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1 | INTRODUCTION
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where B = B(0, 1) is the unit open ball in R*, the weight w(x) is given by

£
|x|

B
W(.X') = <10g > s ﬁ € (0’ 1) . (2)

2
The nonlinearity f(x, t) is a radial function with respect to x and behaves like exp(«|t|#) as t — +oo.

In the literature, the notion of critical exponential growth, in the Sobolev space WOLN Q),N>2,QC RN , is given by
the well-known Trudinger-Moser inequality [1, 2]

N
sup /e""”'”‘1 dx < +oo ifand only if @ < ay,
JolVulN<1 o

i
where ay = wl’\j*_ll with wy_1 is the area of the unit sphere SN~ in RYN. The latter result allowed the study of second-order

problems with exponential growth nonlinearities in non-weighted Sobolev spaces. For example, we cite the following
problems in dimension N > 2:

—Anu = =div(|]Vu|N2Vu) = f(e,u) in Q c RY

which have been studied considerably [3-6].

Later, this notion of critical exponential growth was extended to include higher order.

For bounded domains Q c R*, in the literature [7, 8], the authors extended the Trudinger-Moser inequalities [1, 2] to
the higher-order space Wg’z(ﬂ) and obtained the so-called Adams' inequalities,

ues

sup/(e"‘”z) —1Ddx <40 < a<327°
Q

where

S=que W] /|Au|2dx <1
Q

These results allowed to investigate fourth-order problems with subcritical or critical exponential nonlinearity involving
continuous potential [9, 10].

Recently, a result related to Adams' inequalities has been extended to weighted Sobolev spaces. More precisely, Wang
and Zhu [11] proved the following result:

Theorem 1 (Wang and Zhu [11]). Let § € (0,1) and let w given by (2), then

2 1
sup / M7 dx < o0 & a < ag = 4[87%(1 — p)]*7, 3)
uewy? (Bw)
Jpw)|Aul2dx<1

2,2 . . . .
where W raaB.w) denotes the weighted Sobolev space of radial functions given by

nga (B, w) = closure{u € C3° . (B) | / w)|Aul?dx < oo b,
B

1

2

endowed with the norm ||u|| = <[ w(x)lAu|2dx> .
B
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This result is an extension of the following Trudinger-Moser inequalities in Sobolev spaces with logarithmic weights
due to Calanchi and Ruff [12].

Theorem 2 (Calanchi and Ruff [12]).

. ) L \AN-D)
(i) Letp €[0,1)and let p given by p(x) = <log m) , then

N _ N’
N-DA-p 1-p

0,rad

/e'”'rdx < 4o0, Yue W (B, p), ifandonlyif © <ty =

B

and

1
7 1 -5
sup / ™y < 400 © a < aNp = N[a)ﬁ’,_ll(l - ﬂ)]

1N
ue WO.rad B.)

Jp!VulNw@)dx<1
where wy_, is the area of the unit sphere SN~ in RN and N’ is the Holder conjugate of N.

.. . e N-1
(ii) Let p given by p(x) = (log m) , then

/exp {e'”"“ }dx <+, Yue Wéﬁd(B’ )

B
and
N
sup /exp {ﬁe"’f/11 lul F=T } dx<+4+00 & <N,
uewi (5.
flull <1
where Wé’g B = closure {u €Cy B | fB|Vu|N p()dx < oo}, is equipped with the norm [ul|, =

(/I VN wx) dx)w.

These results have allowed a study of weighted elliptic problems of the second-order in dimension N > 2. For instance,
recently, in the case V' = 0 or V # 0, previous studies [13-15] have proved the existence of a nontrivial solution for the
following boundary value problem:

f(x,u) in B
0 on 0B,

{ —div(e ()| Vu@)|N2Vu) + V) lulN 2u
u

where B is the unit ball in RN, N > 2, the nonlinearity f(x, u) is continuous in B X R and has critical growth in the sense
of Theorem 2. The authors proved that there is a non-trivial solution to this problem using mountain pass Theorem. Also,
Abid et al. [16] investigated the weighted second-order elliptic problem of Kirchhoff type, which is defined as follows:

u >0 in B,

{ —g (/o0 VulN dx) div (6(x)|Vu[N=2Vu) = f(x,u) in B,
u =0 on 0B,

N
at N-1

where N > 2, p(x) = (log(e/|x|))V1, and the function f(x, f) is continuous in B x R and behaves like exp {e } as time

t - +o0, for some a > 0. The Kirchhoff function g satisfies certain conditions. The authors proved that this problem has
a positive ground state solution using minimax techniques combined with Trudinger-Moser inequality. Radulescu and
Vetro [17] studied on a bounded domain Q C R" a fourth-order problem involving a sign-changing Kirchhoff p(x)-Laplace
biharmonic operator as follows:

