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ABSTRACT. We consider a Dirichlet elliptic equation driven by the anisotropic
(p, q)-Laplacian and with a reaction that has the combined effects of a para-
metric concave term Au"*)~! and of a convective Carathéodory perturbation
f(z,u, Du). The hypotheses on © — f(z,x,y) are local near zero. Using trunca-
tion and comparison techniques and the theory of operators of monotone type,

we show the existence of a positive smooth solution when the parameter is small.

1. INTRODUCTION

Let @ C RY be a bounded domain with a C%*boundary 9. In this paper we
study the following anisotropic Dirichlet problem with gradient dependence (con-
vection):

{ —Apyu(z) = Agyu(z) = Au(z)"E 7+ f(z,u(z), Du(z)) in Q, } (Py)
o =0, u>0, A>0. A

For r € C(Q) with 7(z) > 1 for all z € Q, by A,(,) we denote the anisotropic
r-Laplace differential operator defined by

Apyu = div (|Du|r(z)_2Du) for all u € W@ (Q).

In contrast to the isotropic r-Laplacian (that is, (-) is a constant function), the
anisotropic one is not homogeneous and this is a source of difficulties in the study
of anisotropic equations. Problem (P)) is driven by the sum of two such operators
with different variable exponents. In the reaction we have the combined effects of a
parametric concave term Au”(*)~1 (we assume that 7(z) < ¢(z) < p(z) for all z € Q)
and of a Carathéodory perturbation f(z,z,y) (that is, f(-,x,y) is measurable on
and f(z,-,-) is continuous on R x RY). So, the perturbation is gradient dependent.
The special feature of problem (Py), is that the conditions on = — f(z,z,y) are
local near zero. We are looking for positive solutions. The gradient dependence of
the perturbation f, means that problem (Py) is not variational and so our approach
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needs to be topological. Hence, in the analysis of (P)) we use truncation techniques
and the theory of nonlinear operators of monotone type.

For isotropic convective (p, q)-equations, there have been recently several exis-
tence results. We mention the works of Bai [2], Bai-Gasinski- Papageorgiou [3],
Candito-Gasinski-Papageorgiou [4], Faria- Miyagaki-Motreanu [8], Gasinski-Krech-
Papageorgiou [9], Motreanu-Tanaka [11], Zeng-Papageorgiou [15]. There are no
corresponding results for anisotropic (p, g)-equations with convection. There is only
the very recent work of Albalawi-Alharthi-Vetro [1], for problems with no concave
term and under global conditions on the function (z,y) — f(z,z,y).

2. MATHEMATICAL BACKGROUND AND HYPOTHESES

The study of anisotropic boundary value problems, uses variable Lebesgue and
Sobolev spaces. The complete theory of these spaces, can be found in the book of
Diening-Harjulehto-Hésto-Ruzicka [5].

Let LY(Q) be the space of all measurable functions u : @ — R. As usual, we
identify two such functions which differ only on a Lebesgue-null set. Also, given

r e C(R), we set
r— =minr and ry = maxr.
Q Q

We define Fy = {r € C(Q) : 1 < r_}. Then given r € Ej, the variable Lebesgue
space L"?)(Q), is defined by

L' (Q) = {u e LYQ) : po(u) = /Q lu"®) dz < oo} :

We call p,(-) the modular function corresponding to the variable exponent r € Fj.
We equip this space with the so-called “Luxemburg norm”, defined by

[ty = inf {A >0 p, (%) < 1} .

With this norm, LT(Z)(Q) becomes a Banach space which is separable and reflexive
(in fact, it is uniformly convex since 2 — |#|"(*) is a uniformly convex function). By

r’(-) we denote the conjugate variable exponent corresponding to r € Ej, defined
by

r’z:& aisL L: orall z€ Q
(2) r(z)_1<tht ’r(z)+r’(z) 1) for all z € Q.

We have L"(®)(Q)* = L' (*)(Q) and the following Hélder type inequality holds

1 1
[tz < (2 + 2 Yol
for all w € L") (), all v € L ?)(Q).

