) and
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< Cae. (2.7)
The above two cases show that
/ G(up)dz < Cse. (2.8)
lun|>M
On the other hand, from (2.4) and the boundedness of {||u, | n}, we obtain
/ G(uy)dx < 5/ lun |Ndz < Cye. (2.9)

From (2.8) and (2.9), we have

/ Gluy)da < / Gl )d + / G )
(lun|<O)U(|un|>M) lun|<6 [un|>M
< (C3 4 Cy)e. (2.10)

By continuity of the function G, we can choose a constant C. > 0 such that
0 < G(t) < Ct]P, Va.e. |t| € [0, M]. (2.11)

Noting that u,, — @ in LP(RY), by Lemma [46, Lemma A.1], we see that there exists a wy € LP(RY)
such that

lun ()| < wo(z), |a(z)| < wo(x) ae zeRN. (2.12)

Now we can choose R. > 0 such that

/ G(u)dr < e, C’E/ |wolPdx < €. (2.13)
RN\Bpg, RN\Bg,

Hence, it follows from (2.10)—(2.13) that

/ G(up)dx
RN\Br,

< G(up)dx Jr/ G(up)dx

/(RN\BRE)ﬂ(tKIunéM) (lun]<8)U(|un|2M)

<C. \w0|pdx + (03 + 04)5
RN\Bg,

< (1+C5+ Cye. (2.14)

Let AM :={x € Bg,_ : |un(2)| = M}. Then it follows from (2.8) that

G(up)dx < Cse. (2.15)

M
An

Since {||un||} is bounded, it implies that meas(AM) — 0 as M — +oo uniformly on n € N, so

G(u)dx = opr(1)  uniformly on n € N. (2.16)

AN
By (2.1), one has

G(un(z)) — G(u(x))|xB, \am(x <MN+C5eKMN/(N71)
re\AY

+ G(u(x)), V€ Bg,. (2.17)
Since u, — @ a.e. on R it is easy to verify that

|G (un () — G(a(x))|XBp \am(z) = 0 ae. z € Bp,. (2.18)



Chen S T et al. Sci China Math 11
Hence it follows from (2.17), (2.18), and the Lebesgue dominated convergence theorem that

lim |G (up,) — G(u)|dz = 0. (2.19)

n—oo BRE \Aﬁj

Hence, from (2.13)—(2.16) and (2.19), we derive

lim |G (u,) — G(u)|dx
RN

n—oo

< lim {/RN\BRE |G (u,) — G(u)|dx + G(uy)dz + G(a)dx}

< (B3+2C5 + Cye. (2.20)
Due to the arbitrariness of € > 0, we can deduce (2.2) from (2.20). O

Lemma 2.3. Let G,H :R — [0,4+00) be two continuous functions satisfying

G(t) .G
=) _ lim =Y _ . 2.91
00 HI(2) 0 and 10 TN 0 (2.21)

Suppose that u, — u in WHN(RY) and u,, — @ in LP(RY) for some p > N. If there exists a constant
Ky > 0 such that

- H(up)dr < K, (2.22)

then it holds that
lim |G(uy) — G(u)|dz = 0. (2.23)

n—oo RN

Proof.  For any given £ > 0, it follows from (2.21) that there exist § = d(¢) > 0 and M = M(e) > 0
such that

0<Gt) <elt|N, VIt <o (2.24)
and
0<G(t) <eH(t), YI|t|>M. (2.25)

Hence from (2.22) and (2.25), we have
/ G(up)dz < E/ H(up)dzx < Kie.
lun|2M lun|2M
On the other hand, from (2.24) and the boundedness of {||u,||x}, we obtain
/ G(up)dr < s/ lun |V dx < Cge.
lun|<8 lun|<8

By similar arguments as in the proof of Lemma 2.2, we can get (2.23). O

Lemma 2.4. Assume that (F1), (F2), (F3'), and (F4) hold. Let u,, — @ in WHN(RYN) and u,, — @ in
LP(RN) for some p > N. If there exists a constant Ko > 0 such that

flup)upde < Koy, (2.26)
RN
then
lim F(uy,)dz :/ F(u)dzx. (2.27)
n—oo RN RN
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This Lemma is a direct corollary of Lemma 2.3 by setting G(t) = F(t) and H(t) = f(¢)t.
As well known, the Fréchet derivative of the functional fRN F(u)dz is no longer weakly sequentially
continuous; here we verify it with the help of the above auxiliary condition (2.26).

Lemma 2.5.  Assume that (F1), (F2), and (F3') hold. Let u, — @ in WHN (RN). If (2.26) is satisfied,
then

lim f(up)pdx = / f(@)pdz, V¢ e RN). (2.28)

n—oo RN

Proof.  Let Q = supp ¢. For any given € > 0, we have

/ | f(un)plde < Ki/ fup)upde < e. (2.29)
lun|ZKollplleos™" 0 J|un|Z2Kol|¢llece ™!

Since f(ii)¢ € L(Q), there exists a § > 0 such that
/ |f(@)pldx < e, if meas(A) < ¢ (2.30)
A

for all measurable set A C €. Since {|lu,||} is bounded, there exists a constant C > 0 such that
IVun|ln + |unlln < C. Then for the fixed § > 0, we can find M; > 0 such that

meas({x € Q: |u,(z)| = M1}) <§, VneN. (2.31)

Set M. = max{M, Ko||¢||lcoc™ '} and let A, := {z € Q: |u,(x)| > M.}. Then one has

/ 1 (un)dlder < e, / IF(@)@|dz < <. (2.32)

n n

Since u,, — @ a.e. €2, it is easy to verify that

|[f (un(2)) = f(@(2))]d(2) X, <0 () = 0 ae. z €€ (2.33)

Moreover, one has

1 (un(@)) = S (@(@))]¢(2) Xt 1<, (2) < |Dloo max [f()] + [/ (ul2))o(2)]  ae x €. (2.34)

||\

So it follows from (2.33), (2.34), and the Lebesgue dominated convergence theorem that

Jim |[f (un) = f(u)]g]dz = 0. (2.35)
Q\A,,

Hence from (2.32) and (2.35), we see that

li n) de| = li n) — f(u)¢ld
| [ ) = r@alas] = tim | [ (50 - r@ddo
< tim | [ 1feit+ [ 15@olas]
n—o00 A, A,
< 2,
which implies that (2.28) holds due to the arbitrariness of € > 0. O

In the following lemma, we show the boundedness of general nonlinear functionals in W1V (RV).

