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1. Introduction

Let £2 C R" be a bounded domain with a C2-boundary 9£2. Consider the following semilinear Neumann problem:

— Au(z) + B(@)u(z) = f(z,u(z)) in$2, % =0 onodf2. (1)

Here n(-) denotes the outward unit normal on 9£2. The potential function 8(-) is in general unbounded and sign changing.
More precisely, we assume that 8 € [*(§2) with s > N. Also, the reaction f(z, x) is a Carathéodory function that exhibits
linear growth near +o00. We allow for resonance to occur with respect to any nonnegative nonprincipal eigenvalue of
(—A + B(-), H'(£2)). So, we assume that asymptotically at oo the quotient @ is located in the spectral interval
s ):mH] with m > max{mg, 2}, where )A‘mo is the first nonnegative eigenvalue of (—A + B(-), H!'(£2)). Hence, if 8 = 0,
then mg = 2 and so m > 2. We allow resonance with respect to the left end im and nonuniform nonresonance with respect
to the right end A, 1. Problems with double resonance (that is, possible resonance at both ends of the spectral interval),

were studied by O’'Regan, Papageorgiou and Smyrlis [1], with 8 = 0 (see also Hu and Papageorgiou [2] for Dirichlet problems
with 8 # 0).
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The following linear eigenvalue problem has a central role in the analysis of problem (1):
ou
— Au(z) + B(@)u(z) = Au(z) in g2, In =0 onodf2. (2)
n

This eigenvalue problem was studied by Papageorgiou and Smyrlis [3]. So, suppose that 8 € LN/2(2) if N > 3, 8 € L' (£2)
withr > 1ifN =2and 8 € L'(2) if N = 1. Let T : H'(£2) — R be the energy functional defined by

7(u) = || Dull5 + / B()u(z)?dz forallu e H'(£2).
2
Then the eigenvalue problem (2) has a smallest eigenvalue )21 > —o0 given by
N |: (u)

A= inf
2
l[ully

From (3) it follows that we can find &, > max{ —)Aq, 0} such that

s ue HY(R), u;éO] (3)

T(u) + &llull3 = c1llul|* forallu € H'(£2) and some ¢; > 0. (4)

Using (4) and the spectral theorem for compact self-adjoint operators (see, for example, Gasinski and Papageorgiou
[4, p. 297]), we obtain a sequence {):k};@l consisting of all the eigenvalues of (2) such that Ax — oo whenk — oo.
To these eigenvalues corresponds a sequence {ii,},»1 € H'(£2) of eigenfunctions which form an orthonormal basis of
[2(£2) and an orthogonal basis of H'(£2). Moreover, if 8 € [*(£2) withs > N, then the regularity results of Wang [5], imply

that {{i;},>1 € C'(£2). These eigenvalues admit variational characterizations in terms of the Rayleigh quotient m‘; for all
2

u € H'(£2) \ {0}. In what follows, by E()A\k), we denote the eigenspace corresponding to the eigenvalue ik, k> 1.
Throughout this paper, our hypotheses on the potential function B(-) are the following:
Hp : B € I*(£2) withs > N and Bt € L (£2).

2. Existence of multiple solutions

We assume that the resonance occurs at +=oo with respect to any nonnegative nonprincipal eigenvalue of (—A —
B, H'(£2)). So, in what follows, imo denotes the first nonnegative eigenvalue of this operator.

The hypotheses on the reaction term f (z, x) are the following:

H;: f: 2 x R — Ris a Carathéodory function such that f(z, 0) = 0 fora.a.z € £2 and

(i) there exist an integer m > max{myg, 2} and a function n € L*°(§2) such that

1) < Amp1 ae.in 2, 1 # Ampa
f@z,x)—fz,y)x—y) <n@)x —y)2 foraaz e 2, allx,y e R;

(ii) im < liminfy_ £ f(ZT") uniformly for a.a.z € £2;

(iii) if F(z, x) = [ f(z, s)ds, then we have

li[:P [f(z,x)x — 2F(z,x)] = —oo uniformly fora.a.z € £2;
X—> 00

(iv) there exists a function ¥ € L*°(§2) such that
9(z) <A ae.inf2, ¥ # A

2F(z, x)
X2

lim sup
x—0

< ¥(z) uniformly fora.a.z € £2;

(v) for every o > 0, there exists &, > 0 such that
f@, 0x+&x >0 foraaze £, alllx| <o.

f@z.%)
X
[Am, Am+1] with possible resonance with respect to A, (see Hy(ii)), while at the other end we have nonuniform nonresonance

(see Hq(i)).
The following function satisfies hypotheses H; above. For the sake of simplicity, we drop the z-dependence:

Ox+EXP72x if x| < 1

= C
AX+ = if1 < |x|,

X

We observe that hypotheses Hy(i), (ii) imply that asymptotically at +o00, the quotient is in the spectral interval

fx)

with ¥ < il,p >2,&E=A4+c—V, L€ [}:m, )A\,,,H) for some integer m > max{my, 2},c > 0,2c < A.
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Our first multiplicity property is the following “three solutions” theorem.

