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Abstract. We consider a nonlinear Robin problem driven by a differential operator
with unbalanced growth and a reaction which exhibits the competing effects of a
parametric concave (sublinear) term and of a convex (superlinear) term. Using the
Nehari method, we show that for all small values of the parameter, the problem
has two bounded, ground state (least energy) solutions. In the process of the
proof, we establish some auxiliary results which are of independent interest.
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1. Introduction

Let Q C RY be a bounded domain with a C?-boundary 9. In this paper, we study
the following nonlinear Robin problem

ﬂ—i—ﬂ(z)up*lzo ondN, A>0, u>0, 1<7<qg<p<r.

—Afu(z) — Aqu(z) + & (2)u(2)" " + &(2)u(2)" = Mu(z)" " +n(z)u(z)""" in Q,
(Px)
8n9

_ We denote by 90’1(6) the space of Lipschitz continuous functions defined on
Q. Given a € C%1(Q)\{0} with a(z) > 0 for all z € Q and 1 < s < oo, by A? we
denote the weighted s-Laplace differential operator with weight a(-), defined by

A% = div(a(z)|Dul*"?Du).
If a =1, then A? = A,.
We consider two distinct cases depending on the behavior of a(-). If minga =

co > 0, then A? is a nonautonomous version of the classical s-Laplace differential
operator and it can be treated using the same tools as for A;. In problem (Py), the
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differential operator u — —Afu — Aju (1 < ¢ < p) has a density function 6(z,t)
defined by
O(z,t) = a(z)t? +t? forall z€Q, allt > 0.
With a(-) bounded away from zero (recall that mina = ¢y > 0), we see that 6(z, -)
Q
exhibits balanced growth, namely we have

cot? < 0(z,t) <c1(14+tP) forall z€Q, allt >0, some ¢; > 0.

So, in this case the growth of 0(z,-) is trapped between two same powers of ¢t > 0.
This property leads to the global (that is, up to the boundary) regularity theory of
Lieberman [13]. This theory provides many powerful tools for the analysis of (Py).
We mention some characteristic of these tools.

(i) The equivalence of Hoélder and Sobolev local minimizers of the energy func-
tional. This result was first proved for semilinear equations driven by the
Dirichlet Laplacian, by Brezis and Nirenberg [2]. It was extended to p-Laplacian
Dirichlet equations by Garcia Azorero et al. [5] and to nonlinear nonhomoge-
neous Robin problems by Papageorgiou and Radulescu [19].

(ii) Nonlinear extensions of the Hopf maximum principle. We refer to the book of
Pucci and Serrin [27] and for singular anisotropic (p, ¢)-equations by Papageor-
giou et al. [24].

(iii) Strong comparison results. We refer to the paper of Papageorgiou et al. [22] for
Dirichlet equations driven by a nonlinear, nonhomogeneous differential opera-
tor.

(iv) The analysis of problem (P,) can be conducted using the classical Lebesgue
and Sobolev spaces.

The situation changes if the weight a(-) is not bounded away from zero, that is,
if ming a = 0. In this case, the density function 6(z,-) exhibits unbalanced growth,
namely we have

t1<0(z,t) <ci(1+tP) forall z€Q, allt>0.

Now the growth of 6(z,-) is trapped between two different powers of ¢ > 0.
This means that the global regularity theory of Lieberman [13] is not valid and
consequently the tools coming with it and mentioned above can not be used. In
addition, in this case the classical Lebesgue and Sobolev spaces do not provide an
adequate functional framework for the analysis of (Py) and we have to pass to the
broader class of generalized Orlicz spaces (see Harjulehto and Hésto [7]).

In the reaction (right-hand side) of (Py), we have the combined effects of a
parametric strictly (p — 1)-sublinear term (“concave term”) u — Au”~! (A > 0 is
the parameter and recall that 1 < 7 < ¢) and of a (p — 1)-superlinear term (“convex
term”) u — n(z)u" ! (recall that p < r). So, we have a “concave-convex” reaction.
The study of such problems, started with the paper of Ambrosetti et al. [1] on
semilinear problems driven by the Dirichlet Laplacian. Their work was extended
to equations driven by the Dirichlet p-Laplacian by Garcia Azorero et al. [5]. In
the context of unbalanced growth equations, concave—convex problems were studied
only with Dirichlet boundary conditions. We refer to the works of Gasinski and
Papageorgiou [6], Joe et al. [8], Kim et al. [9], Leonardi and Papageorgiou [11,12],
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and Papageorgiou et al. [20]. For related contributions, we refer to [18,23,26,28].
There are no works on Robin equations and none of the aforementioned works,
produces ground state (least energy) solutions.
In the boundary condition, we have
ou

S — (a2 Dup =2 + [ Dufr2) 2,
with n(-) being the outward unit normal on 0S.

We mention that problems with unbalanced growth, were first considered by
Marcellini [14,15] and Zhikov [29-31], in the context of problems of the calculus of
variations (including the Lavrentiev phenomenon) and of problems of nonlinear elas-
ticity theory. More recently, there have been efforts to develop a regularity theory
for such problems. There have been several local regularity results, but a global reg-
ularity theory remains elusive. The survey papers of Marcellini [16] and of Mingione
and Radulescu [17] provide an informative overview of the existing results.

We employ the Nehari method and we show that for all small values of the
parameter A\ > 0, problem (P,) has at least two ground state (least energy) solutions,
one with positive energy and the second with negative energy.

