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Abstract
This paper is concerned with the existence and symmetry breaking properties of vectorial
ground states for the following fractional Hartree—Fock system with a general potential in
R?:
(A u+u+ 1@, = (PP + 7 P~ inR2,
(=AY v+ v+, v = (WP + P )P~ v inR,

where % <t<s<land0 < p < % By exploring the interaction of double coupled
terms and introducing some new estimates in combination with the multibump technique of
Ruiz (J. Funct. Anal. 237 (2006) 655—-674), we first establish the existence and multiplicity of
positive radial solutions for the above system with a constant potential. Combining this result
with the global compactness principle, the existence and nonexistence of non-radial ground
state solutions are also obtained for the system without any symmetry on the potential function
I(x). When I (x) is symmetric, we get a non-radial ground state solution for the above system
with parameters, which implies that the symmetry breaking phenomenon can occur. Finally,
by imposing some additional assumptions on /(x), three positive solutions are obtained.
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1 Introduction

This paper is concerned with the existence of solutions to the following planar fractional
Hartree-Fock (fHF) system

{GAYu+u+KM#Mwu=Um”+hW“WW1ﬁ4mR% 5

(=AY v+ v+ X)) (0 = (1?7 + ulP* [P~ 1) v inR?,
where % <t<s<1,0<pc< % and the operator (—A)* is the fractional Laplacian of
order s, defined by

o u(x) — u(y)
(—A) M(.X) = CSPV\/I;Z m B
here P.V. stands for the Cauchy principal value and Cj is called the normalized constant,
2s
that is, Cy; = %, and

1(y) (1) + v*()
¢lt,(ll.v) =G /]RZ Ix — y|22 dy € Dt’Z(RZ) (1)

is the unique solution of
(—A)'¢ =1(x) (u* +v?) inR>, 2)

Coupled elliptic systems (S;) arise in various branches of mathematical physics and nonlinear
optics. Moreover, solutions of system (S;) are related with standing wave solutions of a two—
component system of nonlinear Schrodinger equations. For more details on the physical
background, we refer the readers to [4, 11, 20, 21, 37] and references therein.

Remark 1.1 From the expressions of ¢/ (w.v)’ it is easy to know that the fractional planar

Hartree—Fock system is similar to that in RN (N > 2s). The reason why we consider N = 2
in this paper is mainly to obtain a comparison with the classical planar Hartree—Fock system
below.
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For a solution of system (57), we introduce some concepts of its triviality and positiveness.

Definition 1.2 A vector function (u, v) is said to be

(i) nontrivial if either u # 0 or v # 0;

(ii) semitrivial if it is nontrivial but either u = 0 or v = 0;
(iii) vectorial if both u# and v are not zero;

(iv) nonnegative if u > 0 and v > 0;

(v) positive if u > 0 and v > O.

The fractional Schrédinger equation:

0y
“ar T
is a fundamental equation of fractional quantum mechanics in the study of particles on
stochastic fields modeled by Lévy process [20, 21], where 0 < s < 1, (x,1) € RY x
(0, +00), f satisfies f(x,e?) = e f(x, ¥) and V : RV — R is an external function. By
using a similar argument to that of the classical case s = 1, the standing wave solution to
Eq.(3) is of the form

(=AY + V()Y — f(x,¢) inRY 3)

Y(x, 1) = e "u(x),
where u solves the following fractional elliptic equation:
(=AY u+ (V(x) —wu = f(x,u) in RV, 4)

Unlike the classical Laplacian operator —A, the usual analysis tools for the elliptic PDEs
cannot be directly applied to Eq.(4) since (—A)*(0 < s < 1) is a nonlocal operator. In
[2], Cafferelli and Silvestre developed a powerful extension method, which transferred the
nonlocal Eq.(4) into a local one settled on a half space. Later, the authors in [7, 13] gave
a detailed introduction on the fractional Sobolev spaces and variational methods for the
nonlocal fractional problems. Among other studies involving variational methods, there have
been a considerable amount of effort to look for ground states of Eq.(4), see [16, 30] and the
references therein. For instance, Frank, Lenzmann and Silvestre [16] studied the following
single fractional Schrodinger equation:

{(—A)Su+u = |u|?*Pu, in RN, )

ue H*@®RM), u>0, inRVN,
and obtained the following properties of the ground state solution for Eq.(5).

Proposition 1.3 [16] Let N > 1, s € (0, 1) and 0 < p < 252, where

2 =

s

= if N > 25,
400, if N <2s.

Then the following hold:

(i) (Uniqueness) The ground state solution U € H* (RN) for Eq.(5) is unique.

(ii) (Symmetry, regularity and decay) U (x) is radial, positive and strictly decreasing in |x|.
Moreover, the function U (x) belongs to H 25+HL(RN) N C°(RY) and satisfies

C

2 N
Topp s SV® s e VY e R
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with some constants C» > C; > 0.
(iii) (Non-degeneracy) The linearized operator Ly = (—A)* +1 — 2p + HU 2P is non-
degenerate, i.e., its kernel is given by

kerLo = span{o, U, ---, 0, U}.

In [17], Guo and He studied the following fractional Schrédinger system with nonconstant
potentials:

{eb‘(—A)Su + Py (x)u = (lu*” + BlulP~ P )u, inRY, ©

eX (=AY v+ Py(x)v = (Jv*P + B[P~ HulPT)v, inRV,

wheres € (0,1),0 < p < %, ¢ > (isasmall parameter and the coupling constant 8 > 0.
Under some appropriate hypotheses on the potentials P;(x) and P> (x), the authors obtained
the existence of nontrivial nonnegative solutions for the system (6) which concentrate around
local minima of the potentials. Whene = 1, P;(x) = land P>(x) = ®**, @ > 0,Guoand He
[18] obtained the existence of a least energy solution for the system (6) with0 < p < Nz_szs
on the Nehari manifold. Furthermore, the existence of the least energy positive solution with
both nontrivial components was also established. Recently, in [22], by finding a new kind of
solution to the system (6) with 8 > Oand 1 < p < 1 + 2s/N, and comparing its energy
with those of other kinds of solutions, Luan and Luo observed that each component of the
least energy solution to the system (6) is nontrivial, which complements the results of [18].
For more results about the fractional Schrédinger system, one can refer to [1, 10-12, 19] and
the references therein.
Recently, the following nonlocal elliptic system

—Au+ Vi@u + 1) wmu = ([u?? + BlolP ulP~)u inRY,
— A+ V2 () + 1)1 w00 = ([0 + Blul? T uP ") v inRY,

@)
has been studied by many papers, where

s { Jr2 L) log (Ix — y]) (u?(y) + v*(y)) dy, if N =2,
I, (u,v) =

1) (> M+ (1) .
Jrw o4y if N =3

is the unique solution of
—A¢ =1(x) (u* +v?) inR".

When N =2, p > 2 and Vi(x) = I(x) =1 (i = 1,2), by using the Nehari manifold
technique and some delicate estimates, Carvalho et al. [3] studied the existence of the least
energy solution for the system (7) in the space H,1 (RN), the radially symmetric subspace of
H*(R?). When 3 < p <2and > p—1,0r2 < p <3and g > 27! — 1, by using
the Nehari—Pohozaev manifold technique defined in Hr1 (RN) x Hrl (RY) developed by Ruiz
[28], d’Avenia et al. [9] studied the existence of radial vectorial solutions for the system
(7) with N = 3 and V;(x) = I(x) =1 (i = 1, 2). Later, by developing a novel constraint
method, Sun and Wu [31] obtained the existence of vectorial ground states to the system (7)
with1 < p < %, N =3and V;(x) =I(x) =1 (i = 1, 2). Very recently, for the case that
V (x) is not identically equal to a constant, Sun and Wu [32] proved the existence of a global
minimizer with negative energy for the system (7) with N =3 and 1 < p < %, and found
vectorial ground states with % < p < 2. Moreover, the phenomenon of symmetry breaking
of ground states with 1 < p < % was also explored. In [36], Sun et al. studied the existence
of ground normalized solutions for the system (7) with N = 3 and 1 < p < 2. Besides,
the local (global) well-posedness theory and the blow up behavior of the solutions were also
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studied. For more results about the system (7), we refer the interested reader to [6, 24] and
the reference therein.

It is worth pointing out that despite lots of work has been obtained about the Hartree—Fock
system, there are few results about the fractional Hartree—Fock system. In the present paper,
we focus our attention on the existence, multiplicity and symmetry breaking of positive
solutions for the planar fHF system (5;), extending the results in [3] to the fractional case.
In addition, we assume that the function /(x) satisfies the following condition:

(D1) I € C(R?, R) is positive on R? and lim [(x) =l > 0;

|x|—o00

*7 . . . .
Observe that the case of 1 < p < 2“'2 ! is trivial, so we only consider the case of

O0<p< %
Let H = H*(R?) x H*(R?) and H, = H} (R?) x H? (R?). From a variational point of
view, solutions of system (.S;) are critical points of

T ) = S v>||2+1/ LB 0 (0 +07) dx = fF(u v)dx
’ 2 TR g S 1 (u,v) 2p+2 Jp
where

Fu, v) = [uP*? 4 [uP+2 4 20uPH o] P,

and

I, )1 = fR2 (|(—A)%u|2 +u2) dx + /Rz (|(—A)%v|2 + vz) dx.

