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1. Introduction

Let © € RY be a bounded domain with a C?-boundary 0€2. In this paper, we study
the following Dirichlet problem

—Aju(z) = f(z,u(2)) inQ, ulpgo =0, 1<p<N. (1)

If a € C%Y(Q), a(z) > 0 for all z € Q, then by A% we denote the weighted p-Laplace
differential operator defined by

a,, __ -2
Abu = div(a(z)|Dul"™=Du).

If mina > 0, then this operator is a nonautonomous version the standard p-Laplace
Q

differential operator and the boundary value problem can be treated using essentially the
same tools and methods. The main reason behind this similarity, is that both operators
exhibit balanced growth and so we can use the global regularity theory (that is, regularity
up to the boundary) of Lieberman [7]. This theory provides powerful tools for the study
of the problem.

The interest in the study of this type of problem is twofold. On the one hand, there are
physical motivations, since the weighted differential operator has been applied to describe
steady-state solutions of reaction-diffusion problems in biophysics, plasma physics, and
chemical reaction analysis. The prototype equation for these models can be written in
the form

up = Aju(z) + g(z, u).

In this framework, the function u generally stands for a concentration, the term Afu(z)
corresponds to the diffusion with coefficient a(z)|Du[P~2, while g(z,u) represents the
reaction term related to source and loss processes; see Cherfils-1I'yasov [2] and Singer
[12]. On the other hand, such operators provide a valuable framework for explaining the
behavior of highly anisotropic materials whose hardening properties, which are linked
to the exponent governing the propagation of the gradient variable and the modulating
coefficient a(-) differ considerably with the point, where a(-) dictates the geometry of an
anisotropic material.

A feature of this paper is that the potential that describes the differential operator
satisfies general regularity assumptions and it belongs to the p-Muckenhoupt class. Ac-
cordingly, the thorough spectral and the qualitative analysis contained in the present
paper are developed in the general abstract setting of Musielak-Orlicz—Sobolev spaces.
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Another feature of this paper is that we assume mina = 0. For such problems (de-
Q

generate equations), there is no global regularity theory and this makes the study of
degenerate equations more difficult. In fact, little work has been done in this direction.
We mention the books of Drabek-Kufner-Nicolosi [3] and of Heinonen-Kilpeldinen-Martio
[4] and the references therein. In particular there are no works on degenerate p-Laplacian
equations with a (p — 1)-sublinear and resonant reaction, because there was no spectral
analysis of the Dirichlet —AJ. Recently, Papageorgiou-Pudetko-Radulescu [9] developed
such a spectral description of —AJ with Dirichlet boundary condition. In the present
paper, we establish a multiplicity theorem for problem (1), when the reaction f(z,x) is
both resonant as # — oo and as  — 0 (double resonance). In addition to the spectral
analysis developed in [9], our approach uses variational tools and the theory of critical
groups (Morse theory).

2. Mathematical background and hypotheses

Another consequence of the degeneracy of the differential operator is that the standard
Lebesgue and Sobolev spaces do not provide an adequate functional framework and we
need to pass to weighted spaces (a special case of generalized Orlicz spaces).

Let L°(Q) be the space of measurable functions u : @ — R. As usual we identify
two such functions which differ only on a Lebesgue-null set. We say that a € L°(Q) is a
weight, if

a € Li.(Q) and a(z) > 0 for a.a. z € Q.

Let p > 1. We denote by A, the family of p-Muckenhoupt weights, that is, a € A, if
and only if a(-) is a weight and for all balls B C RY

p—1

1 1
w/adz B—L]V/G,Plldz SM(p,a)
B B

with | - |y being the Lebesgue measure on RY (see Muckenhoupt [8] and [4, p.297]). A
typical example of such a weight is

a(z) = |2|" forall z€ Q, =N < < N(p—1).

The importance of this class of weights comes from the fact that in this case, the Hardy-

Littlewood maximal operator is bounded on the corresponding weighted Lebesgue space

1

(see [4, p.303]). We will use elements from a subclass of A,. So, let T = Lﬁ’ oo N

(N oo) and s € T. We consider the following subset of A,

;7

A ={acAy: a”l e L*()}.
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If a(z) = |2|* forall z € Qand —& <y < & thena € A;. Note that if 1 < ¢ < p, then
Ay CAp.

