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Abstract
In this paper, we investigate the existence of normalized ground state solutions for the following
mixed local and nonlocal Laplacian with Trudinger–Moser nonlinearity and singular weight


(−∆)αn/αv−µ∆pv= λ|v|

n
α
−2v+

f(v)

|x|β
, x ∈ Rn,ˆ

Rn

|v|
n
α dx=m,

where n⩾2,∆p denotes the p-Laplacian with p⩾n, (−∆)αn/α represents the fractional

n/α−Laplacian with α ∈ (0,1), µ⩾0, 0< β < n,m> 0, λ ∈ R acts as a Lagrange multiplier,
f ∈ C(R,R) satisfies the exponential critical growth. We first establish a Trudinger–Moser inequal-
ity with weights in fractional Sobolev spaces. Then under some general assumptions and without
symmetry constraints, the existence of mountain pass type solutions is obtained. Finally, we show
that the mountain pass type solution is a ground state. Key innovations include: 1. Our approach
completely avoids radial symmetry assumptions. 2. We address challenges from both the weighted
singularity and critical Trudinger–Moser growth. 3. New techniques are developed to circum-
vent the absence of Pohozaev-type identities. These results are novel even for the classical case
n= 2, significantly extending existing studies on normalized solutions for mixed local and non-
local operators.

1. Introduction andmain results

In this paper, we consider the existence of normalized ground state solutions for the following mixed
local and nonlocal problem with Trudinger–Moser nonlinearity


(−∆)αn/αv−µ∆pv= λ|v|

n
α−2v+

f(v)

|x|β
, x ∈ Rn,ˆ

Rn

|v| n
α dx=m,

(1.1)
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where n⩾2, ∆p is the p-Laplacian with p⩾n, µ⩾0, 0< β < n, m> 0, λ ∈ R is a Lagrange multiplier,
f ∈ C(R,R) satisfies the exponential critical growth. Here (−∆)αn/α is the fractional n/α-Laplacian with
α ∈ (0,1) defined as: for each x ∈ Rn,

(−∆)αn/αϕ(x) = 2 lim
δ→0+

ˆ
Rn\Bδ(x)

|ϕ(x)−ϕ(y)| n
α−2(ϕ(x)−ϕ(y))

|x− y|2n
dy,

along any ϕ ∈ C∞
0 (Rn), where Bδ(x) = {y ∈ Rn : |y− x|< δ}. For more details involving the fractional

Laplacian, we refer the reader to [33].
In physics, the prescribed norm (in a suitable Lebesgue space) of the solution is often a quantity

conserved during the system’s time evolution. Therefore, finding solutions with a fixed norm ensures
that the solutions can be observed or realized physically with those exact properties. At the same time,
a normalized solution usually appears as a critical point of an energy functional. Analysing the nature
of this critical point (for instance, whether it is a local minimum) allows physicists to determine if the
solution is orbitally stable; a stable solution is one that will persist against small perturbations, mak-
ing it physically observable. Problems like (1.1) naturally emerge from the superposition of Brownian
ands Lévy processes. For the background of mixed local and nonlocal operators, we refer the interested
readers to the monographs [33, 37]. The fractional Laplacian and generalized nonlocal operators have
been received much more attention over the past decade, which arise from finance, quantum mechanics,
anomalous diffusion, and so on, see [4, 11, 12, 26] and the references therein. The literature on study-
ing fractional Laplacian via variational methods is rich and huge. In recent years, the mixed local and
nonlocal problems have been received more and more attention. For example, Gou et al [21] considered
the solitary waves of anisotropic Schrödinger involving mixed local and nonlocal operators in R2. Arora
and Rădulescu in [5] discussed the combined effects in mixed local and nonlocal Laplace problems. Biagi
and Vecchi [9] studied the multiplicity of positive solutions for mixed local and nonlocal singular critical
problems. Molica Bisci et al [34] obtained the existence of local minimizers for a critical problem involv-
ing a superposition operator of mixed fractional order. For the regularity of solutions involving local and
nonlocal operators, we refer to [19].

In recent years, research on normalized solutions to nonlinear elliptic problems has attracted increas-
ing attention. From a physical perspective, normalized solution can satisfy the law of conservation of
mass and physical constraints related to some average quantities. In certain theoretical models, such as
those governing nonlinear optical phenomena and Bose–Einstein condensates (see [1, 6]), the physical
dynamics are described by the following time-dependent nonlinear Schrödinger equation

iψt −∆ψ = g
(
|ψ|2

)
ψ, x ∈ RN, t> 0.

A main feature of the Schrödinger equation is that the mass
´
RN |ψ|2 dx maintains invariance under time

evolution. In particular, the prescribed mass can be interpreted as power supply in nonlinear optics or as
the total number of the particles in the Bose–Einstein condensates.

Recent studies have established significant progress in the existence of normalized solutions for the
Schrödinger equation, particularly addressing polynomial-type and exponential critical nonlinearities. For
instance, Jeanjean [23] considered the nonlinear Schrödinger equation−∆u= f(u)+λu in RN,ˆ

RN

u2dx=m, u ∈H 1(RN),
(1.2)

where m> 0, λ ∈ R arises as a Lagrange multiplier, the nonlinear term f is continuous and satisfies mass
supercritical conditions. Jeanjean pioneered a kind of mountain-pass argument to obtain the existence of
normalized solution. Bartsch and Soave in [8] proposed a natural constrained method to study the exis-
tence of normalized solutions via restricting the discussion on Nehari–Pohozaev manifold. Subsequent
developments by Soave in [39, 40] extended these methodologies to the Schrödinger equation with the
combined nonlinearities, achieving breakthroughs in characterizing the existence and asymptotic prop-
erties of normalized ground states under Sobolev-critical growth conditions. Alves, Ji and Miyagaki in
[2] investigated the existence of normalized solutions to (1.2) with an exponential critical growth non-
linearity when N= 2. Without assuming the Ambrosetti-Rabinowitz condition, Chang, Liu and Yan [14]
considered the existence of normalized ground state solution of (1.2) with critical exponential growth
conditions. The following assumption in [2, 14] enable the authors to control upper bound estimate of
ground state energy,
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(H1) there exist p> 4 and θ > 0 such that

sgn(t)f(t)⩾θ|t|p−1, ∀t ∈ R \ {0},

where sgn: R\{0}→ R is defined by

sgn(t) =

{
1 if t> 0,
−1 if t< 0.

In particular, the radial symmetry assumption is crucial for verifying the compactness of energy
functional.

Recently, under the following assumption,

(H2) there exist C0,C1 > 0 and T0 > 0 such that

C0t
−2eα0t

2 ⩽F(t)⩽C1|f(t)|, ∀|t|> T0

where F(t) =
´ t
0 f(τ) dτ and α0 > 0, Mo and Wang in [32] overcame the lack of compactness result-

ing from the exponential critical growth by using some new estimates and approaches, see also [18]. In
particular, Lions’ compactness Lemma in [42] was used in the argument, which relies on translational
invariance of the energy functional. However, for singular problems, the relevant arguments will no
longer be applicable. For more papers with respect to the topics of normalized solutions of Schrödinger
equations, we refer to [10, 22, 24, 41].

It is noteworthy that problem (1.1) is driven by a mixed operator with unbalanced growth due to
the presence of the n-Laplacian and the nonlocal n/α-Laplacian, which can be used to model strongly
anisotropic materials, see [49]. Recently, substantial research efforts have focused on establishing the
existence of normalized solutions for elliptic equations characterized by this type of unbalanced growth
structure. Baldelli and Yang in [7] considered the following (2,q)-Laplacian equation, −∆u−∆qu= λu+ g(u), x ∈ RN,ˆ

RN

u2dx= c2.
(1.3)

In the L2-mass subcritical and supercritical regimes, the authors established the existence of ground state
solutions while deriving non-existence results for both the L2-mass critical and Lq-mass critical cases. For
nonlinear terms g exhibiting mass-subcritical growth near the origin and mass-supercritical growth at
infinity, Ding et al [15] proved the existence of a locally least energy solution and constructed a second
solution with higher energy level. In [43], Wei and Song investigated the existence and multiple of nor-
malized solutions of the (2,q)-Laplacian equation (1.3) with critical nonlinearity. More recently, Cai and
Rădulescu [13] studied the following (p,q)-Laplacian equation with Lp-mass constraint, −∆pu−∆qu+λ|u|p−2u= f(u), in RN,ˆ

RN

|u|pdx= cp,

where 1< p< q< N, f ∈ C(R,R) and satisfies weak mass supercritical conditions, they established the
existence of ground states and revealed the basic behaviour of the ground state energy Ec as c> 0 varies.
For more papers about (p,q)-Laplace operator, we refer to [3, 16, 30, 36, 48].

Inspired by the above foundational works, we further consider the normalized solution of mixed
local and nonlocal Laplacian problem (1.1) with exponential critical nonlinearity and singular weight,
aiming to bridge gaps in the analysis of constrained variational problems with mixed local and non-
local operators and Trudinger–Moser nonlinearity. We point out that the importance of PDEs with
Trudinger–Moser type nonlinearity in physics stems from their ability to model systems where inter-
actions are maximally strong without causing a mathematical blow-up, a situation that often corre-
sponds to critical physical phenomena like phase transitions. Related patterns involving Trudinger–
Moser reaction can be found in statistical hydrodynamics and 2D turbulence (describing the statisti-
cal mechanics of point vortices in a 2D fluid, following Onsager’s theory), Chern–Simons gauge theory
(the nonlinearity emerges from the interaction of matter fields with gauge fields; the related Toda sys-
tems, which rely on Moser–Trudinger inequalities, are mathematically challenging and physically moti-
vated), or nonlinear Schrödinger equations (the standard model for describing Bose–Einstein conden-
sates and nonlinear optical media).
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Before giving our main results, we introduce our work space.

