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Abstract. This paper is concerned with the existence and multiplicity of normalized solutions to the following Schrödinger–
Poisson system: {

−ε2Δu + V (x)u − φ|u|3u = λu + μ|u|q−2u + |u|4u, in R
3,

−ε2Δφ = |u|5, in R
3,

with prescribed mass ∫
R3

|u|2 dx = a2ε3,

where a > 0, μ > 0, q ∈ (
2, 10

3

)
, and ε > 0 is a small parameter. Here, λ ∈ R arises as a Lagrange multiplier, and the

potential V : R
3 → [0, +∞) is a continuous function satisfying suitable conditions. By combining truncation techniques

with some adequate estimates, we establish that, for sufficiently small ε > 0, normalized solutions do exist. Moreover, by
employing Ljusternik-Schnirelmann theory, we find a relationship between the number of positive solutions and the topology
of the set where the potential V attains its minimum. Our work extends and complements recent contributions of X. Feng
[17,18] (Z. Angew. Math. Phys. 2020), to the abstract setting of multiple normalized concentrating solutions. This study
seems to be the first work dealing with the existence of multiple normalized semiclassical states for the Sobolev critical
Schrödinger–Poisson system coupled with a nonlocal critical term in the whole space R

3.
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1. Introduction and main results

In the past decade, the following type of nonlinear Schrödinger–Poisson systems have attracted much
considerable interests:⎧⎨

⎩i
∂Ψ
∂t

+ ΔΨ − V (x)Ψ + γφ|Ψ|q−2Ψ + |Ψ|p−2Ψ = 0, x ∈ R
3,

−Δφ = |Ψ|2, x ∈ R
3,

(1.1)

where Ψ : R×R
3 → C, γ ∈ R, p ∈ [2, 6] and V is an external potential. Especially, mathematical physicists

are interested in the existence of stationary solutions, Ψ(t, x) = eiλtu(x) in (1.1), where u : R
3 → R is a

real function to be found. Thus, u must verify the following equation{
−Δu + V (x)u + λu + γφu = |u|p−2u, x ∈ R

3,

−Δφ = u2, x ∈ R
3.

(1.2)

Applying the Lax-Milgram theorem, for each fixed u ∈ H1(R3), the Poisson equation −Δφ = |u|2 admits
a unique weak solution φu ∈ D1,2(R3) and φu can be expressed explicitly as (e.g. [34])

http://crossmark.crossref.org/dialog/?doi=10.1007/s00033-026-02810-z&domain=pdf
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φu(x) =
1
4π

∫
R3

|u(y)|2
|x − y|dy, ∀ x ∈ R

3.

Thus, equation (1.2) can be expressed as an equivalent single equation, we often omit the factor 1
4π for

simplicity:

−Δu + V (x)u + λu − γφuu = |u|p−2u, x ∈ R
3.

It is well known that, the Schrödinger–Poisson equations (1.1), (1.2) are originated from quantum
mechanic models and semiconductor theory [37,39,40], which can be used to describe the interaction of a
charge particle with an electromagnetic field [45]. In the past few decades, the fixed frequency problems
have been studied extensively, and there are many results concerning the existence, non-existence, and
multiplicity of solutions to the classical Schrödinger–Poisson system (1.2), via the variational methods
after the pioneering work of Benci and Fortunato [8], we refer to [2–5,8–10,14,15,26,31,45,46,51] and
references therein. We also refer to the recent comprehensive survey by Chen and Tang [12] on the
existence of normalized solutions for several classes of nonlinear elliptic equations.

In [35], Li, Li and Shi studied the existence of positive solutions to for Eq. (1.2) with V (x) + 1 ≡ b
being constant, and the second Poisson equation replaced by −Δφ = |u|5:{

−Δu + bu + γφ|u|3u = f(u), x ∈ R
3,

−Δφ = |u|5, x ∈ R
3,

(1.3)

by using variational method which does not require usual compactness conditions, and a key Brezis-Lieb
type convergence result, where b ≥ 0 and γ ∈ R are parameters, and f is a Sobolev subcritical growth. In
[34], they considered the existence, nonexistence and multiplicity of positive radially symmetric solutions
to (1.3) with f(u) = μ|u|p−1u, with variational methods.

Recently, Feng [17] studied the existence and concentration of positive ground state solutions to the
following Schrödinger–Poisson system with critical nonlinearity{

−ε2Δu + V (x)u − φ|u|3u = f(u) + |u|4u, x ∈ R
3,

−ε2Δφ = |u|5, x ∈ R
3,

(1.4)

where ε > 0 is a parameter, and f is a Sobolev subcritical growth, by the modified concentration
compactness principle and mountain pass theorem. For more results on (1.3),(1.4), see [17,34,36] and
references therein.

On the other hand, from the physical background described as above, it is more interesting to study
(1.3) or (1.4) to prescribe the L2-mass, which are often referred to in the literature as normalized solutions,
and to regard the frequency λ as a Lagrange multiplier. We remark that, there are few papers concerning
the existence of normalized solutions for problems (1.3) and (1.4). In 2023, Meng and He [41] studied the
multiplicity of normalized solutions to the following critical Schrödinger–Poisson system⎧⎪⎨

⎪⎩
−Δu − φ|u|3u = λu + μ|u|q−2u + |u|4u, x ∈ R

3,

−Δφ = |u|5, x ∈ R
3,∫

R3 |u|2 dx = a2

(1.5)

by employing the genus theory, the μ|u|q−2u can be L2-subcritical regime or L2-supercritical perturbation
when the parameter μ > 0 large.

In 2024, He, Meng and Radulescu [24] considered (1.5) under the L2-subcritical, L2-critical and
L2-supercritical perturbation μ|u|q−2u, respectively, the authors presented several existence, and non-
existence results. Moreover, the qualitative behavior of the ground states as μ → 0+ was also discussed.
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Very recently, He, Liu and Meng [25] studied the following more general problem than (1.5) with a
potential well V : ⎧⎪⎨

⎪⎩
−Δu + V (x)u − φ|u|3u = λu + μ|u|q−2u + |u|4u, x ∈ R

3,

−Δφ = |u|5, x ∈ R
3,∫

R3 |u|2 dx = a2,

(1.6)

where V is an external potential vanishing at infinity. The authors proposed some mild assumptions on V ,
combining the Pohozaev manifold, constrained minimization arguments and some analytical skills. The
subcritical perturbation μ|u|q−2u maybe L2-subcritical growth: q ∈ (2, 10

3 ); L2-critical growth: q = 10
3

and may be L2-supercritical growth: q ∈ ( 10
3 , 6), respectively. Simultaneously, they proved the exponential

decay property of the ground state solution through the Moser iteration.
We also recall that, in past few years, there has been an increasing interest in the study of normalized

solutions for the nonlinear Schrödinger equation{
−Δu = λu + f(u) in R

N ,

‖u‖2
L2(RN ) = a2,

(1.7)

after the pioneer work [27] due to Jeanjean in 1997. Recently, Soave [48] investigated the existence and
non-existence of normalized solutions for (1.7) with the power nonlinearity: f(u) = μ|u|q−2u + |u|p−2u,
and 2 < q ≤ 2 + 4

N ≤ p ≤ 2∗, q 	= p. Specifically, for the range 2 < q ≤ 2 + 4
N < 2∗, the author

established the presence of two solutions for (1.7): a local minimizer and a Mountain-Pass type solution.
Furthermore, Soave demonstrated orbital stability for the ground state set when 2 < q ≤ 2+ 4

N < 2∗ and
strong instability for standing waves when q = 2+ 4

N < 2∗. Subsequently, in [49], He studied the existence
and non-existence of normalized solutions for (1.4) with N ≥ 3, λ ∈ R, p = 2∗ = 2N

N−2 and q ∈ (2, 2∗),
employing Pohozaev manifold decomposition methods and Brezis-Nirenberg approach. For more further
results for problem (1.7), we refer to Bartsch and Soave [6], Bartsch, Molle, Rizzi and Verzini [7], Jeanjean
and Le [29] and Wei and Wu [50], Jeanjean and Lu [30], Jeanjean, Jendrej, Le and Visciglia [28], and
references therein.

In [16] Ding and Zhong considered the existence of ground state solution of the following Schrödinger
equations with non-constant potential{

−Δu + V (x)u + λu = g(u) in R
N ,∫

RN |u|2 dx = a2,
(1.8)

where N ≥ 1, a > 0, V is an external potential. When g is Sobolev critical growth and can be divided
into g(u) = μ|u|q−2u + |u|2∗−2u, Xie, Chen and Tan combined the concentration-compactness principle,
constrained minimization arguments to obtain the multiple normalized solutions for the problem (1.8).
Later, Lancelotti and Molle [33] obtained the existence of bound state normalized solutions for (1.8) with
g(u) = |u|q−2u, q ∈ (2, 2 + 4

N ) by proposing a suitable decay assumption on V . For more results on (1.8),
see [1,32,42,53] and references therein.

Motivated by [17,24,25], a natural question arises, namely, whether we can obtain multiple normalized
solutions for (1.4) with nonconstant potential V ? In this paper, we focus on this issue and give complete
answers for this question. Concretely speaking, we investigate the following Schrödinger–Poisson system
with potential V and combined critical nonlinearities:{

−ε2Δu + V (x)u − φ|u|3u = λu + μ|u|q−2u + |u|4u, in R
3,

−ε2Δφ = |u|5, in R
3,

(1.9)

with prescribed mass ∫
R3

|u|2 dx = a2ε3. (1.10)
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By a variable change z = εx, we see that problem (1.9)-(1.10) is equivalent to the following constrained
mass problem: {

−Δu + V (εx)u − φu|u|3u = λu + μ|u|q−2u + |u|4u in R
3,∫

R3 u2 dx = a2,
(1.11)

where a > 0, μ > 0, q ∈
(
2, 10

3

)
, and ε > 0 is a small parameter. Here, λ ∈ R arises as a Lagrange

multiplier, and the potential V : R
3 → [0,+∞) is a continuous function satisfying the following conditions:

(V 1) V ∈ C(R3, R) ∩ L∞(R3), and V (x) ≥ V (0) = 0 for all x ∈ R
3.