Lemma 2.6.  Assume that (F1), (F2), (F3'), and (F4) hold. Then for any L € (0, (X NAN=1) there
exists a constant Cr, r > 0 such that

1
sup — F(u)dz < Cp F. (2.36)

uewh N(RN)\{O} [ull§¥ Je~
Vull ¥ <L
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Proof.  Set av, = ay/LYN=Y. Then a, > ag. By virtue of (F1), (F2), (F3'), and (F4), we deduce
N/ (N=D (¢ 0, if o > ),
m [ FO) s (2.37)

N/(N—1) .
tl—oo et +oo, if a< ag,

which, together with (F1) and (F2), implies that there exists a C; > 0 such that

Cron (a,[t]N/ N1y

F(t)| < ,
| ()| (1—|—|t|)N/(N_1)

vVt eR. (2.38)

Let v = (%)(N_l)/Nu. Then it follows from (2.38) and Lemma 2.1 that

1
sup 7N/ F(u)dzx
weWHN (RY)\{0} [ully Jr~
Vull N <L

N—1 (N-1)/N
* 1
an veW N (RY)\{0} vlly Jr~ Oy

Vol ¥ <1

L ox(anlolVN D)
en [L+ (o) N—D/N [[[N/(N=D)

< Ch sup ~
veWbH N (®RN)\{0} vl

Vol ¥<t
|N/(N—1))
dx

1 ¢N(OéN|U
< Oy sup
veW N (RM)\{0} [0l ¥ Jen (14 )N/ (V=D
IVollN<1

< CLF.

This shows that (2.36) holds. O

Next, we introduce the following useful lemma established in [48].

Lemma 2.7 (See [48, Lemmas 2.1 and 2.2]). (i) It holds that

[pn(s)]P < dn(ps), Vs=0, p>1.

(ii) For any q,q' > 1 with % + % =1, it holds that

1 1
én(s+1) < gQﬁN(qS) + ?@v(q’t), Vs, t>0.

For any € > 0, > ag, and ¢ > 0, it follows from (F1) and (F2) that there exists a C = C(g,a,q) > 0
such that
|F@#)] < elt|N + Clt|9¢n (alt|N/N=Y), VieR. (2.39)

To apply the critical point theory to (1.1), we define the functional ® : WLV (RY) — R by

D(u) = %/RNHVMN + V(2)|u|Ndz 7/]R F(u)dz, Yue WHNRY). (2.40)

N

By (2.39) and a standard argument, one has ® € C*(WHN (RY), R) with
(@ (u),v) = / [[VulN "2V - Vo + V (2)|u|N " 2uv]dz — / f(uvdz, Vu,ve WHNRN). (2.41)
RN RN
Hence, solutions of (1.1) are critical points of the functional (2.40).

Now we verify the Mountain-pass geometry for the functional ® and find a corresponding Cerami
sequence via the Mountain-pass theorem.
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Lemma 2.8.  Assume that (VO0), (F1), (F2), and (F3') hold. Then there exists a sequence {u,} C
WEN(RN) satisfying

O(un) =, @ (un)I(L+ [Junll) = 0, (2.42)

where ¢* > 0 is given by
¢’ = inf tren[ggl@(v(t)), (2.43)
L= {yec(o,1], wHN(RY)) : 7(0) = 0, 2(v(1)) < 0}. (2.44)

Proof.  Using (2.39), we deduce that there exist constants o > ag and C; > 0 such that

Vi _
F(t) < N\t|” + N TLon (altN VD) v eR. (2.45)

2
From (2.45) and Lemmas 1.2(ii) and 2.7, it follows that

Vi -
/ F(u)de < o= lully + Cr / o (afulM D) ju| N d
RN RN

V* B 1/2
<onlul ] [ onalu O Dds ul i,
2N i
1 N];l
< — N N+1 < an . 94
sl + Callal ™1, vl < (2 (2.46)
Thus, (V0), together with (2.40) and (2.46), implies that
Bu) =yl | P
u) = —|lu — u)ax
N n
> lull — el Y — Ol ¥4
N 2N
1 N]\71
> |lul|V - N+l <(2X) 2.4
sl = Calll ™1, vl < (2 (2.47)
Consequently, there exist ko > 0 and 0 < py < (‘Z—g)¥ such that
O(u) = ko, YVuesS, ={ue WEN RN lul| = po}. (2.48)
For any wy € WHN(RN)\ {0}, it is easy, by (F1), to verify that lim; ,., ®(twg) = —oo, so we can

take a sufficiently large T > 0 such that e := Twy € {u € WHN(RY) : |lu|| > po} and ®(e) < 0.
Then in view of the Mountain pass theorem, we conclude that there is a sequence {u,} C WV (RY)
satisfying (2.42). O

Lemma 2.9.  Assume that (V0), (F1), (F2), and (F5) hold. Then

S(u) > D) + Lt

(@ (u),u), YueW-NRN), t>o0. (2.49)

Proof.  Obviously, (F5) implies the following inequality:

—tN ! s TS
- f(s)s+F(ts)fF(s):/t <| fla) __Jire) >|TSN2Ts2dT

N sIN=2s  |rs|N-27s

>0, VseR, t>0. (2.50)
By (2.40), (2.41), and (2.50), we obtain

B(u) — B(tu) = — "

Jull = [ | 1F(w) = F(tw))ds
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@+ [

(@ (u),u), YuecWHNRN), t>o0.

LN
F P ) — F(u) + F(tu) | de

N

From Lemma 2.9, we have the following corollary.
Corollary 2.10.  Assume that (VO0), (F1), (F2), and (F5) hold. Then

D(u) > max O(tu), VueN. (2.51)

=

Lemma 2.11.  Assume that (V0), (F1), (F2), and (F5) hold. Then for any u € WY (RY)\ {0}, there
exists a t, > 0 such that t,u € N.

Proof. Let u € WHN(RN)\ {0} be fixed and define a function ((t) := ®(tu) on [0,00). Clearly, it
follows from (2.40) and (2.41) that for ¢t # 0,

) =0 tN|ul|N - / ftu)tude = 0 & (@' (tu), tu) = 0 & tu € N.
RN

By (2.47), (F1), (F2), and the fact that f(¢)t > 0, one has ((0) = 0 and ((¢) > 0 for ¢ > 0 sufficiently
small and ¢(t) < 0 for ¢ large enough. Hence, max;¢ (0,0) ¢(t) is achieved at some t,, > 0 so that {’(t,) = 0
and t,u € N. O

Applying Corollary 2.10 and Lemma 2.11, we show the following lemma 2.12 and obtain the minimax
characterization of inf s @ in following two lemmas.

