NORMALIZED SOLUTIONS FOR QUASILINEAR (p,7)-EQUATIONS
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ABSTRACT. In this paper, we study the following quasilinear (p, q)-equation

—Apu — quuz + AMulP~2u = plu|"2u + |u|"%u, inRN,

/ ulP = c?,
RN
wherec > 0,1 > 0,2 < p < g <N, Apu = div(|Vu|P~2Vu),
Agu? =297 ([u| T 2udiv(|VulT2Vu) + (g — 1) [u|T3u| Vul7),

Ais a Lagrange multiplierand p < I < m < p* := N—pp We first consider the case & +2q < m < p*,

with prescribed mass

u = 0 and we prove the existence of normalized solutions in the purely supercritical case by using
the perturbation method. Then we obtain multiplicity of normalized solutions in the case

2
p Pq *
—=+p Tt <m<yp’, >0,
namely when the two nonlinearities have a different character with respect to the LP-critical expo-
nent. This case presents substantial differences concerning the purely supercritical case.

p<l<
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1. INTRODUCTION
In this paper, we consider the following quasilinear (p, )-equation with lack of compactness
—Apu — ubgu® + AlulP2u = ulul""2u+ [u|™2u, inRN. (1.1)

We are interested in the existence of solutions with prescribed mass

o=

where 2 < p < g < N. Here, Ayu = div(|Vu|F~Vu) and
Agu? =277 (Ju| 7 2udiv(|Vul172Vu) + (g — 1) [u|7>u|Vul?),

p>0,p<l<m<p*:= NN—_";, A is a Lagrange multiplier, and ¢ > 0 is a constant.
The features of problem (1.1) are the following:

(i) The presence of two differential operators with different growth, which generates a double
phase associated energy.
(ii) The problem combines the effect generated by the combined nonlinearities.
(iii) The corresponding energy functional is a non-autonomous variational integral that satis-
fies nonstandard growth conditions of (p, q)-type, following the terminology introduced
in the basic papers of Marcellini [27, 28, 29, 30].
(iv) Due to the unboundedness of the domain, the Palais-Smale sequences do not have the

compactness property.
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Since the content of the paper is closely concerned with unbalanced growth, we briefly intro-
duce in what follows the related background and applications and we recall some pioneering
contributions to these fields. Equation (1.1) is driven by a differential operator with unbalanced
growth due to the presence of the (p, q)-Laplacian operator. This type of problem comes from a
general reaction-diffusion system:

up = div[A(Vu)Vu] +c(x,u), and A(Vu) = |VulP~2+|Vu|i7?,

where the function u is a state variable and describes the density or concentration of multicompo-
nent substances, div[A(Vu)Vu| corresponds to the diffusion with coefficient A(Vu) and c¢(x, u)
is the reaction and relates to source and loss processes. Originally, the idea to treat such operators
comes from Zhikov [39] who introduced such classes to provide models of strongly anisotropic
materials, see also the monograph of Zhikov et al.[40]. We refer to the remarkable works initiated
by Marcellini [27, 28], where the author investigated the regularity and existence of solutions of
elliptic equations with unbalanced growth conditions. For further contributions to this field, we
refer to Eleuteri, Marcellini and Mascolo [13, 14].

The (p, q)-equation is also motivated by numerous models arising in mathematical physics. For
instance, we can refer to the following Born-Infeld equation [8] that appears in electromagnetism,
electrostatics and electrodynamics as a model based on a modification of Maxwell’s Lagrangian

density:
—div Ll =h(u) inQ.
(1=2[Vuf?)2

Indeed, by the Taylor formula, we have
i x 511 (2n — 3)1!
1— —1+2 2 S Gl L
(I=x) 2 =1+5+ 55" Y372 (n—1)1- 201
Here, (2n —3)!' :=1x3x5x---x(2n—38)and (n —1)! := 1 x2x 3 x --- x (n—1). Taking
x = 2|Vul? and adopting the first order approximation, we obtain the (p, q)-equation for p = 2

and g = 4. Furthermore, the n-th order approximation problem is driven by the multi-phase
differential operator

3x3+---+ X"l for |x] < 1.

(2n —3)!
(n—1)1 2t

We also refer to the following fourth-order relativistic operator

2
u — div %Vu ,
(1—[Vul*)1

which describes large classes of phenomena arising in relativistic quantum mechanics. Again, by
Taylor’s formula, we have

—Au—Aw—%Asu—---—

6 21 10
ey o 32

This shows that the fourth-order relativistic operator can be approximated by the following oper-
ator

u = Aqu+ ZAgu.

For more details on the physical backgrounds and other applications, we refer to Bahrouni et al.
[5] (for phenomena associated with transonic flows) and to Benci et al. [6] (for models arising in
quantum physics).
In the past few decades, the (p,q)-equation has been the subject of extensive mathematical
studies. Using various variational and topological arguments, many authors studied the existence
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and multiplicity results of nontrivial solutions, ground state solutions, nodal solutions and some
qualitative properties of solutions, respectively. We refer to [15, 31, 35] for the case of bounded
domains. In this classical setting, we recall the seminal papers by Ni et al. [32], Li et al. [21], del
Pino et al. [11, 12] and Ambrosetti et al. [4]. The regularity results, existence and multiplicity of
solutions to (p, q)-equation on the whole space can be found in [3, 17, 38].

In the present paper, motivated by the fact that physicists are often interested in normalized
solutions, we look for solutions to (1.1) having a prescribed LP-norm. More precisely, the existence
of normalized solutions can be formulated as the following problem: provided ¢ > 0, y > 0 and
p <l < m < p*, weaim to search for (1, A) € H x R solving (1.1) together with the normalization

condition
/IRN |u|P dx = c?,
where
H:= {u c WWP(RN) - /IRN || Vu|Tdx < +oo}.

Solutions can be obtained as critical points of the energy functional I, under the constraint

ueS():= {ueH:/ ]u|”dx:cp},
RN

where

0 1 2071 L L1 .
10(u) ::f/ |Vu!pdx+—/ \u|‘7]Vu|‘7dx——/ u| dx——/ | dx.
p /RN g JrN [ Jry m JrN

Compared with the classical (p, g)-equation, the search for solutions of (1.1) presents a major dif-
ficulty: the functional associated with the term uA,u?

V(u) :/ |7V |7 dx
]RN

is nondifferentiable in H. In order to overcome this difficulty, we take the perturbation method,
which has been applied firstly to the unconstrained situation in [25, 26] and then to constrained
situation in [20, 23]. That is, for « € (0, 1], we denote

« & 6 0
HO 9/RN|W| dx + I0(u)

on the space E := W (RN) N WY (RY), where % < 6 < min {N, Z%q:qzq } Then we easily

know that E is a reflexive Banach space and I, € CY(E). We consider I;; on the following con-

straint:
S(c) := {uGE:/ \u|”dx:cp}.
]RN

Now we collect some works close to our equation (1.1). When p = q = 2, u = 0, equation (1.1)
is reduced to the classical quasilinear Schrodinger equation

—Au—uAu® + Au = |[u|"?u inRY, (1.2)

where m > 2 and N > 1. Colin, Jeanjean and Squassina [10] and Jeanjean and Luo [19] consider
the minimization problem

inf 19(u)
5(c)

m(c) :=
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with2 <m <4+ %. By the Gagliardo-Nirenberg inequality, they obtained some properties about
1 (c) by applying some minimization approaches. After that, Zeng and Zhang [37] considered the
existence and asymptotic behavior of the minimizers to

: 0 2
uéIS](fc) Iy(u) + /]RN a(x)u”dx,
where a(x) is an infinite potential well. The difference from the previous method is that Jeanjean,
Luo and Wang [20] proved the existence of mountain-pass-type normalized solution of (1.2) by
using the perturbation method. Then Li and Zou [23] first considered the existence of normalized
solutions for equation (1.2) in case of m > 4 + % through the similar method. Moreover, they
applied the index theory to obtain the existence of infinitely many normalized solutions.

Inspired by the above literature, we first study the normalized solutions of the quasilinear (p, 9)-
equation (1.1). In addition to overcoming the lack of differentiability of the associated functional,
we need to introduce the Pohozaev manifold method to study the geometry of the associated
functional influenced by the quasilinear (p, g)-Laplacian operator and the combined nonlineari-
ties. Thus we define the Pohozaev set

Pi(e) = {u e s(e): Pi(w) = 0,
where

N6 + pb — pN
p;(u)::#

oc/ |Vu\9dx+/ |VulPdx +
pQ RN RN

pl RN pm RN

It is well known that any critical point of Ij[s ) stays in P}, as a consequence of the Pohozaev
identity. We denote the L”-norm preserved transform

2971(2qN + pq — pN)
pq

/ ||| V|7 dx
]RN

ueS(c)—~s*u(x) = e%su(esx) € S(c)

and it is natural to study the fiber maps

& Nggigs N 1
(¥als) = (s ) = G [ [Gulldr o [Vl d
201 N, _ Ngj_
_}_761;1525/4-6/5 Ns/ |u]q\Vu\qu—E'eI:Sl Ns/ \u\ldx
q RN l RN

1 Ngpyo
e NS/ |u|™ dx.
m RN

We shall find that critical points of (¥},). allow to project a function on P} and the monotonicity
and convexity properties of (¥}, ), strongly affect the structure of P;. In this direction, we consider
the decomposition of Pj into the disjoint union Py = (P5i)* U (Pf)° U (Py;)~, where

(PY)* = {u € P : (¥4)1(0) > o}
(Pi)0:= {u e Py (¥4)1(0) =0}
(Pu)™ = {u € P (¥24)1(0) < 0}.