- 1 () 2 _ .
(a ba o)l |Auf dx) Al = S u, Vu, Au) in- Q,
u =0 on 0Q.
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Notably, the presence of a reaction term dependent on the gradient of solutions disrupts the problem’s variational struc-
ture. To surmount this challenge, the authors employ topological techniques from operator theory, along with the Galerkin
method and fixed-point arguments, to establish the existence of solutions. In addition to their work, we also cite the
research of Bohner et al. [18]. In this study, the authors investigated the existence of at least three solutions for a class of
double eigenvalue discrete anisotropic Kirchhoff-type problems by employing critical point theory and variational meth-
ods. We also cite the research of Gupta and Dwivedi [19]. In their work, the authors established the existence of a ground
state solution to the Kirchhoff problem:

[

—k ([, VulNdx) Ayu = L& 4 je(x)in Q,
u=00noQ,

where Q C RY is a bounded domain with smooth boundary and where the nonlinearity function f satisfies critical expo-
nential growth at infinity, albeit without satisfying the Ambrosetti-Rabinowitz condition. Consequently, they establish
the existence of a ground state weak solution by applying the mountain pass theorem and the Nehari manifold technique.
Recently, Dridi et al. [20], investigate the existence of least energy nodal solutions for the following nonlocal weighted
Schrédinger-Kirchhoff problem:

L) = f(x,u) in B
u=20 on 0B,

where B is the unit ball of RN, N > 2. The nonlinearity f(x, t) is continuous in B x R and has exponential critical growth
in the sense of Theorem 2 and the operator L, is defined as

LooWw) :=m / (P Vul™N + £Co)[ul™)dx | [-div(p(0) | VulN Vi) + £ |ul¥u] |
B

where m is a continuous positive function on (0, +o0) satisfying some mild conditions. The weight p(x) is of logarithm type

and the potential £ : B — R is a positive continuous function and bounded away from zero in B. The existence result is

obtained by the constrained minimization in Nehari set, the quantitative deformation Lemma and degree theory results.
Now, let @ c R*, be a bounded domain and w € L() be a nonnegative function. We introduce the Sobolev space

W (Q,w) = closurequ € CX(Q) | / wx)|Aul?dx < oo
Q

Since the nonlinearity is radial, the natural space for a variational treatment of the biharmonic problem (1) is the subspace

0,rad 0,ra

X =W (Q,w) = closuredu € C® /Bl /w(x)lAulzdx <oy,
B

endowed with the norm

lull = / WO Aufdx

B

We note that this norm is issued from the inner product

(u,v) = /w(x)Au Av dx.
B
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Lety := —=. In view of inequality (3), we say that f has critical growth at infinity if there exists some ay > 0,
1-p 8

fCe9l _

. X, S .
lim |/, 9)] =0, Va suchthat « > ay and Ilim
s—>+00 oS s—+o0 @

+00, Va < ap. 4

Inspired by the last work cited above, we study the existence of ground state solutions when the nonlinear terms have
critical exponential growth in the sense of Adams’ inequalities [11]. Our approach is variational. Let us now state our
result.

We suppose that f(x, t) has critical growth at infinity and satisfies the following hypotheses:

(A1) The nonlinearity f : Bx R — R is continuous, radial in x and f(x,t) = 0 forall ¢ <0.
(Az) There exist ty > 0 and M, > 0 such that for all |t] > t, and for all x € B we have

0 < F(x’ t) SMOlf(xa t)la
where

t
F(x,t) = / f(x,8)ds.
0

(4;) lim %2 = 0.
t—-0 ¢

(A4) Foreachx e B, t+— @ is increasing for all ¢ > 0.
(As) In the case that (3) holds, there exists y, > 0 such that

lim
oo e%l

1-p

, Dt . . .

S y) >y uniformlyin x, with y, > 256<i> 1 -p)
@

The condition (A;) implies that for any € > 0, there exists a real ¢, > 0 such that
F(x,t) < etf(x,t), V|t| > t., uniformlyin x € B. (5)
We give an example of f. Let f(t) = F'(t), with F(t) = % + t*e%”, A simple calculation shows that f verifies the

conditions (A1), (A,), (A3), (A4) and (As).
It will be said that u is a solution to problem (1), if u is a weak solution in the following sense.

Definition 1. A function u is called a solution to (1) if u € X and

/w(x)Aqudx:/f(x,u)(pdx, forall p e X
B B

The energy functional associated to (1) is defined by £ : X - R

am=QWW—/mew, ©)

B

where
t
F(x,t) = / f(x,s)ds.
0
Definition 2. A solution u is a ground state solution to problem (1), if u is a solution and

E) =r, with r= ingf(u) where S={ue X : &w) =0,u#0},
ue
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and

EWe = (€'u), g) = / () AuAgdx - / Frwpdx, ¢ € X-
B B

Itis clear that finding weak solutions to the problem (1) is equivalent to finding non-zero critical points of the functional
£ over X.

The major difficulty is the loss of compactness for the energy £. To circumvent it, we use appropriate Adams' functions
and prove a concentration compactness result.

Our result is as follows:

Theorem 3. Assume that f(x,t) verifies (4) for some ay. If in addition f satisfies the conditions (A1), (A3), (A3) ,(As)
and (As), then problem (1) has a ground state solution.

To the best of our knowledge, the present papers results have not been covered yet in the literature.

