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In this paper, we are concerned with the existence of a ground state solution for
a logarithmic weighted biharmonic equation under Dirichlet boundary condi-
tions in the unit ball B ofR4. The reaction term of the equation is assumed to have
exponential growth, in view of Adams' type inequalities. It is proved that there is
a ground state solution using min-max techniques and the Nehari method. The
associated energy functional loses compactness at a certain level. An appropri-
ate asymptotic condition allows us to bypass the non-compactness levels of the
functional.
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1 INTRODUCTION
In this work, we consider the following fourth-order weighted equations:{Δ(w(x)Δu) = 𝑓 (x,u) in B

u = 𝜕u
𝜕n

= 0 on 𝜕B, (1)
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where B = B(0, 1) is the unit open ball in R
4, the weight w(x) is given by

w(x) =
(

log e|x|
)𝛽

, 𝛽 ∈ (0, 1) · (2)

The nonlinearity 𝑓 (x, t) is a radial function with respect to x and behaves like exp(𝛼|t| 2
1−𝛽 ) as t → +∞.

In the literature, the notion of critical exponential growth, in the Sobolev space W 1,N
0 (Ω), N ≥ 2, Ω ⊂ R

N , is given by
the well-known Trudinger–Moser inequality [1, 2]

sup
∫Ω|∇u|N≤1 ∫

Ω

e𝛼|u| N
N−1 dx < +∞ if and only if 𝛼 ≤ 𝛼N ,

where 𝛼N = 𝜔
1

N−1
N−1 with 𝜔N−1 is the area of the unit sphere SN−1 in R

N . The latter result allowed the study of second-order
problems with exponential growth nonlinearities in non-weighted Sobolev spaces. For example, we cite the following
problems in dimension N ≥ 2:

−ΔN u = −div(|∇u|N−2∇u) = 𝑓 (x,u) in Ω ⊂ R
N

which have been studied considerably [3–6].
Later, this notion of critical exponential growth was extended to include higher order.
For bounded domains Ω ⊂ R

4, in the literature [7, 8], the authors extended the Trudinger–Moser inequalities [1, 2] to
the higher-order space W 2,2

0 (Ω) and obtained the so-called Adams' inequalities,

sup
u∈S ∫

Ω

(e𝛼u2) − 1)dx < +∞ ⇔ 𝛼 ≤ 32𝜋2

where

S =
⎧⎪⎨⎪⎩u ∈ W 2,2

0 (Ω) | ⎛⎜⎜⎝∫Ω |Δu|2dx
⎞⎟⎟⎠

1
2

≤ 1
⎫⎪⎬⎪⎭ .

These results allowed to investigate fourth-order problems with subcritical or critical exponential nonlinearity involving
continuous potential [9, 10].

Recently, a result related to Adams' inequalities has been extended to weighted Sobolev spaces. More precisely, Wang
and Zhu [11] proved the following result:

Theorem 1 (Wang and Zhu [11]). Let 𝛽 ∈ (0, 1) and let w given by (2), then

sup
u∈W2,2

0,rad(B,w)
∫Bw(x)|Δu|2dx≤1

∫
B

e𝛼|u| 2
1−𝛽 dx < +∞ ⇔ 𝛼 ≤ 𝛼𝛽 = 4[8𝜋2(1 − 𝛽)]

1
1−𝛽 , (3)

where W 2,2
0,rad(B,w) denotes the weighted Sobolev space of radial functions given by

W 2,2
0,rad(B,w) = closure

⎧⎪⎨⎪⎩u ∈ C∞
0,rad(B) | ∫

B

w(x)|Δu|2dx < ∞
⎫⎪⎬⎪⎭ ,

endowed with the norm ||u|| = (
∫
B

w(x)|Δu|2dx
) 1

2

.
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This result is an extension of the following Trudinger–Moser inequalities in Sobolev spaces with logarithmic weights
due to Calanchi and Ruff [12].

Theorem 2 (Calanchi and Ruff [12]).

(i) Let 𝛽 ∈ [0, 1) and let 𝜌 given by 𝜌(x) =
(

log 1|x|
)𝛽(N−1)

, then

∫
B

e|u|𝜏 dx < +∞, ∀ u ∈ W 1,N
0,rad(B, 𝜌), if and only if 𝜏 ≤ 𝜏N,𝛽 = N

(N − 1)(1 − 𝛽)
= N′

1 − 𝛽

and

sup
u∈W1,N

0,rad(B,𝜌)
∫B |∇u|N w(x)dx≤1

∫
B

e𝛼|u|𝜏N,𝛽 dx < +∞ ⇔ 𝛼 ≤ 𝛼N,𝛽 = N
[
𝜔

1
N−1
N−1(1 − 𝛽)

] 1
1−𝛽

where 𝜔N−1 is the area of the unit sphere SN−1 in R
N and N′ is the Hölder conjugate of N.

(ii) Let 𝜌 given by 𝜌(x) =
(

log e|x|
)N−1

, then

∫
B

exp
{

e|u| N
N−1

}
dx < +∞, ∀ u ∈ W 1,N

0,rad(B, 𝜌)

and

sup
u∈W1,N

0,rad(B,𝜌)||u||𝜌≤1

∫
B

exp
{
𝛽e𝜔

1
N−1

N−1 |u| N
N−1

}
dx < +∞ ⇔ 𝛽 ≤ N,

where W 1,N
0,rad(B, 𝜌) = closure

{
u ∈ C∞

0,rad(B) | ∫B|∇u|N𝜌(x)dx < ∞
}

, is equipped with the norm ||u||𝜌 =(∫B|∇u|N w(x) dx)
1
N .

These results have allowed a study of weighted elliptic problems of the second-order in dimension N ≥ 2. For instance,
recently, in the case V = 0 or V ≠ 0, previous studies [13–15] have proved the existence of a nontrivial solution for the
following boundary value problem:{

−div(𝜎(x)|∇u(x)|N−2∇u(x)) + V(x)|u|N−2u = 𝑓 (x,u) in B
u = 0 on 𝜕B,

where B is the unit ball in R
N , N ≥ 2, the nonlinearity 𝑓 (x,u) is continuous in B ×R and has critical growth in the sense

of Theorem 2. The authors proved that there is a non-trivial solution to this problem using mountain pass Theorem. Also,
Abid et al. [16] investigated the weighted second-order elliptic problem of Kirchhoff type, which is defined as follows:

{−g
(∫B𝜎(x)|∇u|N dx

)
div

(
𝜎(x)|∇u|N−2∇u

)
= 𝑓 (x,u) in B,

u > 0 in B,
u = 0 on 𝜕B,

where N ≥ 2, 𝜌(x) = (log(e∕|x|))N−1, and the function 𝑓 (x, t) is continuous in B×R and behaves like exp
{

e𝛼t
N

N−1
}

as time
t → +∞, for some 𝛼 > 0. The Kirchhoff function g satisfies certain conditions. The authors proved that this problem has
a positive ground state solution using minimax techniques combined with Trudinger–Moser inequality. Radulescu and
Vetro [17] studied on a bounded domainΩ ⊆ R

n a fourth-order problem involving a sign-changing Kirchhoff p(x)-Laplace
biharmonic operator as follows:{(

a − b∫Ω 1|p(x)| |Δu|p(x) dx
)
Δ2

p(x)u = 𝑓 (x,u,∇u,Δu) in Ω,

u = 0 on 𝜕Ω.
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Notably, the presence of a reaction term dependent on the gradient of solutions disrupts the problem's variational struc-
ture. To surmount this challenge, the authors employ topological techniques from operator theory, along with the Galerkin
method and fixed-point arguments, to establish the existence of solutions. In addition to their work, we also cite the
research of Bohner et al. [18]. In this study, the authors investigated the existence of at least three solutions for a class of
double eigenvalue discrete anisotropic Kirchhoff-type problems by employing critical point theory and variational meth-
ods. We also cite the research of Gupta and Dwivedi [19]. In their work, the authors established the existence of a ground
state solution to the Kirchhoff problem:

