Z. Angew. Math. Phys. (2026) 77:160
© 2026 The Author(s)
0044-2275/26,/050001-30

published online May 12, 2026 Zeitschrift ‘fiir angewar}dte

https://doi.org/10.1007/s00033-026-02810-z Mathematik und Physik ZAMP
Check for
updates

Solutions with prescribed mass for critical Schrodinger—Poisson systems concentrating
at a potential well

Qi Gao, Xiaoming He and Vicentiu D. Radulescu

Abstract. This paper is concerned with the existence and multiplicity of normalized solutions to the following Schrodinger—
Poisson system:

—2Au+ V(z)u — dlulPu = M+ plu|9?u + |utu, in R3,

—e2A¢ = |ul?, in R3,

with prescribed mass
/|u|2 dz = a%e?,
R3

where a > 0, o > 0, ¢ € (27 %), and € > 0 is a small parameter. Here, A € R arises as a Lagrange multiplier, and the
potential V : R3 — [0, +00) is a continuous function satisfying suitable conditions. By combining truncation techniques
with some adequate estimates, we establish that, for sufficiently small € > 0, normalized solutions do exist. Moreover, by
employing Ljusternik-Schnirelmann theory, we find a relationship between the number of positive solutions and the topology
of the set where the potential V' attains its minimum. Our work extends and complements recent contributions of X. Feng
[17,18] (Z. Angew. Math. Phys. 2020), to the abstract setting of multiple normalized concentrating solutions. This study
seems to be the first work dealing with the existence of multiple normalized semiclassical states for the Sobolev critical
Schrédinger—Poisson system coupled with a nonlocal critical term in the whole space R3.

Mathematics Subject Classification. 35A15, 35B33, 35J20, 35J60.

Keywords. Schrodinger—Poisson system, Normalized solutions, Critical growth, Ljusternik—Schnirelmann category.

1. Introduction and main results

In the past decade, the following type of nonlinear Schrédinger—Poisson systems have attracted much
considerable interests:

ov
iy + AV = V(@)W 90|V 4+ [UF0 =0, xR, (1.1)
—A¢ = |U]?, z € R3,

where ¥ : RxR? — C,y € R, p € [2,6] and V is an external potential. Especially, mathematical physicists
are interested in the existence of stationary solutions, W (¢,z) = e u(z) in (1.1), where u : R — R is a
real function to be found. Thus, v must verify the following equation

—Au+ V(z)u + M+ you = [ulP~2u, z € R3,

1.2
—A¢ = u?, r € R3. (12)

Applying the Lax-Milgram theorem, for each fixed u € H!(R?), the Poisson equation —A¢ = |u|? admits
a unique weak solution ¢, € DV2(R?) and ¢, can be expressed explicitly as (e.g. [34])
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1 [P
A | |z -yl
R3

bu(x) dy, ¥ x € R3.

Thus, equation (1.2) can be expressed as an equivalent single equation, we often omit the factor ﬁ for
simplicity:

—Au+ V(2)u+ M — ypyu = |uP2u, xR

It is well known that, the Schrodinger—Poisson equations (1.1), (1.2) are originated from quantum
mechanic models and semiconductor theory [37,39,40], which can be used to describe the interaction of a
charge particle with an electromagnetic field [45]. In the past few decades, the fixed frequency problems
have been studied extensively, and there are many results concerning the existence, non-existence, and
multiplicity of solutions to the classical Schrédinger—Poisson system (1.2), via the variational methods
after the pioneering work of Benci and Fortunato [8], we refer to [2-5,8-10,14,15,26,31,45,46,51] and
references therein. We also refer to the recent comprehensive survey by Chen and Tang [12] on the
existence of normalized solutions for several classes of nonlinear elliptic equations.

In [35], Li, Li and Shi studied the existence of positive solutions to for Eq. (1.2) with V(z) +1 =1
being constant, and the second Poisson equation replaced by —A¢ = |u|®:

{Au +bu+olulPu = f(u), = eR?, (1.3)

—A¢ = |uf5, T € R3,

by using variational method which does not require usual compactness conditions, and a key Brezis-Lieb
type convergence result, where b > 0 and v € R are parameters, and f is a Sobolev subcritical growth. In
[34], they considered the existence, nonexistence and multiplicity of positive radially symmetric solutions
to (1.3) with f(u) = p|u|P~1u, with variational methods.

Recently, Feng [17] studied the existence and concentration of positive ground state solutions to the
following Schrédinger—Poisson system with critical nonlinearity

14
—&2A¢ = |ul®, z € R3, (14)

{—52Au + V(z)u — ¢lulPu = f(u) + |u|*u, =€ R3,
where € > 0 is a parameter, and f is a Sobolev subcritical growth, by the modified concentration
compactness principle and mountain pass theorem. For more results on (1.3),(1.4), see [17,34,36] and
references therein.

On the other hand, from the physical background described as above, it is more interesting to study
(1.3) or (1.4) to prescribe the L2-mass, which are often referred to in the literature as normalized solutions,
and to regard the frequency A as a Lagrange multiplier. We remark that, there are few papers concerning
the existence of normalized solutions for problems (1.3) and (1.4). In 2023, Meng and He [41] studied the
multiplicity of normalized solutions to the following critical Schrodinger—Poisson system

—Au = flulu = du+ plult*u+ Jul*u, @€ R,
—A¢ = |u’, x € R3, (1.5)

Jps |u|? do = a®

by employing the genus theory, the p|u|?2u can be L?-subcritical regime or L?-supercritical perturbation
when the parameter p > 0 large.

In 2024, He, Meng and Radulescu [24] considered (1.5) under the L2-subcritical, L?-critical and
L?-supercritical perturbation p|u|?~2u, respectively, the authors presented several existence, and non-
existence results. Moreover, the qualitative behavior of the ground states as u — 0% was also discussed.
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Very recently, He, Liu and Meng [25] studied the following more general problem than (1.5) with a
potential well V:
—Au+ V(z)u — ¢lulPu = Au+ plul??u + |u|tu, z € R3,
—A¢ = [ul?, z € R3, (1.6)
Jps [u? dx = a?,
where V' is an external potential vanishing at infinity. The authors proposed some mild assumptions on V,
combining the Pohozaev manifold, constrained minimization arguments and some analytical skills. The
subcritical perturbation pfu|?~u maybe L2-subcritical growth: ¢ € (2,42); L2-critical growth: ¢ = 12
and may be L?-supercritical growth: ¢ € (13—0, 6), respectively. Simultaneously, they proved the exponential
decay property of the ground state solution through the Moser iteration.
We also recall that, in past few years, there has been an increasing interest in the study of normalized
solutions for the nonlinear Schrédinger equation

{—Au = Au+ f(u) in RV,

(1.7)
Hu||2L2(RN) = 02»

after the pioneer work [27] due to Jeanjean in 1997. Recently, Soave [48] investigated the existence and
non-existence of normalized solutions for (1.7) with the power nonlinearity: f(u) = plu|9%u + |u|P~2u,
and 2 < ¢ < 2+ % < p < 2% g # p. Specifically, for the range 2 < ¢ < 2 + % < 2% the author
established the presence of two solutions for (1.7): a local minimizer and a Mountain-Pass type solution.
Furthermore, Soave demonstrated orbital stability for the ground state set when 2 < ¢ < 2+ % < 2* and
strong instability for standing waves when ¢ = 2+ % < 2*. Subsequently, in [49], He studied the existence
and non-existence of normalized solutions for (1.4) with N > 3.\ € R,p = 2* = % and ¢ € (2,2%),
employing Pohozaev manifold decomposition methods and Brezis-Nirenberg approach. For more further
results for problem (1.7), we refer to Bartsch and Soave [6], Bartsch, Molle, Rizzi and Verzini [7], Jeanjean
and Le [29] and Wei and Wu [50], Jeanjean and Lu [30], Jeanjean, Jendrej, Le and Visciglia [28], and
references therein.