Compared with the existing results, there seems to be more challenging in our study under
the effect of the nonlocal operator (—A)* (% < s < 1) and the nonlocal term ¢It .v)" On one

hand, when 0 < p < %, neither Nehari and Nehari—Pohozaev manifolds nor the mountain
pass geometry of the functional J; can be used to construct bounded (PS)-sequences in
finding multiple positive solutions, even without the classical (AR)-condition or other similar
conditions. On the other hand, since we consider system (S;) in H, it is also tough to prove
the convergence of the Palais Smale sequence without any radial symmetry setting on the
potential function /(x). In order to overcome these difficulties, as an important step, we shall
develop a different approach inspired by Ruiz [28] (or [8]) to find a global minimizer by
establishing new estimates for the fractional Laplacian in H?!(R?). Secondly, in order to
obtain a ground state solution for the system (S;), we need to establish a version of global
decomposition of solution sequences (such solutions maybe not positive), which seems new
for the fractional Hartree—Fock system. This decomposition is crucial in using the Brezis-Lieb
Lemma [33] and some delicate estimates of solutions to prove the compactness of solution
sequences. Thirdly, when we study the symmetry breaking phenomenon, the usual approach
(see [8, 35]) is only used to deal with the case of % <t < % due to complexity of the
fractional Laplacian. We thus introduce a new approach to solve the case of % <t <l1by

controlling the potential /(x). Indeed, such approach is also valid for the case of % <t< %

1.1 Main results
Before presenting our main results, we need to state the following maximization problems:

o Jre F s v)dx — 31, v) [y
Ao = sup

(u.v)€H,\{(0,0)} T Je ¢l (u2 4+ v2)dx

@ Springer
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and 1
Jg2 Fu, v)dx = Hiw, v) |1}

@eHA00)  Jg2 B 1y (4? +v?) dx

Al =

where

/ Pl (0¥ +v7) dx = / 1G] 0y (0 +v7) dx
R2 R2

with /(x) = 1. By using similar arguments with [8, Appendix], we have
0<Ag<ooand0 < A < o0.

We now summarize our main results. First of all, we consider the autonomous case, i.e.,
I(x) = p > 0 as a parameter, then system (S;) becomes the following system:

(Sp)

(=D u+u+pgf , yu = (Jul* + [P uP ) u in R?,
(=AY v+ v+ pdf 0 = (WP + ulPH )P~ v inR?,

and the following theorem holds.

Theorem 1.4 Suppose that % <t <s < 1 and the condition (D) holds. Then the following
statements are true.
(i) For every 0 < u < Ay, system (SM) admits two positive radial solutions <u,&1), v,&l)),

(2, 02) € By with Ju @il o) < 0 < Ju@?, o), where J, (u, v) = Ji(u, v) with
I(x) = .
(ii) For every u > A1, (u, v) = (0, 0) is the unique solution of system (S,L).

With Theorem 1.4 in hand, we have the following results for the non—autonomous system

(8.

Theorem 1.5 Suppose that % <t <s < 1 and the condition (D1) holds. In addition, the
following conditions are also satisfied:
(D7) Inin := inf [(x) < by < loo, Where

xeR2

2p 2pH3— 1-2p\ /2P
B PP (1 =2 P
bo::( 0 P (1 =2p) ) >0, ®)

p+1

here By > 0 is the best constant of fractional Gagliardo—Nirenberg interpolation inequality
[29] as follows:

, 20-1) Y 2
/RZ (l (=A)2 ul? +u2) dx < By </RZ uzdx> I:/J;%Q (| (—=A)2 ul? +u2> dx:|

forQ <r = ? < 1.
(D3) there exists 0 < u < Ag such that

2 2
¢ Wy My _
/RZZ(X)¢I,(M,(}’(xxo),v,ﬁ”(xxo)) |:<uﬂ (x xo)) + (”u (x xo)) ]dx

2 2
t (1 (D
< “/Rz P ) [(“M )+ () ]dx
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for some xo € R%, where (ufp, v,(tl)) is the radial solution of system (S,L) obtained in

Theorem 1.4.
Then system (S;) admits a vectorial ground state solution (u;, v;) € H such that

Ji(u, vp) < TP 0Py < 0.

Theorem 1.6 Suppose that % <t <5 < 1 and the condition (D1) holds. If Inin > VA1,
then (u, v) = (0, 0) is the unique solution of system (S;).

Remark 1.7 (i) For the autonomous planar Hartree Fock system, a positive solution with
B > 2p=1 1, (p = 1) is obtained in [3], while two positive solutions can be found for
the autonomous planar fHF system in Theorem 1.4, which the energy of a positive solution
is negative. For the non-autonomous case, as far as we are concerned, there seems no any
information on the ground state solution for the planar fHF system. However, for the planar
fHF system, we can find a ground state solution with negative energy in Theorem 1.5. We
think these are some of the main differences between two types of systems.

(ii) The asymptotic behavior of positive solutions as the order + — 1 will be an interesting
issue in future.

To study the existence of non-radial ground state solutions, we consider the following
system:

(=AY u+u+ 1)@, yu = (ul? + P P~ u inR?,

. S,
(=AY 0+ 0+ LG 0 = (0P + P ol v g2, )

where [ (x) = I(ex) for any ¢ > 0. Then we have the following results.

Theorem 1.8 Suppose that % <t < %,t < s < 1 and conditions (D1), (D) hold. In
addition, the following conditions are also satisfied.

(D4) I(x) = I(|x]);

(Ds) the sublevel set {l(x) < \/[TO} = {x eR2|I(x) < «/[TO} is a nonempty open set.
Then system (Slg) admits a positive solution (uls, vlg) € H such that

Ji, (ulg, Ulg) <—-K < ; iI)1fH Ji (u, v) for some constant K > 0 and ¢ > 0 sufficiently small.
i u,v)eH,

Furthermore, (Hle, v;E) is a non-radial ground state solution of system (S}, ).

Theorem 1.9 Assume that % <t < s < 1 and conditions (Dy), (D), (D4) and (Ds) hold.
In addition, we assume that
(Ds) 0 ¢ {I(x) < /Ao}.

Then system (Slg) admits a positive solution (ule, vlg) € H such that

Ji (uy,,v,) < —K < ( iI)lfH Ji,(u,v) for some constant K > 0 and ¢ > 0 sufficiently small.
u,v)eH,

Furthermore, (uls, vlg) is a non—radial ground state solution of system ().

Remark 1.10 (i) Assume that conditions (Dp), (D) and (Ds) hold. Then there exist
Xp € {l(x) < «/Ao} and 0 < pup < Ag such that I(xg) < /po. Let (uftlo), v,()())) be the
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radial positive solution of equation (S,,,) obtained in Theorem 1.4. Define (u¢(x), ve(x)) =
(fl (x = 29, vfa) (r = 12)). Then by the condition (D), one has

[ 100 (62 422

= l(ex+x V! ( (1)> —i—(v(l))z dx
VP ex-+x0), @) vl Ho

= lz(xo) ¢ LD M |:< E,_lo)) + (Ul(l-lo)> :|dx + o(¢)

Upgy Vg
2
< ﬂo/ (}5”51) o |: (1)) + (U/(Llo)) ]dx + o(e) for ¢ > 0 sufficiently small,
L0 " IO

which implies that when /(x) is replaced by /(ex), the condition (D3) still holds for ¢ > 0
sufficiently small. Therefore, by Theorem 1.5, system (Slé) admits a positive ground state
solution (uy,, v,) € H such that Jj, (ur,, vi,) < Jyuo by, vig) <

(ii) Assume that all conditions hold in Theorem 1.8. If 0 € {l(x) < /Ay }, then similar

to the argument in part (7), there exists 12(0) < u < Ag, fore > 0 small enough, there holds

f l(gx)d)lg ) |:< (l)) + (vl(Ll)>2i| dx < p - ¢;EL“»U/<¢1> I:(MS)Y + <U,(Ll))2] dx,

which implies that the symmetric case still holds in Theorem 1.5. Thus, system (5;,) admits

a radial positive solution ( 1(1) (l)) € H, satisfying

Ji (ug,,v,) < Jj (u(l) 1(51)) < 0 for ¢ > 0 sufficiently small.

Theorem 1.11 Assume that % <t < %,t < s < 1 and all the conditions in Theorem 1.8

hold. If
e {l(x) < \/AT)]

then system (Slg) admits three positive solutions (uzg, vzs) € Hand (Elg, 515), (Ttlg, f)}e) c H,
such that

Ji (g, o) < Ji (g, ) < 0 < Ji (g, 1) for e > 0 sufficiently small.

Theorem 1.12 Suppose that % <t <s < 1and all the conditions in Theorem 1.9 hold. In
addition, we assume that
(D7) there exists 0 < u < Ag such that

/ l(ex)qﬁl& ) [( (1)) + (vﬂl))z} dx < p ¢u§f) o [( (1))2 + (v,()))z] dx,

where (u,(}) b )) is the radial solution of system (S;) obtained in Theorem 1.4.

Then system (Sle) admits three positive solutions (ulg, vzg) € Hand (uzg, vlg), (ulg, f)}e) c H,
such that

Ji (g, v,) < Ji (g, ) < 0 < Ji (g, g,) for e > 0 sufficiently small.

Remark 1.13 Note that the condition (Dg) : 0 ¢ {l x) < «/AO} is required in Theorem
1.12, therefore, the condition (D7) is required, since we cannot get the similar result as what
Remark 1.10(i) stated.
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Remark 1.14 By Theorems 1.8 and 1.9, we know that the symmetry breaking phenomenon
for the planar fHF system can occur under the joint actions of the fractional Laplacian and
the potential / (x). However, we have not found any results on the symmetry breaking for the
planar HF system so far.

Remark 1.15 Note that from the expressions of

i 2 4 2
d)ll,(u,v) = Ct/2 o) (” )+ (y))dy

lx — y|2=

and
P = /R Ll Tog (1x = y) (2 () + v* () dy,

it is easy to see that system (S;) is totally different from the planar Hartree-Fock sytem.
Moreover, Theorems 1.4—1.12 still hold when the space dimension N € (2s, 6s) with % <
s < 1. The arguments are similar to those of N = 2 in the present paper.

Notation Throughout this paper, we denote that B;(y) = {x eR?:|jx—y|<d } for each
d € [0, +00). (H* (Rz))/ is the dual space of H*(R?). S, is the best Sobolev constant of
the embedding from H* (R?») into L"(R*) 2 < r < 2t = ﬁ) and S represents the best
Sobolev constant of the embedding from D? *2(R2) into L% (R?). In particular, we shall also
denote by | - |, the L"—norm for any 1 < r < 400, 0,(1) is the quantity which tends to zero
as n — oo and C represents various constants which may vary from line to line. “—” and

—” represent the strong and weak convergence. We may denote it again by {(u,, v,)} if we
take a subsequence of a sequence {(u,, v,)}.