Lemma 2.12.  Assume that (VO0), (F1), (F2), and (F5) hold. Then

b= ijr\lffq) = max d(tu). (2.52)

inf
w€WLN (RN)\{0} =0

Lemma 2.13.  Assume that (V0), (F1), (F2), and (F5) hold. Then b = c*.
Proof. By Lemma 2.12, we choose a sequence {v,,} C WY (R¥)\ {0} such that

1
bgr?aacfb(tvn) <b+—, neNlN. (2.53)
= n
For any fixed u € WHN(RY)\ {0}, it holds that ®(tu) < 0 for ¢ large. Then there exist ¢, = t(v,) > 0
and s,, > t, such that
O(tpv,) = max @(tv,), P(spv,) <0, neN (2.54)

t>0

Let v, (t) = tspvp for ¢t € [0,1]. Then ~,, € T defined by (2.44), and it follows from (2.53) and (2.54) that

1
O(7,, (1)) = max ®(tv,) < b+ =, N,
ax O(n(t)) = max ®(tvn) <b+ =, n €
which implies that ¢* < b. On the other hand, the manifold N separates W1 (R¥) into two components
Et = {u € WEN(RN) : (&' (u),u) > 0} U {0} and E~ = {u € WHN(RY) : (®'(u),u) < 0}. Hence
it follows from (2.49) that ®(u) > 0 for v € ET. By (F1) and (F2), ET contains a small ball around
the origin. Thus every v € T" has to cross N, because y(0) € ET and v(1) € E~, so b < ¢*. Therefore,
b=c". O

As mentioned in Section 1, the technical condition (F3) and the monotonicity condition (F5) are
weaker than the classic condition (AR) and the strictly monotonic condition (F5'), respectively, by virtue
of which we show the boundedness of the Cerami sequence obtained in Lemma 2.8 in the following two
lemmas.
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Lemma 2.14.  Assume that (VO) and (F1)—(F4) hold. Then any sequence {uy} satisfying (2.42) is
bounded in WHN(RN).

Proof.  To prove the boundedness of {u, }, arguing by contradiction, we may suppose that ||u,| — oo
as n — co. By (F3) and (F4), there exists an R > ¢ such that

ft =2NF(t), Y|t|>R. (2.55)
bet t v, t v,
A= {t €[-R,R]: |tJjV()2t < 2} B := {t €[-R,R]: |t|Jj\E)2t > 2} (2.56)
and
F(t) := % F(t)t — F(t). (2.57)

Then it follows from (F1), (F3), and (2.57) that there exists a ¢y > 0 such that
FON =D Lot YNV E(®), VteB. (2.58)

From (2.40)—(2.42) and (2.55), we have

e+ o(1) = B(u) — @) = [ (e ~ Fun) )

WV

1
/ Flup)de + — f(up)updz. (2.59)
‘un|<R 2N ‘un|>R

Then it follows from (2.41), (2.42), and (2.56)—(2.59) that
= #/ f(up)updz + o(1)
||Un||N .

U’n

1 c (N-1)/N (V41 N
<o+ o 7 ( / f(unmx) Funl| SN 4 o(1)
[l ]| |un|<R

=—+4o(1).

This contradiction shows that {u,} is bounded in WV (RY). O

DN |

Lemma 2.15. Assume that (V0), (F1), (F2), (F4), and (F5) hold. Then any sequence {u,}
satisfying (2.42) is bounded in WHN (RN).

Proof.  To prove the boundedness of {u,}, arguing by contradiction, we may assume that ||u,| — oo
as n — oo. By (F2) and (F5), we have

F(0t)0t
9N

It follows from (F4) and (2.60) that there exists an R >ty such that

> f(t)t>NF(t) >0, YteR, 0>1. (2.60)

f(t)t = 2NF(t), Y[t|>R. (2.61)
From (2.40)—(2.42), (2.60), and (2.61), we have

¢ +o(l) = (uy,) — %(@’(un),um = /RN (Jiff(u")u" - F(un)>dx
1

> — F(un)nde. (2.62)
2N Jju, >R
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Let o := 2N(c* + )]V and t, = o/||un|. Then t, — 0 as n — oo. It follows from (F2), (2.60),
and (2.62) that

ﬂwwmz/

F(tyuy)dx + / F(tyuy)dex
|un|<R

RN lun|>R

N

tN
[un|<R lun|>R
2 N ( * 1 N
2@+l Ly« QQ—N +o(1). (2.63)

V. N
tol dx +
SON Sy Tl

Hence, from (2.42), (2.49), and (2.63), one has

N

c+o(l) =D(uy) = P(thu,) + L N 2D (uy), un)

NV
— ﬁ”unHN —/ F(tyu,)dz + o(1)
RN

QN

TN e
o
>ﬁ+0(1)20*+1+0(1)'

F(tpup)dz + o(1)

This contradiction shows that {u,} is bounded in W~ (RY). O

Lemma 2.16 (See [15]). Let Q C RY be a smooth bounded domain and 7 > 0 be a given number.
Then it holds that

N-1
i - sup{ AN : sup /exp(ﬁN/(Nfl)|u|N/(N71))d:E < 400 ;.
2 uewbHN(Q) Q

Jo(IVulY +7luV)dz<1

With the help of the above lemma, inspired by [2], we verify the weak to weak® continuity of the
Fréchet derivative of the functional [py [Vu|Yda.

Lemma 2.17.  Assume that (VO0), (F1), and (F2) hold. Let {u,} be a sequence satisfying w, — @ in
WLEN(RN) and (2.42). Then, up to a subsequence,

Vu, = Vi a.e. inRY (2.64)

and
Vi, N2V, — |Va|N2va  in (LN VDRV )N, (2.65)

Proof.  Since u, — @ in WHLN(RY), we assume, up to a subsequence, that {u,} is bounded in
WULNRN), w, — @ in Li (RY) for s € [2,00), and u, — @ ae. on RY. By virtue of [46,
Theorem 1.39-a)], without loss of generality, we may assume that

V|V + [un |V — p ae. in M(RY) (2.66)

and
|V, [N 2V, = U in (LY O-D(RN)N, (2.67)

where 4 is a nonnegative regular measure and U € (LY/(N=D(RN))N,
Now, we can define an energy concentration set for any fixed é > 0, i.e.,

Ss:={x € RN :Vr >0, u(B,(z)) >} (2.68)

