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ARTICLE INFO ABSTRACT

MSC: We consider a parametric Dirichlet problem driven by a nonautonomous (p, ¢q)-differential
primary 35J200 operator with unbalanced growth. In the reaction we have the competing effects of a parametric
secondary 35J60 (p—1)-superlinear term and of a (p—1)-linear perturbation. Using variational tools, we show that
58E05 for all small values of the positive parameter, the problem has at least two nontrivial bounded
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1. Introduction

Let 2 C RN be a bounded domain with a C2-boundary 0. In this paper, we study the following parametric nonlinear Dirichlet
problem
—A%(z) — A, u(z) = ﬂlu(z)l’_zu(z) + f(z,u(z)) in Q,
P K @>)
Ulgo =0, 1>0, 1 <g<p<r.

Let C%!(Q) be the space of Lipschitz continuous functions on € and a € C%'(Q) \ {0}, a(z) > 0 for all z € Q. For s € (1, )
we denote by A? the weighted s-Laplace differential operator defined by A% = div(a(z))| Du|*~2 Du. We assume that ming a = 0 and
this has profound implications on the structure of the problem. If 8(z,7) = a(z)t’ +t? for all z € Q and all + > 0, then 6(z,-) has
unbalanced growth, namely we have

11 <0(z,1) < cp(1+1) for all z € 2, all ¢ > 0, for some ¢ > 0.

This means that there is no global (up to the boundary) regularity theory for problems driven by such an operator. This in turn
implies that we miss many powerful analytic tools which a global regularity theory provides (equivalence of Sobolev and Holder
minimizers, nonlinear versions of the Hopf maximum principle, strong comparison principles and more). This makes unbalanced
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growth problems more difficult to treat. In the reaction (right-hand side) of problem (P,), we have the combined effects of a
parametric superlinear term of power-type u — Alu|""2u (g < p < r) with 4 > 0 being the parameter and a Carathéodory perturbation
f(z,u). We assume that f(z,-) is (p — 1)-linear as x — +oo and partially interacts with the spectrum of the Dirichlet operator —A;
(nonuniform nonresonance). Problem (P,) is a variant of the classical “concave—convex” problem, where the concave term is replaced
by a (p— 1)-linear perturbation (not necessarily of power-type). Unbalanced growth concave-convex problems were studied by Liu—
Papageorgiou [1]. Here, for problem (P;), we show that if A > 0 is small, then problem (?,) has at least two nontrivial bounded
solutions.

2. Mathematical background and hypotheses

We say that a € L,‘M(Q) is a weight if a(z) > 0 for a.a. z € Q. For p € (1, ), we denote by A, the class of p-Muckenhoupt
weights, defined by

1 | een s\
A =Xaell Q) : sup(—/adz) <—/a 1/ 1)dz> <00 p,
r { foe B \IBly /B [Bly Ja

where the supremum is taken over all balls and | - |y denotes the Lebesgue measure in RV. It follows that A, consists of those
weights a for which the Hardy-Littlewood maximal operator is bounded on L?(£2).

Our hypotheses on a(-) and the exponents p, g, r are the following: Hy: a € Covl(.(_z)nAp, l<g<p<r<gqg'= Ng

P L
N-g and , <ty

Remark. The last inequality means that p, g cannot be far apart, it leads to local regularity results (see [2]) and to a weak maximum

principle (see [3]).

We denote by L°(£2) the space of measurable functions u : 2 — R. As usual, we identify two such functions which differ on a
Lebesgue-null set. We consider the following density functions

0(z,1) = a(z)?* + 19 and 6y(z,t) = a(z)t’ forall z€ 2, all + > 0.