{
−k

(∫Ω|∇u|N dx
)
ΔN u = 𝑓 (x,u)|x|a + 𝜆g(x) in Ω,

u = 0 on 𝜕Ω,

where Ω ⊆ R
N is a bounded domain with smooth boundary and where the nonlinearity function 𝑓 satisfies critical expo-

nential growth at infinity, albeit without satisfying the Ambrosetti–Rabinowitz condition. Consequently, they establish
the existence of a ground state weak solution by applying the mountain pass theorem and the Nehari manifold technique.
Recently, Dridi et al. [20], investigate the existence of least energy nodal solutions for the following nonlocal weighted
Schrödinger–Kirchhoff problem: {(𝜌,𝜉)(u) = 𝑓 (x,u) in B

u = 0 on 𝜕B,

where B is the unit ball of RN , N > 2. The nonlinearity 𝑓 (x, t) is continuous in B ×R and has exponential critical growth
in the sense of Theorem 2 and the operator (𝜔,𝜉) is defined as

(𝜌,𝜉)(u) ∶= m
⎛⎜⎜⎝∫B

(𝜌(x)|∇u|N + 𝜉(x)|u|N)dx
⎞⎟⎟⎠
[
−div(𝜌(x)|∇u|N−2∇u) + 𝜉(x)|u|N−2u

]
,

where m is a continuous positive function on (0,+∞) satisfying some mild conditions. The weight 𝜌(x) is of logarithm type
and the potential 𝜉 ∶ B̄ → R is a positive continuous function and bounded away from zero in B. The existence result is
obtained by the constrained minimization in Nehari set, the quantitative deformation Lemma and degree theory results.

Now, let Ω ⊂ R
4, be a bounded domain and w ∈ L1(Ω) be a nonnegative function. We introduce the Sobolev space

W 2,2
0 (Ω,w) = closure

⎧⎪⎨⎪⎩u ∈ C∞
0 (Ω) | ∫

Ω

w(x)|Δu|2dx < ∞
⎫⎪⎬⎪⎭ .

Since the nonlinearity is radial, the natural space for a variational treatment of the biharmonic problem (1) is the subspace

 = W 2,2
0,rad(Ω,w) = closure

⎧⎪⎨⎪⎩u ∈ C∞
0,rad(B) | ∫

B

w(x)|Δu|2dx < ∞
⎫⎪⎬⎪⎭ ,

endowed with the norm

||u|| = ⎛⎜⎜⎝∫B

w(x)|Δu|2dx
⎞⎟⎟⎠

1
2

.

We note that this norm is issued from the inner product

⟨u, v⟩ = ∫
B

w(x)Δu Δv dx.
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Let 𝛾 ∶= 2
1−𝛽

. In view of inequality (3), we say that 𝑓 has critical growth at infinity if there exists some 𝛼0 > 0,

lim
s→+∞

|𝑓 (x, s)|
e𝛼s𝛾 = 0, ∀𝛼 such that 𝛼 > 𝛼0 and lim

s→+∞

|𝑓 (x, s)|
e𝛼s𝛾 = +∞, ∀𝛼 < 𝛼0. (4)

Inspired by the last work cited above, we study the existence of ground state solutions when the nonlinear terms have
critical exponential growth in the sense of Adams' inequalities [11]. Our approach is variational. Let us now state our
result.

We suppose that 𝑓 (x, t) has critical growth at infinity and satisfies the following hypotheses:

(A1) The nonlinearity 𝑓 ∶ B̄ × R → R is continuous, radial in x and 𝑓 (x, t) = 0 for all t ≤ 0.
(A2) There exist t0 > 0 and M0 > 0 such that for all |t| > t0 and for all x ∈ B we have

0 < F(x, t) ≤ M0|𝑓 (x, t)|,
where

F(x, t) =

t

∫
0

𝑓 (x, s)ds.

(A3) lim
t→0

𝑓 (x,t)
t

= 0.

(A4) For each x ∈ B, t → 𝑓 (x,t)
t

is increasing for all t > 0.
(A5) In the case that (3) holds, there exists 𝛾0 > 0 such that

lim
t→∞

𝑓 (x, t)t
e𝛼0t𝛾 ≥ 𝛾0 uniformly in x, with 𝛾0 > 256

(
4
𝛼0

)1−𝛽

(1 − 𝛽)·

The condition (A2) implies that for any 𝜀 > 0, there exists a real t𝜀 > 0 such that

F(x, t) ≤ 𝜀t𝑓 (x, t), ∀|t| > t𝜀, uniformly in x ∈ B. (5)

We give an example of 𝑓 . Let 𝑓 (t) = F′(t), with F(t) = t4

4
+ t4e𝛼0t𝛾 . A simple calculation shows that 𝑓 verifies the

conditions (A1), (A2), (A3), (A4) and (A5).
It will be said that u is a solution to problem (1), if u is a weak solution in the following sense.

Definition 1. A function u is called a solution to (1) if u ∈  and

∫
B

w(x)ΔuΔ𝜑dx = ∫
B

𝑓 (x,u)𝜑dx, for all 𝜑 ∈ 

The energy functional associated to (1) is defined by  ∶  → R

(u) = 1
2
||u||2 − ∫

B

F(x,u)dx, (6)

where

F(x, t) =

t

∫
0

𝑓 (x, s)ds.

Definition 2. A solution u is a ground state solution to problem (1), if u is a solution and

(u) = r, with r = inf
u∈ (u) where  = {u ∈  ∶  ′(u) = 0,u ≠ 0},
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and

 ′(u)𝜑 ∶= ⟨ ′(u), 𝜑⟩ = ∫
B

𝜔(x)ΔuΔ𝜑dx − ∫
B

𝑓 (x,u)𝜑dx , 𝜑 ∈  ·

It is clear that finding weak solutions to the problem (1) is equivalent to finding non-zero critical points of the functional
 over  .

The major difficulty is the loss of compactness for the energy  . To circumvent it, we use appropriate Adams' functions
and prove a concentration compactness result.

Our result is as follows:

Theorem 3. Assume that 𝑓 (x, t) verifies (4) for some 𝛼0. If in addition 𝑓 satisfies the conditions (A1), (A2), (A3) , (A4)
and (A5), then problem (1) has a ground state solution.

To the best of our knowledge, the present papers results have not been covered yet in the literature.
This paper is organized as follows. In Section 2, we present some necessary preliminary knowledge about functional

space. In Section 3, we give some useful lemmas for the compactness analysis and we prove a concentration compactness
result of Lions type. In Section 4, we prove that the energy  has a mountain pass geometry. Section 5 is devoted to
estimate the minimax level of energy. In this estimation, the asymptotic condition (A5) will play a decisive role. Finally,
we conclude with the proofs of the main result in Section 6.

Throughout this paper, the constant C may change from one line to another and we sometimes index the constants in
order to show how they change.

2 WEIGHTED LEBESGUE AND SOBOLEV SPACES SETTING

Let Ω ⊂ R
N , N ≥ 2, be a bounded domain in R

N and let w ∈ L1(Ω) be a nonnegative function. To deal with weighted
operator, we need to introduce some functional spaces Lp(Ω,w), W m,p(Ω,w), W m,p

0 (Ω,w) and some of their properties that
will be used later. Let S(Ω) be the set of all measurable real-valued functions defined on Ω and two measurable functions
are considered as the same element if they are equal almost everywhere.