(V 2) V∞ = lim
|x|→+∞

V (x) > V0 := inf
x∈R3

V (x) = 0.

Hereafter, we define the sets M and Mδ by

M =
{
x ∈ R

N : V (x) = 0
}

and Mδ =
{
x ∈ R

N : dist(x,M) ≤ δ
}

,

for δ > 0.
Our main result can be formulated as the following:

Theorem 1.1. Assume that V satisfies (V 1)–(V 2). Then for each δ > 0, there exist ε0 > 0, a∗ > 0,
and V∗ > 0 such that (1.9)-(1.10) admits catMδ

(M) couples (uj , λj) ∈ H1(R3) × R of weak solutions for
ε ∈ (0, ε0), a ∈ (0, a∗), and |V |∞ < V∗, with

∫
R3 |uj |2dx = a2, λj < 0, and Jε(uj) < 0. Moreover, if uε

denotes one of these solutions and ξε is a global maximum point of |uε|, then
lim
ε→0

V (εξε) = 0.

By virtue of the definition of category from [52], we would like to point out that the category catX(A)
of a subset A of a topological space X is defined as the minimal k ∈ N such that A is covered by k closed
subsets of X which are contractible in X, namely

catX(A) = inf {k ∈ N ∪ {+∞} | ∃k contractible closed subsets of X :

F1,F2, · · · ,Fk such that A ⊂ ∪ k
i=1Fi

}
,

where set F is called contractible (in X) if and only if ∃T : [0, 1] × X �→ X such that

T (0,F) = idX and T (1,F) = one-point set.

Remark 1.1. (i) In [17], Feng only studied the existence of semiclassical ground states for problem
(1.4), where the potential V satisfies the global condition introduced by Rabinowitz [44]: V∞ =

lim
|x|→+∞

V (x) > V0 := inf
x∈R3

V (x) > 0. Theorem 1.1 improves and complements the main results of

[17] in the sense that, we focus on the multiple normalized concentrating solutions of (1.4).
(ii) Theorem 1.1 complements and improves the previous works made by the authors in [24,25,41]. Com-

paring our paper with [25], we study the multiplicity of normalized solutions for the problem with
potential V . We emphasize that V is not necessary radial, thus we can’t work in radial subspace
H1

rad(R
3) to restore the compactness. In Theorem 1.1 we relate the number of positive normal-

ized solutions with the topology of the set M , where V attains its minimum, by using Ljusternik-
Schnirelmann theory.

(iii) As far as we are aware, we did not find any works on the multiplicity of normalized solutions of
Schrödinger–Poisson system with doubly critical growth and potential V 	= 0. Our results extend
the previous results made by [24,41] to the nonconstant potential case.

To prove Theorem 1.1 we shall employ the truncation technique from Peral Alonso [21] to make the
corresponding energy functional is bounded from below. Moreover, instead of the traditional genus theory,
we make use of the Ljusternik-Schnirelmann theory to describe the multiplicity result. By establishing
the relationship between the category of some sublevel sets of the energy functional and the category of
set M , we shall prove the existence of multiple normalized solutions to problem (1.9)-(1.10). From the
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technical point of view, we will face the following three difficulties to overcome. Firstly, the critical growth
term in the equation makes the bounded (PS) sequences could not converge. Secondly, since the problem
has two critical terms, it becomes complicated to estimate the critical value of mountain pass. Thirdly,
in view of the appearance of a nonlocal critical convolution term φ|u|3u in Schrödinger–Poisson systems,
it would be natural to consider how the interaction between the nonlocal term and the nonlinear term,
which will affect the existence of solutions of problem (1.9)–(1.10). In order to overcome these difficulties,
we employ the concentration-compactness principle, mountain pass theorem and the energy estimation
to obtain the existence and concentration of normalized solutions.

The paper is organized as follows. In Sect. 2, we study the autonomous version of the system, estab-
lishing the coercivity and boundedness from below of the energy functional, as well as the compactness
of minimizing sequences. This allows us to obtain positive radial solutions for the autonomous problem,
which serve as a foundation for analyzing the non-autonomous case.

In Sect. 3, we employ the truncation technique to modify the functional, proving its coercivity, bound-
edness from below, and the Palais-Smale condition. This approach overcomes the lack of compactness
due to the unbounded domain and the critical growth terms.

In Sect. 4, by constructing mappings that link the topology of the potential’s minimum set to critical
points of the functional, and combining results from the truncated problem, we establish the existence of
at least catMδ

(M) normalized solutions. Furthermore, we show that as ε → 0, these solutions concentrate
around the points where the potential V attains its minimum.

Throughout this paper, unless otherwise specified, we use the following notations:
• Let H1(R3) denote the completion of C∞

0 (R3) with respect to the norm

‖u‖2
H1 =

∫
R3

(|∇u|2 + |u|2) dx.

• The Sobolev space D1,2(R3) is defined by

D1,2(R3) =

⎧⎨
⎩u ∈ L6(R3) :

∫
R3

|∇u|2 dx < +∞

⎫⎬
⎭ ,

and is endowed with the norm

|u|D1,2 =

⎛
⎝∫

R3

|∇u|2 dx

⎞
⎠

1/2

.

• The working space H1
rad(R3) is defined as

H1
rad(R3) :=

{
u ∈ H1(R3) : u is radially decreasing

}
.

• For any x ∈ R
3 and r > 0, we denote Br(x) :=

{
y ∈ R

3 : |y − x| < r
}

and Br = Br(0).
• The letters, C,C1, C2, . . . denote positive constants that may vary from line to line. The notation

on(1) represents a real sequence satisfying on(1) → 0 as n → ∞.

2. Preliminary

In this section, we summarize some preliminary results, which will be used in the proof of Theorem 1.1.

Lemma 2.1. ([47]) For any N ≥ 3, the embedding H1
rad(RN ) ↪→ Lt(RN ) is compact for any 2 < t < 2∗.
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Lemma 2.2. (Gagliardo-Nirenberg–Sobolev inequality [43]) For any N ≥ 3 and p ∈ [2, 2∗], there exists a
positive constant CN,p depending on N, p such that∫

RN

|u|pdx ≤ CN,p|∇u|pγp

2 |u|p(1−γp)
2 , (2.1)

where γp = N(p−2)
2p .

Lemma 2.3. ([38]) Let t, r > 1 and 0 < α < N with 1/t + α/N + 1/r = 2, f ∈ Lt(RN ) and h ∈ Lr(RN ).
There exists a sharp constant C(t,N, α, r), independent of f and h, such that∫∫

R2N

f(x)h(y)
|x − y|α dxdy ≤ C(t,N, α, r)|f |t|h|r. (2.2)

If t = r = 2N/(2N − α), then

C(t,N, α, r) = C(N,α) = πα/2 Γ(N/2 − α/2)
Γ(N − α/2)

{
Γ(N/2)
Γ(N)

}−1+α/N

. (2.3)

In this case, equality in (2.2) holds if and only if f ≡ (constant)h and

h(x) = A(γ2 + |x − a|2)−(2N−α)/2

for some A ∈ C, 0 	= γ ∈ R, and a ∈ R
N .

In the sequel, let S be the best Sobolev constant defined by

S := inf
u∈D1,2(R3)\{0}

∫
R3

|∇u|2dx

⎛
⎝∫

R3

|u|6dx

⎞
⎠

1/3
. (2.4)

For a given u ∈ H1(R3), we deduce by the Lax-Milgram theorem that there exists a unique solution
φ = φu ∈ D1,2(R3) satisfying −Δφu = |u|5 in the weak sense. From [34], the function φu is represented
by

φu(x) =
1
4π

∫
R3

|u(y)|5
|x − y|dy. (2.5)

We will use SH,L to denote the best constant defined by

SH,L := inf
u∈D1,2(R3)\{0}

∫
R3

|∇u|2dx

⎛
⎝∫

R3

φu|u|5dx

⎞
⎠

1/5
. (2.6)

Lemma 2.4. ([20]) The constant SH,L = S/C(3, 1)1/5 is achieved if and only if

u(x) = C

(
b

b2 + |x − a|2
)1/2

,

where C > 0 is a constant, a ∈ R
3 and b ∈ R are parameters, S is the best Sobolev constant, and C(3, 1)

is the constant from Lemma 2.3.
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We recall that the function φu has the following properties:

Lemma 2.5. ([34]) The following properties hold:
(i) φu ≥ 0 for all u ∈ H1(R3);
(ii) φtu = t5φu for all t > 0 and u ∈ H1(R3);
(iii) for any u ∈ H1(R3),

|φu|D1,2 ≤ S−1/2|u|56,
and ∫

R3

φu|u|5dx ≤ S−1|u|106 ;

(iv) if un ⇀ u in H1(R3), then, up to a subsequence, φun
⇀ φu in D1,2(R3) and∫

R3

φun
|un|3unϕdx →

∫
R3

φu|u|3uϕdx for each ϕ ∈ H1(R3).

Finally, we state the following concentration-compactness principle for studying the nonlocal critical
equation [19], which is essentially due to Lions [39], and Chabrowski [11].

Lemma 2.6. ([19]) Let {un} be a bounded sequence in D1,2(R3) converging weakly and almost everywhere
to some u ∈ D1,2(R3). Suppose |∇un|2 ⇀ ω and |un|6 ⇀ ζ in the sense of measures. Assume that⎛

⎝∫
R3

|un(y)|5
|x − y| dy

⎞
⎠ |un(x)|5 ⇀ ν

weakly in the sense of measures, where ν is a bounded positive measure on R
3. Then there exist an at

most countable set J , a family of points {zj}j∈J ⊂ R
3, and families of positive numbers {νj}j∈J , {ζj}j∈J ,

and {ωj}j∈J such that

ν =

⎛
⎝∫

R3

|u(y)|5
|x − y|dy

⎞
⎠ |u(x)|5 +

∑
j∈J

νjδzj
,
∑
j∈J

ν
1/5
j < ∞; (2.7)

ω ≥ |∇u|2 +
∑
j∈J

ωjδzj
; (2.8)

ζ ≥ |u|6 +
∑
j∈J

ζjδzj
; (2.9)

and
ωj ≥ Sζ

1/3
j , ωj ≥ SH,Lν

1/5
j , C(3, 1)3/5ζj ≥ ν

3/5
j , (2.10)

where δx is the Dirac mass of mass 1 concentrated at x ∈ R
3.