Definition 1.1. Let α ∈ (0,1) and 1< r<∞. Define the fractional Sobolev space

Wα,r(Rn) = {u ∈ Lr(Rn) : [u]α,r <∞} ,

where

[u]α,r =

(¨
R2n

|u(x)− u(y)|r

|x− y|n+rα
dxdy

)1/r

.

Then it is a Banach space when equipped with the norm

∥u∥α,r = ∥u∥Lr(Rn) + [u]α,r.

Definition 1.2. Let α ∈ (0,1), n⩾2 and p⩾n. Define

W(Rn) =
{
u ∈Wα,n/α(Rn) : ∥∇u∥pp <∞

}
and endow it with the norm

∥u∥= ∥∇u∥Lp(Rn) + ∥u∥α,n/α = ∥∇u∥Lp(Rn) +
(
[u]n/αα,n/α + ∥u∥n/α

Ln/α(Rn)

)α
n
.

To get our main results, we make the following assumptions on the nonlinear term f. Set

K0 =max

{
pα+ p− n

α
,
n

α

}
, K1 =K0 +

n−β

α
.

( f1) f ∈ C(R) and there exists a constant ϑ0 > 0 such that

lim
t→∞

f(t)

exp
(
ϑ|t|n/(n−α)

) ={ 0, ∀ϑ > ϑ0,
∞, ∀ϑ < ϑ0.

( f2)

lim
t→0

f(t)

|t| 2nα−1
= 0.

( f3) there exists K >K1 such that

f(t)t⩾KF(t)⩾0

for all t ∈ R, where F(t) =
´ t
0 f(τ) dτ .

( f4) there exist M0 > 0 and t0 > 0 such that

F(t)⩽M0|f(t)|, ∀|t|> t0.

( f5)
H(t)

|t|K1−1t
is nondecreasing on (−∞,0)∪ (0,∞), where H(t) := f(t)t− n−β

α
F(t).

( f6) there exists q>K0 +
n
α such that

F(t)⩾Cq|t|q, ∀t ∈ R,

where

Cq >max


(
2nµ

pα

(
m

C0

)αp
n

) (q−p)α−p+β
pα+p−n 2µ(pα+ p− n)

(
m
C0

) (p−q)α
n

p(qα− n+β)

×
(

nϑ0
(n−β)ϑ∗α,n

) (n−α)((q−p)α−p+β)
(pα+p−n)α

S
p(qα+n−β)
pα+p−n

∗ ,

(
2m

C0

) qα−n+β
n

(
nϑ0

(n−β)ϑ∗α,n

) (n−α)(qα−2n+β)
nα 2α

(
m
C0

) n−qα
n

qα− n+β
S

qα−n+β
α

∗


4
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and

S∗ = inf
u∈W(Rn)

∥∇u∥p + ∥u∥α,n/α(´
Rn

|u|q
|x|β dx

) 1
q

.

Note that a typical example of f satisfying the assumptions ( f1)–( f6) is given by

f(t) = Cq|t|q−2t

eθ0|t|
n

n−α −
jn,α−2∑
k=0

(θ0|t|n/(n−α))k

k!


for all t ∈ R and jn,α =min{j ∈ N+ : j⩾n/α}.

As usual, a pair of (u,λ) ∈W(Rn)×R is said to be a normalized solution of (1.1), if

¨
R2n

|u(x)− u(y)| n
α−2(u(x)− u(y))(v(x)− v(y))

|x− y|2n
dxdy+µ

ˆ
Rn

|∇u|p−2∇u ·∇vdx

= λ

ˆ
Rn

|u| n
α−2uvdx+

ˆ
Rn

f(u)v

|x|β
dx

for all v ∈W(Rn). Our results are as follows.

Theorem 1.1. Assume that f satisfies (f1)–(f6). Problem (1.1) admits at least one normalized solution of
mountain pass type in Sm × (−∞,0).

Theorem 1.2. Assume that f satisfies (f1)–(f6). The mountain pass type solution obtained by theorem 1.1 is a
normalized ground state solution of problem (1.1).

Remark 1.1. Our problem (1.1) covers several interesting cases in the literature, including: the (2,p)-
Laplacian when α= 1 and n= 2, and the mixed local and nonlocal n/α-Laplacian when p= n/α.

Since the parameter λ in (1.1) is unknown, the usual variational techniques can not be applied
directly. Motivated by ideas in the literature, we can regard the parameter λ as a Lagrange multiplier.
To achieve our goal, we define the energy functional I corresponding to (1.1) as

I(u) = α

n

¨
R2n

|u(x)− u(y)| n
α

|x− y|2n
dxdy+

µ

p

ˆ
Rn

|∇u|p dx−
ˆ
Rn

F(u)

|x|β
dx, (1.4)

for all u ∈W(Rn) and set

Sm =

{
u ∈W(Rn)\{0} :

ˆ
Rn

|u| n
α dx=m

}
. (1.5)

However, the functional I is not bounded from below on Sm. To solve such type of difficulty, Bartsch
and Soave [8] developed the natural constraint method in which a minimization problem was consid-
ered on the Pohozaev manifold. But, the Pohozaev identity of mixed local and nonlocal n-Laplacian is
still unknown. To break through such restriction, our proof is based on the minimax technique devel-
oped by Jeanjean [22]. Due to the nonlinear term satisfying exponential critical growth, under the
assumption ( f6), we get the upper estimate of the mountain pass level. Then, we obtain that the Palais–
Smale sequence is bounded. Moreover, since the absence of radial symmetry assumption, the main dif-
ficulty is the lack of compactness of the associated energy functional, we will overcome it by employing
the idea of [31], and using Lions’ compactness result theorem 2.3 and the lemma 2.7 that, the embed-
ding W(Rn) ↪→ Lp(Rn, |x|−β) is compact for p⩾n/α. The final difficulty lies in, if there exists λ and u0
(see lemma 3.4) such that

(−∆)αn/αu0 −µ∆pu0 = λ|u0|
n
α−2u0 + |x|−β f(u0),

without the compactness of the embedding W(Rn) ↪→ Ln/α(Rn), it is challenging to prove that u0 ∈ Sm.
In order to overcome this challenge, we introduce a new strategy that consists of two key steps: we first
show that the parameter λ is strictly negative (λ < 0), and subsequently establish the strong convergence
property of the Palais–Smale sequences by exploiting the monotonicity of operators.

Another key objective of this work is to establish the existence of normalized ground state solutions.
Typically, such analysis is conducted on the Pohozaev manifold. However, as previously mentioned, the
Pohozaev identity for the mixed local and nonlocal n-Laplacian remains unknown. To address this, our

5
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strategy consists of proving that the mountain pass solution obtained in theorem 1.1 is indeed a ground
state. Based on theorem 1.1, we show first that the set

Pm = {u ∈ Sm : P(u) = 0}

is nonempty, where

P(u) :=

¨
R2n

|u(x)− u(y)| n
α

|x− y|2n
dxdy+µ

(α+ 1)p− n

αp

ˆ
Rn

|∇u|p dx−
ˆ
Rn

f(u)u− n−β
α F(u)

|x|β
dx. (1.6)

Then we consider the following problem

c∗(m) = inf
u∈Pm

I(u). (1.7)

Finally, we show that the mountain pass type solution obtained by theorem 1.1 solves (1.7).
Our results can be seen as an extension and development of the existing results in the literature.

However, without the radial symmetry assumption, we mainly discussed the effects of mixed local and
nonlocal operators and Trudinger–Moser nonlinearity on the existence of normalized solutions of prob-
lem (1.1), which no results appeared in the literature. Indeed, the impaction of radial symmetry is
reflected in proving that the solution is nontrivial and the strong convergence of Palais–Smale sequences.
Specially, the singular weights disrupts translation invariance. Thus, some arguments relied on transla-
tion invariance, such as Lion’s lemma in [42], will no longer be applicable. Consequently, some interest-
ing methods are developed in this paper to address these challenges, including: (1) Replacing symmetry-
dependent arguments with techniques grounded in weighted Sobolev embeddings; (2) Addressing the
lack of Pohozaev identity via the minimax technique developed by Jeanjean [22].

The structure of the paper is organized as follows: in section 2, we introduce necessary lemmas and
prove the functional have the mountain pass geometry. In section 3, we will obtain the upper estimate
and the monotonicity behaviour of the mountain pass level γ(m). Moreover, by using mountain pass
lemma, we will provide the proof of theorem 1.1. In section 4, we show that the mountain pass type
solution obtained in theorem 1.1 is a ground state solution.

Notation.

• Throughout this paper, C,C1,C2, . . ., are indiscriminately used to denote various absolutely positive
constants.

• Let n⩾2, p> 1, Lp (Rn) denotes the Lebesgue space with the norm

∥u∥p :=
(ˆ

Rn

|u|p dx

) 1
p

.

2. Preliminaries

In this section, we recall the singular Trudinger–Moser inequality in Rn and then we list some basic
results which will be used in the next section.

Lemma 2.1. ([45, lemma 2.1]) Let 0< α < 1< n/α and defineΨ(t) = et −
∑jn,α−2

k=0

tk

k!
for all t⩾0 and

jn,α =min{j ∈ N+ : j⩾n/α}. Then the functionΨ has the following property: for any r⩾1 there holds
(Ψ(t))r⩽Ψ(rt) for all t⩾0.

Theorem 2.1. ([38, theorem 1.7]) If 0< α < 1< n/α, then there exists ϑ∗α,n > 0 such that

sup
u∈Wα,n/α(Rn)\{0},[u]α,n/α⩽1

1

∥u∥n/αn/α

ˆ
Rn

Ψ(ϑ|u|
n

n−α ) dx

{
<∞, if ϑ < ϑ∗α,n,

=∞, if ϑ⩾ϑ∗α,n.

whereΨ is given in lemma 2.1.