In what follows, 7 = 6 or n = 6,. The generalized Lebesgue—Orlicz space L"(£2) is defined by
L'"(Q2) = {u e L'%Q) : py(u) = / n(z, lu)dz < oo} .
Q
We equip L"(2) with the so-called “Luxemburg norm” || - || defined by

||u||”=inf{;4>0 : prl(ﬁ)g 1}_

With this norm, L"(£) becomes a separable, reflexive (in fact, uniformly convex) Banach space. Using L"(£2), we can define the
corresponding generalized Sobolev-Orlicz space W () by

W(Q) = {ue L"(Q) : |Du| € L"(Q)},

with Du being the weak gradient of u. We equip W () with the norm || - I, defined by
llully; = llull, + 1 Dull,, for all u € W),

where || Dull, = || |Dul ||,,- Also, we set
W) = WIHIM,

with C*(£) being the space of C*-functions with compact support in Q. Both spaces Wli(Q) and WOI"’(Q) are separable and
reflexive (in fact, uniformly convex). Moreover, on W;)l"’(.Q) the Poincaré inequality holds, namely

llull,, < éllDull, for some ¢ > 0, all u € W,"(€).
For a more general result in this direction, see [4]. So, on WOI'G(Q) we can consider the equivalent norm || - || defined by
llull = | Dully for all u € W, ().

For more on generalized Orlicz spaces, we refer to [5,6]. In what follows, & denotes continuous and dense embedding.

Proposition 1. The following properties hold.
(@ LQ) & L3(Q), W, (2) & W, (@) forall 1 <s <gq.
(b) Wol’g(_Q) < L5(Q) for all 1 < s < q* and the embedding is compact if 1 < s < g*.
() W, "(2) & W, (.
(@ WO]"HU (R2) & L%(Q) compactly.

There is a close relation between p,(-) and the norm || - ||.
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Proposition 2. The following properties hold.
(@ llull = 1> 0 = pp(2) = 1.
) |lull <1 (resp. =1, > 1) < py(Du) < 1 (resp. =1, > 1).
©) llull < 1= |lull” < pp(Du) < lull4.
(@ [lull > 1= [lull? < pg(Du) < [lull”.
(e |lull = 0 (resp. - +0) < py(Du) — 0 (resp. — +c0).

Given u € L9(f2), we write 0 < u if for all K C £ compact, we have 0 < ¢ < u(z) for a.a. z € K.
Consider the following eigenvalue problem.

—A0u(z) = Aa(2)|u(2)|"u(z) in R, ulyn =0.

From [7] we know that this problem has a smallest eigenvalue i‘l’ > 0, which has the following variational characterization:

a o, (Du)
A=inf{ —— uew, Q. ut0 ;. m
Py, W)

This eigenvalue is simple and isolated. Moreover, the infimum in (1) is realized on the one-dimensional eigenspace of 27, the
elements of which have fixed sign. We denote by ag the positive eigenfunction with Pe, @) =1.We know that il € VVO1 U (2)NL*®(£),
0<ad.

1

Proposition 3. If hypotheses H, hold, p € L™ (£2), f(z) < i‘l’ foraa ze Qand f # i‘l‘, then there exists ¢* > 0 such that

C*PGO(D“) < pg,(Du) — /Q B(z)a(z)|u|’dz for all u e VVOI’HO(Q).

Proof. We argue indirectly. So, suppose that the assertion of the proposition is not true. We can find {u,},cn C Wol'g0 (£2) such that

pg,(Duy,) —/ p(2)a(z)|u,|Pdz < 1 - Py, (Duy,) for all n € N. 2)
Q n
Let y, = P TIN . Then ||y, ll; o, = 1 for all n € N and so we may assume that
nll1,6 ’
Yo = yin W)@, y, - yin L) as n — oo (see Proposition 1). 3)

From (2), we have
0D = | Py, Pz < L Gsince po (Duy /il 0 = V- @
Q n

From (3), we have Poy(Vu —¥) = 0 and so

/ﬂ(Z)a(Z)Iy,,I”dz—>/ﬂ(Z)a(Z)Iylpdz. (5)
0 Q0

The functional P9y () is continuous, convex, thus sequentially weakly lower semicontinuous. Therefore, if in (4) we pass to the
limit at n — co and we use (3) and (5), we obtain

oD < [ pEraEINdz < B0, 0 ©
Q
> y=0ory= iﬁ‘l‘ (see (1)).
If y =0, then from (4) we have

. 1,6,
Pg,(Dy,) — 0 in W, (),

a contradiction since || y,,||,'90 =1 for all n € N.
Ify= J_rﬁ?, then 0 < |y| and so from (6), we have

