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Concentration of solutions for non-autonomous double-phase problems with lack of
compactness

Weigiang Zhang, Jiabin Zuo and Vicentiu D. Radulescu

Abstract. The present paper is devoted to the study of the following double-phase equation
—div([Vul" "2V + 1o (@) [Vl T 2Vu) + Ve (@) (julP~2u + pe (@)|ul~2u) = f(u) in R,

where N > 2 1 <p<q< N, q< p* with p* Np

V : RN — R is a positive potential satisfying a local minimum condition, Vz(z) = V(e z), and the nonlinearity f: R — R is
a continuous function with subcritical growth. Under natural assumptions on u, V' and f, by using penalization methods and
Lusternik—Schnirelmann theory we first establish the multiplicity of solutions, and then, we obtain concentration properties
of solutions.

, 11 : RV — R is a continuous non-negative function, u.(z) = u(ex),
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1. Introduction

In the present paper, we focus on the study of the multiplicity and concentration of solutions for the
following double-phase problem

—div(|VulP 72V + pe(2)| V|92 V) + Vo (z) (JulP~2u + pe(z)|u|??u) = f(u) in RY, (1.1)

where N > 2,1 <p < q< N, q < p* with p* = NN—, pe(z) = plex), Ve(x) = V(ex), u and V satisfy
the basic assumptions below:

(A1) p:RY — R is a continuous and non-negative function and p € L (RY);
(As) there exists Vo > 0 fulfilling Vp := inf ,cgn V(2);
(A3) there exists a bounded subset A C RY such that
o= BV < e
(A4) there exists i € A such that Vo = V(2min) and p(zmin) = infgy p(x) := po > 0.
Moreover, we assume that f : R — R is a continuous function, f(¢) = 0 if ¢ < 0 and satisfies the following
assumptions:

(fl) hIniE~>O+ tp( } = 0

f2) there exists r € (g, p*) such that lim;_ 1 % =0, here p* =
+oo ¢

(f3) there exists 6 € ( *) such that

Np .
N—p’

t
0<OF(t) := G/f(T)dT < f(t)t for any t>0;
0

 Birkhiuser
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(f1) for any t € (0,00), L&) is increasing.

) ta—1

Since the content of the paper is closely concerned with unbalanced growth, we briefly introduce in
what follows the related background, pioneering contributions and related applications.

Historical background

Equation (1.1) is driven by a differential operator with unbalanced growth due to the presence of the
(p, q)-Laplace operator. This type of problem comes from a general reaction—diffusion system:

uy = div[A(Vu)Vu] + c(z,u), and A(Vu) = |Vu|P~2 + |Vu|? 2,

where the function u is a state variable and describes the density or concentration of multicomponent
substances, div[A(Vu)Vu] corresponds to the diffusion with coefficient A(Vu), and ¢(z, u) is the reaction
and relates to source and loss processes. Originally, the idea to treat such operators comes from Zhikov [53]
who introduced such classes to provide models of strongly anisotropic materials, see also the monograph
of Zhikov et al. [54]. We refer to the remarkable pioneering papers by Marcellini [11,36-38], where the
author investigated the regularity and existence of solutions of elliptic equations with unbalanced growth
conditions.

The (p, q)-Laplacian equation (1.1) is also motivated by numerous models arising in mathematical
physics. For instance, we can refer to the following Born-Infeld equation [12] that appears in electromag-
netism, electrostatics and electrodynamics as a model based on a modification of Maxwell’s Lagrangian

density:
—div (V“> — h(u) in Q.
(1 2[Vuf2)}
Indeed, by the Taylor formula, we have

e 2n — 3)!!
(1-2)3 =147+ 3 24 M sy (@9

n—1
2 T2.22" T3l gty o forlel<L

Taking z = 2|Vu|? and adopting the first-order approximation, we obtain problem (1.1) for p = 2 and
q = 4. Furthermore, the n-th-order approximation problem is driven by the multi-phase differential

operator

(2n — 3)!
——Aq,u.
(n—1) 2"

We also refer to the following fourth-order relativistic operator

2
u +— div (WVu) ,
(1—=[Vul*)3

which describes large classes of phenomena arising in relativistic quantum mechanics. Again, by Taylor’s
formula, we have

3
—Au—A4u—§A6u—~-~—

6 10
9 4y_3 5 3T 21z
]_— = —_—
z=(1—2%)73 Tttt

This shows that the fourth-order relativistic operator can be approximated by the following operator

4o

u— Asu+ %Agu.

For more details on the physical backgrounds and other applications, we refer to Bahrouni et al. [9](for phe-
nomena associated with transonic flows) and to Benci et al. [10](for models arising in quantum physics).
The double-phase operator

div(|VulP~2Vu + pu(2)|Vul|?2Vu) (1.2)
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was originally introduced by Zhikov [52] to characterize the models of strongly anisotropic materials.
Moreover, Zhikov found that its hardening properties drastically change with the point. This is called
the Lavrentiev’s phenomenon. He considered the functional

/ (IVul? + ()| Vul?)de
Q

to describe that the integrands change their ellipticity rate according to the point. The coefficient a(x)
was used to regulating the mixture between two different materials, with power hardening of rates p
and ¢, respectively. The main features of operator (1.2) are that it is non-homogeneous and the function
w:RY — R is degenerate. It is clear that this operator is a generalization of p-Laplacian (as u = 0) and
p&g-Laplacian (as g = 1).

An interested phenomenon is that the relevant bound assumed

Np
<p":= 1.3
<=5, (1.3)
is equivalent to the condition on the ratio ¢/p
q p
= <14 ——=14+0(N)
p N—p

Up to change N with N — 1 and the strict inequality ”<”, then the relevant assumption (1.3) made in
this manuscript, which is connected with compactness properties, is well comparable with its opposite
inequality

q N -1

» >14+ N_1_ p’
which is exactly the condition to show the existence of counterexamples to regularity, see [20,37]. Colombo
and Mingione [16, 17] considered the regularity of solution with some proper restrictions on p and ¢, which
seems to be the first research result about the solution of (1.3). Recently Colombo and Mingione [16,17]
gave a strong impulse with the introduction of the terminology (and not only terminology, but also fine
results) of double-phase integrals. However the necessity to impose ”some proper restrictions on p and
q" and the first regularity results for double-phase integrals (which is a particular case of the p, g-growth
conditions) have been first proposed and proved in the reference [37,39]. For more results on this topic,
we see [20,21].

In the last decade, many researchers investigated the existence and multiplicity of solutions for the

double-phase problem

div(|VuP=2Vu 4 p(2)|Vul|?2Vu) = f(z,u) in Q, (1.4)

where ) is a bounded domain, see [16,17,25,32,35,45,46]. More precisely, Liu and Dai [32] dealt with
the solutions of (1.4) by establishing a Musielak-Orlicz—Sobolev space and then obtained the existences
of solutions and infinite many solutions with Dirichlet boundary condition, under the conditions that
1<p<qg<N, % <1+ % and p : Q — [0,00) is Lipschitz continuous. They also investigated some
basic properties of the double-phase operator and the corresponding spaces. After that, the research to
solutions of (1.4) by using the variational methods has become a hot topic.

In the case € = 1, equation (1.1) boils down the equation

—div(|Vu|P 72V 4 p(x) [ Vul?2Vau) + V(@) (JuP2u + p(x)u|?%u) = f(u) in RY.

There are few works to deal with this problem. When V' = 1, the existence of infinitely many solutions
and some basic properties of the corresponding Musielak—Orlicz—Sobolev spaces have been studied by Liu
and Dai [33]. Furthermore, Liu and Winkert [34] investigated the existence of two non-negative solutions
with singular nonlinearity. Moreover, by using the Fountain and Dual Fountain Theorem, Steglinski [41]
researched the existence of infinitely many solutions.
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We point out when p = 2 and p = 0, by the change of variable 2 — £, equation (1.1) turns into the
following Schrodinger equation

—2Au+V(z)u= f(u) in RV,

Under a global minimum assumption or a local minimum assumption on V', the existence, multiplicity
and concentration of solutions have been studied by a number of authors, we only refer the readers to
[2,3,14,22,29,30] and the references therein.

