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ARTICLE INFO ABSTRACT
Article history: In this Note, we deal with the Robin parametric elliptic equation driven by a nonhomo-
Received 4 April 2014 geneous differential operator and with a reaction that exhibits competing terms (concave—
Qca_%lpzeld 3 l:/_'ay f014 014 convex nonlinearities). Without employing the Ambrosetti-Rabinowitz condition, we prove
vailable online 11 June a bifurcation theorem for small positive values of the real parameter.
Presented by Philippe G. Ciarlet © 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
RESUME

Dans cette Note, nous étudions le probléme elliptique paramétrique de Robin pour
un opérateur différentiel non homogéne et avec une réaction qui présente des termes
concurrents (du type concave-convexe). Sans utiliser la condition d’Ambrosetti-Rabinowitz,
nous prouvons un théoréme de bifurcation pour de petites valeurs positives du parameétre
réel.

© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Soit p > 1 et supposons que 2 C RN soit un domaine borné et régulier. Soit 8 € C1*(352) tel que 8 > 0 sur 952 et
supposons que a: RN — RN soit continue, strictement monotone et satisfasse les hypothéses suivantes :

H(a) : a(y) =ap(||ly|)y pour tout y € RN, avec ag > 0 sur (0, 00) et

(i) ag € C1(0, 00), t —> ap(t)t est strictement croissante sur (0, 00), ag(t)t — 0 si t — 01 et
ag ()t
t—0+ ap(t)

-1

(ii) il existe c; > 0 tel que |Va(y)| <cy % pour tout y € RN\{O};
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(iii) 1€ < (Va(y)E. £)rn pour tout y € RN\(0) et & € R
(iv) si Go(t) = fé ao(s)sds pour t > 0, alors pGo(t) — ag(t)t? > —& pour tout t >0, ol £ > 0;
(v) il existe T € (1, p) tel que t —> Go(t'/T) soit convexe sur (0, c0), lim,_, o+ G?,(t) =0 et il existe ¢ > 0 tel que ag(t)t2 —

TGo(t) > CtP pour tout t > 0.

Dans H(a)(ii)-(iii) nous supposons que 1 € C1(0, o) tel que pour c1,c; >0et 1< p < o0

. tn(t
0<C< HTE)) <co et otP 1 <no < (1 +tp_1) pour tout t > 0.
n
Supposons que f : 2 x R x (0, c0) — R soit une fonction qui satisfasse les conditions suivantes :
H(f) :
(i) pour tout (x,A) € R x (0, 00), la fonction z+—— f(z,x, A) est mesurable et pour presque tout z € £2, I'application

(x,A) —> f(z,x,A) est continue;
(i) |f(z,x, 1) <a,(2)(1 4+ x"~1) p.p. z € £2, pour tout x >0 et tout A > 0, oi1 a; € L(£2), A —> [|a,[loc st borné sur les

ensembles bornés de (0,00) et p <1 < p*;
(iii) si F(z,x,A) = f(;‘ f(z,s,2)ds, alors limy— 400 % = +00 uniformément p.p. pour z € 2 ;

(iv) il existe ¢ = (L) € ((r — p)max{%, 1}, p*) tel que

zZ,x,\)x—pF(z,x, A
O<y0§liminff( L X, A)X ﬂp (z,%, 1)
X——+00 X

(v)ilexiste 1 <pu=ul) <q=qr) <t ety=yQ)>u, o =35 (() e (0,1) tels que

uniformément p.p. pour z € £2;

c3x? < f(z,x, )x <qF(z,x,)) <&.(2)x* +tx¥ p.p.ze 2, pourtout 0 < x < §g,

avec c3 =c3(A) >0, c3(A) — 400 i A — +00, c=C(A) >0, & € L®(2)4 ol ||&]loc — 0 si A — 0T ;
(vi) pour tout p > 0, il existe £, =£,(1) > 0 tel que pour p.p. z € £2, I'application x — f(z,x, 1) + épxp‘l soit croissante

sur [0, p];
(vii) pour chaque intervalle K = [xg, X] avec xo > 0 et pour tout A > A’ > 0, il existe di (X9, A) croissante par rapport a A et

telle que dg (xg, A) — 400 si A — +00, et il existe aK(xg, A, M) tel que

f(z,x,A) >dg(xg,A) p.p.z<€$2, pourtoutx € K
fz,x,20) — f(z.x,)) 231((x0,k,k/) p.p.z € 2, pour toutx € K.

Dans cette Note, nous étudions le probléme de Robin non linéaire suivant :

—diva(Du(2)) = f(z,u(2),A) dans 2,

au 1
— @)+ B@u@P~ =0 sur 92,
ong

u>0.