Our hypotheses on the weight a(-) are the following
(Ho) a € C™Y(Q)NAS with1<p<N, seT.

Let 0(z,t) = a(2)t? for all z € Q, all t > 0. The function (z,-) is uniformly convex
for all z € Q. Using 6(2,t), we can define the Lebesgue-Orlicz space L?(2) by

LY(Q)=<uec L) : py(u) = /9(2, lu))dz < oo

We call pp(-) the modular function corresponding to 6(-,-). We equip LY(Q2) with the
so-called “Luxemburg norm” || - || defined by

lullo = inf {)\ >0:py (;) < 1} for all u € L% (Q).

Alternatively, we can consider the weighted space LP(2) equipped with the norm |- |,
defined by

lul, = /a(z)|u\pdz for all u € LP(92).
Q

Evidently L?(Q) = LE(Q) and the two norms are equal, that is ||uls = |u|, for all
u € L%(Q) = L2(Q). Indeed, let A\, | ||ullo with pg (%) <1 for all n € N. Then

|ul An |ul
7 < =
0 (z, N _)\n+19 z, N

<0 <z, [l ) (using the convexity of 6(z,-)),
n+1

= {9 <~, M) } is nondecreasing.
An neN

The monotone convergence theorem implies that

p9 <L) S 1a
[[ullo

= ufg < Jullg.
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On the other hand, note that

= |ulle < |ula-
We conclude that
[ -llo=1"1a- (2)

Normed this way L%(Q) = L2(£2) becomes a Banach space which is separable and reflex-
ive (in fact uniformly convex). Using LY(Q) we can define the corresponding Sobolev-
Orlicz space

WH(Q) = {ue L°(Q) : [Du| € L°(Q)},

with Du being the weak gradient of u. We equip this space with the norm || - ||1,¢ defined
by

lullro = lulle + | Dullo  for all w € WH¥(Q),
with ||Dullg = || |Du] ||,. Of course we can also consider the norm |- | , defined by
lul1.0 = |u]a + |Dul, for all u € WHO(Q).
Evidently we have || - |10 = | - |1,a (see (2)). Let
wo'@) = o,

with C2°(Q2) being the space of C*°-functions on §2 with compact support. The spaces
Who(Q), W, (2) are Banach spaces which are separable and reflexive (in fact uniformly
convex). On WO1 ’Q(Q) the Poincare inequality is valid, namely we have

lullg < ¢|Dullg, for some ¢ >0, all u € Wo(Q) (see [4, p.307]). (3)
This means that on W), we can consider the equivalent norm | - || defined by

1
P

lu]| = || Dulle = |Dul, = /a(z)\Du\pdz , for all u e Wo?().

Q
We have the following embeddings between these spaces. In what follows, ps = 7 <
p and pi = ]\ITVT”;. Also by < we denote continuous embedding and by < compact

embedding.
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Proposition 1.

(a) Ifa e COY Q)N A,, then Wil (Q) S L9(Q) (Papageorgiou-Ridulescu-Zhang [11]).
(b) If hypotheses Hy hold, then Wi (Q) — WP (Q), Wo?(Q) — L™(Q) for all 1 <
r < p% and Wol’e(Q) S LT(Q) for all 1 <1 < p* (see [3)).

If u € L°(2), then we write 0 < u if and only if all K C Q compact, 0 < cx < u(z)
for a.a. z € K.
Consider the following nonlinear eigenvalue problem

—Aju(z) = Aa(2)|u(2)|P"2u(z) in Q, ulsq = 0. (4)

This problem was investigated by Papageorgiou-Pudeltko-Radulescu [9] under the as-
sumption that a € C%'(Q) N A,. They proved that (4) admits a smallest eigenvalue
5\‘1‘ > 0 which has the following variational characterization

\? = in pg(Du).u 1,6 u
AL = f{ o(a) € Wy (2), 750}. (5)

In addition, this eigenvalue has the following properties

(a) If 6%(p) denotes the spectrum of (4), then ¢ € 5%(p) is isolated, that is, there exists
€ > 0 such that

(&g, xe 4 5) n6%(p) = 0.
(b) 5\‘11 > 0 is simple, that is, if u, v are eigenfunctions corresponding to 5\‘11, then v = pv
for some p # 0.

