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needs to be topological. Hence, in the analysis of (Pλ) we use truncation techniques
and the theory of nonlinear operators of monotone type.

For isotropic convective (p, q)-equations, there have been recently several exis-
tence results. We mention the works of Bai [2], Bai-Gasiński- Papageorgiou [3],
Candito-Gasiński-Papageorgiou [4], Faria- Miyagaki-Motreanu [8], Gasiński-Krech-
Papageorgiou [9], Motreanu-Tanaka [11], Zeng-Papageorgiou [15]. There are no
corresponding results for anisotropic (p, q)-equations with convection. There is only
the very recent work of Albalawi-Alharthi-Vetro [1], for problems with no concave
term and under global conditions on the function (x, y) → f(z, x, y).

2. Mathematical background and hypotheses

The study of anisotropic boundary value problems, uses variable Lebesgue and
Sobolev spaces. The complete theory of these spaces, can be found in the book of
Diening-Harjulehto-Hästö-Ruzicka [5].

Let L0(Ω) be the space of all measurable functions u : Ω → R. As usual, we
identify two such functions which differ only on a Lebesgue-null set. Also, given
r ∈ C(Ω), we set

r− = min
Ω

r and r+ = max
Ω

r.

We define E1 = {r ∈ C(Ω) : 1 < r−}. Then given r ∈ E1, the variable Lebesgue

space Lr(z)(Ω), is defined by

Lr(z)(Ω) =

{
u ∈ L0(Ω) : ρr(u) =

∫
Ω
|u|r(z) dz < ∞

}
.

We call ρr(·) the modular function corresponding to the variable exponent r ∈ E1.
We equip this space with the so-called “Luxemburg norm”, defined by

∥u∥r(z) = inf
{
λ > 0 : ρr

(u
λ

)
≤ 1
}
.

With this norm, Lr(z)(Ω) becomes a Banach space which is separable and reflexive

(in fact, it is uniformly convex since x → |x|r(z) is a uniformly convex function). By
r′(·) we denote the conjugate variable exponent corresponding to r ∈ E1, defined
by

r′(z) =
r(z)

r(z)− 1

(
that is,

1

r(z)
+

1

r′(z)
= 1

)
for all z ∈ Ω.

We have Lr(z)(Ω)∗ = Lr′(z)(Ω) and the following Hölder type inequality holds∫
Ω
|uv| dz ≤

(
1

r−
+

1

r′−

)
∥u∥r(z)∥v∥r′(z)

for all u ∈ Lr(z)(Ω), all v ∈ Lr′(z)(Ω).

If r1, r2 ∈ E1 and r1(z) ≤ r2(z) for all z ∈ Ω, then

Lr2(z)(Ω) ↪→ Lr1(z)(Ω).

Here and in the sequel, the symbol ↪→ denotes continuous embedding.
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Using the variable Lebesgue spaces, we can define the corresponding variable
Sobolev spaces. So, let r ∈ E1. We define

W 1,r(z)(Ω) =
{
u ∈ Lr(z)(Ω) : |Du| ∈ Lr(z)(Ω)

}
.

By Du we denote the weak gradient of u. This space is equipped with the following
norm

∥u∥1,r(z) = ∥u∥r(z) + ∥Du∥r(z) for all u ∈ W 1,r(z)(Ω).

Here ∥Du∥r(z) = ∥|Du|∥r(z). Let r ∈ C0,1(Ω) ∩ E1 (that is, r(·) is Lipschitz contin-
uous and in E1). We define

W
1,r(z)
0 (Ω) = C∞

c (Ω)
∥·∥1,r(z)

.

The spaces W 1,r(z), W
1,r(z)
0 (Ω) are separable, reflexive Banach spaces (in fact uni-

formly convex). Moreover, on W
1,r(z)
0 (Ω), the Poincaré inequality holds, namely

there exists c > 0 such that

∥u∥r(z) ≤ c∥Du∥r(z) for all u ∈ W
1,r(z)
0 (Ω).

So, on W
1,r(z)
0 (Ω) we can use the equivalent norm

∥u∥ = ∥Du∥r(z) for all u ∈ W
1,r(z)
0 (Ω).