It is worth noting that the multiplicity and concentration of solutions for the p&q type problem

~Apu — Agu+ Ve(2)(JuP"2u + [ulf%u) = f(u) in RY (1.5)

have aroused attentions of some researchers, where A,u = div(|Vu|""?Vu), r € {p,q}. By using per-
turbation techniques and Lusternik—Schnirelmann theory, Ambrosio and Repovs [7] considered equation
(1.5) under the conditions that f is continuous, subcritical growth and V satisfies the global minimum
assumption
Voo = liminf V(z) > inf V(z) = Vy > 0, where V, < 0.
|z|— 00 z€RN

After that, Zhang, Zhang, Radulescu [48] considered the Choquard nonlinearity which is non-local. They
in [47] studied the case of competing potentials. Zhang, Zuo and Zhao [51] investigated the impact of
Kirchhoff term and derived a general verifying the compactness of the associated variational functional.
Now, we shortly introduce partial researches that when V satisfies the local minimum assumption (As)
and (As). Costa and Figueiredo [18] investigated the case that f admits critical growth, and Ambrosio
and Isernia [5] studied equation (1.5) driven by a Kirchhoff term under (As) and (As). Also, if the
nonlinearity f fulfills the Berestycki-Lions condition, the existence and concentration of positive solution
were investigated by Ambrosio [4]. In recent years, a number of researchers put their sight on the existence,
multiplicity and concentration of fractional p&q type problem. For the details, we just refer to [6,49,50]
and the reference therein.

Main result

Motivated by [5,7,18,31], we consider the multiplicity and concentration of solutions for equation (1.1).
Firstly, let us review the definition of the Lusternik—Schnirelmann category. Define

M={zeRYN:V(z)=Vy, wplx)=pm} and Ms;={zec RN :dist(z, M) <4},

where 0 > 0. Letting Y be a closed subset of topological space X, then the Lusternik—Schnirelmann
category of Y in X is the least number of closed and contractible sets in X which cover Y, denoted by
catx (V).

Our main result establishes the following multiplicity and concentration property of solutions.

Theorem 1.1. Suppose that (A1)—(A4) and (f1)—(fs) hold. Then for any § > 0 such that Ms C A, there
exists e5 > 0 such that for any € € (0,&5), problem (1.1) admits at least catpr, (M) non-negative solutions.
Let ue denote one of the solutions and n. be a global mazimum point of u.. Then,

1irr(1J Ven:) = V.

We use the variational methods and Lusternik—Schnirelmann theory to show Theorem 1.1. To the
best of the authors’ knowledge, this is the first research result on the multiplicity and concentration of
solutions for equation (1.1).

We point out that problem (1.5) is considered in the Sobolev space. However, since the principal
operator in problem (1.1) is degenerate, this problem cannot be considered in general Sobolev space
anymore. Hence it is difficult to exploit the approaches in [2,5,47,48]. Here, we will introduce a special
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Sobolev space named Musielak—Orlicz—Sobolev spaces to tackle (1.1). This space is more complex than
usual Sobolev space and some basic properties of this space must be established to investigate the solu-
tions. To prove Theorem 1.1, at the first, we shall modify the nonlinearity in a suitable way, and we shall
handle an autonomous problem. As well, some accurate analysis are used to verify that the variational
functional J. of the modified problem satisfies the Palais—Smale condition for any ¢ € R. Then, since
we want to obtain the multiplicity of solutions and f is only continuous, we utilize an abstract critical
point theorem developed in [42]. Note that the techniques also appear in [2,6,7] to investigate the p&q
type problem. But, the appearance of function p makes the process rather untoward. Finally, we show
that the solutions of the modified problem are solutions of equation (1.1), where a Moser type iteration
is applied to obtain the L°°-estimates and decaying estimates at infinity of solutions for the modified
problem. Since the double-phase operator is non-homogeneous and degenerate, we stress that it seems
impossible to get the decaying estimates of the solutions by using the skills in [2,5,47,48]. In this paper, a
testing function is constructed to demonstrate the uniformly decaying estimates of solutions and several
new analysis techniques are applied, which are main novelty of our paper.

In this text, let C,C1,C5,--- denote some fixed constants possibly different in different places; Bg
denote Bg(0); 0, (1) represent 0,(1) — 0 as n — oo, and — and — denote the weak convergence and the
strong convergence in the corresponding spaces, respectively.

This paper is organized as follows. In Sect. 2, we introduce Musielak—Orlicz-Sobolev spaces. In Sect.
3, we consider the modified problem. In Sect. 4, we work with the autonomous problem. The last section
is devoted to showing Theorem 1.1.

2. Preliminaries

In this section, we start with the definition and some basic preliminary properties of Musielak—Orlicz—
Sobolev spaces. For detailed introduction on Musielak—Orlicz—Sobolev spaces, we refer to [15,27,33,40].

For any s € [1,00] and © C R, we denote by ||l &~y the standard norm of the usual Lebesgue
space L*(RY), and for any s € (1,00), we denote by W*(R¥) the Sobolev space

WS (RY) = {u:RY - R measurable : /(|u|S + |Vul*)dz < oo},
RN
which is equipped with the norm

s

iS(RN))dx) )

[[ul Loy T llul

e (IW

where [|[Vul|ps @~y = [[|Vul|| s @)
The following basic properties of Sobolev spaces are very important.

Lemma 2.1. (see [1]) If p € (1,N), then WYP(RY) is continuous embedded in L*(RN) for any t € [p, p*|
and compactly embedded in L} (RN) for any t € [p,p*).

The following Lions type result is very useful to investigate the existence of solution for the limit
problem associated with (1.1).

Lemma 2.2. (see [2]) If 1 < p < N, let {u,} be a bounded sequence in WP(RY) satisfying

lim sup / |un, [Pda = 0, (2.1)

n—oo yERN
Br(y)

where R > 0, then u, — 0 in L'(RN) for all t € (p,p*).
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Let 1 <p<q< N, q<p* with p* = NN—Q. We define the functions H,,_ : RY x [0,00) — [0,00) and

Hyo v, : RN x [0,00) — [0,00) as
Hye (2:8) =17 + pe ()t and - Hy, v, (2, 1) = Ve () (8 + pe (2)t7).
Let L1 (RY) be the Musielak—Orlicz—Lebesgue space
LM (RY) = {u: RY — R measurable : /Hua (z, |u)dz < oo}
RN

with respect to the Luxemburg norm

lull,. = inf{A>0: /Hus(x, \%Ddx <1},
]RN

and let L*#e.ve (RY) be the Musielak—Orlicz-Lebesgue space

LMu=ve (RY) = {u: RN — R measurable : /HME,VE (z, lu])dz < oo}
RN
equipped with the Luxemburg norm

. u
full e = nE >0 [ H e o] Do < 1.
RN

We introduce the weighted Musielak—Orlicz—Sobolev space
X, = {u:RY =R measurable: u € L™= V= (RY) and |Vu| € L= (RY)},
whose norm is equipped as

lulle = NIVulllr,, + llulln

e, Ve ©
From ([41], Theorem 6), we know that X, is a separable and reflexive Banach space.
The following embedding results hold.

Lemma 2.3. (see ([33], Theorem 2.7)) X, is continuously embedded in W1P(RYN). Hence, X, is continu-
ously embedded in L*(RYN) for any s € [p, p*] and compactly embedded in L;, . (RY) for any s € [1,p*).

loc

Let

0e(u) = [ully o + [lullgc, s

where we give

[ullp,e = /(\VUIP + Ve(@)|ufP)dz and ullg. . = /Ne(ff)(IVU\q + Ve(@)|ul)dz.

RN RN

The norm || - || and the modular g, have the following relationships.

Lemma 2.4. ( ([8], Proposition 2.1) or ([32], Proposition 2.1)) Let (A1) and (As) hold. Then, one has

that:

(i) if u #0, then |Jullc = X if and only if 0(%) = 1;

(ii) ||u|le <1 (resp.> 1, =1) if and only if o-(u) <1 (resp.>1, =1);
(iii) if ||lulle <1, then ||ul|? < oc(u) < |[ul/?;
(i) if [lulle > 1, then [[ul|? < gc(u) < [Jul|Z;

(v) ||lu|le — 0 if and only if o-(u) — 0;
(vi) ||ulle — oo if and only if p-(u) — co.
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3. The modified problem

In this section, we consider a modified problem by using the penalization method proposed by del Pino
and Felmer [22].
Without loss of generality, we may suppose that

0eA and V5 =V(0).
Take a > 0 and k > p such that f(a) = % We denote the modified function f :R—>Ras

: :{f(t) t<a

t
1®) %tpfl t>a.
Let xa denote the characteristic function. Furthermore, we define the modified function
g(,t) = xa() f(1) + (1= xa(2) f(t)  for (z,t) e RN xR,
Clearly, letting G(x f g(z,7)d7, from (f1)—(f41), we conclude that g fulfills the following properties.