(¢) The eigenfunction corresponding to 5\‘11 has fixed sign and if u is such an eigenfunc-
tion, it realizes the infimum in (5) and 0 < |ul.

In the sequel by @1 we denote the L%-normalized (that is, ||41]l¢ = 1) positive eigenfunc-
tion corresponding to A{. Then

@ € WH(Q)NLX(Q), |alle =1, 0 < a.
We mention that if @ is an eigenfunction corresponding to an eigenvalue \ # 5\‘11, then
@ e W?(Q) N L>=(Q) and it is nodal (sign changing). Since 6(p) is closed, on account
of (a) above, we can define A% the second eigenvalue of (4) by

AS =inf{\ € 6%(p) : A > \¢}.

From [9] we know that g has the following variational characterization



P. Jin et al. / Bull. Sci. math. 212 (2026) 10385/ 7

Az = Inf max pp(D3(t)) (6)
with
I'={yeC([-1,1], M) : v(-1) = —a1, v(1) = @1}
and

M = {ueWg* () lully = Jula =1}

Using the above properties of the first eigenvalue, we can have the following useful
inequality (see [9])

Lemma 1. If a € COY(Q) N A, B € L®(Q) \ {0},8(z) < Ae for a.a. z € Q and the

inequality is strict on a set of positive Lebesgue measure, then there exists ¢ > 0 such
that

éllul|? < po(Du) — /ﬂ(z)a(z)|u|pdz for all w e WP (Q).
Q
We introduce the following closed subspace of VVO1 Q)
V=LueW’Q): /a(z)ﬁ’f_ludz =0

Q

We have W ?(Q) = Ra; @ V and we define

\g = in pg(Du).u U
AV = f{ o(a) ev, 750}. (7)

Proposition 2. If hypotheses Hy hold, then 5\‘11 < 5\“1, < 5\‘21

Proof. From (5) and (7), we see that A% < :\%/ Arguing by contradiction, suppose that
A% = X% Then we can find {v, }peny € V such that

po(vn) =1 forall n € N, pg(Dvy,) | AL = Mg,

Evidently {v,}nen € W?(Q) is bounded and so using Proposition 1, we may assume
that

vn v in We?(Q), v, = vin LY(Q). (8)
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From (8) it follows that pg(v) = 1. Moreover, on account of the sequential weak lower
semicontinuity of the modular function and using (8), we have

pg(D’U) < :\(11’
= pg(Dv) = X¢ (see (5) and recall that pg(v) = 1),

= v ==dy,and so 0 < |[v|, v € V, a contradiction.

Therefore we have

Next we show the inequality 5\?/ < 5\3 Again we argue indirectly. So, suppose that
Mg < A%. Then using (6), we see that we can find v € " such that

po(Dy(t)) < A% for all t e [—1,1]. (9)

We consider the continuous function 7 : [-1,1] — R defined by
T(t) = / a(z)al A (t)dz.
Q

We have
T(—1) = —pp(01) < 0 and 7(1) = pp(t1) > 0.

So, by Bolzano’s theorem, there exists ¢ € (—1, 1) such that

7(to) = /a(z)@lf_lv(to)dz =0,
Q

= (to) €V,
= Ay < pa(Dy(to)),

which contradicts (9). Therefore

>
)
A
>
<D
INA
S
[\C)<}

which concludes the proof. O

Remark 1. Can we say that :\%/ = :\‘2“’ This is an open problem.
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As we already mentioned in the Introduction, our approach uses items from the theory
of critical groups (Morse theory). A detailed presentation can be found in the book of
Papageorgiou-Radulescu-Repovs [10].

Let X be a Banach space, ¢ € C'(X) and ¢ € R. We introduce the following sets

K,={ue X: ¢'(u) =0} (critical set of ¢),
={ueX: olu) <c}

Let Y2 CY; C X and k € Ng. By Hy(Y1,Y3) we denote the k*® singular homology group
with integer coefficients. If u € K, is isolated and ¢ = ¢(u), then the critical groups of
©(+) at u are defined by

Cr(p,u) = Hip(e* N U, NU\{u}) for all k € Ny.

In this definition, U is a neighborhood of u such that K, N¢®NU = {u}. The excision
property of singular homology implies that the critical groups are well-defined in the sense
that the above definition is independent of the choice of the isolating neighborhood U'.