Given r ∈ E1, by r∗(z) we denote the critical Sobolev variable exponent defined by

r∗(z) =

{
Nr(z)
N−r(z) if r(z) < N

+∞ if N ≤ r(z)
, z ∈ Ω.

There is the following “variable” version of the Sobolev embedding theorem.

Proposition 2.1. If r ∈ C0,1(Ω) ∩ E1, then

(a) W
1,r(z)
0 (Ω) ↪→ Ls(z)(Ω) for all s ∈ C(Ω), 1 ≤ s− ≤ s+ < N and s(z) ≤ r∗(z)

for all z ∈ Ω;
(b) the embedding in (a) is compact if s(z) < r∗(z) for all z ∈ Ω;

(c) if r1, r2 ∈ C0,1(Ω)∩E1 and r1(z) ≤ r2(z) for all z ∈ Ω, then W
1,r2(z)
0 (Ω) ↪→

W
1,r1(z)
0 (Ω).

There is a close relation between the modular function and the norm ∥ · ∥. This
is illustrated in the proposition that follows.

Proposition 2.2. If r ∈ C0,1(Ω) ∩ E1 and u ∈ W
1,r(z)
0 (Ω)\{0}, then

(a) ∥u∥ = λ ⇔ ρr
(
Du
λ

)
= 1;

(b) ∥u∥ < 1 (= 1, > 1) ⇔ ρr(Du) < 1 (= 1, > 1);
(c) ∥u∥ < 1 ⇒ ∥u∥r+ ≤ ρr(Du) ≤ ∥u∥r− ;
(d) ∥u∥ > 1 ⇒ ∥u∥r− ≤ ρr(Du) ≤ ∥u∥r+ ;
(e) ∥u∥ → 0 (resp. → +∞) ⇔ ρr(Du) → 0 (resp. → +∞).
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We know that

W
1,r(z)
0 (Ω)∗ = W−1,r′(z)(Ω).

Our hypotheses on the exponents p, q and τ , are the following

H0 : p, q ∈ C0,1(Ω), τ ∈ C(Ω) and 1 < τ− ≤ τ+ < q− ≤ q+ < p− ≤ p+ < N.

We consider the nonlinear operator V : W
1,p(z)
0 (Ω) → W−1,p′(z)(Ω) defined by

⟨V (u), h⟩ =
∫
Ω
(|Du|p(z)−2 + |Du|q(z)−2)(Du,Dh)RN dz

for all u, h ∈ W
1,p(z)
0 (Ω).

For this operator, we have the following properties (see Fan-Zhang [7]).

Proposition 2.3. If hypotheses H0 hold, then V (·) is bounded (that is, maps
bounded sets to bounded sets), continuous, strictly monotone (thus maximal

monotone too) and of type (S)+, that is, “if un
w−→ u in W

1,p(z)
0 (Ω) and

lim supn→∞⟨V (un), un − u⟩ ≤ 0, then un → u in W
1,p(z)
0 (Ω)”.

The global regularity theory of Fan [6], will lead us to the space

C1
0 (Ω) =

{
u ∈ C1(Ω) : u|∂Ω = 0

}
.

This is an ordered Banach space, with positive (order) cone

C+ =
{
u ∈ C1

0 (Ω) : u(z) ≥ 0 for all z ∈ Ω
}
.

This cone has a nonempty interior given by

intC+ =

{
u ∈ C+ : u(z) > 0 for all z ∈ Ω,

∂u

∂n

∣∣∣∣
∂Ω

< 0

}
,

where ∂u
∂n = (Du, n)RN with n(·) being the outward unit normal on ∂Ω.

If u ∈ L0(Ω), then we set

u+(z) = max{u(z), 0}, u−(z) = max{−u(z), 0}, z ∈ Ω.

We have u = u+ − u−, |u| = u+ + u− and if u ∈ W
1,p(z)
0 (Ω), then u± ∈ W

1,p(z)
0 (Ω).

If u, v ∈ L0(Ω) and u(z) ≤ v(z) for a.a. z ∈ Ω, then we define

[u, v] =
{
h ∈ W

1,p(z)
0 (Ω) : u(z) ≤ h(z) ≤ v(z) for a.a. z ∈ Ω

}
.

