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Abstract

In the present paper, we investigate the existence, multiplicity and concentration of
normalized solutions to the following fractional Schrodinger equation with potential

(—=A)*u+ V(ex)u+ Mu = f(u), v € RV,
|u|?dz = a?,
RN

where 0 < s <1, N >2,a,c>0,V € C(RN,R), A is an unknown parameter that
will appear as a Lagrange multiplier, f is a mass subcritical and Sobolev subcritical
nonlinearity. Under fairly general assumptions about f and a global condition about
V', with the aid of minimization techniques and Ljusternik-Schnirelmann category
theory, we study the relation between the numbers of normalized solutions and the
topology of the set where the potential V' attains its minimum value. In addition,
we obtain the decay behavior of normalized solutions. Finally, by using of the cut-off
technique we also consider the Sobolev supercritical case that has not been considered
about the study of normalized solutions.
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1 Introduction

In the present paper, we study the existence, multiplicity and concentration and decay behavior of nor-
malized solutions to the following fractional Schrodinger equation with potential

(—A)*u+ V(ex)u+ du = f(u), z € RV,
/ |u|?dz = a?, (Pa)
RN
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where 0 < s <1, N >2,a,e >0,V € C’(RN, R), A is an unknown parameter that will appear as a
Lagrange multiplier, f is a mass subcritical and Sobolev subcritical nonlinearity. Moreover, by using of
the cut-off technique we also consider the Sobolev supercritical case to the study of normalized solutions.

The problem
2 (=AY u+V(z)u+ = f(u), = €RY, (1.1)

comes from the following time-dependent nonlinear Schrédinger equation

igaa—\l’ =2 (=AU + V(2)¥ — g(|¥]*)7, (1.2)

by looking for standing wave solutions

it

U(t,x) =€ u(x),

with A € R is the frequency or the chemical potential, where 0 < s < 1, (—A)*® denotes the fractional
Laplacian of order s, V : RV — R is an external potential function, f(u) is the nonlinearity, i denotes
the imaginary unit and ¢ is a sufficiently small parameter which corresponds to the Planck constant.
Furthermore, ¥ = (¢, ) € C is a wave function which represents the quantum mechanical probability
amplitude for a given unit mass particle to have position z at time ¢ (the corresponding probability density
is |¥(¢,x)|?), g is an appropriate nonlinearity which verifies f(u) = g(|u|?)u. The equation (1.2) is the
fractional nonlinear Schrodinger equation that was introduced by Laskin([22]), as a result of extending the
Feynman path integral, from Brownian-like to Lévy-like quantum mechanical paths, where the Feynman
path integral leads to the classical Schrodinger equation and the path integral over Lévy trajectories leads
to the fractional Schrodinger equation. Such kind of equation is of particular interest in fractional quantum
mechanics in the study of particles on stochastic fields modelled by Lévy processes, see [1], which are
widely used in optimization, finance, phase transitions, stratified materials, crystal dislocation, flame
propagation, conservation laws, materials science and water waves. It results that fractional problems are
conducted extensive and deeply researched by many experts and scholars.

Equation (1.1) has attracted much attention in the community of nonlinear PDEs in the last decades. A
solution () is referred to as a bound state of (1.1) if u(z) — 0 as || — +00. When e > 0 is sufficiently
small, bound states of (1.1) are called semiclassical states and an important feature of semiclassical states
is their concentration as ¢ — 0. Making the change of variable ez = x, we can rewrite (1.1) as the
following equation

(=A)Yu+Viex)u+ = f(u), z €R"Y. (1.3)

Until now, there exist two substantially different view of points in terms of the frequency A in (1.3).
One is to regard A as a given constant. At this time, with the aid of the critical point theory, there are a
Iot of works on the existence, multiplicity and concentration of solutions for equation (1.3) with different
potentials involving Sobolev subcritical, critical and supercritical growth. It seems almost impossible
for us to give a complete list of references. We refer the readers to [9, 10, 32, 33, 34, 36, 41] and the
references therein. The other one is to regard A\ as unknown quantities to (1.3). In this case, it is natural
to prescribe the value of the mass f]RN |u|?dx so that \ can be interpreted as the Lagrange multiplier. On
this line, a new critical exponent appears, the L2-critical exponent (also named mass-critical exponent):
r =2+ 4—]\‘;. It is the threshold exponent for many dynamical properties, such as global existence vs.
blow-up, and the stability or instability of ground states. People call » < 2 + % as L2-subcritical, and
r>2+ 4—15 as L2-supercritical. In addition, the mass admits often a clear physical meaning: it represents
the power supply in nonlinear optics, or the total number of atoms in Bose-Einstein condensation. They
are two main fields of application of the NLS and physicists are often interested in them.

In quantum mechanics, as mentioned above, |¥ (¢, z)|? represents the probability density of the parti-
cles appearing in space x at time ¢t. For single particle system, physicists are interested in normalized
solutions, namely, solutions satisfying the normalized condition [,y [V (¢, x)[*dz = 1. For n body
system of Bose-Einstein condensate (see [3]), the wave function for the whole condensate becomes




U(t,z) = /n¥(t,x), and so the wave function is normalized according to the total number of the parti-

cles, i.e., fRN |W(t, z)|?dx = n (see [38]). But for convenience and extension, the normalized condition
in mathematics is always assumed to hold for any positive constant a > 0, i.e., [ [¥(t,2)|?dz = a®.
Accordingly, fR ~ |u|?dz = a®. What we are interested in this paper is the existence of solutions to Eq.
(1.3) with prescribed L2-norm
/ lu|?dz = a®.
RN

Namely, for given a > 0, to study the solutions for (1.3) under the L?-norm constrained manifold

Sq = {uGHS(RN):/ u|2d:r:a2},
RN

where the definition of H*(R”) reads below. As above, physically, such type of solutions are the so-
called normalized solutions to (P, ), which are critical points of the energy functional I, : H*(RY) — R
given by

I.(u) :== %/RN [(—A)2ul?dx + % /]RN V(ex)uldx 7/ F(u)dz

RN

restricted on S, where F(u) := [ f(t)dt. At this time, the frequency A is an unknown number that can
be determined as the Lagrange multiplier associated to the constraint S,,. In addition, it is well known to
us that the mass is conserved along the trajectories of (1.2), i.e.,

/ |\I/(t,x)|2dac:/ luf’da
RN RN

for all £ > 0. The study about the existence of normalized solutions is particularly relevant from a physical
point of view, since it can provide a good insight of the dynamical properties (such as, orbital stability
and instability) of solutions to the equation (1.2), and is becoming more and more popular among many
scholars (see [12]).

When s = 1 and V' = 0, Jeanjean in [21] considered a semilinear elliptic equation
—Au+ Au = g(u), z e RV, (1.4)
where N > 1, A € R, g satisfies
(90) g € C(R,R) and g is odd;
(g1) there exist a, 5 € R with 2 + % < a < < 2* such that
0 < aG(t) < g(t)t < BG(1)
for all t € R\{0}, where 2* := 2 for N > 3 and 2* := 400 for N = 1, 2;

(g2) G(t) := g(t)t — 2G(t) € C'(R,R) and
G ()t > (2 + %)é(t)

for all t € R\{0}.