This paper is organized as follows. In Section 2, we present some necessary preliminary knowledge about functional
space. In Section 3, we give some useful lemmas for the compactness analysis and we prove a concentration compactness
result of Lions type. In Section 4, we prove that the energy £ has a mountain pass geometry. Section 5 is devoted to
estimate the minimax level of energy. In this estimation, the asymptotic condition (As) will play a decisive role. Finally,
we conclude with the proofs of the main result in Section 6.

Throughout this paper, the constant C may change from one line to another and we sometimes index the constants in
order to show how they change.

2 | WEIGHTED LEBESGUE AND SOBOLEV SPACES SETTING

Let Q ¢ RN, N > 2, be a bounded domain in R and let w € LY() be a nonnegative function. To deal with weighted
operator, we need to introduce some functional spaces LP(Q, w), W™P(Q, w), W(;" P(Q, w) and some of their properties that
will be used later. Let S(Q2) be the set of all measurable real-valued functions defined on Q and two measurable functions
are considered as the same element if they are equal almost everywhere.

Following Drabek et al. and Kufner [21, 22], the weighted Lebesgue space LP(Q, w) is defined as follows:

LP(Q,w) =< u : Q -> R measurable; /w(x)lulpdx < oo

Q

for any real number 1 < p < 0.
This is a normed vector space equipped with the norm

P

il = / W)l dx

Q

1

For w(x) = 1, one finds the standard Lebesgue space LP(Q) endowed with the norm |[u|, = ( f |ulP dx) ! .
Q

For m > 2, let w be a given family of weight functions w,, |z| < m,
w={w;(x)x € Q, |7] < m}.
In Drabek et al. [21], the weighted Sobolev space corresponds to the following definition:

W™P(Q,w) = {u € LP(Q) such that D'u € LP(Q) forall || <m -1, D'u € LP(Q,w) forall |z| = m}
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equipped with the norm:

p
luhvesa =| ¥ [ iDupdse 3 [ weoprupas|
|7|<m-1 () Q

lel=m
If we also assume that w(x) € L}OC(Q), then C°(Q2) is a subset of W™P(Q, w) and one can introduce the space
WP (Q,w)
as the closure of Ci°(Q2) in W™P(Q, w). In addition, the following embedding is compact:
WmP(Q,w) & W LP(Q).

-1
Also, (LP(Q,w), || - |lpw) and (W™P(Q,w), || - |lwm»@w)) are separable, reflexive Banach spaces provided that w(x)» €
Ll (Q).

loc
Then the space X is a Banach and reflexive space. The space X is endowed with the norm

2

lull = / W) Aufdx

B

which is equivalent to the following norm (see Lemma 1):

[ / widx + / Vul?dx + / w(0)| Aufdx
B B

B

We also have the continuous embedding X < L%(B) for all g > 1. Moreover, & is compactly embedded in L(B) for all
q > 1(see Lemma 1).

3 | PRELIMINARIES FOR THE COMPACTNESS ANALYSIS

In this section, we will establish several technical lemmas that we can use later. We begin with the radial lemma.
Lemma 1. Let u be a radially symmetric function in C(Z)(B). Then, we have

(i) Wang and Zhu [11]

L og (&) -1 L og (&) -1
G| < /w(x>|Au|2dxs lull

NN A Wor | VI-F

(i) [ M dx < +o0, Yu € X.
B

(iii) The norms ||.|| and ||Ll||W2,2d(Bw) = </ u?dx + [ |Vul?dx + /w(x)lAulzdx> * are equivalents.
0.ra ’ B B B
(iv) The following embedding is continuous:
X & LY(B) forall q > 2.

(v) X is compactly embedded in L4(B) forall g > 1.
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Proof. (i) See Wang and Zhu [11].
(ii) From (i) and using the identity log(lxil) — | log(]x])| = 1 Vx € B and the fact that 4/t — 1 < \/Z vt > 1, we get

£
1-p

lu@o)|” < 1 | log <£> I'f -1
ap x|

1
llull” < " (1 + Hog(IxDI) IHull”.

llull” (1+logr)

Hence, using the fact that the function r — r3¢ % s increasing, we get

1
, llull? (1-+log r) lul”
/e'”' dx < 272 / rPe v dr<2r’e% < +oo,VUELX.

B 0

Then (ii) follows by density.
. o . 1.2
(iii) By Poincaré inequality, for allu € Wo’m 4B

/uzdeC/Wulzdx.
B

B

Using the Green formula, we get

/|Vu|2dx=/VuVudx=—/uAudx+/ug—Z < /uAudx.
B B

B B 0B

By Young inequality, we get foralle > 0

/uAudx si/lAulzdx+£/u2dxsi/w(x)lAulzdx+£/u2dx.
2e 2 2¢e 2
B

B B B B

Hence,
(1—§cz>/ IVuldx < i/w(x)muﬁdx,
2 2e
B B

S0

/uzdx+/|Vu|2dx+/w(x)|Au|2dx$C/w(x)|Au|2dx§C||u||2.

B B B B
Then (iii) follows.

