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1. Introduction

Analysis of Riemannian manifolds is a field currently undergoing great development. Moreover, analysis proves to be a
very powerful tool for solving geometrical problems. Conversely, geometry may help us to solve certain problems in analysis,
as pointed out in Aubin [1].

Let (M, g) be a compact d-dimensional Riemannian manifold without boundary, where d > 3. Let A, denote the
Laplace-Beltrami operator on (M, g) and assume that the functions «, K € C*® (M) are positive. Supposef : R — Risa
locally Holder continuous function with sublinear growth and X is a positive real parameter. In this paper, we are interested
in the existence of (classical) solutions to the following eigenvalue problem:

—Agw +a(o)w = AK(©@)f (w), o € M, w € HF(M). (P;)
This problem generalizes the celebrated Yamabe equation (see [2, p. 126])

d—1 1.
4mAggo+R<p=;upq in M,
where 2 < q < 2d/(d — 2) and R denotes the scalar curvature of M. According to Berger [3], curvature is “the No. 1
Riemannian invariant and the most natural. Gauss and then Riemann saw it instantly”. The main question in the fundamental

Yamabe’s paper [4] was whether there are any restrictions needed to have a metric of constant scalar curvature. Yamabe
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proved that for compact manifolds there always exists such a metric conformally equivalent to any given metric on the
manifold. This proof turned out to be incomplete and Aubin [5] proved the theorem for all manifolds of dimensiond > 6
that were not conformally flat. To settle the problem completely, a new global type of argument was needed, and that was
provided in 1984 by Schoen [6].

By using variational methods (see Theorem 2.1 below), we find a well determined open interval of values of the parameter
A for which problem (P;) admits at least three nontrivial solutions. It is worth noticing that, to the best of our knowledge,
this is the first result in which all the three solutions are nontrivial.

A remarkable case of problem (Py) is

—Apw +5s(1 —s —dyw = AK(0)f (w), o €8, w e HX(SY), )

where S is the unit sphere in R*!, h is the standard metric induced by the embedding S¢ < R¢*!, sis a constant such that
1—d < s < 0,and Ay, denotes the Laplace-Beltrami operator on (S, h).

Indeed, existence results for problem (S, ) yield, by using an appropriate change of coordinates, the existence of solutions
to the following parameterized Emden-Fowler equation

—Au = AXPTK/IXDF (X~ w),  x € RTT\ (0); (32
see Remark 4.2 and Corollary 4.2.
Moreover, we observe that the existence of a smooth positive solution for problem (S ), whens = —d/2ors = —d/2+1,

andf(t) = |t] 7 t, can be viewed as an affirmative answer to the famous Yamabe problem [4] on S¢ (see also the Nirenberg
problem [7]); for these topics we refer to Aubin [1], Cotsiolis and Iliopoulos [8,9], Hebey [10], Kazdan and Warner [11],
Vazquez and Véron [12], and to the excellent survey by Lee and Parker [13]. In these cases, the right-hand side of problem
(S;) involves the critical Sobolev exponent.

Cotsiolis and Iliopoulos [9] and Vazquez and Véron [12] studied problem (§;), by applying either minimization or
minimax methods, provided that f(t) = |t[’~'t, with p > 1. Successively, in Kristaly and Radulescu [14], the authors
are interested in the existence of multiple solutions of problem (P,) in order to obtain solutions for the parameterized
Emden-Fowler equation (F;) considering nonlinear terms of sublinear type at infinity. In particular, in [14, Theorem 1.1],
for A sufficiently large, the existence of two nontrivial solutions for problem (P;) has been successfully obtained through a
careful analysis of the standard mountain pass geometry.

Further, in Kristaly et al. [15, Theorem 9.4, p. 222], the existence of an open interval of positive parameters for which
problem (P;) admits two distinct nontrivial solutions is established by using an abstract three critical points theorem
contained in Bonanno [16].

In the present paper we use a new approach to attach sublinear problems at infinity, previously developed in Bonanno
and Molica Bisci [17]. We obtain the existence of a well localized open interval of positive parameters for which problem
(P,) admits at least three nontrivial solutions; see Theorem 3.1 and Remark 3.2.