It is easy to see that the corresponding energy functional is unbounded from below on .S,. By using of
a minimax procedure, Jeanjean showed that for each a > 0, (1.4) possesses at least one couple (uq, Ay) €
H'(RM) x R* of weak solution with ||u,|2 = a and u, is radial under (go)-(g1) for N > 2, where

1
H'(RY) is endowed with the usual norm ||u|| g1 = <||Vu||§ + Hu||§> . Furthermore, when (g2) is

also assumed, he obtained the existence of ground states for N > 1. But, afterwards, there was little
progress about the study of normalized solutions for a long time. One of the main reasons is that it is



hard to prove the boundedness of constrained Palais-Smale sequence when the functional is unbounded
from below on the constraint manifold. More recently, problems of such type begun to receive much
attention. Still under (gg)-(g1), by virtue of a fountain theorem type argument, Bartsch and de Valeriola
[4] established infinitely many radial solutions to (1.4) with ||ul2 = a@ > 0. About another proof for this
multiplicity result can be seen [20], and [3, 6] but requires the additional assumption (g2). For combined
power nonlinearities, Soave [35] studied the existence and properties of ground states to Eq.

—Au+u = plu 2u+ [ufP P, oz eRY

on Sy, where N > 1,2 < ¢ < 2+ % < p < 2*. There he gave a complete classification about
the existence and nonexistence of normalized solution to L2-subcritical, L2-critical and L2-supercritical
cases. Which is more difficult and substantially different with purely subcritical or supercritical cases,
because the interplay between subcritical, critical and supercritical nonlinearities has deep impacts on the
geometry of the functional and on the existence and properties of ground states.

Inspired by [35], Chen and Liu [8] studied the asymptotic behavior of ground states for the fractional
Schrédinger equation with combined L2-critical and L2-subcritical nonlinearities

(=A)u+ M = plu|??u + [uP%u, z € RN

with prescribed mass ||ulls = a > 0, where p € R,2 < ¢ <p=2+ 4—]\‘;, N > 2. The same equation is
studied by Luo and Zhang [29], and they extended the range of exponents to 2 < ¢ < p < 2% := NQ_NQS.
Under different assumptions on g < p, they obtained some existence and nonexistence results about the
normalized solutions. Feng et al. [16] studied the existence and instability of normalized standing waves
for the fractional Schrodinger equation

2 = () e, e RY,

where 2 + 4—1\‘; < p < 2%. Relied on the construction of a minimax structure, by means of a Pohozaev’ s
mountain in a product space and some deformation arguments under a new version of the Palais-Smale
condition introduced in [19] and [20], Cingolani, Gallo and Tanaka [7] obtained the existence of a weak
solution to the following problem

(=A)u+ Au = f(u), z € RV,
fRN |u|?dx = a?,
u € HS ,(RY),

rad
where N > 2, fisa L2-subcritical nonlinearity, where

s (RYY := {u € H*(RY) : u is radially decreasing}.

rad

Under different conditions on a, p, s and IV, Zhang and Han [42] obtained the existence of normalized
solutions to the fractional Schrodinger equation with Sobolev critical growth

(—A)u + M = |ulP~%u + |u
Jan [ul?dz = a?,

272y, z € RV,

where N > 2,2 < p < 2%. Combining minimax method, barycentric functions and Brouwer degree the-
ory, the authors [39] investigated the existence of normalized solutions to the following mass subcritical
fractional Schrodinger equations in exterior domains

(=A)u+ Au= |[uP~?u, inQ,
u=20 on 012,
fQ |u|?dx = a2,

where 0 C RY(N > 3) is an exterior domain with smooth boundary 9Q # () such that RV\( is
bounded. By using of scaling transformation, classification discussion and concentration compactness



principle, Zuo and Rddulescu [43] considered the normalized solutions for fractional Sobolev critical
nonlinear Schrodinger coupled systems. Du et al. [14] studied the existence, nonexistence and mass
concentration of normalized solutions for the nonlinear fractional Schrodinger equation

(=A)u+V(z)u = pu + af(u), v € RV,

where f is a Sobolev subcritical nonlinearity but the potential is coercive. Under the periodic potential
function V' (z), Dinh [11] considered normalized solutions for the fractional Schrodinger equation

(=A)*u+V(z)u = pu+ [uP~2u, z € RY,

where 2 < p < 27 if N > 2sand 2 < p < 400 if N < 2s. Using the concentration compactness
principle, he gave a complete classification for the existence and non-existence of minimizers for the
problem. And he also gave a detailed description of blow-up behaviour of minimizers once the mass
tends to a critical value for L?-critical case.

It is not hard to see from the above literature that most of the results about the study of normal-
ized solutions for fractional Schrédinger equations are performed in the absence of potential, or coercive
and periodic potential. Motivated by the aforementioned papers, in this article, we focus mainly on the
existence, multiplicity and concentration and decay behavior of normalized solutions to (P,) under the
potential condition (V). To the best of our knowledge, there is no result about Sobolev supercritical cases
to the study of normalized solutions. In this paper, we shall fill the gap of information. To reduce the
statements for main results, we list the assumptions as follows:

(V) V € C(RN,R) N L=(RY) and
0<Vp:= inf V(z)< Vs := liminf V(z).

z€RN |z|—+o0

(f1) f € C(R,R)isodd and there exist 7 € (2,2 + %) and « € (0, +00) such that %in(l) M@l =a.
—
(f2) There exist two constants Cy, Cz > 0 and p € (2,2 + 4¢) such that

If(t)] < CL + Colt|P~t, Vt € R.

(fs) There exists ¢ € (2,2 + 32) such that () is an increasing function of ¢ on (0, +00).

ta—1

Let .7 be the Schwartz space of rapidly decaying C*° functions in R™V, for any u € .# and s € (0, 1),
(—A)* is defined as

)~ uly) w [ O
—A)* = SP. . dy = s 1 d
A ZOPY. o Te g W T O Iy To— g

1 2u(x) — u(w + y) — u(z —y)
==C s d 5
2 MQAN PREEE v

where €' B.(z) := RN \ B.(z). The symbol P.V. stands for the Cauchy principal value and Cy s is a
dimensional constant that depends on /N and s, precisely given by

1 —cos(y -t
ON’S_(/RN |C|]V+25d<) 7<:(<13<27"'5CN)'
For any 0 < s < 1, the fractional Sobolev space H*(R™) is defined by
H(RY) := {u € L*(RY) : uw € D¥?(RY)}

endowed with the norm

1 1
Jullze = (el + elaem) = ([ M) Pde+ [ i),
RN RN



Where the homogeneous fractional Sobolev space
D*23(RY) := {u € L (RY) : [¢*a(¢) € LARY)},

which is the completion of C§° (R ) under the norm

lul

e LGSR I S Gl

Moreover, from the monograph by Molica Bisci-Radulescu-Servadei [30], we can see that

203 o €17 |a(€) P dg = 205 (= A)2ulFamn) = [ulFre ),

e ju(e) ~ w3
u(z) — u(y 3
s = ————=—dzd ) .
el @) (/sz o — g Y
The best fractional critical Sobolev constant is given by

H“H%sﬂ(n@)
mn —_—
ueDs2(RN)\{0} ||ull

S =

5 .
L2 (RN)

For any § > 0, set Ms := {z € R : dist(z, M) < §}, where M := {zx € RY : V(x) = V}. Without
loss of generality, we may assume that 0 € M.

We are now in a position to state the main results.

Theorem 1.1. Let (V') and (f1)-(f3) hold. Then there exists V., > 0 such that for each 6 > 0, there is a
constant g9 > 0 such that (P,) possesses at least cat yr, (M) couples (uj, \;) € H*(RY) x R of weak
solutions for 0 < € < gg and ||V ||oo < Vi with I.(u;) < 0. Furthermore, if u. is one of these solutions
and &, € RN is a global maximum of |u.|, then

(i) (concentration) lim V (e£.) = Vy;
e—0
(49) (decay estimates) there exists a constant C > 0 such that

us(z) < Cla — €|~ N+29),

Moreover, fixed 0 < € < ¢ and ||V ||oc < Vi, we also study the existence of normalized solutions for
the following Schrédinger equation with Sobolev supercritical growth

{(—A)Su + V(ez)u+ Au= f(u) +nufP~u, in RY, Q)

Jan lul?dz = a?,

where p > 2%. Suppose that (V'), (f1), (f3) and the following (f2) hold.
(f2) There exist two constants C;, Cy > 0 and g € (r,2 + %) such that

If(t)] < CL 4 Colt|?, Vit eR.