(g1) limy_, o+ %(p_? = 0 uniformly for z € RY;

(g2) g(z,t) < f(t) for any x € RN and t > 0;

(g3) (i) 0 < 0G(x,t) < g(=,t)t for any x € A and ¢ > 0, (1) 0 < pG(z,t) < g(x,t)t < Y2tP for any x € A°
and t > 0;

(g4) (4) for any = € A, gtqwi is increasing, (i1) for any x € A°, t — % is increasing in ¢ € (0, a).

Now, we introduce the modified problem
—div(|Vul|P 2V + pe(2)|[Vu|T 2 V) + Ve (@) (JuP~2u + pe(z)[u]f?u) = g-(z,u) in RY, (3.1)

here g.(z,u) = g(e x,u). Suppose that u is a solution of equation (3.1) and satisfies that u(x) < a in AS
with A, = {x € RN : ez € A}. Then, we say that u is a solution of equation (1.1).
The variational functional of equation (3.1) is given by

1 1
T.tw) = e+ clul e / G.(z, u)da
RN

It is easy to deduce that J. € C1(X.,R) and for any u, v € X, its derivative is expressed as

(Tl (u),v) = / <|Vu|p_2Vqu + p1e (2) | Vu| T 2VuVo + Ve (z)(|JulP~?uv + ug(x)u|q_2uv)>dm
RN
— /gg(%u)vdx.
RN
Next we verify the condition of mountain pass theorem to ..

Lemma 3.1. 7. fulfills mountain pass geometry, that is

(i) there existy, 8 > 0 such that J.(u) > B for any u € X, with |ul. = ~;
(ii) there exists e € X¢ fulfilling ||e||e > v such that J-(e) <0

Proof. In view of (g1)—(g2), one has that for any £ > 0, there exists C¢ > 0 such that
|Ge(2, )] < EJt|P + Celt|” for any 2 € RN, t e R. (3.2)
By Lemma 2.3, Lemma 2.4 and (3. 2) we conclude that for any v € X, with [Jul|. < 1,

Te(u) > f|| 2. + H allt . — / (€lul? + Celul")da

RN
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1 1
> ool + Clule, — O [ fuldo
RN
1 q -
> Q*QHUHE — CallullZ,
here we took & < Tlc‘l' Thanks to ¢ < r, then (z) holds.
It is easy from (f3) to deduce that there exists C' > 0 such that
F(t)>t?1—C forany t>0. (3.3)
Choose ug € X, such that supp(ug) C Az and ug > 0. From (3.3), there holds that
tP td
T (tug) < EHUOHZE + EHUOHZ,E,ME - /(|tuo|9 —O)d
Ae
tP t4
— E||u0||g8 + EHUOHZ@% - / |u0|9dx — Cmeas(A;).
A

€

Since 0 > ¢, J-(tug) — —oo as t — oco. Letting ¢ > 0 be large enough and taking e = tug, then we have
that ||e]|c > v and J.(e) < 0. O

We say that {u,} C X. is a (PS). sequence (Palais-Smale sequence) for J. if J.(u,) — ¢ and
J!(uy) — 0. Recall that 7. satisfies (P.S). condition (Palais-Smale condition) if any (P.S). sequence has
a convergent subsequence.

Next, we establish the boundedness of the (PS). sequences.

Lemma 3.2. For any ¢ € R, then any (PS). sequence of J: is bounded.

Proof. Let {uy} be a (PS),. sequence. Then, from (g3) we have that
c+ 14 on(1)]lunlle

LT ), )

> ja(un) - 9

RN

1
lemll9 .+ © / (92 (s 1 Yt — OG- (2, 1))

1 1
p - —
||un||p,8 + (q 0 0

Ac

€

) )
) )

> (3= )ttt (3= 5) Vuallen. + 5 [0 Gt un)aa
) )

Ag

—p\ Y
e = (*52) 12 [ lunbas
RN

11 D 1 1
> (5-3) 0= Plwlge+ (5~ 5) Nunllgen

> Crmin{|[un |2, [unll2},
where we have used Lemma 2.4. Due to 1 < p < ¢, then {u,} is bounded in X.. O

The Nehari manifold of equation (1.1) is denoted as
Ne = {u e X\ {0} : (F/(u),u) = O}
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Let c. = infyen. Jo(u). We introduce the following sets
X ={ueX.  :meas({u"}NA) >0}, and ST =S.NXI,

where S. represents the unit sphere in X.. Then, ST is an incomplete C** manifold of codimension one
and X, = T,,ST & Ru, where

T.St = {v eX.: / <(|Vup_2Vu + e ()| VulT2Vu) Vo + Ve(2) (JulP~?u + ua(:v)|uq_2u)v) dz = 0}.

RN
The following results play a key role in obtaining multiple solutions of (3.1).

Lemma 3.3. Suppose that (A1)—(A4) and (f1)—(fs) hold. Then
(1) for any u € XI, we define hy : [0,00) — R as hy(t) := J-(tu). Then, there is the unique t, > 0

such that bl (t) > 0 in (0,t,) and R, (t) <0 in (t,, +00);

(i) there is T > 0, independent on w, such that t,, > T for every u € ST. Moreover, for each compact
set IC C ST, there is Cxc > 0 such that t, < Cx for every u € K;

(iii) define the map . : XI — N. as m.(u) = tyu. Then Mme is continuous and m. = ma\si s a
homeomorphism between ST and N.. Moreover, m-*(u) = m,

(i) let {u,} C ST be a sequence such that dist(u,,dST) — 0. Then, ||mc(uy)||e — oo and J-(me(u,)) —
0.

Proof. (i) It follows from (g2) and (g3) that for any u € X, h,(t) — 07 as ¢t — 07 and h,(t) — —o0
as t — oo. Then, h, has a maximum point ¢, € (0,00) such that h! (¢,) = 0. To finish the proof of (i),
we only need to show that there exists a unique positive number ¢,, such that A/, (t,) = 0. In contrary, if
there exists t; > to > 0 such that hl (1) = hl,(t2) = 0, then

Bl + 8l = [ oo trtrude (3.4)
RN
and
tollullpe +t5llullge . = /ge($7t2U)t2udfr~ (3-5)
RN
By using (3.4) and (3.5), one has that

1
$9°P - tq P

ge(z, tlu) ga(x tou)
:/< tq T tq U dz

RN
/ g=(z, t1u)  ge(z,t2u) wida
(tru)a=t (fu)?!
{u>0}
2 +

{u>0}NAcn{tiu<a} {u>0}NAcn{tiu>a>tou}

ge(z, t1w)  ge(w,tou) q
R R [€ = =
{u>0}NAcn{tau>a}
( ftiw) — fltaw) )uqu

(trw)a=t (tau)a~!

{u>0}NAcN{tu<a}
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’ / (% s~ )

{u>0}NAcn{tiu>a>tou}

Vo 1 Vo .
-0 -2 d
- ( k(e k <t2u>q—v)“ v

{u>0}NAcn{tau>a}

Vo 1 Vo 1
> —_— _ 2 aq
- / ( kEtwr & <t2u>q—p>“ !