The present paper is organized as follows. In Section 2 we recall some basic definitions and preliminary facts on the
Sobolev spaces defined on compact Riemannian manifolds, while Section 3 is devoted to the existence of at least three
solutions for the eigenvalue problem (P,). In Section 4 we give some consequences of the main results, as well as the
existence of three nontrivial solutions for Emden-Fowler equations. A concrete example of application of our main theorems
is then presented in the last section. We cite the very recent monograph by Kristaly et al. [15] as general reference on this
subject.

2. Preliminaries

We start this section with a short list of notions in Riemannian geometry. We refer to Aubin [1] and Hebey [10] for
detailed derivations of the geometric quantities, their motivation and further applications.

Let (M, g) be a smooth compact d-dimensional (d > 3) Riemannian manifold without boundary and let g; be the
components of the metric g. As usual, we denote by C*°(M) the space of smooth functions defined on M. Let @ € C*(M)
be a positive function and put ||& || := Max,c (o). For every w € C*°(M), set

lwll?, = / |Vw(o)[*dog + / a(o)|w(o)[*dog,
“« M M
where Vw is the covariant derivative of w, and do, is the Riemannian measure. In local coordinates (x!, ...,xd), the
components of Vw are given by
92w dw
200y — — k2%
VW = o ~ T
where
e V(P8 Pmn 0gy
Yoo \ax 0 ax 0xk ’

are the usual Christoffel symbols and g/ are the elements of the inverse matrix of g.
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Here, and in what follows, the Einstein summation convention is adopted. Moreover, the measure element do; assumes
the form do, = /detg dx, where dx stands for the Lebesgue volume element of R?. Hence, let

Volg (M) ::/ dog.
M

In particular, if (M, g) = (S%, h), where S? is the unit sphere in R¢*! and h is the standard metric induced by the embedding
St s R we set

wq = Vol (8% := / doy,.
gd

The Sobolev space Hi (M) is defined as the completion of C*° (M) with respect to the norm || - ||H&. Then Hj (M) is a Hilbert
space endowed with the inner product

(w1, wa) 2 =/ (Vwq, Vwy)gdoy, +/ a(0) (w1, wa)gdog, wq, wy € HA(M),
M M

where (-, -), is the inner product on covariant tensor fields associated to g.
Since « is positive, the norm || - || H2 is equivalent with the standard norm

172
lwilye = ( f V(o) 2dog + / Iw(a)lzdag) .
M M

Moreover, if w € H;(,M), the following inequalities hold

min{1, min (@)} wlle < lwll,z < max{1, llal LY lwle. (1)

From the Rellich-Kondrachov theorem for compact manifolds without boundary one has
H2(M) < LI(M),
forevery q € [1, 2d/(d — 2)]. In particular, the embedding is compact whenever q € [1, 2d/(d — 2)).
Hence, there exists a positive constant S; such that
lwllg < Sqllwllyz, forall w € HZ(M). (2)

From now on, we assume that the nonlinearity f satisfies the following structural condition
f : R — Risalocally Hélder continuous function sublinear at infinity, that is,

IO
m — =
[t]l—>o00

0. (hoo)

Let K € C*°(M) be a positive function.
We recall that a function w € le (M) is a weak solution of problem (Py) if

/ (Vw, Vv)dog +f a(o)(w, v)gdog — A/ K(o)f (w(o))v(o)dog =0,
M M M

for every v € HZ(M).
Further, due to the regularity assumption on f, the weak solutions are classical.

Hence, the main purpose is to study the following problem.
Find A > 0 and w € H? (M) such that

—Aqw + a(0)w = AK(0)f (w), forallo € M, w € HZ(M). (Py)

Here, Az represents the Laplace-Beltrami operator that, applied to a functionw € H 12 (M), is given (locally) by the following
expression

Agw :gij ( 9%w _ F_ka_w> _

Xl 9x i gxk

Remark 2.1. For a fixed A > 0, the function w;(6) = ¢ € R\ {0}, is a solution of (P;) if and only if the function
o +— AK(o)/a(o) is constant. In this case, nontrivial constant solutions of (P, ), appear as fixed points of the function
t — k,f (t), where k;, denotes the constant value AK (o) /x (o).