This paper is organized as follows. In Sect. 2, we give some preliminaries which will be
used in the sequel. After proving Theorem 1.4 in Sec. 3, we can directly prove Theorems
1.5-1.6 in Sec. 4, respectively. In Sects. 5 and 6, by studying the symmetry breaking of
ground state solution, we give the proofs of Theorems 1.8-1.9 and 1.11-1.12, respectively.
Finally, the global compactness principle will be proved in Sect. 7.

2 Preliminary results

Lemma 2.1 [13] Lets € (0, 1)and N > 2 s. Then H is continuously embedded into L" (R%) x
L"(R?) for any r € [2, 2¥] and compactly embedded into LI’I)C(RZ) X Ll’()C(Rz) for any
re[l,2)).

Lemma 2.2 The function ¢lt, (w.v) defined in (1) possesses the following properties:
® ¢1t,(u’v) >0;
(i) fpo 1] (0 (? +0?) dx < 12, STIST2 I, )1

4
+1

(iid) if (up, vy)—(u, v) in H, then ¢lt7(u”,vn)A¢lt7(u,U) in Dt’z(Rz);
(V) if (s va) = (u,v) in H, then ¢ , = @], ,, in D"*(R?).

Proof (i)It is obvious by the condition (D) and the expression of ¢lt. (w.v) A8 in (1).
(ii) Multiplying the equation (1) by ¢] (u.v)> and together with the Holder inequality, there
holds '

L
16} oy I, > = /R RICYSELARNEE
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- / 1) () (u® + %) dx
R2 "

t+1
4

4 7
2 =1yt =+1 +1
= xS 97wyl (Iull + |v|i>

t+1 1+t

2 —1¢-2 2
< LnaxS Sil 107 .y 1D 11 2ty 0) Iy
t+

which implies that

t 2 —1¢-2 2
||¢l,(u,v) ||D,12 =< lmaxS Si Il (u, U)||H,
T+

and
/R 108 g (0 4 02) e = 100, = S 725 N .

4
1+
(iii) Let us define the linear and continuous operators T, T, in D’ 2(R?) by
. toy L _ 2, .2
T(w) = f (=A)2¢; « v)(—A)zwdx <_ / 1(x) (u + v )wdx) ,
R2 o R2
and
T ( _ _ % t _ % _ 2 2
w@) = [ (=8)72¢) (M) 2wdx (= | 1(x) (4, +v;) wdx ).
R2 R2
Then from the condition (D1) and the Holder inequality, for any ¢ € C3° (R?), there holds
1T (@) — T(9)]

= ‘/Rz ((_A)%(blt,(u”,vn) - (_A)%(Plt,(u,v)) (_A)%(pdx

/Rzl(x) (uz — u* + v} —v?) pdx

141

4 4
< lmaxS_l||‘/’”D’,2|un+”|i </ [y — w1 dx)
! suppe

+1

t+1

4
+lmaxS’1||¢||Dr,z|vn+v|$ (/ [v, — |+ dx)
s

< on(Wllelpr2,

uppg

since % <t <s <1, (uy, vy) > (u,v) in Lfoc(RQ) X LI’OC(R2)(1 <r < 2¥) by Lemma
2.1 and CSO(RZ) is dense in D'*2(R?). Hence, (T, — T) — 0 as operators on D'2(R?), and
the Riesz representation theorem implies that ¢] n vn)—\(pl’ (. D D'2(R?).

(iv)To prove (iv), it suffices to show that
2 2 2
||¢[tv(unsvn)”Dt,2 = /léz l(x)d)lts(ulhvn) (u” + U”) dx
r 2 t 2 2
- ”‘bl,(u,v)”D,g = ~/RZ l(x)(b[,(u,v) (14 +v )dx 9
as n — oo. In fact, since (u,, v,) — (u,v) in H, then (u,, v,)—(u, v) in H. Thus, by
the previous point (iii), ¢/ (, , \=®] ., i D"2(R?) as n — oo. The Sobolev embedding

inequality implies that
O oo = Phuy 0 L7 R,
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and then

/RZ 1) (9 00y — ) (17 + ) dx = 04(1) (10)

by the condition (H;) and (u2 + v2) S Lf%' (]Rz) by Lemma 2.1. Then it follows from the
Holder inequality, Lemma 2.1 and (10) that

‘ /R G [y (2 4+ 02) = 6 ) (02 +0) [ e

<2, /R W (2 =+ 07— 0?) s

i [ 160, = 01) (0 +07)]d

=< lmaxsil|(ﬂ|Df~2|un +ul 4 |up —ul 4

t+1 t+1
+lmaxs_1|(ﬂ|Dt~2|Un +v| 4 v, —v] 4
t+1 t+1

= on(D),
which implies that (9) holds. The proof is complete. O
Let
P = [0l (2 +0)
R2

Lemma 2.3 If (uy, vy)—(u, v) in H, then

C(up, vp) =T (u,v) + T'(up — u, v, —v) + 0p(1),

and
/ lun |7 0 [P dx = / P |P T dx + f lun — ul?H v, — 0[P dx + 0, (1).
R2 R2 R2
Proof The proof is similar to [36, Lemma 2.6], and we omit it here. O

Now we establish the following estimates on the nonlinearity.

Lemma 2.4 Suppose thatb > 0and (0 < p < % Let

b 1,
g — ——60°P ford >0,
V8By p+1 f

where By > 0 is as in (8). Then there exist

1/2
b ngp2p23—p (1 _ 2p)1—2p /2p
o p+1

1
hp(0) = 3 +

1/(1-2

> 0 and 6y(b) := (b(p T

such that
(i) hy,(60(b)) = 0 and hp,(60(bo)) = O;
(ii) For each b < by, there exist ap, By > 0 such that ap < 69(b) < Bp, and hp(0) < O for

every 6 € (ap, Pp);
(iii) for each b > by, hp(0) > 0 for every 6 > 0.

Proof The proof is straightforward, and we omit it here. O
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Lemma25 Let0 < p < %and
@) =Pt 4 (=P 4295 (1 =) foro<v <1.
Then there exists g € (0, 1) such that

) = ) > 1.
g(@Wo) ﬁ%ﬁ]g( ) >

Proof The proof is similar to [9, Lemma 2.4], and we omit it here. O

Lemma26 Let0 < p < % and the condition (Dy) holds. Then for each z € H® (RZ)\{O},
there exists ¥, € (0, 1) such that

S22z, 1 = 022) < Ji1(2,0) = Ji(0,2) = [p(2) <0,

where
1 s 1 1
I —— ( —A)2 2 2) d 7‘/‘ l t 2d _ / 2p+2d .
0(2) 2/Rz [(=A)2z]" +z Xt - (x)¢; ,2°dx 212 Rzlzl x
Proof The proof is similar to [31, Lemma 2.4], and we omit it here. O

Remark 2.7 From [5, Theorem 1.2], we know that inf2 Ip(z) < 0.
zeR

By virtue of Lemma 2.6, we may obtain the following result.

Theorem 2.8 Assume that % <t <s < 1 and the condition (D) holds. Let (ug, v9) € H
with
Ji(up, v9) = inf Ji(u,v) < inf [Iy(z) <O.
(u,v)eH zeHS (R2)

Then ug # 0 and vy # 0.

Proof Argue by contradiction that v9 = 0. Let (#,v) = (VPug, /1 —1%ug). By a
straightforward calculation, we know that

G, VI = Dlluol?y + (1 — Dlluol?y = lluoly

and
' A ' 2 A ¢ 2
fRzl(x)‘f’l,(uo,vo) (g + 3 ax _/Rzl(x)(bl’(uo)vo) (9uf + (1 = 9)u) dx _/Rzl(x)q)l’uouodx.

In view of Lemma 2.6, there exists ¢ € (0, 1) such that

/ (|u|2p+2+|v|2p+2+2|u|p+l|v|p+l)dx
R2

pEl

1
z[ﬂo”+1+(l—l90)”“+215‘02 (1—190)%“” Juo|*P**dx
R2

> / luo|?P2dx.
R2
Therefore,

1 1
T/ Bouo, /1 — doug) < = lluoll3; + 1 /RZ l(x)fi’f,uou(%dx
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p+1
2

[ﬁé’*‘ + (1= 9)" ™ + 29, (1—190)”%']/ luo 2P 2dx.
RZ

C2p+2

1 2 1 2 1 2p+2
< ol + Z/Rzl(x)¢;muodx ~ 5573 fRz luo| 2P +H2dx

= Ji(up,0) = ianJI(M, v),

(u,v)e

which is a contradiction. The proof is complete. O

Lemma 2.9 Suppose that % <t <s < 1 and conditions (D1), (D2) hold. Then the energy
functional J; is coercive and bounded below on H.