In [16] Ding and Zhong considered the existence of ground state solution of the following Schrodinger

equations with non-constant potential

{Au +V(@)u+ A u=g(u) in RY,

1.8
fRN |u|?> dz = a?, (18)

where N > 1,a > 0,V is an external potential. When g is Sobolev critical growth and can be divided
into g(u) = plu|?"2u + |u|?>"~2u, Xie, Chen and Tan combined the concentration-compactness principle,
constrained minimization arguments to obtain the multiple normalized solutions for the problem (1.8).
Later, Lancelotti and Molle [33] obtained the existence of bound state normalized solutions for (1.8) with
g(u) = |u|9%u, g € (2,2 + %) by proposing a suitable decay assumption on V. For more results on (1.8),
see [1,32,42,53] and references therein.

Motivated by [17,24,25], a natural question arises, namely, whether we can obtain multiple normalized
solutions for (1.4) with nonconstant potential V' ? In this paper, we focus on this issue and give complete
answers for this question. Concretely speaking, we investigate the following Schrodinger—Poisson system
with potential V' and combined critical nonlinearities:

{—€2Au + V(z)u — ¢lulPu = Au + plul?%u + |u|*u, in R3,

1.9
—e*A¢ = |ul?, in R?, (1.9)

with prescribed mass
/ lu|? dz = a®e®. (1.10)
R3
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By a variable change z = ex, we see that problem (1.9)-(1.10) is equivalent to the following constrained
mass problem:

1.11
Jas v da = a?, (1.11)
where @ > 0, u > 0, ¢ € (2, %0), and € > 0 is a small parameter. Here, A € R arises as a Lagrange
multiplier, and the potential V : R* — [0, +-00) is a continuous function satisfying the following conditions:
(V1) V € C(R3,R) N L>®(R?), and V(z) > V(0) = 0 for all z € R3.
(V2) Vo = | Ilim V(z) >V = inﬂg3 V(z)=0.
x| ——+o0 xre

{—Au + V(ex)u — ¢ylulPu = I+ plul?%u + |u|*u  in R3,

Hereafter, we define the sets M and M;y by
M={zeR" :V(z) =0} and Ms = {z € RY : dist(z, M) < 6},

for § > 0.
Our main result can be formulated as the following;:

Theorem 1.1. Assume that V' satisfies (V1)—(V2). Then for each § > 0, there exist e > 0, a, > 0,
and Vi, > 0 such that (1.9)-(1.10) admits catps, (M) couples (uj, A;) € H'(R?) x R of weak solutions for
e € (0,e0), a € (0,ay), and |Vl]ee < Vi, with [gs |u;[Pdz = a®, \; <0, and J-(u;) < 0. Moreover, if u.
denotes one of these solutions and &. is a global mazimum point of |u.|, then

lim V(e&.) = 0.
e—0

By virtue of the definition of category from [52], we would like to point out that the category catx (A)
of a subset A of a topological space X is defined as the minimal k£ € N such that A is covered by k closed
subsets of X which are contractible in X, namely

catx (A) = inf {k € NU {400} | Ik contractible closed subsets of X :

Fi1,Fo, -+, Fp such that A C Uizlfi} ,
where set F is called contractible (in X) if and only if 37 : [0,1] x X + X such that
7(0,F) =1idx and 7 (1, F) = one-point set.

Remark 1.1. (i) In [17], Feng only studied the existence of semiclassical ground states for problem
(1.4), where the potential V satisfies the global condition introduced by Rabinowitz [44]: Vo =

‘ |lim V(z) > Vo := inf V(z) > 0. Theorem 1.1 improves and complements the main results of
x|——+oc0 z€eR

[17] in the sense that, we focus on the multiple normalized concentrating solutions of (1.4).

(ii) Theorem 1.1 complements and improves the previous works made by the authors in [24,25,41]. Com-
paring our paper with [25], we study the multiplicity of normalized solutions for the problem with
potential V. We emphasize that V is not necessary radial, thus we can’t work in radial subspace

H! (R3) to restore the compactness. In Theorem 1.1 we relate the number of positive normal-
ized solutions with the topology of the set M, where V attains its minimum, by using Ljusternik-

Schnirelmann theory.

(iii) As far as we are aware, we did not find any works on the multiplicity of normalized solutions of
Schréodinger—Poisson system with doubly critical growth and potential V' 2 0. Our results extend
the previous results made by [24,41] to the nonconstant potential case.

To prove Theorem 1.1 we shall employ the truncation technique from Peral Alonso [21] to make the
corresponding energy functional is bounded from below. Moreover, instead of the traditional genus theory,
we make use of the Ljusternik-Schnirelmann theory to describe the multiplicity result. By establishing
the relationship between the category of some sublevel sets of the energy functional and the category of
set M, we shall prove the existence of multiple normalized solutions to problem (1.9)-(1.10). From the
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technical point of view, we will face the following three difficulties to overcome. Firstly, the critical growth
term in the equation makes the bounded (PS) sequences could not converge. Secondly, since the problem
has two critical terms, it becomes complicated to estimate the critical value of mountain pass. Thirdly,
in view of the appearance of a nonlocal critical convolution term ¢|u[3u in Schrédinger—Poisson systems,
it would be natural to consider how the interaction between the nonlocal term and the nonlinear term,
which will affect the existence of solutions of problem (1.9)—(1.10). In order to overcome these difficulties,
we employ the concentration-compactness principle, mountain pass theorem and the energy estimation
to obtain the existence and concentration of normalized solutions.

The paper is organized as follows. In Sect. 2, we study the autonomous version of the system, estab-
lishing the coercivity and boundedness from below of the energy functional, as well as the compactness
of minimizing sequences. This allows us to obtain positive radial solutions for the autonomous problem,
which serve as a foundation for analyzing the non-autonomous case.

In Sect. 3, we employ the truncation technique to modify the functional, proving its coercivity, bound-
edness from below, and the Palais-Smale condition. This approach overcomes the lack of compactness
due to the unbounded domain and the critical growth terms.

In Sect. 4, by constructing mappings that link the topology of the potential’s minimum set to critical
points of the functional, and combining results from the truncated problem, we establish the existence of
at least catys, (M) normalized solutions. Furthermore, we show that as e — 0, these solutions concentrate
around the points where the potential V' attains its minimum.

Throughout this paper, unless otherwise specified, we use the following notations:
e Let H'(R?) denote the completion of C§°(R?) with respect to the norm

Julfys = [(Val? + fuf) da.
R3
e The Sobolev space DV?(R3) is defined by

DY2(R?) = { u € L(R?) : /|Vu\2da: < 4007,
R3
and is endowed with the norm
1/2

lu|prz = /|Vu|2dx
3

L 4(R3) is defined as
H! 4(R?) := {u € H'(R?) : u is radially decreasing} .

e The working space H.

rad

e For any z € R? and r > 0, we denote B,(z) := {y € R®: [y — 2| < r} and B, = B,(0).
e The letters, C,C1,Cs, ... denote positive constants that may vary from line to line. The notation
on(1) represents a real sequence satisfying 0, (1) — 0 as n — oo.

2. Preliminary

In this section, we summarize some preliminary results, which will be used in the proof of Theorem 1.1.

Lemma 2.1. ([/7]) For any N > 3, the embedding HL ;(RN) < LY(RY) is compact for any 2 < t < 2*.
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Lemma 2.2. (Gagliardo-Nirenberg—Sobolev inequality [43]) For any N > 3 and p € [2,2*], there exists a
positive constant C , depending on N,p such that

[ tuds < Cov [Vl g, (2.1

RN

N(p—2)
2p

where v, =

Lemma 2.3. (/38]) Lett,r > 1 and 0 < a < N with 1/t + /N +1/r =2, f € L(RYN) and h € L"(RY).
There exists a sharp constant C(t, N, « 7") mdependent of f and h, such that

// d dy < C(t, N, o, )| fl¢|hlr- (2.2)

Ift=r=2N/(2N — «), then

T(N/2 —a/2) (D(N/2)) TN
t,N =C(N,a) = 7/ : 2.
In this case, equality in (2.2) holds if and only if f = (constant)h and
h(z) = A(y* + o — a?)~ N7/
for some A € C,0# v €R, and a € RV.
In the sequel, let S be the best Sobolev constant defined by
/|Vu|2dx
g = inf R3 - 2.4
ueDlé?RB»)\{o} 1/3 (24)
lu|%dx

3

For a given u € H*(R?), we deduce by the Lax-Milgram theorem that there exists a unique solution
¢ = ¢, € DV2(R3) satisfying —A¢, = |ul® in the weak sense. From [34], the function ¢, is represented
by

L[ Juy))’
O A (25)
3
We will use S 1 to denote the best constant defined by
/|Vu|2d:c
= inf R? . 2.
L uEDlv%I(lRE‘)\{U} 1/5 (2:6)
bu|ul®dz

Lemma 2.4. (/20]) The constant Sg.;, = S/C(3,1)Y/° is achieved if and only if

b 1/2
u(x) _C(b2+|x—a|2> ,

where C > 0 is a constant, a € R? and b € R are parameters, S is the best Sobolev constant, and C(3,1)
is the constant from Lemma 2.3.