In order to obtain multiple solutions of (P;) not only in the case of constant solutions but also other solutions, we use
variational methods. The main tool is a critical point theorem that we recall here in a convenient form. This result has been
obtained in Bonanno and Marano [18] and it is a more precise version of Theorem 3.2 of Bonanno and Candito [19].
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Theorem 2.1. Let X be a reflexive real Banach space, ® : X — R be a coercive, continuously Gdteaux differentiable and
sequentially weakly lower semi-continuous functional whose Gdteaux derivative admits a continuous inverseon X*, ¥ : X — R
be a continuously Gdteaux differentiable functional whose Gdteaux derivative is compact such that

@ (0) = ¥ (0) = 0.

Assume that there exist r > 0 and x € X, withr < & (x), such that

Sque(b*](]fOO,r]) v vx).
— |2® r ; B . .
(ay) foreach A € A, == :| T R TR —E |: the functional |, := & — AW is coercive.

Then, for each A € A,, the functional J, has at least three distinct critical points in X.

We recall that the derivative of @ admits a continuous inverse on X* when there exists a continuous operator T : X* — X
such that T(®’(x)) = xforall x € X.

3. Main results

We set
2 1/2

o= ()

”a”Ll(M)
and

K = 5L el K= 1

1= —= 1) 2 = 5 %10 -
\/i (M) 2¥q (M)

Further, let

§
F) = / f() dt,
0

forevery & € R.

The main abstract theorem in this paper is the following multiplicity result.
Theorem 3.1. Let f : R — R be a function such that (hy,) holds and assume that
(hy) There exist two nonnegative constants ay, a, such that

If ()] < a; +ayt|9"!, forallt € R,
where q €]1, 2d/(d — 2)[.
(hy) There exist two positive constants y and 8, with § > y k,, such that
F( K K
® _ 1Kl (al Ko a21<zy“) |
) 1K Lt a) 1

Then, for each parameter X belonging to

2
) ||01||L1(M) ||0l||L1(,M)

2F () IK 1 (0) 2||K||oo<a1 14 aszVH>

Ay =

’

the problem (P,) possesses at least three distinct solutions in H12 (M).

Proof. Our aim is to apply Theorem 2.1. Hence, let X := le (M) and consider the functionals @, ¥ : X — R defined by

2

lwiZ,

D(w) =

, v(w) = / K(o)F(w(o))dog, forallw € X.
M

Clearly @ : X — R is a coercive, continuously Gateaux differentiable and sequentially weakly lower semi-continuous
functional whose Gateaux derivative admits a continuous inverse on X*. On the other hand, ¥ is well defined, continuously
Gateaux differentiable and with compact derivative. Moreover, one has

' (w)(v) = /

(Vw, Vv)gdog + / a(o)(w(o), v(o))gdog,
M

M
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and
v'(w)(v) = / K(o)f (w(o))v(o)dog,
M
for every w, v € X.
Fix A > 0. A critical point of the functional J;, := & — A¥ is a function w € X such that
' (w)(v) — A (w)(v) =0,

for every v € X. Hence, the critical points of the functional J;, are weak solutions (hence classical solutions) of problem (P, ).
Now, @ (0) = ¥ (0) = 0 and since condition (h;) holds, one has

€19
F(E)Sa1lfl+azT, (3)
forevery & € R.
Let o €]0, +oo[ and consider the function

sup v (w)

wed~1(]—00,01)

x(0) =

Taking into account (3), it follows that

ap
¥ (w) =/ K(o)F(w(o))dog < [IK|l <a1||w||uw) + Ellwllqu))‘
M
Then, for every w € X such that w € @~ 1(] — oo, ¢]), owing to (2), we get

2925da
() = Kl (20) 25101 + =—1292).