2. Mathematical Background and Hypotheses

Let LO() be the space of all measurable functions u : 2 — R. We identify two such
functions which differ only on a Lebesgue-null set.
Throughout this paper, we will use the following density functions

0(z,t) = a(2)tP +t1, Op(z,t) = a(2)tP, forall z€ Q, allt > 0.
Let =0 or p = 60y. Then the generalized Lebesgue—Orlicz space L* () is defined
by
LH(Q) = {u € L) : pu(u) = / w(z, |ul)dz < oo} .
Q

The function p,(-) is known as the modular function corresponding to the density
. The space L*(Q) is equipped with the so-called “Luxemburg norm” || - ||,, defined
by
: u
ull,, = inf {)\ >0 p, <X) < 1}.

Then L*(Q2) becomes a Banach space which is separable and reflexive. In fact L*((2)
is uniformly convex, since pu(z,-) is a uniformly convex function. Recall that a uni-
formly convex Banach space is reflexive (Milman—Pettis theorem).

Using L*(2), we can define the corresponding generalized Sobolev-Orlicz space
WLH(Q) by

WhH(Q) = {u € L*(Q) : |Du| € L"(Q)} .

Here Du denotes the weak gradient of u. The norm || - ||1,,, of W#(Q) is defined by

lull1pe = llull, + [ Dull,, - for all uw e WHH(Q).
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Note that |[Dull,, = || [Du] ||, Also, we set

wir@) = cE@
with C2°(€2) being the space of C'*°-functions on 2 with compact support.

The Poincaré inequality is valid on W, (). In what follows by |- || we denote
the norm of W?(Q), that is
lul| = ||ullg + || Dully for all u € WHO(Q). (1)

A function a € L°(Q) is a “weight”, if a € L _(Q), a(z) > 0 for a.a. z € Q. For
1 < p < oo, by A, we denote the class of p-Muckenhoupt weights (see Harjulehto
and Héisté [7, p. 106]). In the sequel by — we denote continuous dense embedding

and by <> a compact, dense embedding. If a € C 1(Q) N A, then we have
Wh(Q) — Whh(Q) < L%(Q). (2)

For the last compact embedding, we refer to Chua et al. [3].
Note that in this case the norm || - ||g, coincides with the weighted norm |- |,
1

defined by |h|, = </ a(z)|h|sz> . for all h € LGO(Q).
Q

In order to guarantee embeddings of W% (Q) into classical Lebesgue spaces,
we will need to consider a subset of A,. So, let s € [p—il, —i—oo) N <%, +oo> and set

={acA,:a* L' (V)}.
The weight a(z) = [z|' with =& < < & belongs in Aj provided 1 < p < N. We
set ps = & and p} = Np5 for l<p< N We have (see [4]):

s+

Proposition 1. If a € A} with 1 < p < N and s € [F,%—oo) N (%,—i—oo), then
Whoo(Q) «— Whrs(Q) — L™(Q) for all 1 < r < p* and the last embedding is

compact if 1 <r < pi.
Also we have

Proposition 2. If a € C%*(Q)\{0}, a(z) > 0 for all z € Q, then

(a) L(Q) — L™(Q), WH9(Q) — WLr(Q) for all 1 <r < g;

(b) WH0(Q) — L"(Q) if 1 <r < ¢* and the embedding is compact if 1 <r < ¢*;
(c) LP(92) — L(Q).

There is a close relation between the norm || - || (see (1)) and the function
u — po(u) = po(u) + po(Du).
Proposition 3. If a € C%*(Q)\{0}, a(z) > 0 for all z € Q, then
(a) ull =t <= po(}) =1
(b) fJul] <1 (resp. =1,>1) <= pp(u) <1 (resp. =1,>1);
(©) [Jull <1 = lull” < po(u) < [lull;
(d) [lull > 1 = lull* < po(u) < [ul[?;
(e) |lu]] = 0 (resp. — +00) <= py(u) — 0 (resp. — +00).
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Let V: W19(Q) — (VVI’(’(Q)Yk be the nonlinear operator defined by
(V(u),h) = / [a(2)|DulP~2 + | Du|7"%](Du, Dh)gndz for all u,h € WH9(Q).
Q

This operator has the following properties.

Proposition 4. If a € C%1(Q)\{0}, a(z) > 0 for all z € Q, then V() is bounded
(maps bounded sets to bounded ones), continuous, monotone (hence mazimal mono-
tone too) and of type (S)4, that is,

“if wp 5w in WH2(Q) and limsup(V (uy,), u, —u) <0,

then w, — u in WH?(Q).”
Given u € L°(Q), we set
v = max{u,0}, u~ = max{—u,0}.

We have u = ut —u~, |u| = u +u~ and if u € W19(Q), then u* € W19(Q). Also
we write 0 < u if and only if for all K C Q compact, 0 < cx < u(z) for a.a. z € K.

In the sequel by o(-) we denote the (N — 1)-dimensional Hausdorff measure
(surface measure) on 0f2.

Our hypotheses on the data of (77>\) are the following:

H:a € C¥Y(Q)N A with N < s, m € L), n(z) > 0 for aa. z € Q,
& € L) with & (=) > 0 for aa z € Q, € L*(0N) with 5(z) > 0 for o
aa. z € 00, & # 0or B # 0, &(2) € LX(Q)\{0}, &(z) > 0 for aa. z € Q,
1 <7<qg<p<p;<N (recall that p; = ;7 and pj = ]\]fvfzjs),§<1+%.

The last inequality above is common to problems with unbalanced growth. It
leads to local regularity results and it also implies that p < ¢x.

Remark 5. These hypotheses include also the Neumann problem (when 5 = 0, then
& #0).
Let v: Wh%(Q) — R be the C'-functional defined by

v(u) = pg, (Du) + /Q&(z)|u]pdz + /89 B(2)|ulPdo  for all u € WHO(Q).