Theorem 2.2. If 0< α < 1< n/α,ϑ > 0,β ∈ [0,n) and u ∈Wα,n/α (Rn), then

ˆ
Rn

Ψ(ϑ|u|
n

n−α )

|x|β
dx<∞,

6



Nonlinearity 39 (2026) 085028 M Xiang et al

whereΨ is given in lemma 2.1. Moreover,

sup
u∈Wα,n/α(Rn),[u]α,n/α⩽1,∥u∥n/α

n/α
=m>0

ˆ
Rn

Ψ(ϑ|u|n/(n−α))

|x|β
dx

= sup
u∈Wα,n/α(Rn)\{0},[u]α,n/α⩽1

m
n−β
n

∥u∥(n−β)/α
n/α

ˆ
Rn

Ψ(ϑ|u|
n

n−α )

|x|β
dx


<∞, if ϑ <

(
1− β

n

)
ϑ∗α,n,

=∞, if ϑ⩾
(
1− β

n

)
ϑ∗α,n.

Proof. If β = 0, the results hold by theorem 2.1 and [25]. For β ∈ (0,n), we choose τ > 1 close to 1 such
that τβ ∈ (0,n). Then by the Hölder inequality and lemma 2.1, we have

ˆ
Rn

Ψ(ϑ|u|
n

n−α )

|x|β
dx=

ˆ
|x|⩽1

Ψ(ϑ|u|
n

n−α )

|x|β
dx+

ˆ
|x|>1

Ψ(ϑ|u|
n

n−α )

|x|β
dx

⩽
(ˆ

|x|⩽1

1

|x|τβ
dx

)1/τ (ˆ
Rn

Ψ

(
ϑ

τ

τ − 1
|u|

n
n−α

)
dx

) τ−1
τ

+

ˆ
Rn

Ψ(ϑ|u|
n

n−α ) dx

⩽C

(ˆ
Rn

Ψ

(
ϑ

τ

τ − 1
|u|

n
n−α

)
dx

) τ−1
τ

+

ˆ
Rn

Ψ(ϑ|u|
n

n−α ) dx<∞.

If ϑ < (1− β
n )ϑ

∗
α,n, we can choose τ > 1 is sufficiently close to 1 such that τ(τ − 1)−1ϑ < ϑ∗α,n and

τ < n
β . Then by the Hölder inequality and lemma 2.1, we deduce that

sup
u∈Wα,n/α(Rn)\{0},[u]α,n/α⩽1,∥u∥n/α

n/α
=m

ˆ
Rn

Ψ(ϑ|u|
n

n−α )

|x|β
dx

⩽
(ˆ

|x|⩽1

1

|x|τβ
dx

)1/τ

sup
u∈Wα,n/α(Rn)\{0},[u]α,n/α⩽1,∥u∥n/α

n/α
=m

(ˆ
Rn

Ψ(ϑ
τ

τ − 1
|u|

n
n−α ) dx

) τ−1
τ

+ sup
u∈Wα,n/α(Rn)\{0},[u]α,n/α⩽1,∥u∥n/α

n/α
=m

ˆ
Rn

Ψ(ϑ|u|
n

n−α ) dx<∞.

Next we show that

sup
u∈Wα,n/α(Rn)\{0},[u]α,n/α⩽1,∥u∥n/α

n/α
=m

ˆ
Rn

Ψ(ϑ|u|
n

n−α )

|x|β
dx

= sup
u∈Wα,n/α(Rn)\{0},[u]α,n.α⩽1

m
n−β
n

∥u∥(n−β)/α
n/α

ˆ
Rn

Ψ(ϑ|u|
n

n−α )

|x|β
dx. (2.1)

Let u ∈Wα,n/α (Rn) \ {0} with [u]α,n/α⩽1. For τ > 0, we define uτ (x) = u(τx) for all x ∈ Rn. Clearly,

[uτ ]α,n/α = [u]α,n/α and ∥uτ∥n/αn/α = τ−n∥u∥n/αn/α. Choose τ
n = 1

m∥u∥
n/α
n/α. Then ∥uτ∥n/αn/α =m and

[uτ ]α,n/α⩽1. Consequently,

m
n−β
n

∥u∥(n−β)/α
n/α

ˆ
Rn

Ψ(ϑ|u|
n

n−α )

|x|β
dx=

ˆ
Rn

Ψ(ϑ|uτ |
n

n−α )

|x|β
dx

⩽ sup
u∈Wα,n/α(Rn)\{0},[u]α,n/α⩽1,∥u∥n/α

n/α
=m

ˆ
Rn

Ψ(ϑ|u|
n

n−α )

|x|β
dx.

Thus,

sup
u∈Wα,n/α(Rn)\{0},[u]α,n.α⩽1

m
n−β
n

∥u∥(n−β)/α
n/α

ˆ
Rn

Ψ(ϑ|u|
n

n−α )

|x|β
dx

⩽ sup
u∈Wα,n/α(Rn)\{0},[u]α,n/s⩽1,∥u∥n/α

n/α
=m

ˆ
Rn

Ψ(ϑ|u|
n

n−α )

|x|β
dx. (2.2)

7
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The inverse inequality of (2.2) is obvious. Therefore, (2.1) holds.
For the case ϑ⩾(1− β

n )ϑ
∗
α,n, we define the Moser type functions which have been used in [35]:

Φk(x) =
1

γ
α/n
α,n


| lnk|

n−α
n if |x|⩽ 1

k
,

| ln |x||
| lnk|αn

if
1

k
< |x|< 1,

0 if |x|⩾1,

where

γα,n :=
2(nωn−1)

2Γ
(
n
α + 1

)
n!

∞∑
j=0

n+ j− 1

j!

1

(n+ 2j)n/α
.

ωn−1 is the surface area of the unit sphere in Rn. By the result in [35], we get

lim
k→∞

∥Φk∥n/α = 0 and lim
k→+∞

[Φk]α,n/α = 1. (2.3)

Consider Uk =
Φk

[Φk]α,n/α
, then we can write

Un/(n−α)
k (x) = γ−α/(n−α)

α,n lnk+ dk for |x|⩽ 1

k
,

where dk → 0. Thus, for ϑ⩾(1− β
n )ϑ

∗
α,n = (n−β)γ

α
n−α
α,n , we conclude that

m
n−β
n

∥Uk∥n/αn/α

ˆ
Rn

Ψ(ϑ|Uk|n/(n−α))

|x|β
dx⩾ m

n−β
n

∥Uk∥n/αn/α

ˆ
B1/k(0)

Ψ(ϑ|Uk|n/(n−α))

|x|β
dx

=
m

n−β
n

∥Uk∥n/αn/α

Ψ[ϑ(γ−α/(n−α)
α,n lnk+ dk)]

( 1k )
n−βωn−1

n−β

⩾ m
n−β
n

∥Uk∥n/αn/α

1

2
exp[ϑ(γ−α/(n−α)

α,n lnk+ dk)]
( 1k )

n−βωn−1

n−β

=
m

n−β
n

∥Uk∥n/αn/α

1

2
exp[(ϑγ−α/(n−α)

α,n/α − n+β) lnk+ϑdk]
ωn−1

n−β

⩾ m
n−β
n

2∥Uk∥n/αn/α

exp(ϑdk)
ωn−1

n−β
→∞ as k→∞.

Here we have used the inequality thatΨ(t)⩾ 1
2 e

t when t is large enough. This implies that

sup
u∈Wα,n/α(Rn)\{0},[u]α,n.α⩽1

m
n−β
n

∥u∥(n−β)/α
n/α

ˆ
Rn

Ψ(ϑ|u|
n

n−α )

|x|β
dx=∞,

as ϑ⩾(1− β
n )ϑ

∗
α,n. In conclusion, the proof is complete.

Moreover, the following Lions’ type result holds in the fractional Sobolev space Wα,n/α(Rn).

Theorem 2.3. Let {uk}k be a bounded sequence in Wα,n/α(Rn) satisfying [uk]α,n/α = 1 and converging weakly

to a nonzero function u. Then for any ϑ < (1− β
n )ϑ

∗
α,n(1− [u]n/αα,n/α)

−α/(n−α) and 0⩽β < n,

sup
k

ˆ
Rn

Ψ
(
ϑ|uk|n/(n−α)

)
|x|β

dx<∞.

Proof. By Hölder’s inequality, we obtain

ˆ
Rn

∩
{|x|⩽1}

Ψ
(
ϑ|uk|n/(n−α)

)
|x|β

dx⩽
(ˆ

Rn

Ψ
(
κϑ|uk|n/(n−α)

)) 1
κ

(ˆ
Rn

∩
{|x|⩽1}

1

|x|β
κ

κ−1
dx

)κ−1
κ

where κ > n
n−β and is sufficiently close to n

n−β such that ϑκ < (1− β
n )ϑ

∗
α,n(1− [u]n/αα,n/α)

−α/n.

8
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Observe that κ > n
n−β . Then β

κ
κ−1 < n. It follows that

ˆ
Rn

∩
{|x|⩽1}

1

|x|β
κ

κ−1
dx<∞.

On the other hand, we have

ˆ
Rn

∩
{|x|⩾1}

Ψ
(
ϑ|uk|n/(n−α)

)
|x|β

dx⩽
ˆ
Rn

∩
{|x|⩾1}

Ψ
(
ϑ|uk|n/(n−α)

)
dx⩽

ˆ
Rn

Ψ
(
θ|uk|n/(n−α)

)
dx

Thus,

ˆ
Rn

Ψ
(
ϑ|uk|n/(n−α)

)
|x|β

dx⩽
ˆ
Rn

Ψ
(
ϑ|uk|n/(n−α)

)
dx

+

(ˆ
Rn

Ψ
(
κϑ|uk|n/(n−α)

)) 1
κ

(ˆ
Rn

∩
|x|⩽1

1

|x|β
κ

κ−1
dx

)κ−1
κ

.