Following Drabek et al. and Kufner [21, 22], the weighted Lebesgue space Lp(Ω,w) is defined as follows:

Lp(Ω,w) =
⎧⎪⎨⎪⎩u ∶ Ω → R measurable; ∫

Ω

w(x)|u|p dx < ∞
⎫⎪⎬⎪⎭

for any real number 1 ≤ p < ∞.
This is a normed vector space equipped with the norm

||u||p,w =
⎛⎜⎜⎝∫Ω w(x)|u|p dx

⎞⎟⎟⎠
1
p

.

For w(x) = 1, one finds the standard Lebesgue space Lp(Ω) endowed with the norm ||u||p =
(
∫
Ω
|u|p dx

) 1
p

.

For m ≥ 2, let w be a given family of weight functions w𝜏 , |𝜏| ≤ m,

w = {w𝜏(x) x ∈ Ω, |𝜏| ≤ m}.

In Drabek et al. [21], the weighted Sobolev space corresponds to the following definition:

W m,p(Ω,w) = {u ∈ Lp(Ω) such that D𝜏u ∈ Lp(Ω) for all |𝜏| ≤ m − 1, D𝜏u ∈ Lp(Ω,w) for all |𝜏| = m}
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equipped with the norm:

||u||W m,p(Ω,w) =
⎛⎜⎜⎝

∑
|𝜏|≤m−1

∫
Ω

|D𝜏u|pdx +
∑

|𝜏|=m
∫
Ω

w(x)|D𝜏u|pdx
⎞⎟⎟⎠

1
p

.

If we also assume that w(x) ∈ L1
loc(Ω), then C∞

0 (Ω) is a subset of W m,p(Ω,w) and one can introduce the space

W m,p
0 (Ω,w)

as the closure of C∞
0 (Ω) in W m,p(Ω,w). In addition, the following embedding is compact:

W m,p(Ω,w) → W m−1,p(Ω)·

Also, (Lp(Ω,w), || · ||p,w) and (W m,p(Ω,w), || · ||W m,p(Ω,w)) are separable, reflexive Banach spaces provided that w(x)
−1

p−1 ∈
L1

loc(Ω).
Then the space  is a Banach and reflexive space. The space  is endowed with the norm

||u|| = ⎛⎜⎜⎝∫B

w(x)|Δu|2dx
⎞⎟⎟⎠

1
2

which is equivalent to the following norm (see Lemma 1):

||u||W2,2
0,rad(B,w) =

⎛⎜⎜⎝∫B

u2dx + ∫
B

|∇u|2 dx + ∫
B

w(x)|Δu|2dx
⎞⎟⎟⎠

1
2

·

We also have the continuous embedding  → Lq(B) for all q ≥ 1. Moreover,  is compactly embedded in Lq(B) for all
q ≥ 1 (see Lemma 1).

3 PRELIMINARIES FOR THE COMPACTNESS ANALYSIS

In this section, we will establish several technical lemmas that we can use later. We begin with the radial lemma.

Lemma 1. Let u be a radially symmetric function in C2
0(B). Then, we have

(i) Wang and Zhu [11]

|u(x)| ≤ 1
2
√

2𝜋

|| log
(

e|x|
) |1−𝛽 − 1| 1

2√
1 − 𝛽 ∫

B

w(x)|Δu|2dx ≤ 1
2
√

2𝜋

|| log
(

e|x|
) |1−𝛽 − 1| 1

2√
1 − 𝛽

||u||·
(ii) ∫

B
e|u|𝛾 dx < +∞, ∀u ∈  .

(iii) The norms ||.|| and ||u||W2,2
0,rad(B,w) =

(
∫
B

u2dx + ∫
B
|∇u|2 dx + ∫

B
w(x)|Δu|2dx

) 1
2

are equivalents.

(iv) The following embedding is continuous:
 → Lq(B) for all q ≥ 2.

(v)  is compactly embedded in Lq(B) for all q ≥ 1.
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Proof. (i) See Wang and Zhu [11].
(ii) From (i) and using the identity log( e|x| ) − | log(|x|)| = 1 ∀x ∈ B and the fact that

√
t − 1 ≤ √

t,∀t ≥ 1, we get

|u(x)|𝛾 ≤ 1
𝛼𝛽

|||||| log
(

e|x|
) |1−𝛽 − 1

|||||
1

1−𝛽 ||u||𝛾 ≤ 1
𝛼𝛽

(
1 + |log(|x|)|) ||u||𝛾 .

Hence, using the fact that the function r → r3e
||u||𝛾 (1+log r)

𝛼𝛽 is increasing, we get

∫
B

e|u|𝛾 dx ≤ 2𝜋2

1

∫
0

r3e
||u||𝛾 (1+log r)

𝛼𝛽 dr ≤ 2𝜋2e
||u||𝛾
𝛼𝛽 < +∞, ∀ u ∈  .

Then (ii) follows by density.
(iii) By Poincaré inequality, for all u ∈ W 1,2

0,rad(B)

∫
B

u2dx ≤ C ∫
B

|∇u|2dx.

Using the Green formula, we get

∫
B

|∇u|2dx = ∫
B

∇u∇udx = −∫
B

uΔudx + ∫
𝜕B

u𝜕u
𝜕n

⏟⏟⏟
=0

≤
|||||||∫B

uΔudx
||||||| .

By Young inequality, we get for all 𝜀 > 0

|||||||∫B

uΔudx
||||||| ≤

1
2𝜀 ∫

B

|Δu|2dx + 𝜀

2 ∫
B

u2dx ≤ 1
2𝜀 ∫

B

w(x)|Δu|2dx + 𝜀

2 ∫
B

u2dx.

Hence, (
1 − 𝜀

2
C2

)
∫

B

|∇u|2dx ≤ 1
2𝜀 ∫

B

w(x)|Δu|2dx,

so

∫
B

u2dx + ∫
B

|∇u|2 dx + ∫
B

w(x)|Δu|2dx ≤ C ∫
B

w(x)|Δu|2dx ≤ C||u||2.

Then (iii) follows.
(iv) Since w(x) ≥ 1, then following embeddings are continuous:

 → W 2,2
0,rad(B,w) → W 2,2

0,rad(B) → Lq(B) ∀q ≥ 2

and from (i), we have that  → L1(B) is continuous.
(iv) Since W 2,2

0 (B,w) → W 1,2(B) is compact, then (iv) follows. This concludes the lemma. □
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In the next, we give the following useful lemma.

Lemma 2 (Figueiredo et al. [4]). Let Ω ⊂ R
N be a bounded domain and 𝑓 ∶ Ω̄ ×R a continuous function. Let {un}n be

a sequence in L1(Ω) converging to u in L1(Ω). Assume that 𝑓 (x,un) and 𝑓 (x,u) are also in L1(Ω). If

∫
Ω

|𝑓 (x,un)un|dx ≤ C,

where C is a positive constant, then
𝑓 (x,un) → 𝑓 (x,u) in L1(Ω).

Next, we prove a concentration compactness result of Lions type.

Theorem 4. Let (uk)k be a sequence in  . Suppose that||uk|| = 1, uk ⇀ u weakly in  , uk(x) → u(x) a.ex ∈ B, and u ≢ 0. Then

sup
k ∫

B

ep𝛼𝛽 |uk|𝛾 dx < +∞, where 𝛼𝛽 = 4[8𝜋2(1 − 𝛽)]
1

1−𝛽 ,

for all 1 < p < U(u) where U(u) is given by

U(u) ∶=

{
1

(1−||u||2)
𝛾
2

if ||u|| < 1
+∞ if ||u|| = 1·

Proof. For a, b ∈ R, q > 1. If q′ its conjugate, that is, 1
q
+ 1

q′ = 1 we have, by Young inequality, that

ea+b ≤ 1
q

eqa + 1
q′ eq′b.