The hypothesis on the convective term f(z, x, y), are the following (recall that
R+ = [0,∞)):

H1 : f : Ω× R+ × R → R is a Carathéodory function such that

(i) there exist c > 0 and ϑ > 0 such that

cϑτ(z)−1 + f(z, ϑ, 0) ≤ 0 for a.a. z ∈ Ω;

(ii) |f(z, x, y)| ≤ â(z)(1 + |y|p−−1) for a.a. z ∈ Ω, all 0 ≤ x ≤ ϑ, all y ∈ RN ;
(iii) there exists δ ∈ (0, ϑ) such that 0 ≤ f(z, x, y) for a.a. z ∈ Ω, all 0 ≤ x ≤ δ,

all y ∈ RN .

Remark 2.4. We see that the conditions on x → f(z, x, y) are local and they imply
an oscillatory behavior of the reaction near zero.
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3. An auxiliary Dirichlet problem

In this section, we deal with the following parametric Dirichlet problem

−∆p(z)u(z)−∆q(z)u(z) = λuτ(z)−1 in Ω, u
∣∣
∂Ω

= 0, λ > 0, u > 0. (Qλ)

Proposition 3.1. If hypotheses H0 hold and λ > 0, then problem (Qλ) has a unique
solution v̄λ ∈ intC+, {v̄λ}λ>0 is nondecreasing, v̄λ → 0 in C1

0 (Ω) as λ → 0+.

Proof. We consider the C1-functional σλ : W
1,p(z)
0 (Ω) → R defined by

σλ(u) =

∫
Ω

1

p(z)
|Du|p(z) dz +

∫
Ω

1

q(z)
|Du|q(z) dz−λ

∫
Ω

1

τ(z)
(u+)τ(z) dz

for all u ∈ W
1,p(z)
0 (Ω).

If ∥u∥ ≥ 1 and ∥u∥τ(z) ≥ 1, then

σλ(u) ≥
1

p+
ρp(Du)− λ

τ−
ρτ (u)

≥ 1

p+
∥u∥p− − λ

τ−
c1∥u∥τ+ for some c1 > 0

( see Propositions 2.1 and 2.2) .

But τ+ < p− (see hypotheses H0). So, it follows that σλ(·) is coercive. Moreover
using Proposition 2.1, we see that σλ(·) is sequentially weakly lower semicontinuous.

So, by the Weierstrass-Tonelli theorem, we can find v̄λ ∈ W
1,p(z)
0 (Ω) such that

σλ(v̄λ) = inf
{
σλ(u) : u ∈ W

1,p(z)
0 (Ω)

}
.(3.1)

Let v ∈ intC+ and t ∈ (0, 1). We have

σλ(tv) ≤
tq−

q−
[ρp(Dv) + ρq(Dv)]− tτ+

τ+
ρτ (v)

= c2t
q− − c3t

τ+ for some c2 > 0, c3 > 0.

Since by hypotheses H0, τ+ < q−, we see that by taking t ∈ (0, 1) small, we have

σλ(tv) < 0,

⇒σλ(v̄λ) < 0 = σλ(0) (see (3.1)),

⇒v̄λ ̸= 0.

From (3.1) we have

⟨σ′
λ(v̄λ), h⟩ = 0 for all h ∈ W

1,p(z)
0 (Ω),

⇒⟨V (v̄λ), h⟩ = λ

∫
Ω
(v̄+λ )

τ(z)−1h dz for all h ∈ W
1,p(z)
0 (Ω).(3.2)

In (3.2) we use the test function h = −v̄−λ ∈ W
1,p(z)
0 (Ω). Then

ρp(Dv̄−λ ) ≤ 0,

⇒v̄λ ≥ 0, v̄λ ̸= 0 (see Proposition 2.2).
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From Proposition A1 of Papageorgiou-Rădulescu-Zhang [13], we know that v̄λ ∈
L∞(Ω). Then from the anisotropic regularity theory of Fan [6], we have that v̄λ ∈
C+\{0}. Note that

−∆p(z)v̄λ −∆q(z)v̄λ ≥ 0 in Ω.

Therefore from Proposition A2 of [13], we infer that

v̄λ ∈ intC+.