(iv) Since w(x) > 1, then following embeddings are continuous:
X o W(iyrzad(B’ w) & W(i’rzad(B) < LI(B)Vqg > 2

and from (i), we have that X < L!(B) is continuous.
(iv) Since WS’Z(B, w) & WH2(B) is compact, then (iv) follows. This concludes the lemma. O
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In the next, we give the following useful lemma.

Lemma 2 (Figueiredo et al. [4]). Let @ ¢ RN be a bounded domain and f : QxR a continuous function. Let {u,}, be
a sequence in L1(Q) converging to u in L'(Q). Assume that f(x,u,) and f(x,u) are also in L'(Q). If

/ |f O, up)ug|dx < C,
Q

where C is a positive constant, then
fun) = f(x,u)in LY(Q).

Next, we prove a concentration compactness result of Lions type.

Theorem 4. Let (uy); be a sequence in X. Suppose that
lukll =1, uxy = uweakly in X, ur(x) — u(x) a.ex € B,and u # 0. Then

sup/eP“ﬂ'“k"dx < 400, where ay = 4[87*(1 - p)]7,
k
B

forall1 < p < U(u) where U(u) is given by

1 .
— if |ull<1
Uw) :=<  a-fu»? f lu|
oo if (lull =1

Proof. Fora,b € R, q> 1.1If ¢’ its conjugate, that is, é + % = 1 we have, by Young inequality, that

ea+b < leqa + leq’b'

q

Also, we have

1-q
(1+a)‘1§(1+£)aq+(1— 1L> ,Va >0, Ve >0Vqg>1. @)
1+¢g)et
So we get
lul” = luk —u+ul”
< (Juk —ul + [ul)”
1-y
< A+o)|uk—ul” + <1 -— ) |ul”,
(1+&) 7T
which implies that

1-y
1 1 Pq/"ﬂ<1— 11) ul”
/epaﬂ|uk|’dxs _/epqaﬁ(1+5)|”k_”|ydx+ /e +o 7T dx,
B

¢

e}

B

for any p > 1. From Lemma 1 (ii), the last integral is finite.
To complete the evidence, we have to prove that for every p such that 1 < p < U(u),

sup/epq“ﬂ““)'”’c‘“'ydx < +00, (®)
Kk
B

for some ¢ > 0 and q > 1.
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In the following, we suppose that ||Ju|| < 1 and in the case of ||u|| = 1, the proof is similar.
When

llull <1

and
1

bp<——mm
(1 = [lull?)>

there exists v > 0 such that
p(—[ul»>A+v) < 1.

On the other hand, we have
llu — | = |Jugll® = |lull* + o(1) where o(1) = 0 as k — +oo. 9)

Then,
llue — ull> =1 — [lull®> + o(D),
)

. r
lim lu —ull” = 1 = [lull?):.
k—+o0

Therefore, for every € > 0, there exists k. > 1 such that
lluge = ull” < (1 +e)A = [ul®)?, Vi > k.
If we take g = 1 + £ with € = /1 + v — 1, then Vk > k., we have

pq(l + &)llux —ull” < 1.

Consequently,
Jug—ul \” y Jug—ul \”
/epqaﬁ(1+€)|uk_u|ydx < /e(1+s)pqaﬂ(luzull> lle—ull dx < /eaﬂ(lulzull) dx < sup /e“ﬂ|“|ydx < +00.
B B B i<t B
Now, (8) follows from (3). This completes the proof of lemma 4. O

4 | THE MOUNTAIN PASS STRUCTURE OF THE ENERGY

According to (A3), for any € > 0, there exists § > 0 such that
|f(x, 0| <elt], YO < |t| <6, uniformlyin x € B. (10)
Moreover, since f is critical at infinity, for every € > 0, there exists C. > 0 such that
Vt > C. |f(x, )| < eexp(alt]”) with a > ay uniformly in x € B. (11)

In particular, we obtain for g > 2,

E

q—1
I3

[t|9 Y exp(a|t|”) with a > ap uniformly in x € B. (12)

| f(x, Dt <
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Hence, using (10), (11), (12) and the continuity of f, for every ¢ > 0, for every q > 2, there exist positive constants C
and c such that

|fex, 0] < et+Clt]97 e V(x, ) € BXR. (13)
It follows from (13), (5) and the continuity of F, that for all £ > 0, there exists C > 0 such that
F(x,t) < €|t]® + C|t]9e*", forall (x,t) € BxR. (14)

So, by (3) and (14), the functional £ given by (6), is well defined. Moreover, by standard arguments, £ € C}(X, R).

In order to establish the existence of ground state solution to problem (1), we will prove the existence of a nonzero
critical point of the functional £ by using the theorem introduced by Ambrosetti and Rabinowitz [23] (Mountain Pass
Theorem) without the Palais-Smale condition.

