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Abstract

We are interested in the existence of positive bound solutions for the following fractional Choquard
equation
2" i
(=A)Y’u+V(x)u= ( Mdy) |u|?es2u, 2 € Q,
o lz—yl*
u=0,7 € RV\Q,

where  C RY is an unbounded exterior domain, 99 # 0, RN\Q is bounded, s € (0,1), N > 2s,

0 < p < min{N,4s}, 2} = ?VN:QI; is the fractional upper Hardy-Littlewood-Sobolev critical exponent,

and V € L3s () is a non-negative function. By combining variational methods and the Brouwer degree

theory, we investigate the existence of positive bound solutions to this equation when V(z) and the
hole RN\Q are suitable small in some senses. The result obtained in this paper extend and improve
some recent works. Our result also holds true in the case 2 = R¥, hence this paper can be viewed
as an extension of recent contributions on the Benci-Cerami problem for the fractional Choquard
equation.
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1 Introduction and main results

In this article, we are interested in the following fractional Choquard equation

[z—y[~

2*
—AYu+V(z)u = RIS gy ) w2020, 2 € €Q,
(—a)u+ V()= f )lul a
u=0,7 € RM\Q

where Q € RV is an unbounded exterior domain, 9Q # 0, RNM\Q is bounded, s € (0,1), N > 2s,

0 < p < min{N,4s}, 2 = ?VN__Q’; is the fractional upper Hardy-Littlewood-Sobolev critical exponent

and (—A)® is the fractional Laplace operator. The fractional Laplace operator was first introduced in
the pioneering work by Laskin [26, 27], for more details about the fractional Laplacian and fractional
Sobolev spaces we refer the interested reader to the monograph [39].

On the one hand, equation (1.1) stems from the following Choquard equation or nonlinear Schrédinger-

Newton equation
1
—Au+u= (— * \u]Q)u, z € R3. (1.2)
x

In the framework of quantum mechanics, equation (1.2) was elaborated by Pekar [46] in 1954. In
the approximation to Hartree-Fock theory of one component plasma, Choquard used equation (1.2) to
describe an electron trapped in its own hole. As an approximation of the Hartree-Fock theory, Bongers
also investigated equation (1.2) in [6]. It is remarked that, as a model of self gravitating matter and is
known in that context as the Schrodinger-Newton equation, this equation was studied by Penrose [47, 48].
To the best of our knowledge, Lieb [33] and Lions [36] first studied the existence and symmetry of positive
solutions to equation (1.2). Since then, many authors pay their much attentions to the studying of
existence, multiplicity and properties of the solutions of the nonlinear Choquard equations, and indeed,
many interesting results were obtained in the last decades. By using rearrangements technique, the
existence and uniqueness, up to translations, were investigated by Lieb and Lions in [35, 37]; Furthermore,
they proved the existence of a sequence of radially symmetric solutions by variational methods. In [52],
Wei and Winter first proved the non-degeneracy and uniqueness of the ground state, and then they
succeeded to obtain the multi-bump solutions for (1.2). Classification of solutions of (1.2) was first
studied by Ma and Zhao [38]. More recently, Moroz and Van Schaftingen [42] completely studied the

qualitative properties of solutions for the following Choquard equation
—Au+u= (Kq* [ulP)|ulP?u,z e RY, (1.3)

where p > 1, N € {1,2,...} and K, is a Riesz potential defined by

(Y @) C
K, = 2 = c—
(l‘) F(%)WN/22a|$|Nfa |1:‘Nfa

Subsequently, Moroz and Van Schaftingen [43] gave a broad survey about Choquard equations. Espe-
cially, Gao et al. [15] and Guo et al. [17] independently studied positive high-energy solutions for the



Benci-Cerami problem of Choquard equation
—Au+V(z)u = (Ko * |u?)|u/®2u,u e DV*(RY) (1.4)

when |V\% is suitable small, where 0 < y < Nif N =3 or N =4, and N -4 < u< Nif N > 5,
2, = 2]]\,\[7__2“ is the upper Hardy-Littlewood-Sobolev critical exponent. Recently, Alves, Figueiredo and
Molle [2] considered the Choquard equation (1.4) with V(z) = XA+ Vo(x) and A > 0,V € L%(RN),
0 < p < min{N,4} and N > 3, under Vj and A are suitable small, they obtained the existence of two
positive solutions to equation (1.4). In fact, the results obtained in [2, 15, 17] extended the classical
results due to Benci and Cerami [5] for the Schrédinger equation to the Choquard equation.

Compared with classical Choquard equations, the studying of the existence and multiplicity of
solutions for fractional Choquard equations is not much in the literature. Especially, in the following,

some articles related to our topic must cite here. In [44], Mukherjee and Sreenadh studied the existence

of weak solutions of the following doubly nonlocal fractional elliptic problem:

Ju|?h 2% _9 .
e ()b

(1.5)
u =0, in RV\Q,

where Q C RY is a bounded domain with Lipschitz boundary, A is a real parameter, 0 < u < N
and N > 2s. They obtained some existence, nonexistence and regularity results for weak solution of the
above problem using variational methods. In [19], He and Radulescu were concerned with the qualitative

analysis of positive solutions to the fractional Choquard equation

(=AY u + V(z)u = (I * |[u|?>=)|u>xs"2u, 0 € RN,

(1.6)
u € DS2(RN), u(x) >0, 2 € RY,
where s € (0,1), 2s < N, 0 < a < min{N, 4s}, 2} ; = 3\,]\7_;2‘;, I, is a Riesz potential defined by
I'(%) A
Io(z) = 2 = 1.7
a(x) F(N;Q)WN/22N7Q‘$|OL ’3}‘0" ( )

and V (z) satisfies the following conditions:

(i) The function V is positive on a set of positive measure;

2N —«a
4s—a

(i) V € LY(RN) for all ¢ € [p1, p2], where 1 < p; < < po with pgy < %%N if 2s < N < 4s;

4s—a (2s=N)[(N—a)(1—s)+2s]+(2N—a)2s
(iii) |V~ < (2% _ 1) S 2s(N—ot2s) 7
2s
where S, is the best Sobolev constant for the embedding DS72(]RN ) = 2 (]RN ). By proving a version of

the global compactness result of Struwe [50] for the case of fractional operators in RY, they showed that



equation (1.6) has at least one bound state solution. Subsequently, He, Zhao and Zou [20] also studied
positive solutions to the fractional Choquard equation (1.6) under following conditions:
(iv) V > 0,20, and V € L3 (RV);

(4s—a)?

W) [Vly < (207w — 1),
It is noticed that the results obtained in [19, 20] are strongly dependent on the condition V' € L (RM),
which means that V(z) may vanish at the infinity. In [16], Guan, first and second author of this paper
obtained multiple bound state solutions for the fractional Choquard equation (1.6) when V(z) is a
positive potential bounded from below. In fact, the results obtained in [16] extended and improved some
works in [19, 20] in the case where the coefficient V' (z) vanishes at infinity.

On the other hand, equation (1.1) is closely related to the following classic local problems in exterior
domain

—Au+ Au = |u[P~2u,x € D,
(1.8)
u=0,z € 0D,

where D ¢ RY(N > 3) is an unbounded domain, D # () is bounded, 2 < p < % In classical
paper due to Benci and Cerami [4], authors showed that (1.8) does not have any ground state solution.
So, they only find a bound state solution. For their purpose, the authors first analyzed the behavior
of Palais-Smale sequences and proved a precise estimate of the energy levels where the Palais-Smale
condition fails, then using variational method and Brouwer degree theory succeeded to obtain that the
problem (1.8) has at least one positive solution for \ sufficiently small or for RV\D small enough.
After this pioneer work, many local problems involving exterior domains were considered, we refer to
[3,7,8,9, 11, 21, 25, 31, 32, 40, 41] and the references therein.