Since {u,} is bounded in WHN(RY), S; must be a finite set, i.e., S5 = {z1,72,...,7,}. For any
x* € RN\ S5, there exists 0 < 7 < minj<;<m ||2* — 2| such that p(Ba.(2*)) < §. Choose p € C*°(RY)
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such that 0 < p(z) < 1, p(x) = 1 in B,(z*), and ¢(z) = 0 in RY \ Ba,(z*). Thus it follows from (2.66)
that

hmsup/ (IVun N + un|V)dz < lim (|Vun N + Jun |V )pdx
n—oo JB,(z*) "0 J By (2%)
[ edn<uBa ) < (2.69)
BQT(I*)
Consequently, one has that for n large,
/ (VN + Jun|V)da < 26. (2.70)
B, (x*)

Thanks to Lemma 2.16, for sufficiently small § > 0, there exists some ¢ > 1 such that
/ |f (up)|?dx < C1. (2.71)
B, (z*)

Hence, from (2.71), Holder’s inequality, and the fact that u, — @ in L{ (RY) for s € [2,00), we can
deduce that

L

n n —u)ld NS n a4 “ N = q/d !
/B O U)|x<< /B Y] x> ( /BW)'“ al w)

= o(1), (2.72)

Q

where ¢’ = q/(q — 1). Let ¢ € C>°(R") such that 0 < ¢(x) < 1, ¢(x) = 1 in B, /5(z*), and ¢(z) = 0 in
RN \ B,(z*). Then by (VO0), (2.41), (2.42), and (2.72), we obtain

o(1) = (¥ (uy) — ¥'(@), ¥(u, — 1))
- /RNK‘V%'N‘QWn ~ VaN"2Va) - V(i (u, - 1))

+ V(@) (Jun ¥ Pun — @l P @)t (un — @))d — / [f (un) = (@)Y (un — w)da

RN
_ / (V[ N2V, — [Va[N-2Va) - (Vay, — Va)
RN
+ (un — @) (|Vun| N 2Vu, — |Va|N 72Va) - Vi

+ V(@) ([un N ?un — [0V 20) (uy — 0)]da — S ) (un = w)dz +o(1)

WV

/ (V| N2V — V3N -2V8) - (Vuuy — VD)
B'r'/2(£*)
Vil — ]2t — )

IVl (V| + |Vu||%1>( |- u|Ndx) o))

r(z*)

> 22—N/ (IVun, — Va|N + Vi|u, — @V )dz + o(1). (2.73)
B, j2(z*)
In the above derivation process, we have used the following elementary inequality:
(2N 2e = yN %) - (2 —y) 222 Nz —yV, Va,yeRY, (2.74)
(2.73) shows that
lim (|Vu,, — Va|N + Vi|u, —a|V)dz = 0. (2.75)

N0 J B, s (z*)

Since Ss is a finite set and z* € R \ S; is arbitrary, it follows from (2.75) that (2.64) holds. This implies
immediately (2.65) by [47, Proposition 5.4.7] and the boundedness of ||Vu,||¥. O
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3 Estimates for the mountain-pass minimax level

In this section, we employ some new strategies and delicate analyses to determine a fine upper bound for
the minimax level ¢* given by Lemmas 2.8 and establish the relationships between the Trudinger-Moser
ratio C4y; and the numbers k and § in the conditions (F6) and (F7), respectively.

Based on some key observations, we make use of the unified condition (VF) to find a fine threshold for
the minimax level ¢* by constructing a special path defined later by (3.10).

Lemma 3.1.  Assume that (VO), (VF), (F1), (F2), (F3), and (F4) hold. Then it holds that

<ot (W o (3.1)
Ko< < = — , .
0 N (67}

where kg is defined by (2.48).

Proof.  Since V* < Ciy, one has V* + 2¢g < Ciy; for some €9 > 0. There are two possible cases: (i)
Cin < oo and (ii) Cryy = +00.

Case (i) It follows from the definition of Cjy, that there exists a @ € WLN(RY) with [|[Va|y <
(‘;‘TIZ)N*I satisfying

(V* +eo)|a|¥ < N/RN F(0)dz. (3.2)

This shows that ¥(u) < 0, where
W) = (V* + eo)[ull¥ — N/ Flu)de, VueWN®RY), (3.3)
RN

Let h(s) := ¥(sa) for s > 0. Since h(1) < 0 and h(s) > 0 for s > 0 small enough by (F2), there exists an
so € (0,1) satisfying h(sg) = 0. Therefore, for @ := s¢t, we have

(V* + =o)Xy = N/RN F(ii)da. (3.4)

Case (ii) It follows from the definition of C%,; and Lemma 2.6 that there exists a & € WHY(RY) with

[Va| Xy < (‘i;—ﬁ)l\”1 satisfying (3.2). Hence we can repeat the same arguments as Case (i) to get @ := sot

satisfying (3.4).
By (F1) and (F2), there exists a C; > 0 such that
O < YL+ Cron (2aoft] VD), VEER, (3.5)

which, together with (F3') and Lemmas 1.2(i) and 2.7, implies

f(e?l) ~IN / ~ N/(Nil) N
D N—20- < 1+ 2
/RN |9ﬁ|N_29ﬂ|u| dx RN[ Cron (2a0]7l |al™ dx

1/2
<l + | [ owtaanda 0| jal
<Gy YO e (0,1] (3.6)

for some constant Co > 0 independent of 0 € (0, 1]. Let u:(z) := a(z/t) for t > 0. Hence, it follows from
(2.41) and (3.6) that

9 b(0y) = (@ (0ar), 1)

do
o ) foa)
= ot ([ v [ R

> OV VAN + N (V@Y - G)), VE>0, 6€ (0,1 (3.7)
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Since @ # 0, we can choose tg € (0,1) such that
IValy + 5 (Vallally — C2) > 0.

Now from (VO0), (2.40), (3.4), and 0 < s¢ < 1, we obtain

N 1o tN N _
D(uy) = —||Vu||% + N V(tz)|a|N dx — tN F(a)dx
RN RN
N
||VU||N +t5 [V(tff) —V* —eo)|al" da
~ Eot
< IVl -
N 1 an N—-1
<L vall¥ < = — .
N||Vu||N<N<a0) , Yt>0

(3.9a) shows that there exists a T' > 1 such that ®(4r) < 0. Let

) =ty 0<t
7@={? ’
Ugg 4 (T—to)(t—to)/(1—to)s  t0 <

<t07
t < 1.