To get our desired result, it suffices to show that for any 0< θ < (1− β
n )ϑ

∗
α,n(1− [u]n/αα,n/α)

−α/(n−α), there
holds

sup
k

ˆ
Rn

Ψ
(
ϑ|uk|n/(n−α)

)
dx<∞.

Arguing by contradiction, we assume that there exists some 0< ϑ∗ < (1− β
n )ϑ

∗
α,n(1− [u]n/αα,n/α)

−α/(n−α)

such that

sup
k

ˆ
Rn

Ψ
(
ϑ∗|uk|n/(n−α)

)
dx=∞. (2.4)

Motivated by [29], for L ∈ (0,∞) and v ∈Wα,n/α(Rn), we define

TL(v) =


−L, if v<−L,

v, if |v|⩽L,

L, if v> L

and

RL(v) = v−TL(v) =


v+ L, if v<−L,

0, if |v|⩽L,

v− L, if v> L.

Since 0< ϑ∗ < (1− β
n )ϑ

∗
α,n(1− [u]n/αα,n/α)

−α/(n−α) , there exists ε0 > 0 such that ϑ∗(1+ ε0)< (1−
β
n )ϑ

∗
α,n(1− [u]n/αα,n/α)

−α/(n−α). Clearly, [TL(u)]α,n/α → [u]α,n/α as L→∞. Further, we can choose L large
enough such that

ϑ∗(1+ ε0)<

(
1− β

n

)
ϑ∗α,n(1− [TL(u)]n/αα,n/α)

−α/(n−α). (2.5)

Next we show that

limsup
k→∞

[RLuk]
n/α
α,n/α <


(
1− β

n

)
ϑ∗α,n

ϑ∗(1+ ε0)


n−α
α

. (2.6)

If (2.6) does not true, there exists a subsequence of {uk} still denoted by itself such that

[RLuk]
n/α
α,n/α⩾


(
1− β

n

)
ϑ∗α,n

ϑ∗(1+ ε0)


n−α
α

. (2.7)

9
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It follows from (2.7) that

1= [uk]
n/α
α,n/α

⩾ [RL(uk)]
n/α
α,n/α + [TL(uk)]n/αα,n/α

⩾


(
1− β

n

)
ϑ∗α,n

ϑ∗(1+ ε0)


n−α
α

+ [TL(uk)]n/αα,n/α.

Observe that {TL(uk)}k ⊂Wα,n/α(Rn) is bounded and TL(uk)⇀ TL(u) weakly inWα,n/α(Rn). By the weak
semicontinuity of the norm, it yields that

1⩾


(
1− β

n

)
ϑ∗α,n

ϑ∗(1+ ε0)


n−α
α

+ [TL(u)]n/αα,n/α.

This contradicts with (2.5). Thus, (2.6) holds.
Set

Dk,L :=

{
x ∈ Rn : |uk(x)|⩾

1+ ε0
ε0

L

}
.

By (2.6), up to a subsequence, it leads to

[RL(uk)]
n/α
α,n/α <


(
1− β

n

)
ϑ∗α,n

ϑ∗(1+ ε0)


n−α
α

.

Then

(ϑ∗(1+ ε0)) [RL(uk)]
n

n−α

α,n/α <

(
1− β

n

)
ϑ∗α,n for all k ∈ N.

Further, applying theorem 2.1, we deduce

sup
k

ˆ
Dk,L

Ψ
(
ϑ∗(1+ ε0)|uk − L|n/(n−α)

)
dx

⩽ sup
k

ˆ
Rn

Ψ
(
ϑ∗(1+ ε0)|RL(uk)|n/(n−α)

)
dx<∞. (2.8)

Then
ˆ
Dk,L

Ψ
(
ϑ∗|uk|n/(n−α)

)
dx⩽

ˆ
Dk,L

Ψ
(
ϑ∗(1+ ε0)|uk − L|n/(n−α)

)
dx. (2.9)

Here we have used the facts thatΨ is a nondecreasing function with respect to t⩾0 and |uk|⩽(1+ ε0)|uk −
L| in Dk,L. Gathering (2.8) and (2.9), we conclude that

sup
k

ˆ
Dk,L

Ψ
(
ϑ∗|uk|n/(n−α)

)
dx<∞. (2.10)

To complete the proof, we need to estimate the following term

ˆ
Rn\Dk,L

Ψ
(
ϑ∗|uk|n/(n−α)

)
dx

=

ˆ
|uk|<

(1+ε0)L
ε0

∞∑
j=jn,α−1

(
ϑ∗| ε0uk

(1+ε0)L
|n/(n−α)

)j
j!

(
(1+ ε0)L

ε0

) nj
n−α

dx

⩽
ˆ
|uk|<

(1+ε0)L
ε0

∣∣∣∣ ε0uk
(1+ ε0)L

∣∣∣∣n/α ∞∑
j=jn,α−1

ϑ
j
∗(

(1+ε0)L
ε0

)
nj

n−α

j!
dx

10
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=

(
ε0

(1+ ε0)L

)n/αˆ
|uk|<

(1+ε0)L
ε0

|uk|n/α dx
∞∑

j=jn,α−1

ϑ
j
∗(

(1+ε0)L
ε0

)
nj

n−α

j!

⩽C

(
ε0

(1+ ε0)L

)n/α

exp

(
ϑ∗

(
(1+ ε0)L

ε0

) n
n−α

)
.

This together with (2.10) yields

sup
k

ˆ
Rn

Ψ
(
ϑ∗|uk|n/(n−α)

)
dx<∞,

which contradicts with (2.4). In conclusion, we get the desired result.

We need the following Gagliardo-Nirenberg inequality in Wα,n/α (Rn).

Lemma 2.2. ([47]) Assume α ∈ (0,1) and 1< n/α. For any κ > n/α, there exists a constant Cκ,n > 0 such
that

∥u∥κκ⩽Cκ,n∥u∥n/αn/α[u]
κ−n/α
α,n ,∀u ∈Wα,n/α (Rn) .

Lemma 2.3. Let n/α⩽ r<∞ and 0< β < n. Then the embedding Wα,n/α(Rn) ↪→ Lr(Rn, |x|−β) is compact.
Moreover,W(Rn) ↪→ Lr(Rn, |x|−β) is compact.

Proof. We first show that the embeddingWα,n/α(Rn) ↪→ Lr(Rn, |x|−β) is continuous. From Lemma 2.2
of [27], the embeddingWα,n/α(Rn) ↪→ Lr(Rn) is continuous for any r⩾n/α;Wα,n/α(Rn) ↪→ Lr(BR(0)) is
compact for any r⩾1 and R> 0. Then, we obtain that

ˆ
Rn\B1(0)

|u|r

|x|β
dx⩽

ˆ
Rn\B1(0)

|u|rdx⩽∥u∥rα,n/α,

and

ˆ
B1(0)

|u|r

|x|β
dx⩽

(ˆ
B1(0)

|u|rtdx

) 1
t
(ˆ

B1(0)

1

|x|βt ′
dx

) 1
t ′

⩽C∥u∥rα,n/α,

where t> 1, t ′ = t
t−1 and βt

′ < n. Then, the embeddingWα,n/α(Rn) ↪→ Lr(Rn, |x|−β) is continuous.

Next, using a similar argument to theorem 1.2 of [46], we show that the embeddingWα,n/α(Rn) ↪→
Lr(Rn, |x|−β) is compact for any n/α⩽ r<∞. For any bounded sequence {uk}k inWα,n/α(Rn), up to a
subsequence of {uk}k, there exists u ∈Wα,n/α(Rn) such that

uk(x)→ u(x) in Lr (BR(0)) for all R> 0,
uk(x)→ u(x) a.e. in Rn.

For any R> 0, by applying the Egoroff theorem, we obtain that for any δ > 0 there exists Eδ ⊂ BR(0) with
|Eδ|< δ such that uk uniformly converges to u in BR(0)\Eδ . Now we will divide the integral into three parts.

lim
k→+∞

ˆ
Rn

|uk − u|r

|x|β
dx

= lim
R→+∞

lim
δ→0

lim
k→+∞

ˆ
Eδ

|uk − u|r

|x|β
dx+ lim

R→+∞
lim
δ→0

lim
k→+∞

ˆ
BR(0)\Eδ

|uk − u|r

|x|β
dx

+ lim
R→+∞

lim
δ→0

lim
k→+∞

ˆ
Rn\BR(0)

|uk − u|r

|x|β
dx

=: I1 + I2 + I3.

For I1, choosing t> 1, t ′ = t
t−1 and βt

′ < n, it follows from the Hölder inequality and the continuous

embeddingWα,n/α(Rn) ↪→ Lr(Rn, |x|−β) that

I1⩽ lim
δ→0

lim
k→+∞

(ˆ
Eδ

1dx

) 1
t

(ˆ
Eδ

|uk − u|rt
′

|x|βt ′
dx

) 1
t

⩽C lim
δ→0

(m(Eδ))
1
t

= 0.

11
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For I2, the uniform convergence of uk in BR(0)\Eδ leads to

I2 = lim
R→+∞

lim
δ→0

lim
k→+∞

ˆ
BR(0)\Eδ

|uk − u|r

|x|β
dx

= lim
R→+∞

lim
δ→0

ˆ
BR(0)\Eδ

lim
k→+∞

|uk − u|r

|x|β
dx

= 0.

For I3, by the continuous imbeddingWα,n/α(Rn) ↪→ Lr(Rn) for r⩾n/α, we obtain that

I3⩽ lim
R→+∞

lim
δ→0

lim
k→+∞

1

Rβ

ˆ
Rn\BR(0)

|uk − u|r dx

⩽C lim
R→+∞

1

Rβ

= 0.