In recent years, some scholars have begun to extend the classic results obtained in [4] to some

nonlocal problems. Specifically, Alves et al. [1] and Correia et al. [12] independently extended results

obtained in [4] to the following fractional elliptic problems in exterior domain

(=A)su+u = |[ulP~2u,z € D,
(1.9)
u=0,z € RV\D,

where D C R¥ is an exterior domain with smooth boundary such that RN\ D is bounded, s € (0,1),

N > 2s, p € (2,2%) and 27 = N2i\725 is the fractional critical Sobolev exponent. In [1, 12], authors

first proved a version to the fractional operator in unbounded domain of the global compactness result
due to Struwe (see [50, 53]), then combining with Brouwer degree, barycentric functions and minimax
argument, they obtained the existence of positive solutions for equation (1.9) provided that RN\ D is
contained in a small ball. Subsequently, Correia and Oliveira [13] investigated positive solution for a class

of fractional elliptic problems in exterior domains with small critical perturbation. In [10], Chen and



Liu extended the classic results of [4] to Kirchhoff type nonlocal problem with N = 3. Soon afterwards,
Wang et al. [51] generalized the Kirchhoff type nonlocal problem with subcritical nonlinearity discussed
in [10] to Kirchhoff type nonlocal problem with small critical perturbation. In [23], Jia et al. studied
the existence of positive solutions for a class of Kirchhoff type problem in exterior domains with general
nonlinear term. Very recently, by establishing global compact lemma, combining variational method
with Brouwer degree, Jia et al. [24] obtained a positive solution for a class of Kirchhoff type nonlocal
problem with critical exponent and nonconstant potential function in exterior domains when the hole
suitable small. In [29], Ledesma and Miyagaki concerned with the existence of positive solutions for the

following fractional Choquard equation

(—a)utu=( [p B dy)ulP-2u,z € D
u=02¢cRV\D

(1.10)

where N > 2s, s € (0,1), 0 < a < N, D C RY is an unbounded exterior domain with smooth boundary
0D # 0 and p € (2,2%). Firstly, to overcome the loss of uniqueness, as in [49], authors investigated
limit profiles of ground states of limit problem of (1.10) as « sufficiently close to 0; Then, combined with
Splitting Lemma due to Struwe (see [50, 53]) and arguments used by Benci and Cerami [4], they succeed
to obtain a positive solution for (1.10) when R\ D small enough. In [30], Ledesma devoted to studying

the existence of a positive solution for the fractional Choquard equation

—AYu+u=ulu+e |u(y)|§ dy ) |ulP~%u,z € D,
(-4) u ([ dy) ul )
u=0,z € RV\D

where ¢ > 0 is a parameter, s € (0,1), N > 25, 0 < o < N, D C R" is an unbounded exterior

domain with smooth boundary 9D # 0, ¢ € (2,2%) and p € (QNN_O‘, 3\[]\[:22‘) In fact, equation (1.11)

could be viewed as a extension of fractional elliptic problems (1.9) with small Choquard type nonlocal

perturbation. Recently, Ye et al. [55] investigated the existence of positive solutions to the following

fractional Choquard equation

22,5 *x
(A u+u= (fD %d@ JulP~?u + 5(fD %d@ |uf?s"%u, z € D,

(1.12)
u=0,z € RM\D

where € > 0 is a parameter, s € (0,1), N >2s,0<a < N, D C RY is an unbounded exterior domain

with smooth boundary 9D # 0, p € (2,2} ,) and 2}, , = &% Authors first obtained the limit profiles

and uniqueness of positive radial ground states for the limit equation of problems (1.12) without small

critical perturbations as @« — N. Then, using variational method and Brouwer degree theory, they
obtained the existence of positive bound state solutions for equation (1.12) in case ¢ > 0 is sufficiently

small.



Motivated by the above works, especially by [1, 4, 5, 12, 16, 19, 20, 24], in this paper, we are
interested in the existence of positive bound state solutions to Choquard equation (1.1) with nonconstant
potential function in exterior domain.

The main result, in the case of small perturbations from infinity of the indefinite potential, estab-

lishes the following existence property of bound states.

Theorem 1.1. Suppose that V' satisfies the following conditions:
(Vi) V € L2:(Q),V(z) >0 and V(z) £ 0,2 € Q.
(V2)
ds—p
o< 1V]s < (2575 )5,
Then there is a small A > 0 such that if R¥N\Q C Bx(0), the equation (1.1) has at least one positive

bound state solution.

Remark 1.1. IfV is a constant, it is obvious that V & L%(RN). However, the results about fractional
Choquard equation in exterior domains obtained in [29, 30] are strongly dependent on V is constant

potential function. So, the methods used in [29, 30] seem to be not valid for our case.

Remark 1.2. To the best of our knowledge, when discussing critical problems (local problems or nonlocal
problems) in exterior domain, the critical term is basically used as small critical perturbation except [24].
Inspired by [4, 5, 24], in the case of small perturbations from infinity of the indefinite potential and non
small critical perturbation, we obtain the existence of positive bound states of fractional Choquard equation
(1.1) in exterior domains. Since there are double nonlocal characteristics in our equation which come

s

from the nonlocal operator (—A)® and the fractional Choquard nonlinear term, some refined estimates

for our problem are very necessary and delicate.

Remark 1.3. It is particularly worth noting that our result also holds true in the case Q@ = RN, hence can
be viewed as a extension of a recent results for Benci-Cerami problem for the fractional Choquard equation
by X. He, V. D. Radulescu, Small linear perturbations of fractional Choquard equations with critical
exponent, J. Differential Equations, 2021 (Specific details, please seen [19]) and X. He, X. Zhao, W.
Zou, The Benci-Cerami problem for the fractional Choquard equation with critical exponent, Manuscript
Math.,2023 (Specific details, please seen [20]). Furthermore, since it is known, but not completely trivial,
that (—A)*® reduces to the standard Laplacian —A as s — 17, our result also extend the results obtained
in [15, 17].

2 Preliminary results

Without any loss of generality, we may assume that 0 € RY \Q As usual, for any s € (0,1), let
(RY)=que . ‘N+23 ydx < oo

6



where the inner product and norm defined by

_ ) )@ =0y e
ot = [ atoptado+ [ [ =MD =00 gyl = (0,

The norm of u in L"(Q2) and L"(R") are denoted by |ul, and |ul, gv, 1 <7 < co. For any s € (0,1),
defined

2
D82 RN { c L2 RN / / "LL |
RY) =qu en Jan y‘N+25

with the Gagliardo seminorm

|2
HUHRN— UURN—/RN/RN |3:—y|N+23 — " dydx.

According to Propositions 3.4 and 3.6 of [45], by omitting the normalization constant we have
)2
2 |u(z y)|
full = l-aiua = [ [ B dya

D3 (@) = {u e D*2(RY) :u=0ae in RV\Q}

———=—dydr < oo}

Then set

with the norm

Ju(z) — u(y)®
lul> = (u,u) = o Wdyd%

where Q := (RN x RM)\(Q¢ x Q°), Q¢ = RM\Q. According to definition of D*(9), it is obvious that
DE2(Q) € D2(RM).

Proposition 2.1. (/34, 35]) Let t,r > 1 and 0 < pu < N with 1/t + u/N + 1/r =2, f € L'(RY) and
h € L"(RYN). Then there exists a sharp constant C(t, N, u,r) independent of f, h such that

P90 toay] < (0., - 2.1
‘/RN RN |x—y|u ‘ o ) fle - gl (2.1)
Ift:T_zN w then
D) /T(Z)\-1+%
C(t,N,u,r)=C(N, :ﬂ.% 2 2
(o) = €10 I‘(2N2—“)(F(N))

In this case, the equality in (2.1) is achieved if and only if f = (const.)g and

2N—p

g9(x) = A(Y* + |z — af*)"

for some A€ C,0#~y€R and a € RV,

Lemma 2.1. ([53]) If N > 2s and a € Lzs( M), ¢« D¥2(RY) = Rou = [pn a(z)u?de is weakly

continuous.



Let f = g = |u]?, then according to Proposition 2.1 we conclude that

is well defined if |u|? € LY(R) for some ¢t > 1 with 2 + £ = 2. Therefore, for u € D**(R"), thanks to

Sobolev embedding theorems we have

(2.2)

Hence, for any u € D%2?(RY), we get
1

5 _1
([0 i) P < (€, ) ful
RN

X
20,87

where C(N, ) := A,C(N, ).

From above arguments, the energy functional associated with equation (1.1) is defined by

L7 ) w1 / 2 [ ) 2 () i
o M YT G e+ = [ Vi(e)ulde — dyd
TW =3 |, Jo—yes Wdetg [ Vieh'dr—o 2* Ty e

L d 2 |u(z “S\U (y) [ 5,2
_§||uH —1—2/QV(:L‘)U dx—2 7 // o=yl dydz, u e Dy (Q).

Furthermore, 7 (u) € C1(D§?(€2),R) and

u(y) % () %~ u@)ota) |

(T (u),v) = (u,v) —i—/QV Juvdz — /

[z —yl
for u,v € DF*(Q).
Define the Nehari manifold as
N = {u € DP*())\{0} : G(u) = 0}, where G(u) := (J'(u), u).
Moreover, we have the following results about N

Lemma 2.2. Suppose that (Vi) holds, then we have that
(a) N is a C* regular manifold diffeomorphic to the unit sphere of D8’2(Q);
(b) T has a positive bound from below on N';

(¢) u is a critical point of J if and only if u is a critical point of J constrained on N .