{u>0}NAcn{tiu>a>tu}

Vo( 1 1 /
+— | —= - —= uPdx
AN+

{u>0}nAcN{tau>a}

Vo 1 1 Vo 1 1
=% (t‘{_p — a7 uPdx + T < - T / uPdz
{u>0}NAcn{tiu>a>tou} {u>0}NAcn{tau>a}

> 1 (55— s ) Il
Z 7\ Ta=p ~ Ta=p | Wlip.e>
AN e

here we applied the fact that for z € AS and tau(x) < a,
f(tQU) o f(tgu) 1 < VO 1

(tg’u)q_l (tgu)P—l (tgu)q_P ~ k (tgu)q_P'

Hence we obtain that [[ul/h . < +llul[® -, which is a contradiction.

e
(it) For any u € ST, it follows from (g1) and (g2) that for any ¢ > 0, there exists C¢ > 0 such that
|Ge(2,t)] < EJtP + Celt|” forany 2 € RN, t e R. (3.6)

Putting together (J!(t,u),t,u) = 0 and (3.6), there holds

Ll + el e, = [ g2l tutuda
RN
< [ (ttual? + Celtuul)az
RN
£

< otullullp c + C1Cet[ullZ. 3.7)
v )

Setting & = %, applying Lemma 2.3 and (3.7), there holds

. o
Comin{ty[lullg, thllull} < Fllullp.e + tillul

Geme < Caty[lullZ-

s€5Me

Therefore there is 7 > 0 independent of u, such that ¢, > 7 for every u € S}.

Let K C ST be a compact set. By contradiction, suppose that there exists a sequence {u,} C K such
that ¢, := t,, — oo. By the compactness of K, there exists u € ST such that u, — u in X,. In view of
the proof Lemma 3.1-(i7), one has that

Je(tpu,) — —00 as n — oo. (3.8)

Since (J!(tntn), thtn) = 0, uy, — uw in X, and ¢, — oo, then
1
JE(tnun) = jE(tnun) - §<\75/(tnun)atnun> > Co miﬂ{tﬁ||un||’§7t%||un||g} — 00. (3-9)

Comparing (3.8) and (3.9), we obtain a contradiction.
(ii7) From (i), we know that /. and m. are well defined. Now, we show that m_! is well defined. In fact,
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for any u € N, we can deduce that u € XI. In contrary, if u ¢ X, using v € N and (ii) of (g3), one
has

Jull e+l e, = [ 9o wude < Flalf.
RN
Then, (1— l)||uH +||lullg . .. =0, which is a contradiction due to k& > 1. Thereby, there holds m_ " (u) =
Tl ” € ST. Then, m ~! is well defined, continuous and a bijection.
For any u € ST, we deduce that
U U

ullle €

Then, m is a bijection. Next, we show that . is a continuous function. Suppose that there exist {u,} C
XI and u € X7 fulfilling u,, — u in X.. Note that for any v € X7, m.(v) = m.(tv) for any v € X and
any t > 0. Then, we may assume that ||u,||e = ||u]lc = 1 for any n € N. It follows from (i7) that there
exists tg > 0 such that t,, :=t, — tg. Due to {t,u,} C N, then

2 B + 19 un]2 . = / 06 (& bttt
]RN

Letting n — oo in this formula, since u,, — v in X, and t,, — to, one has

Bl + 8l = [ 9cGotow)touds,
]RN
Hence, tou € M. According to (i), then ty = t,, which implies that 7. is continuous. Then, m, is
continuous.
(iv) Let {u,} C ST be such that dist(u,,dST) — 0. Then, for any s € [p, p*], one has

Loy < Cs mf |t — v||e = Cidist(un, dST) — 0. (3.10)

funlzon < inf =]

Applying (g3) and (3.10), we deduce that for any ¢ > 0,

/G xtundx—/G xtundx—i-/G x, tuy,)d
< — /|tun\pdx+/F tuy,)d

tP
ol + € [ e+ Co / g

€ As

IN

P .
%Huﬂg’g + CstPdist(uy,, 0ST)P + Cyt"dist (u,, IST)".

IN

Consequently,

tp
/Gg(x,tun)dm < 1 lull + 0a(0). (3.11)
RN
It follows from (3.11) that for any ¢ > 1,

tP t4
Teltua) = = unll e+ = luall e, = / G, tun)dz
N
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> O (1 ) e+ Suallge, + 00(1)

_ - 7 Unp, — [|Un Onp,

— P k sE q sE€5 e
Z COtp + On<1)a

where Cy = min{%(l -3, %} Then for any ¢ > 1,

liminf 7 (tu,) > Cot?. (3.12)

n—oo

From (3.12), one has that for any ¢t > 1,
1inﬂii£f Te(me(un)) = 1iTLHiic>réf Te(tun) > Cot?.
Since t > 1 is arbitrary, liminf,, o, Jz(m<(u,)) = co. Observe that
Dl + ), = Telmelin)) =00 a5 o
which combined with Lemma 2.4 suggests that ||mc(uy)| — oo. g
Let us denote the maps
o :XF >R and ¢.:ST —R
as
e = Je(me(u)) and e = g
As in ([42],Corollary 10), by virtue of Lemma 3.3, we can directly obtain the next result.
Proposition 3.1. Suppose that (A1)—(Ay) and (f1)—-(f4) hold. Then,
(i) ¥. € CY(X$,R) and

(W (u),v) = M(J;(ma(u)),@ for every u € XI and v € X,;

(i1) . € CV(SE,R) and ($L(w),0) = e ()| (T2(me(w), 0) for every v € T,S%;

(113) if {un} is a (PS)q sequence for ., then {me(un)} is a (PS)a sequence for J.. Moreover, if {u,} C
N. is a bounded (PS)q sequence for J., then {m-1(u,)} is a (PS)q sequence for . ;

(iv) u is a critical point of . if and only if m.(u) is a non-trivial critical point of J.. Moreover, the
corresponding critical value coincides and

inf 9. (u) = uIEI}\ffs T (u).

ueST
Remark 3.1. Clearly, from Lemma 3.3 and Proposition 3.1, J. satisfies the following property
T B TR = B R ) = e )
The following result is a consequence of ([23],Lemma 3) or the proof of ([32], (ii) of Proposition 3.1).

Lemma 3.4. Let {u,} C X. be a bounded (PS). sequence. Then, up to a subsequence, there exists u € X,
such that Vu,, — Vu a.e. in RY.

At the end of this section, we demonstrate the compactness of J. and .. Let g.(u) = |Vull +
pe (@) [Vl + Ve (@) ([ul? + pe () [ul?).

Lemma 3.5. J. satisfies (PS). condition for any ¢ € R.
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Proof. Suppose that {u,} is a (PS). sequence. Then, by Lemma 3.2, we deduce that there exists u € X,
such that u, — u in X.. Using Lemma 3.4, we may assume that up to a subsequence,
u, —u in LL.(RY), wu,—u aein RY and Vu, — Vu ae. in RY. (3.13)
To complete the proof, we only demand to show that
0:(up) — 0:(u) as mn — oo. (3.14)
We claim that there exists R = R(£) > 0 such that

limsup/ég(un)dx <¢. (3.15)

n—oo

B

For any R > 0, take o € C°(RY) such that ¢z = 0 in Br,pr=1in By, 0 <¢p < 1and [Vor| <
Since {u,pr} is bounded in X,, taking R is large such that A, C By, then from (TL(un), unpr) = on(l
Holder inequality and (gs), there holds that

/ 6-(un) prda

RN

= —/un|Vun|p_2VuanoRdx— /,ug(w)un|vun\q_2VuanaRdx+/gs(x,un)unadex+on(1)

c
g.
)

RN RN RN
1
/|un|\Vun|p 1d$+7/,u5 Nt ||V, |9 1dx+k/VE(x)|un|pgoRdx+on(l)
RN RN
C 1 =1
< R(/|un|pdx> </|Vun|pdx>
RN RN
c a T
+R(/ue(x)|un|qda:> </,u5(x)|Vun|qda:> +E/V5(x)|un\pg03dx+on(l)
RN RN RN
1
< %+E/Qs(un)chdx+on(1).
RN
Consequently,

<1 - ,1)3/ b- () < (1 - ;M 0. (un)prdr < T+ 0,(1).