Soit C; = {u e C'(£2):u(z) >0 pour tout z€ 2} et intC, = {u € C4 :u(z) > 0 pour tout z € 2}.
Le résultat principal de cette Note est le suivant.

Théoréme 0.1. Supposons que les hypothéses H(a) et H(f) soient satisfaites. Alors il existe 1* > 0 tel que

(a) pour tout A € (0, A*), le probléme (P) a au moins deux solutions ug, il € intCy, ug <u, ug#1;
(b) si A =A%, le probléme (P) admet au moins une solution u, € intCy ;
(c) pour tout » > A*, le probléme (P) n’a pas de solutions.

Full English version

Let p > 1 be a real number and let £2 ¢ RN be a bounded domain with C2-boundary 3$2. In this Note, we study the
following nonlinear, nonhomogeneous parametric Robin problem:
—diva(Du(2)) = f(z,u(2),1) ing,
ou 1
— (@ +p@u@@P" =0 on 92,

ang
u>0.
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Let n € C1(0, co) and assume that for some c1,c; >0 and 1< p < 00

. tn(t
0<cC< HTE)) <co and citP7 <) < (1 —HP_]) forallt > 0.
n
We assume that a: RN — RN is a continuous and strictly monotone map, which satisfies the following hypotheses:

H(a): a(y) =ag(|lyl)y for all y € RN, with ag(t) > 0 for all t > 0 and

(i) ag € C1(0, 00), t —> ap(t)t is strictly increasing on (0, 0o), ag(t)t — 0 as t — 07 and
ag (Ot
t—0+ ag(t)

> —1;

(ii) [Va(y)| < % for some c; > 0, all y e RN\{0};

(iii) 221512 < (Va(y)g, £)pn for all y € RN\(0}, all & € RY;
(iv) if Go(t) = fot ao(s)sds for all t >0, then pGg(t) — ag(t)t? > —§ for all t > 0, some é > 0;

(v) there exists T € (1, p) such that t — Go(t'/7) is convex on (0, c0), lim;_, o+ G?z(t) =0 and

ao(H)t? — TGo(t) > ¢tP  forsome ¢ > 0, allt > 0.

These conditions on a(-) are motivated by the regularity results of Lieberman [5] and the nonlinear maximum principle of
Pucci and Serrin [7]. According to the above conditions, the potential function Gg(-) is strictly convex and strictly increasing.
We set G(y) = Go(|y]) for all y € RN, Then G is convex and differentiable, VG(0) = 0, and

VG(y) = Gé)(|y|)ﬁ —ao(lyl)y =a(y) forall y e RN\{0}.

So, G(-) is the primitive of the map a(-). Because G(0) =0 and y — G(y) is convex, from the properties of convex
functions, we have G(y) < (a(y), y)gv for all y € RN, By direct computation, we deduce that hypotheses H(a)(i), (ii), (iii)
imply the following properties of a(-):

(a) y — a(y) is continuous and strictly monotone, hence maximal monotone too;
(b) la(y)| <c2(1+]y[P~1) for some ¢z >0, all y € RN;
(©) @), y)rn = 35 1yIP for all y e RN,

The following maps satisfy hypotheses H(a):

(@) a(y) =|y|P~%y with 1 < p < co. This map corresponds to the p-Laplacian operator defined by
Apu = div(|Du|p*2Du) forallu e WHP(92);

(b) a(y) = |y|P~2y + u|y|92y with 1 <q < p < oo and u > 0. This map corresponds to the (p, q)-differential operator
defined by

Apu+ pAqu forallue WwlP(Q):

() a(y) =1+ y|2)p%2 y with 1 < p < oo. This map corresponds to the generalized p-mean curvature differential operator
defined by

p—2
2

div[(1+ |Du|2) Du] forallue WP (Q);

)
(d) a(y) =y|P~2y + P with 1 < p < oo.

We denote by 5’7’2 the conormal derivative, that is, 5%, = (a(Du),n)gn with n(z) being the outward unit normal at
z€052.

Throughout this paper, we assume that the boundary weight map g € C1*(3£2) (for some « € (0, 1)) satisfies f(z) > 0
for all ze€ds2.