Proof. Choose u € Dj*(Q) with |lu| = 1, defined f,(t) by

2 N 2
ful®) = S+t /V( Yu de—// () % u(y) e dydz, t > 0.
2 22",

Iw —yln

Obviously, f,(0) and f/,(0) = 0. Thanks to V(x) > 0, we have that

fu(t) > 0 for t > 0 small enough and f,(t) < 0 for ¢t > 0 large enough.



Hence, there exists t,, > 0 such that f,(t,) = max;>o fu(t) with f}(t,) = 0 and t,u € N. It is easy to
see that t, is unique. Furthermore, we have f (t) > 0 for 0 < t < t,, f,,(t) <0 for t > t,,.
Since J € CQ(DS’Q(Q), R), G is a C! functional. For any u € N, we have

u(x) |2 |u(y) 2
G/ 0) =2ulP + 2 [ Vielas -2, [ [ ’x_’ P e

2.3
!u P u(y) [Pres 23
=(2-2-2,,) dydz < 0,
!x —yl
which implies that (a) holds.
For any u € NV, since V(x) > 0, using Sobolev inequality, there is Cyp > 0 such that
2 2 |U ) [P |uy) [P 2 2:2%
0= [Jul]” + QV(x)u dz — P dydz > ||ul|® — Co|ul|*“ms.
Then, there is C7 > 0 such that
|lul] > C4 for any u € N. (2.4)

Consequently, by (2.4) we conclude that

1 1 ulx J%] u 2
J(u) :2||u||2+/V(x)u2da:—22*//| |m_|y|u)| dydz

_l 2 1
=~ gy > (- 5

)Cl, for any u € NV,

which shows that (b) is satisfied.

If u is a critical point of J with u # 0, then J'(u) = 0 and thus G(u) = 0. So u is a critical point
of J constrained on N. If u is a critical point of J constrained on A/, then there is ¢ € R satisfying
J'(u) = <G’ (u). By u € N, we have

(¢G'(u), u) = (J'(u),u) = 0.
Hence, due to (2.3), we get ¢ = 0. That is, J'(u) = 0. O
Let S, s be the best constant

2
U
Sps = inf | HRN ,

’ s,2 N * %
PN (B e )

where I, defined as in (1.7), and Ss be the best Sobolev constant for the embedding D*?(RY) —
L% (RN), that is,
2
AL
ueDs2(RN)\{0} |u/?

Ss =

2% RN



It is well-known that S, ; and Sy are both achieved at u if and only if

9 N—-2s

)

.z eRY

u(z) = C(

€2+|:c—x0]

for some g € RY, C' > 0 and € > 0 (see Theorem 2.15 of [14]). Furthermore,

Ss
Su,s = 1
(C(N, )%
Let
()
U = LM, where v = (Sivi)
(14 Jzf?) "= w2 T(N)
Then, from [45], we have that
Sl VI, g = 192 (25

and

2 g2t _ ane
IRy = 19155 g = S5

Set

_ (N—p)(25—N)

B(x) = S"O A (C(N, ) T W (),

then ¥(z) is the unique minimizer for S,.,s and satisfies

- ~ o ~ o 2N—,u,‘
||\II||I%RN = /N(IH * |\Ij|2u,s)’\11’2,u,sdx — Sli\”;lt+2§‘ (26)
R
Let
2s—N ~ T — Z
po,z() = 0N W(——)
N-—2s 27)
5 (
S R ——) S NP - 0
(024 |z —2?) =2
(N—p)(25—N) e N
where a,, s = S5 (C(N, p)) 2N -+25 1y
Now, we introduce the following equation
(=A)*u = (I, * |u)®)|u)?0s"2u, in RY, (2.8)

and its energy functional J., : D*2(RY) — R defined by

1 1

Too () = SllulZy — o / (L, % [l e
> 2TIRY o fen

It follows from [28] that the positive solutions of equation (2.8) are unique. Furthermore, by the invariance
of the scaling, the function g5 . defined as (2.7) solves equation (2.8) and satisfies (2.6).
Let
Noo = {u € D*2(RM)\{0} : (T (u),u) = 0},

10



and then we have that

; N +2s 2An
Folse) = o = mip ) = oS

Then a ground state solution of (2.8) is a nontrivial solution u € D*2(RY) satisfying
Joo(u) = Mmoo and J. (u) = 0.
Furthermore, from [19, 20] we have the following result about nodal solution of equation (2.8).

Lemma 2.3. If u € D*2(RY) is a nodal solution of equation (2.8), then

4s—p

_4s—p N — 2 _ESTH
Too(u) > 2N—u+2s WSN wt s = 2N —pt2s .

The following proposition indicates that there is no ground state solution to the equation (1.1).

Proposition 2.2. Suppose that (V1) holds, then m := min,epn J(u) = Mmoo and m is not achieved.

Proof. Step 1: To prove m = my,. For any u € N, there is t,, > 0 satisfying t,u € N. So we conclude
that

1 x .
W /N([M * [ty 0 [ty dz

_1 2 [tua(@) [P [t u(y) [P
= 2Htuu|| 5.0 2 // \:r—y]“ dydz

1 2 2 uti(z)
< = - _
< gl + 3 [ Vio)ta?de -5

= j(tuu) < j(“’)?

1
Moo < Joo(tutt) = iutuuufw —

* *
2/1.,5 2;1.,5

tyu(y)
|z — gy~

dydz

which shows that m > m..

In the following, we prove that m < me. Let uw, C DS’Q(Q) be defined by w, := ((z)@,, here
on(-) = (- — zn) and p = 1 ¢ € D*2(RY) defined in (2.7) is a positive solution of (2.8), {z,} C Q with
| 2| — 400 as n — 400, ¢ : RY —[0,1] is defined by

¢(x) = 5(|x)\|>7)\ = inf{7 : RM\Q ¢ B,(0)},
where B, (zo) := {z € RN : |z — 29| < 7} and £(¢) : RY U {0} — [0,1] is a non-decreasing function
satisfying
E(t)=0,t <1and&(t)=1,t>2.

Firstly, we claim that

T () — Mmoo and (T’ (y), Un) — 0 as n — +00. (2.9)

11



Obviously, ||#n|[gy = [|¢|lgy and &, — 0 in D»2(RY) as n — +oo. Hence, it follows from Lemma 2.1
that
/ V(x)(Un)?dz — 0 as n — +oo.
Q

Set

~ | o* sl 2*,8 _ 2% s _ 2*’5
RN RN |z —ylH RN |x—y|#

where

(% (2 + 2)C%00 (y + 20) — 1]|gp] Pos | o[ Hs

Since |z,| — 400 as n — +oo and
|+ zn| 2 [2n| — |2] and [y + 2| = [2n] = y],
for each x,y € RY there is Ny € N satisfying
| 4+ zp| > 2X and |y + 2z,| > 2\, n > Np.
Hence ((x + z,,) = 1 = ((y + 2p) for all n > Ny, and we have that
Ap(z,2) = 0 ae. in RY x RY as n — +oo.

Furthermore,

s 2*,5
\go(y)| " c LI(RN XRN).

()
Ap(z,y)| <C
|An(z,9)] o= g

Therefore, by the Lebesgue’s theorem, we conclude that

~ 2% sla7 2*“3 s
Mdydx N (@)l ()] " dydz as n — +oo. (2.10)
RN |z —yl RN j —yl#

Similar to the proof as in [1] we can show that
[Tn — (- — zn)||Zn — 0 as n — +oo. (2.11)

Thus, combining with (2.10) and (2.11), the claim (2.9) holds.
For u, C DS’Q(Q), arguing as in Lemma 2.2, there exists unique ¢, > 0 such that t,u, € N and
then (J'(tntn), tht,) = 0.

We claim that t,, — 1 as n — +o00. Indeed, according to definition of u,, it is easy to see that

2%
a < |[tp]| < b,a < ‘“’”‘ G D e dydx < b,
|z —yl#

where a,b > 0 are constants. Hence, we can get that there is C' > 0 such that |t,,| > C. Suppose that
t, — +oo, thanks to t,u, € N, we have that
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. ~ 25 |~ 2,
[t = tf’%,s 2)// [t (@)% i () dydz + o, (1) as n — o0,
aJo |z — y|#

which is a contradiction. Thus, {¢,} is bounded from above. So, according to fact (J'(uy),un) —
0 as n — 400, we can easy to get t, — 1 as n — +o0. Then, it follows from (2.9) that J(t,u,) — Meo.
Due to t,u, € N, we deduce that m < mq.

Consequently, from above arguments, we conclude that m = m..