Throughout this paper, we introduce some relevant results about the Sobolev spaces. For p €
(1,40) and N > p, we define D'?(R") as the closure of C{’(IRN) with respect to ||Vul|, :=

1
(Jgn [VulPdx)? .|| - ||s denotes the usual norm of the space L*(RV), 1 < s < 4-c0. Let W'?(RN) be
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1
the usual Sobolev space endowed with the standard norm [|u [y, gy = (Jrn | VulP + [ulp dx)r .
W, P (RN) = {u € WWP(RN) : u(x) = u(|x|) }. For equation (1.1), we introduce the working space
E endowed with the norm
[l == llullwrrmey + lulwrore
and
E,:={ucE:u(x)=u(|x])}.
Next, we need to give the well-known Sobolev embedding theorem and Gagliardo-Nirenberg
inequality.
Lemma 1.1. [1] Let N > p. There exists a constant S > 0 such that, for any u € D' (RY),
5* < S7H|Vullh.

[

Moreover, WP (RN) is embedded continuously into L™(RN) for any m € [p, p*] and compactly into

Ly (RN) for any m € (1, p*), where p* := NN—_";.

Lemma 1.2. [3] The space E is embedded continuously into L™ (RN) for m € [p,0*] and compactly into
L" (RN) form € [1,6%).

Lemma 1.3. [2, 33] The following results hold:
(i) Let m € (p, p*). There exists a sharp constant Cy,, > 0 such that

ol < Cnull Vrellglluclly™, Vi € WH(RN), (13)
where 8, := % -
(i) Let 1 <q < Nand1 < p < m < q*. Then there exists a sharp constant Ky ,, > 0 such that
latllm < K|Vl [ullp™, Y € W1 (1.4)
where yy 1= %, W1 = {u e LF(RN): Vu € L1(RN) }.

Remark 1.4. In particular, by (1.4), we also have

m m Tnzﬂ nl(li’—yn’) .
/ ul dx < K3, (/ \qudx> ' </ yu\é’dx> " vuew’, (1.5)
RN 72 RN RN
Co* A . Nalm—p) i ._ LNy . (RN
wherel < q < N,2<p<m<2-q% Jm: m[Nq—g(N—q)]’W : {uELZ(]R ): Vue L1(R )}

Then by replacing u with u* in (1.5), we immediately obtains the following equality

mym m(1—ym)

_ 2 .
/ lu|™dx < Knm </ \u|T|Vull dx) . (/ |u|? dx> ' , Yue W, (1.6)
RN RN RN

where Ky = K%% 2", W= {u e LP(RN) : uVu € LI(RN) Y and 1 < g < N2 < p < m <
2 - g*. Now combining the definition of Iﬁ(u), (1.3) and (1.6), we find that m = Bl + 2q is LP-critical
exponent.

The main results read as follows.

Theorem 1.5. Assume that K +2q < m < p* and y = 0. Then exists a radially symmetric solution
u € WH(RN) N L*(RN)\{0} of (1.1) for some A > 0.

Remark 1.6. In Theorem 1.5, due to the failure of the compact embedding E — L*(RN) for p < x < p*,
we recover the compactness of bounded sequences by using the symmetric decreasing arrangement.
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Remark 1.7. The idea is to look for critical points of I, for « > 0 small by using minimax and deformation
argument first. Then having these critical points for the perturbed functional I, we study the convergence
of these critical points as « > 0 and obtain a certain convergence to critical points of the original functional
1.

B

Theorem 1.8. Assume that p <1 < pﬁz +p R+2g<m<p*,u>0,

Hop o 110+ tme o) My — p (p — 15,)m mn—p

TEne < ' 17

LN p(mdm —161)  \ p(mdm —16;)CY; ,, (1.7)

and
1 1
N N N P15 N o

ey Gr-m) G507 oy [ (pEN-31)
o () o (i) (o3

Then the following results hold:
(i) 12 |5(c) has a critical point u at negative level m* < .
(i) I |5(c) has a second critical point v at positive level 7 > m*.
(iii) Both u and v are radially symmetric functions in RN and solve (1.1) for suitable A, A, > 0.

Remark 1.9. In Theorem 1.8, since we need to study the geometry of the perturbed functional and show
that (Pj;) = @, the mass c is limited.

Remark 1.10. Different from the results about the normalized solutions for the classical quasilinear Schrodinger
equation, we first study the quasilinear (p, q)-equation with the combined nonlinearities. This case has dif-
ferent character with respect to the LP-critical exponent and leads to the assocaited functional having a
more complex geometric structure. Hence it is necessary for us to discuss the manifold in blocks and obtain
solutions with different properties in different regions.

Remark 1.11. We observe that when p = q = 2 and y = 0, equation (1.1) is reduced to the classical
quasilinear Schrodinger equation (1.2). In particular, we point out that the results in Theorems 1.5 and 1.8
still hold in case of 1 < p = q < N. In addition, although we only study normalized solutions of equation
(1.1) in the purely supercritical case and the mixed supercritical and subcritical case, the results about
normalized solutions of equation (1.1) in the purely subcritical case can also be obtained by the method

introduced in [10, 19], where the condition p < m < p + p—lj for equation (1.1) is much closer to the
condition2 < m < 4+ %for equation (1.2).

Remark 1.12. Note that the quasilinear operators can be degenerate when p > 2. Similar to the arqument
of Lemma 2.6 in [26], we can see that the solutions obtained in Theorems 1.5 and 1.8 are strictly positive.
Moreover, the quasilinear expression Aqu® can be replaced by Ag(|u|"u) for some r > 1 as in the porous me-
dia equation. This also allows us to deal with the existence and multiplicity of normalized solutions with the
help of the perturbation method in this paper. However, based on the minimax and deformation argument,
we need to give the new working space and Gagliardo—Nirenberg inequality to analyze the geometry of the
energy functional and construct the corresponding Pohozaev manifold to obtain the normalized solutions of
the equation.

The paper is organized as follows. In Section 2, we consider the perturbed functional and give
some properties of the associated Pohozaev manifold in case of 4 = 0. In Section 4, we study
the convergence of the critical points for the perturbed functional as « — 07 in case of y = 0
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and prove Theorem 1.5. In Section 5, we discuss the compactness of Palais-Smale sequences and
properties of the associated Pohozaev manifold in case of s > 0. In Section 6, we give some results
about the convergence of the critical points for the perturbed functional as « — 0% in case of y > 0
and prove Theorem 1.8.

2. PERTURBED FUNCTIONAL IN CASE OF yt = 0

In this section, we discuss the case of u = 0 by taking the perturbation method. First of all, we
give some properties of P (c).

Lemma 2.1. Assume that 0 < « < 1and m > & +2q. Then P§(c) is a C'-submanifold of codimension

1in S(c), and hence a C'-submanifold of codimension 2 in E.

Proof. It follows from the definition of P§(c) that the set P§(c) is defined by the two equations
F(u) = 0and P§(u) = 0, where
F(u) == c? — |Jull}.
We observe that F(u) € C'(E). Now we verify that d(P§, F) : E — RR? is surjective. Otherwise,
dP§(u) and dF (u) are linearly dependent, i.e., there exists { € R such that for any ¢ € E
ON + pb — pN .
p
L 271 (2gN + pg — pN)

p

mN—pN/ m_2 / 9
_ dx = P dx.
T J P = pt [l g dx

In particular, taking ¢ = u and ¢ = x - Vu respectively, we get

02 p—2
/RN V| Vth,lex—i—p/]RN VulP2Vuvy dx

/N |Vl T|ul 7 2up + |u|| Vul|T2VuVy dx
R

ON + p6 — vN 29(2gN + pg — N
ON PO PN a1 p vl + 22N TP PNy
N - pN P 2.1)
= PP e+ peull
and
ON + p6 — vN
S (N =) |Vulf+ (N = p) | Vulf
(2.2)
29(2gN + pg — N mN — pN
1+ 22N = PN oy gy v = PPN g 4 Nl
pq pm
Combining (2.1) and (2.2), we deduce that
N N-6
(ON -+ p0 — pN)a (5 =~ ) [9ulf+ 21Vl
N N-g N N
+27(2gN + pg — pN <—> uVul|j = (mN — pN <—> ul|m,
(24N +pg=pN) (- === ) lleVullg = PN 5 =5 ) el
which along with P (u) = 0 yields that
N N-6 wmN-—-pN
(ON -+ p0 — pNJa (5] = 20 - PEPR | Tuld (52— pN -+ )Vl
(2.3)
+2971(2gN + pg — pN) [2 <I;]— Nq q) - mNpqu] [uvu|] =o.
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We note that ¥ — % — mNZPN - 0 since % < § < a2 1y addition, when m > % +2g,

p pé N+q
p?> — pN +mN > 0 and 2 (% — ¥ — %) > 0. Then in view of (2.3), we get u = 0, which
contradicts the fact that u € S(c). The proof of Lemma 2.1 is completed. O

}I;e;;ma 2.2. Assume that m > K +2q. Forany 0 < o < 1and any u € E\{0}, the following results
old:

(i) There exists a unique number s,(u) € R such that Py(sy(u) xu) = 0. I§(s * u) is strictly
increasing in s € (—oo,s,(u)) and is strictly decreasing in s € (s, (u), +00) and
: « _ Nt : « _ «
Sgr_noolo (sxu)=07, SEIJPOOIO (s*xu) = —oo, If(su(u)*u)>0.
Hence s, (u) < 0 if and only if P§ (1) < 0.
(ii) The map u € E\{0} — s,(u) € Ris of class C.
(iii) sq (1) is an even function with respect to u € E\{0}.