Next we show the uniqueness of this positive solution. Suppose w̄λ ∈ W
1,p(z)
0 (Ω)

is another positive solution of problem (Qλ). Again we have w̄λ ∈ intC+. So, using
Proposition 4.1.22, p.274, of Papageorgiou-Rădulescu-Repovš [12], we have

v̄λ
w̄λ

∈ L∞(Ω),
w̄λ

v̄λ
∈ L∞(Ω).(3.3)

Let j : L1(Ω) → R = R ∪ {+∞} be the integral functional defined by

j(u) =


∫
Ω

1

p(z)

∣∣∣∣Du
1

q−

∣∣∣∣p(z) dz + ∫
Ω

1

q(z)

∣∣∣∣Du
1

q−

∣∣∣∣q(z) dz
if u ≥ 0, u

1
q− ∈ W

1,p(z)
0 (Ω),

+∞ otherwise.

From Theorem 2.2 of Takáč-Giacomoni [14], we know that j(·) is convex. Let
domj =

{
u ∈ L1(Ω) : j(u) < ∞

}
(the effective domain of j(·)) and consider h =

v̄
q−
λ − w̄

q−
λ ∈ C1

0 (Ω). Using (3.3) we see that t ∈ (0, 1) small

v̄
q−
λ + th ∈ domj, w̄

q−
λ + th ∈ domj.

Therefore exploiting the convexity of j(·), we can compute the directional derivatives
of j(·) at v̄q−λ and at w̄

q−
λ in the direction h. From Theorem 2.5 of [14], we have

j′
(
v̄
q−
λ

)
(h) =

1

q−

∫
Ω

−∆p(z)v̄λ −∆q(z)v̄λ

v̄
q−−1
λ

h dz

=
1

q−

∫
Ω

1

v̄
q−−τ(z)
λ

h dz,

j′
(
w̄

q−
λ

)
(h) =

1

q−

∫
Ω

−∆p(z)w̄λ −∆q(z)w̄λ

w̄
q−−1
λ

h dz

=
1

q−

∫
Ω

1

w̄
q−−τ(z)
λ

h dz.

Recalling that the directional derivative of a convex function is monotone, we have

0 ≤
∫
Ω

(
1

v̄
q−−τ(z)
λ

− 1

w̄
q−−τ(z)
λ

)(
v̄
q−
λ − w̄

q−
λ

)
dz ≤ 0,

⇒v̄λ = w̄λ (recall that τ+ < q−).

This proves the uniqueness of the positive solution v̄λ ∈ intC+ of problem (Qλ).
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Next we show that {v̄λ}λ>0 is nondecreasing. Let c < µ < λ and introduce the
Carathéodory function gµ(z, x) defined by

gµ(z, x) =

{
µ(x+)τ(z)−1 if x ≤ v̄λ(z)

µv̄λ(z)
τ(z)−1 if v̄λ(z) < x.

(3.4)

We examine the following anisotropic Dirichlet problem

−∆p(z)v(z)−∆q(z)v(z) = gµ(z, v(z)) in Ω, v
∣∣
∂Ω

= 0.

We set Gµ(z, x) =

∫ x

0
gµ(z, s) ds and consider the C1-functional σ̂µ :

W
1,p(z)
0 (Ω) → R defined by

σ̂µ(u) =

∫
Ω

1

p(z)
|Du|p(z) dz +

∫
Ω

1

q(z)
|Du|q(z) dz −

∫
Ω
Gµ(z, u) dz

for all u ∈ W
1,p(z)
0 (Ω).

It is clear from (3.4) that σ̂µ(·) is coercive. Also, it is sequentially weakly lower

semicontinuous (see Proposition 2.1). Therefore we can find v̂µ ∈ W
1,p(z)
0 (Ω) such

that

σ̂µ (v̂µ) = inf
{
σ̂µ(v) : v ∈ W

1,p(z)
0 (Ω)

}
.(3.5)

Recall that v̄λ ∈ intC+. So, if u ∈ C+\{0}, then we can find t ∈ (0, 1) small such
that

0 ≤ tu ≤ v̄λ (see [12], Proposition 4.1.22, p.274).