Also for A > 0, let ¢y : WH9(Q2) — R be the energy functional for problem (Py)
defined by

ertw) = 1o+ 1 (1Dl + [ @@lupias) = 2l = 1 [ atetaras

Evidently ¢y € C* (Wl’e(Q)) To simplify our notation, we set
e, (u /51 NulPdz, pey.qu /52(z lul?dz, p§" / B(2)|ulPdo, for all u € WH9(Q).
The Nehari manifold for the energy functional ¢, (+) is defined by
Ny = {ue Wh(Q) : (ph(u),u) =0, us0}.

Note that, if u € W1?(Q) is a nontrivial solution of (Py), then u € Ay. The
Nehari manifold Ny is much smaller than the ambient space W1?(Q) and so ) ‘ A
can have properties which fail globally.
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The Nehari manifold is closely related to the properties of the so-called fibering
functions. More precisely, given u € W1¢(Q)\{0}, the fibering function p% : Ry — R
(Ry = [0,4+00), A > 0) corresponding to u is defined by

us(t) = @a(tu) forallt > 0.
Evidently p% € C2(R%) (R = (0, 400)) and we have
A + +

(13)" () = P~ y(u) + t (|| Dulld 4 pey.q(w)) — M7 Hul|T — 7 /Q n(2)|ul"dz
and
(1) () = (p = D"y (u) + (¢ = 1)t (|[Dul|d + pey.q(w) — M7 — 1)t7|Jul|]
—(r— 1)757”_2/ n(z)|u|"dz.
Q
We see that

“tue Ny = (8 () =0. " (3)

So, from (3) we infer that Ny consists at those nontrivial elements of W% (), for
which the corresponding function p%(-) has a critical point at t = 1. This leads to
the following partition of Ny:

N ={ueN,: (uH)" (1) > 0} (local minimizers),
Ny ={ueNy: (n)" (1) < 0} (local maximizers),
NY ={ueNy: ()" (1) =0} (points of inflection).

In the next section, we prove some auxiliary results, which will be crucial in the
implementation of the Nehari method (see Sect. 4).

3. Auxiliary Results
Consider the function | - | : W% (Q) — R, defined by
|u| = || Dullg, + pgl(u)% + pgﬂ(u)% for all v € WLOO(Q).
By || - |l1.,6, we denote the norm of W%(Q). Recall that
lwlli.6, = llullo, + | Dulla, for all u € Whoo ().
Proposition 6. |- | and || - ||1.,9, are equivalent norms on W% (Q).

Proof. First, we verify that | - | is indeed a norm on Wh%(Q).
If |u| = 0, then || Dullg, = 0. So, from the definition of the Luxemburg norm,
we have

/ a(z)|DulPdz =0
Q

— u=ceR.
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Then pe, (u) + ng(u) =0.8S0,0 = [P {/ &1(z)dz +/ ﬁ(z)da} But on account
Q o0
of hypotheses H, we have

0</Q§1(z)dz+ 89ﬂ(z)da.

Therefore ¢ = 0 and so u = 0.
Next we check the triangle inequality. Evidently || - ||o, satisfies the triangle

inequality. We check that pgl(-)% satisfies the triangle inequality and the proof for
ng()% is similar. We have

p&w+v%:1§mam+vmn

3 s 11
= / £1(2)7 [u+v[P~1& (2)7 [u+ v]dz (, 4+ = 1>
& PP

< L@@ et b GGz + [ GG kol e
Q Q
4)
Note that
607 ut ol € L7(Q), ()Pl &) € L7(Q).

So, applying Holder’s inequality, we have

Sl
—
ot
N—

/951 (2)7 [u + v €1(2)7 |uldz < pe, (u+ )7 pe, (u)

and

Sk
—
=)
N—

[}ﬂ@im+vw4&@ﬁwuzS%xu+wé%xm.

We return to (4) and use (5), (6). Then

1

1 1
pe, (14 ) < pe, (u+0)7 [ pe ()7 + pe, (v)F]

o=
S =

1 1
= pe, (u+v)?r < pe, (u)% + pe, (v) <recall that o + " = 1) .

This proves that pe, ()% satisfies the triangle inequality. Similarly for ng()% We

conclude that |- | is a norm on W1 (Q).
We show that || -||1,¢, and |- | are equivalent norms on W% (Q). First we show
that there exists co > 0 such that

lu| < collull1g, for all u € Who(Q). (7)
If (7) is not true, then we can find {uy, }neny € W% (Q) such that

n|lunlli,0, < |un| forall n e N. (8)
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Un

Tolio n € N. Then ||y, |19, = 1 for all n € N and so we may assume
un 1,90

Let y, =
that
Yo —y in WHP(Q),  y, — yin LP(Q), LP(0Q) (9)

(N_l)ps
< s, we have p < ———
p—1 P="N .

see Proposition 1). From (8) we have

(note that since and so the trace map is compact,

n < |y,| forall neN. (10)
On account of (9), we have
pe(Un) = P (), 05 (yn) — £ ()- (11)
Then from (10) and (11), we infer that
1Dynlla, — +oc.

But || Dynllo, < ||ynll1,0, =1 for all n € N, a contradiction. So, (7) is true.
Next we show that there exists c3 > 0 such that

lullg, < eslu| for all u € WH%(Q). (12)

Again we argue by contradiction. So, suppose that (12) is not true. Then we can
find {u, }nen € WH9(Q) such that

n|un| < ||unllg, for all n € N. (13)

Un

Tanlion” n € N. Then |[|v,|lg, = 1 for all n € N. From (13), we have
u’I’L 90

We set v,, =
lun| < % for all n € N,
= ||Dvp|lg, — 0 as n — oo. (14)
Therefore {v, }nen € W% (Q) is bounded and so we may assume that
Vp — v in WH(Q), v, — v in L%(Q), LP(Q), LP(0Q) (see (2)). (15)
From (14) and (15), we obtain
1Dvl6, + pe, (v)7 + p3(v)7 <0,
= ||Dv|lg, =0 andso v=ceR.
We have

1 1
pe,(0)7 +p5" (V)7 =0,

e [(/ﬂ 51(z)dz)11] + ( aﬂﬁ(z)da>l

—=c=0 (see hypotheses H).