Step 2: To prove that m is not achieved. Suppose that, by contradiction, there exists u* € A such
that J(u*) = m = ms and J'(u*) = 0. Let t,» > 0 be such that t,~u* € Ny, then we have

]. 1 * *
Moo S joo(tu*u*) = §Htu*u*”]§N _ 22*/ (IH * |tu*u*‘2u,8>‘tuu*‘2u,sdx
" Cp,s JRN
1 1 tuw* ()2 [tu* (y) e
= e ||? — // [ty () [P [t (y) | dyda
2 2. 2u,s QJQ ‘:B - y’“
1 1 1 tou* 205 tou* 2% s
2 2 Ja 2-25 o JaJa |z — y|~

= J(tuu*) < J(u) = Mmoo

Hence, we deduce that
by = 1,/ V(z)(u*)?dz =0
Q

which implies that u* is a minimizer of m.,. Without loss of generality, we can assume that «* > 0.
Therefore, by the maximum principle we get that u* > 0 in RY, which is impossible since u* = 0 in
RM\Q. O

In the following, we cite some useful Lemmas for prove our main results.

Lemma 2.4. ([19, 42]) Let N > 2s and pn € (0, N). If {u,} is a bounded sequence in L% (R™) such that

un — u almost everywhere in RN as n — oo, then
/ (T # [t | ) [ |*hos dar — / (T # [up — ule) [y, — uf s do
RN RN
o [ a5 e da.
RN

Lemma 2.5. ([19]) Let {u,} is a bounded sequence in D*2(RY) such that u, — 0 almost everywhere

in RN as n — oo. Denote g(u) = (I,  |u|*=)|u|?>"2u. Then for each v € D¥*(RN), we have

[ 1ot ) = g(un) = 0) 5T = 0,1,

By arguing as Lemma 3.4 in [20], we can obtain the following result.
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Lemma 2.6. Suppose that {u,} C D*>2(RY) is a sequence of (P.S.)c sequence for Juo such that u, — 0
in DS2(RN) and u,, - 0 in D*>2(RN). Then there exists a sequence of points {z,} C RN and a sequence
of positive numbers {o,} such that

N—2s

Up(x) = 0on 2 up(opz + 2p) (2.12)

converges weakly in DS2(RN) to a nontrivial solution v of (2.8).

It follows from Proposition 2.2 that the equation (1.1) does not have any ground state solution.
So, we only to find a bound state solution. For this purpose, we need to obtain the global compactness

result.

Theorem 2.1. Suppose that (V1) holds, let {u,} C D8’2(Q) is a sequence of (P.S.)c sequence for J,
that s

J(up) — ¢ and J'(up) — 0 as n — +oo0. (2.13)

Then there exist a number | € N :={0,1,2,...}, | sequences of numbers {ol.} C R*, points {zi} Cc RV,
1 <i<I, I+1 sequences of functions {ug)} C D*2(RM),0 < j <1, such that for some subsequence, still
denoted by {uy},

! i
— 0 i= 520 (T Fny.
(CL) un(l‘) Up, (l‘)+;(an) 2 Un, ( O_;;l )a
B 2.14
b) ul® — u© in DI*(Q) as n — +oo; ( )
( ) ) 0 ’
(¢) ul) = u® £ 0 in D>2(RN) as n — +00,1 <i <
where w0, u(1 < i <1) satisfy
|u© (y) 25 2 —2 N
(—A)*u© + V (z)u® (/ dy)|u<0>| w200 2 e Qyu = 0,2 e RV\Q. (2.15)
a |z—yl
(A uD = (I, % [0 s ) [ Zas=200 2 e RN 1 <4 <1 (2.16)
Moreover, we have
! N-2 2
B () iy=o5= 0 (L ny 2 21
lun — u ;(%) 2 u( o )" = 0as n — +oo, (2.17)
and
l .
T () = Tu?) +3 " T (u?) as n — +oc. (2.18)

i=1

14



Proof. First, we prove that {u,} is bounded in D8’2(Q). It follows from (2.13) that

¢+ on(1) + on,(V)||un|| = T (up) — ———
1 1 , 1 1 )
<(5 - W2+ (5 - da,

which combine with V(x) > 0 show that {u,} is bounded in DS’Q(Q). So there is u(?) ¢ DS’Z(Q) such
that, up to a subsequence, still denoted by {u,},

un — ' in DI*(Q); up — u® ae. in Q. (2.19)

For any 1 € C°(RY), by Lemma 2.1 and Lemma 2.5 we have that

2 Uy, 2

x—yl“
e [ BO@PR OGP O
=@®, ) + /Q V(@) / / " dyd + 0,(1)

=(T" (), 9) + on(1),

which shows (7’ (u(?)),) = 0. That is, u(?) satisfies (2.15).
Let

oW (z) = (un ) (@), w € 9, (2.20)

0,z € RV\Q.
Then it follows from (2.19) that o) = 0in DS’Q(Q) as n — +o0o. Thanks to Lemma 2.1, we have
/RN V(z)(viV)?dz — 0 as n — +oc. (2.21)
Furthermore, by Lemma 2.1 and Lemma 2.4, we have that

oSV IR = IV 12 = llunll? = ) + 04 (1),

Toof?) = G0 5 [ V@ = e [ (B D oD P+ on(1)
Q : N
1 1 |un (2 Zise Un(y )|2’j’s
= glhwnl®+ 5 | Viondar - o / / ‘w_ 0 e (2.22)
1 1 (0 ()25 | 0) (3) | Pra-s
— @2 - = w24 dud 1
1O =5 [ V@O e+ // e yd + on(1)

It v$ — 0 in D* 2(RY), the Theorem is proved with I = 0.
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1f of - 0 in D*2(RY). For any ¢ € C§°(RY), thanks to Lemma 2.1 and (2.13), we have that
(el 0) =00, ) + [ V@)l +on(1)6 e
Q
= [ G D P oD 2o D
RN

=(T' (M), ¥) + 0n (D¢l
(un), ) — (T (@), ) + 04(1)
=op(1),

(2.23)

which shows that jo’o(vg)) — 0 as n — +o00. Hence, {vg)} is a Palais-Smale sequence for J, and

satisfies
o) —~ 0 in D*2RN); oM - 0 in DS2(RY).

Then, by Lemma 2.6, there exist {z1} C RY, {o1} ¢ R* and u™ € D%2(RY) such that
) = (o) "= oD (oh - +2h),
ul) = 4 in DS2(RN),
T (wMy =0, u £ 0.
Thus u™) is a nontrivial solution of the equation (2.16). Moreover, we have
oSl = lut? e = 1 IR + ) = utV|lzn + 0a (1),
Too () = Too(u)) = Too () + Too () —ulV) + 04(1).
Combine with above equality and (2.22), we conclude that
lunll* =llog? fx + 1w + 0n(1)
=) + uV 2 + ) = u[F +0n(1)
T (un) =T (V) + Too(03)) + 0a(1)
=T () + Too () + Too (i) =) + 0,,(1).

(2.24)

Let 02 = u) —u®,if v = 0in D> 2(RN), the Theorem is proved with [ = 1.
If vg) -+ 0 in D*2(RY). Similarly, we can conclude that {USLQ)} is a Palais-Smale sequence for J
and satisfies

/U§L2) N O in DS,2(RN); /U1(L2) N 0 iI]. DS72(RN).

Then, it follows from Lemma 2.6 that there are {zn} C RN, {02} c R and u® € D*2(RY) so that

S

@ = (02) "7 o@D (o2 - +22),
u? = 4@ in D*2RY),
!/

T () =0, u® #0,
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which implies that u(?) is a nontrivial solution of the equation (2.16). Moreover, one has

1o 15y = [uP g = 1P 7y + 4 = u® gx +o0a(1),

jOO(”g)) = joo(ug)) = joo(u(2)) + jOO(ung) - u(2)) + on(1),
together with (2.24), we conclude that

lunll® =@ + u[Fx + [0l — uVEy + 0n(1)
=[|u@ 12 + DR + |02 [Fx + 0n(1)
an + 1ol = u?|Ex 4 0a(1)
I (un) =T (1) + Too(uM) + Too (ulH) — uM) +0,(1)
=T (1) + Too (D) + Too (vP) + 0,(1)

:j(u(o)) + jOO(U(l)) + Joo(u 2)) + jOO(Ug) - U(z)) + on(1)

— 14,012 (1)12 (
U + ||lu + ||u
| | | HRN | (2.25)

Iterating the above procedures, we can obtain sequences {ug{“‘_l)} in this way. Let vl(f) = ugg_l) -

wk=1 if %(11:) — 0 in D%2(RY), then Theorem is proved with [ = k.