Proof. (i) It follows from the definition of P§(u) and the direct calculation that

d N6 0 — pN Ns. _
Pi(s*u) = %18‘(5 *U) = 4—;}291?.“6%; 6+ NSHVqu +eps||Vqu
27-1(2gN — pN Ng. _ N—-—pN Ng,_
+ 214 ;pq PR eo2as ey g - PN = PN e Ll
Nen—Ns N9+P9—PN Ns g49s—Ngy 0 s—Ng.m+Ns (24)
—e» po e’ P Vg 4 IVull;
21-1(2gN — N Ng. _Ng. N —pN
2N o) sy - TN PN )

Weobservethat%@—k@—%m <0/P—%M+N<Oand%+q—ﬂm <Osince% <0<

p p
ZIX;T;”] and m > Bl + 2. Then in virtue of (2.4), we obtain that P (s * u) = 0 has only one solution

s«(1t) € R. Moreover, P§(s*u) > 0whens < s,(u) and P§(s*u) < 0 whens > s,(u). This means
that I (s = u) is strictly increasing in s € (—oo,s,(u)) and is strictly decreasing in s € (s, (u), +-00).
In addition, Note that

. o Nt . " _
SEIPOQIO(S*L[)_O’ SEI_PQQIg(S*M)— o,

which yields that
I§ (50 (1) x u) = max I§ (s« u) > 0.
s€eR
Hence s, (1) < 0if and only if Pj(u) < 0.

(ii) Suppose that ¥(s,u) = P§(s* u). Then from (i), we have ¥(s,(u),u) = 0. On the other
hand,

9 0 — 2 N Negige
) = (MEEEIZ IR RN g pers V)

0s p 0
g-1 _ 2
42 <2qN+Pq PN) eSS 7y 0
q p
2
— 1 Ny
p m
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Then combining the fact that P§ (s (1) * u) = 0, it holds that

3‘{’(s,u) _ NO+po—pN <N9 PO pN _mN - pN) Ly 0o Ns gy 0
ds p p p 0
q_l — — — s
n 2777 2qN +pg—pN <'2qN+ pq—pN mN pN) e%”s_NSHuVuHZ
q p p p
+ (p _ ’””N;pN> e || Vullh
< 0.

Hence by the implicit function theorem in [9], the map u + s, (u) is of class C.
(iii) From
Fg (sa(u)  (=u)) = Py (=sa(u) xu) = By (sa(u) ¥ u) =0,

one has s, (—u) = s, (1) by the uniqueness. O

In what follows, we consider a minimization problem

() = f I
my(c) uel%() o (u).

We easily find any critical point u of If ) is contained in P§(c) and if m{(c) is achieved, then the
minimizer is a ground state critical point of If g
For any u € P§(c) and « € (0,1], we have

I5(0) = () — P )

_(e__ p  NO+pd—-pN o (1__p p
- (5- =t pN PR IVl + (5 — o ) 191
2171 2971(2qN + pq — pN) g
< N PN P )Huwuq
2 p27Y(2qN+pq - pN)) 7
uVu
<q mN — pN P Il
> 0.

This means that m{(c) > A(c) > 0 foralla € (0,1], where

q-1 q-1 _
Ae) = <2 __p 27 (2qN+pq PN)>
q  mN-—pN Pq

Lemma 2.3. There exists a small r > 0 independent of « such that forany 0 < a <1,
0< sup Ij(u) < A(c) and I§(u),P§(u) >0 forallu € B(r,c),

u€B(r,c)

inf ||L£Vu||b7
0<a<1,ueP§(c

where
B(r,c) = {u € S(c) : al| Vally + [ Vullp + [uVul] < r}.

Proof. By the definition of If, for r > 0 small enough and independent of «, it holds that

. 11 291
sup Ij(u) <maxq -, —, —— pr < Alc).
u€B(r,c) 0 P q

9



In addition, by (1.6), for any u € 0B(p,c) with 0 < p < r for a smaller r > 0, we get

. " o o, 1 p 2071 g1 = (19 e
inf If(u) > EHVuHQ—i—EHVqu—i—THuVqu—E.KN/mc || uVul,

9B(p,c)
> Clp >0
and
NO + pb — pN 21-1(2gN — pN
inf Py () > NP PN g vgp 4 2N PPN gy
9B(p,c) po
PP Ry e
pm
> Cp >0,
where C;, C; are positive constants independent of p > 0. To sum up, the proof of Lemma 2.3 is
completed. 0

Inspired by [18], in order to find a Palais-Smale sequence, we consider an auxiliary functional
Z5(s,u) :=If(s*xu) :R X E— R
and study Z{ on the radial space R x S,(c¢) with
S,(c):=S(c)NE, E =WYRN)NnWRN).
Obviously, Z¢ is of class C'. Moreover, it follows from the symmetric critical point principle in
[34] that a Palais-Smale sequence for Zf g s, () is a Palais-Smale sequence for Z§ |k 5()- Then we
define the closed sublevel set by
(I5)":={u e S(c): [H(u) <4}
and the minimax level

o6 (c) := inf sup Z§(y(t)),
1€l 4e[0,1]

where the minimax class
Tw:= {7 = (B1,B2) € C([0,1], R x 5,(c)) : 7(0) € {0} x B(r,c),7(1) € {0} x (I§)"}.
Lemma 2.4. Forany 0 < a <1, m§(c) = 0§ (c) and o§(c) is nondecreasing with respect to « € (0, 1].

Proof. On the one hand, for any v = (B1, B2) € T4, let us consider the function

8y (t) == Py (B1(t) * Ba(t))-
From Lemma 2.3, we infer that g, (0) = P§(B2(0)) > 0. Now we show that g, (1) = P§(B2(1)) < 0.
In fact, by I§ (B2(1)) < 0and Lemma 2.2, we find that s, (B2(1)) < 0, which yields that P§(B2(1)) <
0. Then combining the continuous property of g,, we deduce that there exists ¢, € (0,1) such that
g,(ty) =0, thatis B1(t,) * B2(t,) € P§(c). Thus

max Ly (v(8) = Ig(Ba(ty) * Ba(ty)) = mg(c).

This means that ¢ (¢) > m{(c).
On the other hand, if u € P§(c) N E,, then
Yu(t) :== (0, (1 — £)s1 +ts2) * 1) € ¥a,
where s; € —1 and s, > 1. Hence
I (1) > max I§(((1 —#)sy +tsp) xu) > o5(c),

te[0,1]
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which implies that

ayr = inf Iy > o&(c). 2.5
(mg)"(c) uepg(lc)ma 0(u) > a5(c) (2.5)

In addition, using the symmetric decreasing rearrangement in [24], we easily obtain m{(c) >
(m§)"(c), which along with (2.5) yields that m{(c) > (mf)"(c). To sum up, m§ = 7§ (c).
In the last, forany 0 < a; < ap <1, by Iy?(u) > Igl(u) and I'y, C T, it holds that

002 (c) = inf sup Zy2(y(t)) > inf sup Zy'(y(t)) > inf sup Zy'(y(t)) = 0y'(c).
0 7€lag 10,1 : 7€l 4e0,1) ’ 7€l 4e0,1) ’ 0

Thus ¢ (c) is nondecreasing with respect to « € (0,1]. O

In order to construct a Palais-Smale sequence of ff(c), we give the following well-known re-
sults.

Definition 2.1 (Definition 3.1,[16]). Let B be a closed subset of X. We say a class F of compact subsets
of X is a homotopy stable family with boundary B provided:

(i) Ewvery set in F contains .
(ii) Forany set Ain F and any n € C([0,1] x X, X) satisfying n(t,x) = x for all (t,x) in ({0} x
X)U([0,1] x B), we have (1, A) C F.