Proof From the fractional Gagliardo—Nirenberg interpolation inequality, we obtain

! 1
! 3402 ul) dx = / CAY By ) Juld
V8B, /R @ (el + 0%l de = —2 | ((0) ) luld

1 . )
= [ ol b

1 1 1
L 9 Lot 2
< g J | dx+§éz|(—A>z¢l,(u,v)| da (1n)

_ L2 1 t 2 2
= E - [ (=A)Z ul|“dx + 5/1‘%2 l(x)qﬁl,(u,u) (u +v )dx

1 2 1 2 2
< gl g [ 1000 (0 +07) dx

1
7/ 1()B] ) (u® +v?) dx forall (u,v) € H.
2 @,

< Sl +
—||u 5
— 4T g

Similarly,

1 1 1
—_— / 3 21u) dx < = w3, ,/- i ' 2 24 12
T /R 0 (0P + o) dx = ol + g [ 10000 (2 +%)ax (2)

for all (u, v) € H. Thus, by (11)—(12), there holds

1 1
Z /Rz L) 0y (12 +02) dx = V3B, /Rz 160) ([ul? + [vP) dx (13)

1 / 2 2 1 2
+ 1) (u vl + v7ul) dx — — || (u, v) ||
\/gB() R2 ( ) 4 H
for all (u, v) € H. Then by (13), the Young inequality and the Holder inequality, we obtain

Ji(u, v)

1 5 1 2 5
EH(M,U)”H‘FZ/RZ l(x)(lblt’(u’v) (u +v )dx
1 2
— u I7+2+ UZPJFZ dx —
2p—|—2/1~gz (| | vl )

1 1
vl e [ () dx

|| P )P dx

p—l—] R2

A%

1
+7/ 1) (u|v] + v2|u]) dx
\/gB() R2 ( )

1
2p+2

1
/ (|u|2p+2+|v|2P+2)dx— ? |u|p+1|v|p+]dx
R2 p R2
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1 S(1 1 o,

> —|(u, v)IIH /]RZM <§+ \/gBol(X)lm - p+1|u| P) dx

/ v2<1 f0<)| ol 1+ |v|21’)dx (14)

> D vl + /{Z(MO 2 <1+ Jggol(x)'”'_ p+1|u|21’) dx

1 1

/{z(x)<bo UZ( f By Heolvl = p+1 |U|2p> !
1 1

+/{l(x)zb0} u? <§+ \/§301<x)|u|— p+1|u|2"> dx
1 1 1

+/{Z(X)Zbo} v <§ * x/§Bol(x)|U| S p+1 |v|2p> .

and together with Lemma 2.4, we further have

T, v) = < )||2+f 2<1+ L ol L |2P>d
1(u,v) = —|[(u, v u - xX)|u| — u X
8 B i) <o) 8 8By p+1

oo

+

e 2]

+

+/ v? <1+ : 1(x)|v] — |v|21’) dx (15)
tw<b)  \8 V8B 1
1
= 2l vl +2/ m(x)dx,
{I(x)<bo}
where
1 1
my(x) := 2;2% <§92 N — 7192’”2) <0 forallx € {l(x) < bo}.
= 0
Note that
. 1 Imin 1 2pt2
f < —02 (I 03 (Imin) — —— 0,7 (i 0, 16
xe{lgcl)<bo}ml(X) =3 ()(mm) + «/gB() o(mm) P+l 0 (Imin) < (16)
1/(1-2p)
where 0y (Imin) = <(ﬁfﬁ ?n) >

On the other hand, from the conditions (D1), (D;), we know that
0 < |{l(x) < bo}| < o0. 17)

Then by the definition of m;(x) and (16)—(17), we obtain
0> / my(x)dx > inf  m;(x)|l(x) < by| > —o0,
{1(x)<bo} xe{l(x)<bo}

and together with (13), we know that the energy functional J; is coercive and bounded below
on H. The proof is complete. O

Lemma 2.10 Suppose that % <t <5 < 1 and conditions (D), (D2) hold. Then

inf J(u,v) >0,
(u,v)eH

where Ji,, = Jy with | = .

@ Springer



Partial Differential Equations and Applications (2026) 7:36 Page 15 of 36 36

Proof By Lemma 2.4, (11)—(12) and lo > by, for any (u, v) € H, we have

I, v) = S )||2+f 2<1+ Lol - — ||2P>d
u,v) > —||(u, v u- | - x)|u| — u X
foo 8 HY ™ \8 7 V8B, p+1

+f 2(1+ Lol - — ||2P)d 0
v — X)|v| — v X > U.
R2 8 8B p+1

The proof is complete. O

Now we introduce the global concentration—compactness principle by means of a profile
decomposition type result for bounded Palais—Smale sequences of J; in H. We point out that
this result is one of the main tools to proceed with our argument, in order to search our critical
points of J;.

Proposition 2.11 Assume that % <t <s < 1 and the condition (D) holds. Let {(u,, v,)}
be a bounded (P S)q-sequence in H for J;, where a is an arbitrary constant. Then there exist
a subsequence of {(un, vy)}, still denoted {(u,, v,)} and an integer £ € N U {0}, a sequence
Y « R2, a function (uo, vo) € H, and (w®, z®) e H for | < k < € such that
@) |y,(,k)| — 400 and |y,(,k) - y,gk )| — +ooforl <k #k’ <V
(i1)
(=A) g + 1o +L0)P] ()0 oy 0 = (1u0l*? + [vol P uo|P~1) ug in R?,
(=) 00 + 10 +LOVB] (10 0y 00 = (V01?7 + 0P vo P ") vo in R;

(iii)
0 w® +w® o] w® = (w22 4 2O 1) u® i B2,
(=AY 780 4 70 4 l°°¢lroc,(w<’<>,z(’<>)z(k) = (|Z(k)|2]7 + |w® | pt1 |Z(k)|p*1) 70 in R

(iv)
4
up =uop+ Y wh( =y +0,(1) inR?,
k=1
14
vy =vo+ D 20 - yﬁ) +o0,(1) inRZ%
k=1

[
) T (s va) = Ji(uo, vo) + Y Jip, (w®, 28,
k=1
Here we agree that in the case that £ = 0, the above results hold without {w®?}, {z®} and

).

Since the proof of proposition 2.11 is technical, so we postpone it in the Appendix of
Section 7.
From Lemma 2.9, we may define

= inf Ji(u,v).
Bi (u,IB)EH 1 (u, v)

Then we may get the following conclusion from Proposition 2.11.
Corollary 2.12 Suppose that % <t <s < 1 and conditions (D1), (D) hold. Let {(u,, v,)}
be a (PS)g,-sequence in H for J;. Then there exist a subsequence {(u,, v,)} and a nonzero

function (ug, vo) in H such that (u,, v,) — (ug, vo) strongly in H and J;(ug, vo) = B.
Moreover, (ug, vo) is a solution of system (S;).
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Proof Let {(u,, v,)} be a (PS)g-sequence in H for J;. It follows from Lemma 2.1 that
{(un, vy)}is bounded in H, then there exist a subsequence {(«,, v,)} and a nonzero function
(1o, vo) in H such that (u,, v,)— (ug, vo) weakly in H and Jl’(ug, vg) = 0. Furthermore,
according to Lemma 2.10 and Proposition 2.11 (iv) — (v), (4, vy) — (ug, vo) strongly in
H and J;(ug, vo) = B;. Then (ug, vg) is a solution of system (.S;). The proof is complete. O

3 The existence and nonexistence of radial solutions

Lemma 3.1 ([25, Theorem 3.2]) Let N > 2 and % <s< % Then there holds

sup |x|%|u(x)| < C(N,s)|ullgs forallu e Hf(RN).
xeRN\{0}

We are now ready to prove Theorem 1.4. (i) According to the definition of ®, there exists
(uo, vo) € H,\ {(0, 0)} such that for each u < @, there holds

1 1
3573 Jre F o, vo)dx — 5 (uo, vo) Iy

AITI]RZ l{t(),v() (M(Q) + v(%) dx

which implies that

1 1z
It w0) = S0, w0y + 5 [ 01, 0+ 13) 0 [, P, <o

S 2p+2
(18)
Furthermore, for any (u, v) € H, we derive
Jt<u,v>=1||<u,v)||2+ﬁf B (1 + 0%) dx — — /F(u,v)dx
/ 2 H 4 Jgo u,v 42 e
1 2 K s, 1 TR
= She o+ [ ) ar = — [P )

where 0 < p < % Thus, by Lemma 3.1 and the same argument of [28, Theorem 4.3] (or [8,
Theorem 1.1]), there exists M > 0 such that

1 1% 1
Ju(u,v) > §||(u, v)||12_1 + 7 /RZ ¢>fw (u2 + u2) dx — ﬁ - (|u|2p+2 + |v|2p+2) dx
1
> Z”(u’ v)||%_l — M, forall (u,v) € H,. (19)

Therefore, J, is coercive and bounded below on H,.. In view of (18) and (19), there holds
- = inf J,(u, 0.
00 < Bu (u,g)leHr w(u,v) <

From the Ekeland variational principle [14] and Palais criticality principle [26], there exists
a sequence {(u,, v,)} C H,) such that

Ty, va) = By +o0(1) and (J,) (up, va) = o(1) in H,.

Again, using the similar argument of [28, Theorem 4.3], there exist a subsequence {(u,, v,)}
and a function (u&l), v,&l)) € H,\{(0, 0)} such that (u,, v,) — (u,(}), v,&l)) strongly in H,
and (uf)), vf))) is a nontrivial solution of system (S,,). This indicates that J,, (u,(f), v,&l)) =

Bu < 0. Furthermore, it follows from Theorem 2.8 that uﬂ) # 0 and US) # 0, and is so
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(Iu(l)l |U(])| . Thus, (u,L U )) is a vectorial positive ground state solution of system (Sy,).
Besides, from the Sobolev inequality, we obtain

1 2 M 2 2 1
Jyu(u, v) > 5||(u,v)||H+ Z/de’f"“ (u® +v*)dx — w2 /]RZ F(u, v)dx
1 1 ’
> Ell(u,v)llﬁ Wll(u W+ forall (u, v) € H. (20
+ DS 2p+2

Therefore, it follows from (20) that there exist 1, x > 0 such that

@ v >n and J, @ vP) <0<k < inf T, v).
v la=n

Define

oy = 1nf rnax Jﬂ(y(r)) <0,
yel

where
L= {7 € CO0. 1B | 7(0) = 0.7 () = (P, v}

Using the mountain pass theorem [15, 27] and Palais criticality principle [26], there exists a
sequence {(u,, v,)} C H, such that

Jyu(y, vy) =0, >k and (JM)/ (tn, vy) = 0 asn — 00,

and using the similar argument of [28, Theorem 4.3], there exist a subsequence {(u,, v,)}
and a function (u?, v?) € H, \{(o 0)} such that (i, v,) — W, v?) strongly in H,.
Then (J,,) (), v?) = 0and J, (), v$) = 0, > 0. Thus, we know that (.7, v?) is
a nontrivial solution of system (S,).