Lemma 2.7. ([19]) Let {un} ⊂ D1,2(R3) be a sequence in Lemma 2.6 and define

ω∞ := lim
R→∞

lim sup
n→∞

∫
|x|≥R

|∇un|2dx, ζ∞ := lim
R→∞

lim sup
n→∞

∫
|x|≥R

|un|6dx.

Then it follows that

ω∞ ≥ Sζ
1
3∞; (2.11)

lim sup
n→∞

∫
R3

|∇un|2dx =
∫
R3

dω + ω∞; (2.12)
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and
lim sup

n→∞

∫
R3

|un|6dx =
∫
R3

dζ + ζ∞. (2.13)

Lemma 2.8. ([19]) Let {un} ⊂ D1,2(R3) such that un ⇀ u in D1,2(R3), ω, ω∞, ζ, ζ∞ be the bounded
nonnegative measures in Lemma 2.6 and Lemma 2.7. Assume that

ν∞ := lim
R→∞

lim sup
n→∞

∫
|x|≥R

⎛
⎝∫

R3

|un(y)|5
|x − y| dy

⎞
⎠ |un(x)|5dx.

The quantities ω∞, ζ∞ and ν∞ exist and satisfy

lim sup
n→∞

∫
R3

∫
R3

|un(y)|5|un(x)|5
|x − y| dydx =

∫
R3

dν + ν∞; (2.14)

and

C
− 6

5
3,1 ν

6
5∞ ≤ ζ∞

⎛
⎝∫

R3

dζ + ζ∞

⎞
⎠ ; (2.15)

S2
H,Lν

2
5∞ ≤ ω∞

⎛
⎝∫

R3

dω + ω∞

⎞
⎠ . (2.16)

3. Truncated functionals and autonomous truncated functionals

3.1. Truncated functionals

In what follows, we consider the functional Jε : H1(R3) → R defined by

Jε(u) :=
1
2

∫
R3

|∇u|2dx +
1
2

∫
R3

V (εx)|u|2dx − 1
10

∫
R3

φu|u|5dx − μ

q

∫
R3

|u|qdx − 1
6

∫
R3

|u|6dx, (3.1)

restricted to the sphere in L2(R3) given by

S(a) :=

⎧⎨
⎩u ∈ H1(R3) :

∫
R3

|u|2dx = a2

⎫⎬
⎭ .

By assumptions (V 1), (2.1), (2.4), and (2.6), we have for all u ∈ S(a),

Jε(u) ≥ 1
2
|∇u|22 − 1

10S5
H,L

|∇u|102 − μ

q
Cqa

6−q
2 |∇u|

3(q−2)
2

2 − 1
6S3

|∇u|62 =: ga(|∇u|2),

where
ga(r) :=

1
2
r2 − 1

10S5
H,L

r10 − μ

q
Cqa

6−q
2 r

3(q−2)
2 − 1

6S3
r6, ∀r > 0.

Setting ga(r) = r2ha(r), we define

ha(r) :=
1
2

− 1
10S5

H,L

r8 − μ

q
Cqa

6−q
2 r

3q−10
2 − 1

6S3
r4, ∀r > 0.

Now we investigate the properties of ha(r). Recalling that q ∈
(
2, 10

3

)
, we observe that ha(r) → −∞

as r → 0+ and ha(r) → −∞ as r → +∞. We claim that, there exists a unique r∗ > 0 such that ha(r)
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arrives its global maximum at ha(r∗) = maxr>0 ha(r). Indeed, if there exists 0 < r1 < r2, such that
maxr>0 ha(r) = ha(r1) = ha(r2). Therefore, using

h′
a(r) = − 4

5S5
H,L

r7 − μ(3q − 10)
2q

Cqa
6−q
2 r

3(q−4)
2 − 2

3S3
r3,

and that h′
a(r1) = h′

a(r2) = 0, we infer to

4
5S5

H,L

(r7
2 − r7

1) +
2

3S3
(r3

2 − r3
1) =

μ(3q − 10)
2q

Cqa
6−q
2 (r

3(q−4)
2

1 − r
3(q−4)

2
2 ).

Since r1 < r2, q ∈
(
2, 10

3

)
, the left-hand side of the last equality is positive, while the right-hand side

is negative, which implies a contradiction. Moreover, there exists some a∗ > 0 such that the maximum
value satisfies

max
r>0

ha(r)

⎧⎪⎨
⎪⎩

> 0 if a < a∗,
= 0 if a = a∗,
< 0 if a > a∗.

(3.2)

Consequently, ga(r) possesses the following properties:
(i) For a < a∗, lim

r→0+
ga(r) = 0 and lim

r→+∞ ga(r) = −∞.

(ii) There exist 0 < R0 < R1 < +∞, depending on a, such that ga(R0) = ga(R1) = 0.
(iii) ga(r) < 0 for r ∈ (0, R0) ∪ (R1,+∞), and ga(r) > 0 for r ∈ (R0, R1).

We define a function τ : R
+ → [0, 1] as a non-increasing C∞ function as:

τ(x) =

{
1 if 0 ≤ x ≤ R0,

0 if x ≥ R1.

In what follows, we consider the truncated functional Jε,T : H1(R3) → R given by

Jε,T (u) :=
1
2

∫
R3

|∇u|2dx +
1
2

∫
R3

V (εx)|u|2dx − μ

q

∫
R3

|u|qdx

− τ(|∇u|2)
10

∫
R3

φu|u|5dx − τ(|∇u|2)
6

∫
R3

|u|6dx.

(3.3)

By (2.1) and (V 1), for any u ∈ S(a), we obtain

Jε,T (u) ≥1
2
|∇u|22 − μ

q
Cqa

6−q
2 |∇u|

3(q−2)
2

2 − τ(|∇u|2)
10S5

H,L

|∇u|102 − τ(|∇u|2)
6S3

|∇u|62

=:ga,T (|∇u|2),
(3.4)

where ga,T (r) := 1
2r2 − μ

q Cqa
6−q
2 r

3(q−2)
2 − τ(r)

10S5
H,L

r10 − τ(r)
6 S3 r6. It is easy to observe that ga,T (r) has the

following properties: {
ga,T (r) ≡ ga(r) for all r ∈ (0, R0],
ga,T (r) is positive and strictly increasing in (R0,+∞).

(3.5)

In the sequel, we may assume that 0 < a < a∗, and choose R0 > 0 small, such that

R0 <

⎛
⎝
√

S−6 + 4S−5
H,L − S−3

2S−5
H,L

⎞
⎠

1
4

. (3.6)
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3.2. Autonomous truncated functionals

For any w ∈ [0, |V |∞], we define the functionals Jw, Jw,T : H1(R3) → R by

Jw(u) :=
1
2
|∇u|22 +

w

2
|u|22 − 1

10

∫
R3

φu|u|5dx − μ

q
|u|qq − 1

6
|u|66, (3.7)

and

Jw,T (u) :=
1
2
|∇u|22 +

w

2
|u|22 − μ

q
|u|qq − τ(|∇u|2)

10

∫
R3

φu|u|5dx − τ(|∇u|2)
6

|u|66. (3.8)

In the sequel, we study the properties of the functional Jw,T in (3.8) restricted to S(a), where w ∈
[0, |V |∞] and a < a∗.

Lemma 3.1. If w ∈ [0, |V |∞] and a < a∗, then the functional Jw,T (u) is bounded from below on S(a) and
coercive.

Proof. By (3.4)–(3.5), we have

Jw,T (u) ≥ 1
2
|∇u|22 +

V0

2
|u|22 − μ

q
|u|qq − τ(|∇u|2)

10

∫
R3

φu|u|5dx − τ(|∇u|2)
6

|u|66

≥ ga,T (|∇u|2)
≥ inf

r>0
ga,T (r) > −∞.

Moreover, Jw,T (u) → ∞ as |∇u|2 → +∞. The desired conclusion follows. �

We now define the minimum value of the functional Jw,T on the constraint S(a) by

cw,T,a := inf
u∈S(a)

Jw,T (u).

Lemma 3.2. If a < a∗, then there exists V∗ > 0 such that cw,T,a < 0 for all w < V∗.

Proof. Fix u ∈ S(a). We define the radial dilation (t ∗u)(x) = t
3
2 u(tx) for any t > 0. It is straightforward

to check that if u ∈ S(a), then (t ∗ u) ∈ S(a) for any t > 0. Furthermore, the map (t, u) ∈ R ×H1(R3) �→
(t ∗ u) ∈ H1(R3) is continuous.

By the definition of the function τ and the condition 2 < q < 10
3 , we have

Jw,T ((t ∗ u)) ≤ 1
2

∫
R3

|∇((t ∗ u))|2dx +
wa∗
2

− μ

q

∫
R3

|(t ∗ u)|qdx

=
1
2
t2
∫
R3

|∇u|2dx +
wa∗
2

− μ

q
t
3(q−2)

2

∫
R3

|u|qdx.