With the aid of the truncation technique, we obtain the following theorem.

Theorem 1.2. Let (V) and (f1), (f2) and (f3) hold. For fixed 0 < € < ey and ||V||oo < Vi, there
exists some 1y > 0 such that for n € (0,n0), problem (Q,) admits at least catpr, (M) couples (u, \) €
H*RN) x Rt of weak solutions.



Remark 1.3. As far as we know, there is no result on the normalized solutions above Sobolev supercritical
case. In our work, with the aid of the truncation technique, we investigate the existence of normalized
soluitions to (Qg).

Remark 1.4. Notice that (—A)® on RN with 0 < s < 1 is a nonlocal operator. The nonlocal nature of
the fractional Laplacian makes it difficult to study. Comparing with the classical Schrodinger equation,
we encounter some new challenges due to the nonlocal nature of the fractional Laplacian. Such as, the
ground state for (—A)?® decays polynomially at infinity, which is in contrast to the fact that the ground
state for — A\ decays exponentially at infinity. Even to the existence of normalized solutions, contrast with
the following fractional Schrodinger equation without potential

{(—A)Su + A= f(u), in RV,

Jan lul?dz = a?,

the technique introduced in [21] by Jeanjean is not applicable at all. As a consequence, some fine esti-
mates are necessary.

Remark 1.5. Unlike [11] and [14], we do not assume that the potential is coercive or periodic. In
[40], Yang, Yu and Tang obtained the multiplicity of normalized solutions to the following fractional
Schrodinger equations in the absence of potential

(—A)*u + Au = h(ex) f(u), in RV,
Jan [ul?de = a®.

And they proved that the numbers of normalized solutions is at least the numbers of global maximum

points of h when € > 0 is small enough. We point out that people also begin to pay attention to the

study of normalized solutions for fractional Choquard equations, see [18, 26]. More results, please see

[24, 25, 28].

Remark 1.6. When the nonlinearity f satisfies

(f1) f&) =o(t)ast — 0, f(t)t > 0forallt > 0and f(t) =0 forallt <O0;

(f5) @ is strictly increasing for t > 0;

() 1f @) < COA+ [tP~Y) for some C > 0, where 2 < p < 2%,
and (V') hold, Shang and Zhang [36] considered the following fixed frequency problem

e25(=A)u+ V(z)u = |u* 2u+ Af(u), z € RV,

and investigated the relation between the numbers of solutions and the topology of the set where V at-
tains its minimum by applying Ljusternik-Schnirelmann category theory. Our results can be seen as an
expansion from the fixed frequency problem to unfixed frequency problem.

In the sequel, let us introduce the following fractional Gagliardo-Nirenberg inequality ([23]): if u €
H*RN)and 2 < t < 27, then

t—2

; P (G t— M=)
fully < Conell(=A)2ully > lully > . (1.5)

By (f1)-(f2), there exist two constants C7, C2 > 0 such that
[F@O) < Cilt]"™" + CoftP~, Vi € R. (1.6)
In addition, by (f3), forany ¢, 7 > 0 and ¢ > 1, one has

F(tr) > t9F (7). (1.7)



By (f1)-(f2), for any 7 > 0, there exists a constant C; > 0 such that
[F()] <7t + CotP~H, Vi eR. (1.8)

By (f1) and (f3),
f()t > qF(t) > 2F(t) >0, Vt € R. (1.9)

2 The autonomous case

We shall firstly consider the autonomous case. To be exact, we firstly consider the existence of normalized
solutions to the following autonomous problem

2.1

(—=A)*u+ pu+ du = f(u), z € RV,
fRN |U|2d.’l? = a’27

where 0 < s < 1, N > 2,a > 0, u > 0, A is unknown, f is a mass subcritical and Sobolev subcritical
nonlinearity satisfying (f1)-(f3).

As is known to us that solutions to the problem (2.1) are critical points of the energy functional
I, : H*(RY) — R given by
1 s 9 1 9
I,(u) =< [(—A)2ul*dx 4+ = pudx — F(u)dx
2 RN 2 RN RN

restricted on .S,.

Lemma 2.1. I, is coercive and bounded from below on S,,.

Proof. For any u € S,, by (1.5) and (1.6)

1 s 1
I,(u) =5 /RN |(—A)2ul*dx + 3 /]RN pulde — » F(u)dz

1 s
z—/ |(—A)§u|2da:—01/ |u|’“dx—02/ lufPde
2 RN RN RN

1 s 9 s N(r—2) o N(r=2)
25/1\, |(—A)2u| dl‘—01037N,r||(—A)2u”2 25 ”qu =
R

—2)

. N _N@=2)
= Ol npll(=A)2ully > lully =

N(;S*?) _ N(r—2)

1 s s r
=5I(=2)%ull = CLC N (=A) Fully * ™ 7

Np=2) = N(p-2)

= GG pll(=0)Fully ™ aP™

Since 2 < r, p < 2+ %2, it follows that %, % < 2. Consequently, I,, is coercive and bounded

from below on S,. 0

Remark 2.2. By Lemma 2.1, m,, , 1= insf I,,(u) is well defined. Furthermore, from the proof of Lemma
UES,

2.1, together with (V') we know that 1. is also coercive and bounded from below on S,,.

About my, o, we have the following lemma.

Lemma 2.3. There exists V, > 0 such that m, o < 0for0 < u <V,.



Proof. Letug € S, N L>=(RY) be a nonnegative function. Set

Nr
2

(T *up)(z) =€ 2 up(e™x),

where z € RY, 7 € R. Then, there holds

/ |(—A)%(T*u0)\2d;v = 6275/ |(—A)%u0\2d;v,
RN RN

/N |7 % ug|2dx = /N |luo|dz,
R R

F(1 *xug)dx = / F(e%uo(efx))dx = e_NT/ F(e 2 ug)de.
RN

RN RN

By (/f1), there exists dp > 0 such that

rF(t)
t"’

>

| R

, Vte [0,(50]

Nt

Noting that when 7 < 0 and |7| large enough, one has 0 < e ™= ug(z) < &y, V2 € R, Hence,

F(1 % ug)dx == N7 F(e™
RN RN

zefNTg/ |e%uo|rda:
2r RN

« r_
=—eNT(3-D) |uo|"dex,
2r RN

ug)dx

which implies that

DN =

L(7 % up) < 5677 / (=) Fup ?de + £a? — Z-eNTED / Juol"d.
RN r RN

By the fact that 2 < r < 2+ %2, s0 N7(4 — 1) < 27s and we may take |7| large enough such that

1 s z
,6278/ |(—A)2ug|*dx — ﬁeNr(rl)/ lug|"dx := A; < 0.
2 RN 27" RN

This yields that 1, (7 % ug) < A, + %az. Take 0 < V., < — 24~ Therefore, if 0 < u < V,, then

V.
Lu(rxup) < Ar + 5a® < Ar + 2 <0,
As a consequence, my, o < I,(T * ug) < 0.

Here we point out the proof of the above lemma yields that

mo,a = in;f Io(u) < I()(T *UO) <0
UED,

2mo,a
a2

for |7] large enough. Then, taking V,, = — > 0, one has

1
Mya = Mo,a + §ua2 <0

for0 < p < V,.

It is easy to see that Lemma 2.3 guarantees that the following lemma holds.



Lemma 2.4. Fix0 < u <V, let0 < a; < as. Then, a% Mgy < a% “Mya, < 0.