Also, we have

(1 + a)q ≤ (1 + 𝜀)aq +

(
1 − 1

(1 + 𝜀)
1

q−1

)1−q

, ∀a ≥ 0, ∀𝜀 > 0 ∀q > 1. (7)

So we get |uk|𝛾 = |uk − u + u|𝛾≤ (|uk − u| + |u|)𝛾
≤ (1 + 𝜀)|uk − u|𝛾 +(

1 − 1

(1+𝜀)
1

𝛾−1

)1−𝛾 |u|𝛾 ,
which implies that

∫
B

ep𝛼𝛽 |uk|𝛾 dx ≤ 1
q ∫

B

epq𝛼𝛽 (1+𝜀)|uk−u|𝛾 dx + 1
q′ ∫

B

e
pq′ 𝛼𝛽

(
1− 1

(1+𝜀)
1

𝛾−1

)1−𝛾 |u|𝛾
dx,

for any p > 1. From Lemma 1 (ii), the last integral is finite.
To complete the evidence, we have to prove that for every p such that 1 < p < U(u),

sup
k ∫

B

epq𝛼𝛽 (1+𝜀)|uk−u|𝛾 dx < +∞, (8)

for some 𝜀 > 0 and q > 1.
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In the following, we suppose that ||u|| < 1 and in the case of ||u|| = 1, the proof is similar.
When ||u|| < 1

and
p <

1
(1 − ||u||2)

𝛾

2

,

there exists 𝜈 > 0 such that
p(1 − ||u||2)

𝛾

2 (1 + 𝜈) < 1.

On the other hand, we have

||uk − u||2 = ||uk||2 − ||u||2 + o(1) where o(1) → 0 as k → +∞. (9)

Then, ||uk − u||2 = 1 − ||u||2 + o(1),

so
lim

k→+∞
||uk − u||𝛾 = (1 − ||u||2)

𝛾

2 .

Therefore, for every 𝜀 > 0, there exists k𝜀 ≥ 1 such that

||uk − u||𝛾 ≤ (1 + 𝜀)(1 − ||u||2)
𝛾

2 , ∀ k ≥ k𝜀.

If we take q = 1 + 𝜀 with 𝜀 = 3
√

1 + 𝜈 − 1, then ∀k ≥ k𝜀, we have

pq(1 + 𝜀)||uk − u||𝛾 ≤ 1.

Consequently,

∫
B

epq𝛼𝛽 (1+𝜀)|uk−u|𝛾 dx ≤ ∫
B

e(1+𝜀)pq𝛼𝛽

( |uk−u|||uk−u||
)𝛾 ||uk−u||𝛾 dx ≤ ∫

B

e𝛼𝛽

( |uk−u|||uk−u||
)𝛾

dx ≤ sup||u||≤1∫
B

e𝛼𝛽 |u|𝛾 dx < +∞.

Now, (8) follows from (3). This completes the proof of lemma 4. □

4 THE MOUNTAIN PASS STRUCTURE OF THE ENERGY

According to (A3), for any 𝜀 > 0, there exists 𝛿 > 0 such that

|𝑓 (x, t)| ≤ 𝜀|t|, ∀ 0 < |t| ≤ 𝛿, uniformly in x ∈ B. (10)

Moreover, since 𝑓 is critical at infinity, for every 𝜀 > 0, there exists C𝜀 > 0 such that

∀t ≥ C𝜀 |𝑓 (x, t)| ≤ 𝜀 exp(a|t|𝛾 ) with a > 𝛼0 uniformly in x ∈ B. (11)

In particular, we obtain for q > 2,

|𝑓 (x, t)t| ≤ 𝜀

Cq−1
𝜀

|t|q−1 exp(a |t|𝛾 ) with a > 𝛼0 uniformly in x ∈ B. (12)
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Hence, using (10), (11), (12) and the continuity of 𝑓 , for every 𝜀 > 0, for every q > 2, there exist positive constants C
and c such that

|𝑓 (x, t)| ≤ 𝜀t + C|t|q−1ea |t|𝛾 , ∀(x, t) ∈ B × R. (13)

It follows from (13), (5) and the continuity of F, that for all 𝜀 > 0, there exists C > 0 such that

F(x, t) ≤ 𝜀|t|2 + C|t|qea t𝛾 , for all (x, t) ∈ B × R. (14)

So, by (3) and (14), the functional  given by (6), is well defined. Moreover, by standard arguments,  ∈ C1( ,R).
In order to establish the existence of ground state solution to problem (1), we will prove the existence of a nonzero

critical point of the functional  by using the theorem introduced by Ambrosetti and Rabinowitz [23] (Mountain Pass
Theorem) without the Palais–Smale condition.

Theorem 5 (Ambrosetti and Rabinowitz [23]). Let E be a Banach space and J ∶ E → R a 1 functional satisfying
J(0) = 0. Suppose that there exist 𝜌, 𝛽0 > 0 and e ∈ E with ||e|| > 𝜌 such that

inf||u||=𝜌 J(u) ≥ 𝛽0 and J(e) ≤ 0.

Then there is a sequence (un) ⊂ E such
J(un) → c̄ and J′(un) → 0,

where
c̄ ∶= inf

𝛾∈𝛤
max

t∈[0,1]
J(𝛾(t)) ≥ 𝛽0

and
𝛤 ∶= {𝛾 ∈ C([0, 1],E) such that 𝛾(0) = 0 and 𝛾(1) = e}.

The number c̄ is called mountain pass level or minimax level of the functional J.

In the next lemmas, we prove that the functional  has the mountain pass geometry of the theorem 5.

Lemma 3. Suppose that 𝑓 has critical growth at +∞. In addition if (A1) and (A3) hold, then there exist 𝜌, 𝛽0 > 0 such
that (u) ≥ 𝛽0 for all u ∈  with ||u|| = 𝜌.

Proof. From (13), for all 𝜀 > 0, there exists C > 0 such that

F(x, t) ≤ 𝜀|t|2 + C|t|qea t𝛾 , for all t ∈ R.

Then, using the last inequality, we get

(u) ≥ 1
2
||u||2 − 𝜀∫

B

|u|2dx − C ∫
B

|u|qea u𝛾 dx.

From the Hölder inequality, we obtain

(u) ≥ 1
2
||u||2 − 𝜀∫

B

|u|2dx − C
⎛⎜⎜⎝∫B

e2a |u|𝛾 dx
⎞⎟⎟⎠

1
2 ||u||q

2q. (15)

From Theorem 2, if we choose u ∈  such that

2a||u||𝛾 ≤ 𝛼𝛽0 , (16)
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we get

∫
B

e2a |u|𝛾 dx = ∫
B

e2a ||u||𝛾( |u|||u||
)𝛾 ⎞⎟⎟⎠ dx < +∞.

On the other hand, from Sobolev embedding Lemma 1, there exist constants C1 > 0 and C2 > 0 such that ||u||2q ≤
C1||u|| and ||u||2

2 ≤ C1||u||2. So

(u) ≥ 1
2
||u||2 − 𝜀C1||u||2 − C||u||q = ||u||2

(1
2
− 𝜀C1 − C||u||q−2

)
,

for all u ∈  satisfying (16). Since q > 2, we can choose 𝜌 = ||u|| ≤ (
𝛼𝛽

2a

) 1
𝛾 and for 𝜀 such that 1

2C1
> 𝜀, there exists

𝛽0 = 𝜌2
(

1
2
− 𝜀C1 − C𝜌q−2

)
> 0 with (u) ≥ 𝛽0 > 0. □

By the following lemma, we prove the second geometric property for the functional  .