(3.9a)

(3.9b)

(3.10)

Then it is easy to see that v* € T is defined by (2.44). From (3.7) and (3.8), we deduce that ®(t5 ‘ti,)

is increasing on ¢ € [0, to]. Hence it follows from (2.40) and (3.4) that

(I)(taltﬂ’to) < (D(ﬁto)

tN
IWHN 0 V%@WM&—%/‘HMM
N RN
tN N _
|W”N+& W%@—V—%WWM
~ Eot
<NMMW— ;HWN

N 1 o N-1
0 ~I|N N

Combining (3.9b) with (3.11), we derive that

s 1 [ay N=1
"< ® <L wvallf < < — :
< s 007 (0) < VAN < (2)
This completes the proof.

Let d > 0. We define Moser’s functions w,, () supported in By as follows:

(logn)(¥-D/, 0< el < d/n,
(&) = 7§ loa(d/la)/log) /™, dfn<Jal < .
w
N=1 10, |z| > d.

It is easy to verify that w, € WL (RY). By an elemental computation, we have

d
|V, || = / |V, |Ndr = wN_l/ NV w, [Ndr =1
0

By

and (see [48, Lemma 3.2])

d
HwnH%:/ wflvdx:wN_l/ erl\wn|Nd7‘
By 0

(3.11)

(3.12)

(3.13)
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av I d
— 1 N-—1 / N—-1 1 N [ @ d
NnN(Ogn) +logn d/nr e )

ar N-1 A N _—N
=——(1 - — Vi
NnN(Ogn) +logn/o 5 s

_ ey
~ NNlogn nlogn /'’

Combining (3.13) with (3.14), we have

_ 1/ * AN
\|wn||N:/ [|anN+V(:c)|wnN]dg;g1+(‘N1)'Vd+O( 1 )
RN

NN logn nlogn

21

(3.14)

(3.15)

In the following two lemmas, we show that both the conditions (F6) and (F7) yield (VF) by means of

delicate analyses involving the Trudinger-Moser ratio C;,; and Moser’s functions.
Lemma 3.2.  Assume that (F1), (F2), and (F3') hold. If

tN/(N_l)F t
lim inf ®)

totoo eaotN/(N-1) =T

then it holds that

2na(l)v
_2M0 o
e dZ N =D if 0 < K < +o0,
= +o00, if kK = 4o00.

Proof.  We only consider the case 0 < kK < 400 since the other case is similar. Let tg =

For any € > 0, it follows from (3.16) that there exists a ¢. > 0 such that
aptN/(N=1)

tN/(Nfl)F(t) > (k—e)e ;o Yt > t..

Then from (3.12)—(3.14) and (3.18), we have

an N—-1
oV |y = () ,
(&%)

(N =1V fap\ V! 1
t n N | —= )
ltownll NNlogn \ ag +0 nlogn

and for n large,

/ F(towy,)dx > / F(towy,)dz
RN By p(N-1)/N
a0t/ NN/ =1)
> (k—¢) dx

N/(N-1 N/(N—-1
By vy BTN/

K —&)X N/(N—-1) N/(N-1)
> (Nl ) 0/ e0to Wn dx
ogn By n(n=1y/N

Nagtév/<N71) logn)
an

NnN
d/n(N=D/N

(k — &)agwn_1dN [exp(
Nlogn

N/(N—1 _
+ diN/ rVexp Naoly /Y 1og(d//r)) N/ N -1
d/n ay (logn)t/(N=1)

(k —e)apwy_1dN [ 1

N logn N

1
= [ + logn/ exp(N(s™V/ V=1 _ 5)log n)ds}
(

N-1)/N

N 1
> (k —&)agwn_1d [1 —|—logn/ eN(s—1)1ognd8]
Nlogn N (N—1)/N

)

(3.16)

(3.17)

an ) (N-1)/N
(an) :

(3.18)

(3.19)

(3.20)
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(k- e)agwy_1dY ( 2 1 )

Nlogn N Nn

2(k — &)wn_10pdN 1
= — . 21
NZ2logn © nlogn (3.21)

Combining (3.20) and (3.21), we obtain

N F(tow,)d — N
Jaw (0111\?) x>2(n £)ag —O(1>. (3.22)
[town |l (V=1 n
This, together with the definition of C},;, implies that
. 2(k — )iy
>
G > (N—-1)!

which implies (3.17) due to the arbitrariness of € > 0. O

Lemma 3.3.  Assume that (F1), (F2), and (F3') hold. If there exist 8 > 0 and p > N such that

F(t) = BJt)P, VteR, (3.23)
then it holds that
BN aN (p—NI)\SN—l)
Cinvg = =— | — . 3.24
i g () (3:24)

Proof. By the definition of C, y, we can choose u,, € WY (RY) such that

v n 1-N/p " N/p 1
Cp.N < [Vinlly  flunly <Cpn+—, VneN (3.25)
l[unllp n
Let t, = m(%)(N_l)/N. Then we have
N-1
!
vl = (22) (3.20
From (3.25), we obtain
(p=N)(N-1)
. / F(touy)de > LVHuantP_N = el (O[N> N
ltntnl§ Jex X " N[Vl B N\ 0
/BN (p—NI)\gN—l)
>0t <O‘N> , VneN. (3.27)
(Cp,N + E)p Qo
This, together with (3.26) and the definition of C},,, implies that (3.24) holds. O

The relationship between the constants C, y in (F7) and Sy n.. defined by (1.9) is established in the
following lemma.

Lemma 3.4. It holds that

Cp.n < c_l/p[(N> (P—N> ’
P )

Proof. By Young’s inequality and the definition of C, n, we have

1

} Sp Nic- (3.28)

3|z

1-N, N 1-N
e votrm < IVUIN el gy ISl P el 3
P, = -

[l [l

1/N
<||w||%)FN/%HW)N/F}

lell,
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N pP—N _ 1
< |:(N> ’ (p_ N) P ] v (”qu% + CHU‘”%)UN, TR= Wl’N(RN) \ {0}
P p [[ullp
It follows from the definition of Sp n.. that (3.28) holds. O

From Lemmas 3.1 and 3.2, we get immediately the following corollary.
Corollary 3.5. Assume that (V0), (F1), (F2), (F3), and (F6) hold. Then

1 fan\ V!
oo Lfan)" 3.29
¢ < N ( ” ) ( )

4 Ground states for the periodic potential case

In this section, we consider the periodic potential case and show Theorems 1.4 and 1.5. Using the estimates
for the minimax level ¢* (see Lemma 3.1) and applying the concentration compactness argument, the
compactness lemma (i.e., Lemma 2.4), and the Trudinger-Moser inequality (see Lemma 1.2), we first
show that the Cerami sequence given by Lemma 2.8 is nonvanishing and obtain a nontrivial solution
for (1.1) by the weak to weak* continuity of ® for such a sequence (see Lemmas 2.5 and 2.17). Then,
by virtue of the technical condition (F3) and the monotonicity condition (F5), we show the existence of
ground state solutions by constraining the functional on the critical points set IC and the Nehari manifold
N, respectively. Such existence results, to the best of authors’ knowledge, seem to be new.