(ii) Arguing by the contrary that (ug, vo) is a nontrivial solution of system (S,) with
i > Ajq. It follows from the definition of A, we obtain

0 = llwo. ) + 1t /R B, oo (3 + 13 dx — /R Fuo, vo)dx

> o, )l + 01 [ gl (8 + 28 ax = [Pl vopax
R R2

Jg2 F(uo, vo)dx — % l(uo. vo) I

Jr2 ¢! 1o, vo (”O + UO dx

1
—~ / F(uo, vo)dx = = || (uo, vo)llfy =
RZ 2

2
> |l(uo, vo) I

f ¢u0 Vg ”0"‘”0)‘1

which is a contradiction. The proof is complete. O

4 The existence and nonexistence of ground state solutions
Lemma 4.1 Assume that % <t <s < 1 and conditions (D1), (D2) and (D3) hold. Then

l}le’e h()lds
—00 = i f J N 0.
< ﬂl ( 111;1) ](M U) <
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Proof Let {(u,(L1 ), vy D )} be the radial positive solution of system (S,,) obtained in Theorem
1.4. It follows from the condition (D3) that

1
Rl = o), v e~ xon = 21 () o) 1y ﬁ/ Fu, vi)dx

1 M N D2
+1/ ()¢>l(u<1)(x I, [(uu (x xo)) +<vu (x x())) dx 21)

||< (1) (1) ”H /2¢;19) v,())|: (1)> ( &1))2] dx

1 M (D
_2p—|—2/]R2 Fuy”, vy )dx < 0.

Then by Lemma 2.9 and (21), we have

— = inf  Ji(u, 0.
00 < f (u,llr)l)eH 1(u,v) <

The proof is complete. O

We are now ready to prove Theorem 1.5. By virtue of Lemma 2.9 and (21), the functional
Jj is coercive on H and —oco < f; < 0. Then by the Ekeland variational principle [14], there
exists a sequence {(u,, v,)} C H such that

Ji(ttn, vy) = By +o(1) and (J)) (n, vy) = 0,(1) in H*(R?) x H*(R?).

Hence, by Lemma 2.9 and Corollary 2.12, there exist a subsequence {(u,, v,)} C H and a
function (u;, v;) € H\ {(0, 0)} such that (u,, v,) — (u;, v;) strongly in H and (u;, v;) is a
nontrivial solution of system (S;) with J; (u;, v;) = B; < 0. Besides, it follows from Theorem
2.8 thatu; # 0 and v; # 0, i.e., (i1, vy) is a vectorial ground state solution of system (S7). OJ
We are now ready to prove Theorem 1.6. Assume on the contrary that (¢, vo) is a nontrivial
solution of system (S;) with lyin > +/A1. It follows from the definition of A that

1
2 2 2
0 = |[(uo, vo)llgg + /RZ l(x)¢lt,(u0,uo) (“0 + Uo) dx — 12 /RZ F(ug, vo)dx

= o, o)+ i [ By (6 + ) 0 [, P, was
R R

1
2p+2

> [ (uo. vo) Iy + At / Bl o (5 + v5) dx — / F(ug, vo)dx > 0,
R R

2p+2

which is a contradiction.

5 Symmetry breaking of ground state solutions

Lemma 5.1 Suppose that % <t <s < 1, conditions (D1), (D4) and (Ds) hold. Then the
following statements are true:
(i) There exists K > 0 such that( inf  Jj (u,v) > —K foralle > 0.

u,v)eH,

(i) If0 e {l(x) < ./Ao} , then we have ( 1I)1fH Ji,(u,v) < 0fore > 0 small enough.
u,v)eH,

Proof (i) By the condition (H;), Lemma 3.1 and the same argument of [28, Theorem 4.3]
(or [8, Theorem 1.1]), there exists K > 0 such that

1 , 2 . 1
Ji, (u, v) > §||(u,v)||H+%/Rz¢fl’v (u® +v*)dx — 2p+2/Rz F(u, v)dx
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1 2 M 2 2 1 2p+2 2p+2
> EH(M’U)HHJFZ/Rz‘p‘t"“ (u® +v*)dx — i1 e (lul?P*2 + jv?P*2) dx
> —K forall (u,v) € H,,
which implies that inf  Jj, (1, v) > —K.
(u,v)eH,

(ii) It follows from Remark 1.10 (ii) that there exists [2(0) < pu < @)0 such that

1nf Ji. (u, v)

1 2

1
— Fu'D, <1>d
2p+2/RZ (i v

2 2
M ., (Myy2 © ' (1 )
Gy v s + /Rz ¢u,ﬁ'),v,ﬂ” [(“u ) + (vu ) }

! / FulD, v)dx
2p+2

< 0 for ¢ > 0 sufficiently small,

/\

IA

where (u ws U )) is the nontrivial radial solution of system (S,) with J, (u,(}), vy ))

The proof is complete. o

5.1 Thecaseof% <t< %andtss<1

Now, we adopt the idea of multibump technique by Ruiz [28] (also see [23]) to obtain the
following lemma.

Lemma 5.2 Assume that % <t < %,t < s < 1 and conditions (D) and (Ds) hold. Then
we have

B == inf J, (u,v) > —00 as ¢ — 0.
i (u,v)eH

Proof 1t follows from conditions (D) and (Ds) that there exists xo € {/(x) < +/Ag} and
0 < o < Ao such that [(xg) < /o and {I(x) < \/Io} is an open set. Without loss of
generality, we may assume that

B*(xo, 1) C {x e R? |1(x) < R0}

where B2(xp, 1) is a ball centered at x¢ with radius 1 in R2. This implies that

1
B2 <x0 ) c Q. {x e R? | I(ex) < \/;TO} forall ¢ > 0. (22)
e’ ¢

For any R > 0, we define a cut—off function ¥ € C L(R2, [0, 1]) as

1 ifx < &,
WR(X)_{O, if x| > R,

and |[Vg| < 1in R2. Let
(ur(x), vr(x)) = (wR(x)u(l)(x) wR(x)v(l)(x)) for any x € ]Rz,

where (uf}o), v,}o)) is the radial positive solution of system (S,,,) obtained in Theorem 1.4

with

Ty, vy < 0.
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Evidently,
/Rz F(ug, vg)dx — /Rz F), v())dx asn — oo, (23)
I ve) g — 1@ v IF as n — oo, (24)
and

2
/RZ - (u%e +v%) dx — - d) M |:< f}o)) + (vf}())) ]dx asn — oo, (25)

Upg Vg
where [po ¢, , (4? +v?)dx = [ l(X)9] ) (u* + v*) dx with [(x) = 1 on R?. Since
Juo € C'(H, R) and J,,, (u's), vi)) < 0, by (23) — (25), there exists Ry > 0 such that

Juo(URy, VRy) < 0. (26)

LetO) < ey < and

_1

N4+Rg
X X

M%)N(X)ZMRO <x+iN3e——0> andv(l) N &) = VR, (x+iN3e——0>,

0, EN EN

foree Standi =1,2,..., m, where N> > 2Ry. A straightforward calculation shows that

1 1
suppu() N(x)CBz< —) andsuppv N &) CB2< )forall i=1,2,...,N.
EN

EN N EN

Moreover, by (23), we deduce that

ey no Vo I = 1Ry, vRy) Iy forall N,

/ Fu v ;;gN)dx=/ F(ug,, vgy)dx forall N
R2 ’ R2

and

o\ O )
l(eNx)¢ W < N) +(UR N) dx
ley ) 0 0.
2 2
< r (t) ) ( Q) ) d
< Ko /RZ ¢”%())*v%(>) [ upon) (Vg N x

foralle e Standi =1,2,..., N.Let

N

WRy,N(X) =
i=1

N
uld N(x) and zg, N (x) = ZU%SVN(X) for any x € R

It is obvious that (wg,, n, ZR,,~) 1S @ sum of translation of (ug,, vg,). When N3 > 2Ry, the
summands have disjoint support and

2 ( X0 1
Suppwpg,,n(x) C B — 27
81\/ EN
In this case, we have
I (wry, N 2R, M IF = NIl Ry VRO I (28)

N
(@) (@)
[, Pz x = > [ F i vt =N [P onex @)
i=
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and

2 2
/RZ Z(Smx)¢ltsN-(wR0.N,ZRO.N) [(wRO'N) + (ZRO’N) :Idx

2 2
< 1o /RZ ¢;RO,N,ZRO,N [(wRO,N) + (zro,N) ]dx,

Hence, together with the Fubini Theorem, we obtain

[y mcno [(7500)” + (o) ax

c / / [(wRO,N(X))z + (ZRO,N(X))Z] [(wRO,N(y))2 + (ZRO,N(y))z]
= t
r? JR?

x — y[>7

dxdy

/ /‘ [wroN ()] [wRo N(y)]zdxdy
R2 JR2

e = P

2
[2ron )] [2RoN )]
dxdy
R? JR? [x — yl2 2z

2
+2Cr// wRoN(x) [ZRON()’)] drdy
R2 JR2

|2 2t

N uld) L) )
=G Zfz /]1; e [ e ] dxdy (30)
i=1

b

v W] [v ]
Ro N Ro,N
+C,;/~2A~§2 % dxdy

. 2
v [ @] [ )]
+Ctz dxdy
< e Jre
i#j

b

lx — |~

v oy () [v »]
URy N Ro,N Y
+2C’Z/2/Rz vy dxdy
i=l1

. 2
v 5;; @] o) 0]
+2C; Z o S dxdy
iz TRIR

: 2
v @] [v v ]
Ro N Ro,N
+C; Z/2 A{Z dxdy
i#]

|x_ |2 2t

=y@%mwhww+@mﬂm
N uf) @] [y ]
o) f el kAL,
iz VRIR

lx — y|=
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. 2
0
+G Z/ / URON(X) [URJON(y)] dxd
2 JR2 lx — y|>= Y

i#]
. 2
%()) N(x) [U%/O)N(y)jl
+2C; ;/ /1.@2 oy dxdy.
i#]

By a direct calculation, we obtain

@) 2
0 < Ct % fRz fRz [ RO N(x)] [ Ro,N(y)] dxdy
i#]

|x— “2 2t
C/N(N—1 (1) 2
= st | o () 0] (1)
If% <tr< % and N3 > 2Ry, then by (31), we deduce that
N (t)
Ry, N(x) uly) N(y)
CIZ/‘Z‘/I‘QZ |)C— |22[ dxdy—>OasN_>oo. (32)

Similarly, when % <t< % and N3 > 2Ry, there hold

. 2
v o] [0l v ]
CZ/Q/RZ P dxdy — 0, (33)
i#]
and
N () 2
Ro N(x) YRo, N(Y)
2C, Zfz fRz i dxdy — 0 (34)
as N — oo.