Lemma 4. Suppose that (A1) and (A2) hold. Then there exists e ∈  with (e) < 0 and ||e|| > 𝜌.

Proof. It follows from the condition (A2) that

𝑓 (x, t) = 𝜕

𝜕t
F(x, t) ≥ 1

M
F(x, t),

for all t ≥ t0. So

F(x, t) ≥ C e
t

M , ∀ t ≥ t0. (17)

In particular, for p > 2, there exists C2 > 0 such that

F(x, t) ≥ C3|t|p − C3, ∀t ∈ R, x ∈ B.

Next, one arbitrarily picks ū ∈  such that ||ū|| = 1. Thus, from (17), for all t ≥ 1,

(tū) ≤ 1
2

t2||ū||2 − C3||ū||p
p tp − 𝜋2C3.

Therefore,

lim
t→+∞

(tū) = −∞.

We take e = t̄ū, for some t̄ > 0 large enough. So Lemma 4 follows. □

5 THE MINIMAX ESTIMATE OF THE ENERGY

Since  has a mountain pass geometry, this allows us to consider the minimax level given by the mountain pass theorem
of Ambrosetti and Rabinowitz. Thus, let

𝜇 ∶= inf
𝛾∈𝛬

max
t∈[0,1]

(𝛾(t)) > 0

where

𝛬 ∶= {𝛾 ∈ C([0, 1],) such that 𝛾(0) = 0 and (𝛾(1)) < 0}.

Our aim is to obtain a precise upper estimate for the mountain pass level. The idea is to construct a sequence of functions
(𝜐n) ∈  , and estimate max{(t𝜐n) ∶ t ≥ 0}. For this purpose, let consider the following Adam's function defined for all
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n ≥ 3 by

𝜓n(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(
4

log
(

e 4√n
)

𝛼𝛽

) 1
𝛾

− |x|2(1−𝛽)

2
(

𝛼𝛽

4n

) 1
𝛾
(

log
(

e 4√n
)) 𝛾−1

𝛾

+ 1

2
(

𝛼𝛽

4

) 1
𝛾
(

log
(

e 4√n
)) 𝛾−1

𝛾

if 0 ≤ |x| ≤ 1
4√n

(
log

(
e|x|
))1−𝛽

(
𝛼𝛽

4
log

(
e 4√n

)) 1
𝛾

if 1
4√n

≤ |x| ≤ 1
2

𝜁n if 1
2
≤ |x| ≤ 1

(18)

where 𝜁n ∈ C∞
0,rad(B) is such that

𝜁n

(
1
2

)
= 1(

𝛼𝛽

16
log(e4n)

) 1
𝛾

(
log 2e

)1−𝛽 , 𝜕𝜁n
𝜕r

(
1
2

)
= −2(1−𝛽)(

𝛼𝛽

4
log

(
e 4√n

)) 1
𝛾

(
log(2e)

)−𝛽
𝜁n(1) = 𝜕𝜁n

𝜕r
(1) = 0 and 𝜉n, ∇𝜉n, Δ𝜉n are all

o
⎛⎜⎜⎝ 1[

log
(

e 4√n
)] 1

𝛾

⎞⎟⎟⎠. Here, 𝜕𝜁n
𝜕r

denotes the first derivative of 𝜁n in the radial variable r.

Let 𝜐n(x) =
𝜓n||𝜓n|| . We have, 𝜐n ∈  , ||𝜐n||2 = 1.

We compute Δ𝜓n(x), we get

Δ𝜓n(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

−(1−𝛽)(4−2𝛽)|x|−2𝛽(
𝛼𝛽

4n

) 1
𝛾
(

log
(

e 4√n
)) 𝛾−1

𝛾

if 0 ≤ |x| ≤ 1
4√n

−(1−𝛽)|x|2

(
log

(
e|x|
))−𝛽

(
2+𝛽

(
log e|x|

)−1
)

(
𝛼𝛽

4
log

(
e 4√n

)) 1
𝛾

if 1
4√n

≤ |x| ≤ 1
2

Δ𝜁n if 1
2
≤ |x| ≤ 1

So

||Δ𝜓n||2
2,w = 2𝜋2

1
4√n

∫
0

r3|Δ𝜓n(x)|2
(

log e
r

)𝛽

dr

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
I1

+ 2𝜋2

1
2

∫
1

4√n

r3|Δ𝜓n(x)|2
(

log e
r

)𝛽

dr

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
I2

+ 2𝜋2

1

∫
1
2

r3|Δ𝜓n(x)|2
(

log e
r

)𝛽

dr

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
I3

By using integration by parts, we obtain

I1 = 2𝜋2 (1 − 𝛽)2(4 − 2𝛽)2(
𝛼𝛽

4n

) 2
𝛾
(

log
(

e 4
√

n
)) 2(𝛾−1)

𝛾

1
4√n

∫
0

r3−4𝛽
(

log e
r

)𝛽

dr

= 2𝜋2 (1 − 𝛽)2(4 − 2𝛽)2(
𝛼𝛽

4n

) 2
𝛾
(

log
(

e 4
√

n
)) 2(𝛾−1)

𝛾

[
r4−4𝛽

4 − 4𝛽

(
log e

r

)𝛽
] 1

4√n

0

+ 2𝜋2 𝛽(1 − 𝛽)2(4 − 2𝛽)2(
𝛼𝛽

4n

) 2
𝛾
(

log
(

e 4
√

n
)) 2(𝛾−1)

𝛾

1
4√n

∫
0

r4−4𝛽

4 − 4𝛽

(
log e

r

)𝛽−1
dr

= o

(
1

log e 4
√

n

)
·
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Also,

I2 = 2𝜋2 (1 − 𝛽)2(
𝛼𝛽

4

) 2
𝛾
(

log
(

e 4
√

n
)) 2

𝛾

1
1
2

∫
1

4√n

1
r

(
log e

r

)−𝛽
(

2 + 𝛽
(

log e
r

)−1
)2

dr

= −2𝜋2 (1 − 𝛽)2(
𝛼𝛽

4

) 2
𝛾
(

log
(

e 4
√

n
)) 2

𝛾

[
𝛽2

−1 − 𝛽

(
log e

r

)−𝛽−1
+ 4

(
log e

r

)−𝛽
+ 4

1 − 𝛽

(
log e

r

)1−𝛽
] 1

2

1
4√n

= 1 + o
⎛⎜⎜⎜⎝

1(
log e 4

√
n
) 2

𝛾

⎞⎟⎟⎟⎠ ·

and I3 = o
⎛⎜⎜⎝ 1(

log e 4√n
) 2

𝛾

⎞⎟⎟⎠. Then ||Δ𝜓n||2
2,w = 1 + o

⎛⎜⎜⎝ 1(
log e 4√n

) 2
𝛾

⎞⎟⎟⎠.

5.1 Estimate of the energy 
We are now going to prove the desired estimate.

Lemma 5. Assume that (A1) and (A2) holds, then

𝜇 <
1
2

(
𝛼𝛽

𝛼0

) 2
𝛾

·

Proof. We have 𝜐n ≥ 0 and ||𝜐n|| = 1. Then from Lemma 4 (t𝜐n) → −∞ as t → +∞. As a consequence,

𝜇 ≤ max
t≥0

(t𝜐n).