Theorem 5 (Ambrosetti and Rabinowitz [23]). Let E be a Banach space andJ : E — R a C! functional satisfying
J(0) = 0. Suppose that there exist p, flp > 0 and e € E with ||e|| > p such that

inf J(u) > fo and J(e) <O0.

llull=p
Then there is a sequence (uy,) C E such
J(u,) = ¢ and J'(u,) — 0,
where
C = 1 > e
¢ ;Ielﬁ Jmax J(y (@) = fo
and
I :={y € C([0,1],E) suchthat y(0)=0 and y(1) =e}.
The number ¢ is called mountain pass level or minimax level of the functional J.
In the next lemmas, we prove that the functional £ has the mountain pass geometry of the theorem 5.

Lemma 3. Suppose that f has critical growth at +oo. In addition if (A1) and (A3) hold, then there exist p, fy > 0 such
that E(u) > fy for allu € X with ||u|| = p.

Proof. From (13), for all € > 0, there exists C > 0 such that
F(x,t) < €|t]* + C|t]%*", forall t € R.

Then, using the last inequality, we get
E(w) > %IIHH2 - 6/ |u|dx — C/ |u|9e** dx.
B B

From the Holder inequality, we obtain
1

1 alul”
£(u)25||u||2—e/|u|2dx—c /e2 M | fulld . (15)
B

2q
B

From Theorem 2, if we choose u € X such that

2allull” < a,. (16)
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we get

/ezalulydx= /gullull’(ﬁ) dx < +o0.

B B

On the other hand, from Sobolev embedding Lemma 1, there exist constants C; > 0 and C, > 0 such that ||u||5; <
Cillull and [|lull? < Cy|lull®. So

1 1 -
£ 2 3 ull? = eCrllulP = Cllull = lul® (5 - £C1 - Cllull*2).

1
for all u € X satisfying (16). Since ¢ > 2, we can choose p = ||u|| < (Z—Z) " and for € such that % > g, there exists

1

fo =p2<§—ec1—cpq—2) > 0 with (1) > fio > 0. O

By the following lemma, we prove the second geometric property for the functional £.

Lemma 4. Suppose that (A;) and (A,) hold. Then there exists e € X with £E(e) < 0 and |le|| > p.

PiOOf: It follows from the condition (Ay) that
fx,t) = =F(x,t) > —=F(x,t)
9 a 9 —_ M 9 9

forall t > ¢,. So
F(x,t) > Ceii, Yt > t. 17)

In particular, for p > 2, there exists C, > 0 such that
F(x,t) > Gs|tlP — C5, Vt € R, x € B.
Next, one arbitrarily picks &t € £ such that ||&|| = 1. Thus, from (17), for all £ > 1,

_ 1,5, _
£m) < Selall* - Csllally ¢ - #°Cs.

Therefore,
lim £(tft) = —co.
t—+o0
We take e = fi1, for some f > 0 large enough. So Lemma 4 follows. O

5 | THE MINIMAX ESTIMATE OF THE ENERGY

Since £ has a mountain pass geometry, this allows us to consider the minimax level given by the mountain pass theorem
of Ambrosetti and Rabinowitz. Thus, let

:=inf Ey(@®)>0
7 ;g f| max ()

where
A :={y € C([0,1], X) suchthat y(0) =0 and &(y(1)) < 0}.

Our aim is to obtain a precise upper estimate for the mountain pass level. The idea is to construct a sequence of functions
(vy) € X, and estimate max{&(tv,) : t > 0}. For this purpose, let consider the following Adam's function defined for all
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n >3 by
<4log(z%>>; B |20 _ . 1 - if 0< x| < W
' 2(2)' (oe47) " 2(—ﬁ)’(log( Vi) 7
Wn(X) = 3 1- (18)
(10g<\x|)> ﬂl if % <|x| < %
(21s(et))’ "
En if <<l
where ¢, € C°° d(B) is such that
G(L) = —(log2e)' ™’ % (1) = 220D (10g2)) " £,(1) = L2(1) = 0 and &, V&,, A&, are all
) <z—zlog<e4n>>y ez 52 3) (% ose 7)) s ”

1

denotes the first derivative of ¢, in the radial variable r.

ol ——— . Here, %2
)]
Let v,(x) = . We have, v, € &, |[vos]|*> = 1.

Tw Il nll
We compute Ay, (x), we get

Ayy(X) = 3

( —(1 H=2p)|x|"

— if 0< x| < —n
() (os(et)) v
5 e\l
oop (G Co0a))
(2 1s(e4))’ '
Ag, if S <X <1

So
e p e B e B
1Ay,lI2, = nz/r3|Au/n(x)|2<log;> dr+27r2/r3|A1pn(x)|2<log;> dr+27r2/r3|Ay/n(x)|2<log;> dr
0 1 1
I “ — R ~ -~
I, L
By using integration by parts, we obtain
G
1— B4 - 2p)? p
I =27° ( . pred=2p) — /r3‘4ﬂ<10g§> dr
(&) (og (em)) %

=272

+ 2z

=o<

A—4p

logey/n

(- pra-2p [
(i) (o (e3))

ﬁ(l — B4 - Zﬂ)2

() (e (ev))

1>,

(10

4—4p

1
U

=/

FA—4p
4—4p

2
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2 | WiLEY
Also,
L =2n? a-pr / —<logg)_ﬂ<2+ﬁ<log€>_1>2dr
(%) (tog(ev)) % ’
= —27° a=p2 P log & _ﬂ_1+41 Ny 2 (1og® kﬂ]%
D lleamy T )t
=1+4+o0 1 > |-
<loge\“/ﬁ);
and I; = o —— | Then || Ayy|12 , =1+0 1
(vectn) | (vect)

5.1 | Estimate of the energy &
We are now going to prove the desired estimate.