Proof. It suffices to prove the first inequality holds. Let 0 < a; < ag. Set{ = Z—f > 1. Since f is odd,
we can let {u, } C S, be a nonnegative minimizing sequence of m, ,. Namely, I,,(u,) — My q, as
n — o00. Set v, := &uy,. Then, v, € S,,. By virtue of (1.7) we deduce that

1 s 1
s <u00) =5 [ 1A 0ot 5 [ plondn = [ (o
1 s
=3& [ 1P+ b [ e [ Few)as
2 RN 2 ]RN RN

:£2I;L(un) +§2/ F(un)dx - F(gun)dx
RN RN
<€1,(un) + & / Flun)de — ¢ [ Fluy)de
RN RN
€1, (u) + (€ =€) [ Pluda,
]RN
We assert that there are a constant C' > 0 and ng € N such that
F(up)dz > C
]RN

for all n > ny. Otherwise, up to a subsequence, we may assume that IRN F(u,)dz — 0asn — oo. By
I, (un) = My q, as n — oo we derive that

My a, + on(1) = Iu(un) > — o F(up)dz = 0,(1),

which yields m,, 4, > 0, a contradiction to Lemma 2.3. Hence, the assertion is proved. Thereby,

Mpas T 1) + (€ =€) [ Plu)da
<E€I,(un) + (€% — €1)C.
Let n — 400, it results that
Mpay < EMypuay + (62 = €9)C < Emypa,,
to wit, af - my, 0, < a3 My, - O
In the sequel, we prove the following compactness lemma on S,, which is very important to our
subsequent proof.

Lemma 2.5. Let n € [0,V.] and {u,} C S, be a minimizing sequence of m,, .. Then, one of the
following conclusions holds:
(i) {un} has a strongly convergence subsequence in H*(R™);

(ii) there exists a sequence {y,} C RY with |y,| — +oc such that the sequence {v,} is strongly
convergent to a function v € Sg with I,,(v) = my, 4, where v, () = up (T + yn).

Proof. By Lemma 2.1, {u,,} is bounded in H*(R"). Then, passing to a subsequence, there exists u €
H*(RY) such that u,, — uin H*(R"). We next continue our arguments by distinguishing two cases.

Case 1: u # 0. Set |Jullz = b. If b # a, then the weak lower semi-continuity of the norm tells us
0 < b < a. Set v,, = u,, — u. By Brézis-Lieb lemma (see Lemma 1.32 in [37]),

13 = llonll3 = llull3 = 0n(1).

10



Moreover,
[ I8 upae = [ ayio P [ -8 P+ o)
RN RN RN

In the sequel, we shall prove that

/RN F(uy)dz = /RN F(vy)dx + /RN F(u)dz + on(1). (2.2)

Indeed, by the Young inequality and (1.6) we deduce that for any 7 > 0, there exists C'; > 0 such that

|F(un) — F(vy) — F(u)]

<[f(vn + O(un — vn)) (un — vp)| + [F(u)]

<[C1lvp + 0u|"" + Colv, + OulP~|u| + C1lu|” + Calul?

<Clon|"ul + Clu|” + Clon [P~ u] + Clul?

<T|vn|" + Tlon|? + Crlu]” + Cr|ul?.
Set

Grn(z) = max{|F(up) — F(v,) — F(u)| — 7|vn|" — T|vn [P, 0}.
Then
0 < Grn(z) < Crlul” + CrlulP € LYRY)

and G, () — 0 a.e. on RY. It follows from Lebesgue dominated convergence theorem that

Grn(z)dr — 0, asn — co.
RN

As a result,

n— oo

lim sup ‘ /RN [F(un) — F(vy) — F(u)]dm’

<lim sup Grn(z)dz + Tlimsup/ |vn|"dz + Tlimsup/ |vn, |Pdx
RN RN

n—00 RN n—o0o n—o00

<CT.

By the arbitrariness of 7, (2.2) is proved.

Set ||v,|l2 = d,. Suppose d,, — d as n — oo. Then, a®> = b? + d?> > d?, which implies that
0 < d,, < a for large n. Consequently, together with Lemma 2.4 we deduce that

My + on(1) =1 (un) = L (vn) + 1u(w) + 0, (1)
>Myd, + Mpb + on(1)
d2
zﬁmu,a + My + on(1).
Which yields
d? d? b2
My,a Zaﬁm#,a My > ?m#,a + ﬁmuya
P+

2 Muy,a = My,as

a

a contradiction. Consequently, b = a, namely, u € S,, and ||u,||2 — |lu/|2 as n — co. Since L2(RY) is

reflexive,
u, — win L2(RY), (2.3)

11



From (1.6) and (2.3) we infer that
/ F(uy)dz — F(u)dx 24)
RN RN

as n — oo. Therefore,

1 5 1
My <Ipu(u) = 5/]RN [(=A)2ul|*dx + §/RN pulde — /]RN F(u)dz

Cn,s lu(z) —u(y)|? 1/ 2 /
= : dxd — dr — F(u)d
v L e g [ e [P

< 55 mAr AT Z
1 11nI11'11nf/2N |1’ y|N %5 dl‘dy + 5 nhm /RN u\un| dx

Asaresult, lim I,(u,) = I,(u). So, together (2.3) with (2.4) we have
n—oo

lim |(_A)%un|2dx=/ (—A)5ulda,

n—oo JpN RN
It yields that lim |juy, ||z = ||ul gs.
n—oo

Case 2: v = 0. Based on Lemma 2.3, by similar calculations as in the proof of Lemma 2.4 we can
conclude that there exists C' > 0 such that

/ Flup)dz > C 2.5)
RN
for large n. We assert that there exist R, o > 0 and y,, € R such that
/ [u,|?dz > o,V n € N. (2.6)
Br(yn)
Otherwise, by Lemma 2.3 in [36] one has u,, — 0in L{(R™) for all ¢ € (2,2%). Which implies by (1.6),

/ F(up)dz — 0
RN

as n — 0o, a contradiction to (2.5). It follows from (2.6) that {,,} is unbounded in RY. Set v, (z) :=
Un(z + yn). Obviously, v, C S, is also a minimizing sequence of m, .. As a result, there exists
v € H*(RV)\{0} such that v,, — vin H*(R") and v, (z) — v(z) a.e. on RY. Then the proof follows
from the same arguments used in Case 1. O

Lemma 2.6. Let (f1)-(f3) hold and 1 € [0,V,]. Then, the problem (2.1) possesses solutions (u, \) €
H*(RN) x R, where u is positive and radial.

Proof. By Lemma 2.1, there exists a bounded minimizing sequence {u,} C S,. Then, by Lemma 2.5,
up to a subsequence, there exists u € S, such that u,, — w in H*(R") and I, u(u) = my, q. Therefore, by
the Lagrange multiplier theorem, there exists A\, € R such that I}, (u) = —\q%'(u) in H~5(RY), where

P(w) = /RN |w|?dz, w e H*(RY).

12



Then,
(—A)*u+ pu+ Mgu = f(u), x € RY,
By Lemma 2.3 and (1.9), we can obtain that
0>myq = 1,(u)
1 s 1
:f/ |(—A)2ul>dx + f/ pudx — F(u)dx

2 RN 2 RN RN

1

:5[ . fw)udr — A, /RN u’dx] — o F(u)dx

:/ [lf(u)u — F(u)]dz — 1/\a u?dx
RN 2 2 RN
1

>— =X u?dz,
2 RN

to wit, A\, > 0.