In view of (28) — (31) and (32) — (34), we derive

/ F(wR(),N7 ZRU,N)dx
R2

1 2
Jiey (WRo.N» 2Ro.N) = 5 (WRo.N - ZRo.N) lir — 212

Mo 2 2
+T 2 l(gN'x)(blths(wRO,N»ZRo,N) [(wROsN) + (ZR0~N) ]dx

IA

N 2
*||(MR0, vR)llg — N - F(ugy, vry)dx

NMO 2
/ Puury vk, MRO) + (vgy) ]dx (35)
. 2
N0 )
Gy & (o v )] [u,{o Vo)
+ Z/ / dxdy
4 e e lx — y|2=2

. 2
G
100Gy vRON(x) [vRJON(y)]
4 Z/z/Rz |x_y|2 2t dXdy
i)

@ Springer



Partial Differential Equations and Applications (2026) 7:36 Page 23 of 36 36

. 2
)
Gy & e [vR’ONw]
—Z dxdy
2 e e =y

< NJy,(upry, vgy) + Co for some Co > 0.

Thus, it follows from (26) and (35) that

Jiey (WRo, N, ZRo,N) —> —00 as N — +00,

and together with the fact that ey — 0 as N — o0o. The proof is complete. O
Define
8, := inf _ Jj (u,v).
i (u,v)eH,

Then by Lemmas 5.1 and 5.2, we have the following result.

Lemma5.3 Assume that § <t < 3,t <s < 1, conditions (D1), (D2) and (D4) and (Ds)
hold. Then there exists K > 0 such that

Bi. < —K <6, for e > 0 sufficiently small.

We are now ready to prove Theorem 1.8. It follows from conditions (D1), (D>) and (D5)

that there exist xg € {l(x) < «/Ao} and 0 < ug < Ag such that[(xg) < wo. Let (quIO), vu )

be the radial solution of system (S,,) obtained in Theorem 1.4. Denote (u.(x), v:(x)) =
(u,(fo) x — %0) v(l)(x 20 -)). Then by the condition (D), for ¢ small enough, we deduce
that

L1600, 0 (2 22

M) o (,0)
= / I(ex +x 0)¢1(sx+x0) W) o) [(”uo) + (vm) :|dx

= lz(xo) d’ Wm0 |:< (l)) +( (1)) ]dx + o(¢e)

Upg+Vug

<o | O [( f}g) (o) } dx,
Upg Vg
where o(¢) — Oase — 0. Moreover, by Theorem 1.5 and Lemma 5.3, system (.5, ) possesses
a ground state solution (u;,, v;,) € H such that

Ji.(uy,,v,) = B, < —K <6, for e > O sufficiently small,
which implies that (u;, , v;,) is a non-radial ground state solution of system (.5;, ). Besides, in

view of Theorem 2.8, (u,,, v;,) is also vectorial.

5.2 Thecaseof% <t<s<1

Lemma 5.4 Suppose that % <t <s < 1, conditions (D1), (D2), (D4) and (Ds) hold. Then
we have Bj, < 6, for € > 0 sufficiently small.

Proof By Remark 1.10 (i) and Lemma 5.1 (i), there exists 0 < o < Ag such that sys-
tem (S;,) possesses a ground state solution (uy,, v;,) € H such that Jj, (u;,,v,) = B, <
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Juo (ul(tlo), Uu)) < 0and §, > —K for some K > 0, where (uf}()), Uu)) is the radial solution

of system (S,,,) obtained in Theorem 1.4. Now, we claim that

Ji, (uy, v) = B, < Jug (u/(jg, f)o)) < 4y, for ¢ > O sufficiently small.

Otherwise, there exists a sequence {e,,} C R with g,, — 0 as m — oo such that

—K <8, = inf J () < Ju@!) vl)) <0.

(u,v)eH, Ko’
For each m = 1,2,..., by the Ekeland variational principle [14] and Palais criticality
principle [26], there exists a sequence {(u,, v,)} C H, such that
Ji,,, (Un, vn) =8y, +o0p(1) and (-]lgm )/ (up, vp) = 0x(1) in H L

It follows from Lemma 2.9 that {(u«,, v,)} is bounded in H,.. Then there exist a subsequence
{(un, vn)} and a function (uy,, , vy, ) € H, such that (uy, vy)—(uy, vy, ) asn — 0
weakly in H, . Furthermore, using a similar argument with that of [28, Theorem 4.3], we get
Jl;m (g, > v, ) = 0and (up, vy) = (uy,, , vy, ) strongly in H, as n — oo. This implies
that J, (u,, v, ) =3, Since Jl/‘c"m (uy,,, > vi,, ) = 0 and

—K < I, (. v,,) =8, <T@l vl)) <0forallm=1,2,. (36)

no?
Again, by Lemma 2.9, we know that {(u,,,, v, )} is bounded in H,.. Hence, there exist a
subsequence {(u,, , vy, )} and a function (uy, vi,) € H, such that (u;,, , vy, ) — (g, viy)
strongly in H, as m — oo. This implies that

1 1
T Wy v1,) = S, v, )l + / OB,y (6, + R,
R m o \Hlgyy > Vg, m m

1
— F , d
2p+2/ (ui,,, » vi,, )dx

2(0)
=f||(uzo,v,0>||m+— | Puagy [+ 07 ]

1
2p+2
where 0, (1) — 0 as m — oo. By the fact that 0 ¢ {I/(x) < +/Ao}, there holds

1 12(0) 1
Gty v s + == | Pl (ufy + viy) dx — 512

/ F(ug, vo)dx + op (1),
RZ

/ F(ug, vo)dx
R2

1 2 t 2 2 1
Z 5 g, vig) s + == /Rz Puy, vy (i T Viy) dx = 212 e F(ug, vo)dx > 0,
which is a contradiction with (36). Hence, we obtain
Ji, (uy, v) = B, < Jug (ul(}(f, (1)) < é;, for ¢ > 0 sufficiently small.

The proof is complete. O

We are now ready to prove Theorem 1.9. From Theorem 1.5 and Lemma 5.4, similarly
to the argument of Theorem 1.8, system (S;,) possesses a vectorial ground state solution
(ug,, v1,) € H such that

Ji (uy,, v,) < 8, fore > 0 sufficiently small,

which implies that (u;,, v, ) is a non-radial vectorial ground state solution of system (.5;,). 1
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6 Multiplicity of positive solutions

We are now ready to prove Theorem 1.11. In view of 0 € {/(x) < v/Ao}, Lemmas 5.1
and 5.3, we obtain
B, < 8, <0 for e > 0 sufficiently small. 37

From the Ekeland variational principle [14] and Palais criticality principle [26], for ¢ > 0
sufficiently small, there exists a sequence {(u,, v,)} C H, such that

Jlg(un» Up) = 515 +0,(1) and (-]lg)/ (Un, vp) = 0,(1) in H;1~

It follows from Lemma 2.9 that {(«,, v,)} is bounded in H,.. Then there exist a subsequence
{(un, vy)} and a function (uy,, v, ) € H, such that (u,, v,)— (i}, , V;,) weakly in H,. More-
over, using similar argument with that of [28, Theorem 4.3], we know that (Jlg )/ (u,,v,) =0
and (uy, v,) — (41, v;,) strongly in H,, Thus, J;, (4, , v1,) = 8;,. Therefore, (1, , v1,) is a
radial ground state solution of system (S;,). Hence, by (37) and Theorem 1.8, system (S;,)
admits two different positive solutions (u,, v,) € H and (i, , v,) € H, satisfying

B, = Ji, (u,,v,) <8, = Ji, (U, v,) <0 fore > 0 sufficiently small.
Since (1, , v1,) is a radial ground state solution of system (S, ) and

B, = inf J (u,v) <4, = inf J, (u,v) fore > 0 sufficiently small,
’ (u,v)eH (u,v)eH,

we may conclude that (i, , v, ) is a non-radial ground state solution of system (S}, ). Besides,

we have an isolated minimum at O and also an absolute minimum at (ﬁ;g, '17;6). Indeed, it

follows from the Sobolev inequality that

1 w 1
TG0y = Sl 0l + Z/]Rz B (2 02) dx = L /R Fu, v)dx
> S I~ lw, WIZ? forall (e, v) € H,
= 2 2p+2

2p+2
where 0 < p < % Thus, there exist n, k > 0 such that

G, ) lgs > n and Jj, (i, 0,) <0 <k < inf  Jp, (u, v).
) I @, v)la=n =

Define

o0y, = inf max J,(y(r)) >0,
yel' 0<r<l

where
I':={y ec0,1,H,) | y(0) = (0,0), y(1) = (u,, v,)} -

Then by the mountain pass theorem [15, 27] and Palais criticality principle [26], there exists
a sequence {(u,, v,)} C H, such that

Ji, (U, vy) = 07, > k >0 and (st)/ (ttn, vy) = 0 asn — 00,

and using the similar argument of [28, Theorem 4.3], there exist a subsequence {(u,, v,)}
and a function (u;,, v;,) € H,\{(0, 0)} such that (u,, v,) — (uy,, v;,) strongly in H,.. Then
(J /4)/ (u1,,vy,) = 0and J;, (uy,, v;,) = o5, > 0. Thus, (uy,, v;,) is a nontrivial radial solution
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of system (S}, ). Hence, we may conclude that system (Sj, ) possesses three nontrivial solutions
(ug,, v,) € Hand ()., vy,), (u,, v;,) € H, satisfying

B = Ji. (., v,) <&, = J, (., v1,) <0 <oy, =Jp,(w,, vy,) for e > Osufficiently small.