We argue by contradiction and suppose that for all n ≥ 1,

max
t≥0

(t𝜐n) ≥ 1
2

(
𝛼𝛽

𝛼0

) 2
𝛾

.

Since  possesses the mountain pass geometry, for any n ≥ 1, there exists tn > 0 such that

max
t≥0

(t𝜐n) = (tn𝜐n) ≥ 1
2

(
𝛼𝛽

𝛼0

) 2
𝛾

Using the fact that F(x, t) ≥ 0 for all (x, t) ∈ B × R we get,

t2
n ≥

(
𝛼𝛽

𝛼0

) 2
𝛾

· (19)

On the other hand,

d
dt
(t𝜐n)

||||t=tn

= tn − ∫
B

𝑓 (x, tn𝜐n)𝜐ndx = 0,
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that is

t2
n = ∫

B

𝑓 (x, tn𝜐n)tn𝜐ndx. (20)

Now, we claim that the sequence (tn) is bounded in (0,+∞).
Indeed, it follows from (A5) that for all 𝜀 > 0, there exists t𝜀 > 0 such that

𝑓 (x, t)t ≥ (𝛾0 − 𝜀)e𝛼0t𝛾 ∀|t| ≥ t𝜀, uniformly in x ∈ B. (21)

t2
n = ∫

B

𝑓 (x, tn𝜐n)tn𝜐ndx ≥ ∫
0≤|x|≤ 1

4√n

𝑓 (x, tn𝜐n)tn𝜐ndx·

Since

tn||𝜓n||
(

log e 4
√

n
𝛼𝛽

) 1
𝛾

→ ∞ as n → +∞,

then it follows from (21) that for all 𝜀 > 0, there exists n0 such that for all n ≥ n0

t2
n ≥ (𝛾0 − 𝜀) ∫

0≤|x|≤ 1
4√n

e𝛼0t𝛾nv𝛾n dx

From (20) and (21), for n large enough, we get

t2
n ≥ (𝛾0 − 𝜀) ∫

0≤|x|≤ 1
4√n

e𝛼0t𝛾nv𝛾n dx ≥ 2𝜋2(𝛾0 − 𝜀)

1
4√n

∫
0

r3e
𝛼0t𝛾n

(
4

log(e 4√n)||𝜓n ||𝛾 𝛼𝛽
)

dr· = 2𝜋2(𝛾0 − 𝜀) e
𝛼0t𝛾n

((
log(e 4√n)||𝜓n ||𝛾 𝛼𝛽

)
−log 4n

· (22)

There holds

1 ≥ 2𝜋2(𝛾0 − 𝜀) e
𝛼0t𝛾n

(
log(e 4√n)||𝜓n ||𝛾 𝛼𝛽

)
−log 4n−2 log tn

.

It follows that (tn) is a bounded sequence. We must note that if

lim
n→+∞

t𝛾n >

(
𝛼𝛽

𝛼0

)
, (23)

then we get a contradiction with the boundedness of (tn). Indeed if (23) is accurate, then there exists some 𝛿 > 0 such
that for n large enough,

t𝛾n ≥ 𝛿 +
(
𝛼𝛽

𝛼0

)
·

Then the right hand of (23) tends to infinity which contradicts the boundedness of (tn). Consequently (23) can not
hold, and we get

lim
n→+∞

t2
n =

(
𝛼𝛽

𝛼0

) 2
𝛾

· (24)

We claim that (24) leads to a contradiction with (A5). Indeed, let us introduce the sets:

An = {x ∈ B|tn𝜐n ≥ t𝜀} and Cn = B ∖ An,
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where t𝜀 is given in (21). We have

t2
n = ∫

B

𝑓 (x, tn𝜐n)tn𝜐ndx = ∫
n

𝑓 (x, tn𝜐n)tn𝜐ndx + ∫
n

𝑓 (x, tn𝜐n)tn𝜐n

≥ (𝛾0 − 𝜀)∫
n

e𝛼0t𝛾n𝜐
𝛾
n dx + ∫

n

𝑓 (x, tn𝜐n)tn𝜐ndx

= (𝛾0 − 𝜀)∫
B

e𝛼0t𝛾n𝜐
𝛾
n dx − (𝛾0 − 𝜀)∫

n

e𝛼0t𝛾n𝜐
𝛾
n dx

+ ∫
n

𝑓 (x, tn𝜐n)tn𝜐ndx.

Since 𝜐n → 0 a.e in B, 𝜒n → 1 a.e in B, therefore, using the dominated convergence theorem, we get

∫
n

𝑓 (x, tn𝜐n)tn𝜐ndx → 0 and ∫
n

e𝛼0t𝛾n𝜐
𝛾
n dx →

𝜋2

2
·

On the other hand,

∫
B

e𝛼0t𝛾n𝜐
𝛾
n dx ≥ ∫

1
4√n

≤|x|≤ 1
2

e𝛼0t𝛾n𝜐
𝛾
n dx + ∫

n

e𝛼0t𝛾n𝜐
𝛾
n dx·

Then

lim
n→+∞

t2
n =

(
𝛼𝛽

𝛼0

) 2
𝛾 ≥ (𝛾0 − 𝜀) lim

n→+∞ ∫
1

4√n
≤|x|≤ 1

2

e𝛼0t𝛾n𝜐
𝛾
n dx

Using the fact that

t2
n ≥

(
𝛼𝛽

𝛼0

) 2
𝛾

,

we get

lim
n→+∞

t2
n ≥ lim

n→+∞
(𝛾0 − 𝜀)∫

B

e𝛼0t𝛾n𝜐
𝛾
n dx ≥ lim

n→+∞
(𝛾0 − 𝜀)2𝜋2 ∫

1
2

1
4√n

r3e
4(log e

r )2

log(e 4√n)||𝜓n ||𝛾 dr.

We make the change of variable

s =
4 log e

r

log
(

e 4
√

n
) ||𝜓n||𝛾 ,

to get

lim
n→+∞

t2
n ≥ lim

n→+∞
(𝛾0 − 𝜀)∫

B

e𝛼0t𝛾n𝜐
𝛾
n dx

≥ lim
n→+∞

2𝜋2(𝛾0 − 𝜀)
||𝜓n||𝛾 log

(
e 4
√

n
)

4
e4 ∫

4||𝜓n ||𝛾
4 log 2e||𝜓n ||𝛾 log(e 4√n)

e
||𝜓n ||𝛾 log(e 4√n)

4
(s2−4s)ds

≥ lim
n→+∞

2𝜋2(𝛾0 − 𝜀)
||𝜓n||𝛾 log

(
e 4
√

n
)

4
e4 ∫

4||𝜓n ||𝛾
4 log 2e||𝜓n ||𝛾 log(e 4√n)

e−
||𝜓n ||𝛾 log(e 4√n)

4
4sds

= lim
n→+∞

(𝛾0 − 𝜀)𝜋
2

2
e4

(
−e−4 log e 4√n + e−4 log(2e)

)
= (𝛾0 − 𝜀)𝜋

2e4(1−log 2e)

2
= (𝛾0 − 𝜀)𝜋

2

32
·
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This leads to (
𝛼𝛽

𝛼0

) 2
𝛾 ≥ (𝛾0 − 𝜀)𝜋

2

32
for all 𝜀 > 0.

Since 𝜀 is arbitrary, we obtain

𝛾0 ≤ 256
(

4
𝛼0

)1−𝛽

(1 − 𝛽)·

This contradicts (A5) and the lemma is proved. □

6 PROOF OF MAIN RESULTS

Now, we consider the Nehari manifold associated to the functional  , namely,

 = {u ∈  ∶ ⟨ ′(u),u⟩ = 0,u ≠ 0},

and the number c = infu∈(u). We have the following key lemmas.