1f o) — 0 in D2 (RN). Arguing as before, {vgk)} is a Palais-Smale sequence for J such that

v 0 in D¥2RN); v®) - 0 in D¥2(RY).

n
Then, according to Lemma 2.6, there exist {2z} ¢ RY, {oF} ¢ Rt and u®) € D2(RY) satisfying

ull) = (8) TP ok 28,
ul® — ®) in DH2(RN),

T (w®y =0, u® +£0.

Thus u*) is a nontrivial solution of the equation (2.16). Furthermore,

| =[lu@* + S [P Rn + [0l = u® 2 + 0n(1),
) (2.26)

J (un) :j(u(o)) + Ef:ljcw(u(l)) + joo(%(zk) - U(k)) + on(1).

Thanks to
0 = (T (), u®) = [u@|2x - / (L % [P [u® Plosda, i € {1,2.. k}
RN
) 2N —p

and the definition of S, s, we obtain that |u® gy > Sps i =1,2,...,k Then, we conclude that
the iteration must terminate at a finite index [ > 1, that is, ’Ug—i_l) = ug) —u) 5 0in DS’2(]RN). Then,

we have '
un | =[O + Bl [u®DEx + 0n(1),

T (un) =T (@) + S, Too (ul?) + 0, (1).

17



Moreover, it is easy to obtain from above discission that

N—

tn =(u® + 0,(1)) + (01) 77 (@) + 0,(1)) (w ")
2

1 1
_N-2s r—z,—0
H(opo?) ™ (@ o0, (1) (A
oo
1 1.2 53
1 9 3\_N—2s (3) T — zy, —O'Z—O'O' Zn
+(op0n00)" "2 (u —l—on(l))( - )
+..
1 1,2 1.2.3 1,23 1-1,1
L 2 3 I—Nz2s (g T — 2y — Op2fy — Op0 = OOy Oy 2
+(0'n0'n0'n g ) (U +0n(1))( = o 2_71:;_72:;_20_7[1 — = n)
So, it follows from rewrite the notations that (2.14)-(2.16) are satisfied. O

Corollary 2.1. Suppose that (V1) holds, let {u,} C Dg’z(Q) be a non-negative sequence such that
T (up) = m, (J'(un),un) =0 as n — +o0, (2.27)
then we have
Un = Wy + P5, 2,5 (2.28)

where {wp,} C D¥2(RY) such that w, — 0 in D>2(RY), and ps, ., defined in (2.7) is the positive

function realizing Mmoo .

Proof. It follows from (2.27) that {u, } is a minimizing sequence for J|xr. Then, it follows from variational

principle ([53]) that there is a sequence {v,} C N satisfying
T (n) = m, T (vn) —nG (vn) = 0, ||ty — || — 0 as n — 400, (2.29)

where ¢, € R. We may assume v,, > 0.

Next, we prove that J'(v,) — 0 as n — +oo. From (2.29), ones has that

(T (0n),vn) = (G (vn), vn) = 0p(1)||vn]-

It follows from (2.4), (2.5) and the fact {v,} C N that (G'(v,),vn) < C < 0. Therefore, thanks to
{vn} C N and J(v,) — m, it is easy to see that {v,} is bounded. So, ¢, — 0 as n — +oo. For any
¢ € Dy (),

V(z)opde —2- 25, // |vn (2 “S|U|( y) [P vn(y)cb(y)dydm

x—ylr

(G (00), @) = 2(vn, &) + 2 /

Q

Thus, according to the boundedness of |V| ~, using the Holder inequality we deduce that
2s

(G (o), )| < (Chllonll + Co =)l

18



which combine with boundedness of {v,,} show that G’(v,) is bounded. Then we can easy to obtain that
J (vn) = 0 as n — +o0.

Now, for any ¢ € DS’2(Q), we could easy to get that
<«7I(Un) - j/(vn)7¢> — 0 asn — 400,

from which we conclude that J'(u,) — 0 as n — +o0.

By Theorem 2.1, there exist a number [ € N and a subsequence of {u,}, still denoted by {u,},
such that (2.15)-(2.18) hold.

If u(®) %0 and [ > 1, thanks to (2.15)-(2.16), we have

(7' (@), uly = 0, (7L (uP),ul)) =0,1 < i <1,

which shows that u(®) € N, u® € Ny,1 <4 <. Hence, we have that J(u®) > m = meu, Too(u?) >
Moo, 1 <1 <. We deduce that

m=Ju?) + 3 T (u?) > (1 + 1)meo > 2me,

which contradicts with the fact m = mqo.

If u® =0 and [ > 2, similar to the above discussion, we obtain a contradiction
m =Y Too(u?) > Ime > 2me.

Iful® # 0and [ = 0, then u(?) is a ground state solution of (1.1), which contradicts with Proposition
2.2.

If u®) = 0 and I = 0, we also get a contradiction due to the fact J(u(?)) = m.

According to above arguments, we must have that «(®) = 0 and I = 1. That is, u(!) satisfies (2.8)
and then Ju(uM)) = m = me,. This fact shows that u(!) is a ground state solution of (2.8). Then it
follows from Lemma 2.3 and the nonnegativity of {u, } that u) > 0. Arguing as in Corollary 4.2 of [18],
we can get u(!) > 0. Consequently, it follows from above discussion and the unique of positive solution
of (2.8), the (2.28) holds. O

Corollary 2.2. Suppose that (V1) holds, let {u,} C DS’Q(Q) be a non-negative sequence of (P.S.)c

sequence for T, that is
J(up) — ¢ and J'(up) — 0 as n — +oo, (2.30)

4s—
if ¢ € (Moo, Ot Moo), then the functional J satisfying the (P.S.). condition.

Proof. According to Theorem 2.1, there are [ € N and a subsequence of {u,}, still denoted by {u,}, such

4s—
that (2.15)-(2.18) hold. Thanks to 0 < Nﬁ;’_‘% < land ¢ € (Moo, 2N 2 Moo ), similar to the arguments

of Corollary 2.1, we can conclude that u(®) % 0 and [ = 0. So, it follows from (2.17) that u, — uw©) in
D2 (). O
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3 Main technique and some basic estimates

Let @5 . defined by (2.7) be the ground state solution of the equation (2.8). Without any loss of generality,
we assume that 0 € RV\Q, then A = inf{7 : RN\Q C B,(0)} > 0. Let

x
oy = ((@) s,z = §(|)\><P5,z,
where ¢, ¢ are defined as in Proposition 2.2. Defined Ky : RY x R — D$2(RY) by
IC)\(Z, (5) = thv)\,

where t,, > 0 satisfies (J'(ty, ), ty,va) = 0. According to definitions, vy and Ky (z,d) can be seen as
elements in D8’2(Q) and L% (Q). Moreover, we have that

1A (z, )l = 1A (2, 0) lrev s [[oall = [loallra,

’IC)\(Zv 5)

2: = |[Kx(2,0) |« gy, [Un|2x = |U>\‘2§,RN'

Lemma 3.1. Suppose that (Vi) holds with |V|% # 0, then K\ (z,0) satisfies

(a) Kx(z,0) is continuous in (z,0) for every \;

(b) T(Kx(2,9)) = meo and (T'(Kx(2,0)),Kx(2,0)) — 0 as |z| = 400, uniformly for every bounded \,
and bounded 0 away from 0;

(c) as A = 0, T(Kx(2,0)) = meo and (T'(Kx(2,0)),Kx(2,9)) = 0 as § = 0 or 6 — +o0,uniformly in
z € RV,

Proof. (a) is obviously hold. By the similar arguments as in the proof of Proposition 2.2, we easily obtain

(b). In the what following, we prove (c).

2
<‘—§'>)¢5,0<x =)+ (68 = 1) (wsole - 2) = wsoly - 2))|
Jon = salib = [ /R ) - |N+25 dydz
(lzly — g(lu) _ e(luly —4[* _ N
<2 905056 z) o ) ,\ wso(r —2z) — %o(y 2) dud
/RN /RN |x7 y|N+2s Tay + /RN/RN |z — y|NT2s ydr
2(L + ),
where )
I e8| sote - ) .
: ‘/RN /R |w— V25 v

2
, e(l4h —1‘ ‘9050 T —z) = @50y —Z)‘ o
2_/]RN/RN |z — y[N+2s ydzx.
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First, we claim Is — 0 as A — 0. In fact,

ly+=2| 2 2
. ‘f(T) - 1’ ‘905,0(37) - 906,0(?/)’ tnd
2T /RN /RN |z — y|N+2s v

By definition of £, we have that

2 2
‘f(‘y;f‘) - 1‘ ‘@6,0(13) — @50y ‘ )9050 — @50y )‘ LN N
PR ST SPETED,

) 2
’5(“!;;2‘) — 1‘ ’90570(96) - 906,0(3/)’ N _ oN
—0ae. in RY xRY as A — 0.
‘x_y’N-i-?s

Hence, the Lebesgue’s theorem ensures that

I, — 0as A — 0, for every z € RV,

(3.1)

Next, arguing as in Lemma 4.1 of [1] (see also Lemma 2.3 of [54]), we prove I; — 0, as A —

0, for z € RY. Let RN x RN =1I; UII, UIIs, it is easy to see that

2
. \x+z| (|y+z\ ’ ’(P(SO ‘ »
Lo /RN /RN v — y[NT2s e

2
) — € ot
_Z/ |z — y|V+2s dydz,

where
IT; := (RM\Boa(—2)) x (RV\Bax(—2)); My := Byy(—2) x RY;
I3 := (RM\ Byr(—2)) x Bax(—2).