The proof is complete. O
We are now ready to prove Theorem 1.12. Since

2 2 2 2
1 1 1 1
/]1{2 l(sx)¢ltg,(uf)),v,())) [(u/(L)) + (U/(L)) ]dx <u - ¢:M§)),vf})) |:(MI(L)> + (U/(L)) :|dx

for ¢ > O sufficiently small. Then the symmetric case still holds in Theorem 1.5. Thus,
system (57, ) admits a vectorial radial solution (ii;,, 7;,) € H, satisfying

8, = Ji,(uy,,v,) <0 fore > 0 sufficiently small.

Furthermore, by Theorem 1.9, system (S;,) admits a vectorial ground state solution
(ui,, v;,) € H such that

Ji (ug,, v,) = B, < 8, = Ji. (g, v,) <0 for e > 0 sufficiently small.

Similar to the argument of Theorem 1.11, system (5;,) possesses a nontrivial radial solution
(uy,,v;,) € H, such that

Ji, (uy,, vy,) > 0 for e > 0 sufficiently small,
which implies that
B, = Ji, (i, v,) <8, = Ji, Uy, v,) <0< J,(u,,v;,) fore > 0 sufficiently small.

The proof is complete. O

7 Appendix.

In this section, we present the details of the proof of Proposition 2.11 in Section 2 above.

Proof Step 1. Since {(u,, v,)} is bounded in H, we may assume that, up to a subsequence,

(tn, vy)—(uo, vo) in H; (38)
(Un, ) — (ug, vo) in Llroc(]Rz) X L;OC(Rz) for 1 <r <2}

(un, vy) = (up, vo) a.e.in Rz.

Now let us prove that Jl’ (10, vo) = 0. Noting that C§° (R?) is dense in H* (R?), it is sufficient
to prove that (J/(uo, vo), (p, ¥)) = 0forall ¢, ¥ € Cgo (R?). According to the expression
of J/(u, v), we just have to prove that

o(1) = (J/ (un, v) — J] (uo, v0), (@, ¥))
= ((uy — ug, vy, — Vo), (¢, ¥)) s

+ /]RZ Ix) (‘plt,(un,vn)u" - ¢lt,(uo,vo)”0) pdx

1 t
+ /1R2 Ix) (‘Pz,(un.,vn)l’" - ‘f’l,(uo,vmvo) ydx
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= [ G PPs = PP o) g (39)
R

— / (1vn*P v — [vol*P vo) Yrdx
R

~ / i (loal P 172U — 0ol P uo|? 2 uo) pdux
R

1 -2 1 -2
= L 20 = ol ol 2u0)
R

forall g, ¥ € CS°(R?).
In fact, from (38), the condition (D) and the Sobolev inequality, there holds

((un — 10, vy —v0), (¢, ¥)) s = 0p(1) (40)

for any ¢, ¥ € CS°(R?).
Again by (38), the condition (D), the Sobolev inequality and a similar argument to that
of Lemma 2.2(iv), there holds

/;&2 1Gx) (d)lt,(un,vn)u” - ¢lt,(uo.vo)“0) pdx
= lrznax ~/Rz (¢1t4,l,v,, Up — ¢;o,vou0) (pdx
= lrznax f (¢lft,,,v,, Un — ¢lt4,,,vn I/t()) (pdx
suppe

o / (D4, .0, 140 — Bliy v 1t0) Pdx (41)
suppy

t+1

e
2 t 4
< Balelaslgl, | ( / lutn — uol’“)
suppy

2 o2 Lt t 2\
Hinax S “luol 4 _lloll as (/ ‘(_A)z (¢un,vn - ¢u0,v0) )
[Zn] suppe
= on(D)

for any ¢ € C(‘)’O(Rz).
Analogously,

fR 1) (0] 4090 B gy 10) ¥l = 00 (1) (42)

for any ¢ € Cgo(Rz).
From [34, Lemma A.1] and (38), it is not difficult to obtain

[ (PP = P Pi0) gt = 0,1 @3)
R

and

/Rz (Ivn|*Pva — 00 * v0) Yrdx = 0, (1) (44)

forall g, ¥ € CS°(R?).
Finally, to obtain (39), we just need to prove that

/2 (loa 1P e 1P~y — JvolP luol P~ 2uo) ¢dx = 0, (1) 45)
R
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and
f (ln P 1P~ vp — luol? volP~*v0) Yrdx = 0, (1) (46)
RZ

forall g, ¥ € CS°(R?).
Next, we just prove that (45) holds, since (46) can be proved in a similar way.

Denote
1 —1 1 —1
F= ol 1?1, = a0l ol )
R
= / [l P (Jun P~ — luolP~ o) pdux
suppg
+f (1oal”*" = 001”1 ol ogdx
suppg
=1L+ D,
where
1 —1 —1
11=/ |Un|p+ (|un|p un — |uol? ”0)§0dx
suppe
and

= [l = ol ol o
suppg
For the simplicity of calculation, we denote f(¢) = |¢|? ~It(t € R), then

2p+2
|f )l = un? < 1+ |un|? = |un| @27

and
U, — up in L2p+2(supp<p),

thus, -
r+
fup) = f(uo) inL 7 (suppy) 47

by [34, Lemmma A.1]. In view of the Holder inequality, there holds

|| =

1 -1 -1
/ vl P* (Junl P~ i — ol P~ uo) dux
suppy

P p+2
2p+2°\ 2p¥2 2p+1)? \ 2042
- (/ | f ) — f o) 7 ) (/ longl 52 )
suppg suppg
P 1
2p+2 \ 2p+2 2
< ( / | f ) — fuo)| 7 ) ( / |vn|21’+2> (48)
suppy suppy

1
2p+2
x(/ |<p|2”+2> = 0,(1)
suppg
by (47).

Besides, we may deduce that

[P — Jol?™!in L2 (suppy), (49)
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as n — 00. Indeed, the Holder inequality and (38) imply that

2
(/ llun P+ = uolP+1] )
suppep

2 2
< c/ lon — vol (enl? + li0]”)
suppe suppe

1 _p_
2 2 p+l1 2p+2 \ p+1
e (/ T ) (Ionl? + 1o0l?) 7
suppg suppg

1

1 _P_
2042\ 7 2p42 2042y 7
< C(/ |Un_U0|p+) (/ (|vn|p++|vo|p+))
suppy suppe

=on(1),

which indicates that (49) holds.
Therefore, by (38), (49) and the Holder inequality, we derive

|I2] =

/ (1oal?*' = 001”1 Juol” ogpdx
suppe

1 1
1 12 2 2 2
< (/ llonl?*1 = ool | ) (f lul gl ) (50)
suppy Suppy
% 2p2
2 P
s([ ||vn|P+1—|vo|P+1|> (/ |uo|2p+2)
suppg suppe
1
2p+2
x(/ |¢|2P+2> — ou(D).
suppe

Then (48) and (50) imply that I = 0, (1), that is, (45) holds. Thus, it follows from (40)-(46)
that (39) holds, and then J/ (ug, vp) = 0.

Step 2. Set (uﬁ,l), v,(,l)) = (un, — up, vy, — Vo), then (ufll), v,(ll)) —(0,0)inH. By Lemma
2.3, one has

2 2 2 2
/]RZ l(x)¢;,(un,vn) (”n + Un) dx = /;%2 l(x)(plt,(uo,vo) (”0 + UO) dx

2 2
—i—/Rzl(x)qbl’ ) o) ((u;n) + (U;U) )dx + on(1). (51)

Furthermore, it follows from Lemma 2.3 and Brezis—Lieb Lemma that

I Gens o) Iy = 1 a, 00) I+ 1 (", 00 ) 1y + 0n (D), (52)
/R unPP+2dx = /R P2 dx + /R PP+ 0n(1), (53)
/]1‘{2 |vn|2p+2dx = A{Z |U0|2p+2dx + /]Rz |vr(ll)|2p+2dx + 0,(1) (54)

and

f i |t |P v, [P dx = / i luol P o P dx + / i V1P D 1P dx 40, (1). (55)
R R R
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From (51)—(55), we derive

T @, 080y = Ty, va) — Ji(uo, vo) + 0a(1), (56)
and
(I @D, oDy, @D, D)y = (J] (un, va), W, va))—(J] o, v0), (U0, v0))+0, (1) = 0,(1).
(57)
Now we set

8 := lim sup sup / (qull)l2 + Iv,(,l)lz) dx > 0.
Bi(y)

n——+oo yERZ

Case 1. § = 0. It follows from the vanishing lemma [30, Lemma I1.4] that
/ (lunl” + lvn|")dx = 0 asn — oo,
R2

forall 2 <r <2}.

Then
/ F(uy, vy)dx — 0, (58)
R2
and
2 2
1 1
/ L o, [( g)) +(v’(l )> ]dx
%
< L7190 112 (|u<1> +|v“>|‘+’> -0 (59)
+
asn — OQ.

Hence, by (57)—(59), we derive

1 DY 2 1 @ ) )2
(o) = [ Pl e 100! ((u )+ (") )dx=0n<1),

which implies that (u§ ), v,(,l)> — (0,0) in H, i.e. (in, v) — (0, Vo) as n — oo in H.