Theorem 2.5 (Theorem 5.2, [16]). Let ¢ be a C'~functional on a completely connected C'-Finsler manifold
X and consider a homotopy stable family F with an extended closed boundary B. Set & = 8(¢, F) and let
F be a closed subset of X satisfying

ANF\B#Q@ forall A€ F (2.6)

and
supp(B) < ¢ < inf¢p(F). (2.7)

Then for any sequence of sets A, C JF such that limy, . sup 4 ¢ = 0, there exists a sequence x, C X\ B
such that

(i) limy— 4o Pp(x,) = 0.
(ii) limy—+co [|dg(xn)| = 0.
(iii) limy,—+co dist(x,, F) = 0.
(iv) limy—4o0(xn, An) = 0.

Lemma 2.6. For any fixed a € (0, 1], there exists a sequence u, € S,(c) such that
Ig (un) — o (c), (I§) |s(c)(4n) = 0, Py (un) =0 and u, — Oae. in RV,

Proof. It follows from Definition 2.1 that ¥ = {A = 7([0,1]) : v € T} is a homotopy stable
family of compact subsets of ¥ = R x S,(c) with boundary B = ({0} x B(r,c)) U ({0} x x (I&)?).
Applying Theorem 2.5, we set F = {Z% > of(c)} and (2.6), (2.7) with ¢ = Z§, 8 = d%(c) are
satisfied. Hence, taking a minimizing sequence {7, = (0, (B2)x)} C Ty with (B2), > 0 a.e. in RV,
there exists a Palais-Smale sequence {(s,, w,)} C R x S;(c) for Z§|rs, (c) at level §(c), namely,

9sZ5 (Sn, wy) — 0 and  9,Z§(sp, wy) — 0 asn — +oo (2.8)

with

18| + distg (wy, (B2)n([0,1])) — 0 as 1 — +oco. 2.9)
11



Denote 1, = s, * wy. Then the first result in (2.8) implies that P (u,) — 0 and the second result in
(2.8) gives when n — 4-co,

1415 |s(c) (un) || = sup |18 (1) [])
YTy, S(o),[lplle<1
= sup |dlg(sn * wn) [Sn * (—Sn)lPH

YT, S(e) Iplle<1

= sup |ang (Snr wn) [(_Sn) * lP] |
€T, S(c) lylle<1

< 10uZg (s, wn) | sup [(—su) * ¥
PeTy, S(e),lplle<1

< Cl|04Zg (sn, wn) || — 0.
In the last, (2.9) reads u,, — 0 a.e. in RN. Therefore, the proof of Lemma 2.6 is completed. O

In the following, we shall show the compactness of the Palais-Smale sequence obtained in
Lemma 2.6.

Lemma 2.7. For any fixed « € (0,1], let {u,} be a sequence obtained in Lemma 2.6. Then there exists a
u, € E\{0} and a Lagrange multiplier A, € R such that up to a subsequence,

u, ~u, inkE,
I (uy) = 08 (c) and (I§) (ts) + Ag|tia|P"2us = 0.
Furthermore, if Ay # 0, then

u, — u, inkE.

Proof. Since {u,} is a sequence obtained in Lemma 2.6, combining Lemma 2.4 and the fact that
I§(un) — of(c), P§(un) — 0 as n — 400, we easily get {u,} is bounded in E,. Then using the
Sobolev embedding theorem and interpolation, it holds that up to a subsequence, there exists a
u, € E, such that

U, = u, IinkE,
Uy — u, in L5(RN) forallx € (p,2-g%),
Uy, — U, >0 ae. inR.

Now we claim that u, # 0. Otherwise, when n — +00, we obtain that

N + pf — pN 21-1(2gN + pg — pN

NOFEPOZPN 15+ 9+ 2N PPN
P pq

_mN_pN m %

= PP o 3+ B () + 00 (1) =0,

This means that I§f (u,) — 0 as n — 400, which contradicts the fact m{(c) = o{(c) > 0. Hence the
claim is true. Next by Lemma 3 in [7] and (If})'[s() (#n) — O, it holds that there exists a sequence
{An} € Rsuch that

(I&) (un) + An|tin|P"2uy — 0 in E*. (2.10)
This implies that A, = & ((I§)'(uy), un) + 04(1) is bounded in R. Then we assume that up to a
subsequence, there exists A, € R such that A, — A,. Moreover, (If)'(us) + Aa|tg|P2uy = 0
and P§(u,) = 0. In addition, using the weak lower semicontinuous property, which is similar to
Lemma 4.3 in [10], we have

| Viullg — al|Vua |5,

IVunllhy = [Vl
12



and

10n Vitn |3 = |1t Vitg || 3.
That is, I§ (#s) = limy, 1o I§(11n) = 0§ (c) and ((I§)"(un), un) — ((I§) (1ta), us). This also means
that A [|un|lh = Axltia|h. Soif Ay 7 0, then 1, — 14 in E. O

Based on the above lemmas, we easily conclude the following theorem.

Theorem 2.8. For any fixed « € (0,1], there exists a u, € E,\{0} and a Lagrange multiplier A, € R
such that

(Ig)/(”zx) +/\a|“rx|p_2”a =0, Ij(ua)=mp(c),
Py(uy) =0, 0< HWHZ <c?, u,>0.

Furthermore, if Ay # 0, then ||ug||h = cP, i.e., m§(c) is achieved and uy is a ground state critical point of
I§1s(c)-

3. CONVERGENCE ISSUES AS & — 0T IN CASE OF u=20

In this section, letting # — 07, we shall prove that the sequences of critical points of If]g()
obtained in Section 2 converge to critical points of I $(c)-

Lemma 3.1. Assume that o, — 07, (I§")' (tta,) + A, e, [P *Ua, = O with Ay, > 0 and I)" (ug,) —
0 € (0,+00) for u,, € S;(cy) with 0 < ¢, < c. Then there exists a subsequence u,, — u in W (RN)
withu #0,u € er’p(]RN) N L®(RN) and there exists a Lagrange multiplier A € R such that

(10) (u) + AulPu =0, Ij(u) =0, 0< [ull<c

and

(i) If g, > 0 for everyn € N, then u > 0.
(ii) If A # 0, then limy, oo ¢y = ||1]]p.

Proof. The idea of proof for Lemma 3.1 is inspired by [20, 23]. In the first, using the fact that
(I5") (ua, ) + A, | e, [P~ 21g, = 0, we easily see that Py (is,) = 0 for every n € INT. Moreover, it
holds that

sup max { | Vite, [, [ Vita, I}, 1lia, Vit ]} < +oo.

n>1

Therefore {u,, } is bounded in WLP(]RN ). Now we claim that liminf,_, 1« ¢, > 0. Indeed, if ¢, —
0, then using (1.6), we have ||uy ||, — 0, which along with Py"(u,,) = 0 yields that Ij" (u,,) — 0
which contradicts ¢ > 0. Hence the claim is true and A,, = C%(IS‘”)/ (ug, ) (Ug,) is bounded in

R. Thus up to a subsequence, A,, — A in R, uy, — u in WYP(RVN), u,, — u in L*(RN) for
k € (p,2-¢*) and u,, — u a.e. on RN, In addition, if u,, > 0 for every n € IN*, then u > 0.
Furthermore, similar to the arguments in Lemma A.2 in [23], we also have u,Vu, — uVu in
L?OC(IRN ) and Vu,, — Vu ae. on RN. In what follows, we divide the remaining proof into three
steps.
gtep 1. We show that there exists a positive constant C such that ||u,, || < C and ||uljc < C.
Denote R > 2,v > 0 and
R, Uy, > R,
On = § Uays |uo¢n‘ <R,
—R, Uy, < —R.
13



Let ¢ = uy, |04, |7'. Then ¢ € E. Then it follows from (I3")' (ita,) + Aa, [tUa, |7 tha, = 0and A, >0
that

\/IRN |u0¢n |m_2ulxnlp dx
— o, / Vita, [©-2V i, - Vipdx + / Vita, [P Vity, - Vipdx
RN RN
* zq_l / N |v““n |q ’u“n ‘q_zuarﬂ# + |u“n ’q|vulxn ‘q_zvu“n : Vl)b dx
R
+ Alxn RN |ulxn |p_2uanlp dx
> a, / Vit "2V, - Vipdx + / Vit [P 2V, - Vipdx
RN RN
+ 2‘771 / N |ulxn |q|vuan ‘quvuan ’ VII) d‘x
R
=t / |vuan |9|’00¢n |qV dx + &n / |vu0‘n |9_2qv|len ‘qV_Zu“nvanvuan : vvan dx
RN RN
+ / |vuan |p ’van |q1/ dx + / ‘vuan ‘pizqv‘v“n ’qijuan U“nvu“n ’ vlen dx
RN RN
+ zqil / N |ulxn |q|vu‘xn ‘q |v’xn |11V + ’u“n ‘q|vu’xn |q72qv|v“n |qv72uan lenvuan ’ Vv’/’"n dx
R

Z 2‘1_1 A{N |u04n ’q|vu“n ‘q |van |qV + |u“n ‘q|vu“n |q_2q1/|'0“n |qv_2u“nlenvulxn : vvﬂ‘n dx