In the following, we shall prove that u is positive, radial. Indeed, since f is odd, then I, (|u|) = I,,(u).
Consequently, m,, , < I,,(|u|) = I,(uv) = my q, 1€, I,(|u]) = m, . Hence, we may assume that v is

nonnegative. By the strong maximum principle ([13]) we get u > 0 in R". Furthermore, let u* denote
the symmetric radial decreasing rearrangement of w. It follows from [31] that

/ |(—A)%u*\2dxg/ (—A)3u|2da,
RN RN

/RN Plu*)dz — /RN Flu)dz,

/|u*\2dx:/ lu|?dz.
RN RN

Mo < L(u") < 1y(w) = myq,

Therefore, u* € S, and

ie., I,(u*) = my q. Thatis to say, we can replace u by u*. O

Remark 2.7. By the proof of Lemma 2.6, we know that u satisfies I,,(u) = m,, q.
The following corollary is a product of Lemma 2.6.

Corollary 2.8. Fixa > 0, let 0 < py < po < Vi. Then, my,, o < Myy,q < 0.

Proof. Letmy,, o € S, be such that I, (ty,.q) = My,,q < 0. Then,

Mysa < Ly (Wpssa) < g (Uppy 0) = My 0 < 0.

O
3 The non-autonomous case
In this section, we always assume that || V|| < V.. Define
Mvoa = I0f Iy (4), Mooa = Mf Joo(u), Meya = inf L(u),
where I (-) = Iy, (+). By (V) and Corollary 2.8, we can see that
Myy.a < Mog,a < 0. 3.1

The relations about myy, 4, Moo,q and m. , as follows.
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Lemma 3.1. limsup mc , < my,,q. Furthermore, there exists g > 0 such that
e—0t

Me . q < Moo,a

Soralle € (0,g9).

Proof. By Remark 2.7, let uy € S, be such that Iy, (up) = my, . Hence,

lim sup m. , <limsup I, (uo)

e—0t e—0t
1 s 1
:hmsup{/ [(—A)2ug|2dx + V(ex)uddx — F(uo)dac}
emot (2 Jry 2 Jry RN

1 s 1
== / |(—=A)2ug|*dx + = / V(0)uddr — / F(up)dx

2 RN 2 ]RN ]RN
:IVo (UQ) = MVy,a-

The other conclusion is a consequence of (3.1). ]

Set p1 := %(mooya —my, ) > 0 by (3.1). We obtain the following two lemmas.

Lemma 3.2. Let {u,} C S, be such that I.(u,) — c withc < my, o + p1 < 0. Ifu, — win H*(RY),
then u # 0.

Proof. Arguing by contradiction we assume that w = 0. In view of (V), for any given £ > 0, there exists
R > 0 such that

V(z) > Ve —&, V2| > R.
In addition, by Remark 2.2 we know that {u,,} is bounded in H*(R"). As a result,

Mvy,a + p1+ 0n(1) >c+0,(1) = I (uy)

() + & / V(ex) — Vi Ju2da
2 Jon

1

=I(uy) + 7/ [V(ex) — Vm}u%dx
2JBr 0

€

1
+ */ [V (ex) — VaoJuldz
2 Jr¥\B £ (0)

1 1
2Ll + g [ (Vi) - Vil - 5 wda
2 /Br(0) RN\B g (0)
ZIoo(un) + On(l) - CE Z moo,a + On(l) - 05
Which indicates that mo.q < Mmy;,q + P15 1.€., P1 > Moo,a — My, e, @ contradiction. O

Lemma 3.3. Fix ¢ € (0,e9). Let {u,} C S, be a (PS). sequence for I. restricted to S, with ¢ <
myya + p1 < 0and u, — u in H¥(RN), ie, I.(uy) — cand |I|s (un)| = 0asn — oo. If

Uy = Up — ue A 0in H¥(RY), then decreasing g if necessary, there exists 3 > 0 independent of
e € (0,e0) such that

liminf ||u, — uc|3 > 8.
n—oo
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Proof. Set

D(v) == 3 /RN lv|?dzx, Vv € H*(RY),

then S, = <I>_1({§}). By Proposition 5.12 in [37], there exists a sequence {A, } C R such that
M2 (un) = An®(un) | gr-s — 0 (3.2)
as n — oo, which means that
(=A)*up + V(ex)u, — f(tn) = Atin + 0p(1) in H5(RY).

Therefore, for p € H*(RY),
/ (=A)2u,(—A) 2 pdx —|—/ V(ex)unpdr — / fup)pdz
RN RN RN

:Anj/ Unpdz + 0(1)] 0],
]RN

Especially,
/ [(—A) 2wy, 2da +/ V(ex)|u,|*dz — / f(up)undz = Mpa? + 0, (1) |||
RN RN RN

By Remark 2.2, {u,, } is bounded in H*(R"). Then, we can find that {)\,,} is bounded. As a consequence,
up to a subsequence, there exists A. € R such that \,, = A\. as n — oco. It is standard to show that
1L (wn) — Ae®' (un) || s — 0 as n — co. And so,

I(uc) = A®'(ue) = 0 (3.3)

in H _S(RN ), see [27]. Moreover, it is not difficult to prove

I (un) = I (ue) + I2(vn) + 0n(1),

D (up) = O (ue) + ' (v) + 0n(1).
These together with (3.3) yield that

I () = A (un) = I (v) = Ae®'(0,) + 0, (1).
Therefore, ||I.(v,) — Ae® (vy)||g—s — 0as n — co. As aresult, by (1.9) and (3.2) one has
0>myya+p1>c

= linrggf I (uy)

1 1
=liminf [1. (u,) — ifé(un)un + 5)\71@2}

n—o0

=lim inf{ [lf(un)un — F(uy)]dz + %)\ncﬁ}
RN

n—o00 2
1
Z§>\Ea27

namely,
2 a
lmsup A, < 2o +P1)

< 0.
e—0+ a?

Which implies that there exists A\, < 0 independent of € such that

A <A\ <0 (3.4)
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for all € € (0, g9). Moreover, together with the boundedness of {||v,|| z=} we obtain

/ |(—A)%vn\2dz+/ V(ex)|vp|2dx — )\5/ v, |2 da :/ fon)vndr 4 0,(1). (3.5)
RN RN RN RN

Taking into account (3.4) and (3.5) we can deduce that

/ |(—A)%Un\2dac+/ V(Em)|vn\2d$—)\*/ |vn|2dx§/ f(vp)vndx 4 0, (1).
RN RN RN RN

By the means of (1.8) we can prove that
foully: = [ 1A vaPdat [ funfPde < Clloal -+ on(1) < Clloulfy. +oa(0).

By the fact that v,, /4 0in H*(R") we know that, up to a subsequence, lim inf ||v, || 7= > 0.
n— oo

Consequently, lim inf ||vy, || g= > (%)ﬁlf2 which yields that lim inf [|v, ||b > C1, where C1 > Ois a
n—o00 n—00

constant that does not depend on €. And so, making use of (1.5) we have

Cy <liminf [[v, [/}
n— oo
-2 N(p—2)

. 5 e p=3
<timinf [Copll(=A)Fonlly T - floalls™ ]

2N —p(N—2s)

<Cyliminf ||lv,], = ,
n— oo

then, we can deduce that

Cl 4s
mi 2 A \INp(N=Z&) —
liminf flon]|3 > () ™70 = 8> 0.

In the sequel, in order to prove that I, satisfies the (P.S). condition, we fix

1
0<p<min{ p

5, 012} (moo,a - mVo,a) S P1-

Lemma 3.4. Foreach e € (0,¢y), I. satisfies the (PS). condition restricted to Sq, for ¢ < my; o + p.