@ Springer



ZAMP Solutions with prescribed mass for critical... Page 7 of 30 160

We recall that the function ¢, has the following properties:

Lemma 2.5. (/34]) The following properties hold:
(i) ¢ >0 for all u € H'(R?);
(ii) ¢ = t2¢y for allt >0 and u € HY(R3);
(iii) for any u € H'(R3),
|Gulprz < 572 [ulg,
and

/¢u|u|5dx < S ulg?
3
(iv) if w, — u in HY(R3), then, up to a subsequence, ¢,, — ¢, in DV2(R3) and

/¢un|un\3un<pdx — /¢>u|u|3u<pdx for each ¢ € H'(R?).
3 3

Finally, we state the following concentration-compactness principle for studying the nonlocal critical
equation [19], which is essentially due to Lions [39], and Chabrowski [11].

Lemma 2.6. (/19]) Let {u,} be a bounded sequence in DV2(R3) converging weakly and almost everywhere
to some u € DY2(R3). Suppose |Vu,|* = w and |u,|® — C in the sense of measures. Assume that

U
Mdy \un(x)|5 Sy

|z -yl
weakly in the sense of measures, where v is a bounded positive measure on R3. Then there exist an at
most countable set J, a family of points {z;};c; C R3, and families of positive numbers {v;}ics, {¢;}jer,
and {wj}jes such that

u(y)[® 1/5
Y= = |dy lu(z)]® + Zujazj, Zuj/ < 00 (2.7)
jeJ jedJ

w> [Vl + > wid; (2.8)

jeJ
C=ul® + > ¢0s; (2.9)

jeJ

and

w; > 8¢, wy > St O3,1)7°¢ > v, (2.10)

where &, is the Dirac mass of mass 1 concentrated at x € R3.

Lemma 2.7. ([/19]) Let {u,} C D“*(R3) be a sequence in Lemma 2.6 and define

Weo 1= hm lim sup / |V, |?de, (o = hm lim sup / |, |Sd.

R—oc0 nooco —00 n—oo

|z|>R |z|>R
Then it follows that
1
Weo > SC3; (2.11)
1imsup/|Vun|2dx— /dw+woo, (2.12)
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and
limsup/\un|6dx: /dC+C00~

n—oo
R3

(2.13)

R3
Lemma 2.8. ([19]) Let {u,} C DY*(R3) such that u, — u in DV2(R?), w,ws,(, (s be the bounded

nonnegative measures in Lemma 2.6 and Lemma 2.7. Assume that

Voo i= E}im limsup |Un dy [y, (2)|° da.
n— 00 al>R
The quantities W, (o and Voo exist and satisfy
hmsup// [4n (&) Plun () dydx = /dl/ + Voo; (2.14)
n—o0 |z — vy
and
_6 6
Crivk <¢ /d<+<oo : (2.15)
g 2
SH LV < Weo /dw + Woo (2.16)
3
3. Truncated functionals and autonomous truncated functionals
3.1. Truncated functionals
In what follows, we consider the functional J. : H 1(R3 ) — R defined by
1 1
J.(u) = 5/|vu|2dgc+ §/V(5m)|u\2dx _ /¢u|u|5dx - —/|u|qu— 7/|u|6dm (3.1)
R3 R3 R3 R3

restricted to the sphere in L?(R?) given by
S(a):=Que H (R?): /|u|2dx =a’

1), (2 4), and (2. ) we have for all u € S(a),

By assumptions (V'1), (2.
1 9 6-q 3(a-2) 1 6
Jo(0) 2 51Vl — eVl — 205 9y T V= ([l
where . ) .
.2 10 _ MK, 67a 8a-2) 6
9(r) =57 “qpgg, " TG T T Tt 0

Sel llng ga(7 ) =1 ha(7 ), we deﬁne
—q q— I
6 3 10 A >

8 _ M 6=q
—ECqCLQ’I" —@T,

1
har) i= 5 = 1055,

Now we investigate the properties of hq(r). Recalling that ¢ € (2,%), we observe that he(r) — —oo
as v — 07 and he(r) — —oo as r — +oo. We claim that, there exists a unique r* > 0 such that h,(r)
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arrives its global maximum at h,(r*) = max,~g hs(r). Indeed, if there exists 0 < r; < 79, such that
max, o ha(r) = hq(r1) = ha(r2). Therefore, using

4 . wBg—10) , 6-q 36a-9 2 4

h = ——= - C z PR ,
a(lr) 55;{7Lr 2(] q@ r 3537"
and that hl,(r1) = hl(r2) = 0, we infer to
4 2 1(3q — 10) 6—q  3a—4) 3(q—4)
555 (TZ*T’I)+3*&(T§*T?):TCW 2 (7’1 2o—ry ? ).
H,L

Since r1 < 12, ¢ € (2,42), the left-hand side of the last equality is positive, while the right-hand side
is negative, which implies a contradiction. Moreover, there exists some a, > 0 such that the maximum
value satisfies

>0 if a < ay,

max ha(r)< =0 if a = ay, (3.2)
<0 ifa> a..
Consequently, g,(r) possesses the following properties:
(i) For a < a, Tlir(rJlJr ga(r) =0 and TEI-POO go (1) = —00.
(ii) There exist 0 < Ry < Ry < 400, depending on a, such that g,(Ro) = g4 (R1) = 0.
(iii) gqo(r) <0 for r € (0, Rp) U (R, +00), and g,(r) > 0 for r € (R, Ry).

We define a function 7: RT — [0,1] as a non-increasing C*° function as:

1 if0<z<Ry,
T(z) = .
0 if x> Ry.

In what follows, we consider the truncated functional J. r : H*(R?) — R given by

1 1
T (u) ::§/|Vu|2dx—|—5/V(5x)|u|2dx— %/|u|qdas
RS :

R3 R3 (3.3)
_ T(‘Yg”b) /¢u‘u|5dm _ T(|v6u|2) /‘u|6dm
R3 R3
By (2.1) and (V'1), for any u € S(a), we obtain
1 2 M, 6-=a 342 7(|Vulz) 10 T(Vuls) 6
Je.r(u) Z§|VU|2— nga 7 |V, ? —qub —WWUB (3.4)
=:9a,7(|Vul2),
where g, r(r) = %7"2 - %C’qa¥r@ - 1075(%)&7"10 - g(sr; 6. It is easy to observe that g, (r) has the

following properties:

{ga7T(r) = ga(r) for all r € (0, Ry, (3.5)

ga,7(r) is positive and strictly increasing in (Rg, +00).
In the sequel, we may assume that 0 < a < a., and choose Ry > 0 small, such that

S50 14877 — 53\ "
’ . (3.6)

25,;‘1

Ry <
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3.2. Autonomous truncated functionals
For any w € [0, |V|], we define the functionals J,, J, 7 : H'(R®*) — R by

1 w 1 I 1
Tuw) i= 51Vul} + Flult = 15 [ Gulul’de - Blug - gl (3.7)
3

" ~(1Vuls) r{Vul)
I Vu
Tur () 1= 51Vl + Flulf = puly - / ulul*de - ulf (35)
In the sequel, we study the properties of the functional ij in (3.8) restricted to S(a), where w €
[0,]V]x] and a < a.

Lemma 3.1. Ifw € [0, |V]|x] and a < a., then the functional Jy, 1(u) is bounded from below on S(a) and
coercive.

Proof. By (3.4)—(3.5), we have
1 Vo p |Vu| | ul2)
Jur(u) 2 5[Vul3 + —-[ul3 — = |ulf - ¢ |ul°dz Julg
2 2 q
2 ga,r(|Vul2)
> —00.
> ;I;%ga,T(r) > —00
Moreover, J,, r(u) — 00 as |Vu|a — +o00. The desired conclusion follows. O

We now define the minimum value of the functional .J,, 7 on the constraint S(a) by

w,T,a *— f T
CwT, w’:}g(a) T( )

Lemma 3.2. If a < a., then there exists Vi, > 0 such that ¢y 1, <0 for all w < V..