Therefore,

lim
k→+∞

ˆ
Rn

|uk − u|r

|x|β
dx= 0,

Thus, for any r⩾n/α, the embeddingWα,n/α(Rn) ↪→ Lr(Rn, |x|−β) is compact.
Moreover, by the definition ofW(Rn), we also have thatW(Rn) ↪→ Lr(Rn, |x|−β) is compact for any

n/α⩽ r<∞.

Lemma 2.4. Assume ( f5) holds. Then,
f(t)t−K1F(t)

|t| n−β
α

is nonincreasing on (−∞,0) and nondecreasing on

(0,∞).

Proof. Recall thatH(t) = f(t)t− n−β
α F(t). Set h(t) = H(t)

|t|K1
. By ( f5) and a direct calculation, we obtain that

k ′(t) =
H(t)

t
n−β
α +1

= h(t)tK1− n−β
α −1, k(t) =

F(t)

|t| n−β
α

for all t ∈ R. Define g(t) =
f(t)t−K1F(t)

|t| n−β
α

. If 0< t1 < t2, by a direct calculation,

g(t2)− g(t1) = t
K1− n−β

α
2 h(t2)− t

K1− n−β
α

1 h(t1)+ (K1 −
n−β

α
)(k(t2)− k(t1))

= t
K1− n−β

α
2 h(t2)− t

K1− n−β
α

1 h(t1)− (K1 −
n−β

α
)

ˆ t2

t1

h(t)tK1− n−β
α −1dt

≥ qt
K1− n−β

α
2 h(t2)− t

K1− n−β
α

1 h(t1)+ h(t2)(t
K1− n−β

α
1 − t

K1− n−β
α

2 )

= t
K1− n−β

α
1 (h(t2)− h(t1))≥ 0.

The case t< 0 can be proved similarly. Thus, we complete the proof.

Now, we show that the functional I possesses the mountain pass geometry property.

Lemma 2.5. Assume ( f1)− ( f6) hold. Set t ? u(·) = tαu(t·) for t ∈ (0,+∞). Then the functional I defined
by (1.4) possesses the following properties:

(i) for any u ∈W(Rn)\{0}, I(t ∗ u)→ 0+ as t→ 0+;

(ii) for any u ∈W(Rn)\{0}, I(t ∗ u)→−∞ as t→∞.

Proof. By ( f1)− ( f2), there exist r> s+
n

α
and ϑ > ϑ0 such that, for any ε > 0, there exists Cϵ > 0 such that

|F(ξ)|⩽ε|ξ|2n/α +Cϵ|ξ|rΨ(ϑ|ξ|n/(n−1)),∀ξ ∈ R,

12



Nonlinearity 39 (2026) 085028 M Xiang et al

whereΨ is given in theorem 2.1. Then, by lemma 2.1 and the Hölder inequality, we get

ˆ
Rn

|F(u)|
|x|β

dx⩽ε
ˆ
Rn

|u|2n/α

|x|β
+Cϵ

ˆ
Rn

|u|rΨ(ϑ|u|
n

n−α )

|x|β
dx

⩽ε
ˆ
Rn

|u|2n/α

|x|β
dx+Cϵ

(ˆ
Rn

|u|rn

|x|β
dx

) 1
n

(ˆ
Rn

Ψ( nϑ
n−1 |u|

n
n−α )

|x|β
dx

) n−1
n

.

Define v(x) :=
(

2n2ϑ
(n−β)(n−1)ϑ∗

α,n

) n−α
n

tαu(tx) for t> 0. Then

ˆ
Rn

|v| n
α dx=

(
2n2ϑ

(n−β)(n− 1)ϑ∗α,n

) n−α
α
ˆ
Rn

|u| n
α dx

and

ˆ
Rn

|∇v|n dx=
(

2n2ϑ

(n−β)(n− 1)ϑ∗α,n

) p(n−α)
n

tpα+p−n

ˆ
Rn

|∇u|p dx→ 0as t→ 0+.

Moreover,

[v]n/αα,n/α =

(
2n2ϑ

(n−β)(n− 1)ϑ∗α,n

) n−α
α

tn[u]n/αα,n/α → 0 as t→ 0+.

Thus, using theorem 2.1, there exists t0 > 0 small enough such that, for all t⩽ t0,

ˆ
Rn

Ψ( nϑ
n−1 |t

αu(tx)|
n

n−α )

|x|β
dx=

ˆ
Rn

Ψ( (n−β)
2n ϑn|v|

n
n−α )

|x|β
dx⩽C1

for some C1 > 0. Further, for t⩽ t0,

ˆ
Rn

|F(tαu(tx))|
|x|β

dx⩽εtn+β

ˆ
Rn

|u|2n/α

|x|β
dx+CϵC

n−1
n

1 t(rα−1+ β
n )

(ˆ
Rn

|u(x)|rn

|x|β
dx

) 1
n

. (2.11)

Consequently,

I(t ? u) = µ

p

ˆ
Rn

|∇(tαu(tx))|p dx+ α

n

¨
R2n

|tαu(tx)− tαu(ty)| n
α

|x− y|2n
dxdy−

ˆ
Rn

F(tαu(tx))

|x|β
dx.

⩾ µ

p
tpα+p−n

ˆ
Rn

|∇u|p dx+ α

n
tn
¨

R2n

|u(x)− u(y)| n
α

|x− y|2n
dxdy

− εtn+β

ˆ
Rn

|u(x)|2n/α

|x|β
dx−CϵC

n−1
n

1 trα−1+ β
n

(ˆ
Rn

|u(x)|rn

|x|β
dx

) 1
n

.

By r> s+ n
α , we can obtain that there exists t1⩽ t0 such that I(t ? u)⩾0 for t⩽ t1. Furthermore, by (2.11) it

follows that ˆ
Rn

F(tαu(tx))

|x|β
dx→ 0 as t→ 0+,

which implies that I(t ? u)→ 0+ as t→ 0+. Therefore, (i) holds.
For (ii), by ( f6), there exists C2 > 0 such that

F(t)⩾C2t
q, ∀t> 0.

By q> s+
n

α
, it follows that

I(t ? u) = µ

p

ˆ
Rn

|∇(tαu(tx))|p dx+ α

n

¨
R2n

|tαu(tx)− tαu(ty)| n
α

|x− y|2n
dxdy−

ˆ
Rn

F(tαu(tx))

|x|β
dx.

⩽ µ

p
tpα+p−n

ˆ
Rn

|∇u|p dx+ α

n
tn
¨

R2n

|u(x)− u(y)| n
α

|x− y|2n
dxdy−C2t

qα−n+β

ˆ
Rn

|u|q

|x|β
dx

→−∞ as t→∞.

Thus, (ii) holds.

13
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Lemma 2.6. Assume ( f1)–( f6) hold. Then

(i) for any u ∈W(Rn)\{0}, there exists a number t0 ∈ R+ such that P(t0 ∗ u)) = 0 and if u ∈ Pm, then
I(u) = max

t∈R+
I(t ∗ u);

(ii) there exists δ0 > 0 such that inf
u∈Pm

(
[uk]

n/α
α,n/α +µ∥∇u∥pp

)
⩾δ0.

Proof. For any u ∈W(Rn)\{0}, we deduce from lemma 2.5 that φu(t) := I(t ∗ u) has a global maximum
attained at some t0 ∈ R+. Observe that d

dtI(t ∗ u) = αt−1P(t ∗ u). Then it follows that P(t0 ∗ u)) = 0. By
lemma 2.4, we get that for any ξ ̸= 0, it holds

d

dt

[
α(1−tpα+p−n)

pα+ p− n
f(ξ)ξ− (n−β)(1− tpα+p−n)+ pα+ p− n

pα+ p− n
F(ξ)+ t−n+βF(tαξ)

]
=−αtpα+p−n−1|ξ|K1

[
f(ξ)ξ− n−β

α F(ξ)

|ξ|K1
−

f(tαξ)tαξ− n−β
α F(tαξ)

|tαξ|K1

]

×

{
⩾0, t⩾1,

⩽0, 0< t⩽1.

It follows that

α(1− tpα+p−n)

pα+ p− n
f(ξ)ξ− (n−β)(1−tpα+p−n)+ pα+ p− n

pα+ p− n
F(ξ)+ t−n+βF(tαξ)⩾0

for all t> 0. Similarly, one can show that

α(1−tn)

n
− α(1− tpα+p−n)

pα+ p− n
⩾0

for all t> 0. Therefore, for each fixed u ∈ Sm, we have

I(u)−I(t ∗ u))

=
µ

p
∥∇u∥pp +

α

n
[u]n/αα,n/α −

ˆ
Rn

F(u)

|x|β
dx

− µtpα+p−n

p
∥∇u∥pp −

α

n
tn[u]n/αα,n/α + t−n+β

ˆ
Rn

F(tαu)

|x|β
dx

=
α(1− tpα+p−n)

(α+ 1)p− n
P(u)+

[
α(1− tn)

n
− α(1− tpα+p−n)

pα+ p− n

]
[u]n/αα,n/α

+

ˆ
Rn

[
α(1− tpα+p−n)

pα+ p− n

f(u)u

|x|β
− (n−β)(1− tpα+p−n)+ pα+ p− n

pα+ p− n

F(u)

|x|β
+ t−n+β F(t

αu)

|x|β

]
dx

⩾ α(1− tpα+p−n)

(α+ 1)p− n
P(u),

for all t> 0, which implies that, if u ∈ Pm, I(u)⩾I(t ∗ u) for all t ∈ (0,+∞). Thus, (i) holds.
For (ii), we prove it by contradiction. Assume that there exists a sequence {uk}k ⊂ Pm such that

µ∥∇uk∥pp + [uk]
n/α
α,n/α → 0 as k→+∞. Choose t> 1 very close to 1 such that tβ < n, t ′ = t

t−1 . Then, by the-
orem 2.1, there exists C1 > 0 such that

ˆ
Rn

Ψ
(
tϑ |uk|

n−α
n

)
|x|tβ

dx⩽C1.