If r1,79 € By and r1(z) < 1ma(2) for all z € Q, then
L2R)(Q) < LG Q).

Here and in the sequel, the symbol < denotes continuous embedding.
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Using the variable Lebesgue spaces, we can define the corresponding variable
Sobolev spaces. So, let r € E;. We define

Wl,r(z)(Q) _ {'LL e LT(Z)(Q) : ’DU‘ S LT(Z)(Q)} .

By Du we denote the weak gradient of u. This space is equipped with the following
norm

1,r(z) = ||u”r(z) + ||Du||r(z) for all u € Wl?T(Z) (Q)

I

Here | Dull,(;y = [||Dul|l;(). Let r € C%1(Q) N Ey (that is, r(-) is Lipschitz contin-
uous and in E7). We define

Wol,r(z)(ﬂ) _ WH'HM(@‘

The spaces W12, Wol (2) (Q) are separable, reflexive Banach spaces (in fact uni-

formly convex). Moreover, on T/VO1 ’T(Z)(Q), the Poincaré inequality holds, namely
there exists ¢ > 0 such that

lullyz) < ellDullyizy  for all u € Wy ().
So, on Wol’r(z)(Q) we can use the equivalent norm
lull = |1Dull oy for all w € Wy™(@).
Given r € Eq, by r*(z) we denote the critical Sobolev variable exponent defined by

Nr(z) .
r(z) = { Vi) ifr(z) <N , zeq.
+o0 it N <r(z)

There is the following “variable” version of the Sobolev embedding theorem.

Proposition 2.1. If r € C%1(Q) N Ey, then

(a) Wol’r(z)(ﬂ) — L*)(Q) foralls € C(Q), 1 < s_ < sp < N and 5(z) < r*(2)
for all z € ; -
(b) the embedding in (a) is compact if s(z) < r*(z) for all z € §;
(c) if ri,m2 € COL(Q) N Ey and r1(2) < 12(2) for all z € Q, then W&’TQ(Z)(Q) —
Wy ().
There is a close relation between the modular function and the norm || - ||. This
is illustrated in the proposition that follows.

Proposition 2.2. Ifr € CH'(Q)NE; and u € Wol’r(z) (Q)\{0}, then
(a) fJull =A< pr (B) =1;

(b) flull <1(=1,>1) & py(Du) <1(=1,>1);

(©) llull <1 =lul™ < pr(Du) < |ul|"~;

(d) flull > 1= flul™ < pp(Du) < Jlu]™*;

(e) |lul]| = 0(resp. = +00) < pp(Du) — 0 (resp. — +00).
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We know that
Wolﬂ”(z) (Q)* _ Wfl,r’(z)“z)'
Our hypotheses on the exponents p, ¢ and 7, are the following
Ho:p,q e C¥Q),7cC(Q)andl <7 <7y <q <qy <p_<py <N.
We consider the nonlinear operator V' : Wol’p(z)(Q) — W=L7(2)(Q) defined by

(V (), h) = / (IDulP?~2 4 | Du|9)=2)(Du, Dh)gy d
Q

for all u, h € W7 (Q).
For this operator, we have the following properties (see Fan-Zhang [7]).

Proposition 2.3. If hypotheses Hy hold, then V(-) is bounded (that is, maps
bounded sets to bounded sets), continuous, strictly monotone (thus mazximal

monotone too) and of type (S)i, that is, “if u, —> u in Wol’p(z)(Q) and
lim sup,, oo (V (up), un —u) <0, then u, — u in Wol’p(z) Q).
The global regularity theory of Fan [6], will lead us to the space
C&(ﬁ) = {u € Cl(ﬁ) D ulon = 0} .