Let B(t) := 1
2 t2|∇u|22 − μ

q t
3(q−2)

2 |u|qq. Since 2 > 3(q−2)
2 , there exists t∗ > 0 small enough such that

B(t∗) < 0. Denote by V∗ := −B(t∗)
a∗

> 0. Then for all w < V∗, we obtain Jw,T ((t ∗ u)) < 0. Thus,
cw,T,a < 0, and this completes the proof. �

Lemma 3.3. The following properties of the functional Jw,T hold:
(i) Jw,T ∈ C1(H1(R3), R).
(ii) If Jw,T (u) < 0, then |∇u|2 < R0, and Jw,T (v) = Jw(v) for all v in a small neighborhood of u in

H1(R3).
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Proof. (i) The differentiability follows by standard arguments. Now we prove (ii). It follows from Jw,T (u) <
0 and

Jw,T (u) ≥ ga,T (|∇u|2)
that ga,T (|∇u|2) < 0, which implies that |∇u|2 < R0 by (3.6).

By (i) and Jw,T (u) < 0, we obtain that Jw,T (v) < 0 for all v in a small neighborhood of u in H1(R3),
which gives that |∇v|2 < R0 and thus Jw,T (v) = Jw(v). The proof is complete. �

By the definition of ga,T (r), we consider the auxiliary function

hT (a, r) :=
1
r2

ga,T (r) =
1
2

− μ

q
Cqa

6−q
2 r

3q−10
2 − τ(r)

10S5
H,L

r8 − τ(r)
6S3

r4, ∀r > 0.

Lemma 3.4. Let h(a, r) := ha(r) and (a2, r2) ∈ (0,∞) × (0,∞) satisfy h(a2, r2) ≥ 0. Then for any
a1 ∈ (0, a2], we have that

hT (a1, r1) ≥ 0, if r1 ∈
[
a1

a2
r2, r2

]
.

Proof. Since a �→ hT (·, r) is non-increasing, we can infer to

hT (a1, r2) ≥ hT (a2, r2) ≥ h(a2, r2) ≥ 0.

A direct calculation shows that

hT

(
a1,

a1

a2
r2

)
≥ h

(
a1,

a1

a2
r2

)

=
1
2

− μ

q
Cqa

6−q
2

1

(
a1

a2

) 3q−10
2

r
3q−10

2
2 − 1

10S5
H,L

(
a1

a2

)8

r8
2 − 1

6S3

(
a1

a2

)4

r4
2

≥ 1
2

− μ

q
Cqa

6−q
2

2 r
3q−10

2
2 − 1

10S5
H,L

r8
2 − 1

6S3
r4
2

= h(a2, r2) ≥ 0.

Thus, hT

(
a1,

a1
a2

r2

)
≥ 0 and hT (a1, r2) ≥ 0. It follows from the definition of τ that hT (a1, r1) ≥ 0 for

r1 ∈
[

a1
a2

r2, r2

]
. �

Lemma 3.5. For any u ∈ S(a) with |∇u|2 ≤
(√

S−6+4S−5
H,L−S−3

2S−5
H,L

) 1
4

, we have that

Jw,T (u) ≥ |∇u|22hT (a, |∇u|2) .

Proof. Applying (2.1), we obtain

Jw,T (u) ≥ 1
2
|∇u|22 − μ

q
Cqa

6−q
2 |∇u|

3(q−2)
2

2 − τ(|∇u|2)
10S5

H,L

|∇u|102 − τ(|∇u|2)
6S3

|∇u|62

= |∇u|22

[
1
2

− μ

q
Cqa

6−q
2 |∇u|

3q−10
2

2 − τ(|∇u|2)
10S5

H,L

|∇u|82 − τ(|∇u|2)
6S3

|∇u|42

]

= |∇u|22hT (a, |∇u|2) ,

which completes the proof. �

Lemma 3.6. (i) a ∈ (0, a∗) �→ cw,T,a is continuous;
(ii) a2

1
a2
2
cw,T,a2 < cw,T,a1 < 0 for any 0 < a1 < a2 < a∗.
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Proof. (i) A standard argument shows that (i) holds.
(ii) Let ζ := a2

a1
> 1 and {un} ⊂ S(a1) be a minimizing sequence with respect to cw,T,a1 , that is,

Jw,T (un) → cw,T,a1 < 0 and J ′
w,T (un) → 0 as n → +∞. (3.9)

As a consequence, there exists n0 ∈ N large such that

Jw,T (un) < 0 for n ≥ n0. (3.10)

By Lemma 3.4 and h(a2, R0) ≥ 0, hT (a1, r) ≥ 0 for any r ∈
[

a1
a2

R0, R0

]
. Therefore, combining Lemma

3.5 with (3.9), we deduce that

|∇un|2 < min

⎧⎪⎨
⎪⎩
⎛
⎝
√

S−6 + 4S−5
H,L − S−3

2S−5
H,L

⎞
⎠

1
4

,
a1

a2
R0

⎫⎪⎬
⎪⎭ for n ≥ n0. (3.11)

Setting vn = ζun, then vn ∈ S(a2). By means of (3.11), we get |∇vn|2 = ζ(|∇un|2) < R0. Hence,
τ(|∇un|2) = τ(|∇vn|2) = 1. Moreover,

cw,T,a2 ≤ Jw,T (vn)

= ζ2Jw,T (un) +
(ζ2 − ζq)

q
μ|un|qq +

(ζ2 − ζ6)
6

|un|66 +
(ζ2 − ζ10)

10

∫
R3

φun
|un|5dx.

We claim that there exist C1 > 0, C2 > 0, C3 > 0 such that

|un|qq > C1 or |un|66 > C2 or
∫
R3

φun
|un|5dx > C3.

Since {un} ⊂ S(a1) be a minimizing sequence with respect to cw,T,a1 , by (3.9) and Lemma 3.3, we
have {un} ⊂ S(a) in bounded in W 1,p(R3). Moreover, we get

− Δun + wun − φun
|un|3un = λnun + μ|un|q−2un + |un|4un + on(1), (3.12)

we can infer that∫
R3

|∇un|2dx + wa2
1 =

∫
R3

φun
|un|5dx + λna2

1 + μ

∫
R3

|un|qdx +
∫
R3

|un|6dx + on(1). (3.13)

Thus, λn → λ0 ∈ R is bounded. Note that, the “almost” Pohozaev identity associated to (3.13) reads as:

1
2

∫
R3

|∇un|2dx +
3w

2
a2
1 − 3

10

∫
R3

φun
|un|5dx

− 3λn

2
a2
1 − 3μ

q

∫
R3

|un|qdx − 1
2

∫
R3

|un|6dx = on(1).
(3.14)

Combining (3.13) and (3.14), we obtain∫
R3

|∇un|2dx =
6
5

∫
R3

φun
|un|5dx + 3μ

(
1
2

− 1
q

)∫
R3

|un|qdx +
∫
R3

|un|6dx + on(1). (3.15)

If |un|qq → 0, |un|66 → 0, and
∫
R3 φun

|un|5dx → 0, then from (3.15), we get∫
R3

|∇un|2dx → 0.
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Consequently, it follows from (3.8) that

Jw,T (un) → w

2
a2
1 ≥ 0,

which is a contradiction. Hence, the claim holds.
We obtain that for large n ∈ N,

cw,T,a2 ≤ ζ2Jw,T (un) − C (C > 0).

By (i) of Lemma 3.6 and letting n → +∞, we have

cw,T,a2 < ζ2cw,T,a1 ,

which implies that
a2
1

a2
2

cw,T,a2 < cw,T,a1 ,

and the conclusion follows. �

Next, we establish the following compactness result for the truncated autonomous functional restricted
to the constraint S(a). This result will play a crucial role in proving the existence of minimizers.

Proposition 3.7. Let {un} ⊂ S(a) be a minimizing sequence with respect to cw,T,a. Then, going if necessary
to a subsequence, either

(i) {un} is strongly convergent in H1(R3), or
(ii) there exists {yn} ⊂ R

3 with |yn| → ∞ such that the sequence ũn(x) = un(x + yn) is strongly
convergent to a function ũ ∈ S(a) with Jw,T (ũ) = cw,T,a.

Proof. By Lemma 3.1, {un} is bounded in H1(R3). Thus, there exists u ∈ H1(R3) such that, up to a
subsequence, un ⇀ u in H1(R3).

We consider the following three cases.
Case 1. If u 	≡ 0 and |u|22 = b2 	= a2, then by the weak lower semicontinuity of the norm, we have

b ∈ (0, a). Define vn := un −u and let dn := |vn|22. By the Brézis-Lieb lemma and Fatou’s lemma, we have

|un|22 = |vn|22 + |u|22 + on(1), |∇un|22 = |∇vn|22 + |∇u|22 + on(1),

and |∇u|22 ≤ lim infn→∞ |∇un|22.
Suppose that |vn|22 → d2, then d2 = a2 − b2. Since dn ∈ (0, a) for n sufficiently large, and combining

the properties of τ with Lemma 3.6, we deduce that

cw,T,a + on(1) = Jw,T (un)

=
1
2
|∇vn|22 +

1
2
w|vn|22 − μ

q
|vn|qq −

⎛
⎝1

6
|vn|66 +

1
10

∫
R3

φvn
|vn|5dx

⎞
⎠ τ(|∇un|2)

+
1
2
|∇u|22 +

1
2
w|u|22 − μ

q
|u|qq −

⎛
⎝1

6
|u|66 +

1
10

∫
R3

φu|u|5dx

⎞
⎠ τ(|∇un|2) + on(1)

≥ Jw,T (vn) + Jw,T (u) + on(1)

≥ cw,T,dn
+ cw,T,b + on(1)

≥ d2
n

a2
cw,T,a + cw,T,b + on(1).
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Letting n → +∞, we obtain

cw,T,a ≥ d2

a2
cw,T,a + cw,T,b

>
d2

a2
cw,T,a +

b2

a2
cw,T,a = cw,T,a,

which is a contradiction. Therefore, |u|22 = a2, i.e., u ∈ S(a).
Case 2. If |un|22 = |u|22 = a2, then we have un → u in L2(R3). Combined with interpolation in Lebesgue

spaces, this gives
un → u in Lt(R3) for all t ∈ (2, 2∗). (3.16)

Note that |∇vn|2 ≤ |∇un|2 < R0 for n sufficiently large. Using (2.4), (2.6), and the fact that ha(R0) = 0,
we obtain

Jw,T (vn) = Jw(vn) =
1
2
|∇vn|22 +

1
2
w|vn|22 − μ

q
|vn|qq − 1

6
|vn|66 − 1

10

∫
R3

φvn
|vn|5dx

≥ 1
2
|∇vn|22 − 1

6S3
|∇vn|62 − 1

10S5
H,L

|∇vn|102 + on(1)

= |∇vn|22

(
1
2

− 1
6S3

|∇vn|42 − 1
10S5

H,L

|∇vn|82

)
+ on(1)

≥ |∇vn|22

(
1
2

− 1
6S3

R4
0 − 1

10S5
H,L

R8
0

)
+ on(1)

= |∇vn|22
μ

q
Cqa

6−q
2 R

3q−10
2

0 + on(1).