Theorem 1. Assume that hypotheses Hy and Hy hold. Then problem (1) has at least three nontrivial solutions

up € intC,, vg € —intCy and y, € C'(2).
Sketch of the proof. We set ﬁi (z,x) = f(f fi (z, s)ds and introduce the C'- functionals ¢, ¢+ : H'(£2) — R defined by

mmzlﬂm—/F@wmw
2 2

&
2
The main steps of the proof are the following:

i) If hypotheses Hp and H hold, then the functionals ¢ satisfy the Cerami compactness condition.

i) If hypotheses Hy and H; hold, then the functional ¢ satisfies the Cerami compactness condition.

iii) If hypotheses Hy and H; hold, then u = 0 is a minimizer for the functionals ¢ and ¢.

iv) If hypotheses Hy and H; hold, then ¢ (til;) — —oc ast — Fo0.

v) If hypotheses Hy and H; hold, then problem (1) admits at least two nontrivial constant sign solutions

1 X
o+ (u) = 5r(u) + ||u||§ - / Fi(z,u(z))dz forallu e H'(£2).
2

(
(
(i
(i
(
up € intC; and vg € —intCy.

To produce a third nontrivial solution, we will employ the so-called Lyapunov-Schmidt reduction technique as this was
formulated for elliptic equations by Amann [6], Castro and Lazer [7], and Thews [8]. To this end, we introduce the following
subspaces of H(£2):

Y=@" EQ) and H=Y" =@ n1EGR).

We have the following orthogonal direct sum decomposition: H'(2) = Y @ A. A
(vi) If hypotheses Hy and H; hold, then there exists a continuous map ¥y : Y — H such that

oy +rW) = inf[q)(y—i—ﬁ) N I:I] forally e Y.

(vii) Let ¥ (y) = ¢ (y + yo(y)) forall y € Y. If hypotheses Hy and H; hold, then v is anticoercive (that is, if ||y|| — oo, then
Y () - —o0).

We refer to Papageorgiou and Radulescu [9] for detailed arguments of the proof.

By strengthening the regularity of the reaction f (z, x) we can improve Theorem 1 and produce four distinct solutions. In
what follows we assume that f satisfies the following hypotheses:

H,: f: 2 x R — Ris a measurable function such that fora.a.z € £2, f(z,0) =0, f(z, -) € C}(R) and

(i) there exist an integer m > max{myg, 2} and a function n € L*°(£2) such that

N(Z) < hmpr a€in2, 0 # Amir,
If{(z,x)| <n(z) foraa.ze £, allx € R;
(i) Am < liminfe 4o L& uniformly for a.a.z € 2;
(iii) limy_ +00lf (z, X)x — ﬁF(z, x)] = —oo uniformly fora.a.z € £2;
(iv) there exists a function ¢ € L*°(£2), such that
¥(2) < )A»l ae.in 2, ¥ # ):1,
2F(z, x)
%2

lim sup
x—0

< ¥(z) uniformly fora.a.z € 2.

Note that hypothesis H, (i) and the mean value theorem imply that
If(z,x)] <n@)|x| foraa.z e 2, allx e R.

Also, for every o > 0, there exists §, > 0 such that for a.a.z € £2, the mapping x — f(z, x) + &,x is nondecreasing on
[—o. 0l
A straightforward computation shows that the following function satisfies hypotheses H, (for the sake of simplicity we
drop the z-dependence):
Ex

Ux +
flo) = d+ I
AX 4+ — if1 < |x|,
X

with 9 < )A»], A€ ():m, ierl) for some integer m > max{mop, 2}, £, ¢ >0, ¥ + & < im+1.
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Our second multiplicity result is the following.

Theorem 2. Assume that hypotheses Hy and H, hold. Then problem (1) admits at least four nontrivial solutions

Uup € intCy, vg € —intCy and yo, ¥ € C'(2).

We refer to [9] for the proof of Theorem 2, as well as for related results on coercive or anticoercive problems, or for the
case when the Lyapunov-Schmidt reduction method is implemented on an infinite dimensional subspace of H!(£2).
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