Definition 1. Let ¢ € C*(X),0 € K, with ¢(0) = 0,m,n € N. We say that ¢(-) has
(m,n)-local linking near the origin, if there exists U a neighborhood of the origin and
nonempty sets Eg C E C U,D C X with Ey N D = () and

(a) K, N® U = {0}:

(b) rankimi, — rankimyj, > n, where i, : Hp_1(Fo) — Hpo1(X \ D) and j. :
H,,—1(Ey) — Hp—1(F) are the group homomorphisms induced by the inclusion
mapsi: Ey— X\ Dandj: Ey— E.

(¢) ¢1e <0 < @Yunp\{0}-

This notion leads to explicit information about the critical groups of ¢(-) at the origin
(see Theorem 6.6.17 of [10, p.538]).

Proposition 3. If p € C'(X),0 € K, is isolated and ¢(-) has an (m,n)-local linking near
the origin, then rank Cy,(p,0) > n.

Let u € L°%(Q),u(z) > 0 for a.a. 2 € Q. For every k > 0 we introduce the set
Er = {z € Q: u(z) > k}. Then from Ladyzhenskaya-Ural’tseva [6] (pp. 66, 73-74), we
have the following result.

Proposition 4. If 7,5 > 1,u € L™(2),u > 0 and

s

/(u—k)sz <c /(ufk)sz+kT|Ek\N , Jorallk > ko

k k
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for some ¢, ko >0 (by | - |y we denote the Lebesgue measure on RY), then u € L*(Q).
Finally we introduce the hypotheses on the reaction f(z,z).
(Hy) f:Q xR — R isa Carathéodory function such that
(i) for every p > 0, there exists a, € L>(2) such that
|f(z,2)] < a,(z) for a.a. z € Q, all |z| < p;
(ii) there exists By > 0 such that

—fy < lim inf M < lim sup 1z 2) < 5\’11

I a2 = Hmsu W , uniformly for a.a. z € 2

and

lim [f(z,z)x — pF(z,2)] = 400 uniformly for a.a. z € Q,

rz—+oo

where F(z,z) = [ f(z,s)ds;
(iii) there exist d > 0 and g € ()\‘1‘, X‘{,) such that

Ma(2)zP < f(z,2)z < Aoa(z)|al?
for a.a. z € Q and all |z| < 0.

Remark 2. Hypothesis H; (iii) implies that

)\a < lim inf /(2 7)

m ir W uniformly for a.a. z € Q.

This fact together with hypothesis Hy (ii), reveal that our formulation covers the doubly
resonant case (that is, resonance at oo and at 0).

A function f(z,x) satisfying the above hypotheses is given by
a(2)[Nz|P~22 — |2|” 2] if |[2] <1
feay={ )
a(2)[A¢Hz|P~22 — (A\¢ — A+ 1)|z|9722]  if 1 < |z,

with 1 < ¢ <p <7and A¢ <A < min{A¢ +1,%}.
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Another example is provided by the following function:

Nea(z)|z|P2x if |[2] <1
f(z,2) =

Sa(2)|xP~2x —In|x|  if 1 < |z|.
3. Two nontrivial bounded solutions

In this section, combining variational tools from the critical point theory with critical
groups, we show the existence of at least two nontrivial bounded solutions for problem

(1)
Consider the energy function ¢ : W} ?(Q) — R for problem (1), defined by

1
o(u) = ]—)pg(Du) - /F(z,u)dz for all u € Wy ().
Q

Recall that F(z,2) = [5 f(z,s)ds. Evidently ¢ € C*(W;()).
Proposition 5. If hypotheses Hy and Hy hold, then the functional ©(-) is coercive.

Proof. On account of hypothesis H;(ii), we have

50 < lim inf M < limsup M

< XY, uni a.
liminf e S Hmsw o S Af, uniformly for a.a. z € Q, (10)

where BO > 0.
From the second part of hypothesis Hj(ii), we see that given any n > 0, we can find
M,, > 0 such that

n < f(z,x)r — pF(z,x), fora.a.zeQ, all |z| > M,. (11)
For |z| > M,,, we have

B/

< if v < —M,,
d [F(z0)] _ f(z2)e—pF(za) | ~ 127
de | |zlp | |x|Pa n

= ot it My, <z,

for a.a. z € Q (see (11)).