Using similar arguments as in lemma 2.5, we deduce from lemma 2.2 that for any ε > 0, there exist Cϵ > 0

and r> s+
n

α
such that

14
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ˆ
Rn

|f(uk)uk|
|x|β

dx⩽ε
ˆ
|x|⩾1

|uk|2n/α dx+ εC

(ˆ
|x|⩽1

|uk|2nt
′/α dx

) 1
t ′

+Cϵ

(ˆ
Rn

|uk|rt
′
dx

) 1
t ′
(ˆ

Rn

Ψ(tϑ|uk|
n

n−1 )

|x|tβ
dx

) 1
t

⩽εC(n)m[uk]
n/α
α,n/α + εC(n, t)m

1
t ′
(
[uk]

n/α
α,n/α

) 2
α− 1

t ′

+CϵC
1
t
1C(n, t)m

1
t ′
(
[uk]

n/α
α,n/α

) r
n−

1
t ′

where C(n),C(n, t) are constants depending on n, t. Then, in view of F(t)⩾0,∀t ∈ R, we deduce from
{uk} ⊂ Pm that

[uk]
n/α
α,n/α +µ

pα+ p− n

pα
∥∇uk∥pp =

ˆ
Rn

f(uk)uk − (n−β)
α F(uk)

|x|β
dx⩽

ˆ
Rn

f(uk)uk
|x|β

dx

⩽εC(n)m[uk]
n/α
α,n/α + εC(n, t)m

1
t ′
(
[uk]

n/α
α,n/α

)2/α− 1
t ′

+CϵC
1
t
1C(n, t)m

1
t ′
(
[uk]

n/α
α,n/α

) r
n−

1
t ′
.

Choosing ε= 1
2C(n)m , we arrive at

1

2
⩽ C(n, t)

2C(n)
m

1
t ′ −1

(
[uk]

n/α
α,n/α +µ∥∇u∥pp

) 2
α− 1

t ′ −1
+CϵC

1
t
1C(n, t)m

1
t ′ −1

(
[uk]

n/α
α,n/α +µ∥∇u∥pp

) r
n−

1
t ′ −1

.

By t ′ > 1> α and r> s+
n

α
, we obtain a contradiction. Hence, there exists δ0 > 0 such that

inf
u∈Pm

(
[uk]

n/α
α,n/α +µ∥∇u∥nn

)
⩾δ0.

This ends the proof.

Lemma 2.7. Assume (f1)–(f6) hold. For any m> 0, there exists K(m)> 0 small enough such that

0< sup
u∈Am

I(u)< inf
u∈Bm

I(u),

where

Am :=

{
u ∈ Sm :

µ

p
∥∇u∥pp +

α

n
[u]n/αα,n/α⩽K(m)

}
, Bm :=

{
u ∈ Sm :

µ

p
∥∇u∥pp +

α

n
[u]n/αα,n/α = 2K(m)

}
.

Moreover, K(m) is nonincreasing with respect to m, and I(u)> 0 for all u ∈ Am.

Proof. Since F is nonnegative, for any u ∈ Am, v ∈ Bm, we have

I(v)−I(u)⩾ µ

p
∥∇v∥pp +

α

n
[v]n/αα,n/α − µ

p
∥∇u∥pp −

α

n
[u]n/αα,n/α −

ˆ
Rn

F(v)

|x|β
dx.

Let t> 1 close to 1, t ′ = t
t−1 > 1, ϑ > ϑ0 close to ϑ0. Suppose that K(m)⩽min

{
1,α

(
(n−β)ϑn

nϑ0

) n−α
α

}
is

chosen sufficiently small to ensure tϑ[v]
n

n−1

α,n/α <
n−β
n ϑ∗α,n for all v ∈ Bm. Similar to lemma 2.5, for any ε > 0

and r> s+
n

α
, there exists Cϵ > 0 such that

ˆ
Rn

|F(v)|
|x|β

dx⩽εC(n)m[v]n/αα,n/α + εC(n,κ)m
1

κ ′
(
[v]n/αα,n/α

) 2
α− 1

κ ′
+CϵC

1
κ
1 C(n,κ)m

1
κ ′
(
[v]n/αα,n/α

) r
n−

1
κ ′

⩽εC(n)mK(m)+ εC(n,κ)m
1

κ ′ K(m)
2
α− 1

κ ′ +CϵC
1
κ
1 C(n,κ)m

1
κ ′ K(m)

r
n−

1
κ ′ .

(2.12)
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Then, we get

I(v)−I(u)>K(m)− εC(n)mK(m)− εC(n,κ)m
1

κ ′ (K(m))
2
α− 1

κ ′ −CϵC
1
t
1C(n, t)m

1
κ ′ (K(m))

r
n−

1
κ ′

>K(m)− ε
(
C(n)m+C(n,κ)m

1
κ ′
)
K(m)−CϵC

1
t
1C(n,κ)m

1
κ ′ (K(m))

r
n−

1
κ ′ .

Choose

ε=
1

2(C(n)m+C(n,κ)m
1

κ ′ )
, K(m) =min

1,α

(
(n−β)ϑn

nϑ0

) n−α
α

,

(
1

2nCϵC
1
t
1C(n,κ)m

1
κ

) r
n−1− 1

κ ′


such that I(v)−I(u)> 0.Moreover, it is clear that K(m) is nonincreasing with respect tom. In particular,
(2.12) also holds after replacing v by any u ∈ Am. Then one can see that I(u)> 0 for all u ∈ Am.

3. Mountain pass type solutions

In this section, we investigate the existence of normalized solutions of mountain pass type. Motivated by
[22], we define I 0 = {u ∈ Sm : I(u)< 0} and the mountain pass level

γ(m) = inf
h∈Γm

max
t∈[0,1]

I(h(t))> 0,

where

Γm =
{
h ∈ C([0,1],Sm) : h(0) ∈ Am,h(1) ∈ I 0

}
and Am is given in lemma 2.7. We also define

γ̃(m) = inf
h̃∈Γ̃m

max
t∈[0,1]

Ĩ(h̃(t))> 0,

where

Γ̃m =
{
h̃(t) ∈ C

(
[0,1],R+ ×Sm

)
: h̃(0) ∈ {1}×Am, h̃(1) ∈ {1}×I 0

}
,

and set Ĩ(t,u) = I(t ? u). Obviously, it holds that γ(m) = γ̃(m).
Motivated by [22, 44], we have the following lemma that I has a (PS) sequence at the level γ(m).

Lemma 3.1. Suppose that (f1)–(f6) hold. Then, there exists a sequence {uk}k ⊂ Sm such that

I (uk)→ γ(m), (I|Sm)
′ (uk)→ 0 and P(uk)→ 0 as k→∞,

where the Pohozaev functional P is given by (1.6).

Proof. By the definition of γ(m), for any k ∈ N, there exists a sequence {hk}k ⊂ Γm such that

max
t∈[0,1]

I (hk(t))< γ(m)+ 1
k . Let h̃k := {1}× hk ∈ Γ̃m. Then we have

max
t∈[0,1]

Ĩ
(
h̃k(t)

)
< γ̃(m)+

1

k
.

Then, from theorem 5.2 of [20], there exists a sequence {(tk,vk)}k such that
|tk − 1|+ distW(Rn)

(
vk, h̃k([0,1])

)
→ 0,

I (tk ? vk) = Ĩ (tk,vk)→ γ̃(m),

(Ĩ|R×Sm)
′(tk,vk)→ 0,

as k→∞. Especially, we have

∂tĨ(tk,vk)→ 0. (3.1)

16
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Let uk = tk ? vk. Then {uk}k is a (PS) sequence for I
∣∣
Sm

at the level γ(m). Observe that

∂tĨ(t,uk) = ∂tI(t ? uk)

= µ
(α+ 1)p− n

p
t(α+1)p−n−1∥∇uk∥pp +αtn−1[uk]

n/α
α,n/α

− (β− n)tβ−n−1

ˆ
Rn

F(tαuk)

|x|β
dx−αtβ−n−1

ˆ
Rn

f(tαuk)tαuk
|x|β

dx

= αt−1P(t ? uk).

It follows from (3.1) that P(uk)→ 0 as k→∞. This completes the proof.

As follow, we introduce some estimates on the mountain pass level and the upper bound of Palais–
Smale sequence of I on Sm.

Lemma 3.2. Assume (f1)–(f6) hold. Then there holds

γ(m)<
α

n

(
(n−β)ϑ∗α,n

nϑ0

) n−α
α

.

Proof. From lemma 2.3 and q> 2n
α , we obtain that the embeddingW(Rn) ↪→ Lq(Rn, |x|−β) is compact,

which means that the optimal constant S∗ defined in ( f6) can be attainted and further, there exists a function
u∗ such that

ˆ
RN

|u∗|q

|x|β
dx= 1 and ∥∇u∗∥p + ∥u∗∥α,n/α = S∗. (3.2)

Then,

∥∇u∗∥pp <
(
∥∇u∗∥p + ∥u∗∥α,n/α

)p
= Sn∗ and [u∗]

n/α
α,n/α <

(
∥∇u∗∥n + ∥u∗∥α,n/α

) n
α = Sn/α∗ . (3.3)

Set C0 =
´
RN |u∗|

n
α dx and u0 =

(
m
C0

)α
n
u∗. Clearly, u0 ∈ Sm. It follows from (3.2), (3.3) and ( f6) that

γ(m)⩽max
t>0

I (t ? u0)

⩽max
t>0

{
µ

p
tp(α+1)−n ∥∇u0∥pp +

α

n
tn[u0]

n/α
α,n/α −Cqt

(qα−n+β)

ˆ
Rn

|u0|q

|x|β
dx

}
=max

t>0

{
µ

p
tp(α+1)−n

(
m

C0

)αp
n

∥∇u∗∥pp +
α

n
tn
m

C0
[u∗]

n/α
α,n/α −Cqt

(qα−n+β)

(
m

C0

) qα
n
ˆ
Rn

|u∗|q

|x|β
dx

}

<max
t>0

{
µ

p

(
m

C0

)αp
n

Sp∗t
p(α+1)−n +

α

n

m

C0
Sn/α∗ tn −Cqt

(qα−n+β)

(
m

C0

) qα
n

}
. (3.4)

Set

G(t) = µ((α+ 1)p− n)

p

(
m

C0

)αp
n

Sp∗t
p(α+1)−n +

α

n

m

C0
Sn/α∗ tn −Cq

(
m

C0

) qα
n

tqα−n+β for t⩾0.