(3.17)

In view of
Jw,T (vn) + Jw,T (u) + on(1) ≤ Jw,T (un) → cw,T,a, (3.18)

and since u ∈ S(a), we have Jw,T (u) ≥ cw,T,a. Then from (3.17) and (3.18), it follows that |∇vn|22 → 0.
Hence, we infer that un → u in H1(R3), which implies that (i) holds.

Case 3. If u ≡ 0, i.e., un ⇀ 0 in H1(R3), we claim that there exist R, β > 0 and a sequence {yn} ⊂ R
3

such that ∫
BR(yn)

|un|2dx ≥ β, for all n. (3.19)

Indeed, otherwise by Lions’ lemma, un → 0 in Lt(R3) for all t ∈ (2, 2∗). Similar to (3.17), we have

Jw,T (un) = |∇un|22
μ

q
Cqa

6−q
2 R

3q−10
2

0 + on(1).

This contradicts Jw,T (un) → cw,T,a < 0. Hence, (3.19) holds and clearly |yn| → +∞. Now consider
un(x) = un(x + yn). Then {un} ⊂ S(a) and it is also a minimizing sequence for cw,T,a. Moreover, there
exists u ∈ H1(R3)\{0} such that un ⇀ u in H1(R3). Following the same arguments as in Cases 1 and 2,
we conclude that un → u in H1(R3), which implies that (ii) occurs. This completes the proof. �
Lemma 3.8. The minimum value cw,T,a < 0 is attained.

Proof. By Lemma 3.1, there exists a bounded minimizing sequence {un} ⊂ S(a) such that

Jw,T (un) → cw,T,a as n → +∞.

By Proposition 3.7, passing to a subsequence if necessary, there exists u ∈ S(a) such that un → u in
H1(R3). Since Jw,T is continuous, it follows that

Jw,T (u) = lim
n→∞ Jw,T (un) = cw,T,a.
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Thus, u attains the minimum value cw,T,a. �

Remark 3.9. From Lemma 3.8 we know that the minimizing sequence {un} constructed satisfying Jw,T (un)
< 0 for sufficiently large n, and by Lemma 3.3(ii), we have that |∇un|2 < R0, and so, τ(|∇un|2) = 1.
Consequently, Jw,T (un) = Jw(un) for large n, and in the limit, Jw(u) = Jw,T (u) = cw,T,a.

4. Existence and multiplicity of solutions

4.1. Existence of solution for (1.11)

In this subsection, we first study the properties of the truncated functional Jε,T defined in (3.3) restricted
to the L2-sphere S(a), and then establish the existence of solutions to problem (1.11).

We introduce the following auxiliary functionals:

J0,T (u) :=
1
2
|∇u|22 − μ

q
|u|qq −

⎛
⎝1

6
|u|66 +

1
10

∫
R3

φu|u|5dx

⎞
⎠ τ(|∇u|2), (4.1)

and

J∞,T (u) :=
1
2
|∇u|22 +

V∞
2

|u|22 − μ

q
|u|qq −

⎛
⎝1

6
|u|66 +

1
10

∫
R3

φu|u|5dx

⎞
⎠ τ(|∇u|2). (4.2)

The corresponding minimum values are defined by

c0,T,a := inf
u∈S(a)

J0,T (u), c∞,T,a := inf
u∈S(a)

J∞,T (u).

By assumptions (V1)–(V2) and Lemma 3.8, if V∞ < V∗, then both c0,T,a and c∞,T,a are attained.
That is, there exist u0, u∞ ∈ S(a) such that

J0,T (u0) = c0,T,a and J∞,T (u∞) = c∞,T,a.

Moreover, since V0 < V∞, we have

c0,T,a < J0,T (u∞) < J∞,T (u∞) = c∞,T,a. (4.3)

Now we consider the minimum value for the perturbed functional:

cε,T,a := inf
u∈S(a)

Jε,T (u).

By the properties of ga,T and Lemma 3.1, cε,T,a is well-defined.
The following lemma establishes important relationships between the energy levels cε,T,a, c0,T,a, and

c∞,T,a.

Lemma 4.1. There holds that: lim supε→0+ cε,T,a ≤ c0,T,a < c∞,T,a.

Proof. The inequality c0,T,a < c∞,T,a is obvious. By Lemma 3.8, choose u0 ∈ S(a) such that J0,T (u0) =
c0,T,a. Then,

cε,T,a ≤ Jε,T (u0)

=
1
2

∫
R3

|∇u0|2dx +
1
2

∫
R3

V (εx)|u0|2dx − μ

q

∫
R3

|u0|qdx

−

⎛
⎝1

6
|u0|66 +

1
10

∫
R3

φu0 |u0|5dx

⎞
⎠ τ(|∇u0|2).
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Letting ε → 0+ and applying the Lebesgue dominated convergence theorem, we obtain

lim sup
ε→0+

cε,T,a ≤ lim sup
ε→0+

Jε,T (u0) = J0,T (u0) = c0,T,a,

which completes the proof. �

From Lemma 4.1, there exists ε0 > 0 such that cε,T,a < c∞,T,a for all ε ∈ (0, ε0). Arguing as in the
proof of Lemma 3.1, we can prove that Jε,T is coercive on S(a), that is, Jε,T (un) → ∞ as |∇un|2 → ∞.
Then, the sequence {|∇un|2} is bounded, and {un} is bounded in H1(R3). Thereby, up to a subsequence,
there exists uε ∈ H1(R3) such that

un ⇀ uε in H1(R3) and un(x) → uε(x) a.e. in R
3.

By a similar argument to the proof of Lemma 3.3, we can establish the next result, whose proof is
omitted.

Lemma 4.2. We have the following conclusions:
(i) Jε,T ∈ C1(H1(R3), R).
(ii) If Jε,T (u) < 0, then |∇u|2 < R0 and Jε,T (v) = Jε(v) for all v in a small neighborhood of u in

H1(R3).

The following two lemmas are crucial in proving the Palais-Smale condition for Jε,T restricted to S(a)
at energy levels c < c∞,T,a < 0.

Lemma 4.3. Assume that (V 1)–(V 2) hold, and let {un} be a sequence such that un ⇀ uε in H1(R3). If
Jε,T (un) → c < c∞,T,a, then uε 	≡ 0.

Proof. We proceed by contradiction. Suppose uε ≡ 0. Then

c + on(1) = Jε,T (un) = J∞,T (un) +
1
2

∫
R3

(V (εx) − V∞) |un|2dx.

By (V 1)–(V 2), for any δ > 0, there exists R > 0 such that

V (x) ≥ V∞ − δ for all |x| ≥ R.

Therefore, we see that
c + on(1) = Jε,T (un)

≥ J∞,T (un) +
1
2

∫
BR/ε(0)

(V (εx) − V∞) |un|2dx − δ

2

∫
Bc

R/ε(0)

|un|2dx.

Since {un} is bounded in H1(R3) and un → 0 in L2(BR/ε(0)), we infer to∫
BR/ε(0)

|un|2dx = on(1).

Hence,
c + on(1) ≥ J∞,T (un) − δC ≥ c∞,T,a − δC,

for some constant C > 0. Since δ > 0 is arbitrary, letting δ → 0+ yields c ≥ c∞,T,a, a contradiction.
Thus, uε 	≡ 0. �

Lemma 4.4. Let {un} ⊂ S(a) be a (PS)c sequence of Jε,T with c < c∞,T,a < 0. If un � uε in H1(R3),
then there exists β > 0 independent of ε ∈ (0, ε0) such that

lim inf
n→+∞ |un − uε|2 > β.
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Proof. By (ii) of Lemma 4.2 and c < c∞,T,a < 0, we have |∇un|2 < R0, so {un} is also a (PS)c sequence
for Jε, i.e.,

Jε(un) → c, ‖(Jε|S(a))′(un)‖ → 0 as n → +∞.

Define the functional Ψ : H1(R3) → R by

Ψ(u) =
1
2

∫
R3

|u|2dx.

Note that S(a) = Ψ−1(a2/2). By Willem [52], there exists {λn} ⊂ R such that

‖J ′
ε(un) − λnΨ′(un)‖H−1(R3) → 0 as n → +∞, (4.4)

which states that,

− Δun + V (εx)un − μ|un|q−2un − |un|4un − φun
|un|3un = λnun + on(1), in H−1(R3). (4.5)

Since {un} is bounded in H1(R3) and un ⇀ uε, it follows from (4.5) that {λn} is bounded. Passing
to a subsequence, we have λn → λε. Together with (4.4), we can derive that uε is a nontrivial solution of

−Δu + V (εx)u − μ|u|q−2u − |u|4u − φu|u|3u = λεu in R
3.