0,

3|
| S
|

So, we have
v, — 0 in L%(Q) (see (15)),
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contradicting the fact that ||v,|ls, = 1 for all n € N. Therefore (12) is true. From
(12), we obtain

ull1.6, < calu| for all w € WP (Q), some ¢4 > 0. (16)
From (7) and (16) we conclude that || - |19, and | - | are equivalent norms on
Whbo(Q). O

On W14(Q) we have the usual norm || - ||;,, defined by
lullig = llullg + [ Dully  for all u € WH(Q).

Also, we introduce the function | - |o : W14(Q) — R, defined by

lulop = [||Du||g +/ fg(z)|u|qdz] " forallu e Whi(Q).
Q

Reasoning as in the proof of Proposition 6, we obtain the following result.
Proposition 7. |- |o and | - |1, are equivalent norms on Wh4(Q).
Also, we have:
Proposition 8. If hypotheses H hold, then
csllullf g, < v(u) < cellullf 5, for allu e Who(Q), some 0 < c5 < cg.

Proof. We have

1) = oo, (Du) + pe, () + 3 (w)]
= [IIDullf, + pe, (1) + p5 (u)]
< | Dullo + pe, ()7 + p5(w)7 = ul,
— ~(u) < |ulP for all u e WH%(Q). (17)

On the other hand, note that

for all u € Wh%(Q),

B =

Jul < 37(u)
1
— 3—p\u\p < ~(u) for all u € WhH(Q). (18)
Then from (17) and (18), it follows that
1
3—p|u|p < y(u) < |uP for all u € WH%(Q). (19)

From Proposition 6, we know that || and || -||1 ¢, are equivalent norms on W1% ().
Therefore, from (19), we see that we can find 0 < ¢5 < ¢ such that

csllullf g, < v(u) < csllullf g, for all w e W (Q).

The proof is now complete. O
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Proposition 8 above implies that
() + lullf, = esllullf g, + lulf = er (Il g, + Il (20)
for all u € WH?(Q), with ¢; = min{1,cs}.

From (20), we see that we need to estimate |[u|] o, + [lul|{ , in terms of the norm
| - || of W9(Q). From (1), we know that

[ull = llullo + | Dulle  for all w € WH9(Q).
Proposition 9. If hypotheses H hold, then there exists cg > 0 such that
cgmin {[[u]|?, [Jul|7} < [} g, + ulf, for allu e W ().
Proof. We proceed indirectly. So, suppose that the assertion of the proposition is
not true. Then we can find {u, }neny € WH?(Q) such that

I .
Y g, + llunllt,y < —min{[lu[?, [lua]|?}  for all n € N. (21)

If, for at least a subsequence, we have ||u,| < 1 for all n € N, then from (21), we
have

ol g, + luall g < P for all n € N. (22
We set y,, = ﬁ, n € N. Then ||ly,| = 1 for all n € N and so from (22), we obtain
' 1 1
vl g, + Tomg el < 5 forallne N,
— y, — 0 in Who(Q). (23)

Moreover, since ||u,|| <1 for all n € N, we have

lallig < - foralln €N,
=y, — 0 in WH(Q). (24)
Then (23) and (24) imply that
po(Dyn) + po(yn) — 0,
— y, — 0 in WH(Q) (see Proposition 3),

a contradiction, since ||y, || =1 for all n € N.
Next suppose that, at least for a subsequence, we have ||u,| > 1 for all n € N.
From (21), we obtain

1
HunHIf,go + HunH?’q < EHuan for all n € N. (25)

As before, we set y,, = ﬁ, n € N. Then ||y, || = 1 for all n € N and so from (25)
Un,
it follows that

lunll”~Nynll¥ g, + lynllf,

q <
=y, — 0 in WH(Q). (26)

for all n € N,

SHE
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Moreover, since ||u,| > 1 for all n € N, we also have
gl o, < % for all n € N,
— y, — 0 in Who(Q).
Then (26) and (27) imply that
po(Dyn) + po(yn) — 0 (see Proposition 2),
— y, — 0 in WH(Q) (see Proposition 3),

again a contradiction, since ||y,| =1 for all n € N.
We conclude that there exists cg > 0 such that

csmin {[Jul/?, Jul?} < [ull? g, + ull{, for all ue WH*(Q).

This completes the proof.

301

0

To have the boundedness of solutions of (Py), we will use the following lemma.
It is an outgrowth of some estimates of Ladyzhenskaya and Ural’tseva [10, pp. 66,

73-74).
Given u € L°(Q) and k > 0, we define

Ep={z€Q: |u| > k}.
Also by | - | we denote the Lebesgue measure on RY.

Lemma 10. If /,d > 1,u € L*(Q) and

5
s U (Ju| - k)fdz] <c [/ (Jul — k)'dz + K| Exln | .
Ek Ek
for k> k* >0, withc>0, k* >0,
then u € L*>(Q).
Proof. Let ¢ > 2k* and consider the sequence {ky, }nen, defined by

) 1
kn:'L<1—2n+1> fOI‘aHneNO:NU{O}

Evidently {kn}nen, € Ry = (0,400) is a strictly increasing sequence and k, < i

for all n € Ny. Then

[/

d
(lul = kn+1)€d2> <c [/ (Jul — kn)“dz + kﬁ+1\Ekn\N] :
Ey,,

Kn41
We have
(s = k) Bl < [l = k)’
Ekn
knr \'
n+1 n Ey,

< (2 - 1)5/ (u| — k) d.
Ekn

(28)

(29)
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We use (29) in (28) and obtain

/ (Ju| = k’n+1)£d2’ <
Ey

n+1

c (1 +(2n2 - 1)4) /Ek

1+6
<eéx" / (|u| — kn)'dz
Ex,,

with x =24 > 1,§ =d — 1 and é = é(c, £,d) > 0. We introduce the sequence

{vn = fEkn(M - kn)fdz}

Lemma 4.7 of Ladyzhenskaya and Ural’tseva [10, p. 66] says that

n€Ng
« 1 L "
ifvg < ¢ o) 37, then v, — 0asn — oo.