26,(DY) < Ay, ).
contradicting (1). This proves the Proposition. []
The hypotheses on the reaction f(z, x) are the following: H;: f : 2 xR — R is a Carathéodory function such that
(i) for every p > 0, there exists £, € L®(2) such that |f(z,x)| < ,(z) for a.a. z € 2, all |x| < p;
(i) there exist § € L°(R2) and f, > 0 such that

B(z) < 2% foraa z€Q, p# 19,

f(z,x) f(zx)

—fy < liminf — < lim sup ——= p(z) uniformly for a.a. z € Q;
X220 g(Z)|x|PTPx x—xe0 a(z)|x]PT7x
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(iii) there exist r € [1,q) and 6 > 0 such that

clx|" < f(z,x) < ¢|x|” fora.a. ze £, all [x] <45, some 0 < ¢ <c,.

3. Pair of nontrivial solutions

In this section, we show that for 4 > 0 small, problem (P,) has at least two nontrivial, bounded solutions.
For 1> 0, let ¢, : Wol ‘9(.(2) — R be the energy functional for problem (P,), defined by

¢, ) = 1,;90(1),4) — Yypupe = A -/ F(z,u)dz for all u e W (Q).
p a7 g 0

Proposition 4. If hypotheses H, H, hold and A > 0, then ¢,(-) satisfies the C-condition.
Proof. Let g,(z,x) = Ax|"2x + f(z,%), F(z,x) = fox f(z,8)ds and G,(z,x) = %lxl’ + F(z, x). Hypothesis H,(ii) implies that

lim sup PGz < f(z) uniformly for a.a. z € Q.
x—xoo a(z)|x]?

So, we can find M > 1 large such that

F(z,x) < l[ﬂ(Z)+ 1a(z)|x|? fora.a. z€ 2, all |x| > M,
p

(=fy — Da(@)|x|” < f(z,x)x fora.a ze 2, all [x| > M.
Since r > p, by taking M > 1 even bigger if necessary, for £ € (p,r) we have

Al 4
T|x|’ + ;[ﬁ(z) + 1a(z)|x|”
< Ax|"+ (=B — Da(z)|x|?
< Alx|"+ f(z,x)x foraa.ze Q all |x| > M,
=> 0<7G;(z,x) <g,z,x)x foraa. ze Q,all [x| > M.

£|x|r+z:”F(z,x) <
-

So, g,(z, x) satisfies the Ambrosetti-Rabinowitz condition and this implies that ¢,(-) satisfies the C-condition (see [8, p. 59]1). [

Proposition 5. If hypotheses H,, H, hold, then there exists A* > 0 such that for every A € (0, A*) we can find p, > 0 for which we have

b, ) > m; >0 forallue W) (), |lull = p,.

Proof. On account of hypothesis H;, given £ > 0, we can find ¢, > 0 such that

F(z,x) < l[ﬂ(z) + ela(z)|x]” + ¢, |x|* for a.a. z € @, for all x e R. (7)
p
Let u € W,"*() with ||u| < 1. Then

G > i [p(,O(Du) - /Q B(2)a(z)luldz — ep90<u)] + éIIDMIIZ
—c3[Allull” + |lull*] for some c3 = c3(e) > 0 (see (7))
1

> = |- % Pg, (Du) + l||Du||g —cs[Allull” + llull*] (see Proposition 3 and (1)).
p q
1

Choosing ¢ € (0, 2%*), we obtain

¢, () = cypo(Du) — c3[Allull” + |lul|”] for some ¢y = c4(e > 0)
> cllull” = c3[Allull” + lull"] (since [lu]] < 1, see Proposition 2) ®)
= [y — ey Allull™™ + Nl P 1ull”.