We write G as

G(t) = µ

p

(
m

C0

)αp
n

Sp∗t
p(α+1)−n −

Cq

2

(
m

C0

) qα
n

tqα−n+β︸ ︷︷ ︸
I1

+
α

n

m

C0
Sn/α∗ tn −

Cq

2

(
m

C0

) qα
n

tqα−n+β︸ ︷︷ ︸
I2

.

17



Nonlinearity 39 (2026) 085028 M Xiang et al

It follows from ( f6) that

max
t>0

G(t)⩽max
t>0

I1 +max
t>0

I2

<
µ

p

(
m

C0

)αp
n

Sp∗

2µ(pα+ p− n)
(

m
C0

) (p−q)α
n

Sp∗

pCq(qα− n+β)


pα+p−n

(q−p)α−p+β

+
α

n

m

C0
Sn/α∗

2α
(

m
C0

) n−qα
n

S
n
α
∗

Cq(qα− n+β)


n

qα−n+β

<
α

2n

(
(n−β)ϑ∗α,n

nϑ0

) n−α
α

+
α

2n

(
(n−β)ϑ∗α,n

nϑ0

) n−α
α

=
α

n

(
(n−β)ϑ∗α,n

nϑ0

) n−α
α

.

Then,

γ(m)<
α

n

(
(n−β)ϑ∗α,n

nϑ0

) n−α
α

.

The proof is complete.

Lemma 3.3. Suppose that (f1)–(f6) hold. Let {uk}k ⊂ Sm be a (PS) sequence of I|Sm at the level γ(m) such that
P(uk) = ok(1). Then {uk}k is bounded inW(Rn).

Proof. Since {uk}k is a (PS) sequence at the level γ(m) for I|Sm with P(uk) = ok(1), we have

γ(m)+ ok(1) = I(uk) =
µ

p
∥∇uk∥pp +

α

n
[uk]

n/α
α,n/α −

ˆ
Rn

F(uk)

|x|β
dx,

and

P(uk) = µ
pα+ p− n

αp
∥∇uk∥pp + [uk]

n/α
α,n/α −

ˆ
Rn

f(uk)uk − n−β
α F(uk)

|x|β
dx= ok(1).

Then for r> 0 there holds

γ(m)+ ok(1)⩾
µ

p
∥∇uk∥pp +

α

n
[uk]

n/α
α,n/α − 1

r

(
µ
pα+ p− n

αp
∥∇uk∥pp + [uk]

n/α
α,n/α

)
+

1

r

ˆ
Rn

f(uk)uk − ( n−β
α + r)F(uk)

|x|β
dx.

Choosing K0 < r<K− n−β

α
, using assumption ( f3) and lemma 3.2, we can prove that {uk}k is a bounded

sequence inW(Rn).

Lemma 3.4. Suppose that (f1)–(f6) hold. Let {uk} ⊂ Sm be a (PS) sequence at the level γ(m) for I|Sm with
P(uk) = ok(1). Then there exist 0 ̸= u0 ∈Wµ

(
RN
)
and λ < 0 such that

(−∆)αn/αu0 −µ∆pu0 = λ|u0|
n
α−2u0 +

f(u0)

|x|β
, ∀x ∈ Rn.

Proof. Since {uk}k is a (PS) sequence at the level γ(m) for I|Sm with P(uk) = ok(1), we have

µ
pα+ p− n

αp
∥∇uk∥pp + [uk]

n/α
α,n/α −

ˆ
Rn

f(uk)uk − n−β
α F(uk)

|x|β
dx= ok(1),

γ(m)+ ok(1) =
µ

p
∥∇uk∥pp +

α

n
[uk]

n/α
α,n/α −

ˆ
Rn

F(uk)

|x|β
dx. (3.5)
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By lemma 3.3, we know that {uk}k is bounded in Sm. Furthermore, it follows from (3.3.5) that

ˆ
Rn

F(uk)

|x|β
dx⩽C2,

ˆ
Rn

f(uk)uk
|x|β

dx⩽C3.

Then up to a subsequence of {uk}k, there exists u0 ∈W(Rn) such that
uk ⇀ u0 weakly inW(Rn),

uk → u0 strongly in Lr(|x|β ,Rn) for r ∈ [n/α,+∞),

uk → u0 a.e. in Rn.

.

We divide the rest proof in four steps.

Step 1.We claim that

lim
k→∞

ˆ
Rn

F(uk)

|x|β
dx=

ˆ
Rn

F(u0)

|x|β
dx.

This limit can be proved by using a similar discussion as [17, 28]. Indeed, one can show first that

f(uk)

|x|β
→ f(u0)

|x|β
strongly in L1loc(RN).

Then using ( f4) and a similar discussion as in [28, proposition 5.2], one can prove that the claim is true.

Step 2. We prove that u0 ̸= 0. If not, then we have

ˆ
Rn

F(uk)

|x|β
dx= o(1).

It follows from (3.5) that

limsup
k→∞

(
µ

p
∥∇uk∥pp +

α

n
[uk]

n/α
α,n/α

)
⩽γ(m)<

α

n

(
(n−β)ϑ∗α,n

nϑ0

) n−α
α

,

then,

limsup
k→∞

[uk]
n/α
α,n/α <

(
(n−β)ϑ∗α,n

nϑ0

) n−α
α

.

Similar to lemma 2.5, using the Trudinger–Moser inequality in theorem 2.2, we can derive that

ˆ
Rn

f(uk)uk
|x|β

dx⩽ε
ˆ
Rn

|uk|
2n
α

|x|β
dx+CϵC

(ˆ
Rn

|uk|κt
′

|x|β
dx

) 1
κ ′

,

where t ′ > 1, κ >max

{
2p,

2n

α

}
. It follows from the lemma 2.7 that

ˆ
Rn

|f(uk)uk|
|x|β

dx= ok(1),

which together with (3.5) implies that [uk]
n/α
α,n/α +µ∥∇uk∥pp = ok(1). Furthermore, it immediately follows

from (3.5) that γ(m) = 0, which is absurd. Therefore, it must hold that u0 ̸= 0.

Step 3. I(u0)⩾0.

Arguing by contradiction, we assume that I(u0)< 0. By lemma 2.6 (i), there exists t0 ∈ (0,1) such that
maxt∈[0,1]I(t ? u0) = I(t0 ? u0) and P(t0 ? u0) = 0. Set v0 = t0 ? u0, I(v0) =maxt⩾0I(t ? v0). Therefore,
we get

γ(m)⩽max
t>0

I(t ? v0)

= I(v0) = I(v0)−
1

K0
P(v0)
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= µ

(
1

p
− pα+ p− n

K0pα

)
∥∇v0∥pp +

(
α

n
− 1

K0

)
[v0]

n/α
α,n/α

+
1

K0

ˆ
Rn

1

|x|β

[
f(v0)v0 −

(
K0 +

n−β

α

)
F(v0)

]
dx

= µ

(
1

p
− pα+ p− n

K0pα

)
tpα+p−n
0 ∥∇u0∥pp +

(
α

n
− 1

K0

)
tn0[u0]

n/α
α,n/α

+
1

K0

ˆ
Rn

1

|x|β

[
f(tα0 u0)t

α
0 u0 −

(
K0 +

n−β
α

)
F(tα0 u0)

]
tn−β
0

dx

= µ

(
1

p
− pα+ p− n

K0pα

)
tpα+p−n
0 ∥∇u0∥pp +

(
α

n
− 1

K0

)
tn0[u0]

n/α
α,n/α

+
1

K0

ˆ
Rn

1

|x|β

[
f(tα0 u0)t

α
0 u0 −

(
K0 +

n−β
α

)
F(tα0 u0)

]
|tα0 u0|

n−β
α

|u0|
n−β
α dx

< µ

(
1

p
− pα+ p− n

K0pα

)
∥∇u0∥pp +

(
α

n
− 1

K0

)
[u0]

n/α
α,n/α

+
1

K0

ˆ
Rn

1

|x|β

[
f(u0)u0 −

(
K0 +

n−β

α

)
F(u0)

]
dx. (3.6)

Here we have used the facts that t0 < 1 and lemma 2.4. By the weak lower semicontinuity of norm, we have

∥∇u0∥pp⩽ liminf
k→∞

∥∇uk∥pp, [u0]
n/α
α,n/α⩽ liminf

k→∞
[uk]

n/α
α,n/α.

By Fatou’s lemma, we get

ˆ
Rn

1

|x|β

[
f(u0)u0 −

(
K0 +

n−β

α

)
F(u0)

]
dx⩽ liminf

k→∞

ˆ
Rn

1

|x|β

[
f(uk)uk −

(
K0 +

n−β

α

)
F(uk)

]
dx.

Consequently, it follows from (3.6) that

γ(m)< lim
k→∞

[
µ

(
1

p
− pα+ p− n

K0pα

)
∥∇uk∥pp +

(
α

n
− 1

K0

)
[uk]

n/α
α,n/α

+
1

K0

ˆ
Rn

1

|x|β

(
f(uk)uk −

(
K0 +

n−β

α

)
F(uk)

)
dx

]
⩽ lim

k→∞

[
I(uk)−

1

K0
P(uk)

]
= γ(m),

which is a contradiction. Thus, I(u0)⩾0.