Hence, by using the definition of @, one has

sup ¥ (w) < [IK]loo ((29)1/25101 +

ZQ/ngaz q/2>
—Q .
wed=1(1-00,0) q

From (4), the following inequality holds

2 241251q B
x(0) =< Kl (\/gslal + quQq/z ! (5)

foreveryr > 0.
Next, put ws (o) := § for every o € M. Clearly ws € X and we have

1

D (ws) = —</ |Vws(0)|*dog +/ a(0)|w3(0)|2d0g>
2 M M
1 5 82

=3 Ma(a)zs dog = E”(X”LI(M). (6)
Taking into account that § > y«,, by a direct computation, one has y? < @ (wj).
Moreover,

v (ws) =/ K(o)F(ws(0)) dog = F(3)IK |11 (pf)- (7)

M

Hence, from (6) and (7), one has

w(ws)  FO)IKIlp
@ (w;) 82 letllpropy

In view of (hy) and taking into account (5) and (8), we get

sup v (w) N 2
~1(]— 00,2 2 29°S;a
A7) = wed~1(] o;,zy ) < ||K||oo(751al 4 quyq—2>
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= —2”K”oo (alK—l + G2K2Vq72>
el cae) Y

FONK N1
32||(¥||L1(M)

v (ws)

D (ws)

Therefore, the assumption (a;) of Theorem 2.1 is satisfied taking x := w; and by choosing r := y2. Moreover, owing to
(heo), for every ¢ > 0 sufficiently small there is c(¢) > 0 such that [f(t)| < ¢|t]| + c(¢) for every t € R. Consequently, for
every w € H(M), we have

1
Jn(w) = 2(1 = ?»8||K||005§)||w||2,§ — c(&)MIK oSt llwll 2.

Therefore, the functional J; is coercive for every positive parameter, in particular, for every

D (ws) y?

W (ws)’ sup ¥ (w)
wed=1(1-o00,y2])

AE A(y,g) -

So, condition (a,) holds and hence, all the assumptions of Theorem 2.1 are satisfied. Then, for each A € A, s), the functional
J;. has at least three distinct critical points that are classical solutions of problem (P,). O

Remark 3.1. Hypothesis (h.,) can be substituted by the following growth condition.

(hl,) There exist two positive constants b and s < 2 such that

F(&) < b(1+ &),
forevery & € R.

Indeed, owing to (h;), problem (P,) is well defined. Therefore, the functional J; is coercive for every A € (0, c0). Indeed,
fixing A > 0, since s < 2, from the Hoélder inequality we have

/ lw(o)dog < ||w||i2((M)Volg((M)?, forallw € le(M).
M
Now, bearing in mind (2), we obtain
/ |lw(o) dog < S§||w||;2Volg(¢M)%, forallw e le(M). 9)
M o

So, by using (9) and from condition (h), it follows that

lwll?, s
I (w) > TH - AbVolg(M)zTS§||w||;§ — AbVolg (M), forallw € H2(M).

Hence, J; is coercive for every real positive parameter A.

Remark 3.2. Under the additional hypothesis f(0) # 0, Theorem 3.1 ensures the existence of at least three nontrivial
solutions. Indeed, in this case, zero is not a solution for problem (P, ), as a simple computation shows. Hence, all the three
solutions, attained by using our abstract framework, are nontrivial. Moreover, if f is only continuous instead of Holder
continuous, our result guarantees the existence of at least three weak (nontrivial) solutions for problem (Py).

Remark 3.3. The technical approach used to prove the previous result have been introduced in Bonanno and Molica
Bisci [17]. In the cited work, the existence of at least three weak solutions for a Dirichlet problem is showed under suitable
conditions on the potential F.

Remark 3.4. Let f : R — R be a continuous and positive function in ]0, +oo[ such that
fOI <@l VteR,
for some q €]2, 2d/(d — 2)[.
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Clearly, the above growth condition is a particular case of hypothesis (h;) and implies f (0) = 0. In this setting, under the
additional hypothesis (h/ ), Theorem 3.1 ensures the existence of at least three (two nontrivial) solutions for every

2
= 1 loell L1 ca) in ) '
2 [[K|[1 () 30 F(3)

This particular result can be achieved by using [15, Theorem 9.1].