Case 2. § > 0. We may assume that there exists { y,(,l)} C RZ such that

8
/ (1 ('u’(ql)|2 + |Ur(ll)|2) dx > 5
Bi(yn ")

Define (u,(ll), F,(,l)) = (uﬁll)(- + y,(ll)) v,(Ll)(- + y,(ll))). Then (ufll), v,sl)) is bounded in
H and we may assume that ( (1),““)) (0D, zM) in H, (@}, 7)) - (0P, 2D) in

Il

loc

~(1 e
Since IB o (I W12 45t )IZ) dx > %, we have fB ©) (loPP +1z02) dx > %,

implies that (w(l), z(l)) # (0, 0). But, since (u,(ll), v,(ll)) —(0, 0) in H, then {yr(,l)} must be

(R?) x Ly, (Rz) for 1 < r < 2%, and (uf,l), ,(11)> — (a)(l),z(l)) ae. in R2.
which

unbounded. Up to a subsequence, we may assume that | y,(l]) | > 4o0asn — +oo.
Next, we will prove that (J;)’ (0D, z0) = 0. Using a similar argument with that of
(39), we can obtain that

(D) @D, 3D, (0, ¥)) — (1) (@D, 2D, (@, ¥)) = 0a(1)
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for any ¢, ¥ € COO(RZ) Thus, it suffices to prove that ((J;)' (@}, 7)), (@, ¥)) = 0, (1) for
any ¢, ¥ € Cgo(Rz). Since (u,(ql), v,(,l)) — (0, 0) in H, similar to the argument of (39), we
have

i (s o8 (06 = 9D, v =)= 0.0, (0 = 9, ¢ = 5 )y = 0n D),
for any ¢, ¥ € C(C)’O(JRZ). Thus, <J1 (uf,l), u,(ll)) , ((p(. - y,(ll)), Y — y,gl)))> =0,(1), ie.

/R APl 00 (= 8) e (x — yDydx + / ) (N — y,)dx

+ [Pl @ P = 50+ [ ol wwt = 50

+ fR LD ot e = y)dx + fR L o o v Y = yD)dx

- /Rz M PPuMex — yMydx — /Rz i PPy (x — yi)dx (60)
_/R [P D 1P =2 (D — (D) g

= [ 2Dy yDdx = o)
R

for any ¢, ¥ € CS°(R?).
Besides, from the condition (D) and |y,§l)| — 400 asn — +00, we have

f 1)) 0. <1>) Jo(x — y)dx

= / I(x + y,(ll))qb )u;l)(x + y,gl))go(x)dx
R2

1t () ™), vl et

= [0 o 000 (61)
and
/]RZ Z(x)d)lt,(uﬁ,”,vf,”)v’('l)w(x - ylgl))dx

_ / I + yMygt Y
R2

I+, ( Dy D) 5D ey Dy
= /Rz looqbltw(ggnﬂu)ifll)w(x)dx o

for any ¢, ¢ € CSO(RZ),
Then from (60)-(62), we obtain <(Jloo) (;[21)’ ff,(,l)> (@ w)> o for ey 00 <

CP(R?). ie.,
(1) (@M, 2Dy = 0.

@ Springer



36  Page320f36 Partial Differential Equations and Applications (2026) 7:36

Now we claim that

/Rz l(x)‘z’lt,(,,;l{vf,”) [(M;1)>2 . (Ur(ll)>2] dx = /RZ l°°¢ztoc,(u}1‘),v,§”) [(ufll))z + (v,gl)>2] dx.
(63)

Indeed, from the expression of qﬁlt .v) and the Fubini theorem, we have

\ [0 00, [(u;,»)z 4 (v,gw)j ax
B /I:Rz looqbl[oo,(uﬁl),vﬁl)) [(ui’]))z + (v'('l))z:l dx
| o0 (91 40 ) [+ ()]
[ | () (50) s

2 2
1 1
< /Rz 10 =lool by, oy ) [(ui >> +(u,<l >) ]dx

I

2 2
+2/ ) = Lol 8 [(u,ﬁ”) +(v) ]dx.
R2 00 (Up " Up ")

I

Since /(x) — lx as |x| — oo, for any ¢ > 0, there exists p(e) > 0 such that for every

p > p(e),
l(x) —ls| <& forall [x] > p.

Since (uﬁ,l), v,(,l)> is bounded in H, we have (ufll), v,(ll)) is bounded in L” (Rz) x L" (Rz) for
2 < r < 2% by the Sobolev inequality. Note that 2 < liﬂ‘ < 27 < 2%, and thus (uf,l), v,(ll))

is bounded in LT (R2) x L7 (R2). Then there exists M; > 0 such that

4
/ 1(x) — Loo| 7T (‘M;U ’“)dx
R2\ B, (0)
= =
< 8/ (’ufll) " ‘v,ﬁl) " )dx < Mje. (64)
R2\B,(0)

On the other hand, since (ufll), v,(,l)> —(0,0) in H(B,(0)) x H*(B,(0)) for any p > 0, we
obtain

=
+1 + ‘vr(ll)

(uﬁ,”, v,(,”) — (0,0) in L7T(B,(0)) x L7 (B,(0)).

Therefore, for any ¢ > 0, we obtain

[IRCENE (T
B, (0)

4 4 4
oy ‘v,(,l) ull g ‘v,(ll) o ) dx < Mse

(65)

4
Hl)dx < M]/ (
B, (0)
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for some M> > 0. Thus, the Sobolev inequality and (64)—(65) imply that

1y 4t = M
Il =< S ||¢l—loc,(u£l'),v,(1]))”Dt’z |:/RZ |l(X) _loo| +1 (‘Mn
2 =t H
< c[/ 11(x) — loo| 7T (’ugl) T ‘v,ﬁl) i+ >dx
B, (0)
t+1

4 =
+/ 100) — Lol P (]u,&” ’“)dx]
R2\B,(0)

< C (Mg + Mre)S
which implies that /1 = 0, (1). Similarly, /> = 0, (1), and the claim is proved. Therefore, by
(51)—(56) and (63), there holds

t+1

4 2
T ) dx]

A1
=+ +‘v,(l])

4
t+1

e

Ji (i, vn) = Ji(uo, vo) + iy i, v 4 0, (1).
Step 3. Set

(120 02 0) = (10O = V¢ =3, vV = 20 = 3)).

Then (ufﬁ)(-), v,?)(.)) —(0,0) as n — oo in H.
From Lemma 2.3 and the Brezis—Lieb Lemma, there hold

1 1
I (i 02 ) 1= 1 o v W= o, v0) I =1 (0D ¢ = 37y, 20 ¢ = ™)) Iy +on (D),

(66)

[ weras = [ unPrae= [ ulPrae- [ o0y Rr s oo,

67)

/ @ PP = f a2+ — f o 27+ 2dx — / 20—y 2P+24x 40, (1),
R2 R2 R2 R2

(68)

2 2
Azl(x)¢;,(u22),v,§2)) [(uf)) + (v,?)) }dx

= /RZ l(x)¢;,(un,vn) [(u”)z + U,ﬂ dx — /Iéz l(x)¢;,(uo,vo) (M% + U%) dx

2 2
- /R L] iyt 20yt [(w‘”c =)+ (206 = 9M) } dx + o, (1),
(69)

2
/ﬂgzl(x)qslt,(uf)’vf))uiz )<pdx = /Rzl(x)qslt,(un,vn)u”(pdx - ~/]RZ l(x)(plt.(uo,vo)uo(pdx

1 1
_ fR @B oy @6 = e o (), (70)

/RZ l(x)qbl”(u’(lz)’ugzj)vf)wdx = /RZ LX)P] (1, 0y UnWrdx — /Rzl(x)qbf’(uo’vo)vowdx
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_ /R 00y @V €= A+ 0n (D), (1)
and

/ |u,<,2>|f’“|v,$2>|f’“dx=/ |un|f’“|vn|f’“dx—/ luto I ug| P dx

R2 R2 R2

= [ 6D =y = D) ar +0,(1) )
R

forany ¢, Y € H*(R?).
In view of (66)—(72), we obtain

T 0y = TG, va) — Ji(uo, vo) — I, (@, 21) + 0,(1),
D @@ 0Py = g @V, o) — g (@0, 2 D) 4 0, (1),
and
(T @@, 0P, (@, ¥)) = (] (n, va), (0, ¥)) — (J] (o, o), (¢, ¥))
(I @M. 2D), (@, ¥)) + 0a(1) = 0,(1).
Using similar arguments to those of Step 2, let
2 2
81 := sup / |:(u}(12)) + (v,(qz)) ]dx > 0.
yeR2 J Bi(y)

If the vanishing occurs, then ||(u£,2), Uy, ))||H — 0, 1i.e.

I (s = 0 = V¢ = 3P, vy = w0 = 2V = 3)) 1 > 0 as n — o0,

then Proposition 2.11 holds with k = 1. If the vanishing does not occur, then
there exist a sequence {y (2)} c R? and (a)(z),z(z)) € H such that (ﬁ%,i}%) =
( D4y P+ y(z))) = (0@, z?) in H. Furthermore, @?, v#)=(0,0) in H
(h_ (2)| — 4o00asn — +o0. By iterating this procedure,
(k)

implies that |y )| — +ooand |y

there exist sequences of points {y, ) } ¢ R? such that | y(k)| — 4ooand |y, y,gk/)| — 400

if k # k' asn — +o00, and
(1P v ) = (uFD0) = @ D6 = yED)E D = 20 - D))
with k > 2 such that

(u,gk>, vf/") —~(0,0) in H and (J,) (®, z®) =0,

k—1 k—1
Gty — o — Y @D =y va —vo = > 2D =y NI
j=1 j=1
k—1 ) )
= [l v) 131 — 110, v0) I — D (@ ¢ = 3. 2 ¢ =y NI + o (D). (73)
j=1
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and .
i va) = T (o, v0) + Y _ T @) + Jiy P vP) + 04 (1). (74)
j=1

Since {(u,,, v,)} is bounded in H, from (73) and (74), we know that the iteration must stop at
some finite index ¢ + 1. Hence, (ui,k), v,(,k)) — (0, 0) in H. Again by (73) and (74), we can
easily get the conclusions (iv) — (v) hold. The proof is complete. O
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