Therefore,

J ′
ε(uε) − λεΨ′(uε) = 0 in H−1(R3),

and combining with (4.5) we can infer that

‖J ′
ε(vn) − λεΨ′(vn)‖H−1(R3) → 0 as n → +∞, (4.6)

here vn := un − uε. Furthermore, by (4.4) we have

0 > c∞,T,a > lim
n→+∞ Jε(un)

= lim
n→+∞

(
Jε(un) − 1

2
〈J ′

ε(un), un〉 +
1
2
λn|un|22 + on(1)

)

= lim
n→+∞

⎡
⎣(1

2
− 1

q

)
μ|un|qq +

1
3
|un|66 +

2
5

∫
R3

φun
|un|5dx +

1
2
λna2 + on(1)

⎤
⎦

≥ 1
2
λεa

2,

(4.7)

which implies λε < 0 for all ε ∈ (0, ε0).
By (4.6), we have

|∇vn|22 +
∫
R3

V (εx)|vn|2dx − λε|vn|22 = μ|vn|qq + |vn|66 +
∫
R3

φun
|vn|5dx + on(1). (4.8)

Combining with (4.7), we get

|∇vn|22 +
∫
R3

V (εx)|vn|2dx − 2c∞,T,a

a2
|vn|22 ≤ μ|vn|qq + |vn|66 +

∫
R3

φvn
|vn|5dx + on(1). (4.9)
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By (4.9) and the Sobolev inequalities (2.4), (2.6), there exist constants C1, C2 > 0 such that

C‖vn‖2 ≤ |∇vn|22 − 2c∞,T,a

a2
|vn|22

≤ μ|vn|qq + |vn|66 +
∫
R3

φvn
|vn|5dx + on(1)

≤ μCq‖vn‖q +
1
S3

|∇vn|62 +
1

S5
H,L

|∇vn|102 + on(1)

≤ μCq‖vn‖q + C1‖vn‖6 + C2‖vn‖10 + on(1).

(4.10)

If un � uε in H1(R3), i.e., vn � 0 in H1(R3), then there exists C > 0 independent of ε, up to a
subsequence, such that ‖vn‖ ≥ C. Thereby, we have

lim inf
n→+∞

⎛
⎝μ|vn|qq + |vn|66 +

∫
R3

φvn
|vn|5dx

⎞
⎠ ≥ C (4.11)

for some C > 0.
If lim infn→+∞ |vn|qq ≥ C3 for some C3 > 0 independent of ε, then by (2.1) and (4.11), there exists

β > 0 independent of ε ∈ (0, ε0) such that

lim inf
n→+∞ |vn|2 ≥ β.

Now, if
lim inf
ε→0+

lim sup
n→+∞

|vn|qq = 0 and lim inf
ε→0+

lim sup
n→+∞

|vn|2 = 0,

then by (4.11), we see that

lim inf
ε→0+

lim sup
n→+∞

⎛
⎝|vn|66 +

∫
R3

φvn
|vn|5dx

⎞
⎠ ≥ C.

Together with (4.8), this gives

lim inf
ε→0+

lim sup
n→+∞

|∇vn|22 = lim inf
ε→0+

lim sup
n→+∞

⎛
⎝|vn|66 +

∫
R3

φvn
|vn|5dx

⎞
⎠ .

From (2.4) and (2.6), we obtain

lim inf
ε→0+

lim sup
n→+∞

|∇vn|22 ≤ lim inf
ε→0+

lim sup
n→+∞

(
1
S3

|∇vn|62 +
1

S5
H,L

|∇vn|102

)
,

which implies

R0 ≥ lim inf
ε→0+

lim sup
n→+∞

|∇vn|2 ≥

⎛
⎝
√

S−6 + 4S−5
H,L − S−3

2S−5
H,L

⎞
⎠

1
4

,

contradicting the assumption R0 <

(√
S−6+4S−5

H,L−S−3

2S−5
H,L

) 1
4

. This completes the proof. �

At this time, we choose a constant ρ0 > 0 satisfying

0 < ρ0 < min
{

c∞,T,a − c0,T,a,
β2

a2
(c∞,T,a − c0,T,a)

}
,
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and have the following compactness result.

Lemma 4.5. If conditions (V 1)-(V 2) are satisfied, then Jε,T satisfies the Palais-Smale condition at level
c on S(a) for any c < c0,T,a + ρ0.

Proof. Let {un} ⊂ S(a) be a Palais-Smale sequence for Jε,T at level c. Then c < c∞,T,a < 0, and by
Lemma 4.2 (ii), {un} is bounded in H1(R3). Therefore, passing to a subsequence, we have un ⇀ uε in
H1(R3), and by Lemma 4.3, uε 	≡ 0.

If un → uε in H1(R3), the conclusion holds. Now suppose un � uε in H1(R3). Then by Lemma 4.4,
for vn := un − uε, one has

lim inf
n→+∞ |vn|2 ≥ β.

Let b2 = |uε|22, d2
n = |vn|22, and assume that d2

n → d2. Then d2 ≥ β2 > 0, and by the Brézis-Lieb
lemma [52], we have a2 = b2 + d2.

On the other hand, by (V 1)-(V 2), for any τ > 0, there exists R > 0 such that

V (x) ≥ V∞ − τ for all |x| ≥ R.

Hence, we have

c + on(1) = Jε,T (un)

≥ J∞,T (vn) +
1
2

∫
Bc

R/ε(0)

(V (εx) − V∞) |vn|2dx − τ

2

∫
Bc

R/ε(0)

|vn|2dx.

Since {vn} is bounded and vn → 0 in L2(BR/ε(0)), there exists C > 0 such that

c + on(1) ≥ J∞,T (vn) − τC ≥ c∞,T,dn
− τC. (4.12)

As τ > 0 is arbitrary, we infer that Jε,T (un) ≥ c∞,T,dn
+ on(1). Since dn ∈ (0, a) for large n, we have

c + on(1) = Jε,T (un)

≥ Jε,T (vn) + Jε,T (uε)

≥ c∞,T,dn
+ c0,T,b + on(1).

(4.13)

From Lemma 3.6 and (4.13), it follows that

c0,T,a + ρ0 ≥ c + on(1) ≥ d2
n

a2
c∞,T,a +

b2

a2
c0,T,a.

Taking the limit as n → +∞, we obtain

ρ0 ≥ d2

a2
(c∞,T,a − c0,T,a) ≥ β2

a2
(c∞,T,a − c0,T,a),

contradicting the choice of ρ0. Therefore, un → uε in H1(R3), and the Palais-Smale condition holds. �

4.2. Multiplicity of solution for (1.11)

In this subsection, we shall complete the proof of Theorem 1.1. Let u0 be a positive solution of the
autonomous problem ⎧⎪⎪⎪⎨

⎪⎪⎪⎩
−Δu − φ|u|3u = λu + μ|u|q−2u + |u|4u, x ∈ R

3,

−Δφ = |u|5, x ∈ R
3,∫

R3

|u|2dx = a2,
(4.14)
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with J0,T (u0) = c0,T,a. Let δ > 0 be fixed and η be a smooth nonincreasing cut-off function on [0,+∞)
such that

η(s) =

{
1 if 0 ≤ s ≤ δ

2 ,

0 if s ≥ δ.

For any y ∈ M , we define

ϕε,y(x) = η(|εx − y|)u0

(
εx − y

ε

)
,

ϕ̃ε,y(x) = a
ϕε,y(x)
|ϕε,y|2

,

and the map Φε : M → S(a) by Φε(y) = ϕ̃ε,y. By construction, Φε(y) has compact support for each
y ∈ M .

Lemma 4.6. The function Φε satisfies:

lim
ε→0

Jε,T (Φε(y)) = c0,T,a, uniformly in y ∈ M.

Proof. Suppose by contradiction that, there exist δ0 > 0, {yn} ⊂ M , and εn → 0 such that

|Jεn,T (Φεn
(yn)) − c0,T,a| ≥ δ0, ∀n ∈ N.

Making the variable change z := εnx−yn

εn
, then the Lebesgue dominated convergence theorem implies

the following limits:

lim
n→+∞

∫
R3

|Φεn,yn
|2 dx = lim

n→+∞

∫
R3

|η(|εnz|)u0(z)|2 dx =
∫
R3

|u0|2dx = a2,

lim
n→+∞

∫
R3

|∇Φεn
(yn)|2 dx = lim

n→+∞

∫
R3

a2

|ϕεn,yn
|22

|∇ (η(|εnz|)u0(z))|2 dx =
∫
R3

|∇u0|2dx,

lim
n→+∞ τ (|∇Φεn,yn

|2)
∫
R3

|Φεn
(yn)|6 dx

= lim
n→+∞ τ (|∇u0|2)

∫
R3

∣∣∣∣aη(|εnz|)u0(z)
|ϕεn,yn

|2

∣∣∣∣
6

dx

= τ (|∇u0|2)
∫
R3

|u0|6dx,

lim
n→+∞

∫
R3

V (εnx) |Φεn
(yn)|2 dx = lim

n→+∞

∫
R3

a2V (εnz + yn)
|ϕεn,yn

|22
|η(|εnz|)u0(z)|2 dx = 0,

lim
n→+∞ τ (|∇Φεn

(yn)|2)
∫
R3

φΦεn (yn) |Φεn
(yn)|5 dx = lim

n→+∞ τ (|∇u0|2)
∫
R3

φu0 |u0|5dx,

lim
n→+∞

∫
R3

|Φεn
(yn)|q dx = lim

n→+∞

∫
R3

∣∣∣∣aη(|εnz|)u0(z)
|ϕεn,yn

|2

∣∣∣∣
q

dx =
∫
R3

|u0|qdx.

Therefore, we derive that
lim

n→+∞ Jεn,T (Φεn
(yn)) = J0,T (u0) = c0,T,a,

which contradicts the assumption. �
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For any δ > 0, let R = R(δ) > 0 be such that Mδ ⊂ BR(0). We define a retraction map χ : R
3 → R

3

by

χ(x) =

⎧⎨
⎩

x for |x| ≤ R,
Rx

|x| for |x| ≥ R.

Moreover, we introduce the barycenter map βε : S(a) → R
3 by

βε(u) :=

∫
R3 χ(εx)|u|2dx

a2
.

Lemma 4.7. The function Φε satisfies:

lim
ε→0

βε (Φε(y)) = y, uniformly in y ∈ M.