1 qu 2 1\q qzqil vo|g 2q
=5 o a9, dx+ T [ 90 1], [

1 v
> (2—|—1/)‘7_1/1RN‘V(M§".|U“”| )7 dx

C "
= Qg (/]RN g, |20, ]"]f dX>

On the other hand, by the interpolation inequality, one has

ol P pt = [ g, - fou, 19 dx

m-2q 2.q%—m+2q

g 29-9* 24*
< (ot ) ™ (o )7 )
RN RN

2:q*—m+2q
Vo2 2q-9* 2:9%
g¥ —
<C- ([ Goulu,) =5 da :

where C is a positive constant. Combining the above inequalities, it holds that

q

%

=

q 2.g%* —m+2q
e

. 29-9* 2%
(ol oo )™ < et ([ (ot )= max) L e
RN RN
Let (vp+2) =2-g"and ¢ = % > 1 where { = Mfzi'ilzq. Then taking v = vp in (3.1) and

R — +00, we deduce that

1
[t | 2410)0-¢ < (C(2 4 0)) 70 [[tha || 2-4v5)¢-
14



Denote 2 4+ v;11 = (24 v;)0 for i € IN. Thus

. 1 ~
1, [ 200y 00 < T (C(2 4 11)) 70 ([t [ (24v9)2 < Cllta, [l (2400)2 (3.2)
where C is a positive constant. Taking i — +o0 in (3.2), we have
lua,lloo <€ and lufle < C,

where C is a positive constant.
Step 2. We claim that (I9)’(u) + Alu|P~2u = 0. Taking ¢ = e~ Mt with n € C(RN), n > 0,
M > 0. we get

0= ((Ign)/<u‘xn) + Aan |u0‘n |p72uan)uﬂm
= &n / N Vit |? 2 Vi, (Ve Mien —yMe™ M Ty, ) dx
R
+ / N Vg, ‘pizvuan (vﬂeiMua" - 77M€7Mu"‘” Vi, ) dx
R
+2171 /N |t ||Vt |72V it (Ve Mban — yy Me=Miben 7y, ) dx
R
+2q_1/ (Vg |1t |7 %10, e MHen dx
RN
+ /\0‘»1 |u“n |P_2uan’7€_M”“ﬂ dx — / |u0€»1 |m_2uan77€_Muan dx
RN RN
S Ky / . ‘VuanIG*ZVLlanv;/]e*Muan dx +4 / N ‘Vu“n‘P*ZVu“n(vnefMunn o nMeiM”“n vuan) dx
R R
+27 /N |1t || V 1k, | T2 Vtkg, (Ve ™M — pMe™Mien Gy, ) dx
R
£ 200 [t 1, 121t M
RN
+ /\‘Xn ‘ulxn ‘P*zu“nne*M”“rn dx o / |u(Xn ’mizuﬂén;’leiMuﬂn dx.
RN RN
In particular, since &, — 0% and ||ua, || < C and u,, is bounded in E,
fn / N |vu“n|9_zvutxnvﬂe_Mu‘”” dx — 0.
R

Moreover, by the weak convergence of u,,, the Holder inequality and the Lebesgue’s dominated
convergence theorem, we see that

/]RN ’vuan’p72vuanvﬂ€7MM“” + qulluan\q]Vu,xn\q’ZVuaane*Muan dx
- /N IVulP=2VuVye ™M 4277y |1|Vu|T2VuVye M dx,
R

M [Vt [Pt e Moo =5 A [ a2 dx
RN RN
and

/]RN |t ™ 21t e~ Miben dxe — /]RN u|™une~M" dx.

In addition, using the Fatou’s lemma and taking M large enough, it holds that

timing [ [Vt 7 pMe™N0 29 g 9]V, 11 e M0 — 2071 |Vt 9], 121, g~ Mo i

> /N |VulP - pMe N + 277y || Vu|? - yMe=M* — 2071 | u|7|u|T2une M dx.
R
15



Consequently, we have

0< /N |VulP2Vu(Vye ™M — yMe M"Vu) dx
R

+ 2071 |u]"\Vu\q’2Vu(Viye’M” — qu*M“Vu) dx
RN
(3.3)
_|_2¢171/N |Vu|"]u\‘7*2uiye*M” dx
R

+/\/ |u|P~2une M4 dx—/ lu|™2uge~M* dx.
RN RN

For any ¢ € CP(RN) with ¢ > 0, we take a sequence of nonnegative functions 77, € C¥(RY) such
that 77, — ¢peM* in WIP(RN), 17, — ¢eM* ace. in RN, and 7, is uniformly bounded in L®(RY).
Thus by (3.3), we obtain that

OS/ |Vu\p*2VuV¢dx+2q’1/ |umVu\q’2VuV¢dx+2q’l/ |V u|7u|T2up dx
RN RN RN

p-2 _ m—2
+/\/RN|M| ug dx /w‘”' up .
Similarly, we can choose i = 7eM¥an to get an opposite inequality. Note that ¢ = ¢+ — ¢~ for any
¢ € CP(RN), we infer that (IJ)"(u) + AlulP~2u = 0.
Step 3. We prove that if A # 0, then Hqu = lim,, 0 cy. From the result that (18)’(11) i

MulP~2u = 0, we immediately know that PJ(u) = 0. On the other hand, using the weak lower
semicontinuous property, it holds that

| Vita, 1§ = 0, [V, [lp = [ Vull
100, Vit g = NV ullg, N, I = Ml
This means that IJ(1) = lim, e Ij"(1t,) = 0 and ((I")(ua,), ta,) — ((I3)(u),u). Then

Ay lltiay |l = Allu||h. Thus if A # 0, then ||lu||, = limy— 1 cy. The proof of Lemma 3.1 is com-
pleted. O

Proof of Theorem 1.5. From the fact that m§(c) > A(c) > 0 foralla € (0,1] and Lemma 2.4, we find
that
m*(c) := lim m{(c) € (0, +00).

a—0t
Using Lemma 2.7, we obtain that

ay — 07, (I§) () + Ay |ty [P 21k, = 0, I§" (1a,) — m*(c) (3.4)

for 1y, € Sy(cy) with 0 < ¢, < c and u,, > 0. Moreover, Py"(uy,) = 0. In addition, testing the
second result of (3.4) with u,,, we have

O = ‘Xﬂuvutxnug + Hvuan Hﬁ + 2q||u“nvuan HZ - Huan H% + AD‘n ||uan Hg'
Then combining the condition that & +2¢ < m < p*, we deduce that
e a1 = (M B = PP T,
pm po pm
mN — pN
+ (1 2 T, I
pm
N (2‘71(2qN +pg—pN) 27(mN — pN)

- - ZE PR i, VI

Alxn :

> 0.
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This means that A,, > 0. Next applying Lemma 3.1, there exists u # 0, u > 0 and u € W, (RN) N
L*(RN) and A € R such that

(1) () + AulP2u =0, B(u)=m*(c), 0< |ulh<cP

Similarly, we also have A > 0. Since A,, — A, we may suppose that A,, # 0 for n large enough.
Hence ¢, = c and ||u||}, = cP. This means that u is a nontrivial nonnegative solution of (1.1). O

4. PERTURBED FUNCTIONAL IN CASE OF j > 0

In this section, we discuss the case of > 0 by taking the perturbation method. First of all, we
prove the convergence of special Palais-Smale sequences satisfying suitable additional conditions
by applying the ideas introduced in [18].

Lemma 4.1. Assume that p < | < p—; +p, B +29 <m < p*. Let {u,} C S,(c) be a Palais-Smale
sequence for I, at level ¢ # 0 and Pjj(uy) — 0asn — +oo. Then up to a subsequence, u, — u strongly
in E and there exists a Lagrange multiplier A > 0.

Proof. Since P*(u,) — 0asn — 400, we see that
14

N6 + pb — pN 297 1(2gN + pg — pN
NOL PO PN | + |V + 2PN A PPN
p pq
IN — pN mN — pN
= e Tl = a3+ 00 (1),
Combining the definition of I;; (1), we deduce that
NO +pb —pN\ a 0 1 p p
(24 _ -~ - I
R e A e e LA »
_ZqN—I—pq—pN 29-1 g _lN—pN U ! '
(1 2P P 2, V1~ (1= =B ) Fll+ a1,
where the coefficients inside the brackets are positive. When u > 0, by (1.3), one has
1 p IN-pN\ ¢ 15, 11—
>(X > Y M P_ - = r . 1, (1 (51)'
012 13 2 (5 = oy ) 19l = (1= o) - Chull Tl

Since 16 < p, combining (4.1), we know that {u,} is bounded in E. Next, we observe that E, —
L*(IRN) is compact for x € (p, p*). Then there exists u € E, such that up to a subsequence, u, — u
weakly in E, u, — u strongly in L*(RN) for x € (p,p*) and a.e. in RN. Now, since {u,} is a
bounded Palais-Smale sequence of I;ﬂs(c), by the Lagrange multipliers rule, there exists A, € R
such that

(IS (100, 9) + Anlital P20 = 04(1) 42)

for every ¢ € E. In particular, we take ¢ = u,,. Then
Anc? = —a||Vun|l§ = [Vunllp = 27| Vatu |G + pellten i + el + 00 (1),

which along with the boundedness of {u,} yields that {A,} is bounded in R. Thus up to a sub-
sequence, there exists A € R such that A, — A in R. Moreover, recalling that Pﬁ(un) — 0, we
deduce that