Lemma 5. Assume that (A,) and (A;) holds, then

Proof. We have v, > 0 and ||v,|| = 1. Then from Lemma 4 £(tv,) - —c0 as t — +oo. As a consequence,

4 < max &(toy).
>0

We argue by contradiction and suppose that forall n > 1,

2

1 (xﬂ v

> = — .
meen = 5(2)

Since &€ possesses the mountain pass geometry, for any n > 1, there exists ¢, > 0 such that

1(ap\"
max E(toy) = E(tyop) =2 = | —
>0 2\ a

Using the fact that F(x,t) > 0 forall (x,t) € B x R we get,

¢z<@>7 (19)

oo
On the other hand,

d
—E(toy
;£ (ton)

t=t,,

=1ln— / f(x, tavog)vadx = 0,
B
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that is
tfz = /f(xa tnp)tpopdX. (20)
B

Now, we claim that the sequence (¢,) is bounded in (0, +00).
Indeed, it follows from (A45) that for all € > 0, there exists t, > 0 such that

f@e, 0t > (v — €)e™” V|t| > t,, uniformlyin x € B. (21)

tfl = /f(x, bnOn)tpopdx > / S (x, tv)ta0,dx
B

0<|x|< o=

ey

Since

ty (log e\“/ﬁ

1
Y
— 00 as n — +oo,
llwnll ag

then it follows from (21) that for all £ > 0, there exists n, such that for all n > ng

dx0n-0 [ ear
oslxlsﬁz
From (20) and (21), for n large enough, we get

1

y a2 s () g
2> (ro—e) / ﬂ%ﬂZM%rﬂ/?e ) dr- = 277 (g — ey \\ T ) T (22)
0§|x|§% 0
There holds
log(e %)
1> 27[2(}/0 _ o eaot,’l<—”w“7ap )—log4n—210g t,,.

It follows that (¢,) is a bounded sequence. We must note that if

a
lim &> (=), (23)

n
n—-+co Qo

then we get a contradiction with the boundedness of (¢,,). Indeed if (23) is accurate, then there exists some 6 > 0 such
that for n large enough,
a
f>6+ <—ﬂ> :
(¢4}

Then the right hand of (23) tends to infinity which contradicts the boundedness of (¢,). Consequently (23) can not
hold, and we get

n—+oo

2
o Y
lim 2 = <—ﬂ> : (24)
We claim that (24) leads to a contradiction with (A4s). Indeed, let us introduce the sets:

A, ={x€B|ty, >t} and C, =B Ay,
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where ¢, is given in (21). We have

/f(x tnUn)tnUndx /f(x tnvn)tnvndx+/f(x tnvp)tn oy

> (Yo — 6)/ ol Undx + / S, tav)ta0ndx

=(ro—¢) / e"hdx — (yo — €) / el dx
B c,

+/f(x’ tnop)topdx

Since v, — 0 a.ein B, y¢, = 1 a.ein B, therefore, using the dominated convergence theorem, we get

2
/f(X, taon)t,v,dx = 0 and /e%’;”;dx - %
Cn CYI
On the other hand,
/ oy > / %ol dx + / o5l .
B \/,<|x|<— Cy
Then .
ag\ v
lim £ = <—ﬁ> > (yo —€) lim / %t
n—+oo [ ) n—-+oco
v<|x|<-
Using the fact that
2
ap v
®o
we get

1 4(10g %)2
3 Aer)
lim £ > lim (70 —¢) e“lvndx > lim (yo — €)27° / e (Vv gy
n—-+oco n—+oo 1
B n
We make the change of variable
4log <

log (e3/n ) lvall”

S =

to get

n—+oo

lim £ > lim (yo —€) / %ol dlx
n—+oo

lyrl” 1og e/ ) BE o aredR)
4

> lim 27%(yo — €) e =49 g
n—+oo 4 4log 2e
v 7 1og(e 4/)
”Wn ”y IOg <e\/—> ”,,n”r llwn I lng(e%) 4
> lim 27%(yo — €) e 4 s
n—+oo 4 4log 2e
G0
= lim (J/O _ 6)—6 (_e—4loge% + e—4log(2€)>
n—+oo

4(1 log 2e) 2

= (m—s)”f = (% —e>’3’—2-
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This leads to

2
7% 2
ZY > (o -o)X forall &> 0.
[21)) 32

Since ¢ is arbitrary, we obtain

4\’
Y0S256<a—> 1-p-

0

This contradicts (As) and the lemma is proved. O
6 | PROOF OF MAIN RESULTS
Now, we consider the Nehari manifold associated to the functional £, namely,
N ={ueX :(w),u)=0u#0},

and the number ¢ = inf,,c \r&€(u). We have the following key lemmas.