Proof. We proceed by contradiction. Suppose there exist δ0 > 0, {yn} ⊂ M , and εn → 0 such that

|βεn
(Φεn

(yn)) − yn| ≥ δ0, ∀n ∈ N. (4.15)

By the definitions of Φεn
(yn) and βεn

, we have

βεn
(Φεn

(yn)) − yn =
1
a2

∫
R3

(χ(εnz + yn) − yn) |η(|εnz|)u0(z)|2 dx.

By virtue of {yn} ⊂ M ⊂ BR(0), and by the Lebesgue dominated convergence theorem, we have

|βεn
(Φεn

(yn)) − yn| → 0 as n → +∞,

which contradicts (4.15), and the conclusion follows. �

Following the approach used in the proof of Proposition 3.7, we can now establish the following crucial
compactness result.

Proposition 4.8. Let εn → 0+ and {un} ⊂ S(a) be such that Jεn,T (un) → c0,T,a. Then there exists
{ỹn} ⊂ R

3 such that the sequence ũn(x) = un(x + ỹn) contains a convergent subsequence in H1(R3).
Moreover, passing to a subsequence, ŷn := εnỹn → ŷ for some ŷ ∈ M .

Proof. We divide the proof into several steps.
Step 1. Non-vanishing property. We first prove that there exist R0, C > 0 and ỹn ∈ R

3 such that∫
BR0 (ỹn)

|un|2dx ≥ C, ∀n ∈ N.

Suppose the above inequality does not holds, then by Lions’ lemma, we have un → 0 in Lt(R3) for all
t ∈ (2, 6). Next, we show that in fact un → 0 in L6(R3) using the concentration-compactness principle.
We divide the proof into three steps.

Step 1-(i). Since |∇un|2 ≤ R0 for n large enough, by Lemma 2.6, there exist three positive measures
ζ, ω, ν ∈ M(R3) such that

|∇un|2 ⇀ ω, |un|6 ⇀ ζ, and
∫
R3

φun
|un|5dx ⇀ ν (4.16)

in M(R3), as n → ∞. Take θR ∈ C∞
0 (R3) to be a cut-off function such that θR(x) = 1 in BR(xj),

θR(x) = 0 in Bc
2R(xj), and |∇θR| ≤ C

R . The boundedness of {un} implies that {θRun} is bounded in
H1(R3). Since (Jεn,T |S(a))′(un) → 0, by the Lagrange multiplier rule, there exists a sequence {λn} ⊂ R

such that
J ′

εn,T (un) + λnun → 0 in H−1(R3). (4.17)
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Now we take θRun as a test function in (4.17) and let R → 0 to have

lim
R→0

lim
n→∞〈J ′

εn,T (un) + λnun, θRun〉 = 0. (4.18)

Therefore, by the absolute continuity of the integral and Hölder’s inequality, we infer that

lim
R→0

lim
n→∞

∫
R3

λnu2
nθRdx = 0, (4.19)

lim
R→0

lim
n→∞

∫
R3

V (εnx)u2
nθRdx = 0. (4.20)

Using the Hölder inequality, we can derive the following limit estimations:

lim
R→0

lim
n→∞

∣∣∣∣∣∣
∫
R3

∇un∇θRundx

∣∣∣∣∣∣

≤ lim
R→0

lim
n→∞

⎛
⎜⎝ ∫

B2R(xi)

|∇θRun|2dx

⎞
⎟⎠

1
2
⎛
⎜⎝ ∫

B2R(xi)

|∇un|2dx

⎞
⎟⎠

1
2

≤ C lim
R→0

⎛
⎜⎝ ∫

B2R(xi)

|∇θRu|2dx

⎞
⎟⎠

1
2

≤ C1 lim
R→0

⎛
⎜⎝ ∫

B2R(xi)

|∇θR|3dx

⎞
⎟⎠

1
3
⎛
⎜⎝ ∫

B2R(xi)

|u|6dx

⎞
⎟⎠

1
6

≤ C2 lim
R→0

⎛
⎜⎝ ∫

B2R(xi)

|u|6dx

⎞
⎟⎠

1
6

= 0;

(4.21)

and

lim
R→0

lim
n→∞

∫
R3

θR|un|qdx = 0, (4.22)

lim
R→0

lim
n→∞

∫
R3

θR|∇un|2dx = lim
R→0

∫
R3

θRdω = ω({xj}) = ωj , (4.23)

lim
R→0

lim
n→∞

∫
R3

θRφun
|un|5dx = lim

R→0

∫
R3

θRdν = ν({xj}) = νj , (4.24)

lim
R→0

lim
n→∞

∫
R3

θR|un|6dx = lim
R→0

∫
R3

θRdζ = ζ({xj}) = ζj . (4.25)

It follows from (4.18) to (4.25), taking the limits as n → ∞ and R → 0, that we get

ωj = νj + ζj . (4.26)
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Step 1-(ii). We show that ω∞ = ζ∞ + ν∞, where ω∞, ζ∞ and ν∞ come from Lemma 2.7-2.8. Define
the cut-off function ψ ∈ C∞

0 (R3) as ψ ∈ [0, 1], ψ ≡ 0 in B1/2(0), ψ ≡ 1 in R
3 \B1(0). For any fixed R > 0,

put

ψR(x) := ψ
( x

R

)
=

{
0, |x| ≤ 1

2R,

1, |x| ≥ R.

From the boundedness of {un} in H1(R3), we see that {ψRun} is also bounded in H1(R3). Hence, one
has

on(1) =〈I ′(un), ψRun〉

=
∫
R3

ψR|∇un|2dx −
∫
R3

ψRφun
|un|5dx − μ

∫
R3

ψR|un|qdx −
∫
R3

ψR|un|6dx. (4.27)

By virtue of the definition of ψR, we infer to∫
{x∈R3:|x|>R}

|∇un|2dx ≤
∫
R3

ψR|∇un|2dx ≤
∫

{x∈R3:|x|> 1
2R}

|∇un|2dx.

Therefore, by Lemma 2.7, we have

lim
R→∞

lim
n→∞

∫
R3

ψR|∇un|2dx = ω∞, (4.28)

Similarly, we can derive that

lim
R→∞

lim
n→∞

∫
R3

ψRφun
|un|5dx = ν∞, (4.29)

lim
R→∞

lim
n→∞

∫
R3

ψR|un|6dx = ζ∞, (4.30)

and
lim

R→∞
lim

n→∞

∫
R3

ψR|un|qdx = lim
R→∞

∫
R3

ψR|u|qdx = lim
R→∞

∫
|x|> 1

2R

ψR|u|qdx = 0. (4.31)

Consequently, from (4.27)-(4.31), passing the limit as n → ∞, and R → ∞, we obtain

ω∞ = ζ∞ + ν∞.

Step 1-(iii). We verify that ζj + νj = 0 for any j ∈ J and ζ∞ + ν∞ = 0. Assume by contradiction that,
there exists some j0 ∈ J such that ζj0 + νj0 > 0 or ζ∞ + ν∞ > 0. By Step 1, Step 2 and Lemma 2.7-2.8
we have

ζj0 ≤ (S−1ωj0)
3 = S−3(ζj0 + νj0)

3 , νj0 ≤ (S−1
H,Lωj0)

5 = S−5
H,L(ζj0 + νj0)

5 (4.32)
or

ζ∞ ≤ (S−1ω∞)3 = S−3(ζ∞ + ν∞)3 , ν∞ ≤ S−5
H,Lω

5
2∞

⎛
⎝∫

R3

dω + ω∞

⎞
⎠

5
2

≤ S−5
H,LR6

1(ζ∞ + ν∞)2. (4.33)

We first consider that (4.32) occurs, then it leads to ζj0 + νj0 ≥
(√

S−6+4S−5
H,L−S−3

2S−5
H,L

) 1
2

.

Otherwise, assume that (4.33) holds, by a direct calculation, we deduce to

ζ∞ + ν∞ ≥

√
S−10

H,LR12
1 + 4S−3 − S−5

H,LR6
1

2S−3
.
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If the former case occurs, we can derive that

R2
1 ≥ lim

ρ→0
lim

n→∞ ‖∇un‖2
2 ≥ lim

ρ→0
lim

n→∞

∫
R3

ϕρ|∇un|2dx = lim
ρ→0

∫
R3

ϕρdω = ωj0

= ζj0 + νj0 ≥

⎛
⎝
√

S−6 + 4S−5
H,L − S−3

2S−5
H,L

⎞
⎠

1
2

,

which contradicts with (3.6). If the last case occurs, then we get

R2
1 ≥ lim

R→∞
lim

n→∞ ‖∇un‖2
2 ≥ ω∞ = ζ∞ + ν∞ ≥

√
S−10

H,LR12
1 + 4S−3 − S−5

H,LR6
1

2S−3
,

which implies that R2
1 ≥

(√
S−6+4S−5

H,L−S−3

2S−5
H,L

) 1
2

, which contradicts to (3.6). Thus, we prove that ζj+νj = 0

for any j ∈ J and ζ∞ + ν∞ = 0, i.e. ζj = νj = 0 for any j ∈ J and ζ∞ = ν∞ = 0. These arguments
show that un → 0 in L6(R3) and

∫
R3 φun

|un|5dx → 0. Combined with the convergence of other terms:
|un|qq → 0 for q ∈ (2, 6) by the compact embedding, and

∫
R3 V (εnx)|un|2dx → 0 by the boundedness of

V , we arrive at

lim
n→∞ Jεn,T (un) = lim

n→∞

(
1
2
|∇un|22 + on(1)

)
≥ 0,

which implies a contradiction with c0,T,a < 0. So, the non-vanishing characteristic holds.

Step 2. Translation and convergence. Define ũn(x) = un(x + ỹn). Then {ũn} ⊂ S(a) and is bounded
in H1(R3). Passing to a subsequence, ũn ⇀ ũ in H1(R3) for some ũ ∈ H1(R3), with ũ 	≡ 0 by the
non-vanishing property.