Then from (3.4) and as before using the hypothesis that τ+ < q−, for t ∈ (0, 1)
small, we have

σ̂µ(tu) < 0,

⇒σ̂µ (v̂µ) < 0 = σ̂µ(0) (see (3.5)),

⇒v̂µ ̸= 0.

From (3.5), we have〈
σ̂′
µ (v̂µ) , h

〉
= 0 for all h ∈ W

1,p(z)
0 (Ω),

⇒⟨V (v̂µ) , h⟩ =
∫
Ω
gµ (z, v̂µ)h dz for all h ∈ W

1,p(z)
0 (Ω).(3.6)

Using h = −v̂−µ ∈ W
1,p(z)
0 (Ω), we obtain

ρp
(
Dv̂−µ

)
≤ 0 (see (3.4)),

⇒v̂µ ≥ 0, v̂µ ̸= 0 (see Proposition 2.2).
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Next in (3.6) we choose the test function h = (v̂µ − v̄λ)
+ ∈ W

1,p(z)
0 (Ω). Then〈

V (v̂µ), (v̂µ − v̄λ)
+〉

=

∫
Ω
µv̄

τ(z)−1
λ (v̂µ − v̄λ)

+ dz (see (3.4))

≤
∫
Ω
λv̄

τ(z)−1
λ (v̂µ − v̄λ)

+ dz (since µ < λ)

=
〈
V (v̄λ), (v̂µ − v̄λ)

+〉 ,
⇒v̂µ ≤ v̄λ (see Proposition 2.3).

So, we have proved that

v̂µ ∈ [0, v̄λ] , v̂µ ̸= 0.

From (3.4) and (3.6) it follows that v̂µ is a nontrivial solution of (Qµ). Therefore

v̂µ = v̄µ,

⇒v̄µ ≤ v̄λ for 0 < µ < λ,

⇒{v̄λ}λ>0 is nondecreasing.

Finally we show that v̄λ → 0 in C1
0 (Ω) as λ → 0+. If 0 < λ ≤ 1, then

0 ≤ v̄λ(z) ≤ v̄1(z) for all z ∈ Ω.(3.7)

Then from Fan [6] we know that there exist α ∈ (0, 1) and c4 > 0 such that

v̄λ ∈ C1,α
0 (Ω), ∥v̄λ∥C1,α

0 (Ω)
≤ c4 for all 0 < λ ≤ 1.

We know that C1,α
0 (Ω) ↪→ C1

0 (Ω) compactly (Arzela-Ascoli theorem). Therefore,
we may assume that

v̄λ → v∗ in C1
0 (Ω) as λ → 0+.

But note that from (3.7) and since v̄1 ∈ L∞(Ω), we have

ρp (Dv̄λ) ≤ λc5 for some c5 > 0, all 0 < λ ≤ 1,

⇒v̄λ → 0 in C1
0 (Ω) as λ → 0+.

This completes the proof. □

4. Positive solutions

Using Proposition 3.1, we can find λ̂ ∈ (0, c] (here c > 0 is as in hypothesis H1(i)
such that

0 ≤ v̄λ(z) ≤ δ for a.a. x ∈ Ω, all 0 < λ ≤ λ̂,

with δ > 0 as postulated by hypothesis H1(iii). Then using that hypothesis, we
have

0 ≤ f (z, v̄λ(z), Dv̄λ(z)) for a.a. z ∈ Ω, all 0 < λ ≤ λ̂.(4.1)
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Recalling that δ ≤ ϑ (see hypothesis H1(iii), we can introduce the truncation map

τ0 : L
p(z)(Ω) → Lp(z)(Ω) defined by

τ0(u)(z) =

 v̄λ(z) if u(z) < v̄λ(z)
u(z) if v̄λ(z) ≤ u(z) ≤ ϑ
ϑ if ϑ < u(z).

(4.2)

We have

Dτ0(u)(z) =

 Dv̄λ(z) if u(z) < v̄λ(z)
Du(z) if v̄λ(z) ≤ u(x) ≤ ϑ

0 if ϑ < u(z)

(see [5], p.244).(4.3)

From (4.2) and (4.3) it follows that τ0 : W
1,p(z)
0 (Ω) → W

1,p(z)
0 (Ω) is well-defined.