This is an ordered Banach space, with positive (order) cone

Cy ={ueCi(Q):u(z) >0forall z € Q}.
This cone has a nonempty interior given by

intC+:{u€C+:u(z)>0 for all z € Q, — <O},
on |y

where g—z = (Du,n)gy with n(-) being the outward unit normal on 9S.
If u € L°(Q), then we set

ut(2) = max{u(z),0}, u (z) = max{—u(2),0}, z¢€qQ.

ou

We have u = ut —u™, |u| =u’ +u~ and if u € I/Vol’p(z)(Q)7 then u® € Wol’p(z)(Q).
If u,v € L°%(Q) and u(z) < v(2) for a.a. z € , then we define

[u,v] = {h € Wol’p(z)(Q) cu(z) < h(z) <wv(z) fora.a.z € Q} )
The hypothesis on the convective term f(z,x,y), are the following (recall that
Ry =10,00)):
Hi: f: Q2 xRy xR — Ris a Carathéodory function such that
(i) there exist ¢ > 0 and ¥ > 0 such that
™1 4 f(z,9,0) <0 for a.a. z€Q;

(ii) |f(z,z,9)| <a(2)(1 + |y|P-~1) fora.a.z € Q, all 0 < x < 0, all y € RY;
(iii) there exists § € (0,4) such that 0 < f(z,z,y) for a.a.z € Q, all 0 < x < 4,
all y € RV,

Remark 2.4. We see that the conditions on 2z — f(z,x,y) are local and they imply
an oscillatory behavior of the reaction near zero.
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3. AN AUXILIARY DIRICHLET PROBLEM
In this section, we deal with the following parametric Dirichlet problem
—Ap(z)u(z) — Aq(z)u(z) — &1 ip Q, u’ag =0, A>0, u>0. (@)

Proposition 3.1. If hypotheses Hy hold and A > 0, then problem (Qx) has a unique
solution vy € intC'y, {r},5( is nondecreasing, vy — 0 in Ci() as X — 0.

Proof. We consider the C!-functional o : T/VO1 P (z)(Q) — R defined by
1 1

or(u) = | ——|DulP?) dz —l—/ —|Du|1®) dz—)\/

= J, 552 aa) 2 )

for all u € WyP'9(Q).

(u+)T(z) dZ

If [lul| > 1 and [Jul|;(;) > 1, then

1 A
(W) = D)~ i)
1
> —||ul|P~ — —ecq|ul|™ for some ¢; >0
D T_

( see Propositions 2.1 and 2.2) .

But 7+ < p_ (see hypotheses Hp). So, it follows that oy(-) is coercive. Moreover
using Proposition 2.1, we see that o, (+) is sequentially weakly lower semicontinuous.

So, by the Weierstrass-Tonelli theorem, we can find v € I/VO1 P (Z)(Q) such that
(3.1) oy () = inf {aA(u) o= WMWQ)} .

Let v € intCy and t € (0,1). We have

T+

7A(t0) < T (Do) + py( D) = = pr(0)

2
= cot? — c3t™ for some co > 0,c3 > 0.
Since by hypotheses Hp, 74+ < g, we see that by taking t € (0, 1) small, we have
ox(tv) <0,
=0x(Ux) < 0=0,(0) (see(3.1)),
=0y # 0.
From (3.1) we have

(o)\(vp),h) =0 forallh e WOLP(Z)(Q)’

(3.2) =(V(vy),h) = A/Q(@j)“@—lh dz for all h € WP (Q).

In (3.2) we use the test function h = —v, € Wol’p(z)(Q). Then
pP(Dﬁ)T) S Oa
=0y > 0, Uy # 0 (see Proposition 2.2).
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From Proposition Al of Papageorgiou-Radulescu-Zhang [13], we know that vy €
L*>(€Q). Then from the anisotropic regularity theory of Fan [6], we have that vy €
C+\{0}. Note that

—Ap(z)'l_}/\ - Aq(z)’l_))\ > 01in Q.
Therefore from Proposition A2 of [13], we infer that

T))\ S il’ltC+.