Remark 3.5. It is well known that sharp Sobolev inequalities are important in the study of partial differential equations,
especially in the study of those arising from geometry and physics. There has been much work on such inequalities and
their applications. In our context, a concrete upper bound for the constants S; in Theorem 3.1 is essential for a concrete
evaluation of the interval A, 5. In the particular case (M, g) = (S, h), if g € [1, 2d/(d — 2)[, one has
Sq S Kq ’
min {1, min oz(cr)l/z}

oesd

(10)

where, we set
2—q

w, ! ifgell,2],
1/2

kKq = q—2 1 . 2d
max — 'y 32 ifge |2, T3

q—2 q—<
q 2q

dw, Wy

Indeed, in Beckner [20], it is proved that for every 2 < q < 2d/(d — 2) and any w € H12 (S%), one has

2/q
(/Sd'w(‘”'qd(’“) < 12/q/ IVw(o)*doy + — ]2/ f lw(o)|*doy;

see also, for instance, Theorem 4.28 in Hebey [10]. Hence,
1/2

q—2 1 X X 12
lwllgsey < max = ) IVw(o)|*don + | |w(o)|"doy )
T 20 sd sd

q
dw, [oF

for every w € H?(S?). Owing to (1) the desiderated statement follows.
On the other hand, if g € [1, 2[, as simple consequence of the Holder inequality, it follows that

2-q
= 2 ad
lwllged <@g lwllp2edy, forallw e L(S7).

The thesis is achieved by taking into account that

lwll,

w2y < ||w||H]2 < )
min {1, mina(a)l/z}

oesd

for every w € H?(S9).
4. Applications to nonlinear eigenvalue problems and Emden-Fowler equations

Letor, K € C*°(S%) be positive and set

K1 llell sy

/2 min {1, mina(a)l/z}

oesd

K= (11)

Further, for q €]1, 2d/(d — 2)[, we will denote

q
Kqllo |l 1 sd
K} = L

. (12)

2—

qu min i 1, mm a(o)i/? }
oesd

As a consequence of Theorem 3.1, and taking into account Remark 3.5, we get the following result on the existence of three

solutions for nonlinear eigenvalues problems on the unit sphere S.
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Corollary 4.1. Let f : R — R be a function such that (h,) and (hy) hold. Further, assume that there exist two positive constants
y and §, with § > yk,, and

FG)  IKllao K; ,
(h3) > a1t + akyyI7?),
82 T Kl \ v 2

where K{ and K are given respectively by (11) and (12).
Then, for each parameter X\ belonging to

. 52||05||L1(Sd) ||<¥||L1(sd)

.8 = ’ i
v 2O 2K o (005 + s ye-2)

s

the problem

—Apw + a(o)w = AK(0)f (0), o €S, w e H3(SY), (5%)
possesses at least three distinct solutions.
Remark 4.1. Other relevant contributions on the existence of multiple solutions for elliptic problems on the sphere are
contained in Kristaly [21]; see also the related paper Kristaly and Marzantowicz [22].

Next, we consider the following parameterized Emden-Fowler problem that arises in astrophysics, conformal Riemannian
geometry, and in the theories of thermionic emission, isothermal stationary gas sphere, and gas combustion:

—Au = MXP2K (/XD (X u),  x € R4 {0). )

The equation (3,) has been studied when f has the form f(t) = [t[P"'t,p > 1; see Cotsiolis-Iliopoulos [9], Vazquez-
Véron [12].In these papers, the authors obtained the existence and multiplicity results for (F; ), applying either minimization
or minimax methods.

Remark 4.2. The solutions of (F;) are being sought in the particular form
ux) =r'w(o), (13)

where, (r, o) = (|x], x/|x]) € (0, 00) x S* are the spherical coordinates in R%*! \ {0} and w be a smooth function defined
on S¢. This type of transformation is also used by Bidaut-Véron and Véron [23], where the asymptotic of a special form of
(3,.) has been studied. Throughout (13), taking into account that

ad au
Au = r_dg <r"§> + 172 A,
the equation (3, ) reduces to

—Apw +5(1 —s—dw = AK(o)f (w), o €8, we H?(S%);
see also Kristaly and Radulescu [14].

From Remark 4.2, we have the following result.