Proposition 4.1. If hypotheses H0 hold, then τ0 : W
1,p(z)
0 (Ω) → W

1,p(z)
0 (Ω) is

continuous.

Proof. Consider a sequence {un}n∈N ⊆ W
1,p(z)
0 (Ω) such that

un → u in W
1,p(z)
0 (Ω).

We may assume that

Dun(z) → Du(z) in RN for a.a. z ∈ Ω,

⇒Dτ0(un)(z) → Dτ0(u)(z) in RN for a.a. z ∈ Ω(see (4.3)).(4.4)

Since W
1,p(z)
0 (Ω) ↪→ W

1,p−
0 (Ω) (see Proposition 2.1), we see that{

|Dτ0(un)(·)−Dτ0(u)(·)|p(·)
}
n∈N

⊆ Lp−(Ω) is bounded,

⇒
{
|Dτ0(un)(·)−Dτ0(u)(·)|p(·)

}
n∈N

⊆ L1(Ω) is uniformly integrable.(4.5)

From (4.4), (4.5) and Vitali’s theorem, it follows that∫
Ω
|Dτ0(un)−Dτ0(u)|p(z) dz → 0 as n → ∞,

⇒ρp (Dτ0(un)−Dτ0(u)) → 0 as n → ∞,

⇒∥Dτ0(un)−Dτ0(u)∥p(z) → 0 as n → ∞ (see Proposition 2.2),

⇒τ0(un) → τ0(u) in W
1,p(z)
0 (Ω) (by Poincare’s inequality),

⇒τ0(·) is continuous on W
1,p(z)
0 (Ω).

The proof is now complete. □
On account of (4.2), (4.3) and hypothesis H1(ii), we have

f (·, τ0(u)(·), Dτ0(u)(·)) ∈ Lp′(z)(Ω).

Also we know that

Lp′(z)(Ω) ↪→ W
1,p(z)
0 (Ω)∗ = W−1,p′(z)(Ω)

(see Gasiński-Papageorgiou [10], p.141).
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Therefore we can define the map N : W
1,p(z)
0 (Ω) → W−1,p′(z)(Ω) by

N(u)(·) = f (·, τ0(u)(·), Dτ0(u)(·)) for all u ∈ W
1,p(z)
0 (Ω).

For 0 < λ ≤ λ̂ and u ∈ W
1,p(z)
0 (Ω), we set

Kλ(u) = V (u)− λτ0(u)
τ(·)−1 −N(u).

Then Kλ : W
1,p(z)
0 (Ω) → W−1,p′(z)(Ω) and clearly it is bounded and continuous.

Proposition 4.2. If hypotheses H0 and H1 hold and 0 < λ ≤ λ̂, then Kλ(·) is
pseudomonotone.

Proof. Consider a sequence {un}n∈N ⊆ W
1,p(z)
0 (Ω) such that{

un
w−→ u in W

1,p(z)
0 (Ω), Kλ(un)

w−→ u∗ in W−1,p′(z)(Ω),
lim supn→∞ ⟨Kλ(un), un − u⟩ ≤ 0.

}
(4.6)

From Proposition 2.1, we know W
1,p(z)
0 (Ω) ↪→ Lp(z)(Ω) compactly. Therefore from

the first convergence in (4.6), we have

un → u in Lp(z)(Ω) as n → ∞,

⇒λτ0(un)
τ(·)−1 → λτ0(u)

τ(·)−1 in Lτ ′(·)(Ω) ↪→ W−1,p′(z)(Ω)(4.7)

(recall that τ(·) < p(·)).

Also using Hölder’s inequality (see Section 2), we have∫
Ω
N(un)(un − u) dz → 0 as n → ∞.(4.8)

Therefore from (4.7), (4.8) and the inequality in (4.6), we infer that

lim sup
n→∞

⟨V (un), un − u⟩ ≤ 0,

⇒un → u in W
1,p(z)
0 (Ω) as n → ∞ (see Proposition 2.3).

The continuity of Kλ(·) implies that

Kλ(un) → Kλ(u) in W−1,p′(z)(Ω),

⇒u∗ = Kλ(u) and ⟨Kλ(un), un⟩ → ⟨Kλ(u), u⟩ .