_ g-1 -
et = (ML= 4w g+ (FCINEPIZ PN ) o, s

_IN—-pN ! ~ mN—pN m
e (1= B o+ (1= PR i+ 0n(0),
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where the coefficients inside the brackets are positive. Hence A > 0, with equality only if u = 0.
In particular, if u = 0, then

!
pllnlly = llnll5 = O

Combining Py (u,) — 0, we obtain that I} (1,) — 0, which contradicts the fact that ¢ # 0. That is,
An — A > 0. Finally, by the weak convergence and (4.2), it holds that

((1%) (un), ) + AulP2uyp = 0

for every ¥ € E. Moreover, using the fact that E, — L*(IR") is compact for x € (p,p*) and the
weak lower semicontinuous property, similar to the proof of Lemma 2.2 in [22], we obtain that
uy, — u strongly in E. O

In order to obtain the existence of normalized solutions in case of a supercritical leading term
with focusing subcritical perturbation, we consider the constrained functional I}[s(). By (1.3), we

have

1

1o _
Li(u) = *llV”Hp CNzHVuH s 51)—%'C%,ml\VuH?‘s”’-cm(l o) (4.3)

for every u € S(c). Hence, to analyze the geometry of the functional I}f[5(), it is useful to denote
the function 1 : R™ — R

h(t) = 1 . tp — %C;\,,lcl(l_‘sl)tlél _ lc%,mcm(l_‘sm)tm(sm. (4_4)
p m
We observe y > 0 and I6; < p < méy,. So h(0T) = 0~ and h(4o0) = —oco. Furthermore, we have
the following lemma.

Lemma 4.2. Assume that the condition (1.7) holds. Then the function h has a local strict minimum at
a negative level and a global strict maximum at a positive level. Moreover, there exist 0 < Ry < Ry,
depending on ¢, u, such that h(Ry) = 0 = h(Ry) and h(t) > 0 when t € (Ry, Rp).

Proof. Note that for t > 0, h(t) > 0if and only if

h(t) > EC}V,lc’“—él), with h(t) == ;tp—”f - lCf,,mcm“—‘sm)t"”m—”l.

[

It follows from the structure of /(t) that /(t) has a unique critical point on (0, +o0), which is a
global maximum point at positive level, in

1
f _ p . l(Sl . m mém—p . C_ '?,S,;O];z) )
p (mém —16)CY ,
p—14;
- _ — momIP m(1—om) (p—1))
h(t) = mém 4 . (p lél)mm - C mb'm—pP : .
Hence there exists an open interval (Ry, Ry) such that k(t) is positive on this interval when h(f) >

%Cﬁ\]’lcl (1-9) that is, the condition (1.7) holds. Then we immediately obtain that /(¢) has a global

maximum at positive level (Ry, Rz). In addition, by the fact that #(07) = 0, there exists a local
minimum point at negative level in (0, R;). On the other hand, we observe that /'(t) = 0 if and
only if

the maximum level is

h(t) = yélCé\,,lcl(l’m, with () := P10 — (5mCI”\},mcm(l"5'”)t"1§’"’l‘sl.
18



Obviously, /(t) has only one critical point, which is a strict maximum. This means that the above
equation has at most two solutions, which are the local minimum and the global maximum of &
previously found. That is, h(t) has no other critical points. O

Lemma 4.3. Assume that the condition (1.8) holds. Then (77;1‘)0 = @, and Py is a Cl-submanifold of
codimension 2 in E.

Proof. We assume that there exists u € (Pﬁ)“. Then using Pj (u) = 0and (¥7},);,(0) = 0, we deduce
that

N 29-1 /N
<p9+9 N> IVul+ IVal} + = <p -2q+q—N) |u¥ull]

”(z— )wM+1(Nm—Nymm
I \p m\ p

N 2 21-1 /N 2
<p9+9—N) ||Vu]|9+p||Vu||p+q(p-Zq—I—q—N) HuVuHZ

N 2 1 /N 2
=”(J—N)mm+(m—w)nw%
I \p m\ p

Thus by (1.3), one has

| R

and

IR

N ;4 N N
m—N — ) w’”g( -Z—N><m—l> ul|}
(Sm=n=p)Ivull < =)l
K N _N, 16 1(1-5)
< £ - = = I
<7 < [ N) <pm ” )CNIHV”H e
and
<p—|—N— Nl) [Vullh < 1 (Nm —N) (Nm— Nl) (|||
p m\ p PP
< <m - N) (Nm Nz) Cot [T (1=,
m\ p P )

This implies that the lower and upper bounds || Vul|, are given by

1
N mom—p N p=1o;
m (p+N_?l) l(1—5)<7'l_N>< m_il>
cm  cm(1=6m) (N N N < |Ivully < ’
which contradicts the condition (1.8). That is, (735)0 = O holds. Next similar to the proof of

Lemma 2.1, we easily show that 77;‘ is a Cl-submanifold of codimension 2 in E. Hence the proof
of Lemma 4.3 is completed. O

|
!

1
CN,lc

Based on Lemma 4.3, we see that the manifold P is divided into two components (Pﬁ)+ and
(Pu)~
Lemma 4.4. For every u € S(c), the function (YY) has exactly two critical a,,c, € R and two zeros
by, d, € R, witha, < b, < c, < dy. Furthermore, the following results hold:
(i) auxu € (Py)*, cuxu € (Py)", and if s x u € P}, then either s = a, or s = cy.
(i) [[V(s*u)|p <Ry foreverys < by, and

I (ay x u) = min{lﬁ(s xu):s € Rand |V (s*u)l[, < Rl} <0
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(iii)
I (cy * u) = max {Iff(s kxU):S € ]R} >0,
and (Y},)y is strictly decreasing and concave on (cy, +00). In particular, if ¢, < 0, then Pjj(u) < 0.

(iv) The maps u € S(c) + ay, € Rand u € S(c) — ¢, € Rare of class C'.

Proof. Let u € S(c). Note that (¥});(s) = 0if and only if s xu € P. Thus we first show that
(¥)u has at least two critical points. By (4.3) and (4.4), it holds that

(Fh)u(s) = Li(sxu) = h([ls x ullp) = h(e’[|[Vullp).

This means that the C? function 'Y}, is positive on (ln (||VR7141||,,) ,In (||VR715||,,) ) We easily check that
Y (—o0) = 07, ¥ (+00) = —oo, which yields that (¥},), has at least two critical points a, < ¢y,

with a, local minimum point on (0, In ( )) at negative level, and ¢, global maximum point

R
[Vullp
at positive level. Next we claim that (¥7), has no other critical points. Indeed, (¥},);(s) = 01is
equivalent to ¢(s) = 1 (Nm - N) |[ue||7, with

m

P
N N _N _N
qb(s)::g(paws—z\f)e?“’“’ P al§ 4 e N
29-1 Ngogias— N Ng_N
+ 2 (N g N ez Somugua — B (N n) s Fom
g \p T \p :

It follows from the structure of ¢(s) that ¢ has a unique maximum point, and hence (¥%,);(s) =0
has at most two solutions. That s, ('t} ). has exactly two critical points and no other critical points.

To sum up, it holds that (‘t}). has exactly two critical points: 4, is the local minimum on
(—oo, In (HVR%» at negative level, and ¢, is the global maximum at positive level. Furthermore,
ay xu,cy*xu € Py, and sxu € Py implies that s € {a,.c,}. Since (Pﬁf)o = @, we easily see that
ay*u € (P;)* and ¢, xu € (P;)~. It follows from the monotonicity and the behavior of (¥%).
at infinity that (‘Fi‘,)u has exactly two zeros b, d,, with a, < b, < ¢, < dy. (‘Y';‘,)u is concave on
[cu, +00), and hence if t, < 0, then Pj(u) = (¥%,);(0) = 0.

In what follows, we apply the implicit function theorem on the C' function ®(s, u) := (‘¥%);,(s).
Then by ®(ay,u) = 0, 9s®(ay, u) = (¥4)(a,) < 0and (P;)° = @, we deduce that u + a,
is of class CL. Similarly, we also find that u +— ¢, is of class Cl. The proof of Lemma 4.4 is
completed. O

Based on the results of Lemma 4.4, for k > 0, we denote

Agi={ues(e): |Vully <k}, ()= inf Liu).
1

Then we easily find that (735)+ is contained in Ag, and sup,,. (pay+ Ly
U

If(u) <0< infy e (py)- Iy ().
Furthermore, we have the following results about 7], (c).
Lemma 4.5. It holds that 11, (c) € (—00,0),

1A _ s o _ s o
) = g 00 =

and

S

w(c) < __inf  Li(u)
AR \ ARy —p
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for p > 0 small enough.