Proof. Let {uy,} be a (PS). sequence for I, restricted to Sy, i.e.,
Up € Sa, Ic(un) = c < MVyy,a + P, ||Is|is~a (un)|| =0

as n — co. Again, set ®(v) 1= 3 [ |v|?dz, Vv € H¥(RYN), then S, = q)*l({%}). By Proposition
5.12 in [37], there exists a sequence {\,,} C R such that

112 (un) = An® (un) | -5 — 0

asn — 00. Set v, = Uy — ue. Ifv, 4 0in HS(RN), it follows by Lemma 3.3 that there exists 5 > 0
independent of ¢ € (0,¢¢) such that

lim inf [|v,[]3 > B8 > 0. (3.6)
n—oQ

Set ||vn||2 = d,, and ||u.|l2 = b. Assume that d,, — d as n — oo. Then, by (3.6) one has d? > 3 > 0.
By Lemma 3.2, b > 0. By the Brézis-Lieb lemma,

””TLH% = ”un”% - ||U5H§ +0n(1).
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Then, a? = b? + d? > d?. Which implies that 0 < d,, < a for large n. Similar to the proof of Lemma
3.2, we can conclude that for any ¢ > 0,

I.(vp) > Meo,a, + 0n(1) — CC.
Therefore, by (V') and Lemma 2.4 we deduce that

Myy.a + 0+ 0on(l) >c+ 0,(1) = I (uy)
=I.(vy,) + I (us) + 0,(1)

Zmoo,dn - CC + mvy,b + On(l)
2 b2
Zﬁmm,a + ?mvo,a + On(l) - CC

Let n — oo, we get

d? d? B8
P Z ?moo,a - ;mvo,a - OC Z aﬁ(moc,a - mVO,a) - CC

By the arbitrariness of ¢, p > a%(mooﬂ — my,.q), a contradiction.

As a consequence, v, — 0 in H*(RY), namely, u,, — u. in H*(RY). O

Remark 3.5. By Lemma 3.4, u. € S,. By the fact that ||I.(un) — A @' (up)||g-s — 0 asn — oo we
obtain
(=A)u. + V(ex)ue + Aoue = f(ue), v € RV,

where . = lim (—\,,). The proof'is identical to that of Lemma 3.3.

n—oo

4 Multiplicity result

In this section, we investigate the multiplicity of solutions for (P,) by the Ljusternik-Schnirelmann cate-
gory theory and study the behavior of its maximum points concentrating on the set M of global minima
of V' and decay behavior.

Suppose that ||V||oo < Vi. By Lemma 2.6 and Remark 2.7, let (w, \) € H*(RY) x R solve the
following problem

(=A)u+ Vou+ Au = f(u), v € RY, @1
fRN |u|?dx = a?, '
and Iy, (w) = my, 4. Simultaneously, let  be a smooth nonincreasing cut-off function defined in [0, o)

withn(t) = 1if0 < ¢ < £ andn(t) = 0if t > 1 and |Vn| < 1. For each y € M, let

V., (@) = (e = yuw(=—)
and . ,(z)
Yol =4 g @)l

Then for small 0 < € < 1, one has V., € H*(RY)\ {0} forall y € M. Namely, there exists ¢* > 0
such that ¥, , € H*(RY)\{0} for every ¢ € (0,&*). Frow now on, we assume that ¢ € (0,&*). For

y € M, let ®.(y) = U, ,. Then . : M — S,, and ®.(y) has a compact support for any y € M.
Moreover, we have the following fact for ®..

Lemma 4.1. lirr%J I.(®.(y)) = my,,q uniformly iny € M.
e—
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Proof. Suppose that the conclusion is false. Then, there exist (o > 0, {y,} C M withy, — y € M and
&n — 0 such that
[Le, (®e,, (Yn)) — mvg,al = Co > 0.

By the means of Lebesgue dominated convergence theorem, we obtain the following relations

/ (~A)id, (y,)[2de
RN

- / [EUNEE
RN

:CN,S / “I'emyn (z) — \IIE1L7y7L(Z>|2d:L,dZ
2 Jren x — z|N+2s

2dx

2
e | o) — a—mn(eahu ()
N R2N

5 P EEE dxdz
. 2
SO [ 0@ ula)l
2 R2N |.Z‘ — Z‘NJ"QS

= [ l=a)bufds
RN

F(®., (ya))do = / ) F(awm - [ Fs

2 2
() w’(@) ),
1,013

— V(y)deasz/ Vow?dx
RN RN

RN

V(enx)fbgn (yn)dx =q? / Vienx + yn)
RN RN

asn — o0o. As a consequence,

1 5P 1
Isn en yn :5/ 2 yn)|2d33+ 2/ V(gnx)(pgn(yn)dx
RN RN
/ F(D,, (yn))dx
RN
1 s 2 1 9
=3 V2w|*dx + = Vow“dx — F(w)dzx
]RN 2 RN RN

—Ivo w) = Mmy;,a,

a contradiction. O

Let p = p(d) > 0 be such that Ms C B,(0). Consider the mapping x : RV — R defined by
x(z) = x for |z| < pand x(x) = fm\ for |#| > p. Moreover, we also consider the map 3. : S, — RY
defined by
Jan x(ex)v?dx

Be(v) = fRN v daz

We have the following facts.

Lemma 4.2. lin% Be(P.(y)) = y uniformly iny € M.
e—

Proof. Suppose by contradiction that there exist 6o > 0, {y,,} C M and €,, — 0 such that

|/85n(¢5n (y”l)) - yTl| 2 507 vn € N
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It is easy to calculate that

C fawlXEnt + 1) — valP(enz ) (2)de
—n Tow P (Ena)w?(z)dz '

Since {y,} C M C B,(0), by Lebesgue dominated convergence theorem we have

1B, (Pe,, (Yn)) — ynl — 0

as n — oo, a contradiction. O

Bsn ((Den (yn))

Lemma 4.3. Let ¢,, — 0 and {u,} C S, be such that I.(u,) — mg , as n — co. Then, there exists
{yn} C RY such that v, (x) := up(z + yn) — v in H¥(RN)\{0} as n — oco. Furthermore, up to a
subsequence, U, = €pyy, — Yy € M as n — oo.

Proof. By Remark 2.2, {u,} is bounded in H*(R"). We claim that there exist R, o > 0 and y,, € RY
such that

/ lun|2dz > o, Vn € N.
BR(yn)

Otherwise, by Lemma 2.3 in [36] we have u,, — 0 in L}(RY) for all t € (2,2%). It follows from (1.6)
that [, F(uy)dz — 0 as n — oo. Then,

Mvy,a = nh—)néo I, (un)

1 s 1
= lm [1 /RN \(—A)fun|2dx+§/RN V(enx)|un|2dyc—/RN F(u)de]

n— oo
=0,
a contradiction to Lemma 2.3. Set v, (z) := un(x + yn). Then, up to a subsequence, there exists
v € H*(R™M)\{0} such that v,, — v in H*(R"). Noting that

mya < Iy, (vn) = Iy, (un) < Ic, (un) — MVy,a

as n — oo, that is to say, Iy, (v,) — my,.q as n — 0o. By Lemma 2.5, v,, — vin H*(RY) and v € S,,.
Set §,, = €nYn. In the following, we prove that {§,, } is bounded in RY. Indeed, if the conclusion is false,
up to a subsequence, we may assume that |g,,| — +00 as n — oo. Then, there holds that

myp.a = lim I (un)

) 1 s o 1 2

lim |- [(=A)2uy,|*de + = V(en)|un|“dx — F(uy,)dx
n—oo | 2 RN 2 RN RN

1 s 1
= lim [/ |(7A)§vn|2d$+*/ V(571x+gjn)\vn|2daﬁ—/ F(vn)dx}
n—00 2 RN 2 RN RN
1 s 1
:7/ |(—A)§v|2dx+f/ Voo|v|2dx—/ F(v)dx
2 RN 2 RN RN

=1 ('U) > Moo,a,

which contradicts to (3.1). Consequently, up to a subsequence, there exists y € R such that 7, — ¥ in
R¥Y. With a similar arguments as the above inequality we obtain

1 s 1
MV, .a 27/ |(—A)2v|?dx + fV(y)/ vide — F(v)dz
’ 2 Jr~ 2 RN RN
=Iy(y)(v) Z My (y).a-
Noting that V (y) > Vy. If V(y) > Vg, by Corollary 2.8, my(,) o > Mmy;,q» a contradiction. Therefore,
V(y) = Vo, andsoy € M. O
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Let h(7) be a positive function tending to 0 as 7 — 0. Define the set
So={ue€ Sy : I.(u) < my,q+h(e)}.