Then by Proposition 2.10.3, p.151, of Papageorgiou-Rădulescu-Repovš [12], we have
that Kλ(·) is pseudomonotone. □

Proposition 4.3. If hypotheses H0 and H1 hold and 0 < λ ≤ λ̂, then Kλ(·) is
strongly coercive, that is,

⟨Kλ(u), u⟩
∥u∥

→ +∞ as ∥u∥ → ∞.
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Proof. Let u ∈ W
1,p(z)
0 (Ω) with ∥u∥ ≥ 1. Then

⟨Kλ(u), u⟩

=⟨V (u), u⟩ −
∫
Ω
λτ0(u)

τ(z)−1u dz −
∫
Ω
f (z, τ0(u), Dτ0(u))u dz

≥ρp(Du)− λc6∥u∥ − c7

[∫
Ω
|Dτ0(u)|p−−1 |u| dz + ∥u∥

]
(4.9)

for some c6, c7 > 0 (see (4.2) and hypothesis H1(ii)).

We have ∫
Ω
|Dτ0(u)|p−−1 |u| dz

≤
∫
{u<v̄λ}

|Dv̄λ|p−−1|u| dz +
∫
{v̄λ≤u≤ϑ}

|Du|p−−1ϑdz (see (4.3))

≤c8
[
∥u∥+ ∥u∥p−−1

]
for some c8 > 0(4.10)

(recall that W
1,p(z)
0 ↪→ W

1,p−
0 (Ω)).

Returning to (4.9) and using (4.10), we obtain

⟨Kλ(u), u⟩ ≥ ∥u∥p− − (λc6 + c9) ∥u∥ − c8∥u∥p−−1 for some c9 > 0

(and recall that ∥u∥ ≥ 1)

⇒Kλ(·) is strongly coercive (recall that p− > 1).

This completes the proof. □

Now we are ready for the existence theorem.

Theorem 4.4. If hypotheses H0 and H1 hold and 0 < λ ≤ λ̂, then problem (Pλ)
has a positive solution u∗λ ∈ intC+.

Proof. A strongly coercive, pseudomonotone map is surjective (see Theorem 2.10.10,

p.156, of [12]). So, we can find u∗λ ∈ W
1,p(z)
0 (Ω) such that

Kλ(u
∗
λ) = 0 in W−1,p′(z)(Ω),

⇒⟨V (u∗λ), h⟩ =
∫
Ω

[
λτ0(u

∗
λ)

τ(z)−1 + f (z, τ0(u
∗
λ), Dτ0(u

∗
λ))
]
h dz(4.11)

for all h ∈ W
1,p(z)
0 (Ω).
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In (4.11) first we choose the test function h = (v̄λ − u∗λ)
+ ∈ W

1,p(z)
0 (Ω). Then〈

V (u∗λ), (v̄λ − u∗λ)
+〉

=

∫
Ω
λv̄

τ(z)−1
λ (v̄λ − u∗λ)

+ dz +

∫
Ω
f (z, v̄λ, Dv̄λ) (v̄λ − u∗λ)

+ dz

(see (4.2), (4.3))

≥
∫
Ω
λv̄

τ(z)−1
λ (v̄λ − u∗λ)

+ dz (see (4.1))

=
〈
V (v̄λ), (v̄λ − u∗λ)

+〉 (see Proposition 3.1),

⇒v̄λ ≤ u∗λ (see Proposition 2.3).

Next in (4.11) we use h = (u∗λ − ϑ)+ ∈ W
1,p(z)
0 (Ω). Then〈

V (u∗λ), (u
∗
λ − ϑ)+

〉
=

∫
Ω

[
λϑτ(z)−1 + f(z, ϑ, 0)

]
(u∗λ − ϑ)+ dz (see (4.2), (4.3))

≤ 0 =
〈
V (ϑ), (u∗λ − ϑ)+

〉
(see hypothesis H1(i) and recall that λ̂ ≤ c),

⇒u∗λ ≤ ϑ.

We have proved that

u∗λ ∈ [v̄λ, ϑ] .

Then from (4.2), (4.3) and (4.11) it follows that

u∗λ is a positive solution of (Pλ).

Moreover, from Fan [6], we have that u∗λ ∈ intC+.
The proof is now complete. □
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