N4
1
w= [ (ul = ho)'dz = [ <|u|—2) a2,
Ey, B,

= v9g — 0 as i — +oo.

Note that

Therefore for ¢ > 2k* large, we have
1

Vo Séi%x_ﬁa
= v, =0 as n=00 (see (30)).

Observe that

d
(lul = k‘n)de]

(31)

'LL—+Z ul — +Z: ul — +Z C u| — +€Z
[ ul= 0%z < [ (ul = by /Eknm kn>d§9/Ekn(<|r k)t d

for all n € N, some cg >0 (since L*(Q) — L'(Q)),

— /(|u| _0Fdz =0,
Q
= |u(z)| < £ for a.a. z € Q and so u € L>™(Q).

The proof is now complete.

4. Ground State Solutions

As we already said in Sect. 2, g0>\| N, may have properties which fail globally. In

1
our case the presence of the (p — 1)-superlinear term / n(z)|u|"dz (recall that
rJa

p < r), implies that the energy functional ¢, () is unbounded below and so there
is no global minimizer for ¢, (-). However, in the next proposition, we show that
©x ‘ N is coercive and so we can expect that ¢y ’ N has a minimizer. This observation

highlights the importance of the Nehari manifold.

Proposition 11. If hypotheses H hold, X > 0, and Ny # (), then @y N 1§ coercive.
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Proof. Let u € N with ||u|| > 1. From the definition of Ay, we have
V(W) + | Dull§ + pey.q(w) = Allullz + /Q n(2)|ul"dz. (32)

Using (32), we obtain

erxw = (5= 2 )t + (= 1) (Dul +pesglu) = 2 (3= 1)

p r T

1 1 A1 1
Dl [ Ty _ (2= T
_<p r)mmo+qﬂmng T(T T)mm

for some c¢19 > 0 (see Proposition 7 and recall that ¢ < p)

> enr (JJulf g + lul ) = Acszllul”
for some ¢17 > 0, c¢12 > 0 (see Propositions 2 and 8)
> cpzllul|? = Acrzlul|”

for some c13 > 0 (see Proposition 9 and recall that ||ul| > 1).

Since 7 < g, we conclude that ¢ A’ N is coercive. O

For every A > 0, we have that

©a(+) is sequentially weakly lower semicontinuous. (33)

Also, since Ny~ C W}, then using Proposition 11, we see that if A > 0 and N} # 0,
then

go,\‘NJr is coercive. (34)
A
Then (33) and (34) suggest that we consider the following minimization problem

+ .
my = inf ).
A N

Proposition 12. If hypotheses H hold, A\ > 0, and N # (), then —o0o < m{ < 0.
Proof. On account of (34), we have that ¢ ,\| A+ 18 bounded below. Therefore
A

_l’_
—00 < My .

If u € Ny}, then from the definition of Ny, we have

(p = Dy(w) + (¢ = 1) (1 Dull§ + peyq(u)) — (r - 1)/{)?7(2)!1”% > AT = Dfull7-
(35)

In addition, since u € Ny (recall that Ny C \}), we have

V(u) + [ Dullg + pes q(u) — /Qn(z)|u|”dz = Allull7- (36)

@ Springer



304 P. Jin et al. Vol. 94 (2026)

From (35) and (36), it follows that

zw@%+quME+p&4m)—ﬁénwﬂmW2>AﬂUH,

= (p—7)7(u) + (= 7) (1Dl + pey g (w)) > (r - T)/QW(Z)\UIW (see (36)),

p—T
r—T

— [l e < P T + T (IDully + pesa(w). (37
Q

Then we have

er = (2= D)aw+ (2= 1) putg 4 pesat) - (- 2)

P T q T T T

X/QU(Z)’U’TCZZ (see (36))

_ <r;—7-1::77: B pp—TT> () + <rr—7—7'i:: B qq—TT>
(1Dl + pepalw)  (see (37)
=P (1= D) T (- ) (IDulg+ )

T r T
<0 (since l<T<g<p<r),
= mj < 0.
The proof is now complete. O

Proposition 13. If hypotheses H hold, then there exists \* > 0 such that NY = () for
all A € (0, ).

Proof. We argue by contradiction. So, suppose that we can find {\,, }nen C 1@4_ such
that

An — 0% and u, € NY forallneN.