Next we show the uniqueness of this positive solution. Suppose wy € I/VO1 P (Z)(Q)
is another positive solution of problem (Q)). Again we have w) € intCy. So, using
Proposition 4.1.22, p.274, of Papageorgiou-Radulescu-Repovs [12], we have
(3.3) A=), L ereQ).

W) Ux

Let j: LY(Q) = R = RU {+oc} be the integral functional defined by

1 p(2) 1 1 1a(?)
/ dz+/ —_— ‘Duq dz
o p(2) 0 q(2)

1

Du-

j(u) = e
if u> 0, ui- € Wer (@),

+00 otherwise.

From Theorem 2.2 of Taka¢-Giacomoni [14], we know that j(-) is convex. Let
domj = {ue L) : j(u) < 0o} (the effective domain of j(-)) and consider h =
vy —w§ € CH(Q). Using (3.3) we see that ¢ € (0,1) small

vy +th € domyj, 1wl +th € domj.

Therefore exploiting the convexity of j(+), we can compute the directional derivatives
of j(-) at o§ and at @] in the direction h. From Theorem 2.5 of [14], we have

—A 27 -A 27
= L [ et b,

1
q—

Recalling that the directional derivative of a convex function is monotone, we have

1 1 L o

A LY
=0\ =w) (recall that 7 < q_).

This proves the uniqueness of the positive solution vy € intCy of problem (Q)).
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Next we show that {v)},. is nondecreasing. Let ¢ < p < XA and introduce the
Carathéodory function g,(z,x) defined by

w1 o < 7y(2)
por(2)T@if By (2) < 2.

(3.4 o) =
We examine the following anisotropic Dirichlet problem

—Ap)0(2) = Ayyv(2) = gulz,v(z)) in Q, U}BQ =0.

We set G,(z,z) = / 9u(z,8) ds and consider the C'-functional 5, :
0

WP (Q) = R defined by

1 1
o,(u) = Dup(z)dz—i—/Duq(Z)dz—/G z,u) dz
u() /Qp(Z)’ | QQ(Z)’ | Q (2 u)

for all u € Wol’p(z)(Q).

It is clear from (3.4) that o,(-) is coercive. Also, it is sequentially weakly lower

semicontinuous (see Proposition 2.1). Therefore we can find v, € T/VO1 P (z)(Q) such
that

(3.5) 5, (5,) = inf {Gu(v) v W(}’W)(Q)} :

Recall that vy € intC. So, if v € C4\{0}, then we can find ¢ € (0,1) small such
that

0 < tu < vy (see [12], Proposition 4.1.22, p.274).

Then from (3.4) and as before using the hypothesis that 7 < ¢g_, for ¢ € (0,1)
small, we have

ou(tu) <0,
=8, (B,) < 0 = 5,,(0) (see (3.5)),
=0, # 0.

From (3.5), we have
<8u (Vw) 7h> =0 forallhe WOLP(Z) (Q),

(3.6) S (V (B h) = /Q o (528 hdz for all h € WiPP(q),

Using h = =0, € Wol’p(z)(Q), we obtain

Pp (Di)\;) <0 (see (3.4)),
=, > 0,v, #0 (see Proposition 2.2).
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Next in (3.6) we choose the test function h = (v, — v))" € Wol’p(z)(Q). Then
<V@u)7 (5;1 - 77/\)+>
= / ,wD;(z)_l (@, — o\t dz (see (3.4))
Q

< /Q)@;(Z)_l (U, — )" dz  (since p < \)
= (V(®2), (@ = o2)"),
=, < Uy (see Proposition 2.3).
So, we have proved that
v, €[0,05], vy # 0.
From (3.4) and (3.6) it follows that v, is a nontrivial solution of (Q,). Therefore
Uy = U,
=0, <0y for 0 < p < A,
= {Ux} >0 is nondecreasing.
Finally we show that o), — 0 in C}(Q2) as A — 0. If 0 < A < 1, then
(3.7) 0 < wr(2) <v1(z) forall z € Q.
Then from Fan [6] we know that there exist o € (0,1) and ¢4 > 0 such that
oy € Cy*(Q), oall oy Sea forall0<A<1.
We know that Cé’a(ﬁ) — C}(Q) compactly (Arzela-Ascoli theorem). Therefore,
we may assume that
oy — 0" in CL(Q) as A — 0.
But note that from (3.7) and since v; € L>(2), we have
pp (Dvy) < Acs for some ¢5 >0, all 0 < A <1,
=0y — 0in C}(Q) as A — 0.