Proof. Fix u € S(a). We define the radial dilation (¢+u)(z) = t2u(tx) for any ¢ > 0. It is straightforward
to check that if u € S(a), then (¢ * u) € S(a) for any ¢t > 0. Furthermore, the map (¢,u) € R x H!(R?) —
(t*u) € H'(R3) is continuous.

By the definition of the function 7 and the condition 2 < ¢ < Q , we have

Jur((txu) <= /|V t*u))|2dx+ - —/| (t *u)|%dzx

1 * a
= —t2/|Vu\2d:E—|— L /|u|qdm
2 2
R3

S(rz 2)

3(q—2)

Let B(t) := $t*|Vul3 — ot |uld. Since 2 > , there exists t* > 0 small enough such that
B(t*) < 0. Denote by V, := —Z0 > 0. Then for all w < V., we obtain Jy, r((t*u)) < 0. Thus,

cw,T,a < 0, and this completes the proof. O

Lemma 3.3. The following properties of the functional J,, T hold:

(i) Jw,r € CL(HY(R3),R).

(49) If Jy,r(u) <0, then |Vulz < Ry, and Jy 1(v) = Jyw(v) for all v in a small neighborhood of u in
H(R3).

@ Springer



ZAMP Solutions with prescribed mass for critical... Page 11 of 30 160

Proof. (i) The differentiability follows by standard arguments. Now we prove (ii). It follows from J,, r(u) <
0 and
Juw, 7 (1) = ga,r(|Vul2)
that g 7(|Vul2) < 0, which implies that |Vu|s < Ro by (3.6).
By (i) and J,, r(u) < 0, we obtain that J,, 7(v) < 0 for all v in a small neighborhood of u in H*(R?),

which gives that |Vv|2 < Ry and thus J,, r(v) = Ju(v). The proof is complete. O
By the definition of g, r(r), we consider the auxiliary function
1 1 6-q sq 10 T(r) & 7(r) 4
hr(a,r) = T—an’T(r) 5 C’ — 1052{,LT B Vr > 0.

Lemma 3.4. Let h(a,r) := ha(r) and (az,r2) € (0,00) x (0,00) satisfy h(az,r2) > 0. Then for any
a1 € (0, as], we have that

. ai
hr(ai,m) >0, ifr; € |:a7"2,7‘2:| .
2

Proof. Since a — hr(-,7) is non-increasing, we can infer to
hr(ai,72) > hr(az,r2) > h(az,2) > 0.

A direct calculation shows that

a a
hr <CL17 17‘2) >h <a1, 17’2>
az ag

0 8 4
1w 6—a (aq 2 3q—10 1 a 8 1 a1 4
_ - _ 70 2 -4 2 - -4 - -4
2 q a1 (ag ) "2 105?_1,]; (ag > "2 653 a "2
1
2

6—qg 3g—10 1 1
2 2 _ 7‘8 _ 7“4
1057, % 65372

Thus, hr (al, Z—;w) > 0 and hr(ai,r2) > 0. It follows from the definition of 7 that hr(ay,r1) > 0 for
r € [%TQ,TQ] O
1
Jsoras? -5\
Lemma 3.5. For any u € S(a) with |Vuls < <2S_IjL> , we have that
H,L

Jw,r(u) > |Vul3hr (a, |[Vulz) .

Proof. Applying (2.1), we obtain

1 B -2 7(|Vulz) (IVUI )
I 7(|Vul2) 7(|Vul2)
= |Vul3 l2 - EC ja |VU|2 - WIWB TW uls
= ‘V’U’ghT (a7 |Vu|2) )
which completes the proof. O

Lemma 3.6. (i) a€(0,as) > cyr,a IS continuous;

(ii) = chTaz < Cw,Tyay <0 forany 0 < a; < az < a.
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Proof. (i) A standard argument shows that (i) holds.
(i) Let ¢ == 22 >1 and {u,} C S(a1) be a minimizing sequence with respect to ¢y, 7,q,, that is,

Juwr(Un) = cwra, <0 and Jy, p(up) — 0 asn — +oo. (3.9)
As a consequence, there exists ng € N large such that

Jw,r(uy) <0 for n > ng. (3.10)

By Lemma 3.4 and h(ag, Rg) > 0, hr(ay,r) > 0 for any r € {Z—;RO, Ro] Therefore, combining Lemma

3.5 with (3.9), we deduce that
,/S*6+4S;L5L—S*3 a1
,—Rp for n > nyg. (3.11)

QS;I?L az

NG

|Vuyla < min

Setting v, = Cuy, then v, € S(az). By means of (3.11), we get |Vu,|a = ((|Vun|2) < Rp. Hence,
T(|Vupl2) = 7(|Vogp|2) = 1. Moreover,

Cw,T,az < Jw,T(Un)
(¢*=¢%

= (2Jw,T(un) + 6

M|Un|3 +

2 _ 4 2 _ +10
o funlg + S5 [ P
RS

We claim that there exist C; > 0, C> > 0, C3 > 0 such that

lunlg > C1 or |un|S > Cy  or /¢uyl|un|5dx > (.

Since {u,} C S(a1) be a minimizing sequence with respect to ¢y 1,4,, by (3.9) and Lemma 3.3, we
have {u,} C S(a) in bounded in W1P(R3). Moreover, we get

— Au,, + wu, — ¢un|un|3un = A\ Uy, + u\un\q_gun + |un|4un + on(1), (3.12)

we can infer that

/|Vun|2dx +wai = /¢un\un|5dm + \pa? + ,u/ [un |Tdz + / [un|®dx + 0, (1). (3.13)
3 R3 R3 R3

Thus, A\, — Ao € R is bounded. Note that, the “almost” Pohozaev identity associated to (3.13) reads as:

3w
/|vun|2dx+—a% 10/¢un|un|5dx

>\n
3 2 /\un|qu— /|un|6dx = o0,(1).

Combining (3.13) and (3.14), we obtain
6 1 1
/\Vun|2dx =z /¢un|un|5d:ﬁ +3u (2 - ) /|un|qdaz + / | |®dz + 0,(1). (3.15)
R3 R3 4 R3 R3

If [un |2 — 0, [un|§ — 0, and [ps du,

(3.14)

un|?dr — 0, then from (3.15), we get

/|Vun|2dx — 0.
R3
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Consequently, it follows from (3.8) that

Jw,T(Un) - %a% 2 0,

which is a contradiction. Hence, the claim holds.
We obtain that for large n € N,
CwTay < CJur(uy) —C (C>0).

By (i) of Lemma 3.6 and letting n — +o00, we have

2
Cw,T,as << Cw,T,ay >

which implies that
2

1
Tcw,T,aQ < Cw,T,a1 >
a3

and the conclusion follows. O

Next, we establish the following compactness result for the truncated autonomous functional restricted
to the constraint S(a). This result will play a crucial role in proving the existence of minimizers.

Proposition 3.7. Let {u,} C S(a) be a minimizing sequence with respect to ¢y, 1. Then, going if necessary
to a subsequence, either

(i) {un} is strongly convergent in H'(R3?), or
(ii) there exists {y,} C R® with |y,| — oo such that the sequence U, (z) = un(z + y,) is strongly
convergent to a function u € S(a) with Jy, (W) = cw,T,a-

Proof. By Lemma 3.1, {u,} is bounded in H'(R?). Thus, there exists u € H'(R?) such that, up to a
subsequence, u, — u in H*(R?).
We consider the following three cases.
Case 1. If u # 0 and |ul3 = b? # a2, then by the weak lower semicontinuity of the norm, we have
b € (0,a). Define vy, := u,, —u and let d,, := |v,|3. By the Brézis-Lieb lemma and Fatou’s lemma, we have
[unl3 = [val3 + [ul3 + on (1), [Vunl3 = [Voa|3 +[Vul3 + 0n(1),

and |Vul3 < liminf, . [Vu,|3.
Suppose that |v,|3 — d?, then d?> = a? — b%. Since d,, € (0,a) for n sufficiently large, and combining
the properties of 7 with Lemma 3.6, we deduce that

Cw,T,a + On(l) = Jw,T(un)

1 1 1 1 1
= §|an‘§ + §w|vn|§ - E|vn|g - 6|Un|g + 10 /¢v7zlvn|5dx 7(|Vunl2)
RB

1 1 1 1
+ IVl + Gululf - 2lulg - | Gluld + 55 [ Sulul®de | T(Vunla) + 00 (1)
R3

2 Jw,T(vn) + Jw,T(u) + On(l)

>y 1d, + Cwp + 0n(1)
2
> ;gcw,T,a + cw, b + On(l)
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160 Page 14 of 30 Q. Gao et al. ZAMP

Letting n — 400, we obtain

d2
Cw,T,a > ?Cw,T,a + Cw,T,b
d? b?