Proof. For u € Ag,,

T5) 2 W[ Vul) > min h(t) > oo

which means that 1j,(c) > —co. In addition, for any u € S(c), combining ||V (s xu)|, < Ry
and Ijj(s *u) < 0 fors < —1, we have mj(c) < 0. Next on one hand, since (Pj)* C Ag,

I

iy, (c) < inf,e(py)+ Iji(u). On the other hand, if u € Ag,, then a, xu € (P};)* C Ag, and

I (ay x u) = min{lﬁ(s xu):s € Rand ||[V(s*u)l[, < Rl} < I (u),
which implies that inf,¢(pg)+ I (u) < my(c). Moreover, since I(u) > 0 when u € (Pj;)~, we
obtain that infue(pﬁ)+ I (u) = infyepy I (u). Hence

=K — 3 o — : o
iy (c) = u1€n7£ﬁ L (u) = uel(%}f{ﬁ L (u).

i, (c)

In the last, it follows from the continuity of & that there exists p > 0 such that h(t) > —5— when
t € [R1 — p, Rq]. Thus combining inf,epy I¥(u) € (—00,0), it holds that

"
i (c)

> 1l

u(c)

for each u € S(c) with Ry — p < ||Vul|, < Ry. The proof of Lemma 4.5 is completed. O

Li(u) = h([|Vul[y) =

To search for the second critical point for I};|s(), we give the following lemma.

Lemma 4.6. The following results hold:
(1) Assume that Ij(u) < 1y (c). Then the value c, defined by Lemma 4.4 is negative.

(11) (7';1‘(6) = il’lfue(p}u;)f Ifj(u) > 0.

Proof. (i) It follows from Lemma 4.4 that ¥}, has exactly two critical points a,, ¢, € R and two
zeros by, d, € R, witha, < b, < ¢, < dy. Obviously, if d, < 0, then ¢, < 0. Thus we suppose
that ¢, > 0. In particular, if 0 € (by,dy), then I} (u) = (¥})u(0) > 0, which is impossible by
I (u) < mj,(c) < 0. This means that b, > 0. Then using Lemma 4.4(ii), one has

i, (c) > I (1) = (¥,)u(0) > . inf bu]‘i”;‘,(s)

> inf{lﬁ(s*u) :se€Rand [|[V(s*xu)|, < Rl} = I (ay*u) > 1y(c),

which is a contradiction. Thus the value ¢, is negative.
(ii) By Lemma 4.2, let f be the strict maximum of the function / at positive level. For each
u € (Pf)~, there exists 7, € R such that ||V (7, * u)|| = . On the other hand, it follows from
Lemma 4.4 and u € (77;‘)* that the value 0 is the unique strict maximum of the function ‘I";‘,.
Hence
Ly (u) = (¥5)u(0) = (¥ )u(tu) = Li(tu*u) = h([|V (T *u)|[y) = h(f) >0,

which along with the arbitrary of u € (P;)~ yields that

0%(c) = inf I%(u) > 0.
1 () o (1)

This completes the proof. l

Based on the above lemmas, we have the following theorem.
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Theorem 4.7. Under the assumptions (1.7) and (1.8), the following results hold:

(1) Ii|s(c) has a critical point uy at negative level i (c) < O which is an interior local minimizer of I
on the set Ay for a suitable k > 0 small enough.
(i) I;|s(c) has a second critical point us at level 7y, (c) > 1y (c).
(iii) w1, up are radially symmetric functions in RN and the Lagrange multipliers Ay, Ay > 0.

Proof. We first show the existence of a local minimizer. Let us consider a minimizing sequence
{un} for Ija, . By the Schwarz rearrangement, we can further assume that u, € E, N S(c) is

decreasing for every n. For each n, we take a,, * u, € (P};)*. Then by Lemma 4.4, ||V (ay, *
uy)|lp < Ry and

Iy (ay, * uy) = min{lﬁf(s xuy) s € Rand ||[V(s*xu,)|, < Rl} < I (un),

we obtain a new minimizing sequence {v, := ay, * u,} with v, € E, N S(c) N (Pﬁfr radially
decreasing for each n. In addition, it follows from Lemma 4.5 that ||v,[|, < Ry — p for each n.
Hence by the Ekeland’s variational principle, we find the existence of a new minimizing sequence
{wn} C Ag, for rﬁ;‘j(c) with the property that |w, — v,|[g — 0 as n — +oo. Moreover, {wy,}
satisfies all the assumptions of Lemma 4.1. So up to a subsequence, there exists w such that w,, —
w strongly in E, w is an interior local minimizer for Ij| 4, with some A > 0 and Ijj(w) = m},(c).

Next we prove the existence of a second critical point for Ij|s(). Define

(I%) = {u €5(c): I3(u) < l}.
Inspired by [18], we consider the augmented functional
Zi(s,u) == Iy(s*u) : R x E—~ R

and study I;’ﬂ]RXs(C). Obviously, Zj; is of class C!. Theorem 1.28 in [36] indicates that a critical
point for iy IR x (E,ns(c)) 18 a critical point for iy IR x s(c)- Now we introduce the minimax class

L= {7= (B1.2) € CUOALR x (E,N1S(0))), 7(0) € {0} x (PY)*, (1) € {0} x (K3)2"5°)}
with associated minimax level
g,(c) = inf max Zj(s,u).
W)= 0 By T
For any u € E, N S(c), by Lemma 4.4, we know that there exists sy > 1 such that
Yu:T€[0,1] — (0, ((1 —T)ay + tso) *u) € R x (E,NS(c))
isapathinT,. SoT, # @ and ('T;f is a real number. We claim that for any 7 € T,, there exists
€ (0,1) such that
Bi(ty) * B2(Ty) € (Py) ™ (4.5)
Indeed, since v(0) = (B1(0),B2(0)) € {0} x (P;)*, by Lemma 4.4, it holds that cg, (0).g,00) =
Cp,(0) > Ap,(0) = 0. On the other hand, since I(B2(1)) = Z;;(v(1)) < 2rmy(c) < 0, by Lemma 4.6,
it holds that cg, (1).p,(1) = ¢p,(1) < 0. In addition, we easily find that cg, (1).p,(¢) is continuous in 7.
Thus for any 7y € T,, there exists T, € (0,1) such that cg, (¢, )up,(r,) = 0. Thatis p1(7y) * B2(7y) €
(P};)~. The claim is true.
In what follows, we show that 7;; = infue(p;})—ﬁ Ens(c) i (u). In fact, forany y € [y, by (4.5), one
infers that

> 18 = I > inf L (u).
max Ty = T (v(1)) = Lu(Ba(Ty)  pa(m) 2 etPrEPES() p (1)
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This means that 0y > inf,c(py)-rE,ns(c) I;;(u). On the other hand, if u € (P};)~ N E, N S(c), then
vy is a path in T, with

I Z,(0,u) = max I, >0,

() = Ti0w) = magy T = %

This means that 0;; < infue(pﬁ)fﬁ Ens(c) [ (#). Then in virtue of Lemma 4.6, it holds that

0y, = _inf I, >0> sup I = sup 7.
(PR NES(E) (PR U0 HONENS(E) ({0} (P10} (13" R (B c)

In the last, we suppose that 7, (7) = ((81)n(7), (B2)x(T)) be any minimizing sequence for 77; (c)

with the property that (B1),(7) = 0 and (B2).(T) > 0 a.e. in RN for each T € [0,1]. Similar to the
discussion in Lemma 2.6, we obtain that there exists a Palais-Smale sequence {u,} C E, N S(c) for
Li|g,ns(c) at level oy (c) with Py (u,) — 0. Applying Lemma 4.1, there exists u such that u, — u
strongly in E with some A > 0 and I}j(u) = 7;;(c) > 0. The proof of Theorem 4.7 is completed. [J

5. CONVERGENCE ISSUES AS & — 0T IN CASE OF u>0

In this section, letting « — 07, we shall show that the sequence of critical points of I]”j| 5(c)
obtained in Section 4 convergence to critical points of 12 |5(c)- Based on Lemma 4.1, similar to the
proof of Lemma 3.1, it is not difficult for us to obtain the following lemma.

Lemma 5.1. Assume that & — 0%, (Ii")' (ua,) + Au, [, |P U, = O with Ay, > 0 and I (us,) —
0 # 0 for uy, € E,NS(c). Then there exists a subsequence u,, — u in W'P(RN) with u # 0,
ue W,l’p(]RN) N L®(RN) N S(c) and there exists a Lagrange multiplier A € R such that

(Iﬁ)’(u) + AlulP~2u =0, Ig(u) =o0.
Proof of Theorem 1.8. First of all, it follows from the proof of Lemmas 4.2 and 4.5 that
7% 1 =0 _
m*(c) := alg(r)h iy, (c) € (—o0,0).
Then by Theorem 4.7, we take
Kp — O+/ (Iﬁny(u’xn) + )\“n |uan |p72u“n = 0’ I]i(h(uan) — T’l_’l*

for u,, € E,NS(c), Ay, > 0. Combining Lemma 5.1, there exist u # 0, u € WY (RN) N L®(RN)
and A > 0 such that

(L) (u) + AulP~2u =0, L) =m"(c) ,|ulp=-c"

That is, u is a nontrivial solution of (1.1). On the other hand, based on the proof of Lemma 4.6, we
easily know that o*(c) := lim, o+ 0};(c) > 0. Then similar to the above argument, we obtain the

existence of a second critical point for I 1l5(c)- The proof of Theorem 1.8 is completed. O

Acknowledgements. The research of Li Cai is partially supported by the Postgraduate Research
and Practice Innovation Program of Jiangsu Province (No. KYCX21 0076). Li Cai would like to
thank the China Scholarship Council for its support (No. 202206090124) and the Embassy of the
People’s Republic of China in Romania. The research of Vicentiu D. Rddulescu was supported
by the grant “Nonlinear Differential Systems in Applied Sciences” of the Romanian Ministry of
Research, Innovation and Digitization, within PNRR-III-C9-2022-18 /22.