This completes the proof. O

4. POSITIVE SOLUTIONS

Using Proposition 3.1, we can find A € (0, c] (here ¢ > 0 is as in hypothesis H; (i)
such that

0§17>\(z)§5f0ra.a.xEQ,allO<>\§/)\\,

with 0 > 0 as postulated by hypothesis H;(iii). Then using that hypothesis, we
have

(4.1) 0 < f(z,0x(2),Dur(z)) fora.a. z€Q, all0 <\ < .
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Recalling that § < 9 (see hypothesis Hj (iii), we can introduce the truncation map
70 : LP?)(Q) — LPB)(Q) defined by

oa(z)  ifu(z) < oa(2)

(4.2) To(u)(z) =< u(z) ifor(z) <u(z) <9
9 if ¥ < u(z).

We have

Duy(z) if u(z) < vx(2)

Dry(u)(z) =< Du(z) if vp(z) <wu(z) <
0 if 9 <u(z)

(4.3) (see [5], p.244).

From (4.2) and (4.3) it follows that 7o : Wol’p(z)(Q) — Wnl’p(z)(Q) is well-defined.

Proposition 4.1. If hypotheses Hy hold, then T : Wol’p(z)(Q) — Wol’p(z)(Q) is
continuous.

Proof. Consider a sequence {uy,}, .y C VVO1 P (z)(Q) such that
Up — u in Wol’p(z)(Q).
We may assume that
Duy(z) — Du(z) in RY for a.a. z € Q,
(4.4) =D7o(upn)(2) = Dro(u)(z) in RY for a.a. z € Q (see (4.3)).
Since Wol’p(z)(Q) — Wol’p_ (Q) (see Proposition 2.1), we see that
{|D7'o(un)(-) - DTg(u)(-)|p(')}neN C LP-(Q) is bounded,

45) = {\DTo(un)(-) - DTO(U)(-)|P<'>}n6N C L'(Q) is uniformly integrable.

From (4.4), (4.5) and Vitali’s theorem, it follows that
/ |D7o(un) — D1o(w) [P dz — 0 as n — oo,
Q
=pp (D1o(upn) — D1o(u)) — 0 as n — oo,
= D7o(un) — D7o(u)||pz) — 0 as n — oo (see Proposition 2.2),
=70(un) = T0(u) in Wol’p(z)(Q) (by Poincare’s inequality),
=1p(+) is continuous on Wol’p(z)(Q).
The proof is now complete. O
On account of (4.2), (4.3) and hypothesis Hj (ii), we have
f (5 70(w)(-), Do(u)(-)) € LX)
Also we know that
7@ Q) = wir () = wr G (q)
(see Gasinski-Papageorgiou [10], p.141).
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Therefore we can define the map N : W(l)’p(z)(Q) — WL )(Q) by
N(w)(-) = f (-, 70(u)(-), Dro(u)()) for all u € Wy (),
For 0 <A< Xandue W&’p(z)(Q), we set
Kx(u) = V(u) — Aro(u)™ 7 — N(u).
Then K : Wol’p(z)(Q) — W-LP'()(Q) and clearly it is bounded and continuous.

Proposition 4.2. If hypotheses Hy and Hy hold and 0 < A < X, then K(-) is
pseudomonotone.

Proof. Consider a sequence {uy },y € WO1 P(2) (Q) such that

(4 6) Un i} U in Wol’p(z)(Q)’ K)\(un) i> u* in W_l’p/(z)(ﬂ)7
) lim sup,,_, o (K (up), up —u) < 0.