We now prove strong convergence. Since {un} ⊂ S(a) and

c0,T,a ≤ J0,T (ũn) = J0,T (un) ≤ Jεn,T (un) + on(1) → c0,T,a.

which implies that J0,T (ũn). By Proposition 3.7, ũn → ũ in H1(R3) and ũ ∈ S(a).

Step 3. Boundedness of the translation sequence. Let ŷn = εnỹn. We claim that {ŷn} is bounded.
Suppose by contradiction that, for some subsequence, |ŷn| → +∞.

By condition (V2), for any δ > 0, there exists R > 0 such that V (x) ≥ V∞ − δ for all |x| ≥ R. For
large n, we have |ŷn| ≥ 2R, and for x ∈ BR/εn

(0), we have |εnx + ŷn| ≥ |ŷn| − εn|x| ≥ R, so,

V (εnx + ŷn) ≥ V∞ − δ.

Therefore,∫
R3

V (εnx + ŷn)|ũn|2dx =
∫

BR/εn (0)

V (εnx + ŷn)|ũn|2dx +
∫

Bc
R/εn

(0)

V (εnx + ŷn)|ũn|2dx

≥ (V∞ − δ)
∫

BR/εn (0)

|ũn|2dx − |V |∞
∫

Bc
R/εn

(0)

|ũn|2dx.

Since ũn → ũ strongly in L2(R3), we have,∫
BR/εn (0)

|ũn|2dx → |ũ|22 = a2 and
∫

Bc
R/εn

(0)

|ũn|2dx → 0.
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Therefore, we get,

lim inf
n→∞

∫
R3

V (εnx + ŷn)|ũn|2dx ≥ (V∞ − δ)a2.

Since δ > 0 is arbitrary, we obtain,

lim inf
n→∞

∫
R3

V (εnx + ŷn)|ũn|2dx ≥ V∞a2.

Now, using the strong convergence ũn → ũ in H1(R3) and the continuity of the nonlocal terms, we
have,

c0,T,a = lim
n→∞ Jεn,T (un)

= lim
n→∞

⎛
⎝1

2
|∇ũn|22 +

1
2

∫
R3

V (εnx + ŷn)|ũn|2dx

−μ

q
|ũn|qq − τ(|∇ũn|2)

6
|ũn|66 − τ(|∇ũn|2)

10

∫
R3

φũn
|ũn|5dx

⎞
⎠

≥ 1
2
|∇ũ|22 +

V∞
2

a2 − μ

q
|ũ|qq − 1

6
|ũ|66 − 1

10

∫
R3

φũ|ũ|5dx

= J∞,T (ũ) ≥ c∞,T,a,

which contradicts c∞,T,a > c0,T,a. Hence, {ŷn} is bounded.

Step 4. Identification of the limit point. Since {ŷn} is bounded, passing to a subsequence, ŷn → ŷ ∈ R
3.

By the continuity of V and the strong convergence ũn → ũ in H1(R3), we have,

lim
n→∞

∫
R3

V (εnx + ŷn)|ũn|2dx = V (ŷ)|ũ|22 = V (ŷ)a2.

Therefore,

c0,T,a = lim
n→∞ Jεn,T (un)

=
1
2
|∇ũ|22 +

V (ŷ)
2

a2 − μ

q
|ũ|qq − 1

6
|ũ|66 − 1

10

∫
R3

φũ|ũ|5dx

= JV (ŷ),T (ũ) ≥ cV (ŷ),T,a.

Since cV (ŷ),T,a > c0,T,a if V (ŷ) > 0 (by the strict monotonicity in Lemma 3.6(ii)), and V ≥ 0, we must
have V (ŷ) = 0, i.e., ŷ ∈ M . �

Let γ : [0,+∞) → [0,+∞) be a positive function such that γ(ε) → 0 as ε → 0, and define

S̃(a) = {u ∈ S(a) : Jε,T (u) ≤ c0,T,a + γ(ε)} . (4.34)

By virtue of Lemma 4.6, the function γ(ε) = supy∈M |Jε,T (Φε(y)) − c0,T,a| satisfies γ(ε) → 0 as ε → 0.
Therefore, Φε(y) ∈ S̃(a) for all y ∈ M .

Lemma 4.9. Let δ > 0 and Mδ =
{
x ∈ R

N : dist(x,M) ≤ δ
}
. Then

lim
εn→0

sup
u∈S̃(a)

inf
z∈Mδ

|βε(u) − z| = 0.
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Proof. Let εn → 0 and un ∈ S̃(a) such that

inf
z∈Mδ

|βεn
(un) − z| = sup

un∈S̃(a)

inf
z∈Mδ

|βεn
(un) − z| + on(1).

Based on the above equality, it suffices to find a sequence {zn} ⊂ Mδ such that

lim
n→+∞ |βεn

(un) − zn| = 0 (4.35)

Since un ∈ S̃(a), we have

c0,T,a ≤ J0,T (un) ≤ Jεn,T (un) ≤ c0,T,a + γ(εn), ∀n ∈ N

thus,
Jεn,T (un) → c0,T,a

According to Proposition 4.8, there exists {z̃n} ⊂ R
3 such that zn = εnz̃n → z for some z ∈ M and

ṽn(x) = un(x + z̃n) is strongly convergent to some ṽ ∈ H1(R3)\{0} with ṽ 	= 0. Then, {zn} ⊂ Mδ for n
large enough and

βεn
(un) = zn +

∫
R3 (χ(εnz + zn) − zn) |ṽn|2dx

a2
,

implying that

βεn
(un) − zn =

∫
R3 (χ(εnz + zn) − zn) |ṽn|2dx

a2
→ 0 as n → +∞

and the proof of this lemma is completed. �

5. Proof of Theorem 1.1

In the sequel, we will divide the proof into two parts.

Part I: Multiplicity of solutions. We set ε ∈ (0, ε0). Then by Lemmas 4.6, 4.7 and 4.9, it is easy to see
that the continuous mappings below are well defined for ε ∈ (0, ε0):

M
Φε→ S̃(a)

βε→ Mδ.

From Lemma 4.7, we choose a function z(ε, y) with |z(ε, y)| < δ
2 uniformly in y ∈ M , such that

βε (Φε(y)) = y + z(ε, y) for all ε ∈ (0, ε0), y ∈ M.

We define H(t, y) = y + (1 − t)z(ε, y). Then H : [0, 1] × M → Mδ is continuous. Obviously, H(0, y) =
βε (Φε(y)), H(1, y) = y for all y ∈ M . That is, H(t, y) is a homotopy between βε ◦ Φε and the inclusion
map id : M → Mδ. From [13], it is easy to check that

cat
(
S̃(a)

)
≥ catMδ

(M).

Arguing as in Lemmas 3.1 and 4.5, we know that Jε,T is bounded from below on S(a) and satisfies the
(PS)c condition for levels c ∈ (c0,T,a, c0,T,a + r(ε)). Then, the Ljusternik-Schnirelmann theory of critical
points (see [22] and [52]) asserts that Jε,T admits at least catMδ

(M) critical points on S(a). By (ii) of
Lemma 4.2, we know that the critical points of Jε,T are in fact critical points of Jε. Thus Jε also has at
least catMδ

(M) critical points on S(a).

Part II: The concentration behavior of maximum points of the solutions.
Let uε be a solution of (1.1) with Jε,T (uε) ≤ c0,T,a +γ(ε), where γ(ε) was defined in (4.34). Arguing as

in the proof of Proposition 4.8, for each sequence εn → 0, there exists ŷn ∈ R
3 such that ŷn := εnỹn → ŷ

with ŷ ∈ M and ũn(x) = uεn
(x+ ŷn) is strongly convergent to ũ ∈ H1(R3) with ũ 	= 0. As ũn is a solution

of
−Δũn + V (εnx + ŷn)ũn − φũn

|ũn|3ũn = λnũn + μ|ũn|q−2ũn + |ũn|4ũn in R
3,
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with
lim sup

n→∞
λn ≤ ρ1 + c0,T,a

a2
< 0,

the convergence ũn → ũ in H1(R3) permits us to apply the same arguments found in [18] to obtain that

lim
|x|→+∞

ũn(x) = 0, uniformly in n.

That is, for given τ∗ > 0, there exist R̄ > 0 and n̄ ∈ N such that

|ũn(x)| ≤ τ∗ for |x| ≥ R̄ and n ≥ n̄.

Next we claim that |ũn|∞ � 0. Indeed, otherwise we must have ũn → 0 in H1(R3), which is impossible
because |ũn|22 = a2 for all n ∈ N. Now, let us fix τ∗ > 0 such that |ũn|∞ ≥ 2τ∗, and let zn ∈ R

3 satisfy
|ũn(zn)| = |ũn|∞ for all n ∈ N. Finally, let us consider ξn ∈ R

3 such that |uεn
(ξn)| = |uεn

|∞ for all n ∈ N.
Then we have

ξn = zn + ỹn and lim
n→+∞ V (εnξn) = lim

n→+∞ V (εnzn + εnỹn) = V (ŷ) = 0.

The proof of Theorem 1.1 is now complete. �

Acknowledgements

The authors would like to thank the anonymous referees for carefully reading this manuscript and giving
valuable suggestions and comments. This work was supported by the National Natural Science Foundation
of China (12171497, 11771468, 11971027). V.D. Rădulescu was supported by the AGH University of
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[53] Xie, Z., Chen, J., Tan, Y.: Multiple normalized solutions to Schrödinger equations in R

N with critical growth and
potential. J. Fixed Point Theory Appl. 26(4), 41 (2024)

Qi Gao and Xiaoming He
College of Science
Minzu University of China
Beijing 100081
China

e-mail: gaoqii0910@163.com

Xiaoming He

e-mail: xmhe923@muc.edu.cn

https://doi.org/10.1142/S0219199714500369


160 Page 30 of 30 Q. Gao et al. ZAMP

Vicenţiu D. Rădulescu
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