Proof of Theorem 1.4. (i) We complete the proof by three steps.

Step 1.  Show that K # ) and there exists a @ € K such that ®(i) < ¢*. Applying Lemmas 2.8, 2.14,
and 3.1, we deduce that there exists a bounded sequence {u, } C WY (RY) satisfying (2.42) with

/~@<c*<ia—N]\771 (4.1)
0 X N @ .

and |lu, || < Oy for some constant C; > 0. It follows from (2.41) and (2.42) that

flup)upde < Cs. (4.2)
RN

We may thus assume, passing to a subsequence if necessary, that u, — @ in WHN(RN), u,, — 4 in
Li (RN) for s € [2,00), and u,, — 4 a.e. on RV, If

loc

6 := limsup sup / |t |V dz = 0,
Bi1(y)

n—oo yeRN

then by Lions’ concentration compactness principle (see [46, Lemma 1.21]), we know that u, — 0 in
L#(RY) for N < s < 0co. By virtue of Lemma 2.4, we can obtain

/ Flun)dz = of1), (4.3)
RN
Hence, it follows from (2.40), (2.42), and (4.3) that

1 1

~ (IVunll§ + Vallua|1¥) < */ [Vun| ™ + V(@) un|¥]dz

N N Jon

=c"+ / F(up)dz + o(1) = ¢* + o(1), (4.4)
RN

which, together with (4.1), implies that limsup,,_, .o (|| Vn | ¥+ Vi|lun | V) < (%)N’l. Hence, there exist
€ > 0 and ng € N such that

N—-1
IFunl¥ + Vil < (‘;N) 1=39N1 ¥ > n. (4.5)
0
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Let us choose ¢ € (1, N/(N — 1)) such that

(1L+28)(1 —38)q

— <1 (4.6)
By (F1) and (F2), there exists a C5 > 0 such that
(0t < oo 11 + Caltlon(ao(1 + )N/ VD), veeR. (47)
1

Let ¢ = q/(¢ —1). Then ¢’ > N, and it follows from (4.5)—(4.7) and Lemmas 1.2(ii) and 2.7 that

c* B
Fun)unds < S fnl¥ o+ Ca [ funfon(aa(L+ €)Y/ do
RN 1 RN

1
< +cg[ / ¢N<ao<1+e->q|un|N/<N1>>dx} ltn
RN

| o]

<= +o(1). (4.8)

Now from (F3), (2.40), (2.41), (2.42), and (4.8), we derive

C*

4 o(l) =D(uy,) — 5N

(@ (), 1) = /RN Hf(un)un - F(un)} de < S 4+ o(1). (4.9)

=]~

This contradiction shows that 6 > 0.
Going if necessary to a subsequence, we may assume that there exists {y,} C Z~ such that

N 3 — S
fBHf (n) [ | da > . Let us define @, (x) = u,(x + y,) so that
~ N J
[tn | de > —. (4.10)
Biivw(©) 2
Since V' (z) is 1-periodic on x, we have ||iy,| = |Juy| and
() = ¢, (¥ (@) [ (1 + [linll) — 0. (4.11)
Passing to a subsequence, we have @, — @ in WHN(RY), 4, — @ in L{ (RY), 2 < s < oo, and iy, — @

a.e. on RY. Thus, (4.10) implies that @ # 0. In view of Lemma 2.5, we have

lim f (i) pdz = / f(@)pdz, V¢ e RN). (4.12)

n— oo R

By (2.42), (4.12) and Lemma 2.17, it is easy to deduce that ®'(@) = 0. This shows that @ € K # ().
Moreover, by (F3), (2.40), (2.41), (4.11), and Fatou’s lemma, we have

¢ = lim [cp(an) - 1<@'(an),an>} = Jim | [f(an)an —F(ﬁn)}dm

n—oo N

> [ |y i@ F)as = o - (@@, 0 = o),

Step 2.  Verify that m :=infx ® > 0. It follows from (2.40), (2.41), and (F3) that

(@ (u), u) = /RN [lf(u)u - F(u)}dm >0, Yuek. (4.13)

Thus m > 0. Let {u,} C K such that

& (u,) —m, @' (u,)=0. (4.14)
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By Lemma 2.14, we know that {u,} is bounded in WL (R¥). By using reduction to absurdity, we
assume that m = 0. Then (4.14) implies that

D (uy,) — 0, ®'(u,)=0. (4.15)

By (F3) and (F4), there exists an R >t such that (2.55) holds. Let A, B, and F(t) be defined by (2.56)
and (2.57), respectively. Then it follows from (F1), (F3), and (2.57) that there exists a ¢y > 0 such that
(2.58) holds. From (2.40), (2.41), (2.55), and (4.15), we have

o(1) = @) = {8 Cun)vtn) = [ (oS~ F)
1

Set 01 := liminf, o ||un||. There are two possible cases to distinguish:

Case (1) ¢; = 0. In this case, passing to a subsequence if necessary, we may assume that ||u,| — 0.
From (F1), (F2), (2.41), (4.15), and Lemmas 1.2(ii) and 2.7, we get

Junl¥ = [ F(un)unds
RN
Vil N N/(N=1) N+1
< . ?|Un\ + Cadn (200 |un| )|tn] dx
R
1
< §||Un||N + Cs [lun ||V, (4.17)

which, together with the fact that w, # 0, yields that ||u,|| > ﬁ A contradiction is derived.
Case (2) 47 > 0. In this case, then it follows from (2.41), (2.56)—(2.58), and (4.16) that

el
l=—— f(up)unde
Tl S 4 ()

1 V. N
s ||un||N(2/A|u"| der/Bf(un)undx) +o(1)

1 C(()NA)/N (N-1)/N (N+1)/N
< +</| <R-7:(Un)dm) l[un |l w51 +o(l)

T2 fualY
1

This is also a contradiction. Both Cases (1) and Case (2) show that m > 0.