Lemma 6. Assume that the condition (A1) and (A3) hold, then for each x ∈ B,

t → t𝑓 (x, t) − 2F(x, t) is increasing for t > 0.

In particular, t𝑓 (x, t) − 2F(x, t) ≥ 0 for all (x, t) ∈ B × [0,+∞).

Proof. Assume that 0 < t < s. For each x ∈ B, we have

t𝑓 (x, t) − 2F(x, t) = 𝑓 (x, t)
t

t2 − 2F(x, s) + 2∫
s

t
𝑓 (x, 𝜈)d𝜈

<
𝑓 (x, t)

s
t2 − 2F(x, s) + 𝑓 (x, s)

s
(s2 − t2)

= s𝑓 (x, s) − 2F(x, s)·

□
Lemma 7. If (A1) and (A3) are satisfied then 𝜇 ≤ c.

Proof. Let ū ∈  and consider the function 𝜓 ∶ (0,+∞) → R defined by 𝜓(t) = (tū).
𝜓 is differentiable and we have

𝜓 ′(t) = ⟨ ′(tū), ū⟩ = t||ū||2 − ∫
B

𝑓 (x, tū)ūdx, for all t > 0.

Since ū ∈  , we have ⟨ ′(ū), ū⟩ = 0 and therefore ||ū||2 = ∫
B
𝑓 (x, ū)ūdx. Hence,

𝜓 ′(t) = t ∫
B

(
𝑓 (x, ū)

ū
− 𝑓 (x, tū)

tū

)
ū dx·

We have that 𝜓 ′(1) = 0. We also have by (A3) that 𝜓 ′(t) > 0 for all 0 < t < 1, 𝜓 ′(t) ≤ 0 for all t > 1. It follows that

(ū) = max
t≥0

(tū).
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We define the function 𝜆 ∶ [0, 1] →  such that 𝜆(t) = tt̄ū, with (t̄ū) < 0. We have 𝜆 ∈ 𝛬, and hence,

𝜇 ≤ max
t∈[0,1]

(𝜆(t)) ≤ max
t≥0

(tū) = (ū).

Since ū ∈  is arbitrary then 𝜇 ≤ c.
Proof of Theorem 1.2.
Since  possesses the mountain pass geometry, there exists un ∈  such that

(un) =
1
2
||un||2 − ∫

B

F(x,un)dx → 𝜇, n → +∞ (25)

and

|⟨ ′(un), 𝜑⟩| = |||||||∫B

w(x)Δun.Δ𝜑dx − ∫
B

𝑓 (x,un)𝜑dx
||||||| ≤ 𝜀n||𝜑||, (26)

for all 𝜑 ∈  , where 𝜀n → 0, when n → +∞.
In order to obtain a ground state solution for problem (1), it is enough to show that there is u ∈  such that

(u) = 𝜇 (𝜇 ≤ c ≤ r).
From (25), for n large enough, there exists a constant C > 0 such that

1
2
||un||2 ≤ C + ∫

B

F(x,un)dx·

From (5), for all 𝜀 > 0, there exists t𝜀 > 0 such that

F(x, t) ≤ 𝜀t𝑓 (x, t), for all |t| > t𝜀 and uniformly in x ∈ B.

It follows that

1
2
||un||2 ≤ C + ∫|un|≤t𝜀

F(x,un)dx + 𝜀∫
B

𝑓 (x,un)undx·

From (26), we get

1
2
||un||2 ≤ C3 + 𝜀𝜀n||un|| + 𝜀||un||2,

for some constant C3 > 0.
We deduce that the sequence (un) is bounded in  . As consequence, there exists u ∈  such that up to subsequence,

un ⇀ u weakly in  , un → u strongly in Lq(B), for all q ≥ 1 and un(x) → u(x) a.e in B.
Furthermore, we have from (25) and (26), that

0 < ∫
B

|𝑓 (x,un)un|dx ≤ C, (27)

and

0 < ∫
B

F(x,un) ≤ C. (28)

By Lemma 2, we have
𝑓 (x,un) → 𝑓 (x,u) in L1(B) as n → +∞. (29)
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It follows from (A2) and the generalized Lebesgue dominated convergence theorem that

F(x,un) → F(x,u) in L1(B) as n → +∞. (30)

Also, by the definition of weak convergence, we get ⟨un, 𝜑⟩ → ⟨u, 𝜑⟩. Then, passing to the limit in (26) and
using (29),we obtain that u is a weak solution of the problem (1), that is,

∫
B

w(x)ΔuΔ𝜑dx = ∫
B

𝑓 (x,u)𝜑dx, for all 𝜑 ∈  . (31)

By (30) and (25), we obtain

lim
n→+∞

||un||2 = 2
⎛⎜⎜⎝𝜇 + ∫

B

F(x,u)dx
⎞⎟⎟⎠ . (32)

Next, we are going to make some claims.
Claim 1. u ≠ 0.
Indeed, we argue by contradiction and suppose that u ≡ 0. Therefore, ∫BF(x,un)dx → 0, and consequently, we get

1
2
||un||2 → 𝜇 <

1
2

(
𝛼𝛽

𝛼0

) 2
𝛾

.

So there exist n0 ∈ N and 𝜂 ∈ (0, 1) such that 𝛼0||un||𝛾 = (1 − 𝜂)𝛼𝛽 , for all n ≥ n0.
By (26), we also have |||||||||un||2 − ∫

B

𝑓 (x,un)undx
||||||| ≤ C𝜀n.

First, we claim that there exists q > 1 such that

∫
B

|𝑓 (x,un)|qdx ≤ C. (33)

In fact, since 𝑓 has critical growth, for every 𝜀 > 0 and q > 1, there exists t𝜀 > 0 and C > 0 such that for all |t| ≥ t𝜀,
we have |𝑓 (x, t)|q ≤ Ce𝛼0(𝜀+1)t𝛾 . (34)

Consequently,

∫
B

|𝑓 (x,un)|qdx = ∫
{|un|≤t𝜀}

|𝑓 (x,un)|qdx + ∫
{|un|>t𝜀}

|𝑓 (x,un)|qdx

≤ 2𝜋2 max
B×[−t𝜀,t𝜀]

|𝑓 (x, t)|q + C ∫
B

e𝛼0(𝜀+1)|un|𝛾 dx.

Since, there exist n0 ∈ N and 𝜂 ∈ (0, 1) such that 𝛼0||un||𝛾 = (1 − 𝜂)𝛼𝛽 , for all n ≥ n0, then

𝛼0(1 + 𝜀)
( |un|||un||

)𝛾 ||un||𝛾 ≤ (1 + 𝜀)(1 − 𝜂)𝛼𝛽 ·

We choose 𝜀 > 0 small enough to get
𝛼0(1 + 𝜀)||un||𝛾 ≤ 𝛼𝛽.

Therefore, the second integral is uniformly bounded in view of (3), and the claim is proved.
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Now, using (33), we get

||un||2 ≤ C𝜀n +
⎛⎜⎜⎝∫B

|𝑓 (x,un)|q
⎞⎟⎟⎠

1
q

dx
⎛⎜⎜⎝∫B

|un|q′
⎞⎟⎟⎠

1
q′

where q′ is the conjugate of q. Since (un) converge to u = 0 in Lq′(B)

lim
n→+∞

||un||2 = 0.

Therefore, (un) → 0 which is in contradiction with 𝜇 > 0.
Claim 2. ||u||2 ≥ ∫

B
𝑓 (x,u)udx.