From the definition of N} , we have

(p = Dy(un) + (¢ = 1) (|1 Dunll§ + pes g (un))

=\ (7 = D||un |7+ (r — 1)/ n(2)|un|"dz for all m € N. (38)
Q

We know that u, € Ny, (since Ny C N, for all n € N). Hence

(T - 1)7(“%) + (r - 1) (HDunHZ + pﬁzﬂ](un))

=\ (r — D |lun||Z + (r — 1)/ n(z)|un|"dz for all n € N. (39)
Q
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Subtracting (38) from (39), we obtain
(r = p)y(un) + (r = @) (I1Dunllf + peaq(un)) = An(r — 7)|Junl7 for alln €N,
= (r —p) (’Y(un) + 014Hun||(f,q) < Ancasllun||”
for some ¢14 > 0, ¢15 > 0 (see Propositions 1 and 7),
— (r=p)ers (lunll g, + lunl],y) < Ancrs lunl”

for some ¢16 > 0, alln € N (see Proposition 8),
C15

= crr min[[un|”, [Jun[|} < An [[een |7

for some ¢17 > 0, alln € N (see Proposition 9).
Since 1 <7 < g < p and A\, — 07, it follows that
u, — 0 in WH(Q) as n — oo. (40)
Recall that u,, € N, , n € N. Therefore
(7 = Dy(un) + (7 = 1) (1 Dunll + pea.q(un))
=M\ (7 = D|un||Z + (7 — 1)/§2n(z)]un|rdz for all n € N. (41)

We subtract (41) from (38). Then

(0= 7)v(wn) + (¢ = 7) ([1Dunll§ + pes.q(un)) = (r = 7) /Q n(2)|un|"dz

for all n € N,

= (¢ —7) (v(un) + crsllunllf ;) < (r = 7)erollun]”

for some ¢15 > 0, ¢19 > 0, all n € N (see Propositions 1 and 7),
= min{||un[|”, [unl|*} < caol[unll”

for some cyp > 0, all n € N (see Proposition 9),

= 0 < 21 < |luy,|| for some ca1 >0, all n € N (recall that ¢ < p <r). (42)

Comparing (42) and (40), we have a contradiction. Therefore there exists A* > 0
such that NY = ) for all A € (0, \*). O

So far, we do not know if the sets N /\i are nonempty. In the next proposition
we show that for all A > 0 small, N5 # 0 (and so Ny # 0 too).

Proposition 14. If hypotheses H hold, then there exists \* € (0, \*] such that ./\/'fE =
0 for all 0 < X < \*.

Proof. Let u € WH?(Q)\{0} and consider the functional ¢, : R, — R defined by
Ly (t) =P Ty (u) — tr_T/ n(z)|u|"dz for all t > 0.
Q
Since 7 < p < r, we see that

l,(t) >0 fort e (0,1) small, £,(t) <0 fort>1 large.
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Moreover, £,,(0) = 0. Therefore we can find ty = to(u, A) > 0 such that
Cu(to) = I?Zag‘: Cu(2),

— g{u(to) = 0,

— (- T () = (r— )t /Q n(2)ul" dz,

— o [e=b]
We have
o= [ ECHE S fyera
(ZZ—T>F §f9n< o dz)iji“”)”
-(=2)" (Gmre) 0

—T r—

(=) () s

pP=T

— T—p 7" —
> (p — T> — p022‘|u‘|1—760 for some ca2 > 0
r—T r—T

(see Propositions 1 and 8). (43)
Then

Cu(to) = Mlullz = Lu(to) — Acas|lull7 g, for some coz3 >0

(see Proposition 1 and note 7 < p)

p—T

— T r—p r —
(p ) et _ACQ?,] [ull7 g, (sce (43)).

>
r—T

So, we can find \* € (0, A*] such that
Cu(to) — AJuf|T >0 forall 0 <A < A*. (44)

Then define

Cu(t) = Lu(t) + 777 ([[Dull§ + pey.q(u)) -
Evidently £, (t) > £,(t) for all £ > 0. Moreover, as we did for £,(-), we can find
to = to(u, A) > 0 such that

~

Uu(to) = max 0, (t) > 0, (to) = u(to). (45)

t>0

Therefore, if we set

~

ENt) = €4(t) — Mu||T for all ¢ > 0,
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then we have
EM(Eo) = Cu(fo) — MJul|T > €u(to) — MJul|Z >0 for all 0 < A < A* (see (45), (44)).
(46)
Since £, (0) = 0, we see that
ENt) <0 forall t € (0,1) small. (47)
We know that £, (t) < 0 for ¢ > 1 large (since 1 < 7 < ¢ < p < ). This fact

combined with (46) and (47), implies that there exist ¢; < fo < to (both depending
on A € (0,A*)) such that

kn(t) = k) (t2) = 0 < k) (fo) (48)
and

(12;3)' (t2) <0 < (/4:{)) (t1). (49)
From (48), we have

7Ty (w) + 1T (I[1Dullf + pesq(u)) — ti_T/Qn(Z)!WdZ = Aull7. (50)
On the other hand from (49) we have
0<(p—8 " yw + (@ =t (IDulld + pey.q(w) = (r = r)t{‘*‘l/ﬂmz)m\wz
=7t [0 = DT + (0= D (10Ul + vy o) = (=15 [ ne)lulas]
=4 [ = D& 9w + (@ = DT (IDulg + oy o) = (= DG [ el
= AT = D] (sce (50))
=177 [0 = DE @) + (¢ = DL (IDullg + pey.a(w) — (7 = 1>t2‘2/Qn<z>\u|"dz
= A = D 7]
=067 (1) (1),
= 0< (1})" (ta),

:tlue./\/;r;ﬁ@ for all 0 < A < A*.

Similarly we show that Ny~ # 0 for all 0 < X < A*. O

Recall that

+ f
my E—lJrgO/\.

A

We will show that mj is reached on N, ;“ )

Proposition 15. If hypotheses H hold and 0 < A < \*, then there exists u) € J\/’;r
such that m} = oy (u}).

Proof. Let {u,}nen € Ny be such that

ox(un) | mi_
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From (34) we see that {u,}nen € WH?(Q) is bounded. Therefore, we may assume
that

wy 5wy in WH(Q), —>u8‘ in L%(Q), L"(Q), LP(09) (51)

C

(see (2) and as before note that s > =5 implies p < % and so WhPs(Q) —
LP(0R2) via the trace map).

Claim: u, — u) in W9(Q) as n — oo.