Step 3.  Prove that there exists a @ € K such that ®(@) = m. Repeating the same arguments as in
Step 1, we show that there exists a @ € WHN(RY)\ {0} such that &' (@) = 0 and ®(a) < m. Since @ € K
and ®(a) > m, we have (i) = m.

(ii) By virtue of Lemmas 3.2 and 3.3, both (F6) and (F7) imply (VF), so (ii) follows directly
from (i). O
Proof of Theorem 1.5. (i) Applying Lemmas 2.8, 2.13, 2.15, and 3.1, we deduce that there exists a
bounded sequence {u,} C WHN(RY) satisfying (2.42) with

o< —b< - av ) (4.18)
0 X == N 0 . .

By the same arguments as in the proof of Theorem 1.4, we have

O(tin) = b, |2 (@n)l|(1+ [[@nll) — O, (4.19)
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where 1, is a ZN-translation of w,, @, — @ # 0 in WHN(RY), 4, — @ in Lfoc(]RN), 2<8<00; Uy — U
a.e. on RY and ®'(@) = 0. Since @ € N, one has ® (i) > b. From (2.40), (2.41), (2.50) with ¢ = 0, (4.19),
and Fatou’s lemma, we deduce that

=

n—0o0

b= lim {@(an) - <<1>’(an),an>] = Jim | Hf(an)an — Flin) | da

> [ [}Vfw)a - F(ﬂ)] o = B(i) — (@' (i), 7) = B(i).

Therefore, ®(u) = b.
(ii) From Lemmas 3.2 and 3.3, we deduce that (VF) holds if either (F6) or (F7) is satisfied, then we
get (ii) from (i). O

5 Mountain-pass type solutions for the radially symmetric potential case

The radially symmetric potential case is studied in this section where the proof of Theorem 1.6 will be
given. In particular, we employ the radial lemma, the Brézis-Lieb lemma and the compactness lemma
(i.e., Lemma 2.4) to show that the Cerami sequence given by Lemma 2.8 is nonvanishing and that it has
a convergent subsequence.

Proof of Theorem 1.6. (i) To achieve of goal, we divide the process into two steps.

Step 1.  Show that K # (). Applying Lemmas 2.8, 2.13, 2.14, and 3.1, and using the radially symmetric
space era’év (RY) instead of WL (RY) in these lemmas, we deduce that there exists a bounded sequence
{un} € WEN(RN) satisfying (2.42) with

rad
,<E<C*<ia7NN71 (5.1)
0 X N 0 . .
It follows from (2.41) and (2.42) that
fup)upde < Cy. (5.2)
RN

Passing to a subsequence if necessary, we may assume that u, — @ in era’éV(RN ), Uy, — U in L*(RY) for

s € (N,0), and u,, — @ a.e. on RV, By virtue of Lemma 2.4, we have

lim [ F(un)de = /R F(wds. (5.3)

n—oo RN

If @ = 0, then u, — 0 in L*(RY) for s € (IV,00). Hence, it follows from (2.40), (2.42), and (5.3) that
1 N N 1 N N
~ IVunlly + Villunlln) < 5 [ (IVun|™ + V(@) |un|™]dz
N N RN
=c"+ / F(up)dz + o(1) = ¢* + o(1), (5.4)
RN

which, together with (5.1), implies that

N—-1
. «Q
lim sup (|| Vg [N + Va|lua||¥) < (N> .
n— 00 (67}

Hence we can repeat the same arguments as in the proof of Theorem 1.4(i) to get a contradiction.
Therefore, @ # 0. In view of Lemma 2.5, we have

lim f(up)pdx :/ f(@)pdz, V¢ e 5 (RN). (5.5)
RN

n—oo [pN
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By (2.42), (5.5), and Lemma 2.17, it is easy to deduce that ®' (@) = 0. Thus K # 0.
Step 2. Prove that u, — @ in erazév (RN). By (2.41), (2.42), and the fact that ®(u) = 0, we get

0= lim (®'(un),u,) = lim [|unN—/ f(un)undx] (5.6)
n— o0 n—oo RN
and
/ (|V12|N_2V11-V<p+V(ac)|a|N_2ﬂ<p)dxz/ f(a)edz, Ve ®RN). (5.7)
RN RN

Note that @ € Wia’év(RN), and there exists {¢,} C C5°(RY) such that ||¢,, — || = o(1). This, together
with (F1), (F2), and Lemma 1.2(i), yields that

[ F@ e, =) < [ 1f@ e~ ilda

< CZ/ HfL|N71 + ¢N(20&0|ﬂ‘N/(N71))”(pn — ﬂ|d;p
RN

N—-1

CIN— 2Nag , _ _ N _
<oy | [ o (G Jas] T e, - ally

= o(1). (5.8)

It follows from (5.7) and (5.8) that
Jal = [ (Ve + v(o)a)do
RN

= lim [ (|Va|N"2Va- Ve, + V(2)a|N 2up,)ds

n—oo RN
= lim f(@)pndx = f(w)udz, (5.9)
RN
which, together (5.6), implies
lim [f (un)un — f(@)a)de = lim |Ju,||™ — ||a||V. (5.10)
n—oo JpN n—oo

From (F3), (2.40)-(2.42), (5.3), and (5.10), we have

¢ = lim [Cb(un) - 1<<I>/(un),un>} = L vim [ [fun)un — NF(up)]dz

n— 00 N n—oo JpN

1 lim f(un)upde 7/ F(u)dz > % lim [f (up)upn, — f(u)u]dx
RN

NTL*)OO RN n—oo RN

1 . N — N
~ (Jim ™ = 2] ). (5.11)

Note that u, — @ in WS (RY), w,, — @ in L*(RY) for s € (N,00), and u, — @ a.e. on RV, and it

rad

follows from Lemma 2.17 and the Brézis-Lieb lemma [46] that
Tim (¥ = [l — @™ = [2]¥) = 0, (512

which, together with with (5.1) and (5.11), implies
an\ N1
lim ||u, —a||¥ < N¢* < (N> . (5.13)
n—oo ao

Hence, there exist £ > 0 and n; € N such that

lun — allY <

/

N—-1
(?) (1-3)N"', VYn>n (5.14)
0
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Now we choose g € (1, N/(N — 1)) such that

(1+8)2(1 — 38)¢?