From Proposition 2.1, we know WO1 P (z)(Q) < LP*)(Q) compactly. Therefore from
the first convergence in (4.6), we have

U, — U in Lp(z)(Q) as n — 0o,
(4.7) =A70(un) O = Ao(w)™O 1 in L7O(Q) o WP E) ()
(recall that 7(-) < p(+)).

Also using Holder’s inequality (see Section 2), we have
(4.8) / N(up)(tp —u)dz — 0 as n — oo.
Q

Therefore from (4.7), (4.8) and the inequality in (4.6), we infer that

lim sup <V(un)7 Up — ’U,) S 07

n—oo

=u, — uin Wol’p(z)(Q) as n — oo (see Proposition 2.3).
The continuity of K)(-) implies that
K(up) = Ky(u) in W E)(Q),
=u* = K)(u) and (K)(up), un) = (Kx(u),u) .

Then by Proposition 2.10.3, p.151, of Papageorgiou-Radulescu-Repovs [12], we have
that K (-) is pseudomonotone. O

Proposition 4.3. If hypotheses Hy and Hy hold and 0 < X < X, then K(-) is
strongly coercive, that is,

(K)\ (’U,), u>

——— — 400 as [Ju|| = oo.
]
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Proof. Let u € Wol’p(z)(Q) with ||u|| > 1. Then
(Kx(u),u)
—(V(u),u) — / Ao ()L dz / F (2 7o(u), Dro(u)) udz
0 Q
49)  2pp(Du) - Acslull - e [ [ pmr " uldz + ||u||}
Q

for some cg, c7 > 0 (see (4.2) and hypothesis Hy (ii)).

We have

[ 1D uldz
Q
g/ | Doy [P~ |u| d= +/ | DulP~719 dz (see (4.3))
{u<tr} {oa<u<d}
(4.10) <es [|Jull + |lul|P~"] for some cg > 0

(recall that Wol’p(z) — I/VOML (€)).
Returning to (4.9) and using (4.10), we obtain

(K(u),u) > ful|P~ — (Ao + e9) [Juf| — cs[ful/P~~" for some ¢g > 0
(and recall that [|ul| > 1)
=K, (+) is strongly coercive (recall that p_ > 1).

This completes the proof. O

Now we are ready for the existence theorem.

Theorem 4.4. If hypotheses Hy and Hy hold and 0 < A < X, then problem (Py)
has a positive solution u} € intC .

Proof. A strongly coercive, pseudomonotone map is surjective (see Theorem 2.10.10,
p.156, of [12]). So, we can find u} € Wol’p(z) (©) such that

Kx(u}) =0 in WP E)(Q),
@) = i) = [ M) f (). Dag)] hds

for all h € WP (Q).
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In (4.11) first we choose the test function h = () — u})™* € Wol’p(z) (©). Then

V(uy), (vx — UA)+>
/ ATy 7(2)— L —uy)" dz+/Qf(z,17,\,D17/\) (o —u}) " dz
(see (4.2),(4.3))
> /QAU;‘ZW A—u3)" dz o (see (4.1))

= (V(v»), (0x — uf\)+> (see Proposition 3.1),
=70, < u) (see Proposition 2.3).

Next in (4.11) we use h = (u} —9)" € Wol’p(z)(Q). Then

(V(}), (ui = 9)")
/Q [/\197 ALy f(z,0 0)} (uy =) dz (see (4.2),(4.3))

<0=(V(), (u; — 19)+> (see hypothesis Hy (i) and recall that X< c),
:>'LL)\ S '19

We have proved that

i € [, 9]

Then from (4.2), (4.3) and (4.11) it follows that

u} is a positive solution of (Py).

Moreover, from Fan [6], we have that u} € int C.
The proof is now complete. (]

(1]
2]
8l

REFERENCES

K. S. Albalawi, N. H. Alharthi and F. Vetro, Gradient and parameter dependent Dirichlet
(p(z), q(x))-Laplace type problem, Mathematics 10 (2022): 1336.