For each y € M, we can use Lemma 4.1 to deduce that h(e) := |I. (P (y)) — my,,q| satisfying h(e) — 0
ase¢ — 0. Then, ®.(y) € S, and S, # () fore > 0.

Lemma 4.4. For any § > 0, there holds that lim sup inf |B:(v) —y|=0.
e—0 vega yEMs

Proof. By the definition of supremum, let £,, — 0 and u,, € §a be such that

dist(Be, (un), Ms) = zier}bff(; |Be,, (un) — 2| = us;%)a zier}vf[5 |Be,, (w) — z] + 0, (1).

Then, it suffices to find a sequence {y,,} C M; such that

nIL)H;O |55n (un) - yn| =0.

Indeed, since u,, € §a,
Mmvy.a < Iy, (un) < Ie, (un) < myg o + h(en),Vn e N

Hence, u,, € S, I, (un) — my, . From the above lemma, we can see that there exists {y,,} C RN
such that ,, := e,y — y € M asn — oo and v, () := up(z + y,) — vin H*¥(RNM)\{0} as n — oo.
As aresult, {g,} C M, for large n and

- X(Enz + gn) - ?jn |Un|2dz
6871 (Un) —Yn = fRN[ o2 ] —0

asn — oo. ]

Proof of Theorem 1.1. (i) We divide the proof into two parts.
Part 1): Multiplicity of solutions.

For any y € M, by Lemmas 4.1 and 4.4, we know that there exists 5 > 0 such that forany e € (0, ¢5),
the diagram
Beo®.: M — S, — Mjs

is well defined and 3. o ®. is homotopically equivalent to the inclusion map id : M — Ms. Then,
by Lemma 4.3 of [2] we get catpr,(Ms) > catpr,(M). Furthermore, by Lemma 3.4 we obtain that
I, satisfies the (P.S). condition for ¢ € (my; q,Mv,,a + h(e)). Consequently, standard Ljusternik-
Schnirelmann category theory (Refs. [17]) gives that I. admits at least cat s, (M) critical points on .S,.

Part 2): Concentration of the maximum points.

For any {e,} — 0T, let (uc,,\n) € S, X RT solve (P,) and &, € R be a global maximum of
|te,, |- Then,
Myy,a < Iy, (uﬁn) <[, (uﬁn) < Myj,a + h(En)7

ie., I, (ue,) — my,.q asn — co. By Lemma 4.3, there exists {y,} C RY with §,, := ey, =y € M
such that v, (7) := uc, (z + yn) — v € H¥(RY)\{0}. It is easy to see that

(=A) v, + V(en® + §n)Un + Apvp = f(vn), z € RY.
Similar to the proof of Lemma 3.3, by (1.9) we get lim \,, > fm% > 0. Since v, — vin H*® (RN),
n— oo

we can prove that | |lim vp(z) = 0 uniformly in n € N. Then, for given 7 > 0, there exist B; > 0
x| —+o0
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and ng € N7 such that |v,(z)] < 7 for |z| > Ry and n > ng. Clearly, ||v,|lec 7 0 asn — oo.
Otherwise, v,, — 0in H® (RN ), which contradicts to v, € S,. In the following, let us fix 7 > 0 such that
lvnlloo > 27 and z,, € RY satisfying vy, (2,)| = ||vn|/eo for all m € N. Then, |z,| < Ry, & = 20 + Yn

and

lim V(enén) = lim V(enzn 4 enyn) = V(y) = V.
n—oo

n—oo

(#¢) In what follows, we shall study the decay behavior of u.. Noting that by Lemma 4.3 in [15],
there exists a function w such that

C
0< w(x) S 1—|—|1‘|N+2S,
and
s Vb B,
(—A)’w+ W >0, V|z| > R, 4.2)

where R > 0 is a suitable constant. Assume that £, € R” is the global maximum of |u.|. Set v () :=
Ue(x + &). Then, lim wv.(z) = 0, it follows from (f;) and (V') that there exists some large Ry > 0

|z|—+
such that
S VO S ‘/0
(—A)°v. + ?vg =(—A)v. + V(ex +e&)ve — [V(ex + &) — ?]UE
%
:f(ve) — AeVe — ?Ovs @.3)

1%
Sf(ve) - 707}5
<0

for x € RN\ Bg, (0). Now we take Ry := max{R, R} and set

b:= inf w>0, z:=(k+1w— b,
B, (0)

where k := sup ||ve|| L= < +00. We assert that z. > 0 in R™. Indeed, if the conclusion is false, there
exists z; . € RY such that

wlerﬂlgN 2e(z) = jEI-&I-loo ze(zje) <O0. 4.4)
Since
lim w(z)=0= lim v.(z)=0,
|z]—+o00 |z|—+o00

then, we have that
lim z.(z)=0.
|z| =400
Consequently, {z; .} is bounded in R". Up to a subsequence, we may assume that z; . — z. € RY as
j — +o0. Hence, by (4.4) one has

inf = 1 e) = <0. 4.5
inf z(z) j;rllmzs(xj,a) ze(ze) (4.5)

Taking into account the continuity property of x. and the integral representation of the fractional
Laplacian of z. at the point . we deduce that

s 1 22 (1) — ze(xe +y) — 2o (e —
(—A)zo(22) = §CN’S/ (z) (|y|N+‘ZZ (e =9) 4 < 0 4.6)
R2N

Therefore,
ze=(k+1Dw—bv. > kb+w—kb=w>0

21



in Bg,(0). By use of (4.5) we have z. € R\ By, (0). It follow from (4.2) and (4.3) that

(-8 2+ s =AY [k + 1w — b + 20k 4 1w — o]

2 2
=(k + 1)(=A)*w + (k + 1)%10 — b(—A) v, — b%vs

(ke + 1)[(~A)w + ]~ H(-A) v, + v

>0

in RV\ By, (0). As a result, by (4.5) and (4.6) we get that

Vi
0< (=A)ze(2e) + ?Ozg(xs) <0
a contradiction. As a consequence, z.(x) > 0 in RN, Namely,

k+1 C
’Ue(x) < b w < 1+|z|N+25'

And so
C

ue(r) = v (x — &) < W

5 Sobolev supercritical case

In this section, we consider the Sobolev supercritical case. To the best of our knowledge, there is no
paper considering the Sobolev supercritical case to the study of normalized solutions. Precisely, we shall
investigate the existence and multiplicity of normalized solutions for the following fractional Schrodinger
equation with Sobolev supercritical growth

{(—A)Su + V(ez)u+ Au= f(u) +nufP~u, in RY, Q)

Jan lul?dz = a?,

where p > 2*. Suppose that (V), (f1), (f2) and (f3) hold. It is easy to see that the solutions of problem
(Q.) are critical points of the energy functional

1 s 1
Je(u) = 3 /RN |(—A)2u|dx + 3 /]RN V(ex)u’dx — /RN F(u)dx — g/RN |ulPdx

restricted on S,. But the functional J. is not well defined on H*(RY), since p > 2%. To do this, we
will introduce a cutoff function and use the truncation technique to overcome the difficulty caused by the
Sobolev supercritical growth.