Set k(1) = A"P +1"P,t>0. Since | <7 < g <p<r, wesee that
k() > +oo ast— 0% and as t > +oo.
Therefore, we can find ¢, > 0 such that
k;(t9) = inf k(1) = K (19) = 0.
>0
It follows that

—p—1 —p-1
Mr=pig " = -ty ",
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hence

to=[p_T

1/(r-7)
Alr — p)]

We have

k) = 2 [ Pt ](f—p)/(f—r) . [ﬁ(’, _ p)](p—f)/(r—r>
o A(r = p) p—t
Since (r — p)/(r — 7) < 1, we see that k,(t;) — 0% as 4 — 0*. So, we can find 4* > 0 such that if 4 € (0, 4*) and p, = #,(4), we have
0<p;<1and ;) >m;>0forallue W, (@), |lul =p, (see (8)).
The proof is now complete. []

Now we are ready for the multiplicity result.
Theorem 1. If hypotheses H,,, H, hold, then for all 4 > 0 small problem (P,) has at least two distinct solutions u, il € WOI"Q(.Q) N L®(£).

Proof. Let EA =f{ue WOI’H(.Q) 2 lull < p, = ty(A)}. The reflexivity of WOI’H(Q) and the Eberlein—-Smulian theorem imply that E,l
is sequentially weakly compact. On the other hand, using Proposition 1, we can easily see that ¢,(-) is sequentially weakly lower
semicontinuous. So, by the Weierstrass—Tonelli theorem, we can find u, € WO1 '9(!2) such that

b, (ug) =inf{¢,(u) : u€ B,}. C)
Let u € W,"*(€) n L*(£2). We can find ¢ € (0, 1) small such that

tu(z) € [0,6] for a.a. z € 2, |t <p;. (10)
Then from (10) and hypothesis H,(iii), we have

¢,(tw) < ﬁ[pgu(Du) + [1Dullf] = "¢ |lull; (recall that g < p and 1 € (0, 1))
= po(D) = eyl

Since 7 < ¢, choosing 7 € (0, 1) even smaller if necessary, we have

$(tu) < 0= ¢, (up) <0=¢,0) (see (9)).
From Proposition 5, we know that

0<my; <, forallue W) (@), llull =p;. 0< A<,

Therefore for A € (0, A*), we have

0<llugll < p; = (¢ up), ) =0
> / [a(z)| Dug|P~% + | Dug|?~21(Dug, Dh)gn dz

= [ [Alul™ug + £ (z.up)lhdz for all h € W, (@),
Q
= u is a solution of (P)) (0 < 4 < 4%).
Letue C& (Q) with u > 0 in Q. Then since r > p, we have
¢;(tu) - —co0 ast — +oo. (11)
Then relation (11) and Propositions 4 and 5, permit the use of the mountain pass theorem. So, we can find & € WOI'Q(Q) such that

¢;(ﬁ) =0, ¢;(up) <0=¢,0) <m; < P,(@),
= {is a solution of (P)) (0 < A < A%), @1 #0, 4 # u,.

Finally, we show the L*®(£)-regularity of the solutions of (P,). So, let u € WOI’B(Q) be a nontrivial solution of (P;) (0 < 4 < A*).
For k > 1, we define

Dy ={ze Q: |u(z)| > k}.
We know that

/ [a(z)| DulP~2 + | Dul*"21(Du, Dh)gn dz = / [Alul"u + f(z.w)]hdz for all h € W, (). (12)
Q Q
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In (12) we use the test function 4 = (Ju| — k)™ € WOI’G(Q). Then
/[d(z)lDul”_2 + | Du?21(Du, D(Ju| - Ky pndz = pg(D(Ju] — k)*)

< [Alul2u(lu] = k)* + es((ul = k)" + (Jul = ) ldz
Q
for some ¢5 > 0 (see hypotheses H, (i), (ii))
< eI DI I(lul = k¥l for some ¢, > 0,

using Holder’s inequality and choosing k > 1 large so that [[(Ju| — k)T|| < 1. It follows that
lI(ul = #1177 < e D1 (see Proposition 2). (13)

Now let k < m. Then

» J
» r r
(m— k)”lD,,,I]Q < / (Jul = k)" < / (|ul = k)" (since D,, C D;)
Dy, Dy

< ¢;ll(Jul = k)*||? for some ¢; > 0 (see Proposition 1), (14
rp’
c En
> |D,ly < ﬁlDHN” for some ¢g > 0 (see (13)).

Note that 1 < %: = ;%i. So, from (14) and Lemma B.1 in [9, p. 63], we infer that there exists M > 1 large such that
[Dyly =0=ue LY(Q).

We conclude that u, 4 € Wol Y@nL*@). O
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