We argue by contradiction and we suppose that ||u||2 < ∫B𝑓 (x,u)udx. Hence, ⟨ ′(u),u⟩ < 0. The function 𝜓 ∶ t →
𝜓(t) = ⟨ ′(tu),u⟩ is positive for t small enough. In fact, from (13), for every 𝜀 > 0, for every q > 2, there exist positive
constants C and a such that |𝑓 (x, t)| ≤ 𝜀|t| + C|t|q−1ea |t|𝛾 , ∀(x, t) ∈ B × R.

Then, using the Hölder inequality, we obtain

𝜓(t) = |t|||u||2 − ∫
B

𝑓 (x, tu)udx ≥ |t|||u||2 − 𝜀|t|∫
B

u2dx − C|t|q−1
⎛⎜⎜⎝∫B

e2a |t|𝛾 |u|𝛾 dx
⎞⎟⎟⎠

1
2 ⎛⎜⎜⎝∫B

|u|2qdx
⎞⎟⎟⎠

1
2

.

In view of (3), the integral ∫
B

e2a |t|𝛾 |u|𝛾 dx ≤ ∫
B

e2a |t|𝛾 u𝛾||u||𝛾 ||u||𝛾) dx ≤ C, provided |t| ≤ 1||u||
(

𝛼𝛽

2a

) 1
𝛾 . Using the radial Lemma

1 we get ||u||2
2q ≤ C′||u||q. Then,

𝜓(t) ≥ |t|||u||2 − C1𝜀|t|||u||2 − C2|t|q−1||u||q = ||u||2|t| [(1 − C1𝜀) − C2|t|q−2||u||q−2] .
We choose 𝜀 > 0, such that 1 − C1𝜀 > 0 and since q > 2, for small t, we get 𝜓 ∶ t → 𝜓(t) = ⟨ ′(tu),u⟩ > 0. So there
exists 𝜂 ∈ (0, 1) such that 𝜓(𝜂u) = 0. Therefore 𝜂u ∈  . Using Lemma 6 and the semicontinuity of norm and Fatou's
lemma, we get

𝜇 ≤ c ≤ (𝜂u) = (𝜂u) − 1
2
⟨ ′(𝜂u), 𝜂u⟩

= 1
2 ∫

B

(𝑓 (x, 𝜂u)𝜂u − 2F(x, 𝜂u)) dx

<
1
2 ∫

B

(𝑓 (x,u)u − 2F(x,u))

≤ lim inf
n→+∞

[1
2
||un||2 − 1

2
||un||2

]
+ lim inf

n→+∞

⎡⎢⎢⎣1
2 ∫

B

(𝑓 (x,un)un − 2F(x,un)) dx
⎤⎥⎥⎦

≤ lim
n→+∞

[(un) −
1
2
⟨ ′(un),un⟩] = 𝜇,

which is absurd and the claim is well established.
On the other hand, by claim 2, (A3) and Lemma 6, we obtain

(u) ≥ 1
2 ∫

B

[𝑓 (x,u) − 2F(x,u)]dx ≥ 0. (35)
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Claim 3.(u) = 𝜇. Indeed, since (un) is bounded, up to a subsequence, ||un|| → 𝜁 > 0. Now, using the semicontinuity
of the norm and (25) we get,

(u) ≤ 1
2

lim inf
n→∞

||un||2 − ∫
B

F(x,u)dx = 𝜇.

Suppose that

(u) < 𝜇, (36)

then

||u||2 < 𝜁2. (37)

In addition,

𝜁2 = lim
n→+∞

||un||2 = 2
⎛⎜⎜⎝𝜇 + ∫

B

F(x,u)dx
⎞⎟⎟⎠ . (38)

Set

𝜐n = un||un||
and

v = u
𝜁
·

We have ||𝜐n|| = 1, 𝜐n ⇀ v in  , v ≢ 0 and ||v|| < 1. So, by Theorem 4, we get

sup
n ∫

B

ep𝛼𝛽 |𝜐n|𝛾 dx < ∞

provided 1 < p < (1 − ||v||2)−
𝛾

2 .
From (38), Lemma 6 and the following equality:

2𝜇 − 2(u) = 𝜁2 − ||u||2,

we get

𝜁2 ≤ 2𝜇 + ||u||2 <

(
𝛼𝛽

𝛼0

) 2
𝛾

+ ||u||2. (39)

Since

𝜁2 = 𝜁2 − ||u||2

1 − ||v||2 ,

we deduce from (30) that

𝜁2 <

(
𝛼𝛽

𝛼0

) 2
𝛾

1 − ||v||2 ·

Then there exists 𝛿 ∈
(

0, 1
2

)
such that 𝜁𝛾 = (1 − 2𝛿)

𝛼𝛽

𝛼0

(1−||v||2)
𝛾
2
·
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On one hand, we have this estimate ∫
B
|𝑓 (x,un)|qdx < C. Indeed, for 𝜀 > 0,

∫
B

|𝑓 (x,un)|qdx = ∫
{|un|≤t𝜀

|𝑓 (x,un)|qdx + ∫
{|un|>t𝜀}

|𝑓 (x,un)|qdx

≤ 2𝜋2 max
B×[−t𝜀,t𝜀]

|𝑓 (x, t)|q + C ∫
B

e𝛼0(1+𝜀)|un|𝛾 dx

≤ C𝜀 + C ∫
B

e𝛼0(1+𝜀)||un||𝛾 |𝜐n|𝛾 ⎞⎟⎟⎠ dx ≤ C,

provided 𝛼0(1 + 𝜀)||un||𝛾 ≤ p𝛼𝛽 , for p such that 1 < p < (1 − ||v||2)−
𝛾

2 .
On the other hand, since

lim
n→+∞

||un||𝛾 = 𝜁𝛾 ,

then for n large enough, we get

𝛼0(1 + 𝜀)||un||𝛾 ≤ 𝛼0(1 + 𝜀)𝜁𝛾 ≤ (1 + 𝜀)(1 − 𝛿)
𝛼𝛽

(1 − ||v||2)
𝛾

2

·

We choose 𝜀 > 0 small enough such that (1 + 𝜀)(1 − 𝛿) < 1, which means

𝛼0(1 + 𝜀)||un||𝛾 <
𝛼𝛽

(1 − ||v||2)
𝛾

2

·

It follows that the sequence ( 𝑓 (x,un)) is bounded in Lq(B), q > 1. Using the Hölder inequality and the Sobolev
embedding theorem, we deduce that

|||||||∫B

𝑓 (x,un)(un − u)dx
||||||| ≤

⎛⎜⎜⎝∫B

|𝑓 (x,un)|qdx
⎞⎟⎟⎠

1
q ⎛⎜⎜⎝∫B

|un − u|q′
⎞⎟⎟⎠

1
q′

dx

≤ C
⎛⎜⎜⎝∫B

|un − u|q′
⎞⎟⎟⎠

1
q′

dx → 0 as n → +∞,

where 1
q
+ 1

q′ = 1.
Since ⟨ ′(un),un − u⟩ = on(1), it follows that

∫
B

w(x)Δun(Δun − Δu) → 0.

On the other side,

∫
B

w(x)Δun(Δun − Δu) = ||un||2 − ⟨un,u⟩·
Passing to the limit in the last equality, we get

𝜁2 − ||u||2 = 0.

Therefore ||u|| = 𝜁 and ||un|| → ||u||. This is in contradiction with (36). It follows that (u) = 𝜇 and Claim 3 is proved.
Finally, from Claim 3 and (31), we deduce that u is a ground state solution to problem (1).
The proof is now complete. □
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