R

Then, for any £ > 0, we can take R large enough such that (3.15) holds.
Now, we prove that u,, — u in LP(RY). Since u,, — u in LP(Bg), using (3.14), we deduce that

[un — “HZ[),p(]RN = |lun — UHIip(BR) + [Jun — U”Lp(B )
< E+ 2 HunlTo ey + 277l ey

2r—1
<26+ 2 [ ot
By

< 3¢.
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By the arbitrariness of £, we have u,, — u in LP(RY). Then, u,, — u in L"(R"). From (g2), we conclude
that

/gs(z,un)undx — /gs(x, uw)udz. (3.16)
RN RN
We can easily obtain from (3.13) and J!(u,) — 0 that J/(u) = 0. Then,

0-(u) = /gg(x,u)udx. (3.17)

RN
Since (J!(un), un) — 0, there holds that
0:(uy) = /gg(a:,un)undx + o,(1). (3.18)
RN
Putting together (3.16), (3.17) and (3.18), then (3.14) holds. O

Proposition 3.2. . satisfies (PS). condition for any ¢ € R.
Proof. Suppose that {u,} C ST is a (PS). sequence for J., that is
Ve (uy) —c and Y. (u,) —0 in (T, SH)*

Recalling (7i7) of Proposition 3.1, we have that {m.(uy)} is a (PS). sequence for J.. From Lemma 3.5
and (ii7) of Lemma 3.3, we conclude that there exists u € ST such that m.(u,) — me(u) in X.. It follows
from (4i7) of Lemma 3.3 that u, — v in X.. O

4. The autonomous problem

In this section, we consider the autonomous problem
—div(|VulP~2Vu + po| Vu|T2Vu) + Vo (JulP~%u + polu??u) = f(u) in RV, (4.1)

Let Y, v, denote the space WP(RN) if o = 0 and Y, v, denote the space WHP(RY) 0 Wha(RY)
if pg > 0, which is equipped with the norm

[ll o, ve = lutllp,ve + pollellg,vo
where
lull? v, = / (|Vu|p + V0|up)dx and [lul? . = / (|W|q N Vo|u|q>dx.
RN BN

Observe that the corresponding variational functional for equation (4.1) is expressed as
1 Ho
L) = Sl v, + 22y, — [ Plajde.
RN
From (f1) and (f2), we can easily deduce that Z,,, v, € C*(Y,,, v,, R) and for any u, v € Y, v,
(T 1 (1), 0) = / (IVulP~2VuVo + VlulP~2uv)dz
RN

+ po /(|Vu|q_2Vqu + Volu|? ?uv)dz — /f(u)vdx.

RN RN
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We define the following Nehari manifold
Mﬂo,Vo = {u € Y#07V0\{0} : <I:L0,V0 (u)au> = O}'

As the above section, we define that ¢, = infuem,, v, Zpo,vo (1) and

Y:O’VO ={u € Y, v, : meas({u"}) > 0}.

Let S:o,\/o = Suo,vp N Y:o,vo’ where S, v, represents the unit sphere in Y, v,. We know that S:o,Vo is
an incomplete C1! manifold of codimension one and Y, v, = TuSZ0 v, @ Ru, where

TuSlJl«ro,Vo = {v €Yo v ¢ / ((|Vu|p_2Vu + 10| V|12 Vu) Vo + Vo (JulP~2u + p0|u|q_2u)v> dz = 0}.
RN
It is easy to deduce that any (PS). sequence for Z,, v, is bounded due to (f3).
Proceeding as in the previous section, we can set up the following conclusion.

Lemma 4.1. Suppose that po > 0, Vo > 0 and (f1)—(fs) hold. Then,

(i) for any u € Y:(),VU, we define hy, : [0,00) — R as hy(t) = Z,, v, (tu). Then, there is the unique
ty > 0 such that hl,(t) > 0 in (0,t,) and hl,(t) <0 in (t,,+00);
(ii) there is T > 0 independent on u, such that t,, > 7 for every u € S:O,VO. Moreover, for each compact
set I C S;o,Vo’ there is Cc > 0 such that t,, < Cx for every u € IC;
(111) define the map My, v, : Y:(),Vo — My vy as Ty, vy (u) = tyu. Then, 1y, v, is continuous and
Myy, Vo = mHO}VO|S:01VO 15 a homeomorphism between S:O’VO and M, v,. Moreover, m;ol,vo (u) =

Tallug vo *
(i) let {u,} C S:mvo be a sequence such that dist(u,, 882‘07%) — 0. Then, ||mu, v, (Un)l o, ve — 00 and
IMO;VO (mumvo (un)) — 00.

Now, we define the functionals

p oy gt
T/JMoyVO : YHOA,VO — R and wﬂo,vo : S#O,VO —R
as

’(/}MO;VO = IMO,VO (mMmVo (u)) and ’(/)MO,VO = wum‘/O'Sto,Vg'

It follows from Lemma 4.1 that the following relationships hold.

Proposition 4.1. Suppose that jio > 0, Vo > 0 and (f1)-(fs) hold. Then,
(i) uove € CHYS, 1o R) and

; Mg, Vo () || o Vi .
(D 0) = st iy )0} for every e ¥, vy and v € Yo
Ho, Vo

(”) wumvo € Cl(SZO,VO’R) and <'(/};L0,V0(u)’v> = ”mumvo(u)HNmVo<IL0,V0(mM0,V0(u))7v> for every v €
T“S:(J,Vo ;

(iii) if {un} is a (PS)q sequence for i, v, , then {m,, v, (un)} is a (PS)q sequence for I, v,. Moreover,
if {un} C My, v, is a bounded (PS)q sequence for M, v, . then {m;oly0 (un)} is a (PS)a sequence
fOT’ ’(/JH(],VO ;'

() w is a critical point of 1, v, if and only if m,, v, (w) is a non-trivial critical point of Z,,, v, . Moreover,
the corresponding critical value coincides and

inf v (u)= inf T

1o,Vo (u)
ueS;nyVO uEMyg, vy '
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Remark 4.1. As Remark 3.1, the following relationship holds:

CuoVo = _inf T, v (u)= inf rglgcfuo,vo(tu): inf magcfuoyg(tu).

uEMyu, vy UGY::O, HGSIO,V t2

Vo 0

The following alternative lemma is particular important for deriving the existence of ground state
solution to equation (4.1).
Lemma 4.2. Let {u,} C Yo, v, be a (PS). sequence for I, v, at the level c € R. Then, one of the
following alternatives holds:
(1) wp — 0 in Y, vy 5

(ii) there exist a sequence {y,} C RN and constants R, 3 > 0 such that

lim inf / |u, [Pda > .
o Br(yn)
Proof. By the assumptions of this lemma, one derives that {u,} is bounded in Y, v,
Too Vo (un) = v and (T, v (un), un) = on(1). (4.2)

We suppose that (i7) cannot occur. Then, for any R > 0,

lim sup / |un, [Pda = 0, (4.3)
n—oo yERN
Br(y)
Combined with Lemma 2.2 and (4.3), there holds that for any s € (p, p*),
u, — 0 in L*(RY). (4.4)

Obviously, one can derive from (f;) and (f2) that for any € R,
L)) < Ot + [¢]7).
This together with p < ¢ < r < p* and (4.4) imply that

[ 1 an)unlds < ualles, + lunll vy = 0n )
RN

Hence,

/ f(up)updae = 0,(1). (4.5)
RN

In the light of (4.2) and (4.5), we have

H%M%ﬂM%MWZ/Nw%M=%m~
RN

So (i) holds. O
Lemma 4.3. Problem (4.1) admits a positive ground state solution.