For any (x,y) € Iy, |z + z| > 2\, |y + z| > 2], hence §(| +Z') f(@) = 1. Then we have that

2
ez — 0 losato)
/H P ’N+25 dydz = 0. (3.2)
1

Denoted

lecz2)) — (=) s o )|
/1'[2

z — ’N+25 dydz
‘2

/ / ‘f(@) —§(|y+z‘ ’ ‘<P so(w o
= ydx
Box(—2) J B(x) |z — y| N2

2
+/ / ‘ﬁ('%rzl)—fwﬂl“@o ’dd
ydx.
Box(—2) JRN\ By () |z — y| N2
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On the one hand, using mean value theorem, we conclude that

’ 2

g(lorely g lutzl ‘ ‘
ws0(T o)
dydx < / wso(T 2de.
/BQA /m |z — y| N2 (2 = 28)A% BQA(—z)| o)

On the other hand, we obtain that

/ / |I+Z|) 5(\y+\ ‘ }%0 dyd
yax
Box(—z) JRN\Bj(z |z — y|NH2s

1
1/ mmﬂ<x>2]/ L dyda
Box(—2) RN\ By (2) |7 — y[N T2
CQ / 2
< =% @s0(z)|"dz.
SAQS BQ)\(—Z) ‘ 0( ’

Combine with (3.3) and (3.4), we have that

‘ 2

2
/ e ) ) S (eso(a) %d
A X xZ.
" o=V vr < g [ e

Define
A:={y € Box(—2) : |t —y| < A}, A= {y € Bax(—2) : |z —y| > A},

then ,
lecz2)) — (o) s a)| o
/Hg ’x_y’N+25 v
‘5 (letzly g (lutaly ‘%0 ’2
dydz
/]RN\B”\ / \x - y’NHS

el gl ‘2

/ / ‘f(T - ‘9060 dd
+ ydz.
RN\ Byx (—2) J A¢ | — y|N+2s

Arguing as before, we can obtain that

2
)5 \x+z\ |y+| ‘ ‘%0 ) o
/]RN\BQ,\ z)/ \x—y\N”S e

Cy /
<< |ps.0(x)[*da.
A2 B3 (—2)

Choose v > 4, it is easy to see that

(RM\Ba(~2)) x Baa(~2) C [(Bya(~2) x Baa(—2)) U (RN\Bya(~2) x Baa(—

22

2))].

(3.3)

(3.6)



Therefore,
‘ 2

[ / lecz2) — () |psote .
ydx
RN\ Boy (—2) J A¢ |l — y|NF2s
2
\x+z\ |y+| ‘ ‘%0 ‘

//\ )/C \x— ‘N+2S dydz
fy —Z
2

’5(@)_5(%' ) ‘8060 ’
+/RN\Bm(z)/c |z — y|N+2s dydz.

By direct computation, one gets

2
|m+z| (\y—l-z\ ’()%0 ‘

/ A( 2) / |z — y|N+2s dydz
"/

< ©s, 2dz.

—2)) X Bax(—2), we have

If (z,y) € RN\BW,\(

]x—y]2|x+z\—z+y]>|xgz| 2 2A>‘I;Z’
So, we have that
2 2
| | =5 — el eso@|
ydx
RN\B,(—2) J A |z — y|Nt2s
C .\ oF
< Jg(/ Isoa,o(w)l2sdw) =,
v RN\BW)\(_Z)

Hence, it follows from (3.7)-(3.9) that
2

et — el Josota)] s

/RN\BQA(—Z) / |z — y|NH2s

CG / 2% Ql* C’? 2
<= eso@dr)® + 50 [ ool
’YN( RN\B,5(~2) )7+ % Bx(-2)

Therefore, combining with (3.2), (3.5), (3.6) and (3.10), we conclude that

Cs / 2 Cy 2
L<& (oo(a)|2dz + < / os0()2dx
A g (o) A2 By (=2)

07/ 2 06 2% QA*
+ (pao(e) 2z + <8 / PORIDE
A2 B (-2) N< EN\B, (~2) )
Cg/ Cs / o 2
< — dr + — x)|“sdx )"
o, lem@Pde e T3 ( [ lesola)Fde)

2
* * 010
< 2s 2% 25 )
N 097 (LwA(—Z) |<p670($)| dx) '7N
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Given € > 0, we can fix v large enough such that % < 5. So,

2
* oF &
I < 09728(/ |<P5,o($)|25d96) 4 7
Bya(~2)

Now let us fix A small enough such that

2
2
2% 25
©s, sdr < -
/. e < (5)% 5

From above arguments, we get that I; < e uniformly in z for A small enough, which shows that

I >0, as A — 0, for z € RV,
Then, together with (3.2), we deduce that
oall* = HmH%N — Hcp(;,ZH%{N as A — 0, ¥(z,0) e RY x RT. (3.11)

It follows from simple calculation that

s 2* ;J.s 2:,3
/ / v (z)] % !U]é( " dyda / / 5,2 ( 5.2 (y)] dyda
RN JRN |x—y| H RN JRN ’l’—y’N "

/ / |v,\ us!v/\( / / |¢50 T — z \% s|%0( )|2;’S dyds
RN JRN lx —y |N K RN JRN iz —y |N m
‘ (T) B 5(%) . _1}‘906,0(1‘)’2;’31905,0(1/)’2;’5d .
/I\QN /]RN ‘aj_y‘N—/L ydax
:/ / ) (z, y)dydz.
RN JRN
Since . y
Mi(z,y) < 0‘905,0( &jy’ﬁ\foi Yl e LR x RY)
and

II)\(z,y) — 0 a.e. in RY x RY as A — 0,

using the Lebesgue’s dominated convergence theorem, we conclude that

s 2 s s 2*,5
L] R s [ [ SRR e a2
RN JRN ]x— [N=n RN JRN \w— y[NH
uniformly in z € RV as A — 0.
Thanks to .
[ux — @6,z|§;; RN = / ‘(f(M) - 1) ws5.0(x) stﬂf
. B2 (0) A
<C |05, ()| da
B3 (0)

— 0, for (6,2) € RN x RT,
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we obtain that

2: 2% 2:
[oAl33 = [oaly g = |95z 15% g a8 X =0, ¥(2,0) € RN x RT, (3.13)
which together with V' € L3 (Q) concludes that

V(x)|va|*dz — / V(x)|ps.-|*dz, as X — 0, V(z,8) € RY x RT. (3.14)
RN RN

Thanks to V € L%(Q), arguing as in the proof of Lemma 4.3 in [20], for any € > 0, there exist
01 = 61(¢) and Jy = d2(e) such that

/ V(z)|ps.|*de < e,
RN
for z € RN and § € (0,61] U [02, +00). An then, combined with (3.14), we obtain that as A — 0,

/ V(z)|va|?dz — 0 as § — 0 or § — 400, Vz € RY. (3.15)
RN

So, it follows from (3.11), (3.12), (3.15), Joo(s,2) = Mmoo and (Tl (¥s.2), ¢s..) = 0 that, as X — 0,
T (vy) = Mmoo and (T (va,vx) — 0 as d — 0 or § — 400 for z € RY.
Then similar to the proof as in Proposition 2.2, we can conclude that as A = 0, ¢,, = 1,asd - 0ord —

+o0 for z € RY. Consequently, (c) follows directly from the definition of Ky (z,4). O

Lemma 3.2. Let (V1) — (Va) hold, then there is \* € (0, §) such that for any A < A\*
4s—
sup J(Kx(z,9)) < Nt Moo-
(2,0)€RN xR+