> ﬁcw,T,a + ?CU),T,CL = Cw,T,a>

which is a contradiction. Therefore, |u| = a2, i.e., u € S(a).
Case 2. If |u,|3 = |ul3 = @?, then we have u,, — u in L?(R?). Combined with interpolation in Lebesgue
spaces, this gives
u, — u in LY(R?) for all t € (2,2%). (3.16)
Note that |[Vu, |2 < |Vuy|2 < Rg for n sufficiently large. Using (2.4), (2.6), and the fact that h,(Ro) = 0,
we obtain

1 1 " 1 1
Tui2(0n) = Ju(wn) = 51900 + Gulonlt = Eloalt = Glonl§ = 15 [ éu,loaPda
R3

1 2 1 6 1 10
2 §|an\2 T 658 [Vop |z — 103?{7]: [Vunly” +on(1)
= Vol [ £ = o [Fonlt — o [Vl3 | + 0n(1) (3.17)
27 65 105% ,

1 1 1
> Voul2 | = — — R} — RS (1

_ 3¢—10
= |an|§nga627qRo 2 +o,(1).

In view of
Jw,T(Un) + Ju},T(u) + On(l) S Jw,T(un) — Cw,T,a> (318)
and since u € S(a), we have J,, 7(u) > ¢y 1. Then from (3.17) and (3.18), it follows that |Vv,|3 — 0.
Hence, we infer that u,, — u in H'(R?), which implies that (i) holds.
Case 3. If u =0, i.e., u,, — 0 in H'(R?), we claim that there exist R, 3 > 0 and a sequence {y,} C R?
such that

|w,|?dx > 3, for all n. (3.19)

Br(yn)
Indeed, otherwise by Lions’ lemma, u,, — 0 in L{(R3) for all ¢ € (2,2*). Similar to (3.17), we have

3g—10
2

6—q
T (tn) = \Vun@gC'an 0 2 +on(l).

This contradicts Jy, 7 (un) — cwre < 0. Hence, (3.19) holds and clearly |y,| — +o00. Now consider
Up(x) = up(x + ypn). Then {w,} C S(a) and it is also a minimizing sequence for ¢, 4. Moreover, there
exists u € H'(R3)\{0} such that @, — u in H*(R3). Following the same arguments as in Cases 1 and 2,
we conclude that @, — @ in H'(R?), which implies that (ii) occurs. This completes the proof. O

Lemma 3.8. The minimum value ¢y 1,q < 0 is attained.

Proof. By Lemma 3.1, there exists a bounded minimizing sequence {u,} C S(a) such that
Juw,(Un) = Cw 10 881N — F00.

By Proposition 3.7, passing to a subsequence if necessary, there exists u € S(a) such that u,, — u in
H'(R3). Since Jy, 7 is continuous, it follows that

JUMT(U) = nh—>H;o Jw,T(un) = Cw,T,a-
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Thus, v attains the minimum value ¢y, 7,4 O

Remark 3.9. From Lemma 3.8 we know that the minimizing sequence {u,, } constructed satistying J,, 7(u,,)
< 0 for sufficiently large n, and by Lemma 3.3(ii), we have that |Vu,|2 < Rp, and so, 7(|Vu,l2) = 1.
Consequently, Jy, 1 (un) = Jyu(uy,) for large n, and in the limit, J,,(u) = Ju,7(v) = cw 7.a-

4. Existence and multiplicity of solutions
4.1. Existence of solution for (1.11)
In this subsection, we first study the properties of the truncated functional J. r defined in (3.3) restricted

to the L2-sphere S(a), and then establish the existence of solutions to problem (1.11).
We introduce the following auxiliary functionals:

1 1 1
Jor(u) := §|Vu\§ - %MZ - 6\u|g + E/¢u|u|5daj 7(|Vul2), (4.1)
Rl}
and
1 Voo 1 1
Torw) i= 5l 4“2 ulf = Ejulg = | Gl + 5 [ oululde | 7(Vu). (42)
]RB
The corresponding minimum values are defined by
core = Inf Jor(u), coore:= inf Joor(u).
ueS(a) u€S(a)

By assumptions (V1)-(V2) and Lemma 3.8, if Vo, < Vi, then both ¢y 7, and ¢ 7, are attained.
That is, there exist ug, uso € S(a) such that

Jor(uo) =core and Jeo 1 (Uoo) = CooTra-
Moreover, since Vy < V., we have
C0,T,a < JO,T(Uoo) < Joo,T(Uoo) = Coo,T,a- (4.3)

Now we consider the minimum value for the perturbed functional:

o = inf J .
Ce,T, ueusl(a) E,T(u)

By the properties of g7 and Lemma 3.1, c. 7, is well-defined.
The following lemma establishes important relationships between the energy levels c. 1.4, co,7,q, and
Coo,T,a-

Lemma 4.1. There holds that: imsup, g+ ¢z 7,0 < €070 < Coo,T,a-

Proof. The inequality ¢ 7,q < Coo,T,q i Obvious. By Lemma 3.8, choose uy € S(a) such that Jy r(up) =
€o,T,a- Then,

CeT,a é JE,T(UO)
1 1
= 5/‘Vu0|2dx+5/V(6x)|u0|2dx—H/‘uo‘qu
R3 R3 qR3

1 1
gluolt + 55 [ Guluol’ds | 7(Vuola)
R3
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Letting ¢ — 07 and applying the Lebesgue dominated convergence theorem, we obtain

limsup ¢. 7,0 < limsup Je 7(uo) = Jo,7(uo) = €o,7,a:
e—0t+ e—0t

which completes the proof. O

From Lemma 4.1, there exists 9 > 0 such that ¢ 7,4 < Coo,1,q for all € € (0,¢¢). Arguing as in the
proof of Lemma 3.1, we can prove that J. r is coercive on S(a), that is, Je 7 (un) — 00 as |Vuy|s — oo.
Then, the sequence {|Vu,|2} is bounded, and {u,} is bounded in H!(R?®). Thereby, up to a subsequence,
there exists u. € H*(R?) such that

Uy — ue in HY(R3) and  u,(z) — uc(z) ae. in R3.

By a similar argument to the proof of Lemma 3.3, we can establish the next result, whose proof is
omitted.

Lemma 4.2. We have the following conclusions:
(i) Jor € C*(H'(R?),R).
(i) If Jer(u) < 0, then |Vula < Ry and Jep(v) = J-(v) for all v in a small neighborhood of w in
HY(R3).

The following two lemmas are crucial in proving the Palais-Smale condition for J. r restricted to S(a)
at energy levels ¢ < coo, 7,4 < 0.

Lemma 4.3. Assume that (V1)~(V2) hold, and let {u,} be a sequence such that u, — u. in H'(R3). If
Jer(Un) = ¢ < Coo,Ta, then us # 0.