Integrating both inequalities, we obtain

F(zy) _F(z 1)
lylP [P

1 1
> _n [_ _ —} for a.a. z € Q, all [y| > |z > M,,.
p Ly zfP
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We let |y| — oo and use (10), then

14 F 1
-Afa(z) — (z,2) > D foraa ze Q, all |z| > M,,
p [zlP T p

= Ma(2)|z|P — pF(z,2) > n for a.a. z € Q, all |z| > M,.
Since n > 0 is arbitrary, we conclude that
lim [S\‘fa(z)\ﬂp — pF(z, x)} = +00, uniformly for a.a. z € Q. (12)
Tr—r 00

Arguing by contradiction, suppose that ¢(-) is not coercive. Then we can find {u, },en C
WOI’G(Q) such that

llun]l = 00, @(un) < c for some ¢ >0, all n € N. (13)

Let y, = 722, n € N. Then ||y,|| =1 for all n € N and so we may assume that

lunll”
Yn 2y in WP (Q), v, —yin LY(Q) (see Proposition 1). (14)

From (13), we have

1 F(z,up,
];pe(Dyn)—/ CLOFRP , neN. (15)
Q

Hypotheses Hy(i) (ii) imply that

|F(z,2)] < co[l + a(z)]|z|P] for a.a. z € 2, all z € R, some ¢y > 0,

[F' (2, un)|

NG <en +ca(2)|yn|P for aa. z € Q, with g, — 07,
Unp

= {M} C L*(Q) is uniformly integrable (see (14)).
neN

[[een [P

By the Dunford-Pettis theorem, at least for a subsequence, we have

FCun) wy o LY(Q) (16)

[[n [P

with k(z) = %a(z)\y(z)\p, —fBo < p(z) < A4 for a.a. z € Q (see (10) and Aizicovici-
Papageorgiou-Staicu [1], proof of Proposition 16). For the convenience of the reader, we
provide an outline of the proof of this fact. Recall that on account of hypotheses Hj (ii),
we have
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14 F F 1.
—=Boa(z) < liminf (z,2) < lim sup (2,2) <
p e—koo  [z|P eotoo |TP TP

uniformly for a.a. z € Q and for some 3y > 0 (see (10)).
For the moment fix € > 0 and for every n € N introduce the set

N

D., = {z €N (—% —e)a(z) < A?Zi”;)

< (})X% +e>a<z>},

where Np(u)(-) = F(-,u(-)) for all u € W3?(Q) (the Nemytskii map for the potential
function F'(z,z)). We have

XD..,(2) =1 fora.a.z€cQ,asn— oco.

Therefore

NF(Un)

T —k in L'(Q), as n — oo (see (16)).
T

XD

From the definition of D, ,, we have

Np(un)
|un |P

XD, (2)(=— = €)a(2)[ya(2)[" < xp.,.(2) < XDE,W,(Z)(%X? +e)a(z)|yn (2)]",

for a.a. z € Q, all n € N. By Mazur’s theorem, we obtain

—%a(z)|y(z)|p <k(z) < %/A\‘fa(z)|y(z)|p for a.a. z € €,
hence
k(z) = %a(zﬂy(zﬂp for a.a. z € Q,

with —fy < pu(z) < A¢ for a.a. z € Q.
In (15), we pass to the limit as n — oo and use (14), (16) and the sequential weak
lower semicontinuity of the modular function py(-), we obtain

po(Dy) < [ uz)al) P (17)
Q
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If o # A (see (16)), then using Lemma 1, we have

ellyllP <0,
= y=0.

But then from (15) and (16), we see that

PO(Dyn) — 0,

= y, = 0in Wo?(Q) as n — oo,

a contradiction since ||y,|| = 1 for all n € N.
If pu(z) = A9 for a.a. z € Q, then (17) says that

po(Dy) < A¢pe(y),
= po(Dy) = A pa(y) (see (5)),
= y=rTu; with 7 € R.