Proof. Tt follows from (3.11), (3.12), (3.14) and (J'(Kx(2,9)), Kx(2,0)) = (T (tv,vr), tvyvr) = 0 that

enn_ ol + [ VEdde ol +Viglob,
A a fQ(Iu* [o|2s )|y Pisda fQ(Iu* oy |2 [oy |2 da

2%
- HQO&ZHI%QN + |V|%|@5,Z|2:’RN
fRN (1, * |905,z|2z’s)|906,z Zis da

Hence, by (V1) and (V2) we derive that

as A — 0, ¥(z,0) e RY x RT.

t2 t2 t2'2:75 .
. . 2 2 2 2%
)1\:11’6 j(KA(Z, 5)) = )1\11}(1) <%H'I})\H + % /Q V(‘T)U)\dx — 21?‘2;18 /Q(IM * "U)\’ NvS)"UA| u,sd%)
. 1 1 2:2% 2+ 2
=y (5= g )P [ M Pl

%0 g,z e dar

Noprzs, lessldu(EIVIg+1) | 2k
> N ( o* o= ) - (I,u * ‘906,z
2(2 - :u’) fRN(Iu * |906,z’ “’S)‘@(S,z‘ wsda N

2N —p 2N—p
N—p+2s S N—p+2s
H,s

N-—-p+2s/1
<RIy 1)
< Sav— (Ve

_as—pu N — 428  Fhon

ON—ptas T 77 gN—p+2s
ST RN )

4s—
= 2N ma, ¥(z,0) € RY x RY,
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Consequently, we conclude that there exists constant \* € (0, %) such that for any A < \*

sup  J(Ka(z,0)) < OVt Moo
(2,6)€RN xR+

In subsequent discussions, we always assume ) fixed with

diam (RN \ Q) := sup{|z — y| : 2,y € RV \ Q} < \*, where \* € (0,1/8) is the constant obtained in
Lemma 3.2. Hence, for any zg € RNV\Q, RV\Q C By« (x). Thus, we have that

- 1
A =inf{r: RM\Q C B,(0)} < \* < 3 RM\Q ¢ B1(0).

Defined x; : Rt — R,i =1,2 by

H~

t

IA
= R

: 0,t<1,
and x»(t) =
, 1,t > 1.

xi(t) =
t

=
V

Define a barycenter type map o : D*?(RY) — R and a functional 8 : D*?(RV) — R as

1 _s 1 _s
a(u) = —x=— / xi(lz)zl(=A)"2uffde, B(u) = —x=r / x2(|z])|(—A) " 2ul*dz.
SLiV‘;quQs RN Slivgu+25 RN

Let

M= Lue N - (afu), (u)) = (© %)} c DEA(Q).

Lemma 3.3. If |z| > 3, then we have

a(psz) = ﬁ +o(1) as 6 — 0.

Proof. Fix |z| > 3, we have B%(O) N B:(z) = 0 for any ¢ > 0 small enough. Then by the definition of

@5, and thanks to Proposition 2.2 in [45], we have that

1
2N—pu B
S;i\:.s_#+23

_s 1 _s
tal(-2) Fpsade| € e [ dlall(-) Fpsus
S/i\fs—p-&-Qs B (0)

10 !

< C/ Vs, |*d (3.16)
B1(0)

< C&Ngzs\z|2 —0asd—0,

and

1 T _s 1 _s
i [ A Fes | < —me [ (-8) s
A |zl RV\B4 (0)

Sg;qu?s Slivsﬂur%
<0 / Vs [2de (3.17)
RN\B%(O)
<OV "% 5 0asd— 0,
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where A = RV\(B.(2) U Bi(O))

For any x € B:(z), considering |z| > 1 and ¢ > 0 small enough, we have

‘ ‘ < Cse.
EIRE]
Therefore, we deduce that
z 1 X _s
2 - [ Sl el
|Z| SNg;L#»QS BS(Z) |x’
1 / ( z T ) s 1 / z s 9
= | o )l=a)7E — Zl(-A)F P
= o () =l SAS Ln C BER T
s n,s
C’36 _s ) 1 s 9
S~ [(—A) 25 .| "dw + —55—— |(—A)"2¢s.|°dz — 0 as § — 0.
SNS—LH'QS RN SN n+2s RN\BE( )

Hence, combining with (3.16), (3.17) and (3.18), we obtain that

a(ps,z) = é +o(l) as § — 0.

Lemma 3.4. Suppose that (Vi) holds with |V |~ # 0, then we have
2s

= inf 005 .
o uel/{l/lm?j(u) >m (3.19)

where P is the cone of non-negative functions of D8’2(Q). Furthermore, as A — 0, there exist T > %, 0<
0 <3 L5y > 2 such that

1 1
(a) 5(’C)\(276)) < *7 ’Z’ < 5 and (5 < 51;

1
H |z|>§and<5<517

(©) B(Ka(z,6)) > %z cRY and § > 6y,

Cco + Moo

(0) |a(Kx(2,0)) —

(3.20)
2 €RYN and § =6, or § = d;

co + Moo

(4) T (Kx(=9) <
(e) j(K:A(Zvé)) S (mom
(1) (aKa(0)).2) L > Oule] =T amd 6 € 51,5,

), |z| > T and and § € [d1, 02];

Proof. First, we prove (3.19). Obviously, ¢y > Mo, so to obtain (3.19), we suppose ¢y = M by
contradiction. Hence, there is {u,} C M NP such that

lim 7 () = sy (T (tn), tin) = 0, t(tn) = 0, Bluin) = % (3.21)

n—oo
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Thanks to Proposition 2.2, {u,} is not relatively compact. Then it follows from Corollary 2.1 that
Un(2) = 95,2, (%) + wp(z),z € RY

where {z,} € RV {§,} € RY, {w,} ¢ D*2(RY) with w, — 0 in D*2(RY), and ¢;

ground state solution of (2.8) realizing ms. In subsequence sense, for (0, z,), one of the following

is a positive

n,&n

conditions holds:
(1) 6, = +00 as n — +00; (2) 6, = d # 0 as n — +o0;

1
(3) 0, — 0 and z, — z with |z| < 5 a8 n = +00; (3.22)

1
(4) 6, — 0 asn—>+ooand]zn]> for n large.

By definitions of a(u) and S(u), thanks to (3.21), we have that
1
U Ps0,20) = 05 B(#6,,2,) = 5 as 1 — +oo. (3.23)

If §,, = +00 as n — +00, we obtain that

B(gs, ) = / (|2 (—A) 3, .. Pda

SN p.+25

/ —A) 25, 2, e
SN u+2s N\Bl(O)

. / (—A) S0, Pda
B (0)

=14 o0,(1) as n — 400,

which is a contradiction.
If 6, = 6 # 0 as n — 400, by Proposition 2.2 we can obtain that z, — 400 as n — +o00. Then

we have

B(@&n,zn) = ﬁ(‘roé,zn) + On(l)

1 _s
e [ alla+ 2DI-A) sl + o)

N—p+2s
Siis

1 s
—— [ (-8) FgsolPdz + 0a(1)
RN\B1(—zn)

S/jVS*MJrIQS
1 _s
1= [ [A) eselde +on()
SN_H+23 Bl( Zn)
H,s

=1+ o0,(1) as n — +o0.

Thanks to (3.23), we get a contradiction.
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If 6, — 0 and 2z, — 2 with |2| <  as n — +o0, then

B(Qpﬁmzn) = B(Spén,z) + On(l)

1 _s
= [l DI8) F s, e + on()
SN—/,H—ZS RN
14,8
1 _s
= —r | (=) 35, 0l2d + 0 (1)
RN\Bi(—2)

2N —p
SN7M+25
H,8

=op(1) as n — +o0,

which contradicts with (3.23).

If 6, - 0 as n — +oo and |z,| > % for n large, according to Lemma 3.3, we get

z
a(Ps,,z) = |7n‘ + op(1) as n — +o0.
n
Obviously, it is impossible duo to (3.23).
Consequently, it follows from above discussions that ¢y > Mmeo-

In the what following, we give the prove of (3.20).
By (c) of Lemma 3.1, as A — 0, one has

T(Kx(2,8)) = T (ts,vr)) = Moo as § — 0, uniformly in z € RY.

Then it follows from K)(z,d) € N and Lemma 3.3 that, as A\ — 0

B(Kx(2,8)) = B(ws.) as § — 0, uniformly in z € R, (3.24)
Hence we conclude that
1 _ s 2
B(wsz) = —anv— [(=A) 25 |"dz
Sliv';“+28 RN\Bl (0)

1 s
= 2N & / |(—A)_2<p570|2d.%‘
Sm RN\ B1(—=2)
H,s

1
=o(1) as § — 0, for |z| < 2

which shows that, as A — 0, there is 0 < §; < 1 such that (a) holds.
Similarly, it follows from (c) of Lemma 3.1 and Corollary 2.1 that, as A — 0

a(K(2,0)) — a(ps.) as § — 0, uniformly in z € RY.