Proof. Arguing directly as Lemma 3.1, Z,, v, has a mountain pass geometry (see [44]). Then, there exists
{un} C X, such that

Tyuo v (Un) = Cpuo.vy  and I:Lo,VO(un) — 0. (4.6)
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Observing that ¢, v, > 0, we conclude from Lemma 4.2 that there exists a sequence {y,} C RY and
constants R, § > 0 such that
lim inf / | |Pda > (. (4.7)

n—oo
Br (yn)

Otherwise, we have from Lemma 4.2 that ||u, ||, v, — 0. Then Z,,, v, (u,) — 0. This contradicts to (4.6)
thanks to ¢, v, > 0. Let v, = uy(- + yy). Then, {v,} is bounded in Y, v, and there exists v € Y, v,
such that v, — v in Y, y;,. Moreover, we can obtain that
v, —v in L} (RY) and v, »v ae in RY.
One can derive from (4.7) that v # 0. Applying (4.6), we deduce that
IM07VO (Un) = Cuo,Vo and Z;/,Lo,V() (UTL) — 0. (48)

It is easy to derive that Z) . (v) = 0 due to (4.8). Hence, v € M, v;,. By Fatou’s lemma, v € M, v,

(f3) and (4.8), we conclude that

- 1
Cpo,Vo = hnnigf <IM0,V0 (U’n) - 5<IL0,V0 (Un)vvn>)

1 1
= liminf ( < — ) [lvn, |
n— 00 p 0

1 1 1
ot no (3= ) Ionllg + 5 [ (), = 070 )
RN

1 1 1 1 1
> _ p - = q - _
> (2 D) el 0 (3= 3) Il + 5 [ 70— 0F s
RN
1 !
- Ilio:Vo (U) - §<IHO,VO (’U),’U>
2 Cug,Vo-

This suggests that v, — v in Y, v;. Then, from (4.8) one has that Z,,, v, (v) = ¢y,,v;, and Z, . (v) = 0.
So v is a ground state solution of (4.1). Since f(t) = 0 for ¢ < 0 and (Z}, y, (v),v") = 0, we conclude
that v > 0 in RY. It can be deduced from the regularity results (see [28]) that v € L>®(RY) N CL _(RY).

loc

Further, we deduce from the Harnack inequality (see [43]) that v > 0 in RY. O

Lemma 4.4. Assume that {un} C Mo vos Zuove(Un) — Cuo vy and uy,, — w in Y, vy. If u # 0, then
Up — U N Y01

Proof. Let v, = m;ol,Vo (un) = Hunﬁm € S:O,Vo' By using the facts that {u,} C M, vy, Zpuo,vo (Un) —
Cuo,V, and Remark 4.1, we have that
1/’#«07‘/0 (’Un) = IHO7V0 (un> 7 Cuo,Vo = inf wuo,vo'
UGS:oon

. +
We define the functional ®,, v, : S, v, — [-00,00] as

S w/»toA,Vo('U) if v ESIO,VO
Ho¥o +00 if ve 88;07‘/0.

Observe that

—
° (SIL07V0’
® Uy v, € C(gzo,Vo’ [—00, 00]), see Lemma 4.1-(iv);

® v, is bounded below, see Proposition 4.1-(iv).

duy.ve) With d v, (u,v) = ||u — v|| 4,V Is & complete metric space;
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By the Ekeland variational principle in [24], then there exists a sequence {0, } C S:O’VO such that

||’ETL - Un||HO7VO - 0) ’l/)MO,VO (ﬁn) EULTA and wuo,Vo —0 in (TﬁnS:mVO)*'

Proceeding as in the proof of Proposition 3.2, by Lemma 4.1 and Proposition 4.1, we can conclude that
{un} admits a convergent subsequence. O

5. The multiplicity of solutions for the modified problem

In this section, by using the Lusternik—Schnirelmann category theory, we establish the multiplicity of
non-negative solutions for the modified problem (3.1).
Let 6 > 0 such that

M; = {z € RY : dist(x, M) < §} C A, (5.1)
and take n € C*°([0,00),[0,1]) being non-increasing and satisfying n(t) = 1 for t € [0, 3], n(t) = 0 for
<

t € [6,00) and |n/(t)| < 4. Suppose that w is a positive ground state solution of problem (4.1). For any
y € M, we denote

ex —y
o) =l =y (Z2Y)).
Then, there exists the unique t. > 0 such that
k75(723\1/573» = I?Zaé{ ja(t\llay).

Let us define the map ®. : M — N, as &, =t. U, ,.
To obtain the multiplicity of solutions, we give some preliminary results.

Lemma 5.1. There holds that
lim J.(P:(y)) = cuo, vy uniformly in  y € M.

E—00
Proof. Arguing by contradiction, there exist 5y > 0, {y,} C M and &,, — 0 such that
| Tz, (@c, (Yn)) — Cuo, vl = Bo forany neN. (5.2)

By the change of variable z = =22~ and the dominated convergence theorem, one has that

e e, = | (|V<n<|snz|>w<z>>|p+v<enz+yn>n<|enz|>w<z>|”)dH|w||§,vo. (5.3)

RN
Similarly, we also conclude that

|| \IJEH "Yn g,En sHen,

-/ u(enz+yn>(|v<n<|enz|>w<z>>|q+V<anz+yn>|n<enz|>w<z>|q)dzauonwnz,vo- (5.4)
RN

Now, we prove the boundedness of {t., }. Otherwise, we may suppose that t., — oo. Since (J/
(@, (Yn)); @e, (yn)) = 0, by the change of variable z = === we conclude that

€

2,11, .y,

9 +tgn||\l’5n7yn|

Pi€n

g,en,ps“ = /9(5nZ+y7ut6n77(|€nZ‘)w(z))tsnnq5nz|)w(z)dz

RN
- / F(te (1 €n 2w (2)) e (| £n 2 (2)d, (5.5)
RN
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here we used the fact that €, z +y, € Ms C Aif |e, 2| < 4. Recalling (f2), we conclude that there exists
C > 0 such that

fr>t? —C. (5.6)

One can derive from (5.6) that

/f 1] £n 210 (2) e 1(] £n 2 a0 dz>/ft w(2))te, w(z)dz

N\m

>t / w(z)?dz — Cmeas(B; ). (5.7)
Bs
2
Putting together (5.5) and (5.7), we have that
1 1
tquaﬂJb%+H%%%H@MMAJ§q/w@VM—ngm%dBy~ (5-8)
En
B

s
2

Since 6 > ¢, using (5.3), (5.4) and t., — oo, we get a contradiction in (5.8). Thereby, {t., } is bounded.
Then, there exists ¢y > 0 such that t., — to. In the light of (7! (®<,(yn)), ®c, (yn)) = 0, (5.3), (5.4),
(f1) and (f2), one can derive that ¢y > 0. Again using the dominated convergence theorem, there holds

/f - 1l 2n 2w e 0| 2n 2 )w0(2)dz — /f(tow)towdz. (5.9)
RN
By virtue of (5.3), (5.4), (5.5), (5.9) and ., — tg, we have

ltowl? v, + lltow]l .y, = / F(tow)towd=.

EnT—Yn

Sotow € M, v, Then, we conclude that tg = 1 due tow € M, v,. by the change of variable z = ===
it can be deduced from the dominated convergence theorem and ¢., — 1 that

/G(enx, O, (yn))dz — /F(w)dw.

RN RN
This combined with (5.3), (5.4) and ¢., — 1 implies that
Ten(@e, (Yn)) = Lo, Vo = Cpo Vo

which contradicts to (5.2). O

For § > 0 fulfilling (5.1), we take p > 0 such that Ms C B,, and we introduce the map Y : RY — RV
as

x izl <p
T(m):{f it 2] > p.

The barycenter map 3. : No — RY is defined as

/ (e 2)u(z) 2 dz
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Lemma 5.2. We have the following limits:

lin%) B:(P.(y)) =y wuniformly in y € M.
E—

Proof. By contradiction, we suppose that there exist €, — 0, {y,} C M and Cjy > 0 such that
|82, (P, (yn)) = ynl = Co. (5.10)

Noting that e, z + y, € M; for |e, 2| < %, then applying the definition of ®. (y,) and the change of

EnT—Yn
En

variable z = , one can derive that

J[X(en 2+ yn) = ynlln(len 2)*[w(z)[dz

= (P (yn)) = Yn RN
Be.. ( n(y )) Yn + f ‘77(|5n2|)|2‘w(2)|2d2
RN
[ enzn(len 2))Plw(z)Pdz
RN

=Yn+
J In(len 2P lw(2)]? dz
RN

By using the dominated convergence theorem in the above formula, we conclude that

1Be., (®c,, (Yn)) — Yn| = 0n(1).
This contradicts to (5.10). O

Now, we establish the following compactness lemma, which is very important to verify that the solu-
tions of equation (3.1) are the solutions of equation (1.1).

Proposition 5.1. Let €, — 0. Suppose that {u,} := {u.,} C N, such that J., (un) — ¢puy,v,- Then there
exists {Gn} C RY such that by defining v, (z) = u,(x + §n), then {v,} has a convergent subsequence in
Yo, v - Furthermore, there exists yo € M such that y, = €, Un — Yo in the sense of a subsequence.