Lemma 6. Assume that the condition (A;) and (A3) hold, then for each x € B,
t tf(x, t) — 2F(x, t) is increasing for t > 0.
In particular, tf(x,t) — 2F(x, t) > 0 forall (x,t) € BX [0, +0).

Proof. Assume that 0 < ¢ < s. For each x € B, we have

tf(x, t) — 2F(x, t) = @tz —2F(x,s) + 2 / fx,v)dv
t
S AL (’SC’ D _oF,s) + L9 (};’ (2 - )

=5f(x,s) — 2F(x,s)-

Lemma 7. If(A;) and (A3) are satisfied then u < c.

Proof. Letui € N and consider the function y : (0,+00) — R defined by w(t) = E(t).
v is differentiable and we have

v/ (1) = (&' (tw), i) :t||a||2—/f(x, ti)indx, forall ¢t > 0.
B

Since it € N, we have (£'(it), i) = 0 and therefore ||i||?> = f f(x, m)ndx. Hence,
B

() = t/ (f();’a) - ﬂxﬂ)) i dx-
B

tu

We have that y'(1) = 0. We also have by (A;) that w/(f) > 0forall 0 < t < 1, w/(t) < 0 for all t > 1. It follows that

E() = max E(tin).
t>0
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We define the function A : [0,1] — & such that A(t) = tfii, with £(fi1) < 0. We have A € A, and hence,

< < nu) = 7
u< zIeI}(e)l,)l(J E(A0) £ IItIZaOX E(tu) = E().

Since &z € N is arbitrary then u < c.
Proof of Theorem 1.2.
Since £ possesses the mountain pass geometry, there exists u, € & such that

E(uy) = %Ilunll2 - /F(x, Up)dx = p, n — +00 (25)
B
and
(E s @)] = / W) Aty Apdx — / o6 tn)pdx| < enllol, 26)
B B

for all ¢ € X, where ¢, — 0, when n — +oo0.

In order to obtain a ground state solution for problem (1), it is enough to show that there is u € N such that
EwWy=ppu<csn).

From (25), for n large enough, there exists a constant C > 0 such that

%nunu2 <C+ /F(x, ) dx-
B

From (5), for all € > 0, there exists t, > 0 such that
F(x,t) <etf(x,t), forall [t| >t, and uniformlyin x € B.

It follows that

%Ilunll2 <C+ / F(x,un)dx+e/f(x, Up)Updx:
B

Ju, |<t,
From (26), we get

1
Ellunll2 < Cs + eenllunll + ellunll?,

for some constant C; > 0.

We deduce that the sequence (u,) is bounded in X. As consequence, there exists u € X such that up to subsequence,
u, — uweakly in X, u, — u strongly in L4(B), for all ¢ > 1 and u,(x) — u(x) a.e in B.

Furthermore, we have from (25) and (26), that

0< / | £, up)uy|dx < C, 27)
B
and
0< / F(x,up) < C. (28)
B

By Lemma 2, we have
fo,u,) —» fx,u) in LY(B)asn — +oo. (29)
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It follows from (A4,) and the generalized Lebesgue dominated convergence theorem that
F(x,u,) — F(x,u) in L'(B)asn — +oo. (30)

Also, by the definition of weak convergence, we get {(u,, ) — (u,®). Then, passing to the limit in (26) and
using (29),we obtain that u is a weak solution of the problem (1), that is,

/w(x)AuA(pdx:/f(x,u)(pdx, forall ¢ € X. (31)
B B
By (30) and (25), we obtain
lilll I = 2 /,z+/F(x,u)dx ) (32)
B

Next, we are going to make some claims.
Claim 1. u # 0.
Indeed, we argue by contradiction and suppose that u = 0. Therefore, /BF(x, u,)dx — 0, and consequently, we get

2
1 2 1/ap\7
“Nunll* = u<=t —) .
S lunll” = u 2<a0>

So there exist ny € N and n € (0,1) such that ag||u,||" = (1 — #)ay, for all n > ny.
By (26), we also have

lual? = / 0 tnundx| < Cen.
B

First, we claim that there exists g > 1 such that

/ |f (e, un)|9dx < C. (33)
B

In fact, since f has critical growth, for every € > 0 and q > 1, there exists t, > 0 and C > 0 such that for all |¢| > ¢,
we have

| £(x, 0)|7 < CeErr, (34)
Consequently,

/ L6 )k = / L6 )96k + / |76 )|k
B

{lu,l<t.} {lu, >t}

<27* max |f(x, 0|9+ C/e%(fﬂ)lunlydx.
BX[~1,.t,]
B

Since, there exist ny € N and 5 € (0, 1) such that ay||u,||” = (1 — n)ay, for all n > ny, then

|ty |
[l |

v
a0(1+s)< > lupll” < (1 +&)A — mag:

We choose € > 0 small enough to get
ao(1+ ) luall” < a.