- <1. (5.15)

By an element inequality, one has
[ VYD < (14 )y — @YD 4 (8NN, (5.16)

It follows from (5.14)—(5.16) and Lemmas 1.2(i) and 2.7(ii) that

—1 2 1+¢ g
/ dn (ao(1+ &) qlun NNV dz < L= m(q o “)C(E)W“N”)dx
RN RN q

q —1
1 _
+ = on(gPao(l+8)2u, —aN N D)da
q JrN
< Cs. (5.17)

Let ¢ = q/(qg—1). Then ¢’ > N. Thus for any £ > 0, by (F1), (F2), (5.17), and Hoélder’s inequality, we
get

‘/RN fun)(upn — @)de

S / [elun V! + Ced (ao(1 + &) un| Y/ N uy, — alde
RN

1/q
< ellunl| N un — allw + Ce [/RN on (o (1 + &)glun VN )dz |, — |y
< Cue +o(1).

Due to the arbitrariness of € > 0, we deduce that

fup)(up, —a)de
RN

Therefore, it follows from (2.41), (2.42), (2.74), and (5.18) that
o(1) = (®'(up) — ®'(0), u,, — )

_ / [(Vn N2V — V3N -2V8) - (Vuuy — Vi)
RN
V@) (a2, = a2 = o~ [ [Fln) = @)~ w)ds
RN
> 22—N/ 1V — VN + V(@) |un — allde + o(1)
RN

=22"N|u,, —al|¥ +o(1),

which implies that u,, — @ in erazév (R™N). Therefore, ®(u) = c*.
(iii) If (F5) holds, using Lemma 2.15 instead of Lemma 2.14 in the above argument, we show that

®(a) = ¢*; moreover, ®(u) = b = ¢* by Lemma 2.13.

(ii) and (iv): In view of Lemmas 3.2 and 3.3, both (F6) and (F7) imply (VF), so (ii) and (iv) follow
directly from (i) and (iii), respectively. O

6 Ground states for the asymptotical constant potential case

In this section, we study the asymptotical constant potential case and show Theorem 1.7 by studying the
limit problem of (1.1) and comparing ® with the energy functional associated with the limit problem.
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Proof of Theorem 1.7. (i) Define

oo (u) = %/ (1Vu)? + V*u| N N=Dydg — / F(u)dz, Yue WYV (RY) (6.1)
RN RN
and
Noo == {u e WHENRN)\ {0} : (@ _(u),u) =0}, bs := inf B, (6.2)

Applying Theorem 1.5 to ®,, one gets that @, has a critical point us € N, i.e.,
Uso E Nooy, P (o) =0 and b = Poo(Uso)- (6.3)

Since @, is autonomous, V € C(RY,R), V(z) < V*, and V, < V*, there exist # € RY and # > 0 such
that
V*—V(z) >0 and |ux(z)]>0 forae. |[z—T| <7 (6.4)

In view of Lemma 2.11, there exists a to, > 0 such that tsus € N. Hence, by Corollary 2.10 and (6.4),
we have

tN * N
>b+ W [V — V(z)]|too| " dz > D. (6.5)

Applying Lemmas 2.8, 2.13, 2.15, and 3.1, we deduce that there exists a bounded sequence {u,} C
WEN(RY) satisfying (2.42) with

<o —pe (o) (6.6)
0 X = N 0 . .

Hence it follows from (2.41) and (2.42) that
flup)undr < Cy (6.7)
RN

N
IOC(R )
for s € [2,00), and u,, — @ a.e. on R, For any n € N, it follows from Lemma 2.11 that there exists a
t, > 0 such that t,u, € N. Consequently,

for some C; > 0. We may assume, up to a subsequence, that u,, — @ in WYY (RN), u,, — @ in L]

Do (tntn) = b and (DL (t,uy), tpun,) = 0. (6.8)

If
0 := limsup sup / ||V dz = 0,
Bi(y)

n—oo yeRN
then by the same arguments as in the Proof of Theorem 1.4(i), we get a contradiction. Thus 6 > 0. We
Q 11ha iata N o N 9 )
may assume, up a subsequence, that there exists {y,} C Z" such that fBHm(yn) |un|Vdx > 5. Let us
define @, (x) = u,(z + y,) so that

0
| | N > —. (6.9)

Biiv(©) 2
Note that [|in |y ®y) = [Junllwin@yy. Passing to a subsequence, we have @, — @ in WHV(RY),
n — @in L (RY), 2 < s < oo, and 4, — @ a.e. on RY. By (6.9), one has @ # 0. Hence, it follows

from (2.50) with t = 0, (6.1), and (6.8) that



30 Chen S T et al. Sci China Math

:/ (|Vﬁn|N+V*|ﬂn|N)dx—t;N/ f (b i )t i da
RN RN

F(tpan)

d
N

< [ Va4 v V)do - N
RN RN
which, together with (F1) and the boundedness of ||y, ||y 1.~ vy, implies that {¢,} is bounded. Therefore,

there exists a constant K > 0 such that
0<ty <K. (6.10)

We claim that 4 # 0. Otherwise, we have 4 = 0, i.e., u,, — 0 in WL (RY). Passing to a subsequence
if necessary, one has u,, — 0 in Lj _(RY) for s € [1,00) and u,, — 0 a.e. on RY. By (2.41), (2.42), (2.49),
(6.1), (6.5), (6.6), (6.8), and (6.10), we have

b+ on(1) = B(uy)

> D (ttn) + I (1) )
= O(tpun) + 0n(1)
N
= O (tpun) + ﬁ [V (z) = V¥ un|Ndx + 0, (1)
> oo—&—— — V™ un| da:—i—— [V(z) = V) up|" dx 4+ 0,(1)
|9ff|<R |z|>R
KN KN
2 boo — 7) / [ |Ndz — —— sup [V* =V (2)]||un||¥ + 0, (1)
N ol <R N jz|>r
tN * N KN * N
b+ 22 [ [V = V(@)l[uce|” dz — — sup [V* = V(z)][|un|n + on(1)
N RN N \z|>R
tjovo * N
>b+ = [V* = V(2)]|uco| ™ dx 4+ 0r(1) + 0,(1), (6.11)
2N RN

which leads to a contradiction by (6.4), and thus @ # 0. In view of Lemma 2.5, we have

h_>m f(un pdx = / f(a)pdz, V¢ e RN). (6.12)
From (2.42), (6.12), and Lemma 2.17, it is easy to deduce that ®'(@) = 0. Furthermore, we show that
®(a) = b= c* by using the same argument as in the proof of Theorem 1.5(i).

(ii) By Lemmas 3.2 and 3.3, (F6) or (F7) implies (VF), so (ii) is a direct corollary of (i). O
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