Proof. Since (J! (un),un) = 0 and Tz, (un) — €y, v,, similar to Lemma 3.2, we can deduce that {u,,} is
uniformly bounded in X, . Further, one can derive from m,, v, > 0 that ||u,||., - 0. Then, by a direct
argument (see Lemma 4.2), we conclude that there exist ¢, C RN and R, 3 > 0 such that

n—oo

Br(9n)

lim inf / |y |Pda > (. (5.11)

Taking @y, (z) = un(z+3n), then {4, } is bounded in Y, v;, due to the fact that {u,,} is uniformly bounded
in X, . So we may assume that @, — @ in Y, v,. One can derive from (5.11) that u # 0. Observe that
there exists a sequence {t,} C (0,00) such that {t,a,} C M, v,. Fix 0, = t, 4, and y, = &, Jn. Since
Ge, (z,t) < F(t) for any z € RN and t € R, by (A2), (A4), 0, C My, v, and {u,} C N;,, there holds

n?

Cpo,Vo < ZMO,VO (ﬂn)

"||un||f’VO+uo 22, — / Fltyiin)d

\ /\

tﬁ tq
P ”Un”p en q qEn tey G (E t 'Ll,n

= Te, (tnn) < Tz, (un) < Cpo, Vo T On(1)~
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Thereby, one has that

IMmVo (’Dn) — Cuo, Vo and {f}n} C Muo,Vo' (5.12)

Obviously, by (5.12), we deduce that {2, } is bounded in Y, v, . then there exists ty > 0 such that ¢, — to.
If ty = 0, then we can conclude that Z,,, v, (9,) — 0, which contradicts to (5.12) due to ¢, v, > 0. Hence,
to > 0 and 0, — 0 := tou. Applying Lemma 4.4 and (5.12), we have that v,, — 0. By this fact, one has
that 4, — @ in Y, v;.

Now, we demonstrate that there exists yy € M such that y,, — yo up to a subsequence. First we claim
that {y,} is bounded. Otherwise, we have that |y,| — oo in the sense of a subsequence. Take R > 0 such
that A C Bg. Then we may assume that |y,| > 2R. So, for any = € BE@, one has

len® + yn| > lyn| — |en x| > R. (5.13)

Since @, — @ in Y, v,, it follows from this fact, (5.13) and (J (un),un) = 0 that

[0l + polinl, < [ g(en + g2 inds

RN
= / g(€n €T + yTH an)ﬂndx + / g(En x + yn7 an)ﬂndl‘
R Bci
Vo~
< ?HunHiP(RN) +on(1). (5.14)

Thereby,

1 - -
(13 ) Nanll vy + Dinll s, =0

This is a contradiction due to @, — @ in Y, v, with @ # 0. Then {y,} is bounded. We may assume that

there exists yo € A such that 1, — 7o. Suppose by contradiction that 1o ¢ A. Then there exists Ry > 0

such y, € Br, (yo) C A°. Hence for any x € Br,, we have &,z + y, € A°. Proceeding as (5.14), we
2 En

can obtain a contradiction. Then, yo € A. If V(yo) # Vo, then Vo < V(yo). By (g2), (5.12) and Fatou’s
lemma, we conclude that

Cro,Vo < IP‘O»VO (f))

1 1
< lim inf < / Vo, |Pda 4+ — / V(enx + yn)|0n[Pda
pRN p]RN

n—oo

1 1
+q/u(sn:ﬂ+yn)|Vf)n|qu+2/p(sn:c+yn)V(snx+yn)|17n|qu/F(f;n)d:c>

RN RN RN
<liminf 7, (tpuy,) < liminf Jo, (un) = cug,vp-
n—oo n—oo
Obviously, this is a contradiction. Then, we have concluded that yg € M and y,, — yo. g

We define the function h. : Rt — R by he = sup,c s [Je(Pc(y)) — ¢uo,15 |- Recalling Lemma 5.1, we
have that h, — 0 as € — 0. Now, let us introduce the subset of N, as

N, = {u eN:: Te(u) < cpovp + ha}.

It is clear that ®.(y) € N, for any y € M. Then, N. is not empty.
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Lemma 5.3. Let § > 0 such that (5.1) holds. Then,

lim sup dist(8:(u), Ms) = 0.
E_>0u€/\75

Proof. Let €, — 0. Then, there exists a sequence {u,} C N. such that

inf —y| = inf o) — (1),
uztﬂlvp b |Be, (u) =yl nf |Be, (un) — y| + 0n (1)

To complete the proof, we only demand to show that there exists a sequence {y,} C Ms such that
|Be,, (un) —yn| = 0 as n — oo. (5.15)
We can derive from {u,} C N., C N, that
CuosVo < MAXTyug vy (tun) < max Te, (tun) < Je,, (Un) < o vy + he,.s
which suggests that J., (un) — cu,,vp- It follows from Proposition 5.1 that there exists a sequence
{9n} € RY such that y,, = &, 9, C M;. Note that

[ [X(Enz + yn) — ynllun(@ + §n)|? da
RN

Be, (un) = yn + I lun(@ + gn)Pda
RN

Since uy, (- + ) is strongly convergent in Y, v, and €, 2 + ¥, — yo € M;, we conclude that §;, (u,) =
Yn + 0, (1). This implies that (5.15) holds. O

Combining the above lemmas, we can derive the multiplicity of solutions for the modified equation
(3.1).

Theorem 5.1. Suppose that (A1)—(A4) and (f1)—(f4) hold. Then for any & > 0 such that Ms C A, there
exists e5 > 0 such that for any e € (0,¢e5), equation (3.1) admits at least catyrs (M) non-negative solutions.

Proof. For any £ > 0, let . : M — S} be defined as o := m-1(®.(y)). One can derive from Lemma 5.1
that

lin% Ye(ae(y)) = lirr[l)JE(fﬁs(y)) = Cu,,v, uniformly in ye M. (5.16)
£— £—
Further, let us define the subset St of ST as

Sj = {u € Sg_ : wa(u) S Cpo,Vo + h&‘}’

where he = sup, ¢ s [ (e (y)) *C;io,Vo‘ = sup,e s [T (Pe(y)) = cuo.vp| — 0 (see (5.16)). Then, a.(y) € Sha
for any y € M. This implies that ST # 0.

Putting together Lemma 3.3-(¢4¢), Lemma 5.1, Lemma 5.2 and Lemma 5.3, we conclude that there
exists €5 > 0 such that for any € € (0,&5), the following diagram

m- !t m -
M 22 & (M) " an (M) s & (M) 25 M;

is well defined. From Lemma 5.2, we conclude that the map 3.(®.(y)) = y + 0-(y) with |0-(y)| < 2 for
any € € (0,e5) and y € M, here we take £5 small enough if necessary. Let H.(t,y) = y + t0:(y) for any
t €1]0,1] and y € M. Then, H. is a homology between the including map id : M — M; and . o .. By
virtue of ([14], Lemma 5.2), one has that for any € € (0,¢5),

catq, () (ae(M)) > catyr, (M). (5.17)
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It can be deduced from Proposition 3.2 and ([42], Theorem 2.7) that 1. admits at least catq_(ar) (e (M))
critical points. Using (5.17) and Proposition 3.1-(iv), we deduce that J. has at least catys, (M) critical
points. Since f(t) <0 for t <0, then every critical point of J. is non-negative. Thereby we complete the
proof. O

6. Proof of Theorem 1.1

In Sect. 5, we show the multiplicity of solutions of the modified problem (3.1). In the last section, we shall
demonstrate the solutions obtained for modified problem are actually solutions of problem (1.1) when &
is small enough.

Inspired by [26,28,29], we establish the following estimates. Since the double-phase operator is non-
homogeneous and may be degenerate, we construct a new testing function to obtain the decaying estimates
of solutions.