Proof. We proceed by contradiction. Suppose u. = 0. Then

o 00(1) = Jeir(un) = Jowirlun) + 5 [ (V(e) = Vi) fun s
R3
By (V1)—(V2), for any ¢ > 0, there exists R > 0 such that
V(z) > Ve — 9 forall |z| > R.
Therefore, we see that
c+on(1) = Jer(uy)
> Joo () + % / (V(ex) — Vio) [tn 2 — g / i 2.
Brye(0) B, (0)

Since {uy,} is bounded in H'(R?) and u, — 0 in L*(Bg/.(0)), we infer to

[un|?dx = 0, (1).
BR/E(O)
Hence,
c+0n(1) > Joo 7(tn) — 6C > oo rq — 0C,

for some constant C' > 0. Since § > 0 is arbitrary, letting § — 0T yields ¢ > ¢ 7.4, a contradiction.
Thus, u: # 0. 0
Lemma 4.4. Let {u,} C S(a) be a (PS). sequence of J. 1 with ¢ < coo 10 < 0. If up, - ue in HY(R3),
then there exists 3 > 0 independent of € € (0,eq) such that

liminf |w, — ucla > B.
n——4o0o
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Proof. By (ii) of Lemma 4.2 and ¢ < ¢oo 1,4 < 0, we have |Vuy,|2 < Ry, so {u,} is also a (PS). sequence
for J., i.e.,

Je(un) = ¢, |[(Jels@) (un)|]| = 0 asn — +oo.
Define the functional ¥ : H*(R?) — R by
1 2
U(u) = 5 |u|*dx.
R3
Note that S(a) = ¥~1(a?/2). By Willem [52], there exists {\,} C R such that
|2 (un) = AW (tn) | -1 (ms) — 0 as n — o0, (4.4)

which states that,

— Auy, + Viex)u, — mun\qﬂun - |un|4un — b, un|3un = A\tp +0,(1), in H*I(RE"). (4.5)

Since {u,} is bounded in H'(R3) and u,, — u., it follows from (4.5) that {)\,} is bounded. Passing
to a subsequence, we have \,, — A.. Together with (4.4), we can derive that . is a nontrivial solution of

—Au+ V(ex)u — plu|T?u — |u|*u — ¢u|ul*u = Aou  in R3.
Therefore,
Jl(ue) =AW (ue) =0 in HH(R?),
and combining with (4.5) we can infer that
|2 (vn) = X' (0p) || r-1(msy — 0 as n — 400, (4.6)
here v,, := u,, — u.. Furthermore, by (4.4) we have

0> Coorq > lm Jo(uy)
n—-4o0o

1 1
= lim (Jg(un) — §<Jé(un),un> + 5)\n\un\§ + on(1)>

n—-+o0o

1 1 1 2 1
Jin | (5= D) ualt+ gl + 2 [ o funds + 30, 40,00
R3

> —\.a?,

which implies A; < 0 for all € € (0,¢9).
By (4.6), we have

|V, l3 + / V(ex)|vp|*dz — Me|vn|3 = plon|d + |08 4 /¢un|vn|5da: + on(1). (4.8)
R3 R3
Combining with (4.7), we get

2Coo T,a
Vol + [ ViealonPdo — 2255400, < plonlg + onl§ + [ duloaPda 0,1, (@9)
R3 R3
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By (4.9) and the Sobolev inequalities (2.4), (2.6), there exist constants C,Cs > 0 such that

2c T
Clloall* < [Vval3 — =5

[onl3
< bloaly + foulf + [ Gu,loaPde +0u(1)
R3 (4.10)
1 1
< nCqllvnll? + ﬁ‘vvn@ + 57— Vualy’ +on(1)
S St
< pCqllvnl|* + Cullvn]l® + Colloa ' + 0n(1).

If u, » u. in HY(R3), i.e., v, - 0 in H(R?), then there exists C' > 0 independent of &, up to a
subsequence, such that ||v,| > C. Thereby, we have

limJirnf ptlonld + |vnlg + /¢vn|vn|5dx >C (4.11)

for some C > 0.
If liminf,, 4 |vn]d > C3 for some C3 > 0 independent of €, then by (2.1) and (4.11), there exists
£ > 0 independent of € € (0,g¢) such that

liminf |v, |2 > 3.
n—-+4oo

Now, if
liminf limsup [v,|¢ =0 and hm inf lim sup |v,|2 = 0,

e—0T n—+oo —0t notoo

then by (4.11), we see that

lim inf lim sup |vn|g+/¢>vn|vn|5dx >C.

e—0t n—-+4o0o

Together with (4.8), this gives

lim inf lim sup |V, |3 = hmmfhmsup U |8 —|—/¢Un|vn\5d$
—0F n—oo

e—0t n—o4oo n—

From (2.4) and (2.6), we obtain

e—=0+t notoo -0t n—too

lim inf lim sup |V, |3 < hm inf lim sup (S‘3 |Vu,lS + |an ) ,

which implies

56 +45,5 -5\

Ry > hm inf lim sup |V, |a >
—0+

n—-+4+oo 25;17511 ’
Jso1as55, —s3\ "
contradicting the assumption Ry < (ﬂ) . This completes the proof. O
H,L

At this time, we choose a constant py > 0 satisfying

2
0 < po < min {Coo,T,a — €0, T,a; ﬁ(coo,T,a - CO,T,a)} ;
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and have the following compactness result.

Lemma 4.5. If conditions (V1)-(V2) are satisfied, then J. 1 satisfies the Palais-Smale condition at level
c on S(a) for any ¢ < co,r,a + po-

Proof. Let {u,} C S(a) be a Palais-Smale sequence for J. r at level ¢. Then ¢ < coo1,o < 0, and by
Lemma 4.2 (ii), {u,} is bounded in H'(R?). Therefore, passing to a subsequence, we have u, — u. in
H'(R3), and by Lemma 4.3, u. # 0.
If u,, — u. in H'(R3), the conclusion holds. Now suppose u,, - u. in H'(R?). Then by Lemma 4.4,
for v, := u, — u., one has
liminf |v, |2 > 5.

n—-+oo
Let b2 = |u.|3, d2 = |v,|3, and assume that d2 — d?. Then d? > 3% > 0, and by the Brézis-Lieb
lemma [52], we have a® = b% + d°.
On the other hand, by (V1)-(V2), for any 7 > 0, there exists R > 0 such that

V(z) > Ve —1 forall |2| > R.
Hence, we have

c+o0,(1) = Jor(uy)

1
> oo (vn) + 3 / (V(ex) — Vo) [on[2dz — © / o P

2
Bf,.(0) B, (0)
Since {v,,} is bounded and v, — 0 in L?(Bg/.(0)), there exists C' > 0 such that
¢+ 0n(1) > Joo r(vy) —7C > Coo 14, — TC. (4.12)

As 7 > 0 is arbitrary, we infer that J. 7(un) > oo, 1.4, + 0n(1). Since d,, € (0,a) for large n, we have
¢+ o0n(1) = Jor(uy)
> JE,T(Un) + JE,T(UE) (413)
> Coo,Td, + Co. 1 + 0n(1).
From Lemma 3.6 and (4.13), it follows that
2 b2
co,1,a + po > c+on(1) > ;gcm,T,a + 30T
Taking the limit as n — +o00, we obtain

2 2
Po > ?(Coo,T,a - CO,T,LL) > E(COO,T7Q - cO,T,a)a

contradicting the choice of py. Therefore, u, — u. in H'(R?), and the Palais-Smale condition holds. [

4.2. Multiplicity of solution for (1.11)

In this subsection, we shall complete the proof of Theorem 1.1. Let ug be a positive solution of the
autonomous problem

—Au — ¢luPu= A+ plult%u+ |u[tu, z € R3,

—A¢ = |ul®, x € R3,

¢ = [ul 2 (4.14)

lu|?dx = a?,

R3

@ Springer



160 Page 20 of 30 Q. Gao et al. ZAMP

with Jo r(uo) = co1.q- Let 6 > 0 be fixed and 7 be a smooth nonincreasing cut-off function on [0, +00)

such that
1 ifo<s<?@
p— - _2’
n(s) {0 if s> 0.

For any y € M, we define

peala) =iz —yhuo (1)

@E,y(x)
I@s,y|2 7

and the map ®. : M — S(a) by ®.(y) = @ By construction, ®.(y) has compact support for each
y e M.

Pey(z) =0

Lemma 4.6. The function ®. satisfies:

liH(l) Jer (Pe(y)) = co,ra,  uniformly iny € M.
E—

Proof. Suppose by contradiction that, there exist dg > 0, {y,} C M, and ¢,, — 0 such that
| e, 7 (Pe,, (Yn)) — cor,al > 00, VYneN.