We argue indirectly. So, suppose that the Claim is not true. Then at least one
of the following inequalities holds

po, (Dud) < liminf pg, (Duy), |uglo < liminf |u,]o. (52)
n—oo n—oo

On account of (51), we have

||unHT luglls (recall that 7 < 7),
r (53)
2)|un|"dz — 2)|uy|"dz, ﬂ )|un|Pdo — ﬁ Y|ug|Pdo.
From (52), (53), and Proposmon 12, we have
©x(0)=0> mj = nh_{réo ox(un)
1 1 A 1
> —y(up) + ~ (1D IF + pes.a(ug)) — = lug |7 — / n(2)|ug|"dz
p q T rJo
= 90)\(“8\)’
= u) #0 and ¢y (uy) < mi. (54)

From the proof of Proposition 14, we know that there exists t; > 0 such that
thud € Ny . Then

W A
(%) @) =o. (55)
By passing to a subsequence if necessary, we can say that
timinf (457)' (1) = lim_ (") (1), (56)

Then (56) and (52) imply that
! ’LL)\ !
liminf (43)' (1) > (130) (1) =0 (see (55)),
= (uy")' (17) > 0 for all n > ng. (57)
Since u,, € /\/';r for all n € N, we have
()" () < (py) (1) =0 for all ¢t € (0,1), all n € N. (58)
From (57) and (58), it follows that
1<t (59)
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A
We know that ,° (+) is nonincreasing on (0,#7]. Hence
my < ea(tiuy) < pa(ug)  (see (59))
<mi (see (54)),

a contradiction. This proves the Claim.
The Nehari manifold is closed in W?(Q)\{0}. Therefore from the Claim it
follows that

ué‘ S N)\.
Recall that u,, € Ny for all n € N. So, we have
A

(1i)" (1) > 0 for all n € N,

(,uA )I,( ) >0 (see the Claim).

From Proposition 13 we know that N? = () for all A € (0, \*). Therefore
W\
() (1) >0,
= u) € Ny and ¢y (uy) =mi (see (54)).
The proof is now complete. O
Let
Ko, ={ueWh(Q): ¢h(u) =0} (critical set of py).
In the next proposition, we show that u) € N /\+ is a critical point of @y.

Proposition 16. If hypotheses H hold and 0 < \ < 5\*, then u) € K,,.

Proof. Note that N, is an open subset of Ay. Also u is a minimizer of ¢y A
A

Therefore 4 is a local minimizer of ¢ ,\‘ Ny We can apply the Lagrange multiplier

rule (see Papageorgiou et al. [21, p. 422]) and obtain b € R such that
Pa(up) = b (ug) in WH(Q), (60)

where ¥y (u) = () (u),u) for all u € W19(Q)\{0} (the constraint function defining
N,). From (60), we have

0 = (g (ud)oud) = bl () ud)  (recall that u) € Ny CAG),
.y [m<u3>+q(uDu3Hz+pgz,q<u3>) Arlld |7 — /Q n<z>|uév"dz] o,
b [(p— Dy(d) + (g — 1) (IDWE + pesa(ud)) — Alr — D7

(r—1) / n(z ’Uo\rdz} =0, (recall that u) € Ny),
Q

:b(uk) (1) = 0. (61)
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Since uj € Ny}, we have (uzé)/, (1) > 0. Therefore from (54) it follows that
b=0,
— (1)) =0 in WH(Q) (see (60)),
= up € K,,.
The proof is complete. U

In the next proposition, we prove a regularity property for the elements of K, .
In particular, using Lemma 10, we show that the elements of K, are bounded
functions.

Proposition 17. If hypotheses H hold, A > 0, u € K,, and u # 0, then u €
W) N L>®(Q), 0 <u or0 < —u.

Proof. Note that we can always replace u by |u| and so we may assume that u #
0,0 < u. We have

— Abu— Agu+ & (2)uP " + &(z)u? >0 in Q,
= 0 < u (see Papageorgiou et al. [25]).
So, we have 0 < u(z) for a.a. z € Q. Also

(V(u), h) + /Q (@) + &) bz + | FE)ur o

= / ()\uT_l + n(z)uT_l) hdz for all h € Wl’e(Q). (62)
Let k> 1 be largi so that
By < 1. (63)
In (62), we choose the test function h = (u — k) € W1H9(Q). We obtain
V(= E)") + (ID(w = k) F11§ + peag((u—k)T))

/)\uT Y +dz+/ n(z)u" " u—k)tdz. (64)
Q
Set B, ={z € Q:u(z) >k} (k> 1). Then on Ej, we have
ut <u" = (u—k+k)" <27 [(u— k)" + K. (65)

We know that W19(Q) — L"(Q) (see Proposition 1 and recall that r < p?). So,
from (64) we obtain

[/ (u k:)sz} < coul|(u — E)T||P for some cpq > 0
Ex

§025 |:/ (U—k‘)rdZ‘l-kr‘EHN
Ey
for some ca5 = ca5(A) > 0 (see (65)),

— uecWH(Q)NL>®(Q) (see Lemma 10).
This completes the proof. ]
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Now we are ready to produce the first bounded positive solution for (Py) (if
A e (0,A%)).

Proposition 18. If hypotheses H hold and X € (0,\*), then problem (Px) has a
positive ground state solution

0 EWH(Q)NL>(Q), 0=<uy, paluy) =mi <0.
Proof. From Proposition 15, we know that there exists uy € eN] ' C N, such that
oa(uy) =ml <0.

Also from Proposition 16, we know that u) € K,,. We can assume that uj > 0.
We have

(P\(up),h) =0 for all b € WHO(Q), u) e WH(Q)NL®(Q), 0<uy.  (66)

From (66), using the nonlinear Green’s identity (see Papageorgiou et al. [21, p. 34]),
we conclude that u}) is a solution of (Py). O

Next, working with N, , we will produce a second bounded positive solution
of (Py) when A > 0 is small.