Lemma 6.1. Let €, — 0. Suppose that u,, € ./\75" is a solution of equation (3.1). Taking v, = un (- + Jn),
then there exists a constant C' > 0 independent of n such that

|vnllLoe@ry < C for any n €N,
where {g,} is given by Proposition 5.1. Furthermore, one has

‘ llim vp(x) =0 wniformly for n € N.
Proof. By the standard Moser iteration method (see ([26],Theorem 3.1)), we have that there exists C' > 0
such that

lvnllLoe@yy < € uniformly for n € N. (6.1)

Now we show the decay estimate. For any R > 0, we take 0 < r < g. Further, we introduce the
function n € C*°(RY) such that n = 1 in B%, n = 0 in Bg_, and |Vp| < % For any n € N, let L > 0
and § > 1 to be determined later. Take vy, ,, () = min{v,(z), L}. we denote the functions

(B-1)

,n

B—1

— 4 P — -
2p.n = nlvpvg and wp, = NURVL s

Testing (3.1) with zy ,,, we conclude that

/(|an|p_2anVzL,n + p1(en =+ yn) Voo |72V, Vzr ) da
RN
+ / Vienz + yn)(|vn|p72“nzL,n + plen z + yn)|vn|q72UnZL,n)dl'
RN
= /g(gn T+ Yn, Un)zL,ndx- (62)
RN

By a direct computation, we have

Vern = an® ooy IV + 1l OV, 4+ p(8 — Dntu,oh s T ey, (6.3)
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One can derive from (6.2) and (6.3) that

/77 [V, |pvp(ﬂ de—i—q/nq lvnvi(i b Vn|an|p*2andx+V0/n vPy p(ﬁ Dz

RN RN RN
+/u(ena:+yn) q|an|qvp(B b dx+q/u(snx+yn)77 vnan V77|V11 |92V, dz
RN RN

+%/ w(En = + yn)nTolo? ( Dy

/f Up )1 vnvLﬁ Vda. (6.4)

By the Young inequality, there hold that

‘/ 0 0,20 V0, P2 V0, Vida

1
< = 5 77‘” 1pv 1)|an|pdx+0/vpvi(ﬁ Y |Vn|Pdz
qRN ]RN
1
< 2*/77 vi(ﬁ 1)|an|pdx+0/v”vp(ﬁ VIvplPde, (6.5)
qRN RN

here we used the fact %p > ¢ due to ¢ > p. Again by the Hélder inequality, we have

’/u(enx+yn)nq 111,1111;(5 b Vn|an|q_2VUndx

1
< p /,u(gnx—l—yn)n vz(i 2 Vo, |qu—|—C/ snx—i—yn)qup(ﬂ )|V77|qu

RN RN
1

Sg/,u(enz—l-yn)n vi(ﬁ 2 |V, |‘1da:—|—C'/qup(ﬁ 1)|V77|‘1da: (6.6)
RN RN

Putting together (6.4), (6.5) and (6.6), we deduce that

/ 07| Vo [PoyVdz + ¥ / oo de

RN RN
<C/vp p(ﬁ \Vn|pdx+0/qup(ﬁ 2 |Vn\qdac+/ qf(vn)vnvL(’g Yiz. (6.7)
RN RN RN

It follows from (f1) and (f2) that

flon) < Vovﬁ_1 + C’vﬁ*_l.
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This fact combined with (6.7) implies that

/77 |V, |pvp(’8 Vaz < C / Uva " 1)|V77|7"d3v +C / quL " 1)|V77|‘1d3v + C’/ TP vp(’B Y.
RN RN
By the Sobolev inequality and the above formula, we conclude that
a -1
1% 007 1 o vy

SC/wm%wﬁmwx

RN
<Cﬁ”< [t wnras s o 0wnan+ [ nqu"vﬁﬁ”)dx)
RN RN RN
S Cﬁp</vpvp(5 1)|vn|pdx+ /UP,UP([B 1)|V’I7|qu+ /7] ’Up Up(ﬁ 1>d1’> (68)
RN RN RN

Let 3 = p*t;—tl with t = p((lf:)_;). Then v,, € L%(RN) and 3 > 1. Applying (6.4), we deduce

P

. B 1 1 *
( / (Unvg;ll)p dw) < Cﬁp( (rp + M) / (vpvp ., )Pde + / vb _p(vnvgml)pdx)

|z|>R R>|z|>R—r |z|>R—r

Furthermore, by the Holder inequality, we conclude that

t—1 1
1 1)1 t 1 ¢
B—=1yp Bp
oz e afmy < © (TP * rfI> {rp [ / = 1dx} [ / d“’}

R>|z|>R—r R>|z|>R—r
%
+ [ / v,(f’*_p)tdx] [ / vgp‘tldx] }
|z|>R—r |z|>R—r
* 2
Due to (p* —p)t = (pp) and v, 7 (lz] > R —r), one has that
_ R% R% Bp+ts
0w o I gy < OB < T >( / o 1dx>'

|z|>R

Let L — oo. we can deduce from the Fatou’s lemma that

RY RY
Bp P — + — o
lvnll Lo (joy> 5y < CF <1+ * >” Ol et ags ey

This implies that

N

R* R+

1
Bp
[onll Lor* (12> r) < Cﬁpﬁﬂ( ) lonll oot 1o15 mry
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Let X = %a §= %, f=X"and r, = wn% for m =1,2,---. Then, we can derive that
1
—m - RY RY¥\=™
x X
||U||L‘Xm+ls(‘$‘>R—7"m+1) S C Xxm (1 + D + q ) an||L’YS(|w\>R—Tm)' (69)
Tim T,

1ncep> — an q>—,we concluae irom . a
Si T and ¢ > & lude from (6.9) that
m —i ey it m 1n(1+2P(i+1)I+2‘1(i+1))
HUHLXm'*'IS(\a:|>R) < CZi:lX & ! 62”1 pX? ||’UnHLXs(‘I|>R,r1). (610)

Letting m — oo in (6.10), there holds that

[onllzoe o> ) < Cllvall Lo (o> 2)- (6.11)
Noting that v, — v in Y, v, by (6.11), we derive that

lim v,(xr) =0 uniformly in ne€N.

|z]— o0

At the end of this section, we complete the proof of Theorem 1.1.
Proof of theorem 1.1. First, we shall show that for any 6 > 0 such that Ms C A, there exists €5 > 0 such
that for any € € (0,¢5), if ue € N is a solution of equation (3.1), then
lue(z)] < a for any x € Al (6.12)
Arguing by contradiction, there exists &, — 0 and u,, := u., € N-, is a solution of equation (3.1) such
that
[unllLoeae ) = a (6.13)
Clearly, from the proof of Proposition 5.1, we have J;, (un) — ¢uo,v,- By Proposition 5.1, we have that
there exists {g,} C RY. Taking v,, = u,(- + ¥n), then v,, — v in Y, v, with v # 0 and y,, = &, §p, —

yo € M. Noting that €, §, — yo € M, then there exists r > 0 such that B,(e, §,) C A, and for any
R > 0, there holds that up to a subsequence

Br(jn) € B (iin) C A, (6.14)
In view of Lemma 6.1, we deduce that there exists R > 0 large enough such that
vp(x) <a in  B%(0).
This implies that
un(x) <a in BR(Gn)- (6.15)
By (6.14), we derive that
A, € B (3a) C Bi().
By this and (6.15), one can deduce that
up(z) <a in  Ag

<.
This is a contradiction due to (6.12). Hence, (6.12) holds.

From (6.12), we know that for any € € (0,¢5), if u. € N, is a solution of equation (3.1), then u. is a
solution of equation (1.1). By this fact and Lemma 5.1, we conclude that equation (1.1) admits at least
catyz, (M) non-negative solutions.

Then, we show that the concentration of solutions. Let ¢, — 0 and the sequence {u,} C X. be
solutions of equation (3.1). By virtue of (g1), we can obtain that there exists v € (0,a) such that

ge(x, t)t < %t” forany € RN 0<t<n. (6.16)
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Arguing as before, there exists R > 0 such that
lunllLos (s, (5,)) < V- (6.17)
By a direct way, we can show that
lunllLoe(Br(g.) = 7- (6.18)
Indeed, if (6.18) is false, it follows from (6.17) that
lwn | oo myy < -

In the light of this fact, (6.16) and (J! (un),un) = 0, we have

[[en

%
bt e, = [ 92, o )uade < 52 [,
RN RN

which implies that ||u,||e, = 0. This contradicts to (6.18).
Let 7., be a global maximum point of u,. One can derive from (6.17) and (6.18) that 1., = @, + pn

with |p,| < R. Since &, §n, — yo € M and |p,| < R, we have €, 1., — yo. It follows from the continuity
of V that

lim V(enne,) =V(yo) = Vo.

n—oo

So far, the proof of Theorem 1.1 is completed. O
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