Making the variable change z :=
the following limits:

lim /|<I>Emyn\2dx: lim /|n(\6nz|)uo(z)|2dm=/|uo|2dx:a2,
n—-4o0o n—-4o0o
R3 R3 R3

lim /|V<I>5n(yn)|2dx: lim /‘ IV (|€nz\)u0(2))|2dx:/|Vuo|2das,
Emyn
R3 R3

fn=¥n then the Lebesgue dominated convergence theorem implies

n—-+0o0o n—-+o0o

lim 7(|V®., 4. ]2) /|<I>€n (yn | dx

n—-+o0o
n(lenz)uo(2) |°
= lim 7 (|Vugl2) / dx
n—+oo |905n7yn |2

= (Vuole) | fuol’da.
R3
i [ V(ens) 0o, (g) P do = Tim [ SV EnET Un)

n—-+o0o n—-+4oo
R3

lim 7(|V®., (yn)|2) /¢<I>5n (yn) |<I>5n(yn)| dx = hm 7 (|Vugl2) /¢u0|u0| dx,

n—-+o0o
/|u0|qdm

lim Je, 7 (®c,(yn)) = Jo,r(uo) = co1,a;

n—-+oo

[n(lenzl)uo ()| da = 0,

e, “Yn 2

|enz| uo(z

lim |D., (y )|qdm— hm /‘
n——+00 " ‘(psn ynb

R3

Therefore, we derive that

which contradicts the assumption. O
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For any § > 0, let R = R(J) > 0 be such that Ms C Br(0). We define a retraction map y : R?* — R?
by
x for |x| < R,

R for |x| > R.
]

x(x) =

Moreover, we introduce the barycenter map . : S(a) — R? by

Jus X(ex) ul2dz
Pe(u) == = a? :
Lemma 4.7. The function ®. satisfies:

lin(l) B (D(y)) =y, wuniformly iny € M.
£E—

Proof. We proceed by contradiction. Suppose there exist dg > 0, {y,} C M, and ¢, — 0 such that

1B, (Pc,, (Yn)) — ynl = o, VR EN. (4.15)
By the definitions of ®. (y,) and f,, , we have

1
ey (@, () = 0 = =5 [ (clenz 4 90) = ) (el o) do-
R3
By virtue of {y,} € M C Br(0), and by the Lebesgue dominated convergence theorem, we have
1B, (P, (Yn)) = Ynl — 0 as n — o0,

which contradicts (4.15), and the conclusion follows. O

Following the approach used in the proof of Proposition 3.7, we can now establish the following crucial
compactness result.

Proposition 4.8. Let £, — 07 and {u,} C S(a) be such that J., rv(u,) — cora. Then there exists
{Un} C R3 such that the sequence U, (z) = u,(z + Un) contains a convergent subsequence in H'(R3).
Moreover, passing to a subsequence, Uy, := €,yn — Yy for some y € M.

Proof. We divide the proof into several steps.
Step 1. Non-vanishing property. We first prove that there exist Ry, C' > 0 and 7,, € R? such that

/ |u,|2dz > C, Vn € N.
BRO(gn)

Suppose the above inequality does not holds, then by Lions’ lemma, we have u,, — 0 in Lf(R3) for all
t € (2,6). Next, we show that in fact u,, — 0 in L5(R3) using the concentration-compactness principle.
We divide the proof into three steps.

Step 1-(i). Since |Vuyla < Ry for n large enough, by Lemma 2.6, there exist three positive measures
¢, w,v € M(R?) such that

\Vun|2 - w, |un|6 —(, and /¢un\un|5dx -y (4.16)
R?)

in M(R3), as n — oo. Take O € C§°(R?) to be a cut-off function such that 6r(z) = 1 in Bg(z;),
Or(z) = 0 in BSp(x;), and |VOg| < %. The boundedness of {u,} implies that {gu,} is bounded in
H'(R®). Since (Jz, . 7]s(a)) (un) — 0, by the Lagrange multiplier rule, there exists a sequence {\,} C R
such that

én,T(un) + Ay — 0 in Hil(RS) (417)
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Now we take Oru,, as a test function in (4.17) and let R — 0 to have

lim lim <Jé”7T(Un) + )\nuna eRu’ﬂ> =0.

R—0n—oo

Therefore, by the absolute continuity of the integral and Holder’s inequality, we infer that

lim lim [ \,u20rdz =0,
R—0n—oo
RS

}%imo lim | V(e,x)uZ0pde = 0.
R3

Using the Holder inequality, we can derive the following limit estimations:

lim lim /VunVGRundx
3

R—0n—oo

Nl
=

< lim lim / \VOru,|*dx / |V, |?dx

B2r(zi) B2r(xi)

[

<C limO / |VOru|?dx

R—
Bar ()
1 1
3 6
< Cy Jim / |VOr|>dx / |u|Sdx
Bar (i) Bar(zi)

ol

< (5 lim / |u\6dx =0;
R—0

Bar (i)
and

lim lim /93|un|qu—0

R—0n—oo

lim lim /9R|Vu,b| dx = hm /HRdW—w({x]}) = wj,

R—0n—oo
R—0n—oo

lim lim /93¢u7l|un|5da§ = Jl%imo/aRdV =v({z;}) =vj,
R3

R—0n—oo

lim lim /9R|un|6dx = Ing/@RdC =(({z;}) =
R3

It follows from (4.18) to (4.25), taking the limits as n — oo and R — 0, that we get

Wj :I/j+<j.
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Step 1-(ii). We show that weo = (o + Voo, Where weo, (oo and v, come from Lemma 2.7-2.8. Define
the cut-off function ¢ € C§°(R?) as ¢ € [0,1], ¥ = 0 in By /5(0), ¥ = 1 in R*\ By(0). For any fixed R > 0,

put
T 0) |$| < %R’
Yr(z) =9 (E> = {1’ o> R

From the boundedness of {u,} in H'(R?), we see that {1gu,} is also bounded in H!(R?). Hence, one
has

0n (1) =(I'(un), Yrun)
= ¢R|Vun\2da: — wR¢un|un|5dx — | Yr|un|tdz — ¢R|un|6dsc. (4.27)
[t | [t ]

By virtue of the definition of ¢ g, we infer to

|V, |2de < /wR|Vun\2dx < / |V, |2da.
{z€R3:|z|>R} R3 {zeR3:|z|>1 R}

Therefore, by Lemma 2.7, we have

lim lim /¢R|vun|2dx = Weo, (4.28)

R—00 n—o0

Similarly, we can derive that

lim lim /z/)R(bun Up|?dr = Voo, (4.29)
R—o00 n—00
R3
hm lim | Yg|un|®de = (o, (4.30)
R—oo Rg
and
hm lim [ Yrlu,|ide = hm /wR\ude— hm / Yr|ulfdx = 0. (4.31)
R—o0 n—oo
R3 \z|> R

Consequently, from (4.27)-(4.31), passing the limit as n — oo, and R — oo, we obtain
Woo = Coo + Voo

Step 1-(iii). We verify that (; +v; = 0 for any j € J and (« + Voo = 0. Assume by contradiction that,
there exists some jo € J such that (j, + v;, > 0 or ( + Vo > 0. By Step 1, Step 2 and Lemma 2.7-2.8
we have

Go < (Sileo)B - SiS(Cjo + Vjo)S s Vi < (SI:T,lejo)s = S;I?L(Cjo + Vj0)5 (4.32)
or

oo € (ST wee)? = 73 (Coo + Ve0)? s Voo < S;I?Lwo%o /dw oo | <SELRY(Coo +vs0)®. (4.33)

(NI

S=6+4455°
We first consider that (4.32) occurs, then it leads to (j, + v, > \/+7 >
Otherwise, assume that (4.33) holds, by a direct calculation, we deduce to
VSRR + 4573 - 87 LR6
253

Coo + Voo =
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If the former case occurs, we can derive that
R? > lim lim ||Vu,|3 > lim lim /gop\Vuanx = lim /gopdw = wj,
p—0 n—oo p—0 n—oo p—0
R3 R3

N Ry

25,;:}

= Gjo T Vjo =

b

which contradicts with (3.6). If the last case occurs, then we get

V/SHDRE + 4873 - S RS
R > lim lim |[|[Vua|3 > weo = Coo + Voo = — ,
R—o00on—oo 25 3

Js—6445-5 —5=3\ °
which implies that R? > [ Y———5"—— | , which contradicts to (3.6). Thus, we prove that (;+v; = 0

255°,
for any j € J and (oo + Voo = 0, ie. {f = v; = 0 for any j € J and (o = Vs = 0. These arguments
show that u, — 0 in L°(R?) and [;4 ¢y, |un|’dz — 0. Combined with the convergence of other terms:
[un|? — 0 for ¢ € (2,6) by the compact embedding, and [ V (e,)|un|*dz — 0 by the boundedness of
V', we arrive at

1
lim J., 7(u,) = lim (|Vun|§ + on(1)> >0,
n— o0 " n—oo \ 2
which implies a contradiction with ¢y 7, < 0. So, the non-vanishing characteristic holds.