Therefore, the second integral is uniformly bounded in view of (3), and the claim is proved.
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Now, using (33), we get

2|

1
q
luall® < Cen + / [ £ G, un)|? | dx / |un]?
B B
where ¢’ is the conjugate of q. Since (u,) converge to u = 0 in LY (B)
lim ||u,||* = 0.
n—+oo

Therefore, £(u,) — 0 which is in contradiction with y > 0.
Claim 2. |[ul|* > / f(x, wudx.
B

We argue by contradiction and we suppose that ||u||?> < fB f(x, w)udx. Hence, {&'(u), u) < 0. The functiony : t —
w(t) = (&'(tu), u) is positive for t small enough. In fact, from (13), for every € > 0, for every q > 2, there exist positive
constants C and a such that

|/ b)| <elt] + Clt]9 e, V(x,t) e BXR.

Then, using the Holder inequality, we obtain

w(®) = 1llull? - / Fc twpudx > [d][lul® - ] / Wdx - C|o-! / R / ul™dx | .
B B B

B

u L
2a |t]” o llull?

In view of (3), the integral [ e*!!lul'dx < [ €™ v > dx < C, provided || < — <%); Using the radial Lemma
B B

full

1 we get ||u||§q < C'||u||9. Then,
w(®) > [t]l|lull® = Creltllull® = Cale|®lull? = [Jull*|t] [1 = C1e) — Cat]7?||ul|?7] .

We choose € > 0, such that 1 — C;e > 0 and since q > 2, for small t, we get y : t — w(t) = (&’'(tu), u) > 0. So there
exists # € (0, 1) such that w(nu) = 0. Therefore yu € M. Using Lemma 6 and the semicontinuity of norm and Fatou's
lemma, we get

§ << E(u) = E(nu) - %(8’(nu), nu)

-2 / (f G, munu — 2Fx, qu)) dx
B
< %/(f(x, wu — 2F(x, u))
B
Y § NP T
< tim inf | > uall? = 3 llual]
+linrn+inf %/(f(x,un)un—zF(x, Uy,)) dx
B

< lim [E(un)— %(é”(un), un>] =u,

n—+oo

which is absurd and the claim is well established.
On the other hand, by claim 2, (A;) and Lemma 6, we obtain

Eu) 2 %/[f(x, u) — 2F(x,u)]dx > 0. (35)
B



BARAKET ET AL. W l L EY 5027

Claim 3. £(u) = u.Indeed, since (u,,) is bounded, up to a subsequence, ||u,|| — ¢ > 0. Now, using the semicontinuity
of the norm and (25) we get,

) < %lim inf [|u,]|? - /F(x, wdx = .
n—oo

B
Suppose that
E) < u, (36)
then
llull? < ¢ (37)
In addition,
&= lim = 2|+ / Fee, s |. (38)
n—4+oo
B
Set
Uy = Un
"
and
u
v=—-
¢

We have ||o,|| =1, v, = vin X, v # 0and ||[v|| < 1. So, by Theorem 4, we get

sup/ep"ﬂ”"'ydx < o0
n
B

provided 1 < p < (1 — |[v]|?)"%.
From (38), Lemma 6 and the following equality:

2p = 2Ew) = &% — |lull?,

we get
2
2 2 WA 2
& <2pu+lull” < — )t [lull*. (39)
i
Since
P S U1
1—v|?
we deduce from (30) that
2
()
é’z < %—.
1—pl?

2

Then there exists § € <0, %) such that {¥ = (1 — 26)(1 ”"0” ¥ .
—IvlI2) 2
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On one hand, we have this estimate / | f(x,u,)|%dx < C. Indeed, for € > 0,
B

/ L6 )k = / L6 )|k + / |76 )|
B

{lu, <t {lu,|>2 }

< 27% max |f(x,t)|q+C/e"‘°(1+5)|”n|ydx
BX[~t..t,]
B

< C.+ C/ eto@+allu "o 1" | gy <cC,
B

provided ao(1 + €)||u,||” < pag, forpsuchthatl <p < (1 — ||v||2)_§.
On the other hand, since
lim [lu,||” = {7,
n—+oo

then for n large enough, we get

a1+ ) lnll’ < a1+ )7 < (1 + €)1 = ) ——2—.
(1 - [l

We choose € > 0 small enough such that (1 + €)(1 — ) < 1, which means

%

(1 + &)l < ———.
(1— vl

It follows that the sequence ( f(x,u,)) is bounded in LY(B), g > 1. Using the Holder inequality and the Sobolev
embedding theorem, we deduce that
1 1
q 7
/f(x, Un)(Un — w)dx| < / |f (e, un)|?dx / |y —ul? | dx
B B B
7

SC/lun—ulq/ dx > 0asn - +oo,
B

where é + i =1.
Since (&' (uy), up, — u) = oy(1), it follows that

/w(x)Aun(Aun — Au) - 0.

B

On the other side,
/W(X)Aun(Aun — Au) = (unll® = (un, u)-

B
Passing to the limit in the last equality, we get
¢ —llul*=o.
Therefore ||u|| = ¢ and ||u,|| — ||u||. This is in contradiction with (36). It follows that £(u) = x and Claim 3 is proved.

Finally, from Claim 3 and (31), we deduce that u is a ground state solution to problem (1).
The proof is now complete. O
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