Step 4. The strong convergence of {uk}k. To this aim, we first show that

I(u0) = γ(m). (3.7)

Obviously, we have I(u0)⩽γ(m) by (3.5). Next we prove that the case I(u0)< γ(m) can not occur. If
I(u0)< γ(m), then

µ

p
∥∇u0∥pp +

α

n
[u0]

n/α
α,n/α < lim

k→∞

(
µ

p
∥∇uk∥nn +

α

n
[uk]

n/α
α,n/α

)
.

Without loss of generality, we may assume that

lim
k→∞

∥∇uk∥p = ξ, lim
k→∞

[uk]α,n/α = η

and

[u0]
n/α
α,n/α < lim

k→∞
[uk]

n/α
α,n/α = ηn/α.

Then (3.5) implies that

µ

p
ξp +

α

n
ηn/α = γ(m)+

ˆ
Ω

F(u0)

|x|β
dx.
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Set vk =
uk

[uk]α,n/α
. Then vk ⇀ v= u0/η inWα,n/α(Rn) and [v]α,n/α < 1. Thus, it follows from theorem 2.2

that

sup
k

ˆ
Rn

1

|x|β
Ψ(ϑ ′vn/(n−α)

k )dx<∞, ∀ ϑ ′ <
(1− β

n )ϑ
∗
α,n

(1− [v]n/α)α/(n−α)
. (3.8)

On the other hand, by (3.5), we have

γ(m)−I(u0) =
µ

p
ξn +

α

n
ηn/α −

(
µ

p
∥∇u0∥pp +

α

n
[u0]

n/α
α,n/α

)
.

In view of I(u0)⩾0, it leads to

α

n
ηn/α⩽γ(m)+

α

n
[u0]

n/α
α,n/α − µ

p
ξn +

µ

p
∥∇u0∥pp

⩽γ(m)+
α

n
[u0]

n/α
α,n/α.

Thus,

ηn/α⩽ n

α
γ(m)+ [u0]

n/α
α,n/α. (3.9)

Observe that

ηn/α =
ηn/α − [u0]

n/α
α,n/α

1− [v]n/αα,n/α

.

Then by (3.9) and lemma 3.2, it yields

ηn/α⩽ n

α
(
1− [v]n/αα,n/α

)γ(m)<
((n−β)ϑ∗α,n/nϑ0)

n−α
α

1− [v]n/αα,n/α

.

Thus, there exist k0 ∈ N and ϑ′′ > 0 such that

ϑ0[uk]
n/(n−α)
α,n/α < ϑ′′ <

(n−β)ϑ∗α,n/nϑ0

(1− [v]n/αα,n/α)
α

n−α

.

for all k⩾k0. We choose ν > 1 close to 1 and ϑ ′ > ϑ0 close to ϑ0 such that

νϑ ′[uk]
n/(n−α)
α,n/α ⩽ϑ′′ < (n−β)ϑn/nϑ0

(1− [v]n/αα,n/α)
α

n−α

.

By virtue of theorem 2.1, there exists C> 0 such that
ˆ
Rn

1

|x|β
Ψ
(
νϑ ′|uk|n/(n−α)

)
dx⩽

ˆ
Rn

1

|x|β
Ψ
(
ϑ′′|uk|n/(n−α)

)
dx⩽C.

Therefore, we deduce from (2.12) that∣∣∣∣ˆ
Rn

1

|x|β
f(uk)(uk − u0)dx

∣∣∣∣
⩽C

(ˆ
Rn

1

|x|β
|uk − u0|

n
α dx+

ˆ
Rn

1

|x|β
|uk − u|Ψ

(
ϑ ′|uk|n/(n−α)

)
dx

)
⩽C

(ˆ
Rn

1

|x|β
|uk − u0|

n
α dx+

ˆ
Rn

1

|x|β
|uk − u|

ν
ν−1 dx

)
→ 0

as k→∞. Recall that (I|Sm)
′(uk)→ 0. Then by proposition 5.12 of [42], there exists {λk}k ⊂ R such that

−µ∆puk +(−∆)αn/αuk − |x|−β f(uk) = λk|uk|
n
α−2uk + ok(1) in (W(Rn))

∗
. (3.10)

Furthermore, we have

λkm= µ∥∇uk∥pp + [uk]
n/α
α,n/α −

ˆ
Rn

f(uk)uk
|x|β

dx+ ok(1).
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Then, {λk}k is bounded in R. Thus, up to a subsequence, we may assume that λk → λ for some λ ∈ R.
Furthermore, it follows from P(uk) = ok(1) that

µ
pα+ p− n

pα
∥∇uk∥nn + [uk]

n/α
α,n/α =

ˆ
Rn

f(uk)uk − n−β
α F(uk)

|x|β
dx.

Then

λkm=−n−β

α

ˆ
Rn

F(uk)

|x|β
dx−µ

p− n

pα
∥∇uk∥pp + ok(1)< 0.

This together with u0 ̸= 0 implies that λ < 0.
It follows from (3.10) that

ok(1) = ⟨I ′(uk),uk − u0⟩−λk

ˆ
Rn

|uk|n/α−2uk(uk − u0)dx

= ⟨uk,uk − u0⟩α,n −
ˆ
Ω

1

|x|β
f(uk)(uk − u0)dx, (3.11)

where

⟨uk,uk − u0⟩α,n = µ

ˆ
Rn

|∇uk|p−2∇uk · (∇uk −∇u0)dx−λk

ˆ
Rn

|uk|n/α−2uk(uk − u0)dx

+

¨
R2n

|uk(x)− uk(y)|
n
α−2(uk(x)− uk(y))(uk(x)− u0(x)− uk(y)+ u0(y))

|x− y|2n
dxdy.

Define a functional L as follows:

⟨L(v),w⟩= ⟨v,w⟩α,n

for all v,w ∈W(Rn). By the Hölder inequality, one can see that

|⟨L(v),w⟩|⩽(µ∥∇v∥p−1
p + |λk|∥v∥n/α−1

n/α + [v]
n
α−1
α,n/α)∥w∥,

which together with the definition of L implies that for each v, L(v) is a bounded linear functional on
W(Rn). Thus, ⟨L(u0),uk − u0⟩= ok(1), that is,

⟨u0,uk − u0⟩α,n = ok(1).

In conclusion, we can deduce from (3.11) that

[⟨uk,uk − u0⟩α,n −⟨u0,uk − u0⟩α,n] = ok(1).

This together with Simon’s inequality implies that uk → u0 inW(Rn). Furthermore, we have I(u0) = γ(m),
which is a contradiction. Thus, the assertion (3.7) holds.

Combining I(u0) = γ(m) with I(uk)→ γ(m) and λ < 0, we conclude that ∥uk − u0∥→ as k→∞. This
finishes the proof.

Proof of theorem 1.1. The proof follows directly from lemma 3.4.

4. Normalized ground states

In this section, we discuss the existence of normalized ground state solutions of problem (1.1). Consider
the Pohozaev manifold associated to the functional I , that is,

Pm = {u ∈ Sm : P(u) = 0} .

Clearly, Pm is a nonempty subset of Sm. Moreover, we have the following result.

Lemma 4.1. The minimizing problem c∗(m) := infu∈Pm I(u) is well defined.
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Proof. For each u ∈ Pm, we deduce from ( f3) that

I(u) = I(u)− 1

r
P(u)

=
µ

p
∥∇u∥pp +

α

n
[u]n/αα,n/α − 1

r

(
µ
pα+ p− n

pα
∥∇u∥pp + [u]n/αα,n/α

)
+

1

r

ˆ
Rn

f(u)u− ( n−β
α + r)F(u)

|x|β
dx

⩾µ
(
1

p
− pα+ p− n

rpα

)
∥∇u∥pp +

(
α

n
− 1

r

)
[u]n/αα,n/α,

where K0 < r<K− n−β
α . It follows that I is coercive and bounded from below on Pm. Thus,

c∗ := infu∈Pm I(u) is well defined.

The next result is crucial in our arguments to get the existence of a normalized ground state solution
for (1.1).

Lemma 4.2. Assume that ( f1)–( f6) are satisfied. Then γ(m) = c∗(m).

Proof. For any u ∈ Pm, by lemma 2.5, there exist t1 > 0 small enough and t2 large enough such that t1 ? u ∈
Am and I(t2 ? u))< 0. Let h(t) = (t2t+(1− t)t1) ? u with t ∈ [0,1], it is clear that h(t) ∈ Γm, by lemma 2.6,
it holds that

I(u) = max
t∈(0,+∞)

I(t ? u)⩾ max
t∈[t1,t2]

I(t ? u) = max
t∈[0,1]

I(h(t)),

which means that γ(m)⩽ c∗(m). Clearly, by theorem 1.1 there exists u0 ∈ Pm such that I(u0) = γ(m). Thus,
γ(m) = I(u0)⩾ c∗(m). This proves the lemma.

Proof of theorem 1.2. By theorem 1.1, we know that problem (1.1) has a normalized solution (u0,λ) ∈
W(Rn)× (−∞,0). Moreover, I(u0) = γ(m) and u0 ∈ Pm. By lemma 4.2, we have I(u0) = c∗(m). Thus,
I(u0) = c∗(m) = infu∈Pm I(u). Consequently, u0 is a ground state of problem (1.1).
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[3] Ambrosio V and Rădulescu V D 2020 Fractional double-phase patterns: concentration and multiplicity of solutions J. Math. Pures

Appl. 142 101–45
[4] Applebaum D 2004 Lévy processes–from probability to finance quantum groups Not. Am. Math. Soc. 51 1336–47
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