Step 2. Translation and convergence. Define u,, (z) = u,(z + ¥p,). Then {w,} C S(a) and is bounded
in H'(R3). Passing to a subsequence, u, — @ in H'(R3) for some u € H'(R3), with @ # 0 by the
non-vanishing property.

We now prove strong convergence. Since {u,} C S(a) and

CO,T,a S JO,T(ﬂn) = JO,T(un) S JEH,T(U”IL) + On(l) i CO,T,a~
which implies that Jo 7 (@y,). By Proposition 3.7, @, — @ in H'(R?) and u € S(a).

Step 3. Boundedness of the translation sequence. Let 4, = £,7,. We claim that {g,} is bounded.

Suppose by contradiction that, for some subsequence, |y, | — +oc.

By condition (V2), for any § > 0, there exists R > 0 such that V(z) > V,, — ¢ for all |z| > R. For
large n, we have |y,| > 2R, and for € Bg/., (0), we have |e,2 + Un| > [Un| — enlz| > R, so,

Vient +4n) > Voo — 0.

Therefore,

/V(ener@n)Wanz = / V(sn:r+§n)|ﬂn|2dx+ / V(enz+§7l)|ﬂ7,|2dx

RS Brjer (0) B,,.. (0)
> (Vi — 6) / i 2z — Voo / i, 2d.
B/ (0) By ()

Since u,, — u strongly in L?(R?), we have,

|17n|2dgc — |17\§ =q¢? and / |ﬂn|2dgc —0.

BR/En (0) B%/En (O)

@ Springer



ZAMP Solutions with prescribed mass for critical... Page 25 of 30 160

Therefore, we get,

liminf [ V(epx + Gn)|tn|?de > (Voo — 0)a®.
R3
Since § > 0 is arbitrary, we obtain,
liminf/V(snx + ﬂn)|ﬂn|2dx > Vooa®.

n—oo

R3

Now, using the strong convergence u, — u in H'(R3) and the continuity of the nonlocal terms, we
have,

cora = lim Je, 7(un)

1, 1 PN
lim §|Vun|§+§/V(€nx+yn)|un|2d:r

. 7(|Vu ~ 7(|Vu, -
_g|un|g _ ww”'g _ % /¢an|un|5dﬂc
R3
1, Vo s 1 1 .
> 51Vl + e = Yjalg - gl - 15 [ dulaPda
R3

= oo,T('E) > Coo,T,as
which contradicts ¢so, 7,4 > €o,1,4- Hence, {y,} is bounded.

Step 4. Identification of the limit point. Since {%,, } is bounded, passing to a subsequence, 7,, — 7 € R3.
By the continuity of V and the strong convergence %, — @ in H'(R?), we have,

lim [ V(en® + n)|tin|*dz = V(§)[uf3 = V(7).

'I’L—>OOR3
Therefore,
€0,T,a = nILH;o ']EnaT(un)
1 V(9) . 1 1 ~
= 5|Vu|§ + TaQ — a|u|g - 6|u|g ~ 1 bg|u|®da
R3

= Jy@),r(t) > cv(g),1,a-

Since ¢y (g),1,0 > o1, if V(y) > 0 (by the strict monotonicity in Lemma 3.6(ii)), and V' > 0, we must
have V(y) =0, i.e., gy € M. O

Let 7 : [0,400) — [0,400) be a positive function such that y(g) — 0 as ¢ — 0, and define
S(a) = {u € S(a): Jor(u) < cora +7(e)}- (4.34)

By virtue of Lemma 4.6, the function y(¢) = sup, ¢ |Je, 7 (®(y)) — co,7.q| satisfies y(e) — 0 ase — 0.
Therefore, ®.(y) € S(a) for all y € M.

Lemma 4.9. Let § > 0 and M5 = {x € RN : dist(x, M) < §}. Then

lim sup u}\gs |8 (u) — 2| = 0.

En ueS(a)®
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Proof. Let €, — 0 and u, € S(a) such that

inf Uy) —z| = su inf Up) — 2| + 0, (1).
g 6, () =21 = s nf (5 ) =2+ (1)

Based on the above equality, it suffices to find a sequence {z,} C My such that
ngr}rloo |Be,, (Un) — zn| =0 (4.35)

Since u,, € S(a), we have
co.rya < Jor(un) < Je, 7(un) < cora+7(en), YneN
thus,
Je, 7(Uun) — coT.a

According to Proposition 4.8, there exists {2,,} C R? such that 2, = £,2, — 2z for some z € M and
Un () = un(z + Z,) is strongly convergent to some v € H(R3)\{0} with ¥ # 0. Then, {z,} C M; for n
large enough and

f]Ra (X(Enz + zn) - Zn) |5’ﬂ|2d‘r

Zn + e

ﬁen (Un) =

implying that

. EnZ + 2n) — 2n) [0n|?dx
Be, (un) — 2n = fRS (xen HQ) ) [t — 0 asn— +oo
a

and the proof of this lemma is completed. O

5. Proof of Theorem 1.1

In the sequel, we will divide the proof into two parts.

Part I: Multiplicity of solutions. We set ¢ € (0,£9). Then by Lemmas 4.6, 4.7 and 4.9, it is easy to see
that the continuous mappings below are well defined for € € (0, &¢):

M %5 S(a) 5 M.
From Lemma 4.7, we choose a function z(e,y) with |2(g,y)| < £ uniformly in y € M, such that

B (Po(y)) =y + z(e,y) foralle e (0,e),y € M.

We define H(t,y) =y + (1 —t)z(e,y). Then H : [0,1] x M — Mj; is continuous. Obviously, H(0,y) =
Be (P(y)), H(1,y) =y for all y € M. That is, H(t,y) is a homotopy between (. o ®. and the inclusion
map id : M — M;. From [13], it is easy to check that

cat (g(a)) > catypg, (M).

Arguing as in Lemmas 3.1 and 4.5, we know that J. r is bounded from below on S(a) and satisfies the
(PS), condition for levels ¢ € (co,7,a,¢0,7,a + 7(€)). Then, the Ljusternik-Schnirelmann theory of critical
points (see [22] and [52]) asserts that J. ; admits at least catps, (M) critical points on S(a). By (ii) of
Lemma 4.2, we know that the critical points of J. r are in fact critical points of J.. Thus J, also has at
least cat s, (M) critical points on S(a).

Part II: The concentration behavior of maximum points of the solutions.

Let ue be a solution of (1.1) with J. r(ue) < co1,4+7(€), where v(¢) was defined in (4.34). Arguing as
in the proof of Proposition 4.8, for each sequence €,, — 0, there exists 7;,, € R? such that 3, := €,7n — ¥
with ¥ € M and @, (z) = u., (x+7y,) is strongly convergent to w € H'(R3) with @ # 0. As @, is a solution
of

— ATy, 4 V(en® + Tn)Un — G, [Un 2Un, = nlin + w092y + |Un|*T,  in R3,
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with
p1+CoTa

limsup A, < 3

n—00 a

<0,

the convergence @, — @ in H*(R?) permits us to apply the same arguments found in [18] to obtain that

lim @,(x) =0, uniformly in n.
|| —+o0

That is, for given 7% > 0, there exist R > 0 and 7 € N such that
[, (z)] < 1% for |z| > R and n > n.

Next we claim that |, | — 0. Indeed, otherwise we must have u,, — 0 in H!(R?), which is impossible
because [t,|3 = a? for all n € N. Now, let us fix 7% > 0 such that |u,|. > 27%, and let 2, € R? satisfy
|, (2n)| = |tin|oo for all n € N. Finally, let us consider &, € R? such that |u., (£,)] = |ue, o for all n € N.
Then we have

¢n=2n+yn and lim V(ep,&,) = lim V(epz, +enyn) = V(y) = 0.
n—-+o00o n—-+0o0o

The proof of Theorem 1.1 is now complete. O
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