Then according to Lemma 3.3, as A — 0, there is 0 < d; < 3 such that (b) holds.
By (c) of Lemma 3.1 and Corollary 2.1, as A — 0, we also obtain that

B(Ka(2,8)) = B(ps.) as § — 0, uniformly in z € R, (3.25)
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Thanks to

/ [(=A) 25,2 < C5 2 5 0as 5 — +00,
B1(0)

we have that

1 _s
Blpss) =1— —p / (—A) S ps.[2de
SliV7#+25 Bl(O)

=1+4+o0(1) as 6 — +oo.

Hence, as A — 0, it follows from (3.25) that there is d, > % such that (c) holds.

According to (c¢) of Lemma 3.1, as A — 0, we have
T(Kx(2,8)) = T (tyvr)) = Mo as § — 0 or § — +oo uniformly in z € RY.

Thanks to (3.19), as A — 0, there exist 0 < §; < 3 < 6 such that (d) holds.
By Ki(z,9) € N, we have J(Kx(z,d)) > m. Hence, thanks to Proposition 2.2, we obtain that

T(Kx(2,0)) > m =meo, ¥z € RN, 6 > 0.
By (b) of Lemma 3.1, one has
T (K(2,6)) = T (toyva)) = Mmoo as [z] = 400
uniformly for every bounded A, and bounded ¢ away from 0. Thanks to (3.19), there is T} > % satisfying

Cco + Moo

j(’C)\(Z,(S))< ,‘Z| >T1,00 <6<, A< 1.

That is, (e) holds.
According to (b) of Lemma 3.1, Corollary 2.1 and the fact Ky(z,d) € NV, we have that

<04(IC>\(2,6)),2>RN — (a(goig,z),z>RN as |z| = +o0 (3.26)

uniformly in 61 < § < §o, A < 1.
Let
RN :={z e RY : (z,2)gy > 0} and (RY)] := {zx € RV : (2, 2)gny < 0}.

Since § € [d1, d2], there exist a large T > 0 and r € (0, 1/4) such that if |z| > T3, the ball B,.(Z) c (RV)}

with Z satisfying |z — Z| = %, and by the definition of ¢; . one has

|(_A)_%9057z|2 >Co >0,z € Br(g)
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Hence, for any |z| > Ts, 0 € [01, d2], one has

1 _s
(oz(%,z),z) N m/ [(=A) 25 x1(|z])(z, 2) gy da
R SN*,U,+2S (]RN)j
H,S
1 _s
b [ 18 FpsePallee 2)avda
gN—wrzs J(RN)Z
1,5
=11 + 5.
Moreover, we have
1 s
h=—a [ A s Palle)e 2)avds
N —p+2s (RN);‘—
SM,S
> |Z| / CO(CC’Z)]RNdx
T oneits Jee I7llZ]
Sp‘7s
1
> C1)z| —dax
B.(3) |zl
= Cyz|.
Arguing as Lemma 4.7 in [20], choose T3 > 0 large enough such that z € RY with |z| > T3, we
have c
1 _s 2
m/ . [(—A) 245, |2da < -
S/i\:s_/""'% (R )z
Then we have .
B2 [ 1-8) FpnaPrallel)e vds
N-p+2s J(RN)Z
S)u’s
z _s
>——EL [ 8y
SN—,LL+25 (RN)Z
H,S
_ Ool7|
5

['herefor
< (756,,2)7 > N 1 2 Z 2 | ’ > ’

for all z € RV with |z| > T = max{T},T», 73} > 0 and for all §; < § < Js.

Let
IIs , = {(2,5) eRVXRT: 2| <T,d e [51,51]},

where 01,2 and T are constants defined as in Lemma 3.4. Denoted

81'[532 =11 Ul Ul UTly,
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where

1
I, = {(z,é)eRNxR+ 2| < 5,5:51}; I, = {(2,5) eRV xRY: - < |7 <T,5:51};

N | =

ng{(z,é) c RN x R* : |2 gT,d:&Z}; T, = {(2,5) ERY xRY: || =T,6 ¢ [51,51]}
Defined © C DJ*(Q) by
0= {/C)\(Z,(S)  (2,08) € H(;,Z}.

It is easy to see that © C PN N. Set

&:= {717 € CPAN,PNN),y(u) = u for any u with J(u) < %}

F = {DCPHN:Dz’y(@),'}/Ec‘;}.

Lemma 3.5. Let (V1) hold and D € F, then as A — 0 we have
DN M #0.

Proof. To prove this Lemma, we just prove that for any v € £, as A — 0, there is (2*,6*) € Il5, so that

((a, B) 0 7 0 Kn)(2*, 8%) = (0, %).

Defined £, : RY x Rt - RY x RT and £ : II;, - RN x Rt by

(3.27)

Ly=(a,f)oyoKy, L= (,fB)oK,.
Firstly, we prove that, as A — 0

1

o). (3.28)

1
deg(‘c’yv H5,27 (Oa 5)) = d@g([,, H5,Za (07 9

It follows from (d) and (e) of (3.20) that, as A — 0

TUA(z8)) < 22 (2,5) € oy

Thus, as A — 0, we have
Y(Ka(z,60)) = Ka(2,9), (2,0) € Olls.,.
So, we obtain that
‘C“/(zv 5) - ((Oé, ﬁ) © IC)\)(Z7 5) - 5(2,5), (Z, 5) S 8H5,z;
which concludes that (3.28) holds.
Secondly, we need to prove that as A — 0
1
deg(L, 115, (O, 5)) =1. (3.29)
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Let
Y(z,0,t) =tL(z,0) + (1 —t)(z,0),t € [0,1].

It follows from the homotopy invariance property of the topological degree and the fact

deg<1dn$g,11&z,(o,%)):::L
that, for get (3.29), we just to prove that as A — 0
Y(z,0,t) # (0, %), for ¥(z,0) € 0115, and t € [0, 1]. (3.30)
If (z,6) € I, thanks to §; < § and (a) of (3.20), we have

t(IBOlC)\)(Z,(Sl)-f-(l—t)(Sl < %, t e [0, 1]. (3.31)

If (z,6) € Il,, since &; < 1, it follows from (b) of (3.20) that

atka(0) - | < 1
which concludes that
K1—®z+ﬂaoKQ@ﬁﬂﬁ>’1—tz+ﬁd‘ ‘aoKA z&)—ﬁ%
> (-l 41 (3.32)

>f - >0, t 0. 1].
2+4>, € [0,1]

If (z,6) € I3, by 6, > 3 and (c) of (3.20), we deduce that

twoKQ@jﬁ+Uf%ﬁf>ﬂ—ﬂ%+§:%,tEMH. (3.33)
If (z,9) € Il4, according to (f) of (3.20), we have
@monggﬁyu1—w%4RN:u—wpﬁ+(@mmgwﬁ;gRN>mtepu. (3.34)

Consequently, by (3.31)-(3.34), we get (3.30), and then (3.29) holds. Therefore, combine (3.28)
with (3.29), we obtain that D N M # (). O

4 The proof of main results
Proof. Let
C T

Ko :={uePNN:J(u) =c", J(u) =0}
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J ={ueN:Ju)<r} reR.

Let A* small enough such that Lemmas 3.2 and 3.5 hold for any A < A\*. Fix A with A < A*. To
prove the Theorem 1.1, we only prove that K. # (). Suppose by contradiction K. = (). It follows from
Lemma 3.4 and Lemma 3.5 that

> inf J(u)=cy>Meo.

ueMNP

45—
By Lemma 3.2, we obtain that ¢* < 9Nt Moo due to © C F. Therefore, we have
« 4s—p
Moo < € < 2N-n+2sm .
According to Corollary 2.2, J satisfies Palais-Smale condition in
4s—
PANN{u e DS2(Q) : moo < T(u) < 2¥-#t5my.}.

So, it follows from a variant due to Hofer [22] of the classical deformation lemma (see [50, 53]) that
there is a continuous map

V[0, xPAN = PNN

and gp > 0 satisfying:

4s—p

( ) Je +so\jc —€0 j2N u+2sm \j
(b) $(0,u) = u;
(c) ¥(t, u)—uuejc *EOU{PQN\jC*“O} t € 0,1];
(d) $(1,TF ) c g F,

By definition of ¢*, there exists D* € F such that

0+moo

€
¢ < sup J(u) <C*+£a
u€eD* 2

hence ¢(1, D*) € F, and it follows from (d) that

¢ < sup J()<c—6—0,
uey(1,D*) 2
which is a contradiction. Thus, K. # () and Theorem 1.1 is proved. O
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