Define the following cutoff function

e s
o0 = { So-ios, >0

where M > 0. Then ¢ € C(R,R), ¢(t)t > q®(t) := qfot ¢(s)ds > 0 and |¢p(t)] < MP~9[t|9~" for all
t € R. Set h,(t) = n¢(t) + f(t) forall t € R. Then h,,(t) possesses the following properties:

(h1) hy € C(R,R) is odd and lim O] — o

o It

(ha) |hy(t)] < nMP=9[t|9=1 4 Oy + Ca|t|9~" forall t € R.
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(h3) f;gfﬁ) is an increasing function of ¢ on (0, +00).

(ha) hy(t)t > qH,(t) == q [3 hy(r)dr > 0 forall t € R.

Fixed 0 < € < gg and ||V||oo < Vi, where £¢ and V, appear in Theorem 1.1, taking into account (V)

and (hq)-(hs) and Theorem 1.1, the following problem

(—A)u+ V(ex)u+ Au = hy(u), in RV,
Jen [ul?dz = a?,
admits at least cat pr, (M) couples (u,, ) € H*(RY) x RT of weak solutions. Let
1 s 1 )
Jen(u) == [(—A)2ul|*dx + = V(ex)ude — H, (u)dx
2 RN 2 RN RN
1 s 1
:f/ |(—A)2ul2dx + f/ V(ex)u?dx — 17/ O (u)dx —/ F(u)dz.
2 Jrn 2 Jgn RN RN
Then J. s, (uy) = 0 and Je ,(uy)) = my; 0y := lélsf: Jvy,n(u), where
1 a1 )
Jvym(u) = = [(—A)zu|dx + = Vou“dx — H,(u)dz.
2 RN 2 RN RN
Furthermore, it is easy to see that my, 4., < My, q-
Lemma 5.1. The solution u, satisfies ||(—A)Zu,||2 < Q(qm;%";)\ﬁ.
Proof. By (5.1), we can infer that
0 :/ (=A)su, Pda +/ V(ea)|ug|2de + /\/ fuy [2da —/ o oty Yl
RN RN RN RN
:/ |(—A)%un|2dac—|—/ V(&x)\un|2dx—|—/\/ |u,7|2dx—77/ G (un)upde
RN RN RN RN
— fug)uyde.
RN
It follows from (1.9) that
e = v =5 [ A fdo+ ] [ VieauPdo—na [ Bug)do
—q/ F(uy dx—/ |(—A)‘5un\2d$—/ﬂw V(ex)|uy|*dz
—)\/ |un|2dx+77/ (b(un)undx—i—/ fug)uyde
RN RN RN
-2 s -2
_1=2 [ Ay Pde + L/ V(ax)|un|2dx—)\/ iy [2der
2 RN 2 RN RN
i [ oluny — a@(udo+ [ (flun)uy - aF(u,)do
RN RN
q—2 202 2
> [(=A)2uy|*de — A |uy|“dx
2 RN RN
-2 s
:qT - |(—A)2u, > dz — \a?,
which implies that the lemma holds.
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Lemma 5.2. There exist two constants B, D > 0 independent on 1 such that ||u,|| 1~ < B(1 +n)P.

Proof. Forany L > 0 and 8 > 1, set
Y(un) = L (uy) = Un|un,L|2(ﬁil) € H°(RY),
where w,, . := min{u,, L}. Since + is an increasing function, we can deduce that
(@ =b)y(a) =v(0)] 20, Va, beR.
Set ¥(t) = % and ['(t) = fg(v’(r))%dr for t > 0. We claim that
¥'(a = b)[y(a) = (b)] = [T(a) —T(H)|*

for all a, b € R. Indeed, if a > b we obtain
¥'(a —b)[y(a) —v(b)] =(a —b)[y(a) — y(b)] = (a —b) /ba ' (t)dt

—(a—b) / (I (4))2dt > (/ T (t)dt)2
b b
=|T(a) = T(b)[*.
If a <'b, the proof is similar. Hence, the assertion is true. It results that
T () () = T () (9)[* < [(un) (@) = (un)(@)] - (gt .[PP7D) (@) = (g lug, ) ()] (52)
As a consequence, taking y(u,) = u,|u, 1|>#~1) as a test function, in the light of (5.2) we see that

CNS —
2’ [F(Un)]%{s(RN) +/RN V(Em)ui|un,L|2(B D dr

ONs () () = () ()] - [(agltin, 2O~ D) (@) — (ulun, 2O~ D) (y)]
S% /RQN |.Z‘ i y|N+23 dxdy

(5.3)

+/ V(sx)uf]|un’L|2(Bfl)dm+)\/ u2|un,LI2(B*1)dm
RN RN

:/RN hn(“n)“n‘“n,LF('B_l)dm-
It follow from (hq) and (he),for fixed 7 > 0 we can prove
[ ()] = |f(£) + 0 ()] < Volt] + (1 +m)CJ|"~ (5:4)
for all ¢ € R. Simultaneously, |T'(u,)| > §uy|uy,£|°~ and

CN,S

1 _
B %; > *S”“n|un7L|ﬁ 1”3’; (5.5)

62

[T (un))3re vy = T (un) Doz ey = ST (uy)
Therefore, taking into account (5.3)-(5.5) and (V') we infer that

CNS
A )

—5 S|ty ]!
S/ [f(u")+"¢(“")]UW|UW’L|2(B_1M$_/ V(ex)ulluy o |*P~Vda
RN RN
S/ Vbu%\un’LP(ﬂ—l)dx—}-(1—|—77)C/ ||y 2| 2P~
RN RN
—/ V(sx)u727|un’L\2(5_1)dx
]RN

<Ctn) [ il PO V.
RN
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Consequently,

b 1B < O+ mE [ gl P

Set w1, = uy|uy, [P 1, by virtue of the Holder inequality one has

a2l < CO+ B [ a2l Pl PO

S C(l +77)62(/RN |un|2:dx)% . (/RN ‘wn7L|a:dx)a7:7

where o = %ﬁ_m € (2,2%).
By Lemma 5.1 one has
2. (5.6)

s

lwn,zl3: < C(1+n)52|lwy

Now we observe that if ufl € L (RY), from the definition of {u,, 1} and by using of the fact |u,, 1| <
|uy| and (5.6) we see that

* 2
a2l < CO+mB([ gl da) < oc,
Let L — 400, it follows from the Fatou lemma that

1 11
HunHBQ: < Cﬂ(\/ 1+77)ﬂﬁ’3||u77||,6’a§7 6.7

whenever |u,|?*: € L*(RY).
Now, set 5 := ii > 1. By the fact that u,, € L% (RN) we know that the above inequality holds for
2%, it follows that (5.7) holds with 3 replaced by 3.

this choice of . Thén, observing that 32a*

Therefore,
lgllgza; < O (VIF W) 67 [yl 20
= CF (T 1) 7 B [Jun|o:
< CF (VI 0P A7 CH (Tt 0 B3 gl pas
= P (TP B g

m m

> 5 !
|unl|gme: < C=17° (VI+n)=? g

i

B

1™
‘._.

It
|

2%-

g
Set
dpy = — and e, = —.
LT L
Then, we have d,,, — o1 > 0 and e,,, — 02 > 0as m — oco. Let m — 400, by Lemma 5.1 we get
gl < C7H(V/T+n) 87 A% == B(L+ )",
where B := C?1392A2 > 0 and D := %t are independent on 7. O
Proof of Theorem 1.2. For large M > 0, we can choose small 179 > 0 such that
gL < B(1+n)P < M foralln € (0,n0].

Hence, hy,(uy) = n|u,|P~2uy, + f(u,) for all n € (0,70]. As a consequence, problem (@, ) possesses at
least cat pr, (M) couples (u,, A) € H*(RY) x RT of weak solutions. O
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