Corollary 4.2. Assume that d and s are two constants such that 1 — d < s < 0. Further, let K € C*°(S%) be a positive function
and f : R — Ras in Corollary 4.1. Then, for each parameter A belonging to

o= SRS Rincs” o e |
16 2K (@15 + aaK592)
the following problem
— A= AR/ RDF (%), x € R (o), )

admits at least three distinct solutions.
Proof of Corollary 4.2. Let us choose (M, g) = (S%, h), and a(¢) := s(1 — s — d) for every ¢ € S? in Corollary 4.1. Clearly
o € C*® (Sd) and, thanksto 1 — d < s < 0, @ to be positive on S¢. Thus, for every A € Azﬁ&, the problem

—Apw +5s(1 —s —dyw = AK(0)f (w), o €8, w e HX(SY),

has at least three distinct solutions w! € H?(S?),i € {1, 2, 3}. On account of (13), the elements u} (x) = |x|*w! (x/|x|),
i € {1, 2,3}, are solutions of (§;). O



2664 G. Bonanno et al. / Nonlinear Analysis: Real World Applications 12 (2011) 2656-2665
5. Some examples

In the next example, problem (P;) admits three nontrivial solutions owing to Theorem 3.1, while [14, Theorem 1.1] as
well as [15, Theorem 9.4, p. 222] cannot be applied.

Example 5.1. Let (M, g) be a compact d-dimensional (d > 3) Riemannian manifold without boundary, fixq €]2, 2d/(d—2)[
and let K € C*° (M) be a positive function. Moreover, let h : R — R be the locally Lipschitz continuous function defined by

14 |t]97! if|t| <r
ht) =3 A+rHA +r71
if |t] > r,
1+ t2
where r is a fixed constant such that
2 12 1/ |IK =
r > max (—) , 2 (&Uﬁ —|—K2)>q 1 (14)
Volg (M) K11 a0y

Clearly h(0) # 0 and h(t) < (1 + |t|9"") for every t € R. Hence, the condition (h,) is satisfied for a; = a, = 1. Moreover,
one has that limys .o h(t)/t = 0. Finally, owing to (14), it follows that

K ri—2
&(IG +K) < —.
K11 a0y q
Therefore,
r
h(tydt ri—2 1 K
fo > = + - > &(Kl +K3),
r aq r K11 (ay

and condition (hy) holds choosing § =r.
Consequently, from Theorem 3.1, for each parameter

} qrVolg (M) Volg (M) [
2(qr + )KL ca) "2|K oo (K1 +K2) |

the following problem
—Agw+w = AK(0)h(w), oceM, we H%(M),
possesses at least three nontrivial solutions.

The next example follows directly by Corollary 4.1. Moreover, the existence of at least three nontrivial solutions for a
class of Emden-Fowler equations is achieved.

Example 5.2. Consider three positive constants a;, as, €, fixq €]2, 2d/(d — 2)[, where d > 3, and let o, K € C*(S%) be two
positive functions. Define g : R — R as follows

ar + a7 if [t] < max {«y, p} + €
a1 + a;(max {ky, p} + €)1 if |t| > max {ky, p} + €.

g(t) = {

where

2 1/2
o= ()
||<¥||L1(sd)

and

R
| =
[

=2 q

_ <||K||oo||a||L1(sd) qaik; N 2°7 aykg

)qz
K
a2l s, /2 min {1, minoz(a)”z} min {1, mina(o)q/Z}

oesd oesd

From Corollary 4.1, for each parameter

q(max {kq, p} + €)?[lerll 1 sy gl se
2(qar(max {kq, p} + €) + az(max {ko, p} + €)D K[l 11 ) 2/K |1 gay0972 |
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the following problem
—Apw +a(o)w = AK(0)g(w), o €%, w e HA(SY),

possesses at least three nontrivial solutions.
Finally, let s be a constant such thatd — 1 < s < 0. As consequence of Corollary 4.2, we obtain that, for every

} sq(1 —s — d)(max {«, p} + €)?wy sq(1 —s — d)wy |:
2(gar(max {k, p} + €) + ax(max {k, p} + €)D|IK |1y 21K |l15a)092

where

2 1/2
= (amemam)

the problem
—Au = AxI 2K (x/|xDg (X1 Su),  x € RTTT\ {0},

admits at least three distinct nontrivial solutions.
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