If 7 =0, then y = 0 and as above, we reach a contradiction. If 7 # 0, then |y(z)| # 0 for
a.a. z € Q (recall 0 < 4;) and so we have

|un(2)] = oo for a.a. z € Q.
On account of (12), we have
N a(2)|un(2)[P — pF(z,un(2)) = +oo for a.a. z € Q. (18)

From (13), we know that

—pgDun /qundz<c for all n € N,
Q

= Apg(un) /pF z,up)dz < pc forallm e N (see (5)),
Q

= / P‘fa(z)\uﬂp - pF(z7un)} dz < pc for all n € N. (19)

But from (18) and Fatou’s lemma, we have

Jim [ [Aa()unl? — pF (2, u,) ] dz = oo,
Q

which contradicts (19).
We conclude that ¢(+) is coercive. O
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Proposition 6. If hypotheses Hy and Hy hold, then there exists p > 0 such that
©(0) =0 < p(v) forallveV, 0<|v|<p.

Proof. From hypotheses Hi, we see that if r € (p,p), then we can find ¢; = ¢1(r) > 0
such that

Aoa(z)
p

F(z,z) < |z|P + c1]z|" for a.a. z € Q, all x € R. (20)

Indeed, on account of hypothesis H;(iii) we have

Aoa(z)
p

F(z,x2) < |z|P for a.a. z € Q, all |x| < 6.
Moreover, hypothesis H; (i) implies that we can find ¢; = ¢1(r) > 0 such that

F(z,z) < c1]z|" for a.a. z € Q, all |z| > 0.

These two estimates lead to (20).
Let v € V. Then

—_

e(v) Z;P@(Dv) - %Pe(v) —alvllz - (see (20))

—

A
>— (1 - 5\—2) po(Dv) — caljv||”  for some ¢y >0
v

3

(see (7) and Proposition 1)

1% — X ;
== [v|? = e2||v]|".
P oA

a
Since A\g < 5\“1/ and p < r, we see that for p € (0,1) small, we have

w(v) >0=¢(0) forallveV, 0< |v| <p.
The proof is now complete. 0O

Remark 3. The above proposition says that u = 0 is a strict local minimizer of the

functional ¢y .

Proposition 7. If hypotheses Hy and Hy hold, then we can find p > 0 such that

o(y) <0 forally e Y =Ray with |yl < p.
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Proof. We know that Y C L°°(£2) and since dimY = 1, all norms are equivalent and so
we can find p > 0 such that

yeY, lyl<p = ly(z)|<d foraa zeQ, (21)

with § > 0 as postulated by hypothesis H;(iii). Then for such a y € Y (see (21)), we
have y = ti1, t € R. Then

. P . Sa. (n
o) = ott) < 2 [pn(Dan) — on(an)] =0,

= ¢(y) <0 forall y € Y with ||y|| < p.
The proof is now complete. 0O
Now we can state and prove the multiplicity theorem.

Theorem 1. If hypotheses Hy and Hy hold, then problem (1) has at least two nontrivial
solutions

w, &€ Wy () N L2(Q).
Proof. Let pp = min{p, p}. We introduce the following sets:

X = Wol’e(Q), EO = {—poﬁl, po’ljl,l}: YﬂaBpD, FE = {tﬁ1 10 S |t‘ S po}: Y QE‘)O,

D=VandU =B, = {u e WH(Q) : [lulls < po} .

Then Eg CEC B,, =U, EonD =10, 0 ¢ E.

Clearly we can assume that K, is finite or otherwise we already have an infinity of
solutions for problem (1) and so we are done.

Let i : Eg —» X\ D and j : Eg — E be the inclusion maps. The set E is contractible
hence from Proposition 6.1.29 of [11], we have

Ho(E, Ey) = H_1(Eg,+) =0 (with e W&’G(Q)) ,
= Jj«: Ho(Ey) — Ho(E) is surjective (see [10], p.462),
= rankimj, = 1. (22)

If w e X\ D, then u = y+ v with y € Y, v € V uniquely. So, if we consider the
deformation h : [0, 1] x (WOI’G(Q) \ D) — (W&’O(Q) \ D) defined by

h(t,y +v) = (1 —t)(y + v) +tpoH97”,
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then we see that Ej is a strong deformation retract of W(}’e(ﬂ) \ D (see Definition 5.3.10
in [10, p.385]). Indeed, h is continuous,

h(l,u) = tpoﬁ € Ep and h(t,y) =y for all t € [0,1], all y € Ej.
It follows that
is : Ho(Eo) — Hp (Wol’e(Q) \D) is a bijection (see [10, p.463]),
= rankimi, = 2. (23)
From (22) and (23), it follows that

rankim ¢, — rankim j, =1,
= () has a (1,1) — local linking near the origin (see Definition 1),
= C1(p,0) #0 (see Proposition 3). (24)
From Proposition 5, we know that ¢(+) is coercive. Also using Proposition 1, we see that