23



REFERENCES

[1] R. A. Adams, Sobolev Spaces, Pure and Applied Mathematics, Academic Press, New York, 65, 1975.
[2] M. Agueh, Sharp Gagliardo-Nireberg inequalities via p-Laplacian type equations, NoDEA Nonlinear Differential
Equations Appl. 15(2008), 457-472.
[3] C.O. Alves, G. M. Figueiredo, Multiplicity and concentration of positive solutions for a class of quasilinear prob-
lems, Adv. Nonlinear Stud. 11(2011), 265-294.
[4] A. Ambrosetti, A. Malchiodi, Perturbation methods and semilinear elliptic problems on RY, Progress in Mathemat-
ics 240. Birkhiiuser, Basel, 2006.
[5] A. Bahrouni, V. D. Rddulescu, and D. Repovs, Double phase transonic flow problems with variable growth: non-
linear patterns and stationary waves, Nonlinearity 32(2019), 2481-2495.
[6] V. Benci, P. d’Avenia, D. Fortunato, and L. Pisani, Solitons in several space dimensions: Derrick’s problem and
infinitely many solutions, Arch. Ration. Mech. Anal. 154(2000), 297-324.
[7] H. Berestycki, P. L. Lions, Nonlinear scalar field equations II: existence of infinitely many solutions, Arch. Rat.
Mech. Anal. 82(1983), 347-375.
[8] D. Bonheure, P. d’Avenia, and A. Pomponio, On the electrostatic Born-Infeld equation with extended charges,
Commun. Math. Phys. 346(2016), 877-906.
[9] K. C. Chang, Methods in nonlinear analysis, Springer, 2005.
[10] M. Colin, L. Jeanjean, and M. Squassina, Satbility and instability results for standing waves of quasi-linear
Schrédinger equations, Nonlinearity 23(2010), 1353-1385.
[11] M. del Pino, P. L. Felmer, Spike-layered solutions of singularly perturbed elliptic problems in a degenerate setting,
Indiana Univ. Math. J. 48(1999), 883-898.
[12] M. del Pino, M. Kowalczyk, and J. Wei, Concentration on curves for nonlinear Schrodinger equations, Commun.
Pure Appl. Math. 60(2007), 113-146.
[13] M. Eleuteri, P. Marcellini, and E. Mascolo, Lipschitz estimates for systems with ellipticity conditions at infinity,
Ann. Mat. Pura Appl. 195 (5) (2016), 1575-1603.
[14] M. Eleuteri, P. Marcellini, and E. Mascolo, Regularity for scalar integrals without structure conditions, Adv. Calc.
Var. 13 (3) (2020), 279-300.
[15] L. Gasinski, P. Winkert, Sign changing solution for a double phase problem with nonlinear boundary condition
via the Nehari manifold, J. Differential Equations 274(2021), 1037-1066.
[16] N. Ghoussoub, Duality and perturbation methods in critical point theory, Cambaridge University Press, Cambaridge,
1993.
[17] C.He, G.Li, The regularity of weak solutions to nonlinear scalar field elliptic equations containing p&q-Laplacians,
Ann. Acad. Sci. Fenn. Math. 33(2006), 337-371.
[18] L. Jeanjean, Existence of solutions with prescribed norm for semilinear elliptic equations, Nonlinear Anal. 28(1997),
1633-1659.
[19] L. Jeanjean, T. Luo, Sharp nonexistence results of prescribed L2-norm solutions for some class of
Schrodinger—Poisson and quasi-linear equations, Z. Angew. Math. Phys. 64(2013), 937-954.
[20] L. Jeanjean, T. Luo, and Z. Wang, Multiple normalized solutions for quasi-linear Schrédinger equations, J. Differ-
ential Equations 259(2015), 3894-3928.
[21] Y. Li, L. Nirenberg, The Dirichlet problem for singularly perturbed elliptic equations, Commun. Pure Appl. Math.
51(1998), 1445-1490.
[22] Q. Li, W. Wang, K. Teng, and X. Wu, Multiple solutions for a class of quasilinear Schrédinger equations, Math.
Nachr. 292(2019), 1530-1550.
[23] H. Li, W. Zou, Quasilinear Schrédinger equations: ground state and infinitely many normalized solutions, Pacific
J. Math. 322(2023), 99-138.
[24] E. H. Lieb, M. Loss, Analysis, Grad. Stud. Math. 14, Amer. Math. Soc. Providence, RI, 1997.
[25] X.Liu,].Liu, and Z. Wang, Quasilinear elliptic equations via perturbation method, Proc. Amer. Math. Soc. 141(2013),
253-263.
[26] X.Liuy, ]. Liu, and Z. Wang, Quasilinear elliptic equations with critical growth via perturbation method, J. Differen-
tial Equations 254(2013), 102-124.
[27] P. Marcellini, Regularity of minimizers of integrals of the calculus of variations with nonstandard growth condi-
tions, Arch. Ration. Mech. Anal. 105(1989), 267-284.
[28] P. Marcellini, Regularity and existence of solutions of elliptic equations with (p, g)-growth conditions, J. Differential
Equations 90(1991), 1-30.
[29] P. Marcellini, Regularity under general and (p, q)-growth conditions, Discrete Contin. Dyn. Syst. Ser. S 13 (2020),
no. 7,2009-2031.

24



[30] P. Marcellini, Growth conditions and regularity for weak solutions to nonlinear elliptic pdes, J. Math. Anal. Appl.
501 (2021), No. 124408, pp. 32.

[31] D.Mugnai, N. S. Papageorgiou, Wang’s multiplicity result for superlinear (p, q)-equations without the Ambrosetti-
Rabinowitz condition, Trans. Am. Math. Soc. 366(2014), 4919-4937.

[32] W. Ni, J. Wei, On the location and profile of spike-layer solutions to singularly perturbed semilinear Dirichlet
problems, Commun. Pure Appl. Math. 48(1995), 731-768.

[33] L. Nirenberg, On elliptic partial differential equations, Il principio di minimo e sue applicazioni alle equazioni
funzionali, Springer (2011), 1-48.

[34] R.S. Palais, The principle of symmetric criticality, Comm. Math. Phys. 69(1979), 19-30.

[35] N. S. Papageorgiou, V. D. Rddulescu, and D. D. Repovs, Existence and multiplicity of solutions for double-phase
Robin problems, Bull. Lond. Math. Soc. 52(2022), 546-560.

[36] M. Willem, Minimax Theorems, Progress in Nonlinear Differential Equations and their Applications, 24. Birkhiuser
Boston, Inc., Boston, MA, 1996.

[37] X. Zeng, Y. Zhang, Existence and asymptotic behavior for the ground state of quasilinear elliptic equations, Adv.
Nonlinear Stud. 18(2018), 725-744.

[38] J. Zhang, W. Zhang, and V. D. Rddulescu, Double phase problems with competing potentials: concentration and
multiplication of ground states, Math. Z. 301(2022), 4037-4078.

[39] V. V. Zhikov, On Lavrentiev’s phenomenon, Russ. . Math. Phys. 3(1995), 249-269.

[40] V. V. Zhikov, S. M. Kozlov, and O. A. Oleinik, Homogenization of differential operators and integral functionals,
Springer, Berlin, 1994.

(L1 CAI) SCHOOL OF MATHEMATICAL SCIENCE, YANGZHOU UNIVERSITY, YANGZHOU, 225002, P. R. CHINA.
Email address: caili230198817Q@163.com

(VICENTIU D. RADULESCU) FACULTY OF APPLIED MATHEMATICS, AGH UNIVERSITY OF KRAKOW, AL. MICK-

IEWICZA 30, 30-059 KRAKOW, POLAND & DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CRAIOVA, 200585 CRAIOVA,

ROMANIA & SIMION STOILOW INSTITUTE OF MATHEMATICS OF THE ROMANIAN ACADEMY, 010702 BUCHAREST,
ROMANIA & BRNO UNIVERSITY OF TECHNOLOGY, FACULTY OF ELECTRICAL ENGINEERING AND COMMUNICATION,
TECHNICKA 3058/10, BRNO 61600, CZECH REPUBLIC & SCHOOL OF MATHEMATICS, ZHEJIANG NORMAL UNIVER-
SITY, JINHUA, ZHEJIANG, 321004, P. R. CHINA

Email address: radulescu@inf.ucv.ro (Corresponding author)

25