Y. Bai, Ezistence of solutions to nonhomogeneous Dirichlet problems with dependence on the
gradient, Electron. J. Differential Equations 2018 (2018): Paper No. 101, 18 pp.

Y. Bai, L. Gasiniski and N. S. Papageorgiou, Nonlinear nonhomogeneous Robin problems with
dependence on the gradient, Bound. Value Probl. 2018 (2018): Paper No. 17, 24 pp.

P. Candito, L. Gasiniski and N. S. Papageorgiou, Nonlinear nonhomogeneous Robin problems
with convection, Ann. Acad. Sci. Fenn. Math. 44 (2019), 755-767.

L. Diening, P. Harjulehto, P. Hast6 and M. Ruzicka, Lebesgue and Sobolev Spaces with Variable
Ezxponents, Lecture Notes in Mathematics, vol. 2017, Springer, Heidelberg, 2011.

X. Fan, Global C** regularity for variable exponent elliptic equations in divergence form, J.
Differential Equations 235 (2007), 397-417.

X. Fan and Q. Zhang, Ezistence of solutions for p(x)-Laplacian Dirichlet problem, Nonlinear
Anal. 52 (2003), 1843-1852.

L. F. O. Faria, O. Miyagaki and D. Motreanu, Comparison and positive solutions for problems
with the (p, q)-Laplacian and a convection term, Proc. Edinb. Math. Soc. 57 (2014), 687-698.
L. Gasinski, I. Krech and N. S. Papageorgiou, Nonlinear nonhomogeneous Robin problems with
gradient dependent reaction, Nonlinear Anal. Real World Appl. 55 (2020): 103135, 13 pp.

L. Gasinski and N. S. Papageorgiou, Nonlinear Analysis, Ser. Math. Anal. Appl. Chapman &
Hall/CRC, Boca Raton, FL, 2006.



ANISOTROPIC (p,q)-EQUATIONS WITH GRADIENT DEPENDENCE 725

[11] D. Motreanu and M. Tanaka, Ezistence of positive solutions for nonlinear elliptic equations
with convection terms, Nonlinear Anal. 152 (2017), 38-60.

[12] N. S. Papageorgiou, V. D. R&dulescu and D. D. Repovs, Nonlinear Analysis—Theory and
Methods, Springer Monographs in Mathematics, Springer, Cham, 2019.

[13] N. S. Papageorgiou, V. D. Ridulescu and Y. Zhang, Anisotropic singular double phase Dirichlet
problems, Discrete Contin. Dyn. Syst. Ser. S, 14 (2021), 4465-4502.

[14] P. Tak4¢ and J. Giacomoni, A p(x)-Laplacian extension of the Diaz-Saa inequality and some
applications, Proc. Roy. Soc. Edinburgh Sect. A 150 (2020), 205-232.

[15] S. Zeng and N. S. Papageorgiou, Positive solutions for (p, q)-equations with convection and a
sign-changing reaction, Adv. Nonlinear Anal. 11 (2022), 40-57.

Manuscript received July 3 2024
revised November 11 202/

NIKOLAOS S. PAPAGEORGIOU
National Technical University, Department of Mathematics, Zografou Campus, Athens 15780,
Greece

E-mail address: npapg@math.ntua.gr

VICENTIU D. RADULESCU
Faculty of Applied Mathematics, AGH University of Krakéw, al. Mickiewicza 30, 30-059 Krakéw,
Poland & Brno University of Technology, Faculty of Electrical Engineering and Communication,
Technickd 3058/10, Brno 61600, Czech Republic & Scientific Research Center, Baku Engineering
University, AZ0102 Baku, Azerbaijan

E-mail address: radulescu@inf.ucv.ro

BIN SHANG
School of Mathematics, Harbin Institute of Technology, Harbin 150001, People’s Republic of China
& Department of Mathematics, University of Craiova, 200585 Craiova, Romania

E-mail address: shangbin0521@163.com