©(-) is sequentially weakly lower semicontinuous. So, by the Weierstrass-Tonelli theorem,
we can find ug € W% (Q) such that

p(up) = inf {<p(u) tu € Wol’e(Q)} = 1R,
= Ck(p,up) = g oZ for all ke Ny (see [10]). (25)

From (24) and (25), it follows that ug # 0.
Suppose that K, = {0,uo} and let a,b € R such that

m<a<0<b.

From these choices of the levels a,b and the Second Deformation Theorem (see [10,
p.386]), we have that {ug} is a strong deformation retract of p®. Therefore

Hy (9% {up}) =0 forall k € Ny (see [10, p.462]). (26)
Similarly ¢ is a strong deformation retract of WO1 ’G(Q)7 hence
Hi(o {up}) = Hk(WOI’G(Q), {ug}) =0 for all k € Ny (see [10, pp.468,469]). (27)
We consider the following long exact sequence

s = Hi(0% {uo}) = Hi(¢" {uo}) = Hi(¢", ") = Ho(¢® {uo}) — -+ (28)
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Then from (26), (27) and (28) it follows that
Hi(¢%,¢%) = 0.
Applying Proposition 6.7.7 of [10, p.550], we infer that there exists @& € K, such that
a<p(a) <0 and Cy(p,a) #0
or
0< (@) <b and Ca(p, ) #0.

Therefore 4 is a solution of (1) and 4 & {0, ug}.
Let u € Wy?(9) be a nontrivial solution of (1). We have

/a(z)|Du|p72(Du, Dh)gndz = /f(z, u)hdz for all h € Wol’e(ﬂ). (29)
Q o

On account of hypotheses Hj (i)(ii), if r € (p, p%), then

If(z,2)] < ez(14 |21 for aa. z € Q, all z € R, some c3 > 0. (30)
For k > 1, we introduce the set

Ey,={z€Q:|u(z)| >k}
Choose k > 1 large, so that ||(|u| — k)T|| < 1. On Ej, we have
lu(2)]" < (Ju(z)| =k + k)" <27 (Ju(z)] = k)" + 2771k (31)

In (29), we choose the test function h = (|Ju| — k)* € W;?(Q). Then

Il(lu] = E)T||P = po(D(Ju| — k)*) (by Poincare’s inequality)

- / F(zw)(ju] — k)*dz
Q

§/203|u|r_1(\u| —k)Tdz (see (30) and recall k > 1).
Q

Since W, ?(Q) < L™(Q) (see Proposition 1), it follows that
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P

Jtui=ryas) <er| [ul-brds+ By |

k k

3

= u € L>®(Q) (see Proposition 4 and note that "5 ).
p

We conclude that wug, 4 € Wow(ﬂ) NL>®(Q). O

Remark 4. There is an alternative to show the boundedness of the solutions of (1).
In (29), we choose the test function h = (Ju| — k)" € WOLG(Q). Then we have

[(ul = E)F[P = po(D(|ul — k)™)

- / F(zw)(ju] — k) dz
Q

< / a1+ [ul 1) (ju] — k)*da
Q

a1
<cs|Ex|j |(Jul — k)T|| for some ¢5 > 0 (by Holder’s inequality),

a1
= [(lul = &) ¥~ < s Exly - (32)

For m > k, we have

[ -y as

LEm

3

(m — k)P |Em|x

IN

— P
3

< / ((\u| — k)+)rdz (since E,, C Ey)
LE .

<cg||(Ju] — k)t||P for some cg >0 (see Proposition 1),

p=1
N <crll(jul — k)P~ for some ¢7 > 0,

p—1 1
N <cs|Eg|y for some cg > 0,

r—1
p—1
—|Ek|5 " for some cg > 0.

cy
By <— 2
= 1Bl <7

r—

Since i > 1, from Lemma B.1 of Kinderlehrer-Stampacchia [5, p.63], it follows that
there exists M > 0 large such that

|EM|N =0,
= u € L>®(Q).
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Therefore again we conclude that ug, @ € L>=(Q).
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