The reaction term f(z,x,A) is a parametric function with A > 0 being the parameter and (z,x) —> f(z,x, 1) is
Carathéodory (that is, for all x € R the mapping z+—— f(z, x, 1) is measurable and for a.a. z € 2 the map x+—— f(z,x, A)
is continuous). We assume that f(z,-,A) exhibits competing nonlinearities, namely near the origin, it has a “concave”
term (that is, a strictly (p — 1)-sublinear term), while near +oo, the reaction is “convex” (that is, x —> f(z,x, 1) is
(p — 1)-superlinear). More precisely, the hypotheses on f are the following:

H(f): f:$2 xR x (0,00) — R is a function such that for a.a. z€ §2 and all A >0, f(z,0,A) =0 and
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(i) for all (x,A) e R x (0, 0), z+—— f(z,x,A) is measurable, while for a.a. z € £2, (x, \) —> f(z, x, A) is continuous;
(i) |f(z,x,2)| <a,(2)(1 +x~1) for aa. ze £2, all x>0, all A > 0, with a; € L®(£2), A —> ||ay|lcc bounded on bounded
sets in (0,00) and p <1 < p*;
(iii) if F(z,x, 1) = [y f(z,s,2)ds, then limy_, o0 &%) = +o0 uniformly for a.a. z € £2;

(iv) there exists & =9 (1) € ((r — p) max{%, 1}, p*) such that

0<)/0§1iminff(z’x’ )X — pF(z,X,2)

5 uniformly for a.a. z € £2;
X— 400 X

(v) there exists 1 < u =u(x) <q=q(}) <t (see hypothesis H(a)(v)) and y =y (A) > u, 8o =380(1) € (0, 1) such that

c3x? < f(z,x, Vx <qF(z,x, 1) <& (2)x* +1tx¥ foraa.ze R, all0<x<§y

with c3 =c3(1) > 0, c3(A) = +00 as A — +00, C=C(A) > 0, &, € L°(£2) with [|& ]l — 0as A — 0T;
(vi) for every p > 0, there exists &, = £,(A) > 0 such that for aa. ze 2, x+— f(z,x,A) + prp‘] is nondecreasing on

[0, o];
(vii) for every interval K = [xg,X] with xg > 0 and every A > A’ > 0, there exists dg(xg, A) nondecreasing in A with

dg (xg, M) = +00 as A — 400 and dg (xg, A, /) such that

f(z,x,X) >dg(xg,A) foraa.ze 2, allxeK
fz,x,20) — f(z.x, ) zaK(xo,k,)J) foraa.ze 2, allxe K.

Since we are interested to find positive solutions and the above hypotheses concern the positive semiaxis R4 = [0, +00),
without any loss of generality we may assume that f(z,x,A) =0 for a.a. z € §2, all x <0 and all » > 0. Note that hypotheses
H(f)(ii), (iii) imply that

. fzx M)
lim ——

=400 uniformly fora.a.z € £2.
x—>+o00 xp—1

Therefore, f(z,-,2) is (p — 1)-superlinear near +occ. However, we do not employ the Ambrosetti-Rabinowitz condition
(unilateral version). We recall (see [1]), that f(z,-,A) satisfies the (unilateral) Ambrosetti-Rabinowitz condition, if there
exist n =n(A) > p and M = M()A) > 0 such that

@ 0<nF(z,x,2) < f(z,x, )xfora.a.ze £2, allx> M, (1)
(b) essinfo F(-, M, A) > 0.

Integrating (1a) and using (1b), we obtain a weaker condition, namely

c4XT <F(z,x,)) foraa.ze £, allz> M and some c4 > 0. (2)

Relation (2) implies the much weaker hypothesis H(f)(iii). Next, by direct computation, we deduce that the Ambrosetti-
Rabinowitz condition implies hypothesis H(f)(iv). This weaker “superlinearity” condition incorporates in our setting
(p — 1)-superlinear nonlinearities with “slower” growth near +oo, which fail to satisfy the Ambrosetti-Rabinowitz con-
dition. Finally, we notice that hypothesis H(f)(v) implies the presence of a concave nonlinearity near zero.

The following functions satisfy hypotheses H(f). For the sake of simplicity, we drop the z-dependence:

fix,A) =471+ x~1 forallx>0, with1<q<p<r<p*;
axd—1 — xn=1 ifx€[0,1]

= 1 1
f2(x,2) xP~1 (lnx+ E) + (A — E)XV_1 ifx>1

withg,v e (1,p)and n > p;

xd—1 ifx [0, p(A)]
X~ T4npn) ifp) <x

withl1<g<p<r<p*, nx)=pA)P 1 —px)'and p(A) > 0as» — 0.

f3(XJ»)={

Note that f(-, A) does not satisfy the Ambrosetti-Rabinowitz condition. _
In the analysis of problem (P), in addition to the Sobolev space W1-P(£2), we will also use the Banach space C!(£2). This
is an ordered Banach space, with positive cone

Cr={ueC'(2):u(z>0forallze 2}.
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This cone has a nonempty interior given by

intCy ={ueCy:u(z)>0forallze 2}

In the Sobolev space W1P(£2), we use the norm |u| = [||u||§ + ||Du||§]1/P for all u e WI-P(£2). To distinguish, we use

| - | to denote the norm of RN,

We point out that the first work concerning positive solutions for problems with concave and convex nonlinearities is
due to Ambrosetti, Brezis and Cerami [2]. We also refer to the books by Brezis [3]| and Ciarlet [4] for related results and
complements.