Proposition 19. If hypotheses H hold, then there exists \§ € (0, 5\*] such that
go,\‘N; >0 forall 0 <X <A
Proof. Let v € N, . From the definition of N, we have
()" (1) <0,
= (p— 1)) + (g = 1) (IDv][§ + pes,a(v))

< AT = Dll7 +(r = 1) Qn(Z)\vlrdz- (67)

In addition, since Ny C N, we have

10) + (ID0lg + pea0)) = [ 0ol dz = Aol (63)
Using (68) in (67), we obtain
(0= 71(0)+ (g =) (ID0l + pea®)) < =) [ )l

= (p—7) [y(0) + (IDv][§ + pes g ()] < (r —17) /Q n(z)|v["dz  (since ¢ < p),

= [vlli g, + Vll1,4 < cosllvlly and [[v]|] g, + [[0[If4 < c26l[v]]”
for some co6 > 0 (see Propositions 1, 6, and 7),
= min{[|v[|”, [[v]|?} < cor[lv]l; and min{[jo]|”, [[v]|?} < car[lv]|"

for some co7 > 0 (see Proposition 3).
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Since ¢ < p < r, we infer that
0 < cog < v, ||lv]lr, forall ve Ny, some cog > 0. (69)

Now suppose that the assertion of the proposition is not true. Then for every A €
(0,A*), we can find vy € Ny such that

pa(va) <0,

1 1 . A, 1 ;
= —y(va) + = (IDusll] + peag(va)) < Zlloall7 + = [ n(2)loal"dz,

p q T rJa

11 11 11 i
— (2= D+ (3-1) 100l peaton) <A (2= 1) ol
(since vy € Ny, see (68)),

= min{|[val|?, [Joall?} < Acag|lua||” for some cag > 0 (70)

(see Propositions 1, 3, 6, and 7).

Then from (70) and since W19(Q) < L"(Q) (see Proposition 1), 7 < ¢ < p, we
have

loalles lloall < &) with &) — 07 as A — 0. (71)

Comparing (71) and (69), we have a contradiction. Therefore we can find Aj € (0, \*]
such that

0<cp>\‘N; for all 0 <\ < Ag.

The proof is now complete. O

We consider the following constrained minimization problem

my = inf @,.
A

Proposition 19 above implies that m, > 0.

Proposition 20. If hypotheses H hold and A € (0,)y), then there exists vy € Ny
such that my = px(v}) > 0.

Proof. Let {v, }nen € N, be such that
oa(vn) | my 2 0.

From Proposition 11, it follows that {v,}neny € W1(Q) is bounded. So, using
Proposition 1 and since p < %, we obtain

vy vy in WH(Q) and w, — vy in L%(Q), L7(Q), LF(0Q). (72)
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From (69) and (72), we see that
0 < e25 < [|v) v

— ) #0.

Claim: v, — vy in WH9(Q) as n — oo.
We argue as in the “Claim” in the proof of Proposition 15. So, suppose that
Claim is not true. Then at least one of the following strict inequalities is true

po, (Dvy) < liminf pg, (Dvy,), |vd]o < liminf v, o (see (72)). (73)

From (72), we have

Pera(Vn) = Peag(vy)s  llvalls = llgl-
I AT (74)
n(2)|onl"dz — [ n(z)lvg|"dz.
Q Q
We know that v} # 0. So, we can find 5 > 0 such that
v} € Ny (see the proof of Proposition 14). (75)
From (73), (74), and (75), it follows that
P sk 2?127 fg q >\7§72- T
pa(tavg) < lim inf ;peO(Dvn) 3 (1Ponll§ + pea.q(vn)) = —lloall7
i .
2 [ ez (76)
T Ja
Since v, € Ny C Ny, we have
ox(favn) < pa(v,) forall neN,
= m; < pa(tav)) < liminf py(v,) = my (see (76)),
a contradiction. This proves the Claim.
Using the Claim, we see that
vy € Ny and @i (v)) = my . (77)
We know that
(1) (1) <0 forallm € N (recall that v, € Ny ),
1
= (,uia> (1) <0 (see the Claim). (78)

From Proposition 13 we know that VY = () for all 0 < A\ < Aj. Therefore from (78),
we obtain

AN /!
(,ui“) (1) <0 forall 0< X< A,

= v} €N, forall 0< )<\,
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Suppose that m, = 0. Then
(G-7) 00+ (5 - 7) 101 + b)) =2 (5 = 1) 1l
(since v € Ny C N,
— min{||v)||?, |03 ]9} < Aesollvg||” for some cz9 > 0
(see Propositions 1 and 9),
— ) =0 in WH(Q) as X — 0%,
which contradicts (60). Therefore m > 0 for all 0 < A < X§. O

Reasoning as in the proof of Proposition 16, via the Lagrange multiplier rule,
we obtain the following result.

Proposition 21. If hypotheses H hold and X € (0,)}), then v € K, .

This leads to a second bounded positive solution for problem (P,), this time
with positive energy.

Proposition 22. If hypotheses H hold and A € (0, \), then problem (Py) has another
positive ground state solution

vy € WHI(Q) N L®(Q), 0 < vy, pa(v)) =m; > 0.

Propositions 18 and 22 lead to the following multiplicity theorem for ground
state (least energy) solutions for problem (P ), when the parameter A > 0 is small.

Theorem 23. If hypotheses H hold, then for all X > 0 small problem (Py) has at
least two ground state solutions

ud, vy € WH(Q)NLZ(Q), 0<u), 0=<v), oa(uy) <0< @x(v]).
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