The main result in this Note is the following bifurcation property.

Theorem 0.1. Assume that hypotheses H(a) and H(f) are fulfilled. Then there exists A* > 0 such that

(a) forall A € (0, A*), problem (P) has at least two positive solutions ug, it € intCy, ug <1, ug # u;
(b) for A, = A* problem (P) has at least one positive solution u, € intC;
(c) for all A > A* problem (P) has no positive solution.

Sketch of the proof. We introduce the following Carathéodory function:

Fzx,0)=f(z,x 1)+ (x+)p_] forall (z,x, 1) € 2 x R x (0, +00).

Let F(z,x, A) = foxf(z,s, A)ds and consider the C'-functional ¢; : W1?(£2) — R defined by

@(u):/(;(Du)der l||u||gJrl/ﬂ(z)(w)"do—/ﬁ(z,u,x)dz.
2 P pa.(z 2

Step 1. The functional ¢, satisfies the Cerami compactness condition.
Step 2. There exists A4+ > 0 such that for every A € (0, A1) there is p; > 0 for which we have:

inf[@, (W) : ull = pr] =1 > 0= @,.(0).
Step 3. If A >0 and u € intC4, then ¢, (tu) — —oo as t — oo. This is a direct consequence of H(f)(iii).
Next, we introduce the following sets:

8 ={x > 0: problem (P) admits a positive solution},

S(A) = the set of positive solutions of (P).

Step 4. We have S # ¥ and for every L € S, ¥ # S(A) CintCy.

Step 5. If A € S, then (0,A]C S.

Step 6. Let A* =sup S. Then A* is finite.

Step 7. If A € (0, A*), then problem (P) admits at least two distinct positive solutions ug, i € intC, with ug <.

Next, we examine what happens in the critical case A = A*. To this end, note that hypotheses H(f)(ii), (v) imply that we
can find M1, M3 > 0 such that

f(z,x,2) > Mx3~1 — Myx~! foraa.ze £, allz>0. (3)

This unilateral growth estimate on the reaction f(z, -, A) leads to the following auxiliary Robin problem:

—diva(Du(2)) = Mqu(2)?~! = Mau(2)"! in £2,

M+ @@ =0 onag. 4)
ong

u>0.

Step 8. Problem (4) admits a unique positive solution u € intC.

Step 9. If A €S, then u <u for all u € S(A).

Step 10. We have 1* € S and so & = (0, A*]. Indeed, let {An};>1 € S be such that A, — (A*)~. Then we can find u, €
S(Ap) CintC4 and we can assume that @, (uy) < 0 for all n > 1. Therefore

/pG(Du@dz—}—fﬁ(z)uﬁdo—pr(z, Un,Ap)dz <0 foralln>1. (5)
Q 382 Q
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We also have:

—(A(un),un)—/ﬂ(z)u,‘fdo+/f(z,un,kn)undz:0 foralln>1. (6)
FYe) 2

Adding relations (5) and (6), we obtain

/[pG(Dun) — (a(Dup), Dup)py ] dz + /[f(z, Un, An)Un — pF(z, up, Ay)] dz < 0.
Q Q
Thus, by hypothesis H (a)(iv),

/[f(z, Un, An)lln — pF(z,un, An)]dz <c foralln> 1, somec > 0. (7)
2

From (7) and using hypothesis H(f)(iv), we show that {up}s>1 € W1P(£2) is bounded. So, we may assume that

up 2 u, inW'P(2) and u, —u, inl(2) and inLP(3R) asn— oco. (8)

Since u, € S(A) for all n > 1, we have:

(A(un),h)+/,8(z)u,’1’_]hda—/f(z,un,kn)hdz=0 forallh e WP (£2). 9)
bYes 2

Choosing h = u, —u, € WIP(£2) in (9), passing to the limit as n — oo and using (8), we obtain limy_, o (A(Un), up — Us) =0,
hence

Up — uy  in WHP(2). (10)

So, if in (9) we pass to the limit as n — oo and use (10), we obtain:

(A(u*),h)+/ﬂ(z)uf_lhda=/f(z,u*,k*)hdz forallh e WP ().
BY?, 2

This shows that u, > 0 is a solution of problem (P).

From Step 9, we have u <uj, for all n > 1. Hence u < u, and so u, € S(A*) C intC4. Therefore A* € S and so S =
0,2*]. O

We refer to Papageorgiou and Radulescu [6] for